arXiv:hep-th/0607167 v2 19 Sep 2006

Thermal D-Brane Boundary States from Green-Schwarz Superstrings

Ion V. Vancea^∗

September 19, 2006

Departamento de Física, Universidade Federal Rural do Rio de Janeiro, BR 465-07-Seropédica CEP 23890-000 RJ, Brasil

Abstract

In this paper we thermalize the type II superstrings in the GS formulation by applying the TFD formalism. The thermal boundary conditions on the thermal Hilbert space are obtained from the BPS D-brane boundary conditions at zero temperature. We show that thermal boundary states can be obtained by thermalization from the BPS D-branes at zero temperature. These new states can be interpreted as thermal D-branes. Next, we discuss the supersymmetry breaking of the thermal string in the TFD approach. We identify the broken supersymmetry with the ϵ-transformation while the η-transformation is preserved. Also, we compute the thermal partition function and the entropy of the thermal string.

∗ionvancea@ufrrj.br

1 Introduction

Recently, there has been an increasing interest in understanding the statistical properties of the D-branes motivated mainly by their phenomenological applications to the strong interactions, the physics of the early Universe and the cosmology, the thermodynamics of the black-holes and the thermal dualities of the string theories. While most of the results obtained thus far concern the calculation of the thermodynamical functions of the strings in the presence of the D-branes and the relations among the area, the entropy and the information in several D-brane models, less attention was given to the structural problem of the thermal D-branes. In particular, one can address the question of the microscopic description of the D-branes at finite temperature and their relation to the thermal string states. This problem can be studied in those limits of the string theories in which there is an explicit formulation of the D-branes, like for example, in the perturbative string theory in the Minkowski spacetime where the D-branes are represented by boundary states constructed from the physical Hilbert space of the perturbative strings.

In previous works [1, 2, 3], we proposed a new method for obtaining thermal boundary states from bosonic D-brane states (see for reviews and related problems [4, 5, 6].) The main idea presented there is to thermalize the bosonic closed string by applying the Thermo Field Dynamics formalism (TFD) [7]. From it, one can either derive the boundary conditions at finite temperature following the same procedure as at zero temperature or to thermalized the zero temperature boundary conditions. The corresponding thermal boundary states are coherent states in the Fock space of the thermal excitations of the string and can be interpreted as thermal D-branes. They describe the behavior of the excitations of the thermal bosonic closed string on the boundary. The statistical properties of strings and string field in the TFD framework have been previously studied in [8, 9, 10, 11, 12, 13, 15, 16, 17, 18, 19, 20]. More recently, the analysis of thermal bosonic open string states [21] and the calculation of string entropy from TFD in pp-wave background were performed in [22, 23]. An important result was obtained in [24] where it was shown the equivalence between the TFD and the Matsubara formalisms, respectively, in the string theory (see also [25, 26].) Although the thermodynamical functions for ensembles of string excitations in the presence of D-branes can be derived in the Matsubara formalism too, in the TFD approach one can determine the actual form of the thermal boundary state from the states of the thermalized string in the same way as it is done at zero temperature. Also, the thermal vacuum state (and, in general, all thermal states) can be obtained and the symmetry breaking can be explicitely shown. Therefore, the method given in [1, 2, 3] can be considered a generalization of the boundary state formalism to finite temperature string theory. In this paper we are going to extend the method to the BPS D-branes of the type II strings.

The description of the BPS D-branes as boundary states can be given in the Green-

Schwarz (GS) superstring theory in which the spacetime supersymmetry is manifest [27, 28, 29, 30]. In this formulation the non-physical degrees of freedom are eliminated by choosing the light-cone gauge. Consequently, the transverse degrees of freedom are classified according to the massless representations of the SO(8) group. In particular, this approach is suitable for calculating the thermal boundary states from the BPS D-branes from the TFD since the quantization is canonical and the thermalization is automatically performed over the physical degrees of freedom only (see [31, 32, 33] for attempts to apply the TFD method to ghost fields.) Moreover, the linear independence of the string oscillators simplifies the structure of the thermal Hilbert space.

This paper is organized as follows. In the next section we give a brief review of the construction of the BPS D-branes in the type II GS superstring. We thermalize the superstring and its boundary condition in Section 3. Here, we discuss the structure of the thermal vacuum and give the thermal boundary states. In Section 4 we analyse the broken supersymmetries of the thermal string and boundary states and discuss the finite temperature partition function and entropy of the thermal string. The last section is devoted to conclusions. Some brief review of TFD formalism and few formulas that are used throughout the text are collected in the appendices.

2 Review of the BPS D-branes in GS Formalism

In this section we are going to review the type II GS superstring and the construction of the BPS D-branes following [34] and [28]. In the Minkowski target space the lightcone gauge is defined by taking X^+ = x^+ + p^+τ and solving for the coordinate X^−. The transverse bosonic coordinates of the superstring are denoted by X^I , where I = 1, 2 . . . , 8. They belong to the vector representation 8_v of SO(8). The fermionic coordinates S^a and S̄^a are spinors from either 8_s or 8_c representations of SO(8). The type IIA D-branes are constructed from superstrings of opposed left and right chiralities, while the type IIB Dbranes are obtained from superstrings of the same chirality. The action for the type II superstring in the light-cone gauge is given by the following relation [34] S_{l.c.g.} = − 1 2 ∫ d^2σ ( T ∂_αX^I ∂^αX^I − i π S̄^{∗A}Γ^−ρ^α_{AB} ∂_αS^B ) , (1)

where S^{∗Aa} = S^{†Bb}(Γ^0)^{ba}(ρ^0)^{BA} represents the conjugation of a spinor in two and eight dimensions and A, B = 1, 2. By ρ^α’s we denote the complex Dirac matrices in two dimensions while Γ^μ’s are the 32 × 32 imaginary Dirac matrices for the spinor representation of SO(1, 9) that satisfy {Γ^μ, Γ^ν } = −2η^{μν} . Also, γ^I ’s stand for the 16 × 16 real symmetric Dirac matrices for the spinor representation of SO(8) that satisfy {γ^I , γ^J } = 2δ^{IJ} . The last two sets of Dirac matrices are related by

Γ^0 = σ_2 ⊗ 1_{16} , Γ^I = iσ_1 ⊗ γ^I , Γ^9 = iσ_3 ⊗ 1_{16}, (2)

where σ_i are the Pauli matrices in the standard representation. The upper off-diagonal elements of γ^I form the matrix γ^I_{aȧ} that acts among the three representations of SO(8).

