arXiv:hep-th/0607135v3 5 Feb 2007

Preprint typeset in JHEP style - HYPER VERSION hep-th/0607135

Effective descriptions of branes on non-geometric tori

Ian Ellwood and Akikazu Hashimoto

Department of Physics University of Wisconsin, Madison, WI 53706 E-mail: iellwood@physics.wisc.edu, aki@physics.wisc.edu

Abstract: We investigate the low-energy effective description of non-geometric compactifications constructed by T-dualizing two or three of the directions of a T^3 with nonvanishing H-flux. Our approach is to introduce a D3-brane in these geometries and to take an appropriate decoupling limit. In the case of two T-dualities, we find at low energies a non-commutative T^2 fibered non-trivially over an S^1. In the UV this theory is still decoupled from gravity, but is dual to a little string theory with flavor. For the case of three T-dualities, we do not find a sensible decoupling limit, casting doubt on this geometry as a low-energy effective notion in critical string theory. However, by studying a topological toy model in this background, we find a non-associative geometry similar to one found by Bouwknegt, Hannabuss, and Mathai.

Keywords: Flux compactifications, Non-commutative geometry.

Contents

1. Introduction 1

2. Torus with H-flux and its T-duals 2 2.1 The H-space 3 2.2 The f-space 3 2.3 The Q-space 3 2.4 The R-space 4 2.5 Smeared NS5-brane background 4

3. Decoupled theory of D3-branes in Q-space 4 3.1 UV completion of the Q-space effective geometry 7

4. Low-energy effective description of the R-space 9

5. Comments on possible connections to the non-associative tori 11 5.1 Review of dual lattice formulation of non-commutative geometry 11 5.2 Triple T-duality: H ↔ R 13

6. Concluding Remarks 17

1. Introduction

Compactifications on non-geometric spaces have emerged as a new potential class of string theory vacua [1–3]. The non-geometric nature of these spaces arises because some of the transformations that glue the patches together include U-dualities as well as the standard diffeomorphisms. A useful prototype non-geometric space is found by T-dualizing a three dimensional torus with a non-vanishing H-flux: T-dualizing on one cycle gives rise to a Scherk-Schwarz twisted torus [4–8] which is purely geometric. However, T-dualizing on two cycles gives rise to a space in which one of the cycles is periodic up to T-duality, which mixes momentum and winding modes [3, 9–18]. As such, in this space, geometric notions such as the metric and the background B-field are only well-defined locally.

After T-dualizing twice, one can contemplate T-dualizing along the third direction of the T^3. Naively, a T^3 with uniform H-flux is isometric under shifts in three independent dimensions. However, the Buscher rules for T-duality require that the two-form potential B be uniform [19, 20], and in order for the three form field strength H to be uniform, the two form potential must break at least one of the translation isometries. Thus, the standard Buscher rules do not apply.

– 1 –

Recently, Shelton, Taylor, and Wecht proposed an interpretation of the third T-dual of a torus with H-flux as an example of a consistent non-geometric compactification [13]. They also introduced a nomenclature which we follow: the H, f, Q, and R-spaces correspond to a T^3 with H-flux T-dualized zero, one, two, and three times, respectively. The Q-space is perhaps the simplest example of a non-geometric compactification that mixes momentum and winding modes. If the interpretation of [13] is correct, the R-space is an example of a space that is more non-geometric than the Q-space.^1

Space-time geometry in string theory is an approximate notion which is valid only when the scale of all the geometric features are much larger than string scale. When the size of a compact manifold becomes comparable to the string scale, geometric notions break down due to the non-locality intrinsic to the fact that a string is an extended object. In order to isolate the novel geometric features from the generic non-locality effects of string theory, one takes the decoupling limit, α^′ → 0, keeping the size of the compact manifold finite. Geometric notions acquire precise meaning in this limit. However, not all space-time geometries one obtains in this way are ordinary geometric spaces. More exotic spaces, such as the non-commutative plane, can arise as decoupling limits of string theory.

One can investigate the geometric features of the Q-space and the R-space along similar lines. Our strategy is to use the properties of field theories defined on these spaces as a probe of the geometry. In string theory, this can be implemented by introducing a D3- brane filling the space and taking the decoupling limit.^2 This gives rise to a non-trivial effective dynamics of open strings ending on a D-brane in a presence of an NSNS B-field background.

Because of the presence of the B-field, it is natural to expect some connection between the Q/R-spaces and non-commutative geometry. Indeed, in the case of the Q-space, we find a familiar non-commutative theory whose UV completion is a little string theory coupled with flavor. On the other hand, we do not find a clean decoupling limit for a theory defined on R-space. The R-space does not appear to admit an effective description as a smooth macroscopic structure decoupled from gravity.

This article is organized as follows. In section 2 we review the supergravity background giving rise to the H, f, and Q spaces. In section 3, we describe the decoupled theory of D3-branes in the Q-space and its UV completion. In section 4, we comment on the status of R-space. In section 5 we discuss a toy model for R-space physics. We end with some concluding remarks in section 6.

2. Torus with H-flux and its T-duals

In this section, we review the spaces H, f, Q, and R, in the nomenclature of [13]. We will also review the warped supergravity background of smeared NS5-branes that properly takes into account the gravitational backreaction of the non-vanishing H-flux.

1These fluxes are also interesting from the “cosmological billiards” perspective, since they correspond to interesting roots of E10 [21, 22]. We thank Ori Ganor for bring this point to our attention.

2Adding D-branes to various T-duals of H-space was also studied in [23–25].

– 2 –

2.1 The H-space Consider a T^3 with H-flux whose coordinates are given by x_i with periodicities L_i for i = 1, 2, 3. When written explicitly, the background B-field breaks at least one of the infinitesimal translation symmetries:

ds^2 = dx^2_1 + dx^2 + dx^2_3, B = b x_1 dx_2 ∧ dx_3, H = dB, b =

(2π)^2Nα^′ L_1L_2L_3

. (2.1) The H-flux is quantized so that N is an integer. We refer to this space as the H-space using a notation similar to [13]. 2.2 The f-space T-dualizing along x_3 gives rise to a purely metrical background ds^2 = dx^2_1 + dx^2 + (dx̃_3 + bx_1dx_2)^2, (2.2) with twisted boundary conditions,

x_1 ∼ x_1 + n_1L_1, x_2 ∼ x_2 + n_2L_2, x̃_3 = x̃_3 + n_3L̃_3 − n_1bL_1x_2, L̃_3 =

(2π)^2α^′ L_3 . (2.3) This space is also known as the nil manifold or the twisted torus and is topologically distinct from the ordinary torus; for example, it has H_1(Z) given by Z × Z × Z_N [3, 25]. Following [13] we refer to it as the f-space.

