arXiv:hep-th/0608029 v2 12 Oct 2006

CERN-PH-TH/2006-140 IFT-UAM/CSIC-06-40 hep–th/0608029

The magnon kinematics of the AdS/CFT correspondence

César Gómez^{1,2} and Rafael Hernández^2

1 Instituto de Física Teórica UAM/CSIC Universidad Autónoma de Madrid, Cantoblanco, 28049 Madrid, Spain

cesar.gomez@uam.es

2 Theory Group, Physics Department, CERN CH-1211 Geneva 23, Switzerland

rafael.hernandez@cern.ch

Abstract

The planar dilatation operator of N = 4 supersymmetric Yang-Mills is the hamiltonian of an integrable spin chain whose length is allowed to fluctuate. We will identify the dynamics of length fluctuations of planar N = 4 Yang-Mills with the existence of an abelian Hopf algebra Z symmetry with non-trivial co-multiplication and antipode. The intertwiner conditions for this Hopf algebra will restrict the allowed magnon irreps to those leading to the magnon dispersion relation. We will discuss magnon kinematics and crossing symmetry on the spectrum of Z. We also consider general features of the underlying Hopf algebra with Z as central Hopf subalgebra, and discuss the giant magnon semiclassical regime.

1 Introduction

The appearance of integrable structures on both sides of the AdS/CFT correspondence has played a central role in our current understanding of the duality. The dilatation operator of planar N = 4 supersymmetric Yang-Mills has been shown to correspond, at one-loop for the complete theory [1]-[3], and at several loops in some subsectors [4]- [6], to the hamiltonian of a one-dimensional integrable system. On the string theory side integrability of the classical sigma model on AdS_5 ×S^5 [7] allowed a resolution of the theory in terms of spectral curves [8]-[13]. The integral equations satisfied by the spectral density suggested soon after a discrete Bethe ansatz for the quantum string sigma model [14]. The Bethe equations of the gauge theory were then shown to arise from an asymptotic S-matrix in [15], and the S-matrix of N = 4 Yang-Mills was recently derived in [16]. Integrability is thus encoded in a factorizable S-matrix on both sides of the correspondence. The string theory S-matrix describes the scattering of some classical lumps supported on the twodimensional worldsheet. A semiclassical description at strong ’t Hooft coupling of this S-matrix has been proposed in [17] (see also [18]-[24]), based on the classical equivalence of strings moving on R × S^2 and the sine-Gordon integrable model [25], [26]. On the gauge theory side the S-matrix describing the scattering of magnon fluctuations of the spin chain can be constrained by the symmetries of the system and by the Yang-Baxter triangular equation [16]. However these symmetries are not enough to fix completely the scattering matrix, and additional physical requirements such as unitarity, bootstrap in the case of a non-trivial spectrum of bound states, and crossing symmetry, need to be imposed [27].

The S-matrix for the quantum string Bethe ansatz should extrapolate at weak but finite coupling to the gauge theory S-matrix through a dressing phase factor [14],

S_{string} (p_j , p_k ) = e^{i θ(pj ,pk )} S_{gauge}(p_j , p_k ) . (1.1)

Constraints on this phase factor have been obtained from crossing symmetry in [28]. The dressing factor can also be constrained through comparison with the leading quantum correction to the energy of semiclassical strings [29]-[32]. The quantum dressing factor [31] was in fact shown in [33] to satisfy the crossing equations, and a solution to the crossing relation has recently been proposed in [34].

In many occasions, underlying an integrable system there is a Hopf algebra of symmetries (see for instance [35] and references therein). Factorizable S-matrices can then always be written in the form S_{12} = S^0_{12}R_{12} , (1.2) where R_{12} is the intertwiner R-matrix for the Hopf algebra of symmetries, and the factor S^0_{12} is the dressing phase. The magnons entering into the scattering process correspond to irreps V_{πi} of the Hopf algebra, and the R-matrix

R_{π1 π2} : V_{π1} ⊗ V_{π2} → V_{π2} ⊗ V_{π1} (1.3)

is determined by the intertwiner condition

R_{π1 π2} Δ_{π1 π2} (a) = Δ_{π2 π1} (a)R_{π2 π1} , (1.4)

with Δ(a) the co-multiplication for an arbitrary element a in the Hopf algebra. The physical meaning of the co-multiplication is to provide the composition law that defines the action of symmetry transformations on multimagnon states. From the intertwiner condition (1.4) the non-triviality of the R-matrix follows as a consequence of non-symmetric co-multiplications, i.e. “non-classical” composition laws. In the case of the planar limit of N = 4 Yang-Mills, the S-matrix is derived by imposing the intertwiner condition (1.4) with a non-symmetric co-multiplication for the generators of the SU(2|2) algebra [16].