The action (1) has two supersymmetries. For example, in the type IIA superstring, the supercharges that generate the supersymmetries can be written as two inequivalent spinors Q^a and Q^ȧ from 8_s and 8_c, respectively. The explicit form of the left-moving supercharges is given by the following relations

Q^a = 1 √ 2p^+ ∫_σ 0 dσ S^a(σ) , Q^ȧ = 1 π √ p^+ ∫_σ 0 dσ γ^I_{ȧb}∂X^I S^b(σ). (3) Similar relations hold for the right-moving supercharges. In the type IIB theory the two supercharges belong to the same representation. It is useful to write the superstring fields and the supercharges in terms of their Fourier transforms [34]. The most general solutions of the equations of motion for the type IIB superstring have the form

X^I (τ, σ) = x^I + 2α^′p^I τ + i √ α^′ 2 ∑ n≠0 1 n ( α^I_ne^{−2in(τ −σ)} + ᾱ^I_ne^{−2in(τ +σ)} ) , (4) S^{1a}(τ, σ) = ∑ n S^a_ne^{−2in(τ −σ)} , S^{2a}(τ, σ) = ∑ n S̄^a_ne^{−2in(τ +σ)}, (5)

where ¯ denotes the right-moving modes. In the light-cone gauge the supersymmetry transformations of superstring coordinates can be written as two independent transformations that take the following form

δX^I = √ 2/p^+ ( γ^I_{aȧ}ϵ^{∗ȧ}S^a + γ^I_{aȧ}ϵ̄^{∗ȧ}S̄^a ) , (6) δS^a = √ 2p^+ ( η^a − iρ^α∂_αX^I γ^I_{aȧ}ϵ^ȧ ) , (7) δS̄^a = √ 2p^+ ( η̄^a − iρ^α∂_αX̄^I γ^I_{aȧ}ϵ̄^ȧ ) , (8)

where X^I = X^I + X̄^I is the decomposition of the bosonic field in to the right- and leftmoving components, respectively. The SO(8) spinors (η, η̄) and (ϵ, ϵ̄) parametrize the ηand ϵ-supersymmetry of the right-moving and left-moving fields, respectively. The corresponding generators of the above transformations are

Q^a = i √ p^+(Γ^+S_0)^a + 2i √ 1/p^+ +∞∑ n=−∞ (γ_I S_{−n})^aα^I_n, (9)

Q̄^a = i √ p^+(Γ^+S̄_0)^a + 2i √ 1/p^+ +∞∑ n=−∞ (γ_I S̄_{−n})^aᾱ^I_n. (10)

The BPS Dp-branes are defined by imposing I = 1, 2, . . . , p + 1 Neumann boundary conditions and I = p + 2, . . . , 8 Dirichlet boundary conditions on the superstring equations of motion and requiring that half of the supersymmetries of the theory be preserved. For definites, let us choose the type IIB superstring theory. We define the following linear combinations of supercharges

Q^{±a} = (Q^a ± iM_{ab}Q̄^b) , Q^{±ȧ} = (Q^ȧ ± iM_ȧ˙_bQ̄^ḃ). (11)

The charges Q^{±a} and Q^{±ȧ} contain informations about the presence of the hypersurface defined by the Dp-brane boundary conditions in the matrices M. Upon quantization, they become operators that act on the Hilbert space of the superstring. The breaking of only half of the supersymmetries by the BPS Dp-brane boundary state |B⟩ reduces to the following set of constraints on the Hilbert space [28] (∂X^I − M^I_J ∂X^J )|B⟩ = 0, Q^{+a}|B⟩ = Q^{+ȧ}|B⟩ = 0. (12)

Beside their dependence on the specific choice of Dirichlet and Neumann boundary conditions for the bosonic coordinates, the matrices M^I_J , M_{ab} and M_ȧ˙_b depend on the background fields, too. They have the following general form

M_{IJ} = exp{Ω_{KL}Σ^{KL}_{IJ} } , M_{ab} = exp{ 1 2 Ω_{IJ} γ^{IJ}_{ab} } , M_ȧ˙_b = exp{ 1 2 Ω_{IJ} γ^{IJ}_{ȧḃ} }, (13)

where Ω ∈ SO(8) and

Σ^{KL}_{IJ} = ( δ^K_I δ^L_J − δ^L_I δ^K_J ) , γ^{IJ}_{ab} = 1 2 (γ^I_{aȧ}γ^J_{ȧb} − γ^J_{aȧ}γ^I_{ȧb}). (14)

In the absence of the open superstring condensates on the boundary the matrix M_{IJ} takes the following simple form

M_{IJ} = ( −I_{p+1} 0 0 I_{7−p} ) . The corresponding matrix in the fermionic sector is M_{ab} = (γ^1γ^2 · · · γ^{p+1})_{ab}. In the type IIA superstring the fermionic matrix M_a˙_b contains an odd number of γ’s. These matrices express the rotation suffered by the superstring fields on the boundary.

In order to determine the solution to the equations (12) one can write them in terms of the oscillation modes of the superstring. The bosonic boundary conditions can be written as p̂^I |B⟩ = ( x̂^I − x^I ) |B⟩ = 0 , ( α^I_n − M^I_J ᾱ^J_{−n} ) |B⟩ = 0, (15) where x̂^I and p̂^I are the components of the position and momentum operators of the center of mass of the superstring. The ansatz for the fermionic oscillation modes on the boundary is ( S^a_n + iM_{ab}S̄^b_n ) |B⟩ = 0 , ( S^ȧ_n + iM_ȧ˙_bS̄^ḃ ) |B⟩ = 0. (16)

These equations represent the boundary conditions in the physical Fock space of the superstring. The type IIB BPS D-brane state that solves them has the form of a coherent state [28] |B⟩ = exp ∑ n>0 ( M_{IJ} a^{I†}_n ā^{J†}_n − iM_{ab}S^{a†}_n S̄^{b†}_n ) |B_0⟩, (17) |B_0⟩ = (M_{IJ} |I⟩|J⟩ + iM_ȧ˙_b|ȧ⟩|ḃ⟩). (18) Here, we have switched to the normalized form of the bosonic oscillator operators

a^I_n = 1 √ n α^I_n , a^{I†}_n = 1 √ n α^I_{−n} , n > 0. (19) The zero mode factor defined in (18) is obtained from the degenerate superstring vacuum and it is annihilated by all annihilation operators from the bosonic as well as fermionic sectors. In the absence of the open superstring condensates it can be normalized to unity [28]. However, the BPS D-brane does not belong to the physical Hilbert space of the superstring because it has an infinite norm.

3 Thermal D-Brane Boundary States

In order to determine the thermal boundary states from the BPS D-branes we are going to apply the TFD formalism which is better suited to study the structure of the thermal states. Also, the symmetry and supersymmetry breaking is manifest in the TFD approach [7]. In the first subsection we are going to discuss the total system made of superstring degrees of freedom and the relevant degrees of freedom of the thermal reservoir. After that, we will derive the boundary conditions at finite temperature from the BPS D-brane boundary conditions at zero temperature. Next, we will show that a solution can be find by thermalizing the boundary states at T = 0.

3.1 The Total System at T = 0

When the GS superstring is put in contact with a thermal reservoir, its physical properties are described by a 2d field theory at finite temperature. One way to understand the string heating is to imagine that each of its oscillators is heated separately by a corresponding oscillator degree of freedom of the reservoir. The situation is simpler to deal with in the light-cone gauge since the oscillators are independent. This picture is particularly useful if one wants to understand how the D-branes do heat since in the perturbative limit of string theory the D-branes are represented by the boundary states (17) as seen in the previous section.