Introducing dimensionless coordinates, x_i = L_iy_i, (2.4) the metric and the boundary condition becomes more transparent: ds^2 = L^2_1dy^2_1 + L^2dy^2 + L^2_3(dỹ_3 + Ny_1dy_2), (2.5) y_1 ∼ y_1 + n_1, y_2 ∼ y_2 + n_2, ỹ_3 = ỹ_3 + n_3 − n_1Ny_2 . (2.6) In this form, it is also apparent that N is quantized to be an integer. 2.3 The Q-space Further T-dualizing along the x_2 direction gives the background, ds^2 = dx^2_1 + 1 1 + b^2x^2_1

(dx̃^2 + dx̃^2_3), B = bx_1 1 + b^2x^2_1 dx̃_2 ∧ dx̃_3, (2.7) e^{ϕ−ϕ0} = 1 √ 1 + b^2x^2_1 . This space is called the Q-space in [13]. This background is periodic in the x_1 direction up to a T-duality of the x̃_2-x̃_3 torus, which exchanges momentum and winding modes. As is clear from (2.7), the metric and B-field are locally defined, but globally are not manifestly periodic in the x_1 direction. As such we take it as a prototypical example of a “non-geometric” space [1–3].

– 3 –

2.4 The R-space It is not completely clear that the Q-space can be further T-dualized along the x_1 coordinate. Translation along the x_1 direction is, after all, not (even locally) an isometry. Assuming that a T-dual does exist, this space was named the R-space by [13].

2.5 Smeared NS5-brane background As is, the T^3 with non-vanishing H-flux described in section 2.1 is not a consistent closed string background since it does not take into account the gravitational backreaction of the H-flux. One convenient way to build a consistent background is to start with the NS5-brane background (extended along the 56789 directions),

ds^2 = −dt^2 + dx^2_5 + . . . + dx^2_9 + f(r)(dx^2_1 + dx^2 + dx^2_3 + dx^2_4), H = ∗(dt ∧ dx_5 ∧ ...dx_9 ∧ df^{−1}), e^ϕ = g_sf(r)^{1/2}, f(r) = 1 + mα^′ r^2

, (2.8)

which is a magnetic source of the 3-form H-field, and to smear it along three of the four transverse coordinates so that the supergravity background becomes [6, 7, 9]

ds^2 = −dt^2 + dx^2_5 + . . . + dx^2_9 + f(r)(dx^2_1 + dx^2 + dx^2_3 + dz^2), H = dB, B = (2π)^2Nα^′ L_1L_2L_3

(x_1 − x^0_1) dx_2 ∧ dx_3,

e^ϕ = g_sf(z)^{1/2},

f(z) = f_0 −

(2π)^2Nα^′(|z| + z) 2L_1L_2L_3

. (2.9)

The smeared NS5-branes are located at z = 0. The parameter f_0, which we take to be positive, is otherwise freely adjustable. The parameter x^0_1 is just an additive constant for the x_1 coordinate. We have tuned the charges at infinity so that H = 0 for z < 0. The smeared NS5-brane acts as a domain wall source for a uniform three-form field strength H in the region z > 0. See figure 1 for an illustration.

This is not the only way to construct a solution to the supergravity equations of motion with non-vanishing H-flux threading a T^3. This solution, however, is convenient in that it preserves 16 of the 32 supersymmetries in type IIA or type IIB supergravity. We will consider T-duals of (2.9) in order to consistently embed the H, f, Q, and R spaces into type IIA/B supergravity.

3. Decoupled theory of D3-branes in Q-space

In this section, we derive an effective geometry for D3-branes wrapping the Q-space. This setup is equivalent to starting with a D1-brane wrapping the x_1 direction of the H-space and T-dualizing along the x_2 and x_3 directions^3;

3We use a • to denote directions along which a brane is extended and ≡ to denote directions along which it is smeared.

– 4 – f(z) 1 (2π)^2 α^′ ∫ H = 0^1_{(2π)2 α′} ∫ H = N

z

Figure 1: Profile of the harmonic function f(z).

0 1 2 3 4 5 6 7 8 9 NS5 • ≡ ≡ ≡ • • • • • D1 • • (3.1)

This configuration preserves 8 of the 32 supersymmetries of type IIB, as can be seen by T-dualizing along the x_5 and the x_6 coordinates, S-dualizing, and counting the number of relatively transverse coordinates of the branes.

Since the H-space metric (2.9) is manifestly isometric along the x_2 and x_3 directions, it is straightforward to T-dualize along these coordinates, giving the background,

ds^2 = f(U)dx^2_1 + f(U) f(U)^2 + (_{NL̃2L̃3} α^′L_1 (x1 − x 0 1) )_2 (dx̃^2 + dx̃^2_3),

B_{23} =

NL̃_2L̃_3 α^′L_1 (x1 − x 0 1) f(U)^2 + (_{NL̃2L̃3} α^′L_1 (x1 − x 0 1) )_2 ,

f(U) = f_0 −

NL̃_2L̃_3(|U| + U)

2L_1

, (3.2)

where L̃_{2,3} = (2π)^2 α^′ L_{2,3} (3.3)

is the period of the dual coordinates x̃_{2,3}. The transverse coordinate x_4 has been scaled as

x_4 = α^′U (3.4)

so that U parameterizes the vacuum expectation value of a scalar field polarized along the x_4 direction.

In order to take the decoupling limit, we send α^′ → 0 keeping the field theory parameters L_1, L̃_{2,3} and U fixed. In this limit, the metric and the B-field degenerate; however,

– 5 – since we are interested in the effective dynamics of decoupled open strings, we should not be concerned about the scaling of the closed string variables g and B. Instead, we should consider the open string metric and non-commutativity parameter along the lines of [26–30];

(g + B)^{−1} = G + θ 2πα^′ . (3.5)

Explicitly, we find

G^{ij} = f(U) 1 1 1

ij , Θ^{23} =

2πθ^{23} L̃_2L̃_3 = N ( x_1 − x^0_1

L_1 ) . (3.6)

The dimensionless non-commutativity parameter Θ^{23} is simply the non-commutativity parameter 2πθ^{23} divided by the volume of the torus L̃_2L̃_3. Rather remarkably, both the open string metric and the non-commutativity parameters remain finite in the limit.