In case the underlying Hopf symmetry algebra contains a non-trivial central Hopf subalgebra [36], new interesting features appear. In particular, not all magnon irreps are allowed, and there is not a universal R-matrix such that

R_{π1 π2} = π_1 ⊗ π_2R . (1.5)

In fact, independently of what the intertwiner R-matrix is, we should require, for any element a in the central Hopf subalgebra, that

Δ_{12}(a) = Δ_{21}(a) . (1.6)

This condition, with a non-symmetric co-multiplication, restricts the allowed irreps, that are now parameterized by the eigenvalues of the central elements, to live on certain Fermat curves in the spectrum of the central Hopf subalgebra.^1 In this note we will identify a central Hopf symmetry subalgebra Z for planar N = 4 Yang-Mills, with three generators and

1These constraints on the allowed irreps have important implications for the existence of a universal R-matrix. In fact, R_{π1π2} as defined in (1.5) should in principle exist for any couple of irreps, independently of whether they satisfy condition (1.6).

non-symmetric co-multiplications that will restrict the allowed magnon irreps to those with the BMN-like dispersion relation found in [16] from supersymmetry. Multimagnon physical states are then defined as those invariant under the central Hopf subalgebra leading to the total zero momentum Virasoro condition. The Yang-Mills coupling enters through the undetermined constants parameterizing the Fermat curves that solve condition (1.6). The central Hopf subalgebra governing the dispersion relation for magnons is generated by the two central elements introduced in [16], and an additional central generator K related to the magnon momentum. This Hopf subalgebra is isomorphic to the central Hopf subalgebra of U_q ( ^SL(2)) with q a root of unity. It is known that U_q( ^SL(2)) is the affine Hopf symmetry algebra of the sine-Gordon model [37], with q determined by the sine-Gordon coupling. At the special value of q a root of unity a central Hopf subalgebra, isomorphic to the one that we have identified for N = 4 Yang-Mills, is dynamically generated. In this case a new dispersion relation for the sine-Gordon solitons can be derived from the central elements in a way analogous to the one we have used in order to reconstruct the magnon dispersion relation.

Finally, let us just briefly comment on the crossing transformation. It was originally suggested in [38] that crossing for an affine Hopf algebra could be defined by promoting the action of the antipode into a certain change in the affine spectral parameter, the “crossing transformation”, that becomes an inner automorphism of the algebra. This, together with the property of the universal R-matrix

(γ ⊗ 11)R = R^{−1} , (1.7)

leads to a purely algebraic implementation of crossing symmetry. This program was developed for the sine-Gordon model in [37] by imposing invariance under the Drinfeld quantum double D(A, A^∗) [39], with A the quantum affine Hopf algebra of the sine-Gordon model, and A^∗ the dual algebra. In [28] this approach was suggested as a way to define crossing for N = 4 Yang-Mills. However, for N = 4, as well as for other integrable models enjoying invariance under a non-trivial central Hopf subalgebra, as for instance the chiral Potts model, an intrinsically algebraic definition of crossing transformations can be given independently of the assumption of existence of a universal R-matrix. The idea is simply to realize that the rapidity plane is the submanifold in the spectrum of the central subalgebra defined by the intertwiner conditions. Therefore, as a simple application of Schur’s lemma we can lift to the rapidity plane the action of the antipode on the generators of the central subalgebra, and thus define crossing transformations to be this lifted action of the antipode γ on the rapidity plane.

The article is organized as follows. In section 2 we will translate the dynamic SU(2|3) chain into the existence of an abelian central Hopf subalgebra of symmetries, Z, with non-trivial co-multiplication rules and antipodes. We will show how the generators of this algebra turn out to be the central elements added to SU(2|2) in order to induce the SU(2|3) dynamics. We will then describe how the possible irreps, parameterized by the eigenvalues of the generators of the central algebra, are constrained from intertwiner conditions. These conditions determine the dispersion relation for magnons, and the elliptic curve on the rapidity plane. In section 3 we will wonder about the underlying Hopf algebra with Z as central subalgebra. We will provide evidence that it should correspond to some quantum Hopf affine algebra at a root of unity, with the central Hopf subalgebra Z as the enlarged center at such a root of unity. In section 4 we will identify the special features of the magnon kinematics with the conditions for the existence of a non-trivial center for the underlying quantum affine symmetry of the sine-Gordon model.

2 The central Hopf subalgebra

In this section we will describe the geometry underlying the Hopf algebra symmetry of the central extensions of the integrable SU(2|2) chain. In particular, we will find the origin of the Virasoro constraints and the dispersion relation on purely algebraic grounds. But before doing that we will review in some detail the SU(2|3) dynamic chain, and a convenient choice of representations.