In the TFD approach [7], the degrees of freedom of the thermal reservoir can be described by an identical copy of the system and the putting the reservoir in contact with the system is called doubling the system (see the Appendix A for a quick glance at the TFD method.) The quantities related to the reservoir will be denoted by a ~ . The physical states of the thermal string belong to the thermal Hilbert space which is obtained from the total Hilbert space of the superstring and the tilde-superstring by a particular temperature dependent transformation. Since one cannot tell which of two is actually the physical system and which stands for the degrees of freedom of the reservoir, ~ should be seen as denoting rather a symmetry of the total system. The tilde-conjugation is realized as an operation on the states and as an involution on the algebra of the operators of the doubled system defined by the axioms (77)-(80) from Appendix A. The doubled system corresponding to the type II superstring in the light-cone gauge has the following (total) action Ŝ_{l.c.g.} = S_{l.c.g.} − S̃_{l.c.g.}, (20) where S_{l.c.g.} was given in the equation (1). Care should be taken when constructing the action S̃_{l.c.g.} since it should be consistent with the tilde-conjugation axioms. By choosing the representation of the Dirac matrices as in the previous section one can show that S̃_{l.c.g.} has the same form as S_{l.c.g.} with all fields replace by the tilde-fields. The action (20) describes the superstring and the degrees of freedom of the thermal reservoir at zero temperature. Apart from the minus sign, the two systems are treated as independent (no interaction term is needed). In particular, the tilde-fields equations of motion derived from the above action are the Klein-Gordon equation and the Dirac equation. Also, we may conclude that the supersymmetry transformations of the tilde-superstring should be the same as those of the superstring, i. e.

δX̃^I = √ 2/p^+ ( γ^I_{aȧ}ϵ̃^{∗ȧ}S̃^a + γ^I_{aȧ}¯ϵ̃^{∗ȧ} ¯S̃^a ) , (21)

δS̃^a = √ 2p^+ ( η̃^a − iρ^α∂_αX̃^I γ^I_{aȧ}ϵ̃^ȧ ) , (22)

δ ~S̄^a = √ 2p^+ ( ~η̄^a − iρ^α∂_α ~X̄^I γ^I_{aȧ}~ϵ̄^ȧ ) . (23)

The ground state |ϕ_0⟩ of the type IIB superstring at T = 0 contains four sectors which are obtained from the tensor product of the left-moving and right-moving bosonic and fermionic massless states |ϕ_0⟩ = {|I⟩|J⟩, |I⟩|b⟩, |a⟩|J⟩, |a⟩|b⟩}. (24)

The states |I⟩ and |a⟩ belong to 8_v and 8_s representations of SO(8). They are obtained from the oscillator vacuum |0⟩_l in the left-moving sector as follows |I⟩ = a^{I†}_1 |0⟩_l , |a⟩ = Θ^a|0⟩_l, (25) where the spin operator satisfies Θ^a = lim_{z→0} Θ^a(z). The ground state in the right-moving sector is obtained in a similar fashion. (In the type IIA superstring spinors of different chirality should be considered.) The ground state of the tilde-superstring |ϕ̃_0⟩ is defined by the same relations with the fields replaced by tilde-fields. The ground state of the total system |ϕ_0⟩⟩ should be tilde-invariant. However, if we take the tensor product |ϕ_0⟩|ϕ̃_0⟩ the products among different sectors are tilde-invariant only if the order of factors is irrelevant, e. g. the states |I⟩|J⟩|ã⟩|J̃⟩ and |Ĩ⟩|J̃⟩|a⟩|J⟩ are mapped into one another only if one can permute freely the states from tilde and non-tilde Hilbert spaces. This shows that there are two possibilities to extend the tilde operation to the vector states: i) by applying the axioms (77)-(80) to the components and taking simultaneously the vector transpose or ii) by applying the axioms without transposing the column vector. However, if one requires that each sector of the total ground state be tilde-invariant, then only the diagonal sectors from the product |ϕ_0⟩|ϕ̃_0⟩ should be taken into account. This condition can be written as

|ϕ_0⟩⟩ = diag(|ϕ_0⟩|ϕ̃_0⟩), (26) (|ϕ_0⟩⟩)~ = |ϕ_0⟩⟩. (27)

From this we see that the sectors of the total thermal ground state are |ϕ_0⟩⟩ = {|I⟩|J⟩|Ĩ⟩|J̃⟩, |a⟩|J⟩|ã⟩|J̃⟩, |I⟩|b⟩|Ĩ⟩|b̃⟩, |a⟩|b⟩|ã⟩|b̃⟩} ≡ {|ϕ⟩⟩|ϕ̄⟩⟩}. (28) The state (28) is tilde-invariant and consistent with the Kronecker product^1. In the second equality we have used the notations |ϕ⟩⟩ = |ϕ⟩|ϕ̃⟩ and |ϕ̄⟩⟩ = |ϕ̄⟩|~ϕ̄⟩, where ϕ = {I, a}. This is basically a rearrangement of terms, e. g. |I⟩|J⟩|Ĩ⟩|J̃⟩ = (|I⟩|Ĩ⟩)(|J⟩|J̃⟩) ≡ |I⟩⟩|J⟩⟩. (29) The most natural way to impose BPS D-brane boundary conditions to the total superstring is by requiring that the relations (12) and a similar set in which the superstring fields are replaced by the tilde-superstring fields hold for the total theory. Heuristically, this choice is motivated by the fact that the hypersurface that defines the D-brane continues to be present in spacetime at the same location after the superstring is put in contact with the thermal reservoir. Implementing the boundary conditions in the total Fock space is straightforward except for a subtlety concerning the ansatz corresponding to the relations

1Note that due to the symmetry of the states in each sector, the Kronecker product does not impose any new restriction on the content of sectors.

(15) and (16). To see that, note that due to the nontrivial action of the tilde-conjugation on the complex numbers, the wave functions corresponding to the negative and positive modes in the Fourier expansion of the bosonic and fermionic solutions (4) and (5) are interchanged in the expansion of the corresponding tilde-fields. This result can be written in a compact form by introducing the thermal doublet fields [7]

X̂^I (τ, σ) = x̂^I + 2α^′p̂^I τ + i √ α^′ 2 ∑ n≠0 1 n ( α̂^I_ne^{−2in(τ −σ)} + ^̄α^I_ne^{−2in(τ +σ)} ) , (30)

Ŝ^{1a}(τ, σ) = ∑ n Ŝ^a_ne^{−2in(τ −σ)} , Ŝ^{2a}(τ, σ) = ∑ n ^̄S^a_ne−2in(τ +σ), (31)

where the thermal doublet oscillators are defined as

α̂^I_n = ( α^I_n α̃^I_{−n} ) α̂^I_{−n} = ( α^I_{−n} α̃^I_n ) ^̄α^I_n = ( ᾱ^I_n ~ᾱ^I_{−n} ) ^̄α^I_{−n} = ( ᾱ^I_{−n} ~ᾱ^I_n ) , for all n > 0 in the bosonic sector and

Ŝ^a_n = ( S^a_n S̃^a_{−n} ) , Ŝ^a_{−n} = ( S^a_{−n} S̃^a_n ) , ^̄S^a_n = ( S̄^a_n ~S̄^a_{−n} ) , ^̄S^a_{−n} = ( S̄^a_{−n} ~S̄^a_n ) , for n ≥ 0 in the fermionic sector. In terms of the thermal doublets the boundary conditions for the total superstring can be written in the folowing compact form ( α̂^I_n − M̂^I_J ^̄α^J_{−n} ) |B⟩⟩ = 0, (32) ( α̂^I_{−n} − M̂^I_J ^̄α^J_n ) |B⟩⟩ = 0, (33) for all n > 0 in the bosonic sector. The ansatz in the fermionic sector of the superstring naturally extends to the fermionc sectors of the total superstring to ( Ŝ^a_n + iM̂_{ab} ^̄S^b_{−n} ) |B⟩⟩ = 0, (34) ( Ŝ^a_{−n} + iM̂_{ab} ^̄S^b_n ) |B⟩⟩ = 0, (35) for all n > 0 in the fermionic sector. The matrices M̂^I_J and M̂^a_b have the following form

M̂^I_J = ( M^I_J 0 0 M^I_J ) , M̂_{ab} = ( M_{ab} 0 0 −M_{ab} ) .