The manifestation of the non-geometric character of the Q-space in the decoupled theory is now transparent. Since the non-commutativity parameter Θ^{23} depends explicitly on x_1, one cannot naively make this coordinate periodic. However, under a discrete shift x_1 → x_1 + L_1, the dimensionless non-commutativity parameter Θ^{23} shifts by N. Such a shift of Θ^{23} by an integer is an example of Morita equivalence, which acts as an SL(2, Z) transformation on the parameters of non-commutative torus (using the notation explained in the appendix of [31]) as follows:

Θ̃ = c + dΘ a + bΘ , Φ̃ = (a + bΘ)^2Φ − b(a + bΘ), Σ̃ = (a + bΘ)Σ,

g̃^2_{Y M} = (a + bΘ)g^2_{Y M} , ( m̃ Ñ ) = ( a b c d ) ( m N ) . (3.7)

Therefore, in the Q-space, the x_1 coordinate is only periodic up to a Morita transformation. Morita equivalence is precisely the structure inherited from T-duality in the decoupling limit. It is therefore natural to find a compactification that identifies shifts in x_1 via Morita equivalence emerging as a decoupling limit of a compactification that identifies shifts in x_1 via T-duality.

This geometrical structure, which can be viewed as a field of non-commutative tori fibered over a circle, also appears in the works of [10–12, 32]. In our work, we emphasize the fact that this structure has a physical origin as the decoupled theory of the open string excitations living on the world volume of a D3-brane embedded into the Q-space.

Although the motivation was somewhat different, most of the features of the decoupled field theory on D3-branes in the Q-space were first worked out in [9]. One feature, which did not get emphasized in [9], however, is that the open-string metric (3.6) is warped in the transverse coordinate U. In fact, there will be a singularity at some finite value of U. Since a typical string fluctuates by a size of the order of l_s, which is much larger than the distance to the singularity, which is order l^2_s , the open string dynamics is strongly influenced by the presence of the singularity. Hence, it would be premature to assume, for example,

– 6 – that the low-energy effective theory is precisely N = 4 supersymmetric Yang-Mills theory non-commutatized by the position dependent Θ given in (3.6). Such a theory would have an unbroken SO(6) R-symmetry group, which is clearly broken by the warping along the U direction.

Since there is no physical scale other than the scale of compactification and the noncommutativity, one can also think of this system as having non-commutativity parameters that are different for different U(1) subsectors when the gauge group is broken by turning on the vacuum expectation values for the transverse scalar field along the warped coordinate U. Models with these features have been considered before [33, 34]. The authors of [34] referred to these models as “non-abelian geometry.”

In order to infer the correct low-energy effective action for the decoupled theory, one must analyze the dynamics of open strings in this background in some detail.^4 This seems like a serious technical challenge in light of the fact that the world sheet sigma model for strings propagating in the background of smeared NS5-branes does not appear to be exactly solvable.^5

3.1 UV completion of the Q-space effective geometry

That there are singularities at a finite distance in moduli-space suggests that the effective description based on non-commutative field theory is breaking down because of certain states that were integrated out. In the remainder of this section, we will work out a UV completion of this theory that resolves the singularity while keeping gravity decoupled.

The singularity of the smeared NS5-brane background is closely related to the singularity in type I’ theory that one encounters in the heterotic/type I duality [36]. The mechanism that resolves the singularity is also similar. To see this more explicitly, it is useful to embed the 1+1 dimensional effective dynamics of D1-branes in the configuration (3.1) as a dimensional reduction of 3+1 dimensional system oriented as follows: Step I:

0 1 2 3 4 5 6 7 8 9 NS5 • ≡ ≡ ≡ • • • • • D3 • • • • (3.8)

The coordinates x_5 and x_6 are taken to be compact with period L_{5,6}, which will remain finite in the scaling limit. (L_{5,6} can be taken to be small compared to other scales of the problem at the very end.) In order for this background to yield the Q-space after two T-dualities, we scale the parameters of the compactification as follows:^6

g_I = g, α^′_I = α^′, L_{1I} = L_1, L_{2,3I} = α^′ L̃_{23} . (3.9) Step II: ST_{123}-duality

4The authors of [34] proposed a generic non-abelian ∗-product, but we do not see how such a product properly incorporates the dynamics of open strings in this background.

5In order to study explicit realization of non-abelian geometry, one can instead consider simpler construction based on Melvin universes which are solvable [35].

6Factors of 2 and π are left out to prevent cluttering.

– 7 –

Next, we S-dualize and then perform T-duality along the x_1, x_2, and x_3 directions. This gives the configuration,

0 1 2 3 4 5 6 7 8 9 D8 • • • • • • • • • D4 • • • • • (3.10)

where the parameters after the duality scale as g_{II} = gL_2L_3 L_1α^′_{II}^{1/2} , α^′_{II} = gα^′, L_{1II} = gα^′ L_1

, L_{2,3II} = gL̃_{2,3} . (3.11)

This is the same brane configuration discussed in [37–39] that gives rise to non-trivial fixed points in 4+1 dimensions precisely when the D4-brane is placed at the singularity. The singularity in this context arises from integrating out the strings stretching between the D4-brane and the D8-brane. It is convenient to view this system as a decompactification limit of a type I’ theory given by separating the D8-branes from the O8-branes. To match the harmonic function profile with what is illustrated in figure 1, one should imagine eight D8-branes and an O8 brane to the far left, N D8-branes at z = 0, and (8 − N) D8-branes and an O8-brane to the far right. Step III: 1-11 Flip

The only thing which makes this description unsuitable as an effective description of the Q-space is the small size of the period of the x_1 direction. This can be rectified by performing a 1-11 flip, which yields the configuration,

0 1 2 3 4 5 6 7 8 9 D8 • • • • • • • • • NS5 • • • • • • (3.12)

with parameters g_{III} = α^′ √ g L_1 √ L̃_2L̃_3 , L_{1III} = gL̃_2L̃_3

L_1

, α^′_{III} = gL̃_2L̃_3, L_{2,3III} = gL̃_{2,3} . (3.13)

Notice that as α^′ → 0, g_{III} goes to zero as well, while α^′_{III} and the various length scales associated with the world volume of the NS5-brane remain fixed. This is the standard decoupling limit of little string theory.

An important set of light degrees of freedom in this limit are the D2-branes stretching between the NS5-brane and the D8-branes. In the limit, the D2-brane behaves effectively as a string. If the distance separating the NS5-brane and the D8/O8-brane is of the order α^′U, then the tension of this effective string is T = 1 g_{III} α^′_{III}^{3/2} α^′U = L_1U g^2L̃_2L̃_3

, (3.14)

which remains finite as α^′ → 0. These states are the analogues of “fundamental matter” for little string theory, along the lines discussed for the case of D3-branes in [40]. It is also

– 8 – the IIA reduction (along one of the dimensions transverse to the M5-brane) of the noncritical string theory introduced in [41]. The conclusion is that gauge theory on Q-space is a low-energy effective description of “little string theory with flavor,” which is decoupled from gravity.

