arXiv:hep-th/0607163 v3 4 Dec 2006

Aspects of D-brane Dynamics in Supergravity Backgrounds with Fluxes, Kappa–symmetry and Equations of Motion. Part IIB

Igor Bandos^{1,2} and Dmitri Sorokin^{2,3}

1 Akhiezer Institute for Theoretical Physics

NSC KIPT, National Academy of Sciences of Ukraine Akademicheskaya Street 1, 61108 Kharkov, Ukraine

2 Departamento de Fisica Teorica, Facultad de Fisica, Universidad de Valencia

C/Dr. Moliner, 50, 46100 Burjassot (Valencia), Spain

3 INFN, Sezione di Padova

& Dipartimento di Fisica “Galileo Galilei”, Università degli Studi di Padova via F. Marzolo 8, 35131 Padova, Italia

Abstract

We derive and carry out a detailed analysis of the equations of motion of the type IIB D branes in generic supergravity backgrounds with fluxes making account of the worldvolume Born–Infeld gauge field and putting a special emphasis on the structure of the Dirac equation for Dp brane fermionic modes. We present an explicit form of the worldvolume field equations for each of the Dp branes (p = 1, 3, 5, 7, 9) in the cases in which the Neveu–Schwarz flux and the Ramond–Ramond p–form flux along the Dp–brane worldvolume are zero and the supergravity backgrounds do not necessarily induce the worldvolume Born–Infeld flux. We then give several examples of D3, D5 and D7 brane configurations in which the worldvolume Born–Infeld flux is intrinsically non–zero and therefore must be taken into account in studying problems where such branes are involved. The examples include D3 and D5 brane instantons carrying (self–dual) worldvolume gauge fields in warped compactification backgrounds.

Contents

1 Introduction 2

2 The action for the super-Dp-branes in D = 10 type IIB superspace 5 2.1 Type IIB supergravity constraints in the Einstein frame . . . . . . . . . . . . 5 2.2 Type IIB supergravity constraints in the string frame . . . . . . . . . . . . . 7 2.3 The Dp–brane action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

3 Bosonic equations 11 3.1 Equations for the auxiliary fields and the embedding condition . . . . . . . . 11 3.2 Equations of motion of the worldvolume BI gauge field . . . . . . . . . . . . 12 3.3 Equations of motion of the coordinate fields Z(ξ) = (x(ξ), θ(ξ)). Equation for the bosonic fields x(ξ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 3.4 The bosonic equations and the second fundamental form of the embedding . 16

4 Fermionic equation, its concise form and κ–symmetry 18 4.1 The κ–symmetry projector and the worldvolume Lorentz group . . . . . . . 19 4.2 The linearized Dp–brane fermionic equation . . . . . . . . . . . . . . . . . . 21

5 The κ–symmetry projector and the concise form of the Dp–brane bosonic equations 24

6 Linearized fermionic equation with couplings to worldvolume and background fluxes. Further analysis and examples 26 6.1 On κ–symmetry gauge fixing . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 6.2 Equations for all type IIB Dp–branes in the absence of the worldvolume flux.

String frame . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 6.2.1 D1 brane . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 6.2.2 D3 brane (without and with a topological Born–Infeld flux on K3) . . 31 6.2.3 D5 brane . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 6.2.4 D7 brane . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 6.2.5 D9 brane (with and without worldvolume field) . . . . . . . . . . . . 36

7 Dp–branes with intrinsically non–zero worldvolume flux 37 7.1 D5 branes in AdS_5 × S^5 and AdS_5 × X_5 . . . . . . . . . . . . . . . . . . . . 38 7.2 D5 and D7 branes in warped compactification backgrounds . . . . . . . . . . 40 7.2.1 Space–time filling D5 brane . . . . . . . . . . . . . . . . . . . . . . . 41 7.2.2 D5 brane instanton wrapping Calabi–Yau six–fold . . . . . . . . . . . 43 7.2.3 Compact space filling D7 brane . . . . . . . . . . . . . . . . . . . . . 45 7.2.4 Space–time filling D7 brane . . . . . . . . . . . . . . . . . . . . . . . 46 7.2.5 D3 branes in AdS_3 × S^3 × X_4 and M_4 × S^3 × S^3 . . . . . . . . . . . . 47

8 Conclusion 48

1 Introduction

The actions for the M2 [1] and M5 branes [2] in the D = 11 supergravity background and those for the Dirichlet branes in type II D = 10 supergravity backgrounds [3]–[6], as well as their equations of motion [1, 7, 8, 9] have been used for studying numerous problems of string theory and M theory. The superbrane actions and equations of motion are constructed in curved target superspaces in terms of the pullbacks to the brane worldvolume of bulk supervielbeins and tensor gauge field superforms subject to superfield constraints. The constraints (which actually put the D = 10, 11 supergravity theories on the mass shell) ensure that the superbranes possess local fermionic kappa–symmetry. In addition to the physical fields of the D = 10, 11 supergravity supermultiplets the supervielbeins and the tensor gauge field superforms contain an enormous amount of other fields which upon imposing the supergravity constraints can either be gauged away by local superdiffeomorphisms and gauge symmetries or can be expressed in terms of the physical fields via algebraic equations. Hence, the superbrane actions and equations of motion only implicitly describe the interaction of the worldvolume modes of the superbranes with the physical supergravity fields, especially as far as the worldvolume fermions θ(ξ) are concerned. These fermionic modes are Goldstone fields associated with brane fluctuations in the 32 Grassmann–odd directions θ of the target superspace.

For various applications of the M–branes and the D–branes it is necessary to know the explicit dependence of their actions and equations of motion on the physical fields in the bulk. To obtain the explicit and entire expressions one should eliminate the auxiliary fields by imposing on the supergravity superfields a Wess–Zumino gauge^1, expand these superfields in power series of the Grassmann–odd coordinates θ (up to the 32-nd order in D = 10, 11 superspaces) and insert these polynomials into the superbrane actions and/or field equations. One can perform such an expansion using the gauge completion method [12] or a much more systematic method of superspace normal coordinates [13, 14, 15, 11, 16].

Though it might be technically possible to arrive at the final expressions, in the general case they will be unpracticable even if by gauge fixing the κ–symmetry one eliminates half of the 32 θ(ξ) components and reduces the polynomial order down to 16. In some cases of particular branes and backgrounds, such as flat space–time (see e.g. [1, 3, 17]) and AdS_d × S^{D−d} [18], gauge fixed M2, M5 and Dp brane actions can be constructed of the supervielbeins which are polynomials of up to the second or fourth order in the physical modes of θ(ξ).

In some applications, for instance, for studying brane–world scenarios and non–perturbative effects due to brane instantons on the generation of superpotentials in string/M–theory compactifications ([19]–[22] and references therein) it is sufficient, at a first stage, to know the explicit form of the brane actions up to the second order in worldvolume fermions, and the equations of motion linear in fermions. This approximation is admissible, e.g. in situations where the Dirac operator on the brane has exactly two fermion zero modes which one integrates over to calculate instanton contributions to the effective action.

1This conventional procedure deals with the background field approximation to supergravity–superbrane interactions. For further discussion and an approach to account the back reaction of branes see [10, 11].

Quadratic actions for fermions on branes coupled to a generic supergravity background with fluxes were derived in [15] for the M2 brane, in [23] for a D3 brane, in [24, 25] for the Dp–branes, and in [26] for the M5–brane. The back reaction of branes on the compactification setup has been discussed in [27] and in a general context of interacting superbrane– supergravity systems in [28].

Using these results, the zero modes of the Dirac operators of brane fermions interacting with bulk fluxes have been analyzed in [29, 30] for M5–brane instantons in M–theory on M_3 × X_8, and in [31, 32, 33] for D3 brane instantons in type IIB String Theory on M_4 × X_6 (where M is the effective physical space–time and X are compactified subspaces of String/M–theory). It has been shown that in some cases including the K3×T^2/Z^2 orientifold compactification of type IIB String Theory, brane instantons coupled to bulk fluxes can produce non–perturbative corrections to the superpotential and hence should be taken into account when carrying out the analysis in search for phenomenologically relevant models of particle interactions and cosmology.

A role of the worldvolume flux of D–branes in producing D- and F- terms in effective D = 4 theory and thus giving the possibility of stabilizing moduli in type IIB String Theory compactified on Calabi–Yau orientifolds has been discussed e.g. in [34, 35, 36] and references therein. The analysis of the latter paper has been based on the relation with supersymmetry conditions for D branes with general worldvolume fluxes on general N = 1 flux backgrounds studied in detail in [37].

Recently, effects of a worldvolume flux on solutions of the Dirac equation for fermions on an M5 brane instanton wrapping a Calabi–Yau space have been considered in [38].

It seems of interest to look for more examples of brane configurations generating scalar field potentials and to analyze whether also the worldvolume fluxes on D branes and the M5 brane may produce or suppress some non–trivial effects. To this end one should analyze the brane actions and equations of motion in the presence of worldvolume Born–Infeld gauge fields. This can also be useful for other brane applications such as brane worlds and AdS/CFT correspondence. A main goal of this paper is to carry out such an analysis for the Dp–branes of type IIB string theory, so p = 1, 3, 5, 7 and 9. A reason why we restrict the consideration to the type IIB D branes is the desire to present the results (at least where it is possible) in an explicit form. The actions and equations of motion for the type IIA branes can be analyzed in a similar way elsewhere.

Though the explicit and geometrically suggestive quadratic actions for the type IIB (and IIA) Dp–brane fermions in an arbitrary bosonic supergravity background with the bulk and worldvolume fluxes have already been given in [25], one should still extract from these actions the Dirac equations and present them in a hopefully tractable form. For instance, though the kappa–symmetry gauge fixed actions for the Dp–branes in the string frame do not contain terms with dilaton derivatives ([25]), these terms reappear in the fermion equations of motion, and they should be taken into account in the analysis in the situations of a non– trivial dilaton–axion. Also the consequences of different gauge fixings of kappa–symmetry should be understood in more detail. For this we shall elucidate the role of the kappa– symmetry projector and present the fermionic equations in a gauge independent covariant form. As a valuable byproduct of this analysis we observe an interesting feature, which for some reason has not been emphasized in the literature, that a kind of the Dirac equation for the Dp–brane kappa–symmetry projector reproduces in a concise form the full set of the D–brane bosonic field equations (for a concise form of the D = 11 supergravity equations see [39] and references therein and for a concise form of the (massive) type IIA supergravity equations see [40]).

Let us stress that when analyzing the fermionic equation in a certain setup, one should take into consideration the consistency of the setup with the Dp–brane bosonic equations. For instance, if one ignores the contribution of the worldvolume flux this should be in agreement with the BI equation for the worldvolume gauge field and with the field equation for the worldvolume scalars. This also concerns static brane configurations which do not fluctuate in the transverse directions.

We also find it instructive and useful for further applications to collect in one place and review the complete set of the Dp–brane equations of motion in an arbitrary superspace supergravity background before truncating them to the linear approximation in fermions. With this instructive purpose we present the equations both in the Einstein and string frame.

The paper is organized as follows. In Sections 2, 3 and 4 we review the generic structure of the actions and of the worldvolume field equations for the Dp–branes coupled to the Neveu– Schwarz and Ramond–Ramond fields in curved type IIB superspace using techniques similar to those in the superembedding approach (see [52, 53, 54, 55] for a review). This simplifies the derivation and the analysis of the Dp–brane equations. In Section 4 we study the properties of the D–brane kappa–symmetry and of its projector and show that the projector matrix takes values in the group Spin(1, p) ⊂ Spin(1, 9) and that it is related via the spinor–vector representation correspondence to the SO(1, p)–valued matrix k_a^b = (η +F )_{ac}(η −F )^{−1 cb} [41], the so called Cayley image of the worldvolume gauge field strength F_{ab} . Using this property we then show that a first–order differential equation for the κ–symmetry projection matrix amounts to the full set of equations and Bianchi identities for the bosonic worldvolume fields on the brane. In Subsection 4.2 we linearize the D–brane equations for the fermion field θ(ξ) in purely bosonic supergravity backgrounds and in Section 6 we present them in a κ– symmetry covariant form making use of the concise form of the bosonic equations derived in Section 5 in terms of the kappa–symmetry projector. The covariant (gauge independent) form of the fermionic equations allows one to see how different kappa–symmetry gauge choices are related to each other.

In Subsection 6.1 we give the explicit form of the fermionic equations for each of the type IIB Dp–branes (p = 1, 3, 5, 7, 9) in the supergravity backgrounds which do not induce a worldvolume flux. In Subsection 6.2.2 we consider a D3 brane instanton wrapping K3 and carrying an (anti)–self–dual Born–Infeld instanton field. We show that if the compactified space–time is warped by the R_5 flux, the consistency of the equations of motion of the D3 brane instanton wrapping a four–cycle of the Calabi–Yau manifold can require the presence of the worldvolume flux.

In Subsection 7 we give more examples of situations in which the worldvolume BI field must be taken into account in the study of the dynamics of D–branes in certain setups. For instance, a D5 brane wrapping the compact manifold X_5 in an AdS_5 × X_5 background (where X_5 is an S^5 sphere or a Sasaki–Einstein space) carries an effective electric charge proportional to the inverse X_5 radius which induces an electric BI field in its worldvolume. The D5 brane wrapping S^5 is associated via AdS/CFT correspondence with the baryon vertex of the effective D = 4 gauge theory [42, 43] and has been extensively studied from various perspectives [44]–[49]. We add to the known results the explicit form of the linearized Dirac equation for the fermionic modes on the baryonic D5 brane.

Other examples of branes with worldvolume fluxes are D5 and D7 branes in warped compactification backgrounds and, in particular, a D5 brane instanton wrapping a Calabi– Yau manifold with non–zero 5–form and/or 3–form background fluxes. For all examples we give an explicit form of the Dirac equation for the Dp–brane fermionic modes.

We have tried to present the examples in a self–contained form so that the reader interested in applications could directly use them without the necessity of ploughing through the generic part of this paper. Basic notation and conventions are given in the Appendix.

2 The action for the super-Dp-branes in D = 10 type IIB superspace

The p + 1 dimensional worldvolume W^{p+1} of a D–brane is parametrized by the coordinates ξ^m (m = 0, 1 · · · , p). On its worldvolume the D–brane carries a vector gauge field A_m(ξ). The dynamics of the D–brane is described by how its worldvolume is embedded into D = 10 type IIB superspace whose supercoordinates Z^M = (x^m, θ^{1μ}, θ^{2ν} ) include the space–time coordinates x^m (m = 0, 1, · · · , 9) and the fermionic coordinates θ^{1μ}, θ^{2ν} (μ, ν = 1, · · · , 16)^2. The D–brane interacts with fields of the D = 10 supergravity multiplet. The type IIB supergravity fields are contained in the dilaton superfield Φ(Z), the Neveu–Schwarz–Neveu– Schwarz two–form superfield B_2(Z), the Ramond–Ramond superforms C_{2n}(Z) (n = 0, 1, 2) and their duals C_{2n}(Z) (n = 4, 3, 2), and in the supervielbein

E^A (Z) = dZ^M E^A = (E^a, E^{1α}, E^{2β} ) , (2.1)

where a = 0, 1, · · · , 9 are D = 10 vector tangent space indices and α, β = 1, · · · , 16 are the Majorana–Weyl spinor indices, E^{1α} and E^{2β} being the two Majorana–Weyl spinors of the same chirality.

The above listed superfields are subject to a certain set of constraints (which are required to eliminate redundant and, in particular, higher spin degrees of freedom) [50].

2.1 Type IIB supergravity constraints in the Einstein frame

We shall deal with the following set of the type IIB supergravity constraints in the Einstein frame. Below and in all places where it will not cause confusion we shall skip the wedge

2We use the conventions of the superembedding approach proposed in [58] such that all underlined bosonic indices correspond to the target superspace and the not underlined ones from different parts of the Latin alphabet correspond to both the D–brane worldvolume and to directions orthogonal to it.

product symbol. The superspace torsion constraint is

T^a = DE^a = dE^a − E^b Ω_b^a (2.2) = −iE^{α1} E^{β1}γ^a_{αβ} − iE^{α2} E^{β2}γ^a_{αβ} = −iE^1γ^aE^1 − iE^2γ^aE^2

(where Ω_b^a is the SO(1, 9) spin connection) and the NS–NS field strength constraint has the form

H_3 = dB_2 = −ie^{12 Φ}E^a (E^1 γ_a E^1 − E^2 γ_a E^2) − − 1 2 e^{12 Φ}(E^1 γ^{(2)} ∇_1Φ − E^2 γ^{(2)} ∇_2Φ) + 1 3! E^{c3} E^{c2} E^{c1} H_{c1c2c3} , (2.3)

where the general structure of the first term is determined by the superstring Wess–Zumino term in flat superspace, the dilaton contribution e^12^Φ can be recovered considering the superstring in curved type IIB superspace, while the second term can be then derived by studying Bianchi identities.

In eqs. (2.2) and (2.3) ∇_{1,2 α} = E^M_{1,2 α}∂_M , γ^{(2)} =^1_2 E^b ∧ E^a γ_a γ̃_b and γ^a_{αβ} and γ̃^{a αβ} are 16 × 16 (symmetric) matrix counterparts of the Pauli matrices satisfying the relations

γ^a γ̃^b + γ^b γ̃^a = 2 η^{ab} , γ^{[a1} γ̃^{a2} · · · γ^{a5]} = 1 5! ϵ^{a1···a5 a6···a10} γ_{a6} γ̃_{a7} · · · γ_{a10} . (2.4) We use the mostly minus convention for the Minkowski metric η^{ab} = diag (+, − · · · , −), ϵ^{0123456789} = 1 and γ^0γ̃^1 · · · γ̃^9 = −γ̃^0γ^1 · · · γ^9 = 1. Note that there is no “charge conjugation” matrix in D = 10 which would lower or rise 16–component Majorana–Weyl spinor indices α, β. This is why one should distinguish between γ^a_{αβ} and γ̃^{a αβ} .

The constraints on the field strengths of the RR superforms C_{2n} (n = 1, · · · , 5) are (see [5])

R_{2n+1} = −2i e^{n−2}2^ΦE^2 γ^{(2n−1)} E^1 +^{n−2}_2 e^{n−2}2^Φ ( E^2 γ^{(2n)} ∇_1Φ − (−)^nE^1γ^{(2n)}∇_2Φ ) + (2.5) +^1_{(2n+1)!} E^{a2n+1} · · · E^{a1} R_{a1... a2n+1} ,

where

γ^{(2n)} = 1 2n! E^{a2n} · · · E^{a1} γ_{a1}γ̃_{a2} γ_{a3} · · · γ̃_{a2n} , (2.6)

γ^{(2n−1)} = 1 (2n − 1)! E^{a2n−1} · · · E^{a1} γ_{a1}γ̃_{a2} γ_{a3} · · · γ_{a2n−1} . Note that RR 10–form C_{10} does not carry any independent degrees of freedom. Its 11–form field strength is non–trivial only because of the presence of the Grassmann–odd directions in type IIB D=10 superspace, while the purely bosonic part of its field strength is identically zero.

2.2 Type IIB supergravity constraints in the string frame

Let us now present how the type IIB supergravity constraints look like in the string frame. This frame is related to the Einstein frame by the following (conformal) redefinition of the supervielbeins and the spin connection

E^a_{str} = e^14^Φ E^a , E^{Iα}_{str} = e^18^Φ (E^{Iα} −^i_8 E^a γ^{αβ}_a ∇_{Iα} Φ) (I = 1, 2)

Ω^{a b}_{str} = Ω^{a b} +^1_2 E^{[a} D^{b]} Φ −^1_4 E^I γ^{a b} ∇_I Φ +^i_{64} ∇_I Φ γ^{a b c} ∇_I Φ E_c , (2.7) 1 3! ( E^{c3} E^{c2} E^{c1} H_{c1c2c3} ) str =^1_{3!} E^{c3} E^{c2} E^{c1} H_{c1c2c3} − i^{3!}_{64} e^Φ2 (∇_1Φ γ^{(3)} ∇_1Φ − ∇_2Φ γ^{(3)} ∇_2Φ) , 1 (2n+1)! ( E^{a2n+1} · · · E^{a1} R_{a1... a2n+1} ) str =^1_{(2n+1)!} E^{a2n+1} · · · E^{a1} R_{a1... a2n+1}

−i^{(n−4) (2n+1)}

16 e^{(n−2) Φ}2 ∇_2Φ γ^{(2n+1)} ∇_1Φ

With such a redefinition the torsion constraint (2.2) does not change its form, while the constraints on the NS–NS field strength (2.3) and on the RR field strengths (2.5) take, respectively, the following form (for simplicity we skip the subscript string in the notation of the string frame supervielbeins):

H_3 = dB_2 = −iE^a (E^1 γ_a E^1 − E^2 γ_a E^2) + 1 3! E^{c3} E^{c2} E^{c1} H_{c1c2c3} , (2.8)

R_{2n+1} = −2i e^{−Φ}E^2 γ^{(2n−1)} E^1 − e^{−Φ} ( E^2 γ^{(2n)} ∇_1Φ − (−)^nE^1γ^{(2n)}∇_2Φ ) + (2.9) +^1_{(2n+1)!} E^{a2n+1} · · · E^{a1} R_{a1... a2n+1} ,

The superspace constraints imply the self–duality of the five–form field strength and the duality relations between the lower and the higher form field strengths R_{a1···a5} = 1 5! ϵ_{a1···a5b1···b5} R^{b1···b5} , (2.10) R_{a1···a9−2n} = −(−) n(n−1) 2 1 (2n + 1)! ϵ_{a1···a9−2nb1···b2n+1} R^{b1···b2n+1} (n = 0, 1, · · · , 4) . (2.11) The proper action for the physical fields of type IIB supergravity producing (self)–duality relations (2.10) and (2.11) as equations of motion was constructed in [51].