2.1 Dynamics and representations

The S-matrix of planar N = 4 supersymmetric Yang-Mills can be constructed using the fact that the complete P SU(2, 2|4) algebra splits into two equal pieces. Both SU(2|2) factors share a central charge that behaves as the hamiltonian, which is part of the symmetry algebra. But in order to deal with the dynamical properties of the chain two extra central elements to the SU(2|2) algebra need to be introduced [16]. These additional central elements act trivially on physical states of vanishing total momentum. However they act in a non-trivial way on the magnon constituents of the physical states and therefore are relevant to fix the scattering S-matrix.^2

Before constructing suitable representations for the SU(2|2) spin chain, let us first recall the SU(2|3) integrable system [5]. In the SU(2|3) sector we have 12 supercharges, Q^i_α and G^i_α, with i = 1, 2, 3 and α = 1, 2, three complex scalar fields and two spinors. The algebra is enlarged with a U(1) subalgebra generated by the interacting hamiltonian. The full and the interacting hamiltonians, H and δH, satisfy [H, Q] = 1 2 Q , [H, G] = − 1 2 G , [δH, Q] = 0 , [δH, G] = 0 . (2.1) The dynamical nature of the SU(2|3) chain arises because we can find states with the same quantum numbers and energy, but different length, which is defined in terms of the number of constituents. Fluctuations between these states make the length of the chain a dynamical variable. In particular, the allowed fluctuations, between ϕ^{[1}ϕ^2ϕ^{3]} and ψ^{[1}ψ^{2]}, play a fundamental role in the definition of the different irreps.

In order to construct the irreps, let us for instance consider two supercharges Q^3_1 and Q^3_2, acting on the field ϕ^3. They transform ϕ^3 into ψ^1 and ψ^2, respectively. We will now act with Q^3_1Q^3_2 on a formal state |ϕ^3ϕ^3⟩, and transform then the resulting state |ψ^{[1}ψ^{2]}⟩ into |ϕ^{[1}ϕ^2ϕ^{3]}⟩ through a fluctuation. After these formal manipulations, we remove one ϕ^3 field from the original and final states, and read from this the action Q^3_1|ψ^2⟩ as |ϕ^{[1}ϕ^{2]}⟩.

Now, we will move to the SU(2|2) sector, with only 8 supercharges Q^a_α and G^a_α, where now a = 1, 2 and α = 1, 2. In this case we only have two scalar fields, and therefore there are no allowed fluctuations. However we can still rely formally on the dynamics of the SU(2|3) chain to construct irreps. Consider for instance the two supercharges Q^1Q^1_2 acting on the scalar field ϕ^1. Through the same argument as above we can consider Q^1Q^1_2|ϕ^1ϕ^1⟩, which leads to |ψ^{[1}ψ^{2]}⟩. Using a fluctuation we transform now this state into |ϕ^{[1}ϕ^2Z^]⟩, where the field Z is playing the role of ϕ^3. After this we remove ϕ^1 from the first and last states to obtain Q^1|ψ^2⟩ ≃ |ϕ^2Z⟩ or, in general [16], Q^i_α|ψ^β⟩ ≃ ϵ_{αβ}ϵ^{ij} |ϕ^j Z⟩ . (2.2) Similar formal manipulations, with the spectator field Z, can be employed to define the irreps for the remaining set of supercharges, G^a_α. We can act on ψ^1 with G^1 and G^2_1 to

2From a physical point of view the role of this center is very similar to the one played by the center Z_N of SU (N ) in QCD. Physical states are singlets with respect to the center, but the quark constituents transform non-trivially under Z_N.

produce, respectively, ϕ^1 and ϕ^2. Thus, G^1G^2_1|ψ^1ψ^1⟩ leads to |ϕ^{[1}ϕ^{2]}⟩, and we can now define a fluctuation relating |ϕ^{[1}ϕ^{2]}⟩ and |ψ^{[1}ψ^2Z^{−1]}⟩. Using this we get G^1|ϕ^2⟩ ≃ |ψ^2Z^{−1}⟩ or, in general [16], G^a_α|ϕ^b⟩ ≃ ϵ_{αβ}ϵ^{ab}|ψ^βZ^{−1}⟩ . (2.3) A direct consequence of these dynamic irreps for SU(2|2) is the existence of central terms. In fact, we find that Q^a_αQ^b_β|Ψ⟩ ≃ ϵ_{αβ}ϵ^{ab}|ΨZ⟩ , (2.4) for any generic state |Ψ⟩. This action defines in a natural way a central term B in SU(2|2), because with respect to this algebra |Ψ⟩ and |ΨZ⟩ are indeed the same state. However, as we will discuss in section 3, the co-multiplication of this central term, and also of the central element R associated to the G^a_α supercharges, is asymmetric and non-trivial. We will use this observation to translate the SU(2|3) dynamics into a deformed co-multiplication for a central Hopf subalgebra.