The difference between the boundary conditions for the superstring sector and the tildesuperstring consists in the change of n and −n indices and in a relative minus sign in the M matrix in the spinor sector. Nevertheless, since n runs over all integers less zero, the boundary conditions in the two systems will eventually coincide. This suggests that the vector |B⟩⟩ from the total Fock space be factorized as |B⟩⟩ = |B⟩ ⊗ ~|B⟩ ≡ |B⟩~|B⟩. (36) The explicit form of the D-brane state of the total system can be obtained either from the direct calculations or from the tilde-conjugation of |B⟩ state and it is given by the following relation |B⟩⟩ = exp ∑ n>0 [ M_{IJ} (a^{I†}_n ā^{J†}_n + ã^{I†}_n ~ā^{J†}_n ) − iM_{ab}(S^{a†}_n S̄^{b†}_n − S̃^{a†}_n ~S̄^{b†}_n ) ] |B_0⟩⟩, (37) where the total brane ground state is the tensor product |B_0⟩⟩ = (M_{IJ} |I⟩|J⟩ + iM_ȧ˙_b|ȧ⟩|ḃ⟩) ⊗ (M̃_{IJ} ~|I⟩ ~|J⟩ − iM̃_ȧ˙_b ~|ȧ⟩~|ḃ⟩). (38) The minus sign in the tilde-state is due to the tilde conjugation. Alternatively, one can show that for the tilde-superstring, the conservation of half of the supercharges is obtained by applying Q̃^{−a} and ~Q̄^{−ȧ} operators on the Fock space. The total D-brane state given above represents a condensate of the type II superstring oscillators and the thermal reservoir degrees of freedom localized on the hypersurface defined by the Dirichlet and the Neumann boundary conditions imposed on both superstring and reservoir.

3.2 Thermalization of the Superstring

According to the TFD, the superstring will be heat up to the temperature T ≠ 0 by a particular interaction between all pairs of identical modes from the non-tilde and tilde sectors of the total superstring. This interaction is represented by the temperature dependent Bogoliubov operator that acts on the total Hilbert space and it is called thermalization. The Bogoliubov operator is constructed out of pairs of creation and annihilation operators of identical oscillators from non-tilde and tilde-sectors and it maps the total Hilbert space Ĥ to the thermal Hilbert space H(β_T ). In general, for systems with an infinite number of degrees of freedom the two spaces are not isomorphic [7].

The Hilbert space of the total superstring has the structure of a tensor product

Ĥ = H_{c.m.} ⊗ (H_0 ⊗ H̃_0) ⊗ (⊗_nH^b_n) ⊗ (⊗_nH̃^b_n) ⊗ (⊗_nH^f_n) ⊗ (⊗_nH̃^f_n), (39)

where H_{c.m.} is the Hilbert space of the center of mass, H_0 and H̃_0 are the Hilbert spaces of the fermionic zero modes and H^{b,f}_n and H̃^{b,f}_n are the oscillators in the superstring and tilde-superstring sectors, respectively. Here, the superscripts b and f stand for fermions and bosons, respectively.

The Bogoliubov operator for the type II superstring has a simple form in the lightcone gauge. Indeed, since the oscillators represent physical degrees of freedom only, the Bogoliubov operator is just the algebraic sum of the Bogoliubov operators corresponding to all fermionic and bosonic oscillators and it acts on the Fock space of the total system. The construction of the temperature dependent Bogoliubov operator G and its action on all superstring creation and annihilation operators are given in the Appendix B. From its definition (108) we see that it generates an unitary and tilde-invariant transformation. Let us denote the set of all oscillator operators by O = {O} ≡ {a^I_n, a^{I†}_n , ã^I_n, ã^{I†}_n ; ā^I_n, ā^{I†}_n , ~ā^I_n, ~ā^{I†}_n ; S^a_n, S^{a†}_n , S̃^a_n, S̃^{a†}_n ; S̄^a_n, S̄^{a†}_n , ~S̄^a_n, ~S̄^{a†}_n }. (40) By the similarity transformation generated by G a new set of thermal oscillators is obtained O(β_T ) = e^{−iG} O e^{iG} ≡ {e^{−iG} O e^{iG}}. (41) The thermalization does not affect the wave-functions. Thus, the operators (41) can be viewed as the Fourier components of the superstring coordinates

X^I (β_T ) = e^{−iG} X^I e^{iG} , S^a(β_T ) = e^{−iG} S^a e^{iG} , S̄^a(β_T ) = e^{−iG} S̄^a e^{iG}, (42) X̃^I (β_T ) = e^{−iG} X̃^I e^{iG} , S̃^a(β_T ) = e^{−iG} S̃^a e^{iG} , ~S̄^a(β_T ) = e^{−iG} ~S̄^a e^{iG}. (43)

That shows that the effect of the thermalization of the superstring oscillators is equivalent to the thermalization of the superstring fields. In particular, the thermal string coordinates satisfy the equations of motion derived from the following Lagrangian L(β_T ) = e^{−iG}L̂e^{iG}. (44) Let us turn now to the thermal ground state. According to the TFD method, the thermal vacuum state |0(β_T )⟩⟩ is defined as |0(β_T )⟩⟩ = e^{−iG}|0⟩⟩ , |0⟩⟩ = |0⟩|~0⟩, (45) where |0⟩ and |~0⟩ denote the vacuum state of the superstring and tilde-superstring, respectively. The above state is annihilated by all thermal bosonic and fermionic annihilation operators. We observe that one should be able to obtain the thermal state |ϕ_0(β_T )⟩⟩ from the thermal vacuum |0(β_T )⟩⟩ by acting upon it with the operators a^{I†}_1 (β_T ), ā^{I†}_1 (β_T ), Θ^a(β_T ) and Θ̄^a(β_T ) and the corresponding tilde-operators in the same way as the superstring ground state is obtained from the superstring vacuum. The a^{I†}_1 (β_T ) and ā^{I†}_1 (β_T ) are obtained by applying the similarity transformation (41) to the corresponding operators at zero temperature. However, there is no definite TFD prescription for the thermalization of the spin operators. Nevertheless, the most natural way to transform the ground state at T ≠ 0 in the bosonic and the fermionic sectors is to consider the same transformation for the spin operators as for the oscillator operators. Thus, we make the assumption that the spin operators transform according to the following relations

Θ^a(β_T ) = e^{−iG}Θ^ae^{iG} , Θ̄^a(β_T ) = e^{−iG}Θ̄^ae^{iG}, (46) Θ̃^a(β_T ) = e^{−iG}Θ̃^ae^{iG} , ~Θ̄^a(β_T ) = e^{−iG} ~Θ̄^ae^{iG}. (47)