2.3 The Dp–brane action

The super–Dp–brane action is constructed using the pullbacks to the brane worldvolume of the dilaton superfield, the NS–NS two–form, the RR 2n–forms and the supervielbein vector components (2.1). We shall denote the pullbacks of forms to the worldvolume by the same letters as the forms themselves. This should not produce any confusion since in this paper we mainly deal with the pullbacks.

We shall consider the D–brane action in a form proposed in [9] which is equivalent to the original action of [3]–[6] but at the same time can be directly uplifted to the superembedding approach via the generalized action principle and similar techniques [56, 57, 9]. We find this form of the action more convenient for the derivation and the analysis of the D–brane equations of motion.

In such a formulation the D–brane Lagrangian density is constructed as a worldvolume differential (p + 1)–form. In particular, we should determine what is the worldvolume area density. To this end we have to define a metric or a vielbein in the worldvolume induced by its embedding into the target superspace. This can be done in the following way. Let us take the pullback of the vector part of the supervielbein (2.1)

E^a (Z(ξ)) = dξ^m ∂_mZ^M E^a_M . (2.12)

On the (p + 1)–dimensional non–degenerate surface there exist p + 1 linearly independent vectors. So, using an appropriate SO(1, 9) transformation u^{a′}_b (ξ) in the ten–dimensional tangent space with local parameters on the worldvolume we can always transform the vielbein (2.12) in such a way that (p + 1) of its components will be parallel to the worldvolume and (9 − p) components will be orthogonal to the worldvolume E^a (Z(ξ)) ⇒ E^b u^{a′}_b (ξ) := (E^a, E^i) a^′ = (a, i) , a = 0, 1, · · · , p , i = 1, · · · , 9 − p (2.13) such that

E^i = E^au^i_a = 0 . (2.14)

Eq. (2.14) is called the embedding condition (see e.g. [52, 56, 9]). It simply implies that the pullback onto the worldvolume of a vector orthogonal to it is zero.

In eqs. (2.13) and (2.14) the ten–dimensional vector index a is split into the (p + 1)– dimensional worldvolume tangent space index a and the index i labeling the 9 − p directions orthogonal to the brane. This splitting reflects the fact that the presence of the brane spontaneously breaks the target space SO(1, 9) Lorentz symmetry down to its subgroup SO(1, p) × SO(9 − p). The components of the local Lorentz matrix

u^{a′}_b (ξ) = (u^a_b (ξ) , u^i_b (ξ)) , (2.15)

satisfying the orthogonality conditions u^{c a}u^b_c = η^{ab} = diag(+1, −1, · · · , −1 p ) , u^{a a}u^i_a = −0 , u^{a i}u^j_a = −δ^{ij} ,

(2.16) u^a_a u^b_b η_{ab} − u^i_a u^j_b δ_{ij} = η_{ab} , play the role of the Goldstone fields associated with this symmetry breaking. They parameterize the coset space^{SO(1,9)}

SO(1,p)×SO(9−p) and are called Lorentz harmonics. u a b (ξ) and u^i_b (ξ) will be auxiliary fields of our construction (see [59, 60] for more details about Lorentz harmonics techniques). The variation of u^a_b (ξ) in the D–brane action will produce the embedding condition (2.14).

Using the splitting (2.13) of the supervielbein components, we can associate the pullback E^a(Z(ξ)) with the induced vielbein of the worldvolume. Such a choice is in accordance with the conventional definition of the induced metric on the brane worldvolume

g_{mn} = ∂_m Z^M E^a_M ∂_n Z^N E^b_N η_{ab} (m, n = 0, 1, · · · p) . (2.17)

It is easy to see, using the embedding equations (2.12)–(2.16), that the metric (2.17) is expressed as the product of the components of the induced worldvolume vielbein E^a

g_{mn} = E^a_m E^b_n η_{ab} , E^a = dξ^m E^a_m = ∂_m Z^M E^b_M u^a_b . (2.18)

In terms of the vielbein E^a and the metric (2.17), (2.18) the worldvolume area density is [59, 60, 52, 56, 55] 1 (p + 1)! ϵ_{a1 ···ap+1} E^{a1} · · · E^{ap+1} = d^{p+1} ξ √ |det g_{mn}| . (2.19) Let us now show following [59, 52] that when the embedding condition (2.14) is satisfied the Lorentz harmonics can be expressed in terms of components of the pullback of E^a and hence are indeed auxiliary fields. As in the case of the frame formulation of gravity, using local SO(1, p) transformations in the worldvolume tangent space (acting on the indices a, b) and the definition (2.17), (2.18) of the induced metric we can reduce E^a_m η_{ab} to a symmetric matrix. The components of this matrix are completely determined by the components of the induced metric (2.17) and hence do not depend on the Lorentz harmonics. Now notice that from eq. (2.14) it follows that

E^a = dξ^m ∂_m Z^M E^a_M = dξ^m E^a_m u^a_a ⇒ u^a_a = E^m_a ∂_m Z^M E^a_M , (2.20)

where u^a_a = η^{ab} u^b_b η_{ab} and E^m_a is inverse of the induced worldvolume vielbein E^a_m associated with the induced metric g_{mn} in (2.18).

Therefore, the components of u^a_b are expressed solely through components of the supervielbein pullback E^a_m = ∂_m Z^M E^a_M . For instance, in the case of the bosonic brane in a flat background one finds that u^a_a reduces to u^a_a = E^m_a ∂_m x^a.

Finally, from the orthogonality conditions (2.16) it follows that, up to local SO(9 − p) rotations in the directions orthogonal to the brane, the components of u^i_b are determined by the components of u^a_b . This completes the proof that the Lorentz harmonics are auxiliary variables. Their use in the D–brane action simplifies the derivation and the analysis of its equations of motion.

Using the induced worldvolume vielbein E^a = E^a u^a_a and the pullbacks of the type IIB supergravity fields in the Einstein frame we construct the Dp–brane action in the following form [9] S_{Dp} = ∫ W^{p+1} L = ∫ W^{p+1}

(L^{DBI}_{p+1} + L^{LM}_{p+1} + L^{W Z}_{p+1}) =

(2.21) = ∫ W^{p+1}

e^{p−3}4^Φ (p + 1)! ϵ_{a1 ···ap+1} E^{a1} · · · E^{ap+1} √ |det (η_{ab} + F_{ab})| + Q_{p−1}(e^{− 12 Φ}F_2 − F_2) + e^{F2} ∧ C |_{p+1} ,

where in L^{W Z}_{p+1} = e^{F2} ∧C |_{p+1} , which is the conventional Wess–Zumino (WZ) term [3], [61, 62], |_{p+1} means that we pick only the terms which are the (p + 1)–forms in the external product of the formal sums of the forms of different order

e^{F2} = 1 + F_2 + 1 2 F_2 F_2 + 1 3! F_2 F_2 F_2 + 1 4! F_2 F_2 F_2 F_2 + 1 5! F_2 F_2 F_2 F_2 F_2 = 5∑ k=0 1 n! (F_2)^n ,

C = C_0 + C_2 + C_4 + C_6 + C_8 + C_{10} = 5∑ n=0 C_{2n}. (2.22)

The structure of the Wess–Zumino term tells us, in particular, that the Dp–brane minimally couples to the RR field potential C_{p+1} and also couples to lower order RR forms. Remember also that the bosonic parts of the RR field strengths R_{2k+1} and R_{9−2k} (k = 0, 1) are dual to each other and R_5 is self–dual (2.11)^3.

The first term in (2.21) is the Dirac–Born–Infeld–like part of the D–brane action, where F_{ab}(ξ) is an auxiliary antisymmetric tensor field taking values in the worldvolume tangent space. This field is related to the extended field strength of the Born–Infeld (BI) gauge field A = dξ^m A_m(ξ) F_2 = dA − B_2 (2.23) via the second term of the action (2.21) L^{LM}_{p+1} = Q_{p−1} ( e^{− 12 Φ}F_2 − F_2 ) = Q_{p−1} ( e^{− 12 Φ}(dA − B_2) − 1 2 E^aE^bF_{ba} ) , (2.24)

where Q_{p−1}(ξ) is a (p − 1)–form Lagrange multiplier.

Indeed, varying (2.24) with respect to Q_{p−1}(ξ) we get the algebraic relation δL^{LM}_{p+1} δQ_{p−1} = 0 ⇒ F_2 = e^{− 12 Φ}F_2 i.e. 1 2 E^aE^bF_{ba} = e^{− 12 Φ}(dA − B_2) . (2.25)

Then substituting eq. (2.25) into the first term of (2.21) and using the definition of the induced metric (2.17), (2.18) one can reduce the frame–like Dp–brane action to the conventional form [3]–[6] consisting of the Dirac–Born–Infeld action and the WZ term S = ∫ d^{p+1}ξ e^{p−34 Φ} √ |g_{mn} + e^{− 1}2^ΦF_{mn}| + ∫ e^{F2} ∧ C |_{p+1} , (2.26)

3Actually, the form of the action (2.21) is generic and also describes the Dp–branes in type IIA supergravity. In that case one should consider the Dp–branes with even values of p coupled to (2k + 1)–form RR fields.

or in the string frame (2.7) S_{str} = ∫ d^{p+1}ξ e^{−Φ} √ |g_{mn} + F_{mn}| + ∫ e^{F2} ∧ C |_{p+1} . (2.27)

Note that in the string frame relation (2.25) takes the form

F_2 = F_2 (= dA − B_2 ). (2.28)

A reason why we introduced the auxiliary field F_{ab}(ξ) is that it is in some sense frame independent, that simplifies a bit the derivation of the field equations and their analysis.

By construction, the action (2.21) is invariant under target space superdiffeomorphisms and the local SO(1, 9) symmetry acting on the background superfields, under the worldvolume diffeomorphisms and under local worldvolume SO(1, p − 1) transformations acting on the fields carrying worldvolume tangent space indices a, b, · · ·, such as E^a and F_{ab}. It is also invariant under local worldvolume fermionic κ–symmetry whose form and properties will be discussed in detail in Section 4.

Having constructed the D–brane action and described its properties we now turn to the derivation and the consideration of the D–brane equations of motion in an arbitrary type IIB supergravity background.

3 Bosonic equations

3.1 Equations for the auxiliary fields and the embedding condition

As we have already discussed, the variation of the action (2.21) with respect to the Lagrange multiplier Q_{p−1} expresses the auxiliary field F_{ab} in terms of the BI field strength (2.25)

F_2 = e^{− 12 Φ}F_2 = e^{− 12 Φ}(dA − B_2) . (3.1)

The variation with respect to F_{ab} gives the expression for the Lagrange multiplier in terms of other fields

Q_{p−1} = e^{p−3}4^Φ 2 · (p − 1)! ϵ_{ab c1··· cp−1} E^{c1} · · · E^{cp−1} (η + F )^{−1 ab} √ |η + F | , (3.2)

where (η + F )^{−1 ab} is the inverse matrix of η_{ab} + F_{ab} and |η + F | = |det (η_{ab} + F_{ab})|. To arrive at eq. (3.2) we used the identity ϵ_{ab c1··· cp−1} E^{c1} · · · E^{cp−1} E^c E^d = 2 p (p + 1) ϵ_{a1 ···ap+1} E^{a1} · · · E^{ap+1} δ_{[a}^cδ_{b]}^d . To perform the variation of the action (2.21) with respect to the auxiliary Lorentz harmonic variables u^a_b contained in E^a = E^b u^a_b one should take into account that they are constrained to be SO(1, 9) matrices (2.16). As discussed in detail e.g. in [59, 60, 52, 9] the independent variations of u^a_b subject to the orthogonality conditions (2.16) are those projected along the directions orthogonal to the worldvolume, i.e. u^i_b^δ_{δuba} . With this in mind one gets the following equations of motion of u^a_b (ξ) u^i_b δS δu_b^a = 0 =⇒ E^i ∧ ( e^{p−3}4^Φ p! ϵ_{a b1··· bp} E^{b1} · · · E^{bp} √ |η + F | + Q_{p−1}F_{ab} E^b ) = 0 , (3.3)

where Q_{p−1} is defined in (3.2). Substituting (3.2) into (3.3), and defining the worldvolume form E^i as E^i = E^a E^i_a we get E^i_b (δ − F F )^{−1 b}_a √ |η + F | (det E^a_m ) d^{p+1}ξ = 0 . (3.4)

Assuming that the brane worldvolume metric is non degenerate, i.e. that det E^a_m is non– zero, and that the matrix (δ − F F )^{−1 b}_a √ |η + F | is also non–degenerate^4 we find that eq.

(3.3) reduces to the embedding condition (2.14)

E^i_a = 0 ⇒ E^i = E^a u^i_a = 0 . (3.5)

Thus, the embedding condition (2.14) naturally arises in our formulation as the equation of motion (3.5) of the Lorentz–harmonic variables and ensures that the latter are purely auxiliary fields, as demonstrated in the previous Section. The use of eq. (3.5) simplifies the derivation of the equations of motion of the worldvolume fields Z^M (ξ) which we shall consider in Subsection 3.3.

3.2 Equations of motion of the worldvolume BI gauge field

The variation of the Lagrangian (2.21) with respect to the BI field A = dξ^mA_m(ξ) is

δ_A L_{p+1} = [ d ( e^{− 12 Φ} Q_{p−1} ) + R e^{(dA−B2 )} | |_p ] δA + d [ e^{− 12 Φ} Q_{p−1} δA + C e^{(dA−B2 )} | |_{p−1} δA ] ,(3.6)

where

R := 4∑ k=0 R_{2k+1} = dC − C H_3 ≡ e^{B2} d (C e^{−B2} ) , (3.7)

the form C was defined in (2.22) and |_k means that only the k–form terms are retained in the product of formal sums of the pullbacks of the differential forms.

Then, neglecting in (3.6) the second, total derivative term (i.e. possible boundary contributions) and using eqs. (3.1) and (3.2) one arrives at the BI field equation in an arbitrary type IIB supergravity background in the Einstein frame d ( 1 (p − 1)! ϵ_{ab c1··· cp−1} E^{c1} · · · E^{cp−1} (η + e^{− 12 Φ} F)^{−1 ab} √ |η + e^{− 1}2^Φ F| e^{p−54 Φ} ) = −2 R e^{F2} | |_p(3.8)

4The singularity of (δ − F F )^{−1 b}_a √ |η + F | ∼ (1 − (F_{0m})^2) occurs at the critical value (F_{0m})^2 = 1 of the electric field F_{0m}.

the right hand side of which can further be specified using the definition of R (3.7) and the superspace constraints (2.5).

In terms of the induced metric (2.18), the equation (3.8) takes the form 1 p! ϵ_{m1 ···mpl} dξ^{m1} · · · dξ^{mp} ∂_m ( (g + e^{− 12 Φ} F)^{−1 [ml]} √ |g_{ns} + e^{− 1}2^Φ F_{ns}| e^{p−54 Φ} ) = R e^{F2} | |_p (3.9)

or, equivalently, ∂_m ( (g + e^{− 12 Φ} F)^{−1 [ml]} √ |g + e^{− 1}2^Φ F| e^{p−54 Φ} ) = (3.10)

(−)^{p−12} p−1 2∑ n=0 1 2^n n! (p − 2n)! ϵ^{lm1 ···mp−2n r1s1···rnsn} R_{m1 ...mp−2n} F_{r1s1} · · · F_{rnsn} , where R_{m1...mn} = E^{An}_{m1} · · · E^{A1}_{mn} R_{A1...An} are the worldvolume pullbacks of the RR field strengths (2.5). Note that eqs. (3.9) and (3.10) do not contain the Lorentz harmonic variables.

In the string frame the equation (3.10) simplifies a bit ∂_m ( (g + F)^{−1 [ml]} √ |g + F| e^{−Φ} ) = (3.11)

(−)^{p−12} p−1 2∑ n=0 1 2^n n! (p − 2n)! ϵ^{lm1···mp−2n r1s1···rnsn} R_{m1 ...mp−2n} F_{r1s1} · · · F_{rnsn} , The equations (3.8) - (3.11), which are the differential equations for the BI field strength F_2, should be accompanied by the Bianchi identities which follow from the definition (2.23) of F_2 dF_2 = −H_3|_{p+1} . (3.12) From the form of (3.12) we conclude that the worldvolume flux F_2 cannot be zero unless the pullback of the NS–NS flux H_{m1m2m3} is zero, while eqs. (3.8), (3.9) and (3.10) imply that F_2 also cannot be zero if the pullback of the RR flux R_{m1··· mp} is non–zero. This should be taken into account in the analysis of branes in the supergravity backgrounds with fluxes and, in particular, of brane instantons wrapping compactified submanifolds. Several examples will be considered in Subsection 7.

3.3 Equations of motion of the coordinate fields Z(ξ) = (x(ξ), θ(ξ)).

Equation for the bosonic fields x(ξ)

It is convenient to consider the variation of the D–brane action (2.21) with respect to the worldvolume fields Z^M (ξ) = (x^m(ξ), θ^{1μ}(ξ), θ^{2ν} (ξ)) and the corresponding field equations by projecting them to the tangent space of the embedding superspace, i.e. δ Z^M δ L_{p+1} δ Z^M = δ Z^M E^A_M E^N_A δ L_{p+1} δ Z^N = (δ Z^M E^A_M ) δ L_{p+1} δ Z^N E^A_N . (3.13) 13

The bosonic field equations are then identified with

δ_a L_{p+1} = δ L_{p+1} δ Z^N E^a_N = 0 (3.14)

and the fermionic field equations are

δ_{α̂} L_{p+1} = δ L_{p+1} δ Z^N E^{α̂}_N = 0 , (3.15)

where instead of two 16–component spinor indices 1α and 2α we have introduced a single 32–component index α̂, so that E^{α̂} = (E^{1α}, E^{2α}). To get the explicit form of the Z^M field equations it is useful to recall that the variation of a generic n–super form G_n(Z) produced by a variation Z^M is

δ G_n := d (i_δ G_n) + i_δ dG_n (3.16) =^1_{(n−1)!} d(dZ^{Mn} · · · dZ^{M2} δZ^{M1} G_{M1··· Mn} ) +^1_{n!} dZ^{Mn+1} · · · dZ^{M2} δZ^{M1} ∂_{[M1} G_{M2··· Mn+1}} . However, the D–brane Lagrangian (2.21) is a (p + 1)–form which depends not only on Z^M (ξ) and their differentials but also on the purely worldvolume fields u^a_b (ξ), F_{ab}(ξ), Q_{p−1}(ξ) and dA(ξ)^5. So to apply eq. (3.16) to the calculation of the Z^M –variation of the Lagrangian (3.13) one takes into account that the formal external differential dG_n on an auxiliary (p+2)– dimensional surface also contains terms of the form dZ^{Mn+1} dZ^{Mn} · · · dZ^{M1} dw(ξ) ∂ G_{M1··· MnMn+1} ∂w(ξ) , where w(ξ) stands for the worldvolume fields which are treated as independent coordinates.

Thus, up to boundary terms and taking into account eqs. (3.1)–(3.5), the field equations (3.14) and (3.15) can be given in the following generic form

δ_a L_{p+1} = 1 (p + 1)! E^{bp+1} · · · E^{b1} (dL_{p+1})_{a b1···bp+1} + 1 p! E^{α̂} E^{bp} · · · E^{b1} (dL_{p+1})_{a α̂ b1···bp} (3.17) + 1 2(p − 1)! E^{β̂} E^{α̂} E^{bp−1} · · · E^{b1} (dL_{p+1})_{a α̂ β̂ b1···bp−1} = 0 , (b = 0, 1, · · · , p)

δ_{α̂} L_{p+1} = 1 (p + 1)! E^{bp+1} · · · E^{b1} (dL_{p+1})_{α̂ b1···bp+1} + 1 p! E^{β̂} E^{bp} · · · E^{b1} (dL_{p+1})_{α̂ β̂ b1···bp} = 0 , (3.18) where E^b = E^c u_c^b. Note that the fermionic equation (3.18) is linear in the fermionic supervielbein E^{α̂} = (E^{1α}, E^{2β}) and the bosonic equation (3.17) is only a second order polynomial

5The Born–Infeld field may become a target space field if one uses enlarged superspaces [62].

in E^{α̂}. This is due to the structure of the D–brane action (2.21) and the form of the supergravity constraints (2.2), (2.3) and (2.5).

Now let us remember that, since the theory is invariant under the local worldvolume diffeomorphisms (in particular, δ_{diff} Z^M = δξ^m ∂_mZ^M ), among x^m(ξ) there are only 9 − p independent bosonic degrees of freedom corresponding to the normal fluctuations of the brane in target space. Therefore, among ten eqs. (3.14), (3.17) there are only 9 − p independent bosonic field equations. To identify them in a Lorentz covariant way it is again convenient to use the Lorentz harmonics u_a′^b(ξ) = (u_a^b, u_i^a) (2.15), (2.16).