4. Low-energy effective description of the R-space

We will now describe what happens if one attempts to repeat the story for the R space. That we do not have an explicit supergravity solution describing the R-space analogous to (3.2) prevents us from directly inserting a D3-brane as we did in the previous section. What we can do instead is to insert a D0-brane in the H-space, and study the low-energy effective dynamics, while scaling the size of the torus as L_{1,2,3} ∼ α^′/L̃_{1,2,3}. This scaling isolates the winding modes while decoupling the momentum modes as α^′ → 0. Re-interpreting the winding modes of one geometry as Kaluza-Klein excitations of some other geometry essentially amounts to performing a T-duality.^7 In fact, had the B-field been taken to be a constant, this is precisely the approach taken in [44–46] to construct ordinary noncommutative spaces as a decoupling limit.

One can easily check that D0-branes in the background of smeared NS5-branes,

0 1 2 3 4 5 6 7 8 9 NS5 • ≡ ≡ ≡ • • • • • D0 •

(4.1)

break all supersymmetries and, hence, there will be a potential for the D0-brane to roll toward the NS5-branes. An alternative setup is to consider a D1-brane extended along the warped direction:

0 1 2 3 4 5 6 7 8 9 NS5 • ≡ ≡ ≡ • • • • • D1 • • (4.2)

This configuration is supersymmetric and static. In order to isolate the low-energy effective dynamics on the R space, we scale our parameters as

g_s = g^2_{Y M4}α^′ L̃_1L̃_2L̃_3 , L^{123} = α^′ L̃_{1,2,3} , (4.3)

so that the volume L̃_1L̃_2L̃_3 and the gauge coupling g^2_{Y M4} of the 4+1 dimensional Yang-Mills theory are finite after T-dualizing along x_1, x_2, and x_3 coordinates.

There is a problem with interpreting such a construction as effectively giving rise to the R-space. The smeared NS5-brane background is still given by (2.9), but now the harmonic function f(z), when written in terms of α^′ and the variables that are kept finite in the scaling limit, takes the form

f(z) = f_0 −

NL̃_1L̃_2L̃_3(|z| + z) 2(2π)^4α^{′2}

. (4.4)

7One can in fact think of our construction as the generalization of [42, 43] on T^3 with non-vanishing H-field.

– 9 –

For the R-space to be a useful effective notion, one would like f(z) to be of order 1 for a sufficiently wide range of values of z. Clearly, this is not the case in the limit α^′ → 0.

Such severe warping appears to make the R-space problematic as a low-energy effective notion. The appearance of a strong gravitational backreaction is to be expected since we start by shrinking the volume of the torus in the H-space, where the total flux is kept fixed. As we shrink the torus, the energy density associated with the flux increases, giving rise to stronger backreaction on the geometry. Such a strong gravitational backreaction is also potentially problematic for the effective description of the Q-space considered in the previous section. It is the combination of the fact that the probe branes can be arranged to be localized in the warped direction, and that the amount of squeezing of the flux is milder in the scaling relevant to the Q-space that allows for a smooth decoupling limit.

In spite of the strong warping, one could contemplate performing a duality transformation on (4.2) to attempt to identify the analogue of (3.12) for the R-space case. Step I: T_{56} duality:

0 1 2 3 4 5 6 7 8 9 NS5 • ≡ ≡ ≡ • • • • • D3 • • • • (4.5)

g_I = g_sL_5L_6 α^′ = g^2_{Y M4}L_5L_6 L̃_1L̃_2L̃_3 = finite, L^{1,2,3I} = α^′ L̃_{1,2,3} , L^{5,6I} = finite . (4.6) Step II: ST_{123} duality:

This duality transforms (4.6) to

0 1 2 3 4 5 6 7 8 9 D8 • • • • • • • • • D6 • • • • • • • (4.7)

with the parameters g_{II} = g^2_I L̃_1L̃_2L̃_3 α^′_{II}^{3/2} , α^′_{II} = g_I α^′_I , L_{1,2,3II} = g_IL̃_{1,2,3} . (4.8)

This gives rise to a low-energy effective coupling for the D6-brane,

g^2_{Y M6} = g_{II} α^{′3/2}_{II} = g^2_I L̃_1L̃_2L̃_3 = finite . (4.9)

In fact, this configuration is the infinite volume limit of the 6+1 dimensional gauge theory discussed in [47]. Unlike the NS5-branes considered in the previous section, D6-branes do not have a scaling limit that decouples the gauge dynamics from gravity. Nonetheless, it is tempting to speculate that the R-space emerges as a low-energy effective description of this dynamical system. Unfortunately, as the slope of the harmonic function (4.4) diverges in the α^′ → 0 limit, the range of the coordinate z for which this system is dual to an R-space shrinks to zero size, making such an interpretation doubtful.

Had we considered instead the non-supersymmetric D0-brane configuration shown in (4.1), the warping would cause the D0-brane to roll toward the NS5-branes in a time-scale that gets arbitrarily short as α^′ is sent to zero.

– 10 –

All of these problems are a consequence of generic gravitational backreaction effects arising from quantized fluxes in a small volume. While we demonstrated the difficulty only for the specific case of H-flux generated by the background of smeared NS5-branes, it seems reasonable to expect that any realization of H-flux on a torus would lead to similar difficulties.^8 We are therefore propose that the R-space does not exist as a low-energy effective notion decoupled from the stringy effects.

5. Comments on possible connections to the non-associative tori

One of the main conclusions of this article is the observation that a sensible decoupling limit of low-energy open strings in R-space does not appear to exist. As we saw in the previous section, the main cause of this difficulty is the strong gravitational backreaction in the dual H-space description of the background geometry. It turns out, however, that an intriguing non-associative geometry, similar to the one described in [32], emerges if one naively ignores the gravitational backreaction. The fact that we are ignoring the gravitational backreaction, which is necessary in order to have a consistent background for string perturbation theory, makes the physical interpretation of this mathematical structure in terms of string theory less clear. Nonetheless, a connection to some kind of non-associative geometry as an effective description of R-space is sufficiently intriguing that we felt it worth illustrating. Our hope is that this discussion can be made more transparent in the future.

5.1 Review of dual lattice formulation of non-commutative geometry

We begin the discussion by recalling the approach used in [44–46] to describe ordinary non-commutative spaces. A D2-brane in a B-field background becomes a non-commutative gauge theory in a certain scaling limit. Instead of the D2-branes in a B-field background, however, one can also consider D0-branes in the T-dual torus of size L = α^′/L̃, which also has a non-vanishing B-field.