The bosonic components of the thermal ground state can be written as

|I(β_T )⟩⟩ = a^{I†}_1 (β_T )|0(β_T )⟩⟩ , |Ī(β_T )⟩⟩ = ā^{I†}_1 (β_T )|0(β_T )⟩⟩, (48) |Ĩ(β_T )⟩⟩ = ã^{I†}_1 (β_T )|0(β_T )⟩⟩ , |~Ī(β_T )⟩⟩ = ~ā^{I†}_1 (β_T )|0(β_T )⟩⟩. (49)

For the fermionic components of the thermal ground state the following relations hold

|a(β_T )⟩⟩ = Θ^a(β_T )|0(β_T )⟩⟩ , |ā(β_T )⟩⟩ = Θ̄^a(β_T )|0(β_T )⟩⟩, (50) |ã(β_T )⟩⟩ = Θ̃^a(β_T )|0(β_T )⟩⟩ , |~ā(β_T )⟩⟩ = ~Θ̄^a(β_T )|0(β_T )⟩⟩. (51)

The thermal ground state is obtained by taking the tilde-invariant component of the tensor product of the above states. Using the compact form of the total ground state given in the relations (28) and (29) one can write the thermal ground state as |ϕ_0(β_T )⟩⟩ = e^{−iG}|ϕ_0⟩⟩ ≡ e^{−iG}{|ϕ⟩⟩|ϕ̄⟩⟩}. (52) Note that, by construction, the thermal ground state contains only massless excitations of the thermal fields. However, in terms of fields at zero temperature, it contains a mixture of massless and massive modes.

3.3 Thermal Boundary States

We have seen that the thermalization of the superstring is represented by an unitary transformation acting on the total Hilbert space and an induced similarity transformations acting on the oscillator operators. Therefore, the superstring zero temperature boundary conditions (12) and their corresponding tilde-superstring boundary conditions are mapped by the thermalization procedure to the following set of equations

(∂X^I (β_T ) − M^I_J ∂X^J (β_T ))|B(β_T )⟩⟩ = 0, (53) Q^{+a}(β_T )|B(β_T )⟩⟩ = Q^{+ȧ}(β_T )|B(β_T )⟩⟩ = 0, (54) (∂X̃^I (β_T ) − M^I_J ∂X̃^J (β_T ))|B(β_T )⟩⟩ = 0, (55) Q̃^{−a}(β_T )|B(β_T )⟩⟩ = Q̃^{−ȧ}(β_T )|B(β_T )⟩⟩ = 0. (56)

We consider the above equations as representing the thermal boundary conditions of the thermal string^2. Their solution denoted by |B(β_T )⟩⟩ represents the thermal boundary state and belongs to the thermal Hilbert space H(β_T ). To obtain its explicit form note that if |B⟩⟩ is a solution of (12) and the corresponding tilde boundary conditions then the following vector |B(β_T )⟩⟩ = e^{−iG}|B⟩⟩ (57) represents a solution of the equations (53), (54), (55) and (56). This shows that the thermal boundary state is obtained from the D-brane state of the total system by thermalization. Due to the independence of the superstring from the tilde-superstring, |B⟩⟩ was written as a tensor product in the relation (36). Therefore, the general form of the thermalized boundary state is given by the following relation

|B(β_T )⟩⟩ = e^{Σ(βT )+Σ̃(βT )}|B_0(β_T )⟩⟩, (58)

where we have introduced the following notations

Σ(β_T ) = ∑ n>0 (M_{IJ} a^{I†}_n (β_T )ā^{J†}_n (β_T ) − iM_{ab}S^{a†}_n (β_T )S̄^{b†}_n (β_T )), (59)

Σ̃(β_T ) = ∑ n>0 (M̃_{IJ} ã^{I†}_n (β_T )~ā^{J†}_n (β_T ) + iM̃_{ab}S̃^{a†}_n (β_T )~S̄^{b†}_n (β_T )), (60) |B_0(β_T )⟩⟩ = e^{−iG}|B_0⟩⟩. (61) The thermal boundary state (58) is tilde-invariant and it is expressed in terms of components of the degenerate ground state of the total superstring at zero temperature. The natural question is whether the thermal boundary state can be generated from the thermal ground state. To this end, one has to express |B_0(β_T )⟩⟩ in terms of components of the thermal boundary state instead of |B_0⟩⟩. Using the relations from Appendix B one can easily see that |B_0(β_T )⟩⟩ = (M_{IJ} |IJ(β_T )⟩⟩ + iM_ȧ˙_b|ȧḃ(β_T )⟩⟩)(M_{IJ} |ĨJ̃(β_T )⟩⟩ − iM_ȧ˙_b|~ȧ~ḃ(β_T )⟩⟩). (62) Here, |IJ(β_T )⟩⟩ denote the state obtained by acting with a^{I†}_1 (β_T )ā^{J†}_1 (β_T ) on the ground state |0(β_T )⟩⟩.

4 Properties of the Thermal String

In this section we are going to determine the supersymmetry content of the thermal string. We will verify that the supersymmetry is broken in the thermal vacuum state and in the thermal ground state. The same result extends to the thermal boundary states. Next, we will compute the entropy of the thermal string in the TFD approach.

2Alternatively, they can be obtained from the thermal lagrangian given in the relation (44).

4.1 Supersymmetry Breaking in the Thermal String

According to the TFD, the symmetry content of the thermal string theory is checked by applying the symmetry generators at T = 0 from the non-tilde sector on to the thermal states [7]. Let us consider the right-moving supersymmetry charges in terms of the Fourier components given in the relations (9) and (10). The η-transformation is generated only by the zero fermionic mode which implies that ⟨⟨0(β_T )|Q^a_η|0(β_T )⟩⟩ = ⟨⟨0|Q^a_η|0⟩⟩. (63) The ϵ-transformation is generated by a mixture of nonzero bosonic and fermionic modes. It is easy to check that the following commutation relations hold

[a^{I†}_n , G] = iθ^B_n ã^I_n , [S^{a†}_n , G] = iθ^F_n S̃^a_n. (64)

This shows that the bosonic and fermionic oscillator operators are not invariant under thermalization. Therefore, the ϵ-supersymmetry is broken ⟨⟨0(β_T )|Q^a_ϵ |0(β_T )⟩⟩ ≠ ⟨⟨0|Q^a_ϵ |0⟩⟩. (65) One can apply the same reasoning to the thermal ground state, too. By using the form of |ϕ_0(β_T )⟩⟩ given in the equation (52) one can easily check that ⟨⟨ϕ_0(β_T )|Q^a_η|ϕ_0(β_T )⟩⟩ = ⟨⟨ϕ_0|Q^a_η|ϕ_0⟩⟩ , ⟨⟨ϕ_0(β_T )|Q^a_ϵ |ϕ_0(β_T )⟩⟩ ≠ ⟨⟨ϕ_0|Q^a_ϵ |ϕ_0⟩⟩. (66) The above pattern of supersymmetry breaking extends to the full thermal Hilbert space. Since, by assumption, the fermionic zero mode does not transform under the Bogoliubov transformation and it commutes with all other bosonic and fermionic modes, the η-supersymmetry is preserved. On the other hand, due to the non-trivial action of the Bogoliubov transformation on the non-zero superstring modes, the ϵ-supersymmetry is broken. This entails the breaking of the full supersymmetry algebra in the thermal Hilbert space in each of the tilde and non-tilde sectors, separately. In particular, since |B(β_T )⟩⟩ was obtained by thermalization according to the relation (57), the ϵ-supersymmetry will be broken and the η-supersymmetry will be preserved in the thermal boundary state.