One can notice that if (3.17) is multiplied by u_a^a, the first term vanishes since the indices a and b take p + 1 values while (dL)_{ab1···bp+1} is an antisymmetric tensor of rank p + 2. At the same time the projection of the second and the third term of (3.17) along u_a^a are proportional to the Born–Infeld (3.10) and fermionic equation (3.18). This reflects the worldvolume diffeomorphism invariance of the D–brane theory.

Thus, the 9 − p independent bosonic equations are those obtained from eq. (3.17) multiplying it by u_i^a (i = 1, · · · , 9 − p), i.e. projecting (3.17) along the directions orthogonal to the brane worldvolume u_i^a [ 1 (p + 1)! E^{bp+1} · · · E^{b1} (dL_{p+1})_{a b1···bp+1} + 1 p! E^{α̂} E^{bp} · · · E^{b1} (dL_{p+1})_{a α̂ b1···bp} (3.19) − 1 2 (p − 1)! E^{β̂} E^{α̂} E^{bp−1} · · · E^{b1} (dL_{p+1})_{a α̂ β̂ b1···bp−1} ] = 0 .

In the Einstein frame, in the conventional (induced metric) form, the D–brane bosonic equation in an arbitrary type IIB supergravity background look as follows D_m ( e^{p−34 Φ} E_{na} (g + F )^{−1(mn)} √ |g + F | ) − 1 2 e^{p−54 Φ} H_{amn} (g + F )^{−1mn} √ |g + F | − (3.20)

−e^{p−34 Φ} E^M_a ∂_M Φ (p − 3 4 − 1 4 F_{nm} (g + F )^{−1mn} ) √ |g + F |

= (−)^{p+1}2 (p + 1)! ϵ^{m1 ···mp+1} (R e^{F2} )_{a m1···mp+1} , where dξ^m D_m is the pullback of the target superspace covariant derivative D_M = ∂_M − Ω_M , H_{amn} = E^B_m E^A_n H_{a AB} is the pullback of the NS–NS superform (2.3) and F_2 = e^{− 1}2^Φ F_2.

In the string frame, in which the supervielbein is E^a_{str} = e^14^Φ E^a and F_2 = F_2 = dA − B_2, the bosonic equation has even a bit more compact form (in which we again skip the subscript string) D_m ( e^{−Φ} E_{na} (g + F)^{−1(mn)} √ |g + F| ) −^1_2 e^{−Φ} H_{amn} (g + F)^{−1mn} √ |g + F| (3.21)

+e^{−Φ} E^M_a ∂_M Φ √ |g + F| = −^{(−)} p+1 2 (p+1)! ϵ m_1 ···m_{p+1} (R eF_2 ) a m_1···m_{p+1} , 15 where (R e^{F2} )_{a m1···mp+1} = ∑^{p+1}_{2n=0 (p+1)!} 2^n·n! (p+1−2n)! Ra [m^1···m^{p+1−2n} F·· · · · Fa^pa^{p+1}] (3.22) One should keep in mind that in eq. (3.21) the superforms H_3 and R are subject to supergravity constraints in the string frame (2.8) and (2.9), which are different from the Einstein frame constraints (2.3) and (2.5) used to derive (3.20).

The linearly independent part of (3.21) (or equivalently of (3.20)) is singled out with the help of u_i^a as in eq. (3.19), while the projection of eq. (3.21) along u^a_a is zero modulo the BI field equations (3.11), the Bianchi identities (3.12) and the fermionic equations considered in Section 4.

3.4 The bosonic equations and the second fundamental form of the embedding

For further analysis to be carried out in Sections 5-7 we would like to present the bosonic equation (3.21) in a different but equivalent form. This subsection is complimentary, so the reader who is not interested in the details about the relation of the brane equations to the geometric properties of the embedding such as the second fundamental form (or the extrinsic curvature) can jump over to Section 4 and return here lateron.

Let us first rewrite the string frame equation (3.21) in the worldvolume tangent frame and single out its independent components by projecting it along u^a_i 1√_{|η+F|} D_a ( e^{−Φ} E^a_b (η + F)^{−1(ab)} √ |η + F| ) u_{ai} = (3.23) 1 2 e^{−Φ} u^a_i H_{a ab} (η + F)^{−1ab} − e^{−Φ} u^a_i E^M_a ∂_M Φ −^{(−)} p+1 2 (p+1)! √_{|η+F|} ϵ^{a1···ap+1} (R e^{F2} )_{a a1···ap+1} u^a_i . We now notice that because of the embedding condition E^a_b u_{a i} = 0, E^a_b = u^a_b (see Subsection 3.1) the left hand side of (3.23) reduces to 1 √ |η + F| D_a ( e^{−Φ} E^a_b (η + F)^{−1(ab)} √ |η + F| ) u^i_a = (D_a E^a_b ) u^i_a (η + F)^{−1(ab)} e^{−Φ} . (3.24)

In the right hand side of (3.24) one can recognize the second fundamental form

K^i_b = E^a K^i_{ab} = −D E^a_b u^i_a = −D u^a_b u^i_a = −d u^a_b u^i_a + u^b_b Ω_b^a u^i_a (3.25)

characterizing the embedding of the (p+1)–dimensional worldvolume into a curved target type IIB D=10 superspace (see [52, 53, 54, 55] for a review of geometrical grounds of the embedding and superembedding).

Note that in the static gauge, in which p + 1 components of the 10D target space–time coordinates x^m = (x^m, x^ĩ) are identified with the worldvolume coordinates x^m = ξ^m and the physical modes are associated with x^ĩ(ξ^m) (ĩ = 1, · · · , 9 − p), the second fundamental form looks as follows K^i_{ab} = −E_a^m E_b^n(∂_m ∂_n x^ĩ E~_i^i + Γ_{mn}^l E_l^i + ∂_m x^ĩ Γ_n~_i^l E_l^i) + fermion contributions, (3.26) where Γ_{mn}^l and Γ_n~_i^l are components of the target space Christoffel symbol Γ_{mn}^l = D_{(m} E_{n)}^a E_a^l (l, m, n = 0, 1, · · · , 9 ; m = 0, 1, · · · p ; i = 1, · · · , 9 − p).

We see that if in a pure bosonic background the brane does not fluctuate in the transverse directions, i.e. ∂_m x^ĩ = 0, its second fundamental form is non–zero if the pullback of the target–space Christoffel symbol components with one index corresponding to orthogonal directions is non–zero. This occurs, e.g. in warped compactifications considered in Section 7. In terms of the second fundamental form the Dp–brane bosonic equation takes the following form in the string frame

K^i_{ba} (η + F)^{−1(ab)} = −^1_2 H^i_{ab} (η + F)^{−1ab} + D^i Φ +^{(−)} p+1 2 e^Φ (p+1)! √_{|η+F|} ϵ^{a1···ap+1} (R e^{F2} )^i_{a1···ap+1} (3.27) where (as defined in Subsection 2.3) the index i in the right hand side denotes the component of the pullback of a superform in the directions orthogonal to the brane, e.g. H_{i ab} = u^a_i E^M_a H_{M ab}, etc.

From the geometrical point of view the Dp–brane bosonic equation (3.27) is an embedding condition which tells us that its “trace” K^i_{ba} (η+F )^{−1(ba)} is expressed in terms of the pullbacks of background fields. In particular, when the worldvolume gauge field, the axion–dilaton, the background gauge fields and all the fermionic fields are zero on the worldvolume the trace of the second fundamental form (which is also called the extrinsic curvature) is zero,

K^i_{ba} η^{ba} = 0 , (3.28)

implying that the embedding of the surface in superspace is minimal in the sense of its induced area. The presence of other fields on the worldvolume and in the background modifies the minimal embedding condition (3.28) in accordance with eq. (3.27).

Let us now reveal another property of the second fundamental form (3.25) which follows from the embedding condition (2.14)

E^i = 0 ⇒ 0 = dE^i = (DE^a) u^i_a + E^a D u^i_a = T^a u^i_a − E^a K^i_a . (3.29)

In view of the torsion constraint (2.2), from the form of eq. (3.29) we conclude that the antisymmetric part of the second fundamental form can only be non–zero due to the presence of the worldvolume and/or background fermionic fields

K^i_{[ab]} = −iE^1_a γ^i E^1_b − iE^2_a γ^i E^2_b . (3.30)

4 Fermionic equation, its concise form and κ–symmetry

Let us now present the explicit form of the equation of motion (3.18) for the worldvolume fermions θ(ξ). After some algebra and taking into account the bosonic equations one finds [9] the following variation of the D–brane Lagrangian with respect to i_δ E^{α̂} = δ Z^N E^{α̂}_N in the Einstein frame

e^{− p−3}4^Φ

√_{|η+F |} δ_{α̂} L_{p+1} =^1_{(p+1)!} ϵ_{b1 ··· bp+1} E^{b1} · · · E^{bp+1} i_δE^{α̂}(I − Γ̄)_{α̂}^{β̂}∇_{β̂}Φ

(4.1) i(−)^{p 1}_{p!} ϵ_{a b1··· bp} E^{b1} · · · E^{bp} i_δE ( I − Γ̄ ) ( γ_b ⊗ (η − σ_3 F )^{−1 ba} ) ( E −^i_8 Γ̃^{(1)}∇Φ ) . where Γ̄ is the κ–symmetry projector (Γ̄^2 = 1) whose properties will be discussed a bit later,

E^{α̂} = E^{αI} = (E^{α1}, E^{α2}) , ∇_{β̂}Φ := ( ∇_{β1}Φ ∇_{β2}Φ ) , (4.2)

Γ̃(1) := Ea Γ̃_a = ( E^aγ̃^{αβ}_a 0 0 E^aγ̃^{αβ}_a ) , (4.3) ( γ_a ⊗ (η − σ_3 F )^{−1 ab} ) = ( γ_a (η − F )^{−1 ab} 0 0 γ_a (η + F )^{−1 ab} ) , γ_a = γ^bu_{b a} = E^m_a E^b_m γ_b, (4.4)

the Pauli matrix σ_3 acts on the indices I = 1, 2 of the spinor E^{α̂} = E^{Iα} and E^m_a (ξ) is the inverse induced worldvolume vielbein introduced in (2.18)–(2.20).

From the variation (4.1) we find the concise form of the fermionic equations for the Dp–branes in an arbitrary type IIB supergravity background in the Einstein frame [9]^6 ( I − Γ̄ ) [ ( γ_b ⊗ (η − σ_3 F )^{−1 ba} ) ( E_a − i 8 Γ̃_a∇Φ ) + i 2 ∇Φ ] = 0 , , (4.5)

where the calligraphic E_a denotes the pullback

E^{α̂}_a = E^m_a (ξ) ∂_m Z^M E^{α̂}_M (4.6)

of the spinorial supervielbein to avoid the confusion with the induced worldvolume vielbein E^a = dZ^M E^b_M u^a_b = dξ^m E^a_m. Note that in the form (4.5) the D–brane fermionic equation does not contain the Lorentz harmonics. Their role is taken up by the induced worldvolume vielbein E^a_m and its inverse.

6In [9] the fermionic equation was given in the differential form 1 p! ϵ_{ba1···ap} E^{a1} · · · E^{ap} ( I − Γ̄ ) ( γ_b ⊗ (η − σ_3 F )^{−1 ba} ) ( E − i 8 Γ̃^{(1)}∇Φ )

+ i 2 · (p + 1)! ϵ_{a0a1···ap} E^{a0} · · · E^{ap} ( I − Γ̄ ) ∇Φ = 0 .

In the string frame the fermionic equation simplifies to ( I − Γ̄ ) [ ( γ_b ⊗ (η − σ_3 F )^{−1 ba} ) E_a + i 2 ∇Φ ] = 0 , (4.7)

where γ_b ⊗ (η − σ_3 F )^{−1 ba} is defined in (4.4) and F_2 = dA − B_2.

4.1 The κ–symmetry projector and the worldvolume Lorentz group

The appearance of the projector^1_2 (I − Γ̄) in the fermionic variation (4.1) of the Dp–brane action implies the well known fact that the actions of the superbranes possess worldvolume fermionic κ–symmetry. This means that the superbrane action is invariant under the following variation of the worldvolume scalars Z^M (ξ)

δ_κZ^M E^{α̂}_M = κ^{β̂}(ξ)(I + Γ̄)^{α̂}_{β̂} , δ_κZ^M E^a_M = 0 (4.8)

accompanied by an appropriate variation of the BI field A_m(ξ) and of the auxiliary fields u^a_b (ξ) and F_{ab}(ξ) which we shall not present here. Note only that A_m(ξ) transforms in such a way (δ_κ A = i_{δκ} B_2) that the κ–transformation of its extended field strength F_2 = dA − B_2 is δ_κ F_2 = −i_{δκ} H_3. If one substitutes the variation (4.8) into eq. (4.1) one finds that it vanishes identically since (I − Γ̄) (I + Γ̄) = 0, thus indicating the presence of a symmetry.

In the case under consideration the κ–symmetry projector Γ̄ is a block–anti-diagonal 32 × 32 matrix (see [6, 63] and also [64])

Γ̄_{β̂}^{α̂} = ( 0 h_β^α (h^{−1})_β^α 0 ) . (4.9)

It can be written in the following differential form (see [4, 5] and more recent [25])

1 (p+1)! ϵa^1···a^{p+1} E a_1 · · · Ea_{p+1} Γ̄ = 1√ |η+F | p+1 2∑ n=0 ( 0 (−)^n γ^{(2n)}_β^α γ^{(2n)}_β^α 0 ) ∧^F p+1 2 −n 2 (^{p+1}_2 −n)! (4.10)

where the matrix differential forms γ^{(2n)} have been defined in (2.6).

Eq. (4.10) implies that the matrix h_α^β in (4.9) is defined by the following relation

1 (p+1)! ϵa^1 ···a^{p+1} E a_1 · · · Ea_{p+1} h β α =^1√_{|η+F |} p+1 2∑ n=0 (−)^n γ^{(2n)}_β^α ∧^F p+1 2 −n 2 (^{p+1}_2 −n)! (4.11)

and its inverse is

1 (p+1)! ϵa^1 ···a^{p+1} E a_1 · · · Ea_{p+1} (h−1) β α = −^1√_{|η+F |} p+1 2∑ n=0 γ^{(2n)}_β^α ∧^F p+1 2 −n 2 (^{p+1}_2 −n)! . (4.12) 19

The form of the matrix h_β^α drastically simplifies when the worldvolume field strength F_2 vanishes. Then, it reduces to the antisymmetrized product of the (p+1) gamma–matrices along the brane worldvolume, h_β^α | | |_{F2=0} = − 1 (p + 1)!

ϵ_{a0 ··· ap} (γ^{a0} γ̃^{a1} γ^{a2} · · · γ̃^{ap} )_β^α =: γ̄^{T −1}_β^α , γ̄^{−1} = (−)^{p−12} γ̄ ,

(4.13)

γ̄ = 1 (p + 1)! ϵ_{a0 ··· ap} (γ̃^{a0} · · · γ^{ap} ) . One can also check, using the properties (2.16) of the Lorentz harmonics, that the following relations hold

γ̄^T γ^a = (−)^{p−12} γ^a γ̄ =

(−)^{p−1}2 p! ϵ^{ab1··· bp} γ_{b1} · · · γ_{bp} , (4.14) γ̄^T γ^i = (−)^{p+12} γ^i γ̄ , where γ^i = γ^a u^i_a , γ^a = γ^a u^a , (4.15)

and hence

γ̄^T γ^a γ̄ = γ^a , γ̄^T γ^i γ̄ = −γ^i (a = 0, · · · , p , i = 1, · · · , D − p − 1 ). (4.16)

In the general case, in which the worldvolume field strength F_2 is non–zero, the relations (4.16) get modified and take the following form

h γ^a h^T = γ^b k^a_b = γ^b (η + F )_{bc}(η − F )^{−1 ca} , h γ^i h^T = −γ^i , (4.17)

where the matrix k^a_b = (η + F )_{bc}(η − F )^{−1 ca} is orthogonal

k^a_b = (η + F )_{bc}(η − F )^{−1 ca} ⇒ k^a_b k^c_d η_{ac} = η_{bd}, det k = 1 . (4.18)

(note that det (η + F )_{bc}=det (η − F )_{bc}).

Therefore, k^a_b belongs to the worldvolume Lorentz group SO(1, p) ⊂ SO(1, 9) and is called the Cayley image of the antisymmetric tensor F_{ab}. Because of the relations (4.17) and of the fact that k^a_b ∈ SO(1, p) we observe an interesting property of the Dp–brane κ–symmetry projector: h^α_β belongs to a 16 × 16 real matrix representation of the group Spin(1, p) ⊂ Spin(1, 9)^7. The relations (4.17) and (4.18) are very useful for the analysis of the fermionic equations (4.5), (4.7). Note that the form of the κ–symmetry projector and all the above relations are the same in the Einstein and the string frame.

If we substitute the form (4.9) of the κ–symmetry projector into the fermionic equation (e.g. in the string frame (4.7)) we find the following linearly independent 16–component equation (η + F )^{−1 ba} γ_b (E^2_a − E^1_a h) + i 2 (∇_2 − h^{−1} ∇_1 )Φ = 0 . (4.19)

7The κ–symmetry projector and the BI field strength of the type IIA D–branes have the same group– theoretical meaning.

Notice that the fermionic supervielbeins E^{1α}, E^{2α} (remember the notation (4.6)) and their inverse (encoded in ∇_{αI} ) enter the equation (4.19) only through the single 16–component combination E^2 − E^1 h, which manifests the fact that due to κ–symmetry only half of the fermionic degrees of freedom of the superbrane are dynamical. Note that so far we have not imposed any κ–symmetry gauge. Therefore, in the above form the equation for the physical fermionic modes on the superbrane is gauge independent up to the bosonic equations, as will be explained in the next Subsection and Section 5.

4.2 The linearized Dp–brane fermionic equation

Let us now consider the fermionic equation of motion of the Dp–branes in the linear approximation in θ(ξ). This will allow us to obtain an explicit coupling of the worldvolume fermions to the background and worldvolume fluxes, which may be useful for various applications including brane instanton calculations.

To obtain the linearized fermionic equation we use the following trick [28]. It is based on the fact that the Dp–brane action and equations of motion are invariant under the target space superdiffeomorphisms Z^M → f^M (Z) and that θ^μ(ξ) are the Goldstone fermions on the brane associated with the spontaneous breaking of half of the target space supersymmetry. Using the background diffeomorphisms, we can choose a supercoordinate system in which the brane does not fluctuate along the Grassmann–odd directions in superspace, i.e. θ^μ(ξ) = 0 (see [10] for a discussion of dynamical supergravity–superbrane systems with the target space superdiffeomorphisms being a gauge symmetry). Then the fermionic equation, e.g. in the string frame (4.7), reduces to the algebraic relations on the components of the pullbacks of the gravitino and the dilatino fields ψ^{α̂}_m(x) = E^{α̂}_m|_{θ=0} and λ_{α̂}(x) = −^i_2 ∇_{α̂}Φ|_{θ=0}: ( I − Γ̄ ) [ ( γ_b ⊗ (η − σ_3 F )^{−1 ba} ) ∂_a x^m ψ_m − λ ] = 0 , (4.20)

where the values of the κ–symmetry projector Γ̄ and of the pullback of the bosonic vielbein E^a_m are taken at θ = 0. I.e. in (4.20) E^a_m = ∂_m x^n E^a_n (x) is just the pullback of the D = 10 gravitational field.

Let us now recall that θ(ξ) are Goldstone fermions for the broken target space supersymmetry. Therefore their presence in the fermionic equation at linear order can be restored by performing in (4.20) an infinitesimal local supersymmetry transformation of the pullbacks of the type IIB supergravity fields E^a_n (x), ψ^{α̂}_m(x) and λ_{α̂}(x) whose supersymmetry parameter , ϵ^{α̂}(x(ξ)), we identify (in the Wess–Zumino gauge) with θ^{α̂}(ξ) = θ^μ(ξ) E^{α̂}_μ (x, θ) so that d ϵ^{α̂}(x(ξ)) = d θ^{α̂}(ξ). We thus get ( I − Γ̄ ) [ ( γ_b ⊗ (η − σ_3 F )^{−1 ba} ) ∂_a x^m ψ_m − λ ] + (4.21) +δ [ (I − Γ̄) (γ_b ⊗ (η − σ_3 F )^{−1 ba} E^m_a ] ψ_m + δΓ̄ λ + + ( I − Γ̄ ) [ ( γ_b ⊗ (η − σ_3 F )^{−1 ba} ) E^m_a δ ψ_m − δλ ] = 0 , where the second and the third term contains the supersymmetry variation of the pullback of the gravitational field E^a_n (x) entering Γ̄, γ_b and F_2 =^1_2 E^b E^a F_{ab} = dA − B_2.

