arXiv:hep-th/0607223 v2 11 Aug 2006

IC/2006/067 SISSA-45/2006/EP

Fixing Moduli in Exact Type IIA Flux Vacua

B.S. Acharya^a, F. Benini^b and R. Valandro^b

a Abdus Salam ICTP, Strada Costiera 11, 34014 Trieste, ITALIA bacharya@ictp.it

b International School for Advanced Studies (SISSA/ISAS), Via Beirut 2-4, 34014 Trieste, ITALIA benini@sissa.it valandro@sissa.it

Abstract

Type IIA flux compactifications with O6-planes have been argued from a four dimensional effective theory point of view to admit stable, moduli free solutions. We discuss in detail the ten dimensional description of such vacua and present exact solutions in the case when the O6-charge is smoothly distributed. In the localised case, the solution is a half-flat, non-Calabi- Yau metric. Finally, using the ten dimensional description we show how all moduli are stabilised and reproduce precisely the results of de Wolfe et al. [1].

1 Introduction

String vacua with magnetic fields along the extra dimensions (‘flux compactifications’) have been intensively studied in recent years (see [2] for a recent review). One reason for their relevance is that, since the flux contribution to the energy depends on the geometrical moduli of the internal manifold, it gives them a four dimensional effective potential and can thus stabilize some or all of them, lifting undesired massless fields [3, 4, 5, 6, 7, 8, 9].

Type IIA flux vacua are perhaps the best understood amongst flux vacua (see [1, 10, 11, 12, 13] and references therein). This is because all the moduli are stabilised classically i.e. the effective moduli potential generated by the tree level supergravity action in ten dimensions (supplemented with orientifold 6-plane sources) has stable isolated critical points. This has been demonstrated in detail in [1].

Specifically, if we consider Type IIA theory on a Calabi-Yau threefold, switching on the RR fluxes gives rise to a potential which depends on the Kähler moduli. In order to stabilise the complex structure moduli one can introduce NSNS 3-form flux, H, however this leads to a tadpole for the D6-brane charge, which can be cancelled by introducing orientifold sixplanes (O6). The full system of fluxes and O6-planes then stabilises all the moduli, essentially at leading order in α^′ and g_s.

In particular, de Wolfe et al. [1] have described the effective 4d potential for the moduli in the large volume limit, when the backreaction of the fluxes on Einstein’s equations can be ignored (since their contribution to the stress tensor is volume suppressed). This class of vacua is an excellent arena to study aspects of moduli stabilisation in detail, since the vacua are essentially classical solutions of ten dimensional IIA supergravity. However, until now, very little is known about what these ten dimensional solutions look like, since most of the prior studies have used the effective four dimensional description. The purpose of this paper is thus to fill this gap.

The basic questions we will ask are: does the ten dimensional solution actually exist (i.e. is the four dimensional description valid)? If so, what, precisely, is the backreaction of the fluxes and how does it modify the Ricci flat Calabi-Yau metric? Can we understand moduli stabilisation from a ten dimensional perspective?

Our main results can be summarised as follows: we prove that the exact ten dimensional solution is not Calabi-Yau. The precise modification of the Calabi-Yau geometry can be described by a particular type of halfflat SU(3) structure [14]. Notably, they appear in the mirror-symmetric picture of ‘Calabi-Yau with fluxes’ compactifications [15, 16]. Though we were unable to find the full solution (for which we will have to await further developments in the mathematical literature), in the approximation that the O6-plane source is smoothed out, we found an exact solution. This solution is Calabi-Yau and by studing the moduli stabilization from the ten dimensional point of view, we found the same results as [1].

The paper is organized as follows. In section 2 we shortly review a class of solutions of Type IIA supergravity found in [17] and [18]. These will form the basis of the solutions with O6-planes. They describe compactifications on an internal SU(3)-structure manifold down to four dimensional AdS_4. In section 3 we discuss the introduction of orientifold 6-planes in supergravity, the issue of supersymmetry preserving configurations and how the original solutions are modified by their presence. In particular, we present an exact “smeared” solution in which the orientifold charge is smoothed out. Finally in section 4 moduli stabilization is studied. We find that all the geometrical moduli are lifted at tree level in supersymmetric vacua. Conventions, supersymmetry variations and SU(3)-structure relations are relegated to some appendices.

We would also like to mention that Banks and van den Broek have also been studying similar issues to those discussed here [19].

2 Massive Type IIA Supergravity on AdS_4

Recently, a large class of supersymmetric four dimensional smooth compactifications of massive Type IIA supergravity have been classified [18]. In this section we will briefly review these solutions in order to set the notation for our results. Following this, we will describe how the solutions are modified when O6-planes are added.

The massive IIA theory has bosonic fields consisting of a metric g, an RR 1 form potential A (with field strength F ) and 3-form potential C (with field strength G), a NSNS 2-form potential B (with field strength H) and a dilaton ϕ.

We are interested in the ten dimensional description of the supersymmetric vacua with non-zero cosmological constant discussed by de Wolfe et al from an effective field theory point of view in [1]. Therefore, without loss of generality, we can take the ten dimensional spacetime to be a warped product AdS_4 ×_Δ X_6, where X_6 is a compact manifold and the ten dimensional metric is given by g_{M N} (x, y) = ( Δ^2(y)ĝ_{μν} (x) 0 0 g_{mn}(y) ) , (2.1)

where x and y are coordinates for AdS_4 and X_6 respectively and the warp factor is Δ. All the fluxes have non-zero y-dependent components only along the compact directions, except for G which has a non-zero four-dimensional component G_{μνρσ} = √ g_4f(y)ϵ_{μνρσ} , (2.2) and f is a function on X_6. These assumptions are dictated by local Poincaré invariance on AdS_4.

N = 1 SUSY in four dimensions implies that the compact manifold X_6 has a globally defined spinor, η. As a consequence, the structure group of X_6 reduces (at least) to SU(3). As usual, the existence of the spinor η implies the existence of a globally defined 2-form J and 3-form Ω:

J_{mn} ≡ iη^†_−γ_{mn}η_− = −iη^†_+γ_{mn}η_+ (2.3)

Ω_{mnp} ≡ η^†_−γ_{mnp}η_+ Ω^∗_{mnp} = −η^†_+γ_{mnp}η_− , (2.4)

With these properties J and Ω completely specify an SU(3)-structure on X_6. J defines an almost complex structure with respect to which Ω is (3, 0). From the SU(3) decomposition of their differentials dJ and dΩ, one can read off the torsion classes which characterize the SU(3)-structure: dJ = − 3 2 Im(W_1Ω^∗) + W_4 ∧ J + W_3

dΩ = W_1J ∧ J + W_2 ∧ J + W^∗_5 ∧ Ω

(2.5)

By requiring the fluxes to preserve precisely N = 1 SUSY in four dimensions, the ten dimensional supersymmetry parameter has to be of the form [2]:

ϵ = ϵ_+ + ϵ_− = (αθ_+ ⊗ η_+ − α^∗θ_− ⊗ η_−) + (βθ_+ ⊗ η_− − β^∗θ_− ⊗ η_+) .