4.2 Thermal Partition Function and Entropy of the Thermal String

The entropy of the thermal string is given by the expectation value of the entropy operator K in the thermal vacuum. However, as argued in [1] and discussed in more detail in [22, 39], the ansatz that defines the thermal vacuum |0(β_T )⟩⟩ must be modified in order to take into account the constraints. In particular, since the constraints are already solved in the lightcone gauge, one has to implement the level matching condition. The main consequence of this modification appears in the calculation of the partition function Z(β_T ).

The level matching condition for the GS superstring is given by the following relation L^{l.c.g.}_0 = L̄^{l.c.g.}_0 , (67) where the Virasoro operators have the following explicit form [34] L^{l.c.g.}_0 = α^′ 4 p^2 + ∞∑ n=1 na^{I†}_n a^I_n + ∑ m>0 mS^{a†}_m S^a_m, (68) L̄^{l.c.g.}_0 = α^′ 4 p^2 + ∞∑ n=1 nā^{I†}_n ā^I_n + ∑ m>0 mS̄^{a†}_m S̄^a_m. (69)

As in the RNS formulation, the level matching condition implements the invariance of the theory under the world-sheet reparametrization under σ → σ + ϵ. The partition function of the thermal string in the TFD formulation is given by the following relation

Z(β_T ) = Tr [ δ(P = 0)e^{−βT H} ] , (70)

where P = L^{l.c.g.}_0 − L̄^{l.c.g.}_0 is the world-sheet momentum and H = L^{l.c.g.}_0 + L̄^{l.c.g.}_0 is the Hamiltonian and the trace is taken over the full Hilbert space of the superstring. The delta function projects the trace on the physical subspace. One obtains after some algebra the following partition function for the thermal string

Z(β_T ) =

∫_{+1/2} −1/2 ds ∞∏ n=1 e^{2(λ(s,βT )+λ̄(s,βT ))n} ( 1 + e^{λ(s,βT )n} ) ( 1 + e^{λ̄(s,βT )n} ) (1 − e^{λ(s,βT )n}) ( 1 − e^{λ̄(s,βT )n} ) 8 , (71)

where we have used the notations λ(s, β_T ) = 2πis − β_T 2p^+ , λ̄(s, β_T ) = 2πis + β_T 2p^+

. (72)

The relation (71) contains contributions from both bosonic and fermionic sectors. Also, we have taken ω^B_n = n and ω^F_n = n for the frequencies of the bosonic and fermionic oscillators in ℏ units. Note that the relation (71) defines the transverse partition function at fixed p^+. The full partition function is obtained from Z(β_T ) as [36]

Z(β_T ) = L √ 2π ∫ dp^+ e^{βT p+} Z(β_T , p^+), (73)

where L is the length in the longitudinal direction Z(β_T , p^+) is Z(β_T ) with the dependence on p^+ restored.

By using the formulas from the Appendix A and after expressing the operators at T ≠ 0 in terms of operators at T = 0, one can show that the bosonic and fermionic contributions to the entropy, in k_B -units can be written as

S^B = −16 ∞∑ n=1 log{ξ_n (1 − ξ_n)^{1ξn} } , S^F = −16 ∞∑ n=1 log{χ_n (χ_n − 1)^{χn−1χn} }, (74)

where ξ_n = 1 − e^{−βT n} , χ_n = 1 + e^{βT n}. (75) The bosonic and fermionc entropies given in the relation (74) show that the entropy of the thermal string goes to zero as T → ∞. This shows that the perturbative expansion of superstring breaks down at higher temperatures, which agrees with the current understanding of the superstring at finite temperature [35].

5 Conclusions and Discussions

In this paper we have shown that the boundary state formalism used to obtain the type II D-branes at zero temperature can be naturally extended to finite temperature in the light-cone gauge and in the TFD approach. In this framework, the superstring is thermalized to the thermal string and the thermal D-branes are obtained by thermalization of the D-branes at zero temperature. During the heating of the superstring, the supersymmetry is broken as expected. In particular, the η-transformation is preserved at finite temperature while the ϵ-transformation is not. This supersymmetry breaking pattern is repeated for all states from the thermal Hilbert space, including the thermal D-branes. Nevertheless, since the information on the way in which the supersymmetry is broken is now available, it would be interesting to see whether thermal boundary states that preserve the ϵ-supersymmetry can be constructed. (Note that quantities of the form O − Õ are preserved by the Bogoliubov transformations.) Also, we have computed the partition function and the entropy of the thermal string in the thermal vacuum |0(β_T )⟩⟩ according to the TFD prescription. This state is a mixture of massless and massive zero temperature superstring states. The entropy tends to zero for higher temperatures (see also [22] for a derivation of the string thermodynamics in pp-wave background) which demonstrates a behavior consistent with the interpretation that the perturbative expansion of the superstring theory does not work at high temperature. If one computes the entropy of the bosonic and fermionic superstring oscillations in the thermal D-brane state one can show that it diverges for all T ’s. However, this is a general feature of TFD which, in general, leads to infinite entropies. More important is the question whether such calculations have a sensible interpretation since, in order to define the D-brane entropy in a TFD fashion, one should be able to develop firstly a canonical formalism for the D-branes.

The method presented in this paper can be applied to study the thermal string in other backgrounds, too, possibly by employing the path integral formulation of the TFD formalism. However, in order to study the thermal D-branes in the boundary state formalism, the canonical quantization should be available. As an interesting and non-trivial application, the calculation of the thermodynamical functions of the thermal bosonic string in the AdS black-hole background in the first order perturbation canonical quantization is discussed in [39]. The general canonical quantization of the string in the AdS black-hole background was given in [37, 38] and it is based on the expansion of the string fields around the geodesic solution without expanding the metric. It is interesting to see whether this system has consistent boundary states with the low energy branes and whether they can be mapped at finite temperature. We hope to report on this problems in future.

Acknowledgments I would like to acknowledge to J. A. Helayël-Neto, S. Alves and A. M. O. de Almeida for hospitality at LAFEX-CBPF where part of this work was done.

A Review of the TFD Formalism

The framework of the TFD consists in the following assumptions. Firstly, one has to duplicate the operators corresponding to the degrees of freedom of the system under consideration. Secondly, the properties of the thermal ground state must be specified (the thermal state condition.)

The operator freedom is doubled by associating to any operator A an operator Ã. The two sets {A} and {Ã} are considered independent

[A, B̃]_± = 0, (76)

for any A from {A} and any B̃ from {Ã}. Here, + denotes the anti-commutator taken when both A and B̃ are fermionic. Otherwise, the commutator should be taken. The two sets of operators A and Ã are in one-to-one correspondence through the tilde-conjugation rule given by the following axioms

(A_1A_2)~ = Ã_1Ã_2, (77) (c_1A_1 + c_2A_2)~ = c^∗_1Ã_1 + c^∗_2Ã_2, (78) (A^†)~ = (Ã)^†, (79) (Ã)~ = A, (80)

for all complex numbers c, c_i and all operators A, A_i. Here, c^∗ denotes the complex conjugate of the number c. The tilde-conjugation is an involution on the algebra of the total string operators.