Ignoring the three–fermion contributions, the pullbacks δ ψ^{α̂}_m = δ ψ^{Iα}_m and δλ_{α̂} = δλ_{Iα} of the local supersymmetry variations of the type IIB gravitino and dilatino have the following form in the string frame

δψ_m = D_m θ + 1 4 · 2! H_{mab} γ̃^{ab}σ_3 θ + (4.22) + 1 8 e^Φ[R_aγ̃^a (iσ_2) − 1 3! R_{abc}γ̃^{abc} σ_1 + 1 2 · 5! R_{abcde} γ̃^{abcde}(iσ_2)] γ_m θ , δλ = 1 2 [D_aΦ + e^Φ R_a (iσ_2) ] γ^aθ − 1 4! [H_{abc} − e^Φ R_{abc} (iσ_2) ] γ^{abc} σ_3 θ , (4.23)

where γ_m = E^a_m γ_a, all γ̃^{abc···} start with γ̃^{a αβ}, D_m = ∂_m −^1_4 ∂_m x^n Ω_n^{ab}γ_{ab} is the covariant derivative with the spin connection pulled back onto the worldvolume and the Pauli matrices act on the index I = 1, 2 of the spinor θ^{αI} = (θ^{α1}, θ^{α2})^8.

The type IIB supersymmetry variation of the graviton field E^a_m (x) is

δ E^a_m (x) = −2iψ_m γ^a θ. (4.24)

Substituting eqs. (4.22)–(4.24) and using the definition of Γ̄ one can find the linear fermion equations for any Dp–brane in an arbitrary type IIB supergravity background with non–zero graviton, gravitino and dilatino. An explicit form of such an equation for the M2–brane has been obtained in [28].

If we are interested in purely bosonic supergravity backgrounds (in which the gravitino and the dilatino are zero) the first, second and third term of eq. (4.21) vanish and the equation reduces to the Dirac–like equation which can be derived from the quadratic action of [25] ( I − Γ̄ ) [ ( γ_b ⊗ (η − σ_3 F )^{−1 ba} ) E^m_a δ ψ_m − δλ ] = 0 ,

or ( I − Γ̄ ) ( γ_b ⊗ (η − σ_3 F )^{−1 ba} ) D_a θ = 0 , (4.25)

where the generalized covariant derivative D_a contains the pullback to the worldvolume of the Spin(1, 9) connection and all contributions of the worldvolume and background gauge field strengths in accordance with the form of the supersymmetry transformations (4.22) and (4.23)

D_a = D_a +^1_{4·2!} H_{a bc} γ̃^{bc} σ_3 +^1_8 e^Φ(iR_aγ̃^a σ_2 −^1_{3!} R_{abc}γ̃^{abc} σ_1 +^i_{2·5!} R_{abcde} γ̃^{abcde} σ_2) γ_a (4.26)

−^1_{2 (p+1)} γ̃^b ⊗ (η + σ_3 F )_{ba} [ (D_aΦ + ie^Φ R_a σ_2 ) γ^a −^1_{2·3!} (H_{abc} − ie^Φ R_{abc} σ_2 ) γ^{abc} σ_3 ] , 8In eqs. (4.22), (4.23) and in what follows we skip ⊗ product symbol between γ and σ where this does not cause confusion.

where^1_{p+1} γ̃^b ⊗ (η + σ_3 F )_{ba} is inverse of (4.4).

One can notice that the covariant derivative (4.26) entering (4.25) is the covariant derivative of the generalized holonomy which determines the gravitino supersymmetry variation (4.22) extended by the terms from the supersymmetry variation of the dilatino (4.23).

In the case of zero worldvolume field strength F_2 the equations (4.25) and (4.26) reduce, respectively, to ( I − Γ̄ ) γ^a D_a θ = 0 (4.27) and D_a = D_a +^1_{4·2!} H_{a bc} γ̃^{bc}σ_3 +^1_8 e^Φ(iR_aγ̃^a σ_2 −^1_{3!} R_{abc}γ̃^{abc} σ_1 +^i_{2·5!} R_{abcde} γ̃^{abcde} σ_2) γ_a (4.28)

−^1_{2 (p+1)} γ̃_a [ (D_aΦ + ie^Φ R_a σ_2 ) γ^a −^1_{2·3!} (H_{abc} − ie^Φ R_{abc} σ_2 ) γ^{abc} σ_3 ] . They have been studied in detail for the D3 brane in particular backgrounds with fluxes in [31, 32, 33].

Let us now proceed with the analysis of the general structure of the fermionic equation (4.25). Using the transposition identity ( I − Γ̄ ) ( γ_a ⊗ (η − σ_3 F )^{−1 ab} ) ≡ ( γ_a ⊗ (η − σ_3 F )^{−1 ab} ) ( I − Γ̄ )_T (4.29)

we can rewrite (4.25) in the form

D_b θ ( I − Γ̄ ) ( γ_a ⊗ (η − σ_3 F )^{−1 ab} ) = 0 . (4.30)

Then using the identity (I − Γ̄) ≡^1_2 (I − Γ̄)(I − Γ̄), the Leibnitz rule and the identity DΓ̄ (I − Γ̄) = (I + Γ̄)DΓ̄, one can equivalently write eq. (4.30) as

D_b (θ (I − Γ̄))(I − Γ̄) ( γ_a ⊗ (η − σ_3 F )^{−1 ab} ) + (4.31) +2 θ(I + Γ̄) D_bΓ̄ ( γ_a ⊗ (η − σ_3 F )^{−1 ab} ) = 0 .

Now we observe that the first and the second terms should vanish separately, i.e.

D_b(θ (I − Γ̄))(I − Γ̄) ( γ_a ⊗ (η − σ_3 F )^{−1 ab} ) = 0 (4.32) and θ (I + Γ̄) D_bΓ̄ ( γ_a ⊗ (η − σ_3 F )^{−1 ab} ) = 0 . (4.33)

The reason is that at the leading order in θ which we are interested in at the moment, the κ–symmetry transformation of θ which follows from eq. (4.8) is

δ_κ θ = κ(ξ) (1 + Γ̄)|_{θ=0} .

Therefore, θ(ξ) (I + Γ̄) is a pure gauge degree of freedom. It can be put to zero as a κ– symmetry gauge fixing condition. In this gauge the second term in (4.31) vanishes. Now we notice that eq. (4.32) is κ–invariant at the linear order in θ, because θ (I − Γ̄) is κ–invariant in this order. Hence the second term (4.33) of (4.31) must vanish in any gauge which is only possible if the following equation holds

(I + Γ̄) D_bΓ̄ ( γ_a ⊗ (η − σ_3 F )^{−1 ab} ) = 0 (4.34)

at least for the purely bosonic supergravity backgrounds in which all fermionic fields are set to zero. Eq. (4.34) on the κ–symmetry projector is a differential equation for bosonic fields on the Dp–brane. As such it cannot be an independent equation but only a concise form of the bosonic equations which we have already found by varying the Dp–brane action.

5 The κ–symmetry projector and the concise form of the Dp–brane bosonic equations

Let us study in detail eq. (4.34) and its relation to the Dp–brane bosonic equations (3.10), (3.11), (3.20) and (3.21) and to the Bianchi identity (3.12). Since eq. (4.34) contains the projector I +Γ̄ it is actually a 16×16 component equation for the matrix h^α_β that determines Γ̄, eq. (4.9). Upon some algebra with the use of eqs. (4.17) it can be reduced to the following form

D_a h γ_b (η + F )^{−1 ba} = 0 ⇔ D_a h h^{−1} γ_b (η − F )^{−1 ba} = 0 . (5.1)

Note that in (5.1) D_a h h^{−1} is a counterpart of the Cartan form d h h^{−1} for the group Spin(1, p). Eq. (5.1) can thus be regarded as a Dirac–like equation on h where the generalized covariant derivative D_a is the following 16 × 16 counterpart of (4.26) in the sense that

(1 + Γ̄) D Γ̄ = ( hDh^{−1} Dh D(h^{−1}) h^{−1}Dh ) (5.2)

(the explicit expression for D h is given in the Appendix).

To reveal the contents of eq. (5.1) let us first simplify things and consider the case when the dilaton and all the background fluxes are zero. Then the generalized covariant derivative D_a (5.2) reduces to the Spin(1, 9) covariant derivative D_a and eq. (5.1) takes the form

D_a h h^{−1} γ_b (η − F )^{−1 ba} = 0 . (5.3)

We now notice that eq. (5.3) can be obtained by differentiating the relations (4.17) as follows. Taking the covariant differential of (4.17) we get

(Dh h^{−1})γ^a + γ^a(Dh h^{−1})^T = γ^b(Dk k^{−1})_b^a + 2γ^iK^i_b (η + F )^{−1 ba} , (5.4) (Dh h^{−1})γ^i + γ^i(Dh h^{−1})^T = 2K^{a i}(η + F )^{−1}_{ab}γ^b , (5.5) where k_a^b = (η + F )_{bc}(η − F )^{−1 ca} is the Cayaley image defined in (4.18) and K^i_a = E^b K^i_{ba}, with K^i_{ba} being the second fundamental form (3.25). To derive eqs. (5.4) and (5.5) we have used that γ^a = γ^a u^a_a , γ^i = γ^a u^i_a

(see eqs. (2.15), (2.16) and (2.20) for the definition of the harmonics u^{a′}_b = (u^a_a , u^i_a )), the identities

δ_b^a + k_b^a ≡ 2η_{bc}(η − F )^{−1 ca} , δ_b^a + k^{−1}_b^a ≡ δ_b^a + k^a_b ≡ 2η_{bc}(η + F )^{−1 ca} , (5.6)

and the definition of the second fundamental form (3.25) which, due to the harmonic relations (2.16), implies that

Du^a = u^i_aK^{ai} , Du^i_a = u_{a c}K^{ci} (5.7) ⇒ D γ^a = γ^iK^{ai} , Dγ^i = γ_aK^{ai} . (5.8)

The general solution of eqs. (5.4) and (5.5) is

(Dh h^{−1})_β^α = 1 4 (Dk k^{−1})^{ab}(γ_aγ̃_b)_β^α − K^{a i}(η + F )^{−1}_{ab}(γ^bγ̃^i)_β^α , (5.9)

where the first term can be further written as follows (see [64] for the D9 brane case)

(Dk k^{−1})^{ab} = 2(η − F )^{−1 ac}DF_{cd}(η + F )^{−1 db} = 2DF_{cd} (η + F )^{−1 ca}(η + F )^{−1 db} . (5.10)

Multiplying the left and the right hand side of (5.9) with γ_a (η − F )^{−1 ab} we get

D_bh h^{−1}γ_a(η − F )^{−1 ab} =

= K_b^{ai}(δ − F F )^{−1}_a^b γ^i − K^i_{[ab]}(η + F )^{−1 ac}(η + F )^{−1 bd} γ_{cd}γ^i − − D^aF_{bc} (δ − F F )^{−1}_a^b(η + F )^{−1 cd} γ_d + 1 2 D_{[a}′ F_b′_c′_](η + F )^{−1 a′a}(η + F )^{−1 b′b}(η + F )^{−1 c′c} γ_{abc} . (5.11)

We see that the right hand side of eq. (5.11) is expressed as a polynomial in the linearly independent products of the matrices γ^a and γ^i. Therefore, if eq. (5.3) holds, each term in the right hand side of (5.11) must vanish separately. But these are nothing but the bosonic equations and the Bianchi identities of the Dp–brane in backgrounds with vanishing dilaton and vanishing background fluxes. Indeed, the first term in the r.h.s. of (5.11) is the l.h.s. of the equation of motion of the bosonic field x^m written in terms of the (generalized) trace of the second fundamental form (3.24)–(3.27). The second term in (5.11) contains the anti– symmetric part of the second fundamental form K^i_{[ab]} (3.30) which is zero in the pure bosonic background. The fourth term is the l.h.s. of the Bianchi identity (3.12) which is zero when the pullback of H_3 is zero and the third term contains the BI equation (3.11) (in which the dilaton and the backgound fluxes are set to zero) and the Bianchi identity (3.12). To see this one should use the identity D_b ( (η + F )^{−1 [bc]} √ |η + F | ) (δ − F )_c^a ≡ − √ |η + F | [ D^bF_{cd}(δ − F F )^{−1 c}_b (η + F )^{−1da}+

(5.12) +^3_2 D_{[b}F_{cd]}(η + F )^{−1[bc]}(η − F )^{−1[de]} (δ − F )_e^a ] . In the presence of the dilaton and the background fluxes the bosonic equations (3.11), (3.12) and (3.23) acquire the corresponding contributions. Hence, the r.h.s. of (5.11) is not zero anymore and eq. (5.3) is not valid. But, as one can show using the form of the bosonic equations of motion (3.23) and (3.12), the dilaton and background flux contributions arrange themselves in such a way that the matrix h satisfies the Dirac–like equation (5.1) with the generalized covariant derivative D_a (5.2) (see the Appendix for its explicit form). We have thus demonstrated that eqs. (4.34), (5.1) for the κ–symmetry projector contain in a compact form all the bosonic field equations of the superbrane when the supergravity fermionic fields are zero. When the supergravity background contains the gravitino and the dilatino, the equations (4.34), (5.1) get modified by the corresponding contributions of the fermionic fields. In this paper we shall not elaborate this case in detail.

6 Linearized fermionic equation with couplings to worldvolume and background fluxes. Further analysis and examples

We now go back to the consideration of the linearized fermionic equations (4.32) and rewrite them explicitly in terms of a single physical 16–component fermionic field θ (1−Γ̄) ⇒ Θ^α(ξ) = (θ^2 − θ^1 h)^α, similar to the generic equation (4.19), without imposing any κ–symmetry gauge fixing condition. Using the definition of Γ̄ (4.9), the generalized covariant derivative (4.28) and the Dp–brane concise bosonic equations (5.1) we get the following Dirac–like equation for 16–component fermionic field in the Einstein frame

D_b Θ γ_a (η + F )^{−1 ab} = − e^Φ 8 Θ [ (p − 3) ( e^{−Φ} D/ Φ − R/_1h^{T −1} ) + 2R_bγ_a(η − F )^{−1 ab}h^{T −1} −e^{−Φ} D/ Φ γ̃_b γ_a (F (η + F )^{−1})^{ab} − R/_1γ̃_b γ_a (F (η − F )^{−1})^{ab}h^{T −1} ] (6.1) + e^Φ2 4 Θ [( e^{−Φ}H/ − p − 1 2 R/_3 h^{T −1} ) − 1 2 γ^{cd} γ_a (η − F )^{−1 ab} ( e^{−Φ}H_{bcd} − R_{bcd}h^{T −1} ) −

− 1 2 R/_3γ̃_b γ_a (F (η − F )^{−1})^{ab}h^{T −1} ] − 1 8 · 4! Θ R_{bc1...c4} γ^{c1...c4} γ_a((η − F )^{−1})^{ab}h^{T −1} , where Θ^α(ξ) = (θ^2 − θ^1 h)^α is a single 16–component combination of the two worldvolume fermions and the “slashed” objects are

D/ Φ = γ^a D_a Φ , R/_1 = γ^a R_a , R/_3 = 1 3! γ^{a b c} R_{a b c} , H/ = 1 3! γ^{a b c} H_{a b c} (6.2) (a , b , c = 0, 1, · · · , 9). In the string frame (see Subsection 2.2) Θ|_{str} = e^Φ8 Θ and the fermionic equation takes the form (where the overall dilaton factor e^{−Φ} is brought to the left hand side)^9

e^{−Φ} D_b Θ γ_a (η + F )^{−1 ab} = −^1_8 Θ [ −4 e^{−Φ} D/ Φ − (p − 3) R/_1h^{T −1}

+2R_bγ_a(η − F )^{−1 ab} h^{T −1} − R/_1γ̃_b γ_a (F (η − F )^{−1})^{ab}h^{T −1} ] (6.3) +^1_4 Θ [( e^{−Φ}H/ −^{p−1}_2 R/_3 h^{T −1} ) −^1_2 γ^{cd}γ_a (η − F )^{−1 ab} ( e^{−Φ}H_{bcd} − R_{bcd} h^{T −1} ) − −^1_2 R/_3γ̃_b γ_a (F (η − F )^{−1})^{ab}h^{T −1} ] −^1_{8·4!} Θ R_{bc1...c4} γ^{c1...c4} γ_a(η − F )^{−1 ab}h^{T −1} . Equations (6.1) and (6.3) contain all possible couplings of the Dp–brane fermions to the worldvolume and type IIB background fluxes linear in fermions.

This is however not the end of the story, because in its left hand side the covariant derivative D_a = E^b_a ∂_b −^1_4 Ω^{bc}_a γ_{bc} is not a proper induced covariant derivative in the worldvolume. It contains the pullback of the Spin(1, 9) connection rather than the induced Spin(1, p) × Spin(9 − p) connection of the worldvolume theory. Therefore, to complete the derivation of the explicit form of the Dirac equation for the brane fermions we should extract from D_a the proper worldvolume covariant derivative. To this end, using the harmonic relations (2.15) and (2.16) we rewrite D as follows^{10} D = d − 1 4 Ω^{bc}γ_{bc} = d − 1 4 Ω^{bc} γ_{bc} − 1 4 Ω^{ij} γ_{ij} + 1 2 Ω^{b i}γ_b γ̃^i (6.4)

= D + 1 2 K^{b i} γ_b γ̃^i + 1 4 u^{a b} d u^c_a γ_{bc} , where K^{b i} = u^a D u^i = u^a du^i + Ω^{b i} is the second fundamental form defined in eq. (3.25), γ^a = γ^a u^a_a , γ^i = γ^a u^i_a and

D_a = E^b_a ∂_b − 1 4 ω^{bc}_a γ_{bc} − 1 4 A^{ij}_a γ_{ij} (6.5)

9To arrive at (6.3) we used the relation [D_b Θ γ_a (η + F )^{−1 ab}]_{str} = e^{− Φ8} ( D_b Θ γ_a (η + F )^{−1 ab} +^{p+1}_8 Θ D/ Φ −^1_8 Θ D/ Φγ̃_b γ_a (F (η + F )^{−1})^{ab} ) . 10We recall that in our mostly minus metric convention η_{ab} = (η_{ab} , −δ_{ij} ).

is the proper worldvolume covariant derivative with the SO(1, p) spin connection ω^{bc} and the R–symmetry SO(9 − p) connection A^{ij} induced by the embedding. They are related to the pullback of the SO(1, 9) connection as follows (see [52, 55] for details)

ω^{bc} = Ω^{bc} u^b_b u^c_c − u^{a b}du^c_a , A^{ij} = Ω^{bc} u^i_b u^j_c − u^{a i}du^j_a . (6.6)

The inhomogeneous term u d u in (6.4) is due to the SO(1, 9) Lorentz transformation of the vector vielbein E^a performed to adapt it to the brane worldvolume, as was explained in Subsection 2.3. At the same time, the spinorial objects like E^α and Θ^α have not yet been subject to the corresponding Spin(1, 9) transformation associated with u^{b′}_a . Such a transformation is performed by a 16 × 16 matrix v^{β′}_α of Spin(1, 9) (which defines spinor Lorentz harmonic [59, 60, 52]) and which is determined by the conventional relation between the vector and the spinor representations of the Lorentz group

v γ^a v^T u^{b′}_a = γ^{b′} = (γ^a, γ^i) . (6.7)

From this relation it follows, in particular, that 1 4 u^{a b} d u^c_a γ_{bc} = v d v^{−1} . (6.8)

Now, let us multiply both sides of eq. (6.3) by v^T from the right, use the relations (6.7), (6.8) and make the following redefinitions

Θ v^{−1} ⇒ Θ , v γ^a v^T u^a_a = γ^a , v γ^a v^T u^i_a = γ^i , v^{−1}hv ⇒ h_α^β ,

where upon the Spin(1, 9) rotation the matrices γ^a and γ^i are constant as a consequence of (6.7). As a result, with this new definitions, the right hand side of the fermionic equation (6.3) does not change its form while its left hand side becomes

e^{−Φ} D_b Θ γ_a (η + F )^{−1 ab} ⇒ e^{−Φ} D_b Θ γ_a (η + F )^{−1 ab} − 1 2 e^{−Φ} K^{c i}_b Θ γ^iγ̃_c γ_a (η + F )^{−1 ab} . (6.9) Using the Clifford algebra, the second term in the r.h.s. of eq. (6.9) can be decomposed as follows

K^{c i}_b Θ γ^iγ̃_c γ_a (η + F )^{−1 ab} = K_b^{ci} Θ γ^iγ̃_{ca}(η + F )^{−1 ab} + K_{ba}^i(η + F )^{−1 ab} Θ γ^i (6.10) = −K_b^{ci} Θ γ^iγ̃_{ca}[F (η + F )^{−1}]^{ab} + K_{(ba)}^i(η + F )^{−1 ab} Θ γ^i ,

where in the right hand side we split K_{bc}^i into symmetric and antisymmetric parts and took into account that K_{[bc]}^i = 0 in a background with zero bulk fermions and in the leading order in Θ (see eq. (3.30)). Note that the pair of upper indices i implies the contraction with the unit matrix δ^{ij} .