(2.6)

Here θ_+ and θ_− (with θ̄_+ = θ^T_−C) are the two Weyl spinors on AdS_4, satisfying the Killing spinor equations

^∇_μθ_+ = W γ̂_μθ_− ^∇_μθ_− = W^∗γ̂_μθ_+ , (2.7)

where W is related to the scalar curvature R̂ of AdS_4 through R̂ = −24|W |^2. On the other hand, η_+ and η_− are chiral spinors on X_6 related by charge conjugation, so that ϵ is a Majorana spinor.

By substituting this ansatz in the SUSY equations δΨ_M = 0, δλ = 0, Lust and Tsimpis find the following solutions:^1

If |α| ≠ |β|, one gets the usual Calabi-Yau supersymmetric compactification, i.e. X_6 is a Calabi-Yau manifold, all the fluxes vanish and W = 0, so the four dimensional space is Minkowski.

1The 10 dimensional action, the supersymetry variations and the conventions are set in the appendix A.

If |α| = |β|, one can, without loss of generality, choose α = β and: F = f 9 e^{−ϕ/2}J + F̃ H = 4m 5 e^{7ϕ/4} ReΩ

G = fdVol_4 + 3m 5 e^ϕJ ∧ J W = Δ ( α |α| )_{−2} (− 1 5 m e^{5ϕ/4} + i 6 f e^{ϕ/4}) ϕ, Δ, f, Arg(α) = constant .

(2.8)

Here F̃ is the 8 component in the SU(3) decomposition of F (see appendix A) and it is not determined by supersymmetry. On the other hand, by imposing the Bianchi identities, one finds a contraint on its differential: dF̃ = − 2 27 e^{−ϕ/4} ( f^2 − 108 5 m^2 e^{2ϕ} ) ReΩ . (2.9)

From the last equation one can in particular compute:

|F̃ |^2 = 8 27 e^{−ϕ} ( f^2 − 108 5 m^2 e^{2ϕ} ) (2.10)

f^2 ≥ 108 5 m^2 e^{2ϕ} . (2.11)

The further non-trivial constraint one gets from the Bianchi identities is |α| = constant. Note that the Bianchi identities are crucial to obtain a solution of all the equations of motion.

From these results we can obtain a characterisation of the SU(3) structure of these backgrounds:

dJ = 2 3 fe^{ϕ/4} ReΩ dΩ = − 4i 9 fe^{ϕ/4}J ∧ J − i e^{3ϕ/4}J ∧ F̃ , (2.12)

Thus, the nonvanishing torsion classes of X_6 are:

W^−_1 = − 4i 9 fe^{ϕ/4} W^−_2 = −ie^{3ϕ/4}F̃

(2.13)

A manifold with such an SU(3) structure is a special case of a so-called half-flat manifold. (Compactifications on half-flat manifolds are considered in [15, 16, 20]).

From these results we can see that the only Calabi-Yau solution (which has zero torsion) is the standard one with zero fluxes and zero cosmological constant. The only other special class of solutions which can be considered have W^−_2 = 0 (because of 2.11). This requires f^2 =^{108}_5 m^2e^{2ϕ}. These manifolds are called nearly-Kähler, and solutions of this kind were obtained in [17].

3 IIA Supergravity with Orientifolds

Our main result will be the ten dimensional description of the vacua discovered in [1] (an example of such vacua is also given in [21]). Since these vacua must also have O6-planes we need to understand how the solutions of [18] change in the presence of the O6 . The O6-plane is not a genuine supergravity object, but rather something defined by the superstring compactification. Nevertheless, the supergravity action can be enriched with terms that describe the interactions of such an object with the low energy fields.

In IIA string theory, an orientifold 6-plane is obtained by modding out the theory by the discrete symmetry operator O:

O ≡ Ω_p(−1)^{FL} σ^∗ (3.1)

where Ω_p is the world-sheet parity, (−1)^{FL} is the left-moving space-time fermion number, while σ is an isometric involution of the original manifold. The fixed point locus of σ is the orientifold 6-plane. In type IIA String Theory an O6-plane is a BPS object, which preserves half of the supersymmetries: those such that ϵ_± = O ϵ_∓, where ϵ_± are the two Majorana-Weyl supersymmetry parameters (2.6).

We are going to add an O6-plane parallel to the AdS_4 factor, so threedimensional in the internal manifold. Since the background preserves only four supercharges, in general an O6-plane will break all of them. On the other hand, in order to get an N = 1 four dimensional theory, we must take the O6 such that it preserves the same supercharges as the background. As in the case of a D6-brane, this is achieved by wrapping the plane on a supersymmetric 3-cycle.

The operator O does not act on the four dimensional spinors θ_± while it exchanges η_+ and η_−.^2 Thus J_{mn} = −iη^†_+γ_{mn}η_+^{σ∗}−→ −iη^†_−γ_{mn}η_− = −J_{mn} (3.2) Ω_{mnp} = η^†_−γ_{mnp}η_+^{σ∗}−→ η^†_+γ_{mnp}η_− = −Ω^∗_{mnp} (3.3)

2Note that Ωp(−1)^{FL} acts trivially on the supersymmetry parameters, since they have the same parity properties of the metric.

Supersymmetry forces σ to be antiholomorphic with respect to the almost complex structure J.

The fixed locus of the isometry σ (if any) on the internal manifold is the supersymmetric 3-cycle Σ the O6 wraps. In particular, we get for the pull-back to the plane:

J|_Σ = 0 ReΩ|_Σ = 0 , (3.4)

which implies J ∧ δ_3 = 0 ReΩ ∧ δ_3 = 0 . (3.5)

Moreover Ω is a calibration and Σ is calibrated with respect to − ImΩ. In fact one can compute ∫ Σ ImΩ = ImΩ ∧ δ_3 = − δ^{(3)}(Σ) √ g^t_3 dVol_6 = −Vol_Σ . (3.6)

These indeed show that Σ is a supersymmetric 3-cycle (in fact special Lagrangian) [22].