Before T-dualizing, the non-commutativity manifests itself in the three-point scattering amplitude of open string momentum modes on the D2: A_{Non−comm}(p, q, r)(2π)^3δ^3(p + q + r) = e^{i2 p1θp2} A_{Comm}(p, q, r)(2π)^3δ^3(p + q + r) . (5.1) From the T-dual, D0-brane perspective, this is a scattering of winding modes. The configuration minimizing the world sheet action, S = 1 4πα^′ ∫ g_{ij} dx^i ∧ ∗dx^j + B_{ij} dx^i ∧ dx^j , (5.2) can be visualized as a minimal area triangle. When the world sheet is parameterized by

8Recently, a large class of solutions of the four dimensional effective field theory, where the effects of the fluxes in compact dimensions are encoded in the superpotential, were constructed in [16]. It would be interesting to see if any of these constructions would allow a smooth decoupling limit to be taken along the lines discussed in this paper. To study this issue, however, it is essential to first find an explicit lift of these solutions to a solution of supergravity in ten dimensions similar to (2.9).

– 11 – a)

b) c)

A B

C

A

B

C

x_1 x_2 UHP

A B

Figure 2: World sheet diagram corresponding to the scattering of open string winding modes ending on a periodic array of D-branes. Diagram a) shows the relevant disk geometry with three punctures representing the open strings. In b) the same geometry is shown in the upper half plane. In c) we show the space-time embedding of the saddle-point configuration for the constant B background. The gray circles represent the lattice of D0-branes. The punctures A, B, and C are mapped to the edges of the triangle.

the upper half plane, this triangle corresponds to the configuration,

x_i = p_i 2πi log ( z z̄ ) + q_i 2πi log ( z − 1 z̄ − 1 ) , z ∈ H^+ (5.3)

and is a solution to the equation of motion,

∇^2x_i = 0, (5.4)

which is independent of the B-field since dB = 0. However, the world sheet path integral picks up a B-dependent phase factor, exp [ i 4πα^′ ∫ B_{ij} dx^i ∧ dx^j ] = exp [ i 2 p_iθ^{ij}q_j ] , p_i = 2πm_i L̃_i , q^i = 2πn_i L̃_i , (5.5)

where θ = 2πα^′B . (5.6)

This phase factor is equivalent to the flux of B through the triangle illustrated in figure 2 and allows one to define the Moyal product, e^{ipx} ∗ e^{iqx} = e^{ipθq/2}e^{i(p+q)x} . (5.7) Non-commutative gauge theory has a clean realization in string theory as the decoupling limit α^′ → 0 with L̃_i fixed. In this limit, the masses of open string winding modes

– 12 – remain finite. Interpreting the winding modes as the momentum modes of the T-dual picture, one recovers precisely the dynamics of decoupled open strings in the Seiberg-Witten picture [26]. When the background B-field is scaled appropriately, the non-commutativity parameter as seen by the momentum modes in the dual picture also remains finite. This is how one reconstructs the effective physics of non-commutative gauge theories from the winding modes. Of course, in the case of a constant B-field background, one can T-dualize explicitly and obtain the same non-commutative field theory from either of the two approaches. In the context of the H/R duality, only one approach is available so we use the one to study the other.

5.2 Triple T-duality: H ↔ R

Several new feature arise when the H-field is non-vanishing. First, we must consider a three dimensional array of D-branes localized inside the H-space. The open string can now wind in three independent directions.

For the non-interacting strings, the mass of the wound strings are unaffected by the H-field. This is because one of the extended directions of a non-interacting string is the time component, whereas the B-field has no non-vanishing time-like component. Since the spectrum of the non-interacting wound strings are unaffected by the H-field, one concludes that the geometry of the theory must be encoded in the interaction terms.

When a string wound along (m_1, m_2, m_3) joins with a string wound along (n_1, n_2, n_3) to become a string which winds along (m_1 + n_1, m_2 + n_2, m_3 + n_3), one expects to find a world sheet configuration which forms a triangle in a three dimensional lattice, as illustrated in figure 3.

(m_1, m_2, m_3)

(n_1, n_2, n_3)

(m_1 + n_1, m_2 + n_2, m_3 + n_3)

x_2 x_3

x_1

Figure 3: Minimal area triangle configuration for the open string winding modes ending on a three dimensional array of D-branes. The lattice points are suppressed for clarity.

If one naively follows the prescription of attributing the flux of B-field through this triangle as a phase, one obtains an expression for a generalization of the Moyal product.

– 13 –

Letting ⃗x = (L_1m_1, L_2m_2 + L_3m_3)(1 − σ_1) + (L_1n_1, L_2n_2, L_3, n_3)σ_2 (5.8)

for 0 < σ_1, σ_2 < 1 and σ_1 + σ_2 < 1, one finds^9 π(u(m, n)) ≡ e^14πα^′ ∫ B_{ij} dx^i∧dx^j = e−2πiN((2m_1 +n_1)/6+c)(m_2 n_3−m_3n_2) . (5.9)

The parameter c corresponds to the freedom to move the origin of the D0-brane lattice along x_1, but will not matter in most of the discussion. One can use this phase to define a new product, e^{ipx} ∗ e^{iqx} = π(u(m, n))e^{i(p+q)x}, p_i = 2πm_i L̃_i , q^i = 2πn_i L̃_i , (5.10) which can also be written in the form,

f(x) ∗ g(x) = e^{− 1(2π)2 NL̃1L̃2L̃3} (_{2∂x1 +∂y1} 6 +C ) (∂_{x2} ∂_{y3} −∂_{x3} ∂_{y2} ) f(x)g(y) | | |_{x=y} , (5.11)

which acts on functions f(x) and g(x) in the R-space.^{10}

An interesting novel feature of this product is that it is non-associative. Indeed, one can easily confirm that (e^{ipx} ∗ e^{iqx}) ∗ e^{irx} = π(u(m, n))π(u(m + n, l))e^{i(p+q+r)x} (5.12) corresponding to the diagram on the left in figure 4, and e^{ipx} ∗ (e^{iqx} ∗ e^{irx}) = π(u(m, n + l))π(α_m(u(n, l)))e^{i(p+q+r)x}, (5.13) corresponding to the diagram on the right in figure 4, are not equal since ϕ(m, n, l) ≡ π(u(m, n + l))π(α_mu(n, l)) π(u(m, n))π(u(m + n, l)) = e^{iπN3 (m·n×l)} ≠ 1 . (5.14)

Here, α_mπ(u(n, l)) = e^{−2πiN((2n1 +l1)/6+m/2+c)(n2 l3−n3l2)} (5.15) accounts for the fact that ⃗n + ⃗l does not start at the tail of ⃗m.^{11}

The non-associativity can be understood in terms of two different ways of triangulating a quadrilateral, illustrated in figure 4. The difference in phases is the surface integral of B over the tetrahedron, which by Stokes theorem is equivalent to the volume integral of H. This is algebra appears to have the same form as the twisted crossed product considered

9We adopt a notation similar to the one in [32] to facilitate comparison of our algebra with theirs. 10We are using the fact that points on R-space can be viewed as an ordinary T^3 when interactions are ignored.