One can notice that the last term in (6.10) is the left hand side of the worldvolume scalar equation (3.27) whose right hand side contains the contribution of fluxes. Thus this term brings additional couplings of the worldvolume fermion to fluxes. Actually, as we shall see on examples these additional terms cancel the non–Lagrangian flux terms of the fermion equation (6.3) in which the products of the gamma–matrices are symmetric S_{αβ} = S_{βα}, i.e. the terms which (since Θ S Θ ≡ 0) cannot be obtained from the quadratic Lagrangian of [24, 25], besides the terms with the dilaton derivatives and those proportional to the BI field equation and the Bianchi identity which result from integrating by parts the kinetic term L_{kin} = √ |η + F | e^{−Φ} Θ D_bγ_a Θ (η + F )^{−1 ab}.

Finally, taking into account the bosonic equation (3.27), the linear fermion Dirac equation which includes all possible interactions of D–brane fermions with the worldvolume fields and the background gravity and fluxes takes the following form

e^{−Φ} D_b Θ γ_a (η + F )^{−1 ab} +^1_2 e^{−Φ} K_{(bc)}^i Θ γ^iγ̃^c_a[F (η + F )^{−1}]^{ab} =

= −^1_8 Θ [ −4 e^{−Φ} γ^a D_a Φ − (p − 3) R/_1h^{T −1}

+2R_bγ_a(η − F )^{−1 ab}h^{T −1} − R/_1γ̃_b γ_a (F (η − F )^{−1})^{ab}h^{T −1} ] (6.11)

+^1_4 Θ [( e^{−Φ}H/ −^{p−1}_2 R/_3 h^{T −1} ) −^1_2 γ^{cd}γ_a (η − F )^{−1 ab} ( e^{−Φ}H_{bcd} − R_{bcd} h^{T −1} ) − −^1_2 R/_3γ̃_b γ_a (F (η − F )^{−1})^{ab}h^{T −1} ] −^1_{8·4!} Θ R_{bc1...c4} γ^{c1...c4} γ_a(η − F )^{−1 ab}h^{T −1} −^1_4 e^{−Φ} H_{i ab} (η + F )^{−1ab} Θ γ_i +^{(−)} p+1 2 2 (p+1)! √_{|η+F|} ϵ^{a1···ap+1} Θ γ_i (R e^{F2} )_{i a1···ap+1} , where the slashed quantities have been defined in (6.2).

Let us repeat once again that the above Dirac equations for a single Majorana–Weyl spinor Θ(ξ) are κ–gauge independent, since they were derived without gauge fixing κ– symmetry.

6.1 On κ–symmetry gauge fixing

Some comments about gauge fixing kappa–symmetry are now in order. As we have already noted, the fermionic field Θ^α(ξ) = (θ^2 − θ^1 h)^α is κ–invariant in the leading order in θ, while another linearly independent combination of θ^1 and θ^2, e.g. η^α(ξ) = (θ^2 + θ^1 h)^α transforms under the κ–symmetry (4.8) as a Goldstone fermion

δ_κ η^α(ξ) = δ_κ (θ^2 + θ^1 h)^α = κ^α(ξ) := 2(κ^1 + κ^2 h)^α + O(θ θ) . (6.12)

We can use (6.12) to gauge fix η^α(ξ) to zero. This is the most natural choice of the κ– symmetry gauge fixing condition which is always consistent with the superbackground where the brane moves, since the properties of the background are encoded in the form of the matrix h^β_α , as we discussed in Section 5. Such a gauge fixing was used for the analysis of the Dirac equation for M5 and D3 branes with fluxes in [26, 29, 30, 32].

One also often uses an alternative D=10 covariant gauge fixing condition [65], e.g. θ^1 = 0 ⇒ Θ = θ^2, however, in this case one should be careful and check whether this condition is consistent with the background chosen, e.g. in [32] it was shown that such a condition can be inconsistent with orientifold compactifications.

We shall now analyze the structure of the Dp–brane fermion equations in different cases. We shall work in the string frame only.

6.2 Equations for all type IIB Dp–branes in the absence of the worldvolume flux. String frame

Putting to zero the worldvolume field strength F_2 must be compatible with the equation of motion of the BI field (3.11) and the Bianchi identity (3.12). The Bianchi identity implies that F_2 (which in the string frame coincides with F_2) can be zero if the brane is placed into the background in such a way that the pullback of the NS–NS flux, along the brane worldvolume is zero H_{abc} = 0 , (6.13) while the BI equation of the Dp–brane implies that the pullback of the RR p–form flux R_p along the brane worldvolume, which is a source for F_{ab} must also be zero

R_{a1···ap} = 0 . (6.14)

In such a case the bosonic scalar field equation (3.21) is 1 √ |g| D_m ( e^{−Φ} √ |g| g^{mn} E_{na} ) + e^{−Φ} E^M_a ∂_M Φ = −

(−)^{p+1}2 (p + 1)! √ |g| ϵ^{m1 ···mp+1} R_{a m1···mp+1} (6.15) or in terms of the second fundamental form (3.25)

K_a^{ai} = D^iΦ +

(−)^{p+1}2 (p + 1)! ϵ^{a1···ap+1} R^i_{a1···ap+1} . Taking into account the simplification of the κ–symmetry projector (4.13), the Dirac equation (6.11) reduces to

e^{−Φ} D_a Θ γ^a = 1 2 Θ ( e^{−Φ} γ^a D_aΦ + p − 3 4 R_a γ^a γ̄ − 1 2 R_aγ^a γ̄ ) + (6.16) + 1 4 Θ [ 1 3! γ^{abc} (e^{−Φ} H_{abc} − p − 1 2 R_{abc} γ̄) − 1 2 γ^{cd a}(e^{−Φ}H_{a cd} − R_{a cd} γ̄) ]

− 1 8 · 4! Θ R_{a c1···c4} γ^{a c1···c4} γ̄ + (−)^{p+1}2 2 · (p + 1)! Θ ϵ^{a1···ap+1} R_{i a1···ap+1} γ_i . We recall that γ̄ =^1_{(p+1)!} ϵ_{a0 a1··· ap}γ̃^{a0} · · · γ^{ap} , as defined in (4.13), a = (a, i), the indices a are those of the worldvolume and the index i corresponds to the directions orthogonal to the brane. The pair of indices i which are both lower (or upper) ones denotes the contraction with the unit matrix δ_{ij} , as in the last term of (6.16).

Note that in agreement with our arguments below eq. (6.10), except for the dilaton derivative term, all products of the gamma matrices in the right hand side of (6.16) are antisymmetric, as we shall now see on the examples.

6.2.1 D1 brane

In the case of the D–string (see e.g. [66]) the worldvolume field strength has only one component F_{ab} = ϵ_{ab} F and the Born–Infeld equation simplifies to ∂_b ( e^{−Φ} F √ 1 − F^2 ) = R_b = ∂_b C_0 ⇒ F = e^Φ c + C_0 √ 1 + (c + C_0)^2 e^{2Φ}

, (6.17)

where C_0(x) is the axion and c is an integration constant.

The worldvolume scalar field equation (3.24), (3.27) is

2e^{−Φ} K_a^{ai} = 2 e^{−Φ} (1−F^2) D^i Φ+e^{−Φ} F H^i_{ab} ϵ^{ab}− √ 1 − F^2 R^i_{ab} ϵ^{ab}+2F √ 1 − F^2 R^i (i = 1, · · · 8) .

One can see that F = 0 requires that R_a = 0.

The Dirac equation for a D1 brane with F_{ab} = 0 is

e^{−Φ} D_a Θ γ^a = 1 2 Θ ( e^{−Φ} γ^a D_aΦ + 1 2 R_i γ_i γ̄ ) − 1 2 · 4! Θ ϵ^{ab} R_{ab i1i2i3} γ_{i1i2i3} (6.18) − 1 8 Θ ( e^{−Φ} ϵ^{ab} H_{abi} γ_iγ̄ + 1 3 e^{−Φ} H_{ijk} γ_{ijk} − R_{a ij} ϵ^{ab} γ_b γ^{ij} ) , γ̄ = 1 2 ϵ_{ab} γ̃^{ab} . 6.2.2 D3 brane (without and with a topological Born–Infeld flux on K3)

The D3 brane worldvolume field strength can be zero if H_{abc} and R_{abc} are zero along the brane. The Dirac equation for the D3 brane, which in the case of the constant dilaton–axion coincides with the equation derived in [31, 32], is

e^{−Φ} D_a Θ γ^a = 1 2 Θ γ^a ( e^{−Φ} D_aΦ − 1 2 R_aγ̄ ) − 1 4 · 4! Θ R_{a i1···i4} γ^{a i1···i4} γ̄ (6.19) + Θ ( 1 8 γ^{ab} γ_i (e^{−Φ}H_{abi} − R_{abi} γ̄) − 1 4! γ_{ijk} (e^{−Φ} H_{ijk} − R_{ijk} γ̄) ) , γ̄ = 1 4! ϵ_{abcd} γ̃^{abcd} . Though, even if the background sources for the Born–Infeld field i.e. H_{abc} and R_{abc} are zero, in general, the BI field strength F_2 may acquire non–zero values when D3 branes wrap a topologically nontrivial manyfold.

Consider, e.g. a D3–brane instanton wrapping the 4–dimensional manifold K3 in type IIB orientifold compactification on M_4 × K3 × T^2/Z^2. Without the worldvolume flux this example was considered in [32, 33]. The Dirac equation derived therein has (in a constant dilaton–axion background and in the absence of the R_5 flux) the form

D_a Θ γ^a = 1 8 Θ G̃_{abI} γ^{ab} γ_I , (6.20)

where I = 1, 2 is the index corresponding to T^2 and a, b = 1, 2, 3, 4 are the indices of the D3 brane worldvolume which coincides with K3 (we consider the case of a static D3 which does not oscillate in the directions of the physical space M_4) and G̃_{abI} ≡ H_{abI} − iR_{abI} γ̄ . (6.21) The imaginary unit i appeared in (6.21) because of the Wick rotation to Euclidean space^{11}.

In a complex coordinate system, the flux on K3 × T^2/Z^2 has the following form [67]

G_3 = R_3 − iH_3 = c Ω_2 ∧ dz + G_z ∧ dz, (6.22)

where c is a constant, Ω_2 is the holomorphic self–dual (2,0)–form on K3, G_z is a closed anti– self–dual (1,1)–form on K3 and (z, z) are complex coordinates on T^2. In [67] it was shown that for the compactification of K3 × T^2/Z^2 with the flux G_3 to preserve supersymmetry, either G_z = 0 or c = 0, so that G_3 is either self–dual or anti–self–dual. This prompts us also to consider a Born–Infeld instanton field on the D3–brane instanton wrapping K3. This BI instanton can be probably related to the presence of a worldvolume field on D7 branes (filling M_4 and wrapping K3) which participate in the tadpole cancelation and gaugino condensation [67, 34].

In the presence of a non–zero worldvolume field F_2 the D3–brane worldvolume scalar field equation (3.27) is

K^{ai}_b (δ + F )^{−1 b}_a = δ^i_I ( 1 2 H^I_{ab} (δ − F )^{−1ab} +^i_4 √_{|δ+F |} ϵ^{a1···a4} R^I_{a1a2} F_{a3a4} ) , (6.23)

where the imaginary unit i appeared because of the Wick rotation, the indices i = 1, · · · , 6 are those of the directions orthogonal to D3 (and K3) and I = 1, 2 are those of T^2.

Remember that in the static gauge in which p + 1 coordinates of the target space are identified with those of the worldvolume, x^m = ξ^m, the second fundamental form has the form (3.26) K^i_{ab} = −E_a^m E_b^n(∂_m ∂_n x^ĩ E~_i^i + Γ_{mn}^l E_l^i + ∂_m x^ĩ Γ_n~_i^l E_l^i), (6.24)

where Γ_{mn}^l and Γ_n~_i^l are components of the target space Christoffel symbol and dx^l E_l^i = (dx^mE_m^i, dx^ĩ E~_i^i) are components of the target space vielbein in the i–directions orthogonal to the brane worldvolume.

If we assume that, like in the case of F_2 = 0, the D3–brane wraps K3 smoothly, i.e. it is static and does not fluctuate in transverse directions, ∂_m x^ĩ = 0, the second fundamental

11Note that in contrast to [32] in eq. (6.21) R_3 enters with the minus sign. This is because in our present convention for the Wick rotation to Euclidean space ϵ^{abcd} → iϵ^{abcd}, γ̄ → iγ̄ and Euclidean γ_a satisfy the anti–commutation relations γ_aγ̃_b + γ_bγ̃_a = −δ_{ab}.

form of the D3 worldvolume is zero (since Γ_{mn}^l E_l^i = 0 for M_4 × K3 × T^2/Z^2) so the left hand side of (6.23) must vanish, and we are left with the condition i 2 √ |δ + F | ϵ^{a1···a4} R_{a1a2I} F_{a3a4} + H_{abI} (δ − F )^{−1ab} = 0 . (6.25)

In the case of a weak F_2 field we can restrict eq. (6.25) to the linear order in F_2 1 2 ϵ^{a1···a4} R_{a1 a2I} F_{a3a4} − i H_{abI} F^{ab} = 0 . (6.26) Consider now the case of the compactification with the flux (6.22) be self–dual in K3, i.e. G_z = 0. Then both R_3 and H_3 are self–dual, and eq. (6.26) takes the form

(R_{abI} − i H_{abI} ) F^{ab} = G_{abI} F^{ab} = 0 , (6.27)

from which it follows that for eq. (6.27) to be satisfied, F_2 must be anti–self–dual, F_{ab} = −^1_2 ϵ_{abcd} F^{cd}. On the other hand, if G_3 in (6.22) is anti–self–dual in K_3, i.e. c = 0, the equation (6.26) takes the form

(R_{abI} + i H_{abI} ) F^{ab} = Ḡ_{abI} F^{ab} = 0 . (6.28)

It is satisfied if F_2 is self–dual, F_{ab} =^1_2 ϵ_{abcd} F^{cd}. In both of the cases, because of (anti)– self–duality of F_2 and of the Bianchi identity dF_2 = 0, the linearized BI equation on K3 is identically satisfied, D_a F^{ab} = 0.

Away from the linear approximation, the (anti)–self–duality condition on F_2 seems to become non–linear ∓ 1 2 ϵ^{abcd} F_{cd} = (δ + F )^{−1[ab]} √ |δ + F | , (6.29)

which in view of the Bianchi identity dF_2 = 0 implies the BI equation D_a ( √ |δ + F | (δ + F )^{−1[ab]}) = 0.

However surprisingly, one can verify that the non–linear self–duality relation (6.29) actually reduces to the linear one F_{ab} = ±^1_2 ϵ_{abcd} F^{cd}. The simplest way to see this is to choose in a given point ξ on the D3 brane worldvolume a special SO(4) frame in which the only non–zero components of the Euclidean F_{ab} are F_{12} = −F_{21} and F_{34} = −F_{43}. In this frame the r.h.s. of eq. (6.29) takes the form

(δ + F )^{−1[ab]} √ |δ + F | = − F^{ab} + F_{12} F_{34} F^{∗ab} √ 1 + F^2_{12} √ 1 + F^2_{34} . Substituting this expression into (6.29) we get the conventional linear self–duality condition ±F^∗_{ab} = F_{ab} + F_{12} F_{34} F^∗_{ab} √ 1 + F^2_{12} √ 1 + F^2_{34} ⇒ F_{12} √ 1 + F^2_{12} = ± F_{34} √ 1 + F^2_{34}

⇒ F_{12} = ±F_{34} ⇒ F_{ab} = ± 1 2 ϵ_{abcd} F^{cd} . (6.30) 33

In the case of a non–zero generic BI field and in the setup under consideration, eq. (6.25) is not satisfied. This happens, for instance, when both, the G_3 = R_3 − iH_3 and F_{ab} are either self–dual or anti–self–dual on K3. The situation may be cured if in the compactification background there is also a non–zero R_5 flux.

The presence of R_5, in general, leads to a warping of the compactified space. We shall discuss more examples of this setup in Section 7. A generic form of the part of R_5 along the tangent space of the compactified manifold X_6 (which, by duality, preserves Lorentz– invariance in effective four–dimensional space–time) is R_{q1···q5} = −ϵ_{q1···q5q6} ∂_{q6} ln Z(y) , (6.31) where Z(y^q) is a function of X_6 coordinates whose square root is the warp (conformal) factor Z^12 (y) of the compactified space metric (see eq. (7.3) of Section 7). In the Wick rotated space time the self–dual R_5 is complex. We can make a natural assumption that upon Wick rotation the metric warp factor Z(y^q) and R_5 remain real in the a priori Euclidean X_6. If so, by duality, R_5 becomes pure imaginary in the effective four–dimensional space M_4

R_{r1r2r3r4q} = −iϵ_{r1r2r3r4} ∂_q ln Z(y) (r = 1, 2, 3, 4). (6.32)

In other words, the imaginary unit appears in the above expression because of the Wick rotation of the time coordinate in M_4.

In the warped K3 × T^2/Z^2 background, the non–fluctuating (i.e. ∂_ax^i = 0) D3 brane instanton wrapping the conformally warped K3 has a non–zero second fundamental form (6.24) with the indices I, J = 1, 2 corresponding to T^2 K_a^{bI} = 1 4 δ^b_a ∂^I ln Z . (6.33)

Then, in accordance with the generic equation (3.27) the D3 brane instanton scalar field equation acquires the contribution from R_5 and takes the form 1 2 ∂_I ln Z δ^a_b (δ + F )^{−1 b}_a √ |δ + F | = (6.34) = i 12 ϵ^{a1···a4} R_{a1 ···a4 I} + i 2 ϵ^{a1···a4} R_{a1 a2I} F_{a3 a4} + H_{abI} (δ − F )^{−1ab} √ |δ + F | . The assumption about the reality of Wick rotated bosonic fields helps us to find particular solutions of the D3 brane bosonic field equations. Thus, equation (6.34) imposes additional conditions which relate the warp factor and generic bulk and worldvolume fluxes 1 2 ∂_I ln Z(y) δ^a_b (δ + F )^{−1 b}_a √ |δ + F | = H_{abI} (δ − F )^{−1ab} √ |δ + F | , (6.35)

2 ϵ_{IJ} ∂_J ln Z(y) = 1 2 ϵ^{a1 ···a4} R_{a1a2I} F_{a3a4} . 34

We should note that eqs. (6.35) cannot be regarded as differential equations on ln Z, since these equations are valid on the D3 brane worldvolume at a certain point in T^2/Z_2, while ∂_I is the derivative in T^2/Z_2 directions orthogonal to the worldvolume.

Consider now the case when F_{ab} is either self–dual or anti–self–dual, but let us for a moment do not specify H_3 and R_3. Now take into account that for a self–dual or anti–self– dual F_{ab} the equation (6.29) and the following relations hold √ |δ + F | = 1 + 1 4 F^2 , F_{ac} F_b^c = 1 4 δ_{ab} F^2 , (δ ± F )^{−1ab} = δ^{ab} ∓ F^{ab} 1 +^1_4 F^2

(δ + F )^{−1(ab)} (1 + 1 4 F^2) = δ^{ab} ⇒ δ_{ab} (δ + F )^{−1ab} √ |δ + F | = 4 , we reduce eqs. (6.35) to

2 ∂_I ln Z(y) = H_{abI} F^{ab} , 2 ϵ_{IJ} ∂_J ln Z(y) = 1 2 ϵ^{a1 ···a4} R_{a1a2I} F_{a3a4} . (6.36)

If F_{ab} is anti–self–dual, while Ω_2 of G_3 = R_3 − iH_3 is self–dual, then the right hand sides of eqs. (6.36) vanish identically, so their left hand sides must also be zero, ∂_I Z = 0, and hence the warp factor should not depend on the coordinates on T^2.

On the other hand, if F_{ab} is self–dual, e.g. proportional to Ω_2, then the r.h.s. of (6.36) do not vanish, and eqs. (6.36) give a relation between the warp factor and the topological background and worldvolume fluxes. In addition, if F_{ab} is self–dual, the conditions (6.36) require the 3–form flux G_3 = R_3 −iH_3 to be imaginary self–dual on the whole six–dimensional manifold (being warped K3 × T^2/Z^2 in the case under consideration), i.e. G_3 = i^∗G_3 or H_{abI} = −^1_2 ϵ_{IJ} ϵ_{abcd}R_{cdJ} , which is indeed the case when in (6.22) the term G_z is zero.

One can turn around the above argument of the necessity to have a non–zero R_5 flux when a generic worldvolume gauge field is induced. Namely, if one starts from the consideration of the D3 brane instanton on K3 without the worldvolume field and switches on the R_5 flux, the letter contributes to the r.h.s. of the D3 brane scalar field equation (3.21), (3.27). Since the Wick rotated R_5 is complex and the l.h.s. of eqs. (3.21), (3.27) are assumed to remain real, for these equations to have a solution in general case one should also excite a worldvolume gauge field on D3 as in eq. (6.34). The message is that if one considers a D3 brane instanton wrapping a four–fold of a Calabi–Yau manifold in warped compactifications with non–zero R_5 flux, one should in certain cases take into account the worldvolume gauge field modes of such an instanton.

It is of interest to analyze (elsewhere) in detail whether the above instanton configurations, and in particular, the fluxes defined by eqs. (6.35) are compatible with Wick rotated supergravity solutions determining Calabi–Yau compactification backgrounds.