One obtains the spatial parity of the other form fields by considering their worldsheet origin and imposing them to be invariant under the orientifold operator (3.1): so, under σ^∗, F and H are odd as δ_3, G is even.

Now consider the modifications to the equations of motion (EOM) and the Bianchi identities (BI) given by the O6-plane to Type IIA massive supergravity. The bosonic action is, at leading order in α^′:

S_{O6} = 2μ_6 ∫ O6 d^7ξe^{3ϕ/4} √ −g_7 − 4μ_6 ∫ O6 C_7 , (3.7)

where the first piece comes from the Born-Infeld action, the second one from the Wess-Zumino’s.^3 Moreover g_7 is the pulled-back metric determinant on the plane, μ_6 = 2κ^2_{10}μ̄_6 = 2π √ α^′, while μ̄_p = (2π)^{−p}α^{′−(p+1)/2} is the Dp-brane charge and tension, and we have taken into account that the charge of an Op-plane is −2^{p−5} times that of a Dp-brane.

These terms are only the first ones in an infinite expansion in α^′. Keeping just them and working with the leading supergravity action (A.1) is consistent. In N = 2 10d supergravity theories, the first corrections coming from string theory are of order α^{′3}R^4, where R^4 stands for various contractions of four Rienmann tensors, to be compared to the leading term R.^4 The orientifold leading action is instead of order √ α^′. Classical solutions will be reliable only in regions where α^′R ≪ 1.

3This action is directly derived from the one of a D6-brane noticing that the orientifold projection forces B to vanish on the plane, and O-planes do not support gauge fields.

4For N = 1 10d theories the first corrections are of order α^′R^2 .

The Born-Infeld term gives a contribution to the Einstein and dilaton equations, while the Wess-Zumino term represents an electric coupling to C_7. The Born-Infeld term brings a localised contribution to the energy momentum tensor T^{loc}_{M N} ≡ − 2 √ −g δS_{O6} δg^{M N} = 2μ_6 e^{3ϕ/4} Π_{M N} δ^{(3)}(O6) √ g^t_3

, (3.8)

where Π_{M N} is the projected metric on the plane and g^t_3 = g_{10}/g_7 is the determinant of the transverse metric. In case of a warped product metric as in (2.1) and for a submanifold wrapping the four-dimensional factor, Π_{μν} = g_{μν} .

The equations of motion are^5

0 = R_{M N} − 1 2 ∂_M ϕ∂_N ϕ − 1 12 e^{ϕ/2}G_M · G_N + 1 128 e^{ϕ/2}g_{M N} G^2 − 1 4 e^{−ϕ}H_M · H_N + 1 48 e^{−ϕ}g_{M N} H^2 − 1 2 e^{3ϕ/2}F_M · F_N + 1 32 e^{3ϕ/2}g_{M N} F^2 − 1 4 m^2e^{5ϕ/2}g_{M N} − μ_6e^{3ϕ/4}Π_{M N} δ^{(3)}(O6) √ g^t_3 + 7 8 μ_6e^{3ϕ/4}g_{M N} δ^{(3)}(O6) √ g^t_3 (3.9)

0 = ∇^2ϕ − 1 96 e^{ϕ/2}G^2 + 1 12 e^{−ϕ}H^2 − 3 8 e^{3ϕ/2}F^2 − 5m^2e^{5ϕ/2} + 3 2 μ_6e^{3ϕ/4} δ^{(3)}(O6) √ g^t_3

(3.10)

0 = d(e^ϕ ∗ H) − 1 2 G ∧ G + e^{ϕ/2}F ∧ ∗G + 2me^{3ϕ/2} ∗ F (3.11) 0 = d(e^{ϕ/2} ∗ G) − H ∧ G . (3.12)

Here X_M · X_N means contraction on all but the first index. Notice that the only equations that get modified with respect to [18], due to the presence of an orientifold plane, are the Einstein and dilaton equations.

The Wess-Zumino term in (3.7) describes the coupling of the plane to C_7, which is the gauge potential dual to A, and so the O6 is a magnetic source for A. This term does not modify the equations of motion, but only the Bianchi identity. The way this modification can be evaluated is taking the dual description in terms of F_8, so that the BI is obtained by varying with respect to C_7. We obtain

dF = 2mH − 2μ_6 δ_3 dH = 0 . (3.13)

The other BI is dG = F ∧ H is satisfied.^6

5Remember: Fp^2 = p!|Fp|^2. Moreover the equation of motion for A is given by the differential of (3.11).

6Looking at the complete Wess-Zumino term for a D6-brane, one could have suspected a localized modification to the BI for G like δ3 ∧F . But the orientifold projection forces the pull-back of F on the plane to vanish. This would not necessarily be true for D-6-branes.

In the derivation it has been convenient to express integrals on the plane as integrals on the whole space, through the 3-form δ_3, transverse to the plane and localized on it: ∫ O6 C_7 = ∫ C_7 ∧ δ_3 . (3.14)

In local coordinates y_M , where the O6-plane is located ad y^7 = . . . = y^9 = 0, we have δ_3 = δ^{(3)}(y^7, y^8, y^9) dy^7 ∧ dy^8 ∧ dy^9 expressed through a usual delta function. Notice the closure dδ_3 = 0 , (3.15)

which means nothing more than charge conservation. A precise treatment of distributional forms would be to consider the embedding of a seven dimensional manifold M_7 into the target space f : M_7 → Z, so that ∫ M_7 f ∗C_7 is a nondegenerate linear map from 7-forms to real numbers. The Poincaré dual to f(M_7) is now, by definition, an object δ_3 which realizes (3.14) as a linear map on 7-forms. It turns out that the differential dδ_3 is defined by ∫ C_6 ∧ dδ_3 = − ∫ ∂M_7 f ∗C_6 on 6-forms. In our case the O6-plane has no boundary, hence closure.

Summarizing, the introduction of the O6-plane does not modify the SUSY variations in (A.6); it changes the Bianchi identity for the 2-form field-strength and induces some additional terms in the Einstein and dilaton equations of motion.