2.2 Dynamical co-multiplication rules

Let us now introduce the SU(2|2) symmetry algebra. It is generated by two bosonic generators, R^a_b and L^α_β, together with the supersymmetry generators Q^α_b and G^a_β with central charge c, {Q^α_a , G^b_β } = δ^b_a L^α_β + δ^α_β R^b_a + δ^b_a δ^α_β c . (2.5) Following [16], we will extend the algebra with two central charges B and R, {Q^α_a, Q^β_b} = ϵ^{αβ}ϵ_{ab}B , {G^a_α, G^b_β} = ϵ^{ab}ϵ_{αβ}R . (2.6) The first thing to be noticed concerning these additional central elements is that they define an action on multiple magnon states with a non-trivial and asymmetric co-multiplication. In order to exhibit this co-multiplication, a new element needs to be introduced in the algebra through the relation K|Ψ⟩ = |ZΨ⟩ , (2.7) where |Ψ⟩ denotes a generic magnon state. Following [16], an excitation with a given momentum p will be |Ψ⟩ = ∑ n e^{ipn} | . . . Z . . . Ψ_n . . . Z . . .⟩ . (2.8)

Therefore, inserting or removing a field Z on the excited state will correspond to |Z^±Ψ⟩ = ∑ n e^{ipn}| . . . Z . . . Ψ_{n±1} . . . Z . . .⟩ = e^{∓ip}|Ψ⟩ , (2.9) and thus we find K^{±1}|Ψ⟩ = z^{±1}|Ψ⟩ , (2.10) with z the eigenvalue z ≡ e^{−ip}. It is immediate to check now that K commutes with all the generators of SU(2|2), and thus belongs to the center of the algebra. With this new operator we easily find the following co-multiplications for B, R and K,^3 ΔB = B ⊗ K + 11 ⊗ B , ΔR = R ⊗ 11 + K^{−1} ⊗ R , (2.11) ΔK = K ⊗ K . The operators B, R and K define with the co-multiplication (2.11) an abelian Hopf subalgebra, that we will denote by Z.

2.3 Spec Z geometry and the dispersion relation

We will now use invariance under the central Hopf subalgebra Z as a first step to relate integrability in the planar limit of N = 4 supersymmetric Yang-Mills with the existence of an underlying Hopf algebra symmetry. Let us first show how invariance under the central subalgebra already implies non-trivial constraints on the allowed intertwiners. We will assume, independently of what the underlying Hopf algebra governing the integrable structure of N = 4 Yang-Mills is, that the subalgebra Z is part of its center. We can now read from the co-multiplications (2.11) that the central Hopf subalgebra must be equipped with an antipode γ(B) = −BK^{−1} , γ(R) = −KR , (2.12) γ(K) = K^{−1} .

3In all our equations we implicitly use a graded multiplication defined by (a ⊗ b)(c ⊗ d) = (ac ⊗ bd)(−1)^{[b][c]} .

Notice that the antipode is non-trivial because of the non-trivial co-multiplication implied by the dynamics of the spin chain. Using now Schur’s lemma we will characterize each irrep by the eigenvalues of the generators of Z,

π(B) = x , π(R) = y , π(K) = z . (2.13)

Next we will introduce a manifold SpecZ as the spectrum of Z [36], and use Schur’s lemma to construct a map from the space of irreps into Spec Z. Now, given two different irreps parameterized by (x_1, y_1, z_1) and (x_2, y_2, z_2), existence of an intertwiner requires

Δ_{12}(a) = Δ_{21}(a) , ∀ a ∈ Z . (2.14)

When the co-multiplication is non-trivial this condition leads to relations between both irreps. Using now the co-multiplication (2.11) and the map into Spec Z defined by (2.13), condition (2.14) leads to the following set of curves of Fermat type in Spec Z, x z − 1 = α, y z^{−1} − 1

= β , (2.15)

with α and β some undetermined constants. Intertwiners will then only exist for irreps satisfying (2.15). In the notation of reference [16], we have x = ab and y = cd. Notice that condition (2.15) are precisely those introduced in [16] on the eigenvalues of the central elements B and R, ab = α(e^{ip} − 1) and cd = β(e^{−ip} − 1), respectively. These relations arise in [16] by imposing invariance under the central elements of multi-magnon physical states, with vanishing total momentum. However, these relations have a meaning of their own, independently of the condition of vanishing total momentum: they determine the explicit form of the single magnon dispersion relation. Let us also stress that in the previous derivation we have identified the origin of these relations directly from the structure of the central Hopf algebra and the intertwiner condition. The origin of (2.15) is thus independent of the condition of vanishing total momentum on physical states.^4 In fact, this condition simply means that physical states are singlets with respect to the central algebra Z, in the same way as in QCD physical states are singlets under Z_N. The dependence on the Yang- Mills coupling constant appears through the arbitrary constants α and β characterizing the intertwiner Fermat curve. In order to recover the BMN scaling formula [40] the choice αβ = 2g^2 needs to be done [16].

4Notice also that the interpretation of the central elements as gauge transformations, B|Ψ⟩ = α(K|Ψ⟩− |Ψ⟩), R|Ψ⟩ = β(K^{−1}|Ψ⟩ − |Ψ⟩) is only valid once we have imposed the Virasoro constraints (2.15).