Finally, let us present the Dirac equation for the fermionic modes on the D3–brane instanton in the presence of the BI instanton or anti–instanton, F_2 = ±^∗F_2, in the case without warping

−D_b Θ γ_a (δ^{ab} + F^{ab}) =^1_8 Θ γ^{ab} γ_I ( (1 −^1_4 F^2) H_{abI} − i (1 +^1_4 F^2) R_{abI} h^{T −1} ) − (6.37) −^1_4 Θ γ_I γ^{ab} F_{ca} H_{bcI} +^1_4 Θ γ_I H_{abI} F^{ab} −^i_8 Θ γ_I R_{abI} F^{ab} h^{T −1} −^i_8 Θ γ_I R_{abI}^∗F^{ab} γ̄ h^{T −1} .

In the cases in which H_{abI} and R_{abI} have opposite K3 duality in comparison with F_2 = ±^∗F_2, i.e. H_{abI} = ∓^1_2 ϵ_{abcd} H^{cd}_I and R_{abI} = ∓^1_2 ϵ_{abcd} R^{cd}_I , the last two terms in eq. (6.37) vanish and it reduces to

D_b Θ γ_a (δ^{ab} + F^{ab}) = (6.38) = −^1_8 Θ γ^{ab} γ_I ( H_{abI} − iR_{abI} h^{T −1} − 2F_{c[a} H_{b]cI} −^1_4 F^2 (H_{abI} + iR_{abI} h^{T −1} ) ) , where h^{T −1} =^1_{1+ 14 F 2} (γ̄ −^1_4 ϵ^{abcd} F_{ab} γ̃_{cd} +^1_8 ϵ^{abcd} F_{ab} F_{cd} · 1), γ̄ =^1_{4!} ϵ_{abcd} γ̃^{abcd} and γ_aγ̃_b + γ_bγ̃_a = −δ_{ab}.

6.2.3 D5 brane F_{ab} on the D5 brane can be zero if H_{abc} and R_{a1···a5} are zero. Thus, the D5 brane Dirac equation reduces to

e^{−Φ} D_a Θ γ^a = 1 2 Θ e^{−Φ} ( γ^a D_aΦ − 1 2 γ_i R_iγ̄ ) + 1 4! ϵ^{a1···a4bc} Θ R_{i a1···a4} γ_i γ_{bc} (6.39) + 1 8 Θ ( e^{−Φ}H_{abi} γ^{ab} γ_i − 1 3 e^{−Φ} H_{ijk} γ_{ijk} − γ^{ij} γ_a R_{ija} γ̄ ) , γ̄ = 1 6! ϵ_{a0 ···a5} γ̃^{a0···a5} . 6.2.4 D7 brane In this case for the BI field strength F_{ab} to be zero, it is necessary that H_{abc} = 0 and R_{a1 ···a7} = −R^∗_{ija} = 0, and the D7 brane Dirac equation takes the form

e^{−Φ} D_a Θ γ^a = 1 2 Θ e^{−Φ} ( γ^a D_aΦ + 1 2 γ^a R_aγ̄ ) + 1 2 · 4! Θ γ^{abc} ϵ_{ij} R_{abcij} (6.40) + 1 8 Θ γ^{ab} γ_i ( e^{−Φ}H_{abi} − ϵ_{ij} R_{jab} ) , γ̄ = 1 8! ϵ_{a0 ···a7} γ̃^{a0 ···a7} . 6.2.5 D9 brane (with and without worldvolume field) The D9 brane is space filling, so there are no orthogonal directions and the worldvolume indices a, b, . . . coincide with target space indices a, b, . . .. The D9 brane always carry a non–zero worldvolume field in the backgrounds with a non–zero H_3 and/or the axion R_1. Its Dirac equation is

e^{−Φ} D_b Θ γ_a (η + F )^{−1 ab} = −^1_8 Θ [ −4 e^{−Φ} γ^a D_a Φ − 6 γ^a R_a h^{T −1}

+2R_bγ_a(η − F )^{−1 ab}h^{T −1} − γ^c R_c γ̃_b γ_a (F (η − F )^{−1})^{ab}h^{T −1} ] +

(6.41)

+^1_4 Θ

[_1 3! γ^{abc} ( e^{−Φ}H_{abc} − 4R_{abc} h^{T −1} ) −^1_2 γ^{cd}γ_a (η − F )^{−1 ab} ( e^{−Φ}H_{bcd} − R_{bcd} h^{T −1} ) − −^1_{2·3!} γ^{c1c2c3} R_{c1c2c3} γ̃_b γ_a (F (η − F )^{−1})^{ab}h^{T −1} ] −^1_{8·4!} Θ R_{bc1...c4} γ^{c1...c4} γ_a(η − F )^{−1 ab}h^{T −1} with h^{T −1} defined in (4.12).

The Dirac equation for the D9 brane with F_{ab} = 0 (which requires H_{abc} = 0 and R^∗_a = R_{a1 ···a9} = 0) has the following form

e^{−Φ} D_a Θ γ^a = 1 2 Θ e^{−Φ} γ^a D_aΦ − 1 4! Θ γ^{abc} R_{abc} . Note that in this case γ̄ = 1 and the term with R_5 vanishes because of the self–duality.

7 Dp–branes with intrinsically non–zero worldvolume flux Let us now consider examples of backgrounds with fluxes in which the BI field on the brane cannot be put to zero and thus should be taken into account in the solutions of the Dp–brane bosonic and fermionic equations of motion. As we have already mentioned, this happens when H_{abc} and/or R_{a1··· ap} are non–zero along the brane worldvolume.

Such a situation may occur in (warped) compactifications of type IIB string theory with R_5 and/or H_3 and R_3 fluxes turned on. These include e.g. the classical AdS_5 × X_5 backgrounds [68, 69] with X_5 being a sphere S^5 or an Einstein manifold such as the Sasaki– Einstein manifolds of S^2 × S^3 topology. In a certain coordinate system the AdS_5 × X_5 metric has the following form (in our mostly minus metric signature)

ds^2 = ( r ρ )_2 (dx^2_0 − dx^idx^i) − (ρ r )_2 dr^2 − ρ^2 ds^2_{X5} , i = 1, 2, 3 (7.1)

where ρ is a characteristic radius of AdS_5 and X_5 (the square root of the inverse cosmological constant), r is the radial coordinate of AdS_5 and dx^2_0 − dx^idx^i is the metric of the Minkowski space boundary of AdS_5 corresponding to a stack of N near horizon D3 branes.

The AdS_5 ×X_5 compactifications are triggered by the non–zero R_5 flux which in the local Lorentz frame is^{12} R^{AdS5}_{r1···r5} = 4 ρ ϵ_{r1···r5} , R^{X5}_{q1···q5} = 4 ρ ϵ_{q1···q5} . (7.2) In addition to the R_5 flux, R_1, R_3 and H_3 fluxes are switched on in more general type IIB supersymmetry configurations with general fluxes (see [70, 71] for review and references therein).

12In our mostly minus metric convention ϵ^{r1···r5 q1 ···q5} = ϵ^{r1···r5} ϵ^{q1 ···q5} , ϵ_{r1···r5 q1 ···q5} = −ϵ_{r1···r5} ϵ_{q1 ···q5} and ϵ^{1···5} = ϵ_{1···5} = 1.

The generic setup is the following. The D=10 space–time is a warped M_4 ×_w X_6 (where ×_w means that because of warping the D=10 manifold is not really the direct product) manifold with a metric (of mostly minus signature)

ds^2 = Z(y)^{−1/2} ds^2_{M4} − Z(y)^{1/2} ds^2_{X6} (7.3)

and with fluxes H_3 and R_3 turned on in the compactified manifold X_6 (usually taken to be a Calabi–Yau) and with the self–dual R_5 flux of the following form in a local Lorentz frame R_{r1···r4 q} = −ϵ_{r1···r4} ∂_q ln Z R_{q1···q5} = ϵ_{q1···q6} ∂^{q6} ln Z , (7.4) where Z(y) is a warp factor depending on the coordinates y^q of X_6 (q = 1, · · · 6) and the indices r = 0, 1, 2, 3 are those of the space–time M_4 in a local Lorentz frame. When Z(y) =^{ρ4}_{r4} , r^2 = y_q y_q, the metric (7.3) reduces to that of AdS_5 × X_5. The explicit form of H_3, R_3 and of the axion–dilaton depends on the compactification solution and will not be given here (see [71] for a review and references).

In what follows we shall work in the static gauge ξ^m = x^m for the brane worldvolume coordinates. We shall restrict ourselves to situations which allow for static brane configurations, i.e. those whose oscillating modes do not depend on time variable ∂_0 x^i(ξ) = 0.

7.1 D5 branes in AdS_5 × S^5 and AdS_5 × X_5

Let us consider the example of a probe D5 brane wrapping S^5 in the conventional AdS_5 × S^5 background, or a (Sasaki–)Einstein space X_5 in AdS_5 × X_5, and having the time direction in AdS_5. For an AdS_5 observer it thus looks like a particle. The D5 brane wrapping S^5 has been under extensive study from various perspectives [44]–[48], in particular, as a manifestation of the Hanany–Witten effect [72] and as a baryon vertex of an effective D = 4 gauge theory [42, 43].

We add to these results the derivation of the explicit form of the linearized Dirac equation for the fermionic modes on this “baryonic” D5 brane.

Since R_5 is given by eq. (7.2) and other fluxes are zero, and if the D5 brane is static and if it does not have modes excited in transverse directions, i.e. ∂_mx^i (ξ) = 0, the D5 brane scalar field equation (3.23), (3.27) reduces to

K_{ab}^i (η + F )^{−1ba} = 0 ,

where the second fundamental form K_{ab}^i describing the embedding of the D5 brane worldvoulme into target space–time has been defined in (3.26).

The BI equation (3.11) takes the form ∂_m ( (g + F )^{−1 [ml]} √ |g + F | ) = 1 5! ϵ^{l m1···m5} R_{m1...m5} , (7.5) where g_{mn} is the (almost minus signature) metric in the D5 brane worldvolume induced by embedding into AdS_5 × X_5 (7.1) which for the static D5 wrapping X_5 is

ds^2_{D5} = ( r ρ )_2 dx^2_0 − ρ^2 ds^2_{X5} (7.6) 38

Taking into account (7.6) one gets the following BI equation for the static D5 brane D_m ( (g + F )^{−1 [ml]} √ |η + F | ) = 1 5! √ |g_{D5}| ϵ^{l m1···m5} R_{m1 ...m5} = 4 ρ ρ r δ^{l0} = 4 r δ^{l0} , (7.7)

where r is the radial coordinate of AdS^5 (see (7.1)). For the static D5 brane r takes a constant value on its worldvolume, i.e. ∂_m r = 0.

We notice that the R_5 flux (7.4) produces the source term to the electric part of the BI field strength which thus cannot be zero.

In the linear BI field approximation eq. (7.7) reduces to

D^q F^{q0} = 4 r , D_{q2} F^{q2q1} − ∂_0 F^{q1 0} = 0 , q = 1, · · · , 5 , (7.8)

where D_q is the covariant derivative on X_5. We thus get the Maxwell equation for the electric field F^{q0} on the X_5 surface of the D5 brane which is electrically charged with the constant charge density 1/r.

In the case in which the magnetic part F_{q1q2} of the worldvolume field strength is zero^{13} the equations (7.8) reduce to the Poincare equation for the static electric potential A^0 on X_5 with the constant source D_q D_q A^0 = △ A^0 = 4 r . (7.9)

This equation, as well as the Born–Infeld equation (7.7) and the Maxwell equation (7.8) (which imply that the vector V^q = (η + F )^{−1 q0} √ |η + F | must have a constant divergence D_q V^q =^1_r ) do not have solutions on the compact manifold X_5 and in particular on S^5. The physical explanation of this is that since the D5 brane carries an effective electric charge there should be an electric flow in a direction orthogonal to S^5. This flow can be associated with N strings attached to S^5, extended along the radial direction of AdS_5 and ended on its Minkowski space boundary [42], which is formed at the near horizon limit by N coincident D3 branes. The charge of these N strings compensates N unites of the R_5 flux on S_5.

This points to the well known fact that the brane cannot smoothly wrap X_5, i.e. the condition ∂_m x^i(ξ) = 0 is not consistent and should be relaxed. In particular, if a brane mode is excited along the radial coordinate r of AdS_5 (along which the N strings joining D5 with the Minkowski boundary are stretched), r(ξ) becomes a function of the D5 worldvolume coordinates of S^5 and does not depend on x_0 (∂_0 r = 0), the source in the BI equation becomes non–constant and the BI equation with a properly behaved r(ξ) has (supersymmetric) solutions [44]–[48].

Indeed, the D5 brane worldvolume metric becomes

ds^2_{D5} = ( r ρ )_2 dx^2_0 − (ρ r )_2

∂_{q1} r ∂_{q2} r dξ^{q1} dξ^{q2} − ρ^2 ds^2_{X5} (7.10)

13Effects of a non–zero self–dual magnetic field F_{q1 q2} have been recently studied in [49].

(where ξ^q are the coordinates of X_5) and the BI equation takes the following form D_m ( (g + F )^{−1 [ml]} √ |η + F | ) =^1_{5!}^ρ_r^1 √ 1+(^ρ_r )^2 ∂q r ∂^q r δ^{l0}ϵ^{q1···q5} R^{X5}_{q1...q5} (7.11) =^4 r √ 1+(^ρ_r )^2 ∂q r ∂^q r δ^{l0} . (the indices q in ∂_qr ∂^qr are contracted with the metric^1_{ρ2} g^{q1q2} on X_5). The right hand side of this equation is non–constant and allows for solutions in X_5.

For such a D5–brane configuration the Dirac equation (6.11) takes the form

D_b Θ γ_a (η + F )^{−1 ab} +^1_2 K_{(bc)}^i Θ γ^iγ̃^c_a[F (η + F )^{−1}]^{ab} = (7.12) −^1_{8·4!} Θ R_{ab1···b4} γ^{b1...b4} γ_c(η − F )^{−1 ca}h^{T −1} = = −^1 2 ρ √ 1+(^ρ_r )^2 ∂q r ∂^q r Θ [ (η − F )^{−1b0} +^ρ_r γ_0 γ̃_q (η − F )^{−1bq} ] γ_b γ̄ h^{T −1} +

+^1_{2 r} Θ ∂_{q̃} r e^{q̃}_a (ξ) [ γ_b (η − F )^{−1 ba} − γ^a γ̃_0γ_b (η − F )^{−1 b0} +^r_ρ γ^{aq} γ_0 γ̃^b (η − F )^{−1}_{bq} ] γ^r γ̄ h^{T −1} , where b = (a, i), with a = (0, q) being tangent space worldvolume indices and q = 1, · · · , 5 corresponding to X_5, i = 1, 2, 3, r denote the directions transverse to the D5 brane with the index r being of the radial AdS_5 direction, e^m_a (ξ) = (e^{q̃}_a , e^0_a ), e^{q̃}_0 = e^0_q = 0, is the inverse vielbein associated with the induced worldvolume metric (7.10), γ̄ =^1_{6!} ϵ_{a1···a6} γ̃^{a1} · · · γ^{a6} and

γ̄ h^{T −1} =^1√_{|η+F |} ( 1 −^1_2 γ̃^{a1a2} F_{a1a2} −^1_8 γ̃^{a1a2a3a4} F_{a1a2} F_{a3a4} −^1_{2·4!} ϵ^{a1 ···a6} F_{a1a2} F_{a3a4} F_{a5a6} γ̄ ) . The equation (7.12) tells us how the worldvolume fermions interact with the non–zero worldvolume flux F_2 induced by the background R_5 flux.

Analogously, one can consider the dual case, i.e. a D5 brane filling AdS_5 and wrapping a cycle in X_5. The form of the equations remain the same with only difference that the time component gets replaced with the component corresponding to the cycle in X_5 wrapped by the D5 brane. A warp compactification counterpart of this situation will be considered in Subsection 7.2.1.

7.2 D5 and D7 branes in warped compactification backgrounds

Let us consider D5 and D7 branes in a more generic, warped M_4 ×_w X_6 compactification background introduced in the beginning of Subsection 7. To simplify things we shall mainly restrict ourselves to backgrounds with a constant dilaton–axion except for the example of a D5–brane instanton. Recall that, to preserve Lorentz invariance in M_4 the three form fluxes H_3 and R_3 along M_4 are assumed to be zero.

7.2.1 Space–time filling D5 brane

Consider a D5 brane that fills the effective four–dimensional space–time and wraps a two– cycle in X_6. This brane configuration participates e.g. in the tadpole cancelation (see [71] for a review and references). The D5 brane equations take the following form.

The worldvolume scalar field equation is (3.23), (3.26), (3.27)

e^{−Φ} K^i_{ba} (η + F )^{−1(ab)} = e^{−Φ} D^i Φ − e^{−Φ} 2 H^i_{ab} (η + F )^{−1ab} − 1 6! 1 √ |η + F | ϵ^{a1 ···a6} R^i_{a1···a6} (7.13) − 1 2 · 4! 1 √ |η + F | ϵ^{a1 ···a6} R^i_{a1···a4} F_{a5a6} − 1 16 1 √ |η + F | ϵ^{a1 ···a6} R^i_{a1a2} F_{a3 a4} F_{a5 a6} − 1 2 · 4! 1 √ |η + F | ϵ^{a1···a6} F_{a1a2} F_{a3a4} F_{a5a6} R^i , where the first and the last term vanish in the constant axion–dilaton background.

In the case when the brane is static and does not fluctuate in orthogonal directions, and taking into account that R_7 = −R^∗_3 and the form of R_5 (7.4), the equation (7.13) in the linear BI field approximation reduces to

e^{−Φ} K_a^{ai} = e^{−Φ} D^i Φ + e^{−Φ} 2 H^i_{q1q2} F^{q1q2} + 1 6 ϵ^i_{i2i3i4} R_{i2i3i4} − 1 2 ϵ^{q1q2} F_{q1q2} ∂^i ln Z(y) + O(F F ) . (7.14) Recall that the index i = 1, 2, 3, 4 corresponds to the four directions in X_6 transversal to the brane, q_1, q_2 = 1, 2 correspond to the directions of X_6 along the brane and the indices r are those of M_4 which is part of the worldvolume, i.e. a = (r_1, · · · , r_4, q_1, q_2).

The BI equation for the D5 brane is D_b ( e^{−Φ} (η + F )^{−1 [ba]} √ |η + F | ) = 1 5! ϵ^{ab1 ···b5} R_{b1···b5} + 1 2 · 3!

ϵ^{ab1 ···b5} R_{b1b2b3} F_{b4b5} (7.15) + 1 8 ϵ^{acb1···b4} R_c F_{b1b2} F_{b3b4} , where again the last term vanishes in the constant axion–dilaton background R_c = 0 = Φ, which we shall further assume.

If the space–time M_4 filling D5 brane does not fluctuate in X_6, the second term of the right hand side of (7.15) also vanishes (since R_3 with any number of indices in M_4 is zero) and in the linear approximation eq. (7.15) reduces to the Maxwell equation

D_b F^{ba} = − 1 5! ϵ^{ab1 ···b5} R_{b1···b5} = −δ^a_{q1} ϵ^{q1q2} ∂_{q2} ln Z ⇒ (7.16) ⇒ D_b F^{br} = 0, D_b F^{bq1} = −ϵ^{q1q2} ∂_{q2} ln Z(y) ,

We observe that in the directions of M_4 the worldvolume gauge field equation is source–less, while in the directions of X_6 along the brane it acquires the non–constant source term. We can thus put to zero all components of F_2 along M_4 (in which case the D5–brane configuration preserves M_4 Lorentz invariance). Remaining Maxwell equation for F_{q1q2} is

D_{q2} F^{q2q1} = −ϵ^{q1q2} ∂_{q2} ln Z(y) , ⇒ F_{q1q2} = ϵ_{q1q2} (c + ln Z(y)) ,

where c is an integration constant.

In the full non–linear case, the Born–Infeld equation for the worldvolume field on the X_6 part of the D5–brane worldvolume is similar to the D1–brane equation (6.17) (the difference is only in the sign in the square root because of the Euclidean metric on X_6) and is also exactly solvable ∂_q ( F √ 1 + F^2 ) = ∂_q ln Z ⇒ F = c + ln Z √ 1 − (c + ln Z)^2

, F_{q1q2} = ϵ_{q1q2} F . (7.17)

We see that the worldvolume gauge field may have a non–trivial flux on a two–cycle of X_6 wrapped by the D5 brane. The constant part of its field strength can be regarded as the magnetic field of a monopole located in the center of the compact two–cycle of X_6.

The bosonic equation (7.13) for the static space–time filling D5 brane with the BI field (7.17) in the constant axion–dilaton background takes the following form 1 1 + F^2 K_q^{qi} = F 2(1 + F^2)

H^i_{q1q2} ϵ^{q1q2} − 1 6 √ 1 + F^2 ϵ^{i1i2i3i4} R_{i2i3i4} − ( c − 1 + ln Z) ∂^i ln Z(y) .

(7.18) When deriving (7.18) we took into account that for the static (∂_m x^i = 0) D3 brane under consideration the trace K_r^{ri} of the components of the second fundamental form in M_4 is

K_r^{ri} = −∂^i ln Z (7.19)

which follows from the definition (3.26) of the second fundamental form and the form of the warped M_4 ×_w X_6 metric and connection. Note also that the components K_{qr}^i of the second fundamental form with the index r in M_4 and the index q in X_6 are zero.