The thermal ground state is specified by the thermal state condition. In general, this is defined by taking asymmetric bra and ket ground states that satisfy the following relations

⟨1| = σ^∗⟨1|Ã^†, (81) A|0(β_T )⟩ = σe^{βT Ĥ}Ã^†e^{−βT Ĥ} |0(β_T )⟩, (82) for any A, where σ = +1 for bosons and σ = i for fermions and

Ĥ = H = H̃. (83)

The phases of the thermal ground states (thermal vacua) is not unique and it can be chosen such that (⟨1|)~= ⟨1| , (|0(β_T )⟩~= |0(β_T )⟩. (84) These relations can be regarded as an operator representation of the KMS condition. The justification for taking these relations as axioms of the TFD method is that the vacuum expectation value between the above vacua corresponds to the thermal average as follows. By expressing |1⟩ and |0(β_T )⟩ as follows |1⟩ = ∑ n |nñ⟩ , |0(β_T )⟩ = e^{−βT H} |1⟩ Tr[e^{−βT H} ] , (85)

where |nñ⟩ are the orthonormal basis vectors in the total Hilbert space, one obtains ⟨1|A|0(β_T )⟩ = Tr[A e^{−βT H} ] Tr[e^{−βT H} ] . (86)

One can note that |1⟩ does not depend on the choice of the basis vectors and that it is a kind of identity state (hence the notation). The information about the thermal ground state is contained in the ket ground state |0(β_T )⟩. The evolution of the thermal system is generated by the total Hamiltonian Ĥ which can be obtained from a total Lagrangian

L̂ = L − L̃. (87)

In the canonical quantization, the formalism takes a simple operatorial form. For a linear oscillator the following relations hold |1⟩ = e^{a†ã†} |0⟩, |1⟩ = (1 + i a^†ã^†)|0⟩, (88) for the bosonic and fermionic oscillators, respectively. Thus, the thermal bra and ket ground states can be taken symmetric and the formalism is the same as the formalism at zero temperature. The mapping from zero temperature to finite temperature is generated by the Bogoliubov operator G = −iθ(β_T )(aã − ã^†a^†), (89) which is conserved [Ĥ, G] = 0. (90) In general, the Hilbert space at zero temperature and the thermal Hilbert space are not isomorphic for systems with an infinite number of degrees of freedom (see for further details [7].)

B The Bogoliubov Transformations of The Superstring Oscillators

In order to apply the TFD to string theory, one has to modify the TFD ansatz in order to take into account the constraints. In the light cone gauge, this reduces to the inclusion of the level matching condition in the trace (see the Section 4 and the references [1, 22, 39].)

The Bogoliubov operator of a single oscillator can be given a linear form. In the case of superstrings, the Bogoliubov transformations of the superstring oscillators act linearly on the oscillator operators as follows

a^I_n −→ a^I_n(β_T ) = a^I_n cosh θ^{B,I}_n (β_T ) − ã^{I†}_n sinh θ^{B,I}_n (β_T ), (91) a^{I†}_n −→ a^{I†}_n (β_T ) = a^{I†}_n cosh θ^{B,I}_n (β_T ) − ã^I_n sinh θ^{B,I}_n (β_T ), (92) ã^I_n −→ ã^I_n(β_T ) = ã^I_n cosh θ^{B,I}_n (β_T ) − a^{I†}_n sinh θ^{B,I}_n (β_T ), (93) ã^{I†}_n −→ ã^{I†}_n (β_T ) = ã^{I†}_n cosh θ^{B,I}_n (β_T ) − a^I_n sinh θ^{B,I}_n (β), (94) ā^I_n −→ ā^I_n(β_T ) = ā^I_n cosh θ̄^{B,I}_n (β_T ) − ~ā^{I†}_n sinh θ̄^{B,I}_n (β_T ), (95) ā^{I†}_n −→ ā^{I†}_n (β_T ) = ā^{I†}_n cosh θ̄^{B,I}_n (β_T ) − ~ā^I_n sinh θ̄^{B,I}_n (β_T ), (96) ~ā^I_n −→ ~ā^I_n(β_T ) = ~ā^I_n cosh θ̄^{B,I}_n (β_T ) − ā^{I†}_n sinh θ̄^{B,I}_n (β_T ), (97) ~ā^{I†}_n −→ ~ā^{I†}_n (β_T ) = ã^{I†}_n cosh θ̄^{B,I}_n (β_T ) − ā^I_n sinh θ̄^{B,I}_n (β_T ), (98) S^a_n −→ S^a_n(β_T ) = S^a_n cos θ^{F,a}_n (β_T ) − S̃^{a†}_n sin θ^{F,a}_n (β_T ), (99) S^{a†}_n −→ S^{a†}_n (β_T ) = S^{a†}_n cos θ^{F,a}_n (β_T ) − S̃^a_n sin θ^{F,a}_n (β_T ), (100) S̃^a_n −→ S̃^a_n(β_T ) = S̃^a_n cos θ^{F,a}_n (β_T ) + S^{a†}_n sin θ^{F,a}_n (β_T ), (101) S̃^{a†}_n −→ S̃^{a†}_n (β_T ) = S̃^{a†}_n cos θ^{F,a}_n (β_T ) + S̃^a_n sin θ^{F,a}_n (β_T ), (102) S̄^a_n −→ S̄^a_n(β_T ) = S̄^a_n cos θ̄^{F,a}_n (β_T ) − ~S̄^{a†}_n sin θ̄^{F,a}_n (β_T ), (103) S̄^{a†}_n −→ S̄^{a†}_n (β_T ) = S̄^{a†}_n cos θ̄^{F,a}_n (β_T ) − ~S̄^a_n sin θ̄^{F,a}_n (β_T ), (104) ~S̄^a_n −→ ~S̄^a_n(β_T ) = S̃a_n cos θ̄F,a_n (β_T ) + S̄a†_n sin θ̄F,a_n (β_T ), (105) ~S̄^{a†}_n −→ ~S̄^{a†}_n (β_T ) = ~S̄^{a†}_n cos θ̄F,a_n (β_T ) + ~S̄^a_n sin θ̄F,a_n (β_T ). (106)

Here, θ^{B,I}_n (β_T ) and θ^{F,a}_n (β_T ) are factors that depend on the temperature through β_T = (k_BT )^{−1} and on the n-th oscillator frequency ω_n. Therefore, these factors will differ only for different oscillators n, but once n is given, they are the same in all spacetime directions I = 1, . . . , 8 and for all spinor components a = 1, . . . , 8, respectively. Thus, the I and a indices can be dropped. Also, since the left-moving and right-moving oscillators of the same n should be identical by symmetry between the left-moving and right-moving modes of the closed superstring, the θ_n-factors should be the same in both left-moving and right-moving sectors and ¯ can be dropped, too. The form of θ’s is given by the following relations [7]