In order to find the new solution, we follow the same procedure as in [18], i.e. we solve the SUSY equations δψ_M = 0 and δλ = 0, and then we impose BI’s and EOM’s for form fields. In fact, one can show that the Einstein and dilaton equations are automatically satisfied (a part from the minor requirement on the Einstein equation E_{0M} = 0 for M ≠ 0, which is granted with the ansatz (2.1)). We will partly verify it in the appendix B.

The system of relations (2.8) solve also the form field equations (3.11), (3.12) and the BI for G. So we are left with only the modified BI for F (3.13).Substituting the solution (2.8) into the modified BI and using the expression (2.12) for dJ, one gets dF̃ = − 2 27 e^{−ϕ/4} ( f^2 − 108 5 m^2e^{2ϕ} ) ReΩ − 2μ_6 δ_3 . (3.16)

From this we can compute |F̃ |^2. Start from 0 = d(Ω ∧ F̃ ), use again (2.10) and (3.6) to get

|F̃ |^2 = 8 27 e^{−ϕ} ( f^2 − 108 5 m^2e^{2ϕ} ) + 2μ_6e^{−3ϕ/4} δ^3(Σ) √ g^t_3

. (3.17)

The first term is constant on X_6, while the second one has support on the cycle Σ. |F̃ |^2 is positive definite, so we find two conditions:

f^2 ≥ 108 5 m^2e^{2ϕ} and μ_6 ≥ 0 . (3.18)

Note that the latter is perfectly expected: changing the sign of the charge of the O6-plane gives an anti-O6-plane, which however preserves orthogonal supersymmetries incompatible with the background. The discussion of the possibility of getting a Calabi-Yau geometry is parallel to section 2. One would have to put f and F̃ to zero, but this would also imply m vanishing. The massless limit has to be taken with care, and one finds Calabi-Yau without flux. Moreover, as long as the localized contribution is present, there will always be a singular behaviour on it, captured by (2.12).

3.1 A Smeared Solution

To find exact solutions in presence of localized objects is not easy, mainly because, as we saw, in no case with non vanishing mass parameter does the geometry reduce to Calabi-Yau. Nevertheless, as a first step, we can consider a long-wavelength approximation in which this situation is realized. In a Calabi-Yau metric the torsion classes vanish:

f = 0 F̃ = 0 F = 0 m^2 > 0 . (3.19)

In the long-wavelength approximation the charge of the orientifold plane, localized on Σ, is substituted with a smeared distribution (obviously keeping the total charge the same). Thus the 3-form describing the new charge distribution must be in the same cohomology class as δ_3. Integrating the Bianchi identity (3.13) on 3-cycles gives the tadpole cancellation conditions, and the solution (2.8) immediately suggests a natural choice for the smooth 3-form: μ_6 δ_3 −→

4m^2 5 e^{7ϕ/4} ReΩ . (3.20)

Direct inspection of (3.16) shows that in fact we can consistently put f and F̃ to zero.

On the other hand, we can find which is the Poincaré dual to the cycle Σ on a Calabi-Yau manifold, without invoking physical constraints like BI’s. Let us consider a symplectic basis for homology {Σ_A, Γ^B} with A, B = 0, . . ., h^{2,1}, intersection numbers Σ_A ∩ Γ^B = δ^B_A and such that Σ_0 ≡ Σ the orientifold locus. We will call the cycle Γ^0 just Γ. Then we construct the dual basis of integral cohomology classes {α_K , β^L} defined by ∫ Σ_A

α_K = δ^A_K ∫ Γ_B

β^L = δ^B_L (3.21) while the other combinations vanishing. It turns out that^7 {Σ, Γ} ↔ {α_0 = − ImΩ √ 4Vol_6

, β^0 = ReΩ √ 4Vol_6

} (3.22)

with α_0, β^0 respectively even and odd under σ^∗, and the other dual forms extracted from H^{2,1} ⊕H^{1,2}. This normalization comes down from the choice (C.6). Since the only nonvanishing period of δ_3 is ∫ Γ δ_3 = 1 (because Σ and Γ intersect just once), we find that the harmonic representative of the cohomology class of δ_3 is

δ_3 −→ β^0 = ReΩ √ 4Vol_6

. (3.23)

Comparing with (3.20) we get the value of the dilaton:

4m^2 5 e^{7ϕ/4} = μ_6 √ 4Vol_6

. (3.24)

This fixes also the value of the four-dimensional cosmological constant. Summarizing, the solution is completely described by the internal Calabi- Yau manifold defined by SU(3)-invariant forms J and Ω, with an antiholomorphic isometrical involution σ: the background fields G and H are determined by (2.8) with f = 0, F = 0; the dilaton is given by (3.24) where in turn the volume is set by J. Further constraints come from the integral quantization of fluxes, and this mechanism provides the stabilization of geometrical moduli in the geometry. This will be analyzed in the next section.

It would be of interest to establish in even more detail how the smeared and localised exact solutions are related.

3.2 Tadpole Cancellation and Topology Change

In the exact localised solution, the fact that ReΩ is exact implies that H must be exact. The most important consequence is that the modified BI implies that mH − ∑ i μ_6δ^{(i)}_3 must vanish in cohomology; here i runs over all the localized sources. Therefore from the tadpole cancellation conditions one gets that the possible configurations of localized charges are constrained: charge cancellation must work among localised charges only. Specifically, it must be that: ∫ ∑ i δ^{(i)}_3 = 0 (3.25)

on all closed 3-cycles. This is different from the smeared CY solution (in which f = 0), where a non-trivial closed H was allowed by the supersymmetry equations and could be used to cancel the O6 charge.

7From here one derives a formula for the volume of this sLag 3-cycle: VolΣ = √ 4Vol6 .

In the case of a single source we see that δ_3 is exact. Since δ_3 is the Poincare dual of the homology class of the O6-plane, we learn that the 3- cycle that the O6-plane wraps is contractible. This is in stark contrast to the smeared Calabi-Yau case in which the O6-plane is necessarily non-trivial in homology. Therefore, we learn that the transition from the Calabi-Yau approximation to the exact solution necessarily involves a topology change.

4 Moduli Stabilization

In this section we will describe from the point of view of ten dimensional supergravity, how the introduction of the fluxes stabilise the moduli which are present in the zero flux, Calabi-Yau limit. After a brief general discussion, we will first discuss the moduli vevs in the examples studied in [1] and then go on to discuss the general case.