We can now use the intertwiner condition (2.15) together with the constraint imposed by the closure of {Q, G}, ad − bc = 1, to solve for the central extension, c(z) = ± 1 2 √ 1 + 4αβ(2 − z − z^{−1}) . (2.16)

The region in Spec Z on which intertwiners for arbitrary pairs of points exist is thus the branch cover of the z-plane defined by the function c(z). In fact irreps for which an intertwiner exist are characterized by the pair (z, ±c(z)). The plus sign will correspond to irreps for particles, and the minus sign to antiparticle irreps.

2.4 The kinetic plane

We will now parameterize different irreps using z and c(z) as coordinates, and we will identify the two possible branches of c(z) with particle and antiparticle irreps. Let us first translate these coordinates into the ones employed in [16], x^±. We get

x^−(z) = i 2g 1 ± 2c(z) (z − 1)

, (2.17)

while x^+ = zx^−(z), which together with c(z) define a double covering of the z-plane. At the self-dual point z = 1 with respect to the antipode transformation, z → 1/z, x^± goes to infinity for the positive branch of c(z), or to zero for the negative branch. The magnon charges are now given by

q_r(z) = i(−2ig)^{r−1} r − 1 ( z − 1 1 ± 2c(z) )_{r−1} ( 1 z^{r−1} − 1 ) , (2.18)

which provides two different values, q^±_r , depending on the choice of branch for c(z). They correspond to the magnon charges for particles and antiparticles, respectively. Moving from one particle irrep into an antiparticle irrep amounts to a change in z along a path going through the branch cuts of c(z). In particular, the branch points of c(z) are located at z^± = 1 8αβ [ 1 + 8αβ ± √ 1 + 16αβ ] . (2.19) Together with z = 0, the branch points z = z^± define an elliptic curve. When written in Weierstrass form, y^2 = 4x^3 − g_2x − g_3 , (2.20)

Figure 1: The algebraic curve y^2 = z(z − z^−)(z − z^+).

the elliptic invariants are

g_2 = 1 12 (1 + 16αβ + 16α^2β^2) ,

g_3 = 1 216 (1 + 8αβ)(−1 − 16αβ + 8α^2β^2) . (2.21)

This is precisely the curve derived in [28] in order to implement crossing on a generalized rapidity plane. In the strong coupling regime αβ → ∞ the branch points z^± → 1, and the curve degenerates to y^2 = z(z − 1)^2 . (2.22)

Let us now discuss the different magnon irreps in the strong and weak coupling regimes. We will use x, y and z, subject to the constraint (2.15), to parameterize the diverse irreps. And we will employ z as the fundamental parameter, without assuming e^{ip} as a particular representation. We first consider the strong coupling regime defined by α, β ≫ 1. When both α and β are large there are two possible irreps: those with generic x and y eigenvalues, but with z close to 1, and those with generic values of z, while x and y are taken to be large. We will refer to these representations as of type I and type II, respectively. The magnon energy for irreps of type I is

c^I (z) = ± 1 2 √ 1 + xy , (2.23)

which is finite for both particle and antiparticle irreps. If we now read z as e^{ip}, type I irreps are those with momentum p close to zero. In the case of irreps of type II the momentum p can reach generic values, but the magnon energy is c^{II} (z) ≃ ± √ xy . (2.24)

The existence of these two kinds of irreps is crucial in order to understand the strong coupling regime of semiclassical strings. As we reach the strong coupling regime the genuine BMN irreps, with generic and finite values of x and y, and z ≃ 1, will start competing with those with generic z, but large values of x and y. However, those irreps with arbitrary values of z will be decoupled in the strong coupling limit, because its energy will diverge, while the ones with z ≃ 1 have finite energies. Thus the contribution of irreps of type I is the most natural one to the strong coupling region. Notice also that in this approach the coupling constant is a free parameter labeling different Fermat curves in SpecZ. Thus, the condition of strong coupling simply fixes a certain curve with large values of α and β. All points on this curve are natural contributions to the strong coupling limit of the S-matrix.

We will now analyze the weak coupling regime, where both α and β are close to zero. In this region, irreps satisfying the intertwiner condition (2.15) are those with generic values of z, but with x and y close to zero. For all of these irreps the energy is fixed at c(z) = ±1/2. Therefore, the magnon charges (2.18) for the antiparticle irreps will diverge, something that we can interpret in terms of decoupling of antiparticles from the physical spectrum. In the weak coupling region we also find irreps with z close to one, but with x and y both equal or close to zero.