Finally, for this D5 brane configuration the Dirac equation is

D_r Θ γ^r +^1_{1+F 2} (D_q Θ γ^q − D_{q2} Θ γ_{q1} ϵ^{q1q2} F ) + =^F_4 Θ γ_i γ̃^{q1q2} ϵ_{q1q2} ∂_i ln Z

+^1_4 Θ γ^{ab} γ^c

[_1 3! ( H_{abc} −^{2+F 2}_{1+F 2} R_{abc} h^{T −1} ) −^1_2 η_{c a} (η − F )^{−1 ad} ( H_{dab} − R_{dab} h^{T −1} ) + (7.20)

+^F_{2·3! (1+F 2)} R_{abc}γ̃_{q1q2} ϵ^{q1q2} h^{T −1} ] −^1_{8·4!} Θ R_{bc1...c4} γ^{c1...c4} γ_a(η − F )^{−1 ab}h^{T −1} + +^1_4 Θ γ_i (1 +^F_2 γ̃^{q1q2} ϵ_{q1q2} ) (_F (1+F^2) Hi q^1q^2 ϵ q_1q_2 + 1 3 √ 1+F^2 ϵii^2i^3i^4 Ri^2i^3i^4 − ∂i ( c + ln Z) 2 ) , where the underlined indices run (as usual) from 0 to 9; a = (r, q); r = 0, 1, 2, 3 are in M_4, q = 1, 2 and transverse i = 1, 2, 3, 4 are in X_6,

h^{T −1} = − 1 √ 1 + F^2 (F − 1 2 ϵ_{q1q2} γ̃^{q1q2} ) γ̃^5 and γ̃^5 = 1 4! ϵ_{r1···r4} γ̃^{r1···r4} . It seems of interest to study in detail this D5 brane configuration in concrete compactification schemes (see [71] and references therein).

7.2.2 D5 brane instanton wrapping Calabi–Yau six–fold

Consider now a Euclidean D5 brane (instanton) wrapping X_6^{14} . Then H_3, R_3 and R_5, which in the general case are non–zero in X_6, can induce a worldvolume flux in the D5 brane worldvolume in virtue of the BI equations.

For the D5–brane instanton on X_6, which does not fluctuate in transverse directions, and the background fluxes are non–zero only on X_6, the both sides of the worldvolume scalar field equation (7.13) are identically zero separately.

The D5 worldvolume field strength must satisfy the Bianchi identity d F_2 = −H_3|_{X6} and obey the BI field equation (3.11). In view of our ansatz (6.31), (6.32) for the Wick rotated R_5 flux in X_6 the BI equation takes the form −D_b ( (δ − F )^{−1 [ba]} √ |δ + F | e^{−Φ} ) = (7.21) = −i ∂^a ln Z +^i_{2·3!} ϵ^{ab1 b2b3b4b5} R_{b1b2b3} F_{b4b5} +^i_8 ϵ^{ab1 b2b3b4b5} R_{b1} F_{b2b3} F_{b4b5} .

Since with our assumption about the Wick rotation, the left hand side of (7.21) is real, while its right hand side is imaginary they should be equal to zero separately. Such an ansatz allows us to find particular solutions of the D5 brane equations of motion. E.g. this imposes the relation between the warp factor and the R_1, R_3 and F_2 fluxes similar to that for the D3 brane instanton of Subsection 6.2.2^{15}

−∂^a ln Z + 1 2 · 3! ϵ^{ab1 b2b3b4b5} R_{b1b2b3} F_{b4b5} + 1 8 ϵ^{ab1b2b3b4b5} R_{b1} F_{b2b3} F_{b4b5} = 0 .

14NS5 brane instantons wrapping a Calabi–Yau manifold in type IIA theory have been studied in [73] and references therein.

15Eric Bergshoeff pointed our attention to the fact that since the axion field C_0 is a pseudoscalar, it should be replaced with iC_0 upon Wick rotation. This, in particular, is required for getting D–instanton solutions in Euclidean type IIB supergravity. In our case this will result in additional factor of i in the term with the R_1 flux and hence in a different splitting of eq. (7.21) into the real and imaginary part, namely D_b ( (δ − F )^{−1 [ba]} √ |δ + F | e^{−Φ} ) = 1 8 ϵ^{ab1b2 b3 b4b5} R_{b1} F_{b2 b3} F_{b4b5} ,

∂^a ln Z = 1 2 · 3! ϵ^{ab1 b2b3 b4b5} R_{b1 b2b3} F_{b4 b5} .

The Dirac equation (6.11) for the D5 brane fermionic modes is (where under the Wick rotation h^{T −1} → i h^{T −1} )

−e^{−Φ} D_b Θ γ_a (δ − F )^{−1 ab} = −^1_8 Θ [ −4 e^{−Φ} γ^a D_a Φ − 2i R_a γ^ah^{T −1}

−2iR_bγ_a(δ + F )^{−1 ab}h^{T −1} + iR_c γ^c γ̃_b γ_a (F (δ + F )^{−1})^{ab}h^{T −1} ] (7.22)

+^1_4 Θ

[_1 3! γ^{abc} ( e^{−Φ} H_{abc} − 2i R_{abc} h^{T −1} ) +^1_2 γ^{cd}γ_a (δ + F )^{−1 ab} ( e^{−Φ} H_{bcd} − i R_{bcd} h^{T −1} ) − +^i_{2·3!} R_{cdf} γ^{cdf}γ̃_b γ_a (F (δ + F )^{−1})^{ab}h^{T −1} ]

+^1_8 Θγ^5 γ_a ∂_b ln Z (δ + F )^{−1 ab}h^{T −1} +^i_8 Θ γ_{cb} γ_a∂^c ln Z (δ + F )^{−1 ab}γ̄ h^{T −1} ,

where γ^5 =^1_{4!} ϵ_{i1···i4} γ^{i1} · · · γ^{i4} is the gamma–five matrix of M_4 orthogonal to the D5 brane worldvolume, γ̄ =^1_{6!} ϵ_{a1···a6} γ̃^{a1} · · · γ^{a6} and

h^{T −1} =^1√_{|δ+F |} ( γ̄ −^1_{2· 4!} ϵ^{a1 ···a6} γ̃_{a1···a4} F_{a5a6} +^1_{16} ϵ^{a1 ···a6} γ̃_{a1a2} F_{a3a4} F_{a5a6}

−^1_{2·4!} ϵ^{a1 ···a6} F_{a1 a2} F_{a3 a4} F_{a5a6} 1 ) . Note that the D5–brane instanton acquires the worldvolume flux also in compactifications on M_4 × X_6 with non–zero fluxes H_3 and R_3 in X_6 but with zero R_5 and R_1.

In such cases the D5 worldvolume flux is defined by the relations

dF_2 = −H_3|_{X6} , D_b ( (δ − F )^{−1 [ba]} √ |δ + F | e^{−Φ} ) = − i 2 · 3! ϵ^{ab1 b2b3b4b5} R_{b1b2b3} F_{b4b5} . Since, as we assume (upon the Wick rotation) the l.h.s. of the latter equation is real and the r.h.s. is imaginary, they must vanish separately which imposes further condition on F_{ab}

R_3 F_2 = 0 ⇒ d (R_3 F_2) = −R_3 H_3 = 0 . (7.23)

The simplest situation when the above equation is satisfied is R_3 = 0. This takes place in the compactification solutions of Type A in the Table 3.4 of [71].

In such a background the Dirac equation of the D5 brane instanton is

D_b Θ γ_a (δ − F )^{−1 ab} = −^1_8 Θ ( 4 γ^a D_a Φ +^1_3 γ^{abc} H_{abc} + γ^{cd}γ_a (δ + F )^{−1 ab}H_{bcd} ) . (7.24)

It will be of interest to analyze non–perturbative effects due to the D5 brane instantons in effective four–dimensional theory.

7.2.3 Compact space filling D7 brane

A D7 brane wraps X_6 and its worldvolume has time and one space direction along M_4. So it looks like a string for an observer living in M_4. The D7 brane scalar field equation is (3.23), (3.27)

e^{−Φ} K^i_{ba} (η + F )^{−1(ab)} = e^{−Φ} D^iΦ −^{e−Φ}_2 H^i_{ab} (η + F )^{−1ab}

+^1√_{|η+F |} ( −ϵ^{ij} R^j +^1_{16·4!} ϵ^{a1 ···a8} F_{a1 a2} F_{a3 a4} F_{a5a6} F_{a7a8} R^i

(7.25) −^1_2 ϵ^{ij} R^{jab} F_{ab} +^1_{16·3!} ϵ^{a1···a8} R^i_{a1a2} F_{a3a4} F_{a5a6} F_{a7a8}

+^1_{8·4!} ϵ^{a1 ···a8} R^i_{a1a2a3a4} F_{a5a6} F_{a7a8} ) . The second fundamental form K^i_{ba} of the embedded D7 brane worldvolume is defined in (3.26).

If the brane is static and does not fluctuate along the transverse space directions, for a given M_4 Lorentz preserving configuration of non–zero fluxes H_3, R_3 and R_5 in X_6 and a constant axion–dilaton, the right hand side of (7.25) vanishes. Also K^i_{ba} = 0 for such a static embedding into the warped background, due to the definition (3.26) of the second fundamental form and because x^i are transverse directions in M_4 on which the warp factor Z(y) does not depend. In this case the BI equation takes the form D_b ( (η + F )^{−1 [ba]} √ |η + F | ) = − 1 2 δ^a_q ϵ^{r1r2} F_{r1r2} ∂_q ln Z − δ^a_{r1} ϵ^{r1r2} F_{r2q} ∂_q ln Z

(7.26) − 1 4! δ^a_q ϵ^{qq1q2q3q4q5} ϵ^{r1r2} (R_{q1q2q3} F_{q4q5} F_{r1r2} − 2R_{q1q2q3} F_{r1q4} F_{r2q5} ) − 1 3! δ^a_{r1} ϵ^{r1r2} ϵ^{q1q2q3q4q5q6} R_{q1q2q3} F_{r2q4} F_{q5q6} where a = (r_1, r_2, q) is the D7 worldvolume index, the index q corresponds to the X_6 part of the D7 brane, the indices r_1, r_2 label the two directions of the D7 worldvolume along M_4 and the indices i, j = 1, 2 correspond to the M_4 orthogonal directions. The BI field strength satisfies the Bianchi identity dF_2 = −H_3|_{X6} and thus at least F_{q1q2} in X_6 is intrinsically non–zero if the pullback of the NS–NS flux is non–zero.

Finally the static D7 brane Dirac equation is

D_b Θ γ_a (η + F )^{−1 ab} = (7.27)

−^1_8 Θ γ_{q1q2} γ_a

[_1 3 δ^a_{q3} ( H_{q1q2q3} − 3R_{q1q2q3} h^{T −1} ) − (δ − F )^{−1 a}_{q3} ( H_{q1q2q3} − R_{q1q2q3} h^{T −1} )

−^1_{3!} δ^a_{q3} R_{q1q2q3} γ̃_b γ_c (F (η − F )^{−1})^{cb}h^{T −1} ] −^1_{8·4!} Θ ϵ^{q1···q6} γ_{q1···q4} ∂_{q5} ln Z γ^a(η − F )^{−1}_{aq6} h^{T −1}

−^1_{16} Θ ϵ_{ij} γ^{ij} γ^{r1} ϵ_{r1r2} (η + F )^{−1 r2a} ∂_q ln Z γ̃_q γ_a h^{T −1} ,

where

h^{T −1} =^1√_{|η+F |} ( γ̄ −^1_{2·6!} ϵ^{a1 ···a8} γ̃_{a1···a6} F_{a7a8} +^1_{8·4!} ϵ^{a1···a8} γ̃_{a1···a4} F_{a5a6} F_{a7a8} −^1_{16·3!} ϵ^{a1···a8} γ̃_{a1a2} F_{a3a4} F_{a5a6} F_{a5a6} +^1_{16·4!} ϵ^{a1···a8} F_{a1a2} F_{a3a4} F_{a5a6} F_{a5 a6} 1 ) and γ̄ =^1_{8!} ϵ^{a1···a8} γ̃_{a1···a8} .

7.2.4 Space–time filling D7 brane

A D7 brane fills M_4 and wraps a four–fold in X_6. Such a D7–brane takes part in the tadpole cancelation and gaugino condensation (see [71] for a review and references). The role of D7 brane worldvolume fluxes in the generation of supersymmetry breaking terms in effective four–dimensional theory has been discussed in [34, 36].

If the D7 brane is static and does not fluctuate in the transverse directions of X_6 its scalar field equation is similar to (7.25) and in the constant axion–dilaton background takes the form

K^i_{ba} (η + F )^{−1(ab)} = −^1_2 H^i_{q1q2} (η + F )^{−1q1q2} −^1_2√_{|η+F |} ϵ^{ij} R^j_{q1q2} F^{q1q2}

(7.28) +^1_8√_{|η+F |} ∂^i ln Z F_{q1q2} F_{q3q4} ϵ^{q1···q4} −^1_8√_{|η+F |} ϵ^{ij} ∂^j ln Z F_{r1r2} F_{r3r4} ϵ^{r1···r4}

+^1

4·4! √_{|η+F |} ϵ^{a1···a8} R^i_{a1a2} F_{a3a4} F_{a5a6} F_{a7a8} , where the second fundamental form K^i_{ba} of the embedded worldvolume has been defined in (3.26), a = (r, q) is the D7 worldvolume index, the indices r correspond to the M_4 part of the D7 brane and the indices q = 1, 2, 3, 4 label the four directions of D7 along X_6. The indices i denote two directions of X_6 orthogonal to D7. Z(y) is the warp factor defining the R_5 flux (7.4).

The equation of motion of the D7–brane BI field (satisfying the Bianchi identity dF_2 = −H_3) is D_b ( (η + F )^{−1 [ba]} √ |η + F | ) =^1_2 δ^a_q ϵ_{i1i2} R^{qi1i2} −^1_2 δ^a_{q1} ϵ^{q1q2q3q4} F_{q2q3} ∂_{q4} ln Z

(7.29) −^1_{2·3!} δ^a_{r1} ϵ^{r1r2r3r4} ϵ^{q1q2q3q4} R_{q1q2q3} F_{q4r2} F_{r3r4} −^1_{2·4!} δ^a_{q1} ϵ^{q1q2q3q4} R_{q2q3q4} F_{r1r2} F_{r3r4} ϵ^{r1r2r3r4} .

We can further assume that for the space–time filling D7–brane configuration to preserve M_4 Lorentz invariance, the vacuum value of its Born–Infeld field in M_4 is zero, namely

F_{r1r2} = F_{rq} = 0. Then, taking into account that the trace of the components of the second fundamental form along warped M_4 is given by eq. (7.19), the bosonic equations (7.28) and (7.29) reduce, respectively, to

K_{q2q1}^i (δ + F )^{−1(q1q2)} = −∂^i ln Z −^1_2 H^i_{q1q2} (δ − F )^{−1q1q2} +^1_2√_{|δ+F |} ϵ^{ij} R^j_{q1q2} F^{q1q2}

(7.30) −^1_8√_{|δ+F |} ∂^i ln Z F_{q1q2} F_{q3q4} ϵ^{q1···q4} and D_{q2} ( (δ − F )^{−1 [q2q1]} √ |δ + F | ) = − 1 2 ϵ_{i1i2} R^{q1i1i2} + 1 2 ϵ^{q1q2q3q4} F_{q2q3} ∂_{q4} ln Z . (7.31)

For F_{r1r2} = F_{rq} = 0 in M_4, the Dirac equation has the following form

D_r Θ γ^r − D_{q1} Θ γ_{q2} (δ − F )^{−1 q1q2} −^1_2 K_{(q2q1)}^i Θ γ^iγ̃^{q1}_{q3} [F (δ − F )^{−1}]^{q3q2} =

−^1_8 Θ γ_{q1q2} γ_{q3}

[_1 3 ( H_{q1q2q3} − 3R_{q1q2q3} h^{T −1} ) − (δ − F )^{−1 q3}_{q4} ( H_{q1q2q4} − R_{q1q2q3} h^{T −1} )

+^1_{3!} R_{q1q2q3} γ̃_{q4} γ_{q5} (F (δ + F )^{−1})^{q5q4} h^{T −1} ] −^1_2 Θ γ^5 (γ_q ∂_q ln Z + γ_i ∂_i ln Z) h^{T −1} (7.32) +^1_{16·3!} Θ γ^i ϵ_{ij} ∂^j ln Z ϵ_{q2q3q4q5}γ̃^{q2q3q4} γ_{q1} (δ − F )^{−1 q5q1} h^{T −1}

−^1_{64} Θ γ^{ij} ϵ_{ij} ϵ_{q2q3q4q5} ∂^{q4} ln Z γ̃^{q2q3} γ̃_{q1} (δ − F )^{−1 q5q1} h^{T −1}

−^1_8 Θ γ^5 ∂_{q1} ln Z (δ − F )^{−1q1q2} γ_{q2} h^{T −1} +^1_4 Θ γ_i H_{iq1q2} (δ − F )^{−1q1q2}

−^1_4√_{|δ+F |} Θ γ_i ϵ^{ij} R_{jq1q2} F^{q1q2} +^1_{16} √_{|δ+F |} Θ γ_i ∂_i ln Z F_{q1q2} F_{q3q4} ϵ^{q1q2q3q4} ,

where γ^5 =^1_{4!} ϵ_{r1r2r3r4} γ^{r1r2r3r4} is the gamma–five matrix on M_4 and

h^{T −1} = 1 √ |δ + F | ϵ^{q1q2q3q4} ( 1 4! γ̃_{q1q2q3q4} − 1 4 F_{q1q2} (γ̃_{q3q4} − 1 2 F_{q3q4} 1) ) γ̃^5 .

In the case when F_2 is self–dual or anti–self–dual on the four–cycle of X_6, the Dirac equation can be simplified using the relations for self–dual F_2 given in Subsection 6.2.2.

7.2.5 D3 branes in AdS_3 × S^3 × X_4 and M_4 × S^3 × S^3

In the variety of brane configurations and compactification setups considered in the literature one can easily find other examples when the BI worldvolume field on the brane is non–zero. For instance, consider a compactification of type IIB string theory on AdS_3 × S^3 × X_4 or M_4 × S^3 × S^3 with non–zero H_3 and R_3 fluxes in S^3 and/or AdS_3. Then a D3 brane wrapping S^3 or AdS_3 will carry a non–zero BI field and a corresponding effective charge, like the D5 branes in the examples of Subsection 7.1.

8 Conclusion

We have carried out a detailed analysis of the bosonic and fermionic equations of motion of type IIB D branes in generic supergravity backgrounds with fluxes taking into account the worldvolume BI field. We have presented the explicit form of these equations for each of the Dp branes (p = 1, 3, 5, 7, 9) in the cases in which the H_3 and R_p fluxes along the brane worldvolume are zero and the supergravity backgrounds do not induce the worldvolume BI gauge field. We then gave several examples of brane configurations in which the worldvolume flux is intrinsically non–zero and thus must be taken into account in studying the problems in which such branes are involved.

It would be of interest to analyze further the brane configurations with background and worldvolume fluxes discussed in the above Subsections and other ones and to study their effects in concrete compactification setups, supersymmetry etc., e.g. within the lines of recent papers considering properties and effects of D3, D5 and D7 branes [36] and Euclidean D3 branes [74] on cycles of warped Calabi–Yau manifolds.

Acknowledgements

The authors are grateful to Itzhak Bars, Eric Bergshoeff, Gianguido Dall’Agata, José de Azcárraga, Paolo Pasti, Mario Tonin and Paul Townsend for fruitful and stimulating discussion at various stages of this work. This work was partially supported by research grants of the Ministerio de Educación y Ciencia (FIS2005-02761) and EU FEDER funds, the Generalitat Valenciana (ACOMP06/187, GV05/102), the EU MRTN-CT-2004-005104 grant ‘Forces Universe’, by the INTAS Research Grant 2005–2006–7928, by the MIUR-PRIN-2005 contract and by INFN Special Initiative TS11 (D.S.), and by the Ukrainian State Fund for Fundamental Research n.383 (I.B.). D.S. thanks the MEC of Spain for the sabbatical grant and is grateful to Jose de Azcárraga for warm hospitality extended to him in Valencia.

Appendix

The underlined indices a, b, . . . = 0, 1, · · · , 9 are D = 10 target space indices. The indices a, b, c, d = 0, 1, · · · p are those of (p + 1)–dimensional Dp–brane worldvolume and the indices i, j, k = 1, · · · , 9 − p are of the directions orthogonal to the worldvolume.

We use the mostly minus convention for the Minkowski metric η^{ab} = diag (+, − · · · , −). The unit antisymmetric tensor ϵ^{a0···a9} is defind as follows ϵ^{0123456789} = 1 and γ^0γ̃^1 · · · γ̃^9 = −γ̃^0γ^1 · · · γ^9 = 1, where γ^a_{αβ} and γ̃^{a αβ} are 16 × 16 (symmetric) matrix counterparts of the Pauli matrices satisfying the relations

γ^a γ̃^b + γ^b γ̃^a = 2 η^{ab} , γ^{[a1} γ̃^{a2} · · · γ^{a5]} = 1 5! ϵ^{a1···a5 a6···a10} γ_{a6} γ̃_{a7} · · · γ_{a10} . (8.33) Note that there is no “charge conjugation” matrix in D = 10 which would lower or rise 16– component Majorana–Weyl spinor indices α, β. This is why one should distinguish between γ^a_{αβ} and γ̃^{a αβ}.