We begin with the axions. A background value for the field strength of a gauge form potential can be separated in two pieces:

H = H^f + dB . (4.1)

The former, cohomologically nontrivial, when integrated on cycles gives the integer amounts of flux, whilst the second term is globally exact. H^f must be closed (so that the flux depends only on co-homology), and we can choose an harmonic representative of the integral cohomology class. Note however that this separation is arbitrary. From the exact solution the total field strength H is harmonic so that dB = 0. We can then use the gauge freedom B → B + dλ to choose B harmonic. The internal harmonic compopnents of B are four dimensional axions. This shows that all the other Kaluza-Klein modes have a zero vacuum expectation value and are hence massive.

In the same way, we split the other field-strengths:

F = F^f + dA + 2m B (4.2) G = G^f + fdVol_4 + dC + B ∧ dA + mB^2 . (4.3)

Arguing as before, F^f is the integrally quantized flux of the gauge potential A while G^f is the flux of C; all of them can be taken harmonic exploiting the gauge redundancy. Note that being A harmonic, it is actually vanishing on our Calabi-Yau solution because of the vanishing of H^1(CY, R).

So one simply expands the fluxes (quantized), the gauge potentials and the SU(3)-structure forms defining the metric. The right basis is dictated by the exact solution, and by the constraints imposed by the orientifold projection. In the special example at hand, everything is harmonic. On the other hand, we can only study the vacuum and can not go off-shell, so can not see any superpotential.

In order to discuss the stabilization of axions coming from C, we need to consider the BI for F̃_6 ≡ e^{ϕ/2} ∗_E G, or equivalently the EOM (3.12). Splitting the field strength according to (4.1) and (4.3) and recalling that A = 0 one can recast it in the form of an exact differential: d ( e^{ϕ/2} ∗ G + H ∧ C − B ∧ G^f − 1 3 m B^3 ) = 0 . (4.4)

When f ≠ 0, C must contain also a four-dimensional piece C_M such that dC_M = fdVol_4. Being a BI, the term in parenthesis is recognized as the closed component of F̃_6, which can be further split into flux and an exact piece:

F^f_6 + dC_5 = e^{ϕ/2} ∗ G + H ∧ C − B ∧ G^f − 1 3 m B^3 . (4.5)

4.1 Example: the T^6/(Z_3)^2 Orientifold

The smeared solution in the long-wavelength approximation can be exploited to compare results with another widely used approximation: what is called Calabi-Yau with fluxes. In the latter, one keeps the contribution of fluxes small compared to the curvature of the compactification manifold. Note that fluxes can not be taken arbitrarily small; Dirac quantization condition puts a lower bound F_p ∼ (α^′)^{p−1}2 to the amount for a p-field-strength. So one requires the contribution of fluxes to the action to be small compared to the Einstein term R, which is of order L^{−2} with respect to the characteristic length of the manifold. This gives (α^′/L^2)^{p−1} ≪ 1. In other words, we must be in the limit of large compactification manifold with respect to the string length, which anyway is the regime of applicability of supergravity. Under these conditions, one can neglect the backreaction of fluxes on geometry, and work with the Calabi-Yau metric. Of course one has to be careful to remember that in the action there are factors of the dilaton, and both the dilaton and the volume are (possibly) determined by fluxes themselves, so it is not always possible to keep the fluxes to their minimal amount while increasing the volume. On the other hand, the smeared solution is valid for large flux.

A simple example studied in detail by [1] is the T^6/Z_3^2 orientifold and will be useful as a concrete model. The model is constructed by compactifying Type IIA supergravity on a 6-manifold which is (the singular limit of) a Calabi-Yau: a torus T^6 firstly orbifolded by Z_3^2 and then orientifolded. It has Hodge numbers h^{2,1} = 0 and h^{1,1} = 12, where 9 of the 12 Kähler moduli arise from the blow-up modes of 9 Z_3 singularities. There are no complex structure moduli. The O6-plane wraps a special Lagrangian 3-cycle and is compatible with the closed SU(3)-structure of the CY. The resulting theory has 4 preserved supercharges. The number of moduli from the form fields are: 3 from the NS-NS 2-form potential B (odd under σ), no one from the R-R 1-form potential A and 1 from the R-R 3-form potential C (even). Fluxes are switched on as described above.

In [1] the stabilization of the moduli, due to the fluxes, is analysed by a computation of the four dimensional effective moduli potential. We are going to apply to this model the machinery previously developed, in the long-wavelength approximation.

Let us introduce an integer basis of harmonic forms for the even cohomology groups. The 2-forms (odd under σ) w_i: w_i ∝ i 2 dz_i ∧ dz̄_i ∫ w_1 ∧ w_2 ∧ w_3 = 1 . (4.6)

The 4-forms (even under σ)

w̃^i = w_j ∧ w_k ⇒ ∫ w_a ∧ w̃^b = δ^b_a (4.7)

where j and k are the two values of 1, 2, 3 besides i.

Start with the decomposition of F (4.2). Expand the fields on harmonic forms (of correct parity)

F^f = f^i w_i B = b^i w_i , (4.8)

where f^i are quantized in units of μ_6. Imposing the smeared solution F = 0, we get b^i = − f^i 2m . (4.9)

The “moduli”^8 b^i corresponding to four dimensional axions are fixed by the fluxes f^i. We can take for simplicity F^f = 0, as in [1], then B = 0 and the axions are fixed to b^i = 0. The general case is dealed for in the next section.

Then expand the 4-form flux G and the SU(3)-structure foundamental form

G^f = ∑ i e_i w̃^i (4.10) J = e^{−ϕ/2} ∑ i v^i w_i v^i > 0 , (4.11)

where e_i are quantized in units of μ_4, and we put a power of the dilaton for later convenience. Note in particular

v^1v^2v^3 = e^{3ϕ/2} Vol_6 = Vol^{String frame}

6 . (4.12)

8We call them moduli because they are so in the Calabi-Yau compactification without fluxes, but here the exact solution fixes completely B, and so there are no moduli at all.

Substituting into the decomposition of G (4.3) and in the solution (2.8) with f = 0 and b^i = 0, we get 6m 5 v^j v^k = e_i . (4.13)

We find a series of relations on the possible fluxes that characterize a supersymmetric vacuum: Sgn(m e_1e_2e_3) = Sgn(m e_i) = + and the sign of e_i is independent on i. These are in agreement with [1]. Moreover we can invert to v^i = 1 |e_i| √ 5 6 e_1e_2e_3 m . (4.14)

So the Kähler moduli are fixed. In the more general case b^i ≠ 0 they are still fixed, a part from changing the range of fluxes for which the supergravity approximation is reliable.