2.5 The SU(1|2) S-matrix and crossing transformations

As it was shown in [16], the SU(2|2) S-matrix can be directly derived from the S-matrix for the SU(1|2) sector. In this section we will briefly discuss the derivation of the SU(1|2) S-matrix, and the meaning of the crossing transformations. Let us consider two irreps V_{π1} and V_{π2} of SU(1|2), and let us define the R-matrix as

R(1, 2) = ∑ i S^i(1, 2)P^i_{1,2} , (2.25)

where P^i_{1,2} are the projector intertwiners, and with the sum extending over the V_{πi} irreps in the decomposition of V_{π1} ⊗ V_{π2} . In order to fix the functions S^i(1, 2) we will impose the intertwiner condition S(1, 2)Δ_{π1 π2} (a) = Δ_{π2 π1} (a)S(1, 2) , (2.26) for any element in the SU(1|2) algebra, and where S(1, 2) = P R(1, 2). The solution to (2.26) if we consider symmetric co-multiplications, Δ(a) = a ⊗ 11 + 11 ⊗ a, is the trivial one R(1, 2) = S^0(1, 2) ∑ i P^i_{1,2} = S^0(1, 2)11. Since we are interested in the SU(2|2) S-matrix, we can try to fix the functions S^i(1, 2) in (2.25) by imposing the intertwiner condition (2.26), but for those elements on SU(2|2) that are not in SU(1|2). Denoting by Q̃ and G̃ the additional supersymmetry generators, we can recover the SU(2|2) S-matrix by imposing (2.26) with

Δ(Q̃) = Q̃ ⊗ K + 11 ⊗ Q̃ ,

Δ(G̃) = G̃ ⊗ K^{−1} + 11 ⊗ G̃ , (2.27)

where the generator K is the one introduced in (2.7).

It is worth to compare this construction with the one in [41]. In this reference the affinization of the R-matrix for a quantum deformation of the SU(1|2) group was considered. The R-matrix was constrained by two conditions, which are the intertwiner condition (2.26) for the generators of SU(1|2) with a deformed co-multiplication, and an additional intertwiner condition involving the extra generators of the affine algebra. This new condition depends on the spectral parameter, which turns to be the rapidity. The main difference with the previous construction is that the additional intertwiner conditions in the case of SU(2|2) are not associated with any form of affinization. Moreover, the magnon rapidities enter into the R-matrix through the co-multiplication (2.27) leading to an S-matrix depending on the two magnon rapidities.

Let us now consider the issue of crossing. As we have already discussed in the previous subsections, due to the existence of a central Hopf subalgebra Z the different magnon irreps can be characterized by the eigenvalues of the central elements. In this case, we can lift the action of the antipode on the generators of Z to the space of irreps. We thus define π̄(a) = π ( γ(a) ) , ∀a ∈ Z . (2.28) This map leads to x → x̄ = −z^{−1}x , y → ȳ = −zy , (2.29) z → z̄ = z^{−1} . Notice now that the identification of Spec Z with the rapidity plane allows a kinematical definition of crossing as transformation on the rapidity plane which is completely determined by the definition of the antipode for the generators of Z. In this sense, this implementation of crossing only depend on the central Hopf subalgebra. This definition of crossing on the space of irreps is completely independent of the existence of a universal R-matrix. We can represent the previous implementation of crossing through Z^π−−−→ Spec Z γ cross Z^π−−−→ Spec Z (2.30)

where π is the map from the central subalgebra into the rapidity manifold given by Schur’s lemma, γ is the antipode in Z and “cross” is the crossing transformation. Notice that cross preserves the curves obtained from the intertwiner condition.

3 The Hopf algebra symmetry

In the previous section we have identified an abelian Hopf subalgebra Z that encodes the information on the multi-magnon states of vanishing total momentum through the intertwiner conditions. In order to construct the Hopf subalgebra Z we have employed the central elements of SU(2|2) ⋉ R^2, together with the generator K. In this section we will pose the question of the existence of a Hopf algebra A with central extension Z, in such a way that points in Spec Z are in a one-to-one correspondence with irreps of A.

The most natural candidate to A, which cannot a priori be identified with SU(2|2)⋉R^2, is a quantum group Hopf algebra, with the quantum deformation parameter at a particular root of unity, because quantum groups at roots of unity exhibit an enlarged central Hopf subalgebra. Let us consider to clarify ideas a Hopf algebra with generators E_i, F_i and K_i in the Cartan-Chevalley basis, and with q^l = 1. In this case E^l_i , F^l_i and K^l_i are part of the generators of the central Hopf subalgebra. It is important to stress that these central elements are not added to the algebra A, but rather arise as a consequence of the quantum deformation parameter q being a root of unity. With this observation in mind, what we are searching for must be a Hopf algebra and a particular value of q^l = 1, such that the corresponding central subalgebra is isomorphic to the one defined through (2.11) in the N = 4 Yang-Mills case. This would provide a natural explanation on the origin of the additional central elements extending the SU(2|2) algebra.