11If N is even, however, the shift in the phase is a multiple of 2π and does not affect the result. The simplicity of even N is related to the fact that Morita equivalence Θ → Θ + 1 is an isomorphism which acts non-trivially, while Θ → Θ + 2 acts trivially.

– 14 –

A

B

C

(A ∗ B) ∗ C

A

B

C

A ∗ (B ∗ C)

x_1 x_2 x_3

Figure 4: Two different triangulations of quadrilateral representing the two different orders of multiplying the open strings A, B and C. The difference of B-flux through the two triangulations is equivalent to the volume integral of the H-flux through the tetrahedron, and is a measure of non-associativity of the product (5.10).

in [32]. (Compare with equation (2.3) of [32]). This type of non-associative algebra has also appeared in other contexts [48] as well as in attempts to generalize Moyal algebra to higher dimensions in the context of branes^{12} [49].

The picture illustrated in figure 4 also clarifies the fact that the non-associative product (5.10) is cyclic, i.e. the associator is a total derivative. In other words, we have ∫ d^3x e^{ipx} ∗ (e^{iqx} ∗ e^{irx}) = ∫ d^3x (e^{ipx} ∗ e^{iqx}) ∗ e^{irx} = (2π)^3δ^3(p + q + r) . (5.16)

This is because the conservation of momentum in the R-space constrains the tetrahedron to collapse into a triangle. Cyclicity is a useful notion in defining field theories using fields whose algebra is non-associative [50]. This means that one can unambiguously write an action whose interaction terms are at most cubic, such as ϕ^3 theory.^{13}

The non-associative algebra being discussed here comes about somewhat differently from seemingly similar setup discussed in [52, 53]. These authors considered D3-branes in a non-trivial H-field background. Therefore, their program should be thought of as the study of D3-branes in the H-space. What we consider instead is D3-branes in R space, or equivalently, D0-branes in H-space. The basic setup is therefore distinct, although certain aspects of the vertex operator algebra are inevitably similar. It should also be noted that a D3 in a presence of an H-field acquires an induced magnetic charge [54] via the Hanany- Witten mechanism [55, 56]. Since the H-space is compact, additional steps are needed to cancel this induced charge when constructing a consistent string theory background.

The algebra (5.10) is extremely similar in structure to the Busby-Smith algebra described in section 3 of [32]. At the present time, it is not completely clear how one should

12We thank Y. Matsuo for telling us about their on-going work.

13A different approach for defining gauge theories with non-associative fields can be found in [51].

– 15 – properly interpret the mathematical formalism described in [32] in physical terms using string theory. According to the authors of [32], the framework described in that paper does not directly concern D-branes (other than the fact that their charges are encoded by the relevant K-theory) and should be viewed as a statement regarding the closed strings. The fact that we identify similar algebraic structure in the lattice of dual branes appears to suggest that these structures are more natural in the context of open strings dynamics. It is also worth noting that [32] also describes the Q-space by “a continuous field of stabilized non-commutative tori” that is reminiscent of the description of Q-space in section 3, which is definitely an open string construction. It is an important open problem to clarify the proper physical interpretation of [32] and to settle the question of the relevance of the open v.s. closed strings.^{14} What is needed is the analogue of [44].

Some of this discussion, however, is purely academic in that the story of the tetrahedron relied entirely on the triangular world sheet. Such a world sheet is a solution to the world sheet equation of motion (5.4) when H = 0, but in the case of non-vanishing H-field, (5.4) is corrected to d ∗ dx_i − H_{ijk}dx_j ∧ dx_k = 0 . (5.17) Interestingly, this equation of motion originally arose in an attempt to describe vortices in a superfluid [57, 58] and has resurfaced in various contexts [59–62]. The triangular world sheet (5.3) is not solved by this equation. It is not clear if there exist analytic solutions to this equation, nor is it clear how to use it to properly modify the naive product described above.

The fact that the non-associative product structure (5.10) is difficult to realize in a fully consistent treatment of critical string theory may be another indication that R-space does not exist as a low-energy effective notion of critical string theory. As a possible alternative, let us point out that there does exist a topological sigma model, known as the Poisson-WZ sigma model [63], which nicely reproduces our product. The action of the Poisson-WZ sigma model is given by S = ∫ η_i ∧ dx^i + 2π L_1L_2L_3

Nx_1dx_2dx_3, (5.18)

where η_i is a world sheet one-form. Because of the invariance of the action under the gauge transformation, η → η + dλ, (5.19) one should consider the gauge fixed action, S = ∫ η_i ∧ dx^i + η_i ∧ ∗dγ^i + 2π L_1L_2L_3

Nx_1dx_2dx_3 . (5.20)

The fields γ and η constrain x to be harmonic, making (5.3) the unique solution given the boundary conditions. The Poisson-WZ model appears to play a role very similar

14This need not be a mutually exclusive statement since branes can be transmuted into fluxes and vice versa. Nonetheless, it may turn out that the brane description is the most natural framework for providing a physical interpretation of [32].

– 16 – to the Poisson sigma model [64, 65] whose boundary correlation functions were shown in [66] to elegantly reproduce the deformation quantization formula of Kontsevich [67]. A sophisticated interplay of ideas involving the Poisson sigma model and the Poisson-WZ model have been discussed, for example, in [68–70]. It is quite likely that the algebraic structure (5.10) and its connection to [71] will turn out to be most transparent in the context of the open Poisson-WZ sigma model winding modes in a manner closely resembling the discussion of section 5.2.

Unfortunately, Poisson-WZ sigma model, like the Poisson sigma model, are too general a construct to embed consistently in critical string theory. Not all consistent Kontsevich ∗-deformations are expected to be realizable as a decoupling limit of a consistent critical string construction. The absence of strong conceptual connection between decoupled open strings and the Poisson sigma model was also emphasized in [72]. This is in line with the our empirical observation that the consistent decoupling limit of effective field theory on R-space does not appear to exist.

6. Concluding Remarks

In this article, we investigated the possible low-energy effective description of non-geometric compactifications discussed recently in the context of novel compactifications [1–3,13]. We followed the guiding principle that generalized notions of geometry should have a concrete meaning when the intrinsic non-locality associated with the string scale is decoupled from scale relevant to geometry.