The stabilization of the dilaton comes from the decomposition of H (4.1). Expand H in a basis of harmonic forms for the third cohomology group, odd under the spatial orientifold operation σ^∗. In the present example there is only ReΩ. Note that this is consistent with the solution (2.8). So let us put H = H^f = p 1 √ 4Vol_6

ReΩ . (4.15)

The normalization comes from ∫ Γ β^0 = 1 (see also (3.22)), so p is integrally quantized in units of μ_5. Integrating the BI for H on the cycle Γ we get the only nontrivial tadpole cancellation condition ∫ Γ m H = m p = μ_6 (4.16)

whose only two solutions are^9 (m, p) = ±(μ_8/2, 2μ_5) and ±(μ_8, μ_5). Comparing with the solution, the dilaton gets stabilized to

e^ϕ = 3 4 μ_6 ( 5 6 1 m^5 e_1e_2e_3 )_{1/4} . (4.17)

The last issue is the stabilisation of possible axions coming from the 3-form potential C. Being it odd under σ^∗ and harmonic, there is only one axion: C = −ξ ImΩ √ 4Vol_6

. (4.18)

This must be substituted into the decomposition of the field-strength F̃_6 dual to G (4.5), with quantized flux ∫ F^f_6 = e_0. We get:

−p ξ = e_0 (4.19)

9Note, in quantizing m, that it is not canonically normalized in the action (A.1); then it is quantized in units of μ8/2.

The result is that, in this simple model, all the Kähler moduli, the dilaton and the only axion are geometrically stabilized, whilst there are no complex structure moduli. All the results found in this section are in precise agreement with those found in [1]. Really one should discuss the moduli associated to the 9 resolved singularities as well, which are one Kähler modulus each. One would find that the singularities are blown up to a finite volume. In the next section will discuss how this example generalizes to any Calabi-Yau, of which the orbifold is just a singular limit.

We can determine also the four-dimensional cosmological constant, that is the vacuum energy in AdS_4. The exact solution (2.8) gives the scalar curvature R̂ = −24|W |^2 of the AdS_4 factor in ten dimensional Einstein metric (note that the constant Δ cancells out). Then we must express it in four dimensional Einstein frame, through

R^{4DE} = M^2_P κ^2_{10} 1 Vol_6

R̂ = −24 25 M^2_P κ^2_{10}m^2 e^{5ϕ/2} Vol_6

. (4.20)

Eventually, choosing conventions for the Einstein equation R_{μν} −^1_2 g_{μν} R = −^1_2 g_{μν} Λ:

Λ = −(2π)^{11} ( 3 4 )_4 ( 6 5 α^{′4} m e_1e_2e_3 )_{3/2} M^2_P . (4.21)

4.2 General Calabi-Yau with Fluxes

The generalization of this example to any Calabi-Yau model with an orientifold projection is straightforward. We will continue to adopt the longwavelength approximation as done in the previous section. First of all the antiholomorphic involutive isometry σ divides the cohomology groups of the internal manifold into even and odd components. In particular, H^{1,1} = H^{1,1}_+ ⊕ H^{1,1}_− with dimensions h^{1,1} = h^{1,1}_+ + h^{1,1}_− . Let {w_i} be an integer basis for H^{1,1}_− , with intersection numbers κ_{abc} = ∫ w_a ∧ w_b ∧ w_c , (4.22)

and {w̃^i} the Poincaré dual basis for H^{2,2}_+ (since J^3 is odd): ∫ w_i ∧ w̃^j = δ^j_i . (4.23)

The third cohomology group H^3 = H^3_+ ⊕ H^3_− is halved in two spaces of real dimension h^{2,1}+1. We consider the same integer symplectic real basis for H^3 as in section 3.1: {α_K , β^L} with k, l : 0, . . ., h^{2,1}. It satisfies ∫ α_K ∧β^L = δ^L_K ;

moreover α_K are even while β^L are odd. Let the dual basis of integer cycles be {Σ_A, Γ^B} so that Σ_A ∩ Γ^B = δ^B_A .

Then we expand the various fields and forms on these basis, according to their behaviour under the orientifold operation O. The Kähler form J, the field B and the flux F^f are odd and follow (4.11), (4.8).^{10} In particular

Vol_6 = 1 6 e^{−3ϕ/2} v^av^bv^c κ_{abc} . (4.24)

The flux G^f is even and follows (4.10). The treatment of the holomorphic 3-form needs a little bit more of care. On a Calabi-Yau it can be expanded on the full H^3:

Ω = g^Kα_K + Z_Lβ^L . (4.25)

We can take Z_L as projective coordinates on the complex structure moduli space of the Calabi-Yau, while g^K as functions of Z_L on this space. Nonetheless, we choose the particular normalization Ω∧Ω̄ = −8idVol_6, and this fixes the overall factor. Then the orientifold projection requires ReΩ and ImΩ to be respectively odd and even under σ; this translates to

ImZ_L = Reg^K = 0 . (4.26)

Notice that while the first set of relations really cuts out half of the moduli space, the second set is automatically garanteed on a CY manifold which admits the antiholomorphic isometry σ. The flux H^f is odd and the gauge potential C is even, so

H = H^f = p_Lβ^L C = ξ^K α_K . (4.27)

The stabilization proceeds on the same track as before. We substitute the expantions given above in the equations determining the solution. From (4.2) and (4.3) we get

b^i = − f^i 2m (4.28) 3m 5 v^iv^j κ_{ija} = e_a + m b^ib^j κ_{ija} . (4.29)

The axions b^i are all fixed, as well as the Kähler moduli v^i. For these last ones we have as many quadratic equations as unknowns (provided thare is no a such that κ_{aij} is always zero), and, as pointed out in [1], one has only to check that the solution lies in the supergravity regime (among the others, one asks for large positive volumes v^i). Integrating the BI for H on the cycles Γ_L yields m p_L = μ_6 ReZ_L √ 4Vol_6

. (4.30)

10A possible axion coming from B lying on the four dimensional space is forbidden by the orientifold projection.

This fixes all the remaining complex structure moduli^{11}. Then subsituting in the solution (2.8) we find the dilaton

e^ϕ = 5 8 μ_6 m^2 √ 6 v_av_bv_c κ_{abc} . (4.31)

Eventually, by direct application of (4.5) follows

−p_L ξ_L = e_0 + b_ie_i + 1 3 m b_ab_bb_c κ_{abc} . (4.32)

Note that only this particular combination of the axions can be fixed, while for the other ones nonperturbative effects and α^′ corrections must be invoked. Anyway, the stabilization of axions is a minor problem, because their configuration space is periodic and compact, so any contribution which generate a nonconstant potential fixes them at a finite value.