θ^B_n (β_T ) = arccosh(1 − e^{−βT ωBn} )^{− 12} , θ^F_n (β_T ) = arccos(1 + e^{−βT ωFn} )^{− 12} , (107)

where ω^B_n and ω^F_n are the frequencies of n-th bosonic and fermionic oscillators, respectively. The generator of these transformations is just the algebraic sum of all Bogoliubov generators G = G^B + G^F , (108)

where G^B and G^F denote the sums of bosonic and fermionic Bogoliubov operators

G^B = ∞∑ n=1 (G^B_n + Ḡ^B_n ) , G^F = ∞∑ n=1 (G^F_n + Ḡ^F_n ), (109)

and each term has the following form

G^B_n = −iθ^B_n (β_T ) 8∑ I=1 (a^I_n ã^I_n − ã^{I†}_n a^{I†}_n ), (110)

Ḡ^B_n = −iθ^B_n (β_T ) 8∑ I=1 (ā^I_n ~ā^I_n − ~ā^{I†}_n ā^{I†}_n ), (111)

G^F_n = −iθ^F_n (β_T ) 8∑ a=1 (S^a_n S̃^a_n − S̃^{a†}_n S^{a†}_n ), (112)

Ḡ^B = −iθ^F_n (β_T ) 8∑ a=1 (S̄^a_n ~S̄^a_n − ~S̄^{a†}_n S̄^{a†}_n ). (113)

The zero mode operators from the fermionic sectors S^a_0 , S̄^a_0 , S̃^a_0 and ~S̄^a_0 are isomorphic to the Dirac matrices. Therefore, we consider them inert under the thermalization. Another argument for that is that the θ(β_T ) parameter of the corresponding degrees of freedom, as defined by TFD, should be equal to π/4 which corresponds to an oscillator of zero energy. It follows that the Bogoliubov operator is made of operators of non-zero modes only and zero mode fermionic operators commute with the Bogoliubov operator.

The entropy of the superstring oscillators in k_B units is given by the expectation value of the following operator in the thermal vacuum state [7]

K = K_b + K̄_b + K_f + K̄_f , (114) where

K_b = − 8∑ I=1 ∞∑ n=1 ( a^{I†}_n a^I_n log sinh^2 θ^B_n − a^I_na^{I†}_n log cosh^2 θ^B_n ) , (115)

K̄_b = − 8∑ I=1 ∞∑ n=1 ( ā^{I†}_n ā^I_n log sinh^2 θ^B_n − ā^I_nā^{I†}_n log cosh^2 θ^B_n ) , (116)

K_f = − 8∑ a=1 ∞∑ n=1 ( S^{a†}_n S^a_n log sin^2 θ^F_n + S^a_nS^{a†}_n log cos^2 θ^F_n ) , (117)

K̄_f = − 8∑ a=1 ∞∑ n=1 (¯ S^{a†}_n S̄^a_n log sin^2 θ^F_n + S̄^a_nS̄^{a†}_n log cos^2 θ^F_n ) . (118)

The entropy operator takes into account only superstring oscillators at T = 0. Including operators from the tilde superstring would mean to take the average over the reservoire degrees of freedom, too.

References

[1] I. V. Vancea, Phys. Lett. B 487, 175 (2000).

[2] M. C. B. Abdalla, A. L. Gadelha and I. V. Vancea, Phys. Rev. D 64, 086005 (2001).

[3] M. C. B. Abdalla, A. L. Gadelha and I. V. Vancea, Phys. Rev. D 66, 065005 (2002).

[4] M. C. B. Abdalla, A. L. Gadelha and I. V. Vancea, “D-branes at finite temperature in TFD,” [arXiv:hep-th/0308114].

[5] M. C. B. Abdalla, A. L. Gadelha and I. V. Vancea, Int. J. Mod. Phys. A 18, 2109 (2003).

[6] M. C. B. Abdalla, A. L. Gadelha and I. V. Vancea, Nucl. Phys. Proc. Suppl. 127, 92 (2004).

[7] H. Umezawa, Advanced Field Theory: Micro, Macro and Thermal Physics, (AIP New- York, 1993).

[8] Y. Leblanc, Phys. Rev. D 36, 1780 (1987).

[9] Y. Leblanc, Phys. Rev. D 37 1547 (1988).

[10] Y. Leblanc, Phys. Rev. D 38, 3087 (1988).

[11] Y. Leblanc, Phys. Rev. D 39 1139 (1989).

[12] Y. Leblanc, M. Knecht and J. C. Wallet, Phys. Lett. B 237 357 (1990). [13] Y. Leblanc, Phys. Rev. Lett. 64 831 (1990).

[14] H. Fujisaki, K. Nakagawa and I. Shirai, Prog. Theor. Phys. 81, 570 (1989). [15] H. Fujisaki and K. Nakagawa, Prog. Theor. Phys. 82, 236 (1989). [16] H. Fujisaki and K. Nakagawa, Prog. Theor. Phys. 82, 1017 (1989). [17] H. Fujisaki and K. Nakagawa, Europhys. Lett. 14, 737 (1991). [18] H. Fujisaki and K. Nakagawa, Europhys. Lett. 20, 677 (1992). [19] H. Fujisaki, Europhys. Lett. 28, 623 (1994). [20] H. Fujisaki, Europhys. Lett. 39, 479 (1997).

[21] M. C. B. Abdalla, E. L. Graca and I. V. Vancea, Phys. Lett. B 536, 114 (2002). [22] D. L. Nedel, M. C. B. Abdalla and A. L. Gadelha, Phys. Lett. B 598, 121 (2004). [23] M. C. B. Abdalla, A. L. Gadelha and D. L. Nedel, JHEP 0510, 063 (2005). [24] M. C. B. Abdalla, A. L. Gadelha and D. L. Nedel, Phys. Lett. B 613, 213 (2005). [25] M. C. B. Abdalla, A. L. Gadelha and D. L. Nedel, PoS WC2004, 020 (2004). [26] M. C. B. Abdalla, A. L. Gadelha and D. L. Nedel, PoS WC2004, 032 (2004). [27] M. B. Green, Phys. Lett. B 329, 435 (1994). [28] M. B. Green, M. Gutperle, Nucl. Phys. B 476, 484 (1996). [29] K. Hamada, Nucl. Phys. B 497, 511 (1997).

[30] N. D. Lambert, P. C. West, ”D-branes in the Green-Schwarz Formalism,” [arxiv:hepth/9905031].

[31] H. Fujisaki, K. Nakagawa and I. Shirai, Prog. Theor. Phys. 81, 565 (1989). [32] H. Fujisaki, K. Nakagawa and M. Narita, Europhys. Lett. 19, 73 (1992). [33] M. C. B. Abdalla, A. L. Gadelha and I. V. Vancea, Phys. Lett. A 273, 235 (2000). [34] M. B. Green, J. H. Schwarz, E. Witten, Superstring Theory, Vol.1, (Cambridge University Press, 1987).

[35] J. J. Attick, E. Witten, Nucl. Phys. B 310, 291 (1988). [36] E. Alvarez, M. A. R. Osorio, Phys. Rev. D 36 1175 (1987). [37] H. J. de Vega and N. Sanchez, Phys. Lett. B 197, 320 (1987). [38] H. J. de Vega and N. Sanchez, Nucl. Phys. B 299, 818 (1988).

[39] H. Belich, E. Graca, M. A. Santos, I. V. Vancea, ”Thermal String in Black-Hole AdS Spacetime”, in preparation.