3.1 Cyclic two-dimensional irreps

In order to uncover the algebra A, let us first consider the kind of periodic irreps that we can define in SU(2|2). We can construct two-dimensional subspaces by the following cycle of transformations, . . .^Q j β−→ |ϕ^i⟩^{Qiα}−→ |ψ^α⟩^Q j β−→ |ϕ^i⟩^{Qiα}−→ . . . , (3.1) with i ≠ j and α ≠ β. In a similar way we can define . . .^G j β−→ |ψ^α⟩^{Giα}−→ |ϕ^i⟩^G j β−→ |ψ^α⟩^{Giα}−→ . . . (3.2) It is of course very tempting, once we have these two-dimensional vector spaces, to interpret them as some sort of cyclic irreps. In particular, we will identify them with the twodimensional cyclic irreps of U_q( ^SL(2)) with q^4 = 1. In fact, we can define operators Q̃^{ij}_{αβ} ≡ Q^i_α + Q^j_β , G̃^{ij}_{αβ} ≡ G^i_α + G^j_β , (3.3)

satisfying

(Q̃^{ij}_{αβ})^2 = ϵ^{ij} ϵ_{αβ}B , (G̃^{ij}_{αβ} )^2 = ϵ^{ij} ϵ_{αβ}R . (3.4)

Then, the cyclic representation can be chosen as

. . .^{Q̃1221}−→ |ϕ^1⟩^{Q̃1221}−→ |ψ^2⟩^{Q̃1221}−→ |ϕ^1⟩^{Q̃1221}−→ . . . , . . .^{G̃1221}−→ |ψ^2⟩^{G̃1221}−→ |ϕ^1⟩^{G̃1221}−→ |ψ^2⟩^{G̃1221}−→ . . . . (3.5)

In this way we can think of (3.5) as a cyclic irrep of U_q( ^SL(2)) with q^4 = 1, where Q̃^{12}_{21} ∼ E and G^{12}_{21} ∼ F , and with B and R being parts of the central Hopf subalgebra of U_q( ^SL(2)) at q^4 = 1. This should be just considered as a formal hint toward the challenge of uncovering the underlying Hopf symmetry algebra A whose central subalgebra Z is the central Hopf subalgebra of N = 4 Yang-Mills. From (3.4) it follows that Q̃^{ij}_{αβ} = Q̃^{ji}_{βα}, so that there are only two different Q̃ operators, Q̃^{12}_{21} and Q̃^{12}_{12}. The same holds true for the G̃ operators. Thus, we find the adequate number of operators for the map to the affine U_q( ^SL(2)) at q^4 = 1, which therefore appears as a natural candidate to at least part of the underlying Hopf algebra of the planar limit of N = 4 Yang-Mills.

As a step further, we will also suggest a co-multiplication for the supersymmetry generators Q and G, consistent with the one defining Z. Dynamics was introduced in representation theory through fluctuations of the form (2.4). A suitable formal way to respect these fluctuation equivalences would be the definition of irreps of the type Q^i_βϕ^i ∼ ψ^βZ^{1/2}, and Q^i_αψ^β ∼ ϕ^iZ^{1/2}. The advantage of these definitions of irreps is formal consistency with the fact that the central elements B and R have non-trivial co-multiplications and, as consequence, non-trivial antipodes. Thus we will formally extend the Hopf algebra structure by requiring ΔQ = Q ⊗ 11 + K ⊗ Q , ΔG = G ⊗ 11 + K^{−1} ⊗ G , (3.6)

where K would be part of the Cartan subalgebra of A, and such that K^2 = K, with K the generator in Z. The corresponding antipodes are γ(Q) = −K^{−1}Q , γ(G) = −KG . (3.7) Notice that now (3.6) and (3.7) are perfectly consistent with the co-multiplication and the antipode of Z, as well as with relations (3.4).

4 Magnon kinematics and the sine-Gordon model

In this section we will explore the kinematics of giant magnons on semiclassical strings. Semiclassical strings moving in R × S^2 are equivalent to the sine-Gordon integrable model [25, 26]. The Virasoro constraints lead to [ ∂^2_τ − ∂^2_σ ] ϕ = − 1 2 sin(2ϕ) . (4.1)

This sine-Gordon model corresponds to a particular value of the coupling constant, β = 2.^5

5We are normalizing the sine-Gordon model as S = 1 4π ∫ d^2z∂_zϕ∂_{z̄}ϕ + λ π ∫ d^2z cos(βϕ) .

Thus, in the string case we have β = 2 and λ =^1_8 (i.e. m^2 = 1).

This giant magnons of [17] correspond precisely to sine-Gordon solitons, with the only difference that the magnon energy goes like the inverse of the soliton energy. Introducing the sine-Gordon rapidity θ, the soliton energy is given by

E_{sG} = cosh θ . (4.2)

Through the map of the string sigma model into the sine-Gordon system we have sin (p 2 ) = 1 cosh θ

. (4.3)

Thus, the magnon energy, given by the large coupling limit of the dispersion relation, E ≃ √ λ/π sin(p/2), goes like 1/E_{sG} . Notice also that the magnon energy E ≃ 1/ cosh θ is strictly the same as the one of elementary excitations of the anti-ferromagnetic isotropic Heisenberg chain in the thermodynamic limit. In fact in this case we have E(θ) ≃ 1/ cosh θ and p(θ) ≃ π − tan^{−1}(sinh θ) , (4.4) which leads to the dispersion relation E(p) ≃ sin(p/2). Let us recall that the low lying excitations for the anti-ferromagnetic chain are the holes on the Dirac sea of Bethe strings, and they have spin^1_2 [42]. The formal relation with the sine-Gordon model is hidden in the special form of the rapidity dependence of the momentum excitations.