As noted in [1], there is a gauge redundancy in the solutions described above, i.e. solutions which are transformed into each other by the gauge transformations (A.3) and following, are equivalent. In the four-dimensional low energy theory those translate in Peccei-Quinn symmetries that shift the axions:

b^i → b^i + 1 or ξ^K → ξ^K + 1 . (4.33)

These are accompained by translations of the fluxes, and the correct transformation rules are obtained by (4.2), (4.3) ,(4.5) by noticing that F , G and F_6 are gauge-invariant. The point is that one can always reduce to the case of b^i and ξ^K of order unity, and the large volume limit (the one reliable in supergravity) is controlled just by the fluxes e_i. This simplifies considerably the equations in the limit.

As in the particular case studied in the previous section, we have found the same results as [1]: all the geometric moduli and the axions coming from B are fixed, whilst only one combination of the C axions is fixed.

Acknowledgments

We would like to thank Matteo Bertolini, Stefano Cremonesi, Mariana Graña, Giuseppe Milanesi, Marco Serone for useful discussions, and Thomas House, Eran Palti for some correspondence.

11The equations are not invariant under scaling (what one would have expected for the projective coordinates), but this relies on the fact that a normalization for Ω is involved in (3.23).

A Ten Dimensional Action and Supesymmetry Variations

The bosonic action of the Type IIA massive supergravity [23] with mass parameter^{12} m is given, in Einstein frame, by^{13} L = ∫ { R ∗ 1 − 1 2 dϕ ∧ ∗dϕ − 1 2 e^{ϕ/2}G ∧ ∗G − 1 2 e^{−ϕ}H ∧ ∗H − 1 2 e^{3ϕ/2}F ∧ ∗F − 2m^2e^{5ϕ/2} ∗ 1 + 1 2 dC^2 ∧ B + 1 2 dC ∧ dA ∧ B^2 + 1 6 dA^2 ∧ B^3 + m 3 dC ∧ B^3 + m 4 dA ∧ B^4 + m^2 10 B^5 } , (A.1)

where the invariant field strength with their BI’s are: F = dA + 2mB H = dB G = dC + B ∧ dA + mB^2 dF = 2mH dH = 0 dG = F ∧ H . (A.2)

The gauge transformations which leave the action invariant are:

δA = mΛ_1 δB = − 1 2 dΛ_1 δC = 1 2 A ∧ dΛ_1 + 1 4 mΛ_1 ∧ dΛ_1 , (A.3)

as well as δA = dΛ_0 and δC = dΛ_2.

For a canonically normalized field-strength, the Dirac quantization condition states ∫ Σ_p

F_p = μ_{8−p}n_p = (4π^2α^′)^{p−1}2 n_p n_p ∈ Z, (A.4)

with μ_p = 2κ_{10}^2μ̄_p = (4π^2α^′)^{(7−p)/2}, and μ̄_p = (2π)^{−p}α^{′−(p+1)/2} is the Dp-brane charge and tension.

The condition for a background to be supersymmetric, is that it satisfies the equations δΨ_M = 0 and δλ = 0 (A.5)

12In string theory, this parameter is really a flux F0, in fact quantized. 13In order not to clutter formulas, we omit a factor 1/2κ^2_{10} = (2π)^{−7} α^{′−4} in front of the lagrangian. But to discuss the supergravity limit and the various orders in α^′, this term has to be taken into account, and not just put to one.

where

δΨ_M = [ ∇_M − m e^{5ϕ/4} 16 Γ_M − e^{3ϕ/4} 64 F_{N P} (Γ_M^{N P} − 14δ_M^N Γ^P )Γ_{11} + e^{−ϕ/2} 96 H_{N P Q}(Γ_M^{N P Q} − 9δ_M^N Γ^{P Q})Γ_{11} + e^{ϕ/4} 256 G_{N P QR}(Γ_M^{N P QR} − 20 3 δ_M^N Γ^{P QR}) ] ϵ (A.6)

δλ = [ − 1 2 Γ^M ∇_M ϕ − 5m e^{5ϕ/4} 4 + 3 e^{3ϕ/4} 16 F_{M N} Γ^{M N} Γ_{11} + e^{−ϕ/2} 24 H_{M N P} Γ^{M N P} Γ_{11} − e^{ϕ/4} 192 G_{M N P Q}Γ^{M N P Q} ] ϵ (A.7)

In order to solve this, one substitutes the ansatz for ϵ (2.6), for the metric and for the forms and contracts the resulting six dimensional equations with η^†_±γ^{(n)}. In this way, one obtains separate equations for every SU(3) representation in the decomposition of forms [18]: one can decompose the tensors F , H and G in terms of irreducible SU(3) representations. For example, for F one gets: F_{mn} = 1 16 Ω^∗_{mn}^sF^{(1,0)}_s + 1 16 Ω_{mn}^sF^{(0,1)}_s + (F̃_{mn} + 1 6 J_{mn}F^{(0)}) , (A.8)

where the different pieces can be extracted through

F^{(0)} = F_{mn}J^{mn} ∼ 1 F^{(1,0)}_m = Ω_m^{np}F_{np} ∼ 3 (A.9)

and F̃ ∼ 8 is such that F̃_{mn}J^{mn} = F̃_{mn}Ω^{mn}_p = F̃_{mn}(Ω^∗)^{mn}_p = 0 . (A.10)

By different contractions one has a set of equations, and then recasting togheter the various pieces one gets (2.8) (in case |α| = |β|).

B Check of the Equations of Motion

In section 3 we sketched an argument to find that if the solution to the supersymmetry equations satisfies also the BI and the equations of motions for the forms, then it satisfies the Einstein and the dilaton equations as well. Here we check that it is true for the dilaton and the 4-dimensional components of the Einstein equation.

The dilaton eom (3.10) is the same as in [18], but with the addition of the O6 term. Moreover, the fields take the same values on the solution as in [18], except for F . The value of F^2 is the [18] one plus

δF^2 = 1 4 μ_6 √ −g_3 √ −g_6 δ^3(Σ)e^{−3ϕ/4} . (B.1)

So if the [18] EOM are satisfied, all the terms in (3.10) sum up to zero, except for − 3 8 e^{3ϕ/2}δ|F |^2 + 3 2 μ_6 √ −g_3 √ −g_6 δ^3(Σ)e^{3ϕ/4} . (B.2)

By substituting (B.1) into (B.2) one gets exactly zero and the dilaton EOM turns out to be correct.