The explicit expression for the generalized covariant derivative acting on the κ–symmetry projector matrix h in the concise form of the bosonic equations (5.1) in the Einstein frame is D_bh = D_bh +^1_8 { H/ γ̃_b + γ_b H̃/ , h } −^1_{4(p+1)} {H/ γ̃^c , h} (η + F )_{cb} −

−^1_4 [∇/Φ γ̃_b , h] −^1_{2(p+1)} [∇/Φ γ̃^c , h] (η + F )_{cb} −

−^1_8 e^Φ ( γ_b R̃/_1 + hγ_b R̃/_1 h ) −^1_{2(p+1)} e^Φ (R/_1 γ̃^c (η − F )_{cb} − h R/_1 γ̃^c h(η + F )_{cb}) +

+^1_8 e^12^Φ ( γ_b R̃/_3 − hγ_b R̃/_3 h ) +^1_{4(p+1)} e^12^Φ (R/_3 γ̃^c (η − F )_{cb} + h R/_3 γ̃^c h (η + F )_{cb}) −

−^1_{16} ( γ_b R̃/_5 + h γ_b R̃/_5 h )

where the slashed objects imply the contraction of the components of D = 10 n–forms W_n (n = 1, 3, 5) with γ^a_{αβ} and γ̃^{a αβ} such that W/_n :=^1_{n!} γ^{a1···an} W_{a1···an} and ~W/_n :=^1_{n!} γ̃^{a1···an} W_{a1···an} .

References

[1] E. Bergshoeff, E. Sezgin and P. K. Townsend, “Supermembranes And Eleven- Dimensional Supergravity,” Phys. Lett. B 189 (1987) 75.

E. Bergshoeff, E. Sezgin and P. K. Townsend, “Properties Of The Eleven-Dimensional Super Membrane Theory,” Annals Phys. 185 (1988) 330.

[2] I. A. Bandos, K. Lechner, A. Nurmagambetov, P. Pasti, D. P. Sorokin and M. Tonin, “Covariant action for the super-five-brane of M-theory,” Phys. Rev. Lett. 78 (1997) 4332 [arXiv:hep-th/9701149].

M. Aganagic, J. Park, C. Popescu and J. H. Schwarz, “World-volume action of the M-theory five-brane,” Nucl. Phys. B 496 (1997) 191 [arXiv:hep-th/9701166].

[3] P. K. Townsend, “D-branes from M-branes,” Phys. Lett. B 373 (1996) 68 [arXiv:hepth/9512062].

[4] M. Cederwall, A. von Gussich, B. E. W. Nilsson and A. Westerberg, “The Dirichlet super-three-brane in ten-dimensional type IIB supergravity,” Nucl. Phys. B 490 (1997) 163 [arXiv:hep-th/9610148].

[5] M. Cederwall, A. von Gussich, B. E. W. Nilsson, P. Sundell and A. Westerberg, “The Dirichlet super-p-branes in ten-dimensional type IIA and IIB supergravity,” Nucl. Phys. B 490 (1997) 179 [arXiv:hep-th/9611159].

M. Aganagic, C. Popescu and J. H. Schwarz, “D-brane actions with local kappa symmetry,” Phys. Lett. B 393 (1997) 311 [arXiv:hep-th/9610249].

[6] E. Bergshoeff and P. K. Townsend, “Super D-branes,” Nucl. Phys. B 490 (1997) 145 [arXiv:hep-th/9611173].

[7] P. S. Howe and E. Sezgin, “Superbranes,” Phys. Lett. B 390 (1997) 133 [arXiv:hepth/9607227].

P. S. Howe and E. Sezgin, “D = 11, p = 5,” Phys. Lett. B 394 (1997) 62 [arXiv:hepth/9611008].

[8] P. S. Howe, E. Sezgin and P. C. West, “Covariant field equations of the M-theory five-brane,” Phys. Lett. B 399, 49 (1997) [arXiv:hep-th/9702008]. I. A. Bandos, K. Lechner, A. Nurmagambetov, P. Pasti, D. P. Sorokin and M. Tonin, “On the equivalence of different formulations of the M theory five-brane,” Phys. Lett. B 408 (1997) 135 [arXiv:hep-th/9703127].

[9] I. A. Bandos, D. P. Sorokin and M. Tonin, “Generalized action principle and superfield equations of motion for D = 10 D p-branes,” Nucl. Phys. B 497 (1997) 275 [arXiv:hepth/9701127].

[10] I. A. Bandos, J. A. de Azcárraga and J. M. Izquierdo, “Supergravity interacting with bosonic p-branes and local supersymmetry”, Phys. Rev. D65, 105010 (2002) [arXiv:hep-th/0112207].

I. A. Bandos, J. A. de Azcárraga, J. M. Izquierdo and J. Lukierski, “On dynamical supergravity interacting with super–p–brane sources”, in 3rd International Sakharov Conference, Moscow, June 24-29, 2002. Proceedings, Scientific World Publ. Co, Edts. A. Semikhatov et. al., 2003 Vol. 2, pp. 312-324. [hep-th/0211065] and refs., therein; I. A. Bandos and J. M. Isidro, “D = 4 supergravity dynamically coupled to superstring in a superfield Lagrangian approach,” Phys. Rev. D 69, 085009 (2004) [arXiv:hepth/0308102].

[11] I. A. Bandos, J. A. de Azcárraga, J. M. Izquierdo and J. Lukierski, ”D = 4 supergravity dynamically coupled to a massless superparticle in a superfield Lagrangian approach,” Phys. Rev. D67, 065003 (2003) [arXiv:hep-th/0207139].

[12] B. de Wit, K. Peeters and J. Plefka, “Superspace geometry for supermembrane backgrounds,” Nucl. Phys. B 532, 99 (1998) [arXiv:hep-th/9803209].

[13] I. N. McArthur, “Superspace Normal Coordinates,” Class. Quant. Grav. 1 (1984) 233.

[14] I.A. Bandos and V.G. Zima, “Normal Gauge In N=1 Supergravity,” Preprint ITF–85– 85P, ITP Kiev, Ukraine, 1985 [in Russian] (see also[11] .

[15] M. T. Grisaru and M. E. Knutt, “Norcor vs the abominable gauge completion,” Phys.

Lett. B 500 (2001) 188 [arXiv:hep-th/0011173].

[16] D. Tsimpis, “Curved 11D supergeometry,” JHEP 0411 (2004) 087 [arXiv:hepth/0407244].

[17] A. De Castro and A. Restuccia, “Super five brane Hamiltonian and the chiral degrees of freedom,” Phys. Rev. D 66 (2002) 024037 [arXiv:hep-th/0204052].

[18] R. Kallosh, J. Rahmfeld and A. Rajaraman, “Near horizon superspace,” JHEP 9809, 002 (1998) [arXiv:hep-th/9805217].

B. de Wit, K. Peeters, J. Plefka and A. Sevrin, “The M-theory two-brane in AdS(4) x S(7) and AdS(7) x S(4),” Phys. Lett. B 443, 153 (1998) [arXiv:hep-th/9808052]. P. Pasti, D. P. Sorokin and M. Tonin, “On gauge-fixed superbrane actions in AdS superbackgrounds,” Phys. Lett. B 447 (1999) 251 [arXiv:hep-th/9809213]. P. Claus, “Super M-brane actions in AdS(4) x S(7) and AdS(7) x S(4),” Phys. Rev. D 59 (1999) 066003 [arXiv:hep-th/9809045].

[19] K. Becker, M. Becker and A. Strominger, “Five-branes, membranes and nonperturbative string theory,” Nucl. Phys. B 456, 130 (1995) [arXiv:hep-th/9507158].

[20] E. Witten, “Non-Perturbative Superpotentials In String Theory,” Nucl. Phys. B 474, 343 (1996) [arXiv:hep-th/9604030].

[21] J. A. Harvey and G. W. Moore, “Superpotentials and membrane instantons,” hepth/9907026.

[22] E. I. Buchbinder, R. Donagi and B. A. Ovrut, “Vector bundle moduli superpotentials in heterotic superstrings and M-theory,” JHEP 0207, 066 (2002) [arXiv:hep-th/0206203].

[23] M. Graña, “D3-brane action in a supergravity background: The fermionic story,” Phys.

Rev. D 66, 045014 (2002) [arXiv:hep-th/0202118].

[24] D. Marolf, L. Martucci and P. J. Silva, “Actions and fermionic symmetries for D-branes in bosonic backgrounds,” JHEP 0307, 019 (2003); [arXiv:hep-th/0306066];

[25] D. Marolf, L. Martucci and P. J. Silva, “Fermions, T-duality and effective actions for D-branes in bosonic backgrounds,” JHEP 0304, 051 (2003) [arXiv:hep-th/0303209]. L. Martucci, J. Rosseel, D. Van den Bleeken and A. Van Proeyen, “Dirac actions for D-branes on backgrounds with fluxes,” Class. Quant. Grav. 22, 2745 (2005) [arXiv:hepth/0504041].

[26] R. Kallosh and D. Sorokin, “Dirac action on M5 and M2 branes with bulk fluxes,” JHEP 0505, 005 (2005) [arXiv:hep-th/0501081].

[27] D. Lüst, S. Reffert, W. Schulgin and P. K. Tripathy, “Fermion zero modes in the presence of fluxes and a non-perturbative superpotential,” hep-th/0509082.

[28] I. Bandos and J. A. de Azcárraga, “Dirac equation for the supermembrane in a background with fluxes from a component description of the D = 11 supergravitysupermembrane interacting system,” JHEP 0509, 064 (2005) [arXiv:hep-th/0507197].

[29] N. Saulina, “Topological constraints on stabilized flux vacua,” Nucl. Phys. B 720, 203 (2005) [arXiv:hep-th/0503125].

[30] R. Kallosh, A. K. Kashani-Poor and A. Tomasiello, “Counting fermionic zero modes on M5 with fluxes,” JHEP 0506, 069 (2005) [arXiv:hep-th/0503138].

[31] P. K. Tripathy and S. P. Trivedi, “D3 brane action and fermion zero modes in presence of background flux,” JHEP 0506, 066 (2005) [arXiv:hep-th/0503072].

[32] E. Bergshoeff, R. Kallosh, A. K. Kashani-Poor, D. Sorokin and A. Tomasiello, “An index for the Dirac operator on D3 branes with background fluxes,” JHEP 0510, 102 (2005) [arXiv:hep-th/0507069].

[33] J. Park, “D3 instantons in Calabi-Yau orientifolds with(out) fluxes,” hep-th/0507091.

[34] H. Jockers and J. Luis, “D–terms and F–terms from D7–brane fluxes”, Nucl. Phys. B 718 (2005) 203 [arXiv:hep-th/0502059];

H. Jockers,“The effective action of D–branes in Calabi–Yau orientifold comactifications”, Fortschr. Phys. 53 (2005) 1087 [arXiv:hep-th/0507042];

[35] M. P. Garcia del Moral, “A new mechanism of Kahler moduli stabilization in type IIB theory,” JHEP 0604 (2006) 022 [arXiv:hep-th/0506116].

[36] L. Martucci, “D-branes on general N = 1 backgrounds: Superpotentials and D-terms,” JHEP 0606 (2006) 033 [arXiv:hep-th/0602129].

[37] L. Martucci and P. Smyth, “Supersymmetric D-branes and calibrations on general N = 1 backgrounds,” JHEP 0511 (2005) 048 [arXiv:hep-th/0507099].

[38] L. Anguelova and K. Zoubos, Five-brane Instantons vs Flux-induced Gauging of Isometries, hep-th/0606271.

[39] I. A. Bandos, J. A. de Azcárraga, M. Picón and O. Varela, “Generalized curvature and the equations of D = 11 supergravity,” Phys. Lett. B 615 (2005) 127 [arXiv:hepth/0501007].

[40] J. Bovy, D. Luest and D. Tsimpis, “N = 1,2 supersymmetric vacua of IIA supergravity and SU(2) structures,” JHEP 0508, 056 (2005) [arXiv:hep-th/0506160].

[41] V. Akulov, I. A. Bandos, W. Kummer and V. Zima, “D = 10 Dirichlet super-9-brane,” Nucl. Phys. B 527 (1998) 61 [arXiv:hep-th/9802032].

[42] E. Witten, “Baryons and branes in anti de Sitter space,” JHEP 9807 (1998) 006 [arXiv:hep-th/9805112].

[43] D. J. Gross and H. Ooguri, “Aspects of large N gauge theory dynamics as seen by string theory,” Phys. Rev. D 58 (1998) 106002 [arXiv:hep-th/9805129].

[44] Y. Imamura, “Supersymmetries and BPS configurations on Anti-de Sitter space,” Nucl.

Phys. B 537 (1999) 184 [arXiv:hep-th/9807179].

[45] C. G. Callan, A. Guijosa and K. G. Savvidy, “Baryons and string creation from the fivebrane worldvolume action,” Nucl. Phys. B 547, 127 (1999) [arXiv:hep-th/9810092].

[46] B. Craps, J. Gomis, D. Mateos and A. Van Proeyen, “BPS solutions of a D5-brane world volume in a D3-brane background from JHEP 9904, 004 (1999) [arXiv:hepth/9901060].

[47] J. M. Camino, A. V. Ramallo and J. M. Sanchez de Santos, “Worldvolume dynamics of D-branes in a D-brane background,” Nucl. Phys. B 562, 103 (1999) [arXiv:hepth/9905118].

[48] J. Gomis, A. V. Ramallo, J. Simon and P. K. Townsend, “Supersymmetric baryonic branes,” JHEP 9911, 019 (1999) [arXiv:hep-th/9907022].

J. Gomis, P. K. Townsend and M. N. R. Wohlfarth, “The ’s-rule’ exclusion principle and vacuum interpolation in worldvolume JHEP 0212 (2002) 027 [arXiv:hep-th/0211020].

[49] B. Janssen, Y. Lozano and D. Rodriguez-Gomez, The baryon vertex with magnetic flux, hep-th/0606264.

[50] P. S. Howe and P. C. West, “The Complete N=2, D = 10 Supergravity”, Nucl. Phys.

B238(1984) 181.

[51] G. Dall’Agata, K. Lechner and D. P. Sorokin, “Covariant actions for the bosonic sector of D = 10 IIB supergravity,” Class. Quant. Grav. 14 (1997) L195 [arXiv:hepth/9707044].

G. Dall’Agata, K. Lechner and M. Tonin, “D = 10, N = IIB supergravity: Lorentzinvariant actions and duality,” JHEP 9807 (1998) 017 [arXiv:hep-th/9806140].

[52] I. A. Bandos, P. Pasti, D. P. Sorokin, M. Tonin and D. V. Volkov, “Superstrings and supermembranes in the doubly supersymmetric geometrical approach,” Nucl. Phys. B 446 (1995) 79 [arXiv:hep-th/9501113].

[53] I. A. Bandos, “Doubly Supersymmetric Geometric Approach For Heterotic String From Generalized Action Principle To Exactly Solvable Nonlinear Equations,” in: “Rakhiv 1995, Methods in mathematical physics” (Procs. of 12th Hutsulian Workshop on Methods of Mathematical Physics, 11-17 Sep. 1995, Rakhov, Ukraine, Ed. S.S. Moskaliuk). Palm Harbor, Hadronic Pr., 1997. Pp. 33-58 [arXiv:hep-th/9510213].

[54] P. S. Howe, E. Sezgin and P. C. West, “Aspects of superembeddings,” In *Kharkov 1997, Supersymmetry and quantum field theory* 64-78 [arXiv:hep-th/9705093].

[55] D. P. Sorokin, “Superbranes and superembeddings,” Phys. Rept. 329 (2000) 1 [arXiv:hep-th/9906142].

[56] I. A. Bandos, D. P. Sorokin and D. Volkov, “On the generalized action principle for superstrings and supermembranes,” Phys. Lett. B 352 (1995) 269 [arXiv:hepth/9502141].

[57] P. S. Howe, O. Raetzel and E. Sezgin, “On brane actions and superembeddings,” JHEP 9808 (1998) 011 [arXiv:hep-th/9804051].

[58] F. Delduc, A. Galperin, P. S. Howe and E. Sokatchev, “A Twistor formulation of the heterotic D = 10 superstring with manifest (8,0) world sheet supersymmetry,” Phys. Rev. D 47 (1993) 578 [arXiv:hep-th/9207050].

[59] I. A. Bandos and A. A. Zheltukhin, “ Spinor Cartan moving N hedron, Lorentz harmonic formulations of superstrings, and kappa symmetry”, JETP Lett. 54 (1991) 421, I. A. Bandos and A. A. Zheltukhin “ Green-Schwarz superstrings in spinor moving frame formalism”, Phys. Lett. B288, 77 (1992);

I. A. Bandos and A. A. Zheltukhin “D = 10 superstring: Lagrangian and Hamiltonian mechanics in twistor-like Lorentz harmonic formulation”, Phys. Part. Nucl. 25 (1994) 453 .

[60] I. A. Bandos and A. A. Zheltukhin, “Generalization of Newman-Penrose dyads in connection with the action integral for supermembranes in an eleven-dimensional space”, JETP Lett. 55 (1992) 81 [Pisma Zh. Eksp. Teor. Fiz. 55 (1992) 81 ]. I. A. Bandos and A. A. Zheltukhin, “Eleven-dimensional supermembrane in a spinor moving repere formalism”, Int. J. Mod. Phys. A 8, 1081 (1993);

I. A. Bandos and A. A. Zheltukhin, “N=1 super-p-branes in twistor - like Lorentz harmonic formulation”, Class. Quant. Grav. 12, 609 (1995) [arXiv:hep-th/9405113].

[61] M. R. Douglas, “ Branes within branes”, in Strings, Branes and Dualities: Proceedings of the NATO Advanced Study Institute on Strings, Branes and Dualities, Cargese, France, 26 May - 14 Jun 1997 (L. Baulieu et al. Eds), Dordrecht, The Netherlands, Kluwer, 1999, pp. 267-275 [arXiv:hep-th/9512077].

C. Schmidhuber, “D-brane actions”, Nucl. Phys. B467 (1996) 146 [arXiv:hepth/9601003].

M. B. Green, C. M. Hull and P. K. Townsend, “D-Brane Wess-Zumino Actions, T- Duality and the Cosmological Constant”, Phys. Lett. B382 (1996) 65 [arXiv:hepth/9604119].

[62] C. Chryssomalakos, J. A. de Azcárraga, J. M. Izquierdo and J. C. Pérez Bueno, “The geometry of branes and extended superspaces,” Nucl. Phys. B 567 (2000) 293 [arXiv:hep-th/9904137].

[63] E. Bergshoeff, R. Kallosh, T. Ortin and G. Popadopolous, “κ-symmetry, supersymmetry and intersecting branes”, Nucl.Phys. B502 (1997) 149 hep-th/9705040.

[64] V.P. Akulov, I. A. Bandos, W. Kummer and V.G. Zima, “D = 10 Dirichlet super-9- brane”, Nucl. Phys. B527 (1998) 61 [arXiv:hep-th/9802032].

[65] M. Aganagic, C. Popescu and J. H. Schwarz, “Gauge-invariant and gauge-fixed D-brane actions,” Nucl. Phys. B 495 (1997) 99 [arXiv:hep-th/9612080].

[66] I. A. Bandos, “Superembedding approach and S-duality: A unified description of superstring and super-D1-brane,” Nucl. Phys. B 599 (2001) 197 [arXiv:hep-th/0008249].

[67] P. K. Tripathy and S. P. Trivedi, “Compactification with flux on K3 and tori,” JHEP 0303 (2003) 028 [arXiv:hep-th/0301139].

[68] J. H. Schwarz, “Covariant Field Equations Of Chiral N=2 D = 10 Supergravity,” Nucl.

Phys. B 226 (1983) 269.

[69] L. J. Romans, “New Compactifications Of Chiral N=2 D = 10 Supergravity,” Phys.

Lett. B 153 (1985) 392.

[70] G. Dall’Agata, “On supersymmetric solutions of type IIB supergravity with general fluxes,” Nucl. Phys. B 695 (2004) 243 [arXiv:hep-th/0403220].

G. Dall’Agata, “String compactifications with fluxes,” Class. Quant. Grav. 21 (2004) S1479.

[71] M. Graña, “Flux compactifications in string theory: A comprehensive review,” Phys.

Rept. 423 (2006) 91 [arXiv:hep-th/0509003].

[72] A. Hanany and E. Witten, “Type IIB superstrings, BPS monopoles, and threedimensional gauge dynamics,” Nucl. Phys. B 492 (1997) 152 [arXiv:hep-th/9611230].

[73] S. Alexandrov, F. Saueressig and S. Vandoren, “Membrane and fivebrane instantons from quaternionic geometry,” hep-th/0606259.

[74] D. Baumann, A. Dymarsky, I. R. Klebanov, J. Maldacena, L. McAllister and A. Murugan, “On D3-brane Potentials in Compactifications with Fluxes and Wrapped Dbranes,” hep-th/0607050.