There are two examples of non-geometric compactifications that arise naturally in the context of T-duals of T^3 with H-flux. In the case of Q-space, we found that the novel non-geometric features can be understood in terms of a non-commutative geometry compactified using a Morita duality. This non-commutative gauge theory has a singular moduli-space that is resolved by integrating in certain degrees of freedom. All of these degrees of freedom can be embedded in a UV complete theory given by little string theory coupled to flavor matter, but decoupled from gravity.

In the case of the R-space, we did not find a sensible decoupling limit. It is entirely possible that a triple T-duality of T^3 with H-flux does not admit a low-energy effective description. Nonetheless, we did encounter certain features suggestive of a non-associative generalization of non-commutative geometry. That such a generalization to non-commutative geometry should arise in the R-space which is seemingly more “non-geometric” than the Q-space is sensible, and it would be extremely interesting if this connection can be made more precise.

The primary obstacle to understanding the non-associative structure from critical string theory is the strong gravitational back reaction. This problem appears to be evaded in the Poisson-WZ sigma model, which is a topological theory similar to the Poisson sigma model. Ultimately, we may find that R-space has a natural interpretation in terms of nonassociative deformation of space-time only in the framework the topological sigma model and that this structure cannot be embedded into critical string theory.

– 17 –

Acknowledgements

We would like to thank T. Grimm, N. Halmagyi, N. Itzhaki, O. Lunin, Y. Matsuo, J. Polchinski, M. Rozali, J. Shelton, M. Schulz, and W. Taylor for discussions, and P. Bouwknegt, O. Ganor, and V. Mathai for correspondences. This work was supported in part by the DOE grant DE-FG02-95ER40896 and funds from the University of Wisconsin.

References

[1] S. Hellerman, J. McGreevy, and B. Williams, Geometric constructions of nongeometric string theories, JHEP 01 (2004) 024, [hep-th/0208174].

[2] A. Dabholkar and C. Hull, Duality twists, orbifolds, and fluxes, JHEP 09 (2003) 054, [hep-th/0210209].

[3] S. Kachru, M. B. Schulz, P. K. Tripathy, and S. P. Trivedi, New supersymmetric string compactifications, JHEP 03 (2003) 061, [hep-th/0211182].

[4] J. Scherk and J. H. Schwarz, How to get masses from extra dimensions, Nucl. Phys. B153 (1979) 61–88.

[5] E. Alvarez, L. Alvarez-Gaume, J. L. F. Barbon, and Y. Lozano, Some global aspects of duality in string theory, Nucl. Phys. B415 (1994) 71–100, [hep-th/9309039].

[6] C. M. Hull, Massive string theories from M-theory and F-theory, JHEP 11 (1998) 027, [hep-th/9811021].

[7] S. Gurrieri, J. Louis, A. Micu, and D. Waldram, Mirror symmetry in generalized Calabi-Yau compactifications, Nucl. Phys. B654 (2003) 61–113, [hep-th/0211102].

[8] P. Bouwknegt, J. Evslin, and V. Mathai, T-duality: Topology change from H-flux, Commun.

Math. Phys. 249 (2004) 383–415, [hep-th/0306062].

[9] D. A. Lowe, H. Nastase, and S. Ramgoolam, Massive IIA string theory and matrix theory compactification, Nucl. Phys. B667 (2003) 55–89, [hep-th/0303173].

[10] V. Mathai and J. M. Rosenberg, T-duality for torus bundles via noncommutative topology, Commun. Math. Phys. 253 (2004) 705–721, [hep-th/0401168].

[11] V. Mathai and J. M. Rosenberg, On mysteriously missing T-duals, H-flux and the T-duality group, hep-th/0409073.

[12] V. Mathai and J. Rosenberg, T-duality for torus bundles with H-fluxes via noncommutative topology. II: The high-dimensional case and the T-duality group, Adv. Theor. Math. Phys. 10 (2006) 123–158, [hep-th/0508084].

[13] J. Shelton, W. Taylor, and B. Wecht, Nongeometric flux compactifications, JHEP 10 (2005) 085, [hep-th/0508133].

[14] A. Dabholkar and C. Hull, Generalised T-duality and non-geometric backgrounds, JHEP 05 (2006) 009, [hep-th/0512005].

[15] I. Benmachiche and T. W. Grimm, Generalized N = 1 orientifold compactifications and the Hitchin functionals, Nucl. Phys. B748 (2006) 200–252, [hep-th/0602241].

[16] J. Shelton, W. Taylor, and B. Wecht, Generalized flux vacua, hep-th/0607015.

– 18 –

[17] C. M. Hull, Doubled geometry and T-folds, hep-th/0605149.

[18] C. M. Hull, Global aspects of T-duality, gauged sigma models and T- folds, hep-th/0604178. [19] T. H. Buscher, Path integral derivation of quantum duality in nonlinear sigma models, Phys.

Lett. B201 (1988) 466.

[20] A. Giveon, M. Porrati, and E. Rabinovici, Target space duality in string theory, Phys. Rept.

244 (1994) 77–202, [hep-th/9401139].

[21] T. Damour, M. Henneaux, and H. Nicolai, Cosmological billiards, Class. Quant. Grav. 20 (2003) R145–R200, [hep-th/0212256].

[22] J. Brown, O. J. Ganor, and C. Helfgott, M-theory and E_{10}: Billiards, branes, and imaginary roots, JHEP 08 (2004) 063, [hep-th/0401053].

[23] C. M. Hull, A geometry for non-geometric string backgrounds, JHEP 10 (2005) 065, [hep-th/0406102].

[24] A. Lawrence, M. B. Schulz, and B. Wecht, D-branes in nongeometric backgrounds,

hep-th/0602025.

[25] F. Marchesano, D6-branes and torsion, hep-th/0603210.

[26] N. Seiberg and E. Witten, String theory and noncommutative geometry, JHEP 09 (1999) 032, [hep-th/9908142].

[27] A. Hashimoto and S. Sethi, Holography and string dynamics in time-dependent backgrounds, Phys. Rev. Lett. 89 (2002) 261601, [hep-th/0208126].

[28] L. Dolan and C. R. Nappi, Noncommutativity in a time-dependent background, Phys. Lett.

B551 (2003) 369–377, [hep-th/0210030].

[29] A. Hashimoto and K. Thomas, Dualities, twists, and gauge theories with non-constant non-commutativity, JHEP 01 (2005) 033, [hep-th/0410123].

[30] A. Hashimoto and K. Thomas, Non-commutative gauge theory on D-branes in Melvin universes, JHEP 01 (2006) 083, [hep-th/0511197].

[31] A. Hashimoto and N. Itzhaki, On the hierarchy between non-commutative and ordinary supersymmetric Yang-Mills, JHEP 12 (1999) 007, [hep-th/9911057].