Consider, now, the Einstein EOM in the μ, ν = 0, ..., 3 directions. The piece of the equation which is not automatically zero if the [18] EOM are satisfied is: 1 32 e^{3ϕ/2}g_{μν} δ|F |^2 − 1 8 μ_6 √ −g_3 √ −g_6 δ^3(Σ)g_{μν} e^{3ϕ/4} . (B.3)

Again the result is zero and the eom is satisfied.

C SU(3) Structure Conventions

As said in the paper, the existence of the spinor η implies the existence of a globally defined 2-form J and 3-form Ω:

J_{mn} ≡ iη^†_−γ_{mn}η_− = −iη^†_+γ_{mn}η_+ (C.1) Ω_{mnp} ≡ η^†_−γ_{mnp}η_+ Ω^∗_{mnp} = −η^†_+γ_{mnp}η_− , (C.2)

with the normalization η^†_+η_+ = η^†_−η_− = 1. J and Ω satisfy:

J_m^nJ_n^p = −δ^p_m (C.3) (Π^+)_m^nΩ_{npq} = Ω_{mpq} (Π^−)_m^nΩ_{npq} = 0 (C.4)

(Π^±)_m^n ≡ 1 2 (δ^n_m ∓ iJ_m^n) . (C.5)

So J defines an almost complex structures with respect to which Ω is (3, 0). Moreover

Ω ∧ J = 0 and J^3 = 3i 4 Ω ∧ Ω^∗ = 6dVol_6 (C.6) and ∗J = 1 2 J ∧ J ∗ (J ∧ J) = 2J ∗ Ω = −iΩ (C.7)

∗ F̃ = −F̃ ∧ J ∗(F̃ ∧ J) = −F̃ (C.8)

References

[1] O. DeWolfe, A. Giryavets, S. Kachru and W. Taylor, “Type IIA moduli stabilization,” JHEP 0507 (2005) 066 [arXiv:hep-th/0505160].

[2] M. Grana, “Flux compactifications in string theory: A comprehensive review,” Phys. Rept. 423 (2006) 91 [arXiv:hep-th/0509003].

[3] J. Polchinski and A. Strominger, “New Vacua for Type II String Theory,” Phys. Lett. B 388 (1996) 736 [arXiv:hep-th/9510227].

[4] K. Becker and M. Becker, “M-Theory on Eight-Manifolds,” Nucl. Phys.

B 477 (1996) 155 [arXiv:hep-th/9605053].

[5] J. Michelson, “Compactifications of type IIB strings to four dimensions with non-trivial classical potential,” Nucl. Phys. B 495, 127 (1997) [arXiv:hep-th/9610151].

[6] K. Dasgupta, G. Rajesh and S. Sethi, “M theory, orientifolds and Gflux,” JHEP 9908, 023 (1999) [arXiv:hep-th/9908088].

[7] S. B. Giddings, S. Kachru and J. Polchinski, “Hierarchies from fluxes in string compactifications,” Phys. Rev. D 66, 106006 (2002) [arXiv:hep-th/0105097].

[8] B. S. Acharya, “A moduli fixing mechanism in M theory,” arXiv:hep-th/0212294.

[9] S. Kachru, R. Kallosh, A. Linde and S. P. Trivedi, “De Sitter vacua in string theory,” Phys. Rev. D 68, 046005 (2003) [arXiv:hep-th/0301240].

[10] S. Kachru and A. K. Kashani-Poor, “Moduli potentials in type IIA compactifications with RR and NS flux,” JHEP 0503, 066 (2005) [arXiv:hep-th/0411279].

[11] T. W. Grimm and J. Louis, “The effective action of type IIA Calabi-Yau orientifolds,” Nucl. Phys. B 718 (2005) 153 [arXiv:hep-th/0412277].

[12] G. Villadoro and F. Zwirner, “N = 1 effective potential from dual type- IIA D6/O6 orientifolds with general fluxes,” JHEP 0506, 047 (2005) [arXiv:hep-th/0503169].

[13] P. G. Camara, A. Font and L. E. Ibanez, “Fluxes, moduli fixing and MSSM-like vacua in a simple IIA orientifold,” JHEP 0509, 013 (2005) [arXiv:hep-th/0506066].

[14] S. Chiossi, S. Salamon, “The intrinsic torsion of SU(3) and G_2 structures,” [math.DG/0202282].

[15] S. Gurrieri, J. Louis, A. Micu and D. Waldram, “Mirror symmetry in generalized Calabi-Yau compactifications,” Nucl. Phys. B 654 (2003) 61 [arXiv:hep-th/0211102].

[16] S. Gurrieri and A. Micu, “Type IIB theory on half-flat manifolds,”KK Class. Quant. Grav. 20 (2003) 2181 [arXiv:hep-th/0212278].

[17] K. Behrndt and M. Cvetic, “General N = 1 Supersymmetric Flux Vacua of (Massive) Type IIA String Theory,” Phys. Rev. Lett. 95 (2005) 021601 [arXiv:hep-th/0403049]. “General N = 1 Supersymmetric Fluxes in Massive Type IIa String Theory,” Nucl. Phys. B 708 (2005) 45 [arXiv:hep-th/0407263].

[18] D. Lust and D. Tsimpis, “Supersymmetric AdS(4) compactifications of IIA supergravity,” JHEP 0502 (2005) 027 [arXiv:hep-th/0412250].

[19] T. Banks and K. van den Broek, to appear.

[20] T. House and E. Palti, “Effective action of (massive) IIA on manifolds with SU(3) structure,” Phys. Rev. D 72, 026004 (2005) [arXiv:hep-th/0505177].

[21] M. Ihl and T. Wrase, “Towards a realistic type IIA T**6/Z(4) orientifold model with background fluxes. I: Moduli stabilization,” JHEP 0607 (2006) 027 [arXiv:hep-th/0604087].

[22] J. F. G. Cascales and A. M. Uranga, “Branes on generalized calibrated submanifolds,” JHEP 0411 (2004) 083 [arXiv:hep-th/0407132].

[23] L. J. Romans, “Massive N=2a Supergravity In Ten-dimensions,” Phys. Lett. B 169 (1986) 374.