[32] P. Bouwknegt, K. Hannabuss, and V. Mathai, Nonassociative tori and applications to T-duality, Commun. Math. Phys. 264 (2006) 41–69, [hep-th/0412092].

[33] L. Dolan and C. R. Nappi, A scaling limit with many noncommutativity parameters, Phys.

Lett. B504 (2001) 329–337, [hep-th/0009225].

[34] K. Dasgupta and Z. Yin, Non-Abelian geometry, Commun. Math. Phys. 235 (2003) 313–338, [hep-th/0011034].

[35] D. Dhokrah, A. Hashimoto, and S. Haque, work in progress.

[36] J. Polchinski and E. Witten, Evidence for Heterotic - Type I String Duality, Nucl. Phys.

B460 (1996) 525–540, [hep-th/9510169].

[37] N. Seiberg, Five dimensional SUSY field theories, non-trivial fixed points and string dynamics, Phys. Lett. B388 (1996) 753–760, [hep-th/9608111].

– 19 –

[38] M. R. Douglas, S. Katz, and C. Vafa, Small instantons, del Pezzo surfaces and type I’ theory, Nucl. Phys. B497 (1997) 155–172, [hep-th/9609071].

[39] D. R. Morrison and N. Seiberg, Extremal transitions and five-dimensional supersymmetric field theories, Nucl. Phys. B483 (1997) 229–247, [hep-th/9609070].

[40] O. Aharony, A. Fayyazuddin, and J. M. Maldacena, The large N limit of N = 2, 1 field theories from three- branes in F-theory, JHEP 07 (1998) 013, [hep-th/9806159].

[41] O. J. Ganor and A. Hanany, Small E_8 Instantons and Tensionless Non-critical Strings, Nucl.

Phys. B474 (1996) 122–140, [hep-th/9602120].

[42] W. Taylor, D-brane field theory on compact spaces, Phys. Lett. B394 (1997) 283–287, [hep-th/9611042].

[43] O. J. Ganor, S. Ramgoolam, and W. Taylor, Branes, fluxes and duality in M(atrix)-theory, Nucl. Phys. B492 (1997) 191–204, [hep-th/9611202].

[44] A. Connes, M. R. Douglas, and A. S. Schwarz, Noncommutative geometry and matrix theory:

Compactification on tori, JHEP 02 (1998) 003, [hep-th/9711162].

[45] M. R. Douglas and C. M. Hull, D-branes and the noncommutative torus, JHEP 02 (1998) 008, [hep-th/9711165].

[46] Y.-K. E. Cheung and M. Krogh, Noncommutative geometry from 0-branes in a background Bfield, Nucl. Phys. B528 (1998) 185–196, [hep-th/9803031].

[47] A. Hanany and A. Zaffaroni, Branes and six dimensional supersymmetric theories, Nucl.

Phys. B529 (1998) 180–206, [hep-th/9712145].

[48] R. Jackiw, 3-cocycle in mathematics and physics, Phys. Rev. Lett. 54 (1985) 159–162. [49] P.-M. Ho and Y. Matsuo, Work in progress. Private communication. [50] M. Herbst, A. Kling, and M. Kreuzer, Cyclicity of non-associative products on D-branes, JHEP 03 (2004) 003, [hep-th/0312043].

[51] P.-M. Ho, Making non-associative algebra associative, JHEP 11 (2001) 026, [hep-th/0103024].

[52] L. Cornalba and R. Schiappa, Nonassociative star product deformations for D-brane worldvolumes in curved backgrounds, Commun. Math. Phys. 225 (2002) 33–66, [hep-th/0101219].

[53] M. Herbst, A. Kling, and M. Kreuzer, Star products from open strings in curved backgrounds, JHEP 09 (2001) 014, [hep-th/0106159].

[54] O. Pelc, On the quantization constraints for a D3 brane in the geometry of NS5 branes, JHEP 08 (2000) 030, [hep-th/0007100].

[55] A. Hanany and E. Witten, Type IIB superstrings, BPS monopoles, and three-dimensional gauge dynamics, Nucl. Phys. B492 (1997) 152–190, [hep-th/9611230].

[56] E. Witten, Baryons and branes in anti de Sitter space, JHEP 07 (1998) 006, [hep-th/9805112].

[57] M. Rasetti and T. Regge, Vortices in He II, current algebras and quantum knots, Physica A80 (1975) 217–33.

– 20 –

[58] F. Lund and T. Regge, Unified approach to strings and vortices with soliton solutions, Phys.

Rev. D14 (1976) 1524.

[59] E. Bergshoeff, D. S. Berman, J. P. van der Schaar, and P. Sundell, A noncommutative M-theory five-brane, Nucl. Phys. B590 (2000) 173–197, [hep-th/0005026].

[60] Y. Matsuo and Y. Shibusa, Volume preserving diffeomorphism and noncommutative branes, JHEP 02 (2001) 006, [hep-th/0010040].

[61] B. Pioline, Comments on the topological open membrane, Phys. Rev. D66 (2002) 025010, [hep-th/0201257].

[62] D. S. Berman and B. Pioline, Open membranes, ribbons and deformed Schild strings, Phys.

Rev. D70 (2004) 045007, [hep-th/0404049].

[63] C. Klimcik and T. Strobl, WZW-Poisson manifolds, J. Geom. Phys. 43 (2002) 341–344, [math.sg/0104189].

[64] N. Ikeda, Two-dimensional gravity and nonlinear gauge theory, Ann. Phys. 235 (1994) 435–464, [hep-th/9312059].

[65] P. Schaller and T. Strobl, Poisson structure induced (topological) field theories, Mod. Phys.

Lett. A9 (1994) 3129–3136, [hep-th/9405110].

[66] A. S. Cattaneo and G. Felder, A path integral approach to the Kontsevich quantization formula, Commun. Math. Phys. 212 (2000) 591–611, [math.qa/9902090].

[67] M. Kontsevich, Deformation quantization of Poisson manifolds, I, Lett. Math. Phys. 66 (2003) 157–216, [q-alg/9709040].

[68] J.-S. Park, Topological open p-branes, hep-th/0012141. [69] C. Hofman and J.-S. Park, Topological open membranes, hep-th/0209148. [70] C. Hofman and J.-S. Park, BV quantization of topological open membranes, Commun. Math.

Phys. 249 (2004) 249–271, [hep-th/0209214].

[71] P. Bouwknegt, K. Hannabuss, and V. Mathai, T-duality for principal torus bundles, JHEP 03 (2004) 018, [hep-th/0312284].

[72] L. Baulieu, A. S. Losev, and N. A. Nekrasov, Target space symmetries in topological theories.

I, JHEP 02 (2002) 021, [hep-th/0106042].

– 21 –