If we move now into weaker coupling and interpret E(p) = √ 1 + λ/π^2 sin^2(p/2) as the relativistic relation E^2 = m^2 + p^2, we should identify λ/π^2 sin^2(p/2) with the momentum square. Thus, a natural definition of rapidity is [17]

sinh^2 θ_p = λ π^2 sin^2 (p 2 ) . (4.5)

From this identification we get e^{θp} = ∓2 √ xy ± √ 4xy + 1 (4.6)

Notice that in the strong coupling limit and for irreps of type I we have a generic value of the rapidity θ_p.

Let us now try to understand the physical meaning of this rapidity in terms of the quantum symmetries of the sine-Gordon model. It is a well known result that the nonlocal charges in the sine-Gordon model generate an affine quantum algebra U_q( ^SL(2)), with q = e^{− 2πiβ2} , (4.7) so that q^4 = 1 when β = 2. This affine quantum algebra at q^4 = 1 is isomorphic to the N = 2 supersymmetry algebra, with generators Q_± and Q̄_±. We can now represent the generators of U_q( ^SL(2)) in terms of the ones of U_q(SL(2)), E, F and K, if we introduce an affine parameter, that plays the role of a rapidity,

Q_+ = e^θE , Q_− = e^θF , Q̄_+ = e^{−θ} F K , Q̄_− = K^{−1}e^{−θ} E . (4.8)

For regular solitonic irreps we get from here the standard relation p = sinh θ, with p defined in terms of Q_± and Q̄_± by the Serre relations. These are the standard sine-Gordon solitons that are directly connected at strong coupling with the giant magnons, up to the change in the energy relations. However for q^4 = 1 we also have classical irreps, with Q_± and Q̄_± being non-vanishing elements in the center. For these non-classical irreps we also have K = K^2 in the center of U_q( ^SL(2)), together with E^2 and F^2. In this case we can use the elements in the center to construct a candidate for the momentum through [43]

P = Q^2_± , P̄ = Q̄^2_± (4.9)

with the physical momentum p = P − P̄ . If we write p^2 = (Q^2_+ − Q̄^2_+)(Q^2_− − Q̄^2_−) we get, when θ = 0, p^2 = λ π^2

(z − 1)(z^{−1} − 1) , (4.10) for the eigenvalues of E^2, F^2 and K = K^2 given by √ λ(z − 1)/2π, √ λ(z^{−1} − 1)/2π and z, respectively. This is just the relation p^2 = λ/π^2 sin^2(p/2) for z = e^{−ip}. This provides further evidence that magnons must be related to sine-Gordon solitons in non-classical irreps where the central subalgebra is realized in a non-trivial way. The kinematic arena for these magnons is determined by the Spec of the central subalgebra of symmetries of U_q( ^ SL(2))^6. Nicely enough, this central subalgebra on the string theory side is isomorphic to the central subalgebra Z for N = 4 Yang-Mills. Thus, the constituents on both sides of the correspondence share the same kinematic arena, defined by the same central subalgebra. The study of these common features clearly deserves further analysis.

Acknowledgments It is a pleasure to thank E. López for collaboration along different stages of this work and illuminating discussions. We are also indebted to L. Álvarez-Gaumé for continuous

6A similar phenomena takes place in the chiral Potts model [44].

interest as this work evolved. R. H. would also like to thank the organizers of the Albert Einstein Institut workshop on Integrability in Gauge and String Theory for hospitality and a stimulating atmosphere while this work was being completed. The work of C. G. is partially supported by the Spanish DGI contract FPA2003-02877 and CAM project HEPHACOS P-ESP-00346.

References

[1] J. A. Minahan and K. Zarembo, The Bethe-ansatz for N = 4 super Yang-Mills, JHEP 0303 (2003) 013, hep-th/0212208.

[2] N. Beisert, The complete one-loop dilatation operator of N = 4 super Yang-Mills theory, Nucl. Phys. B 676 (2004) 3, hep-th/0307015.

[3] N. Beisert and M. Staudacher, The N = 4 SYM integrable super spin chain, Nucl.

Phys. B 670 (2003) 439, hep-th/0307042.

[4] N. Beisert, C. Kristjansen and M. Staudacher, The dilatation operator of N = 4 super Yang-Mills theory, Nucl. Phys. B 664 (2003) 131, hep-th/0303060.

[5] N. Beisert, The su(2|3) dynamic spin chain, Nucl. Phys. B 682 (2004) 487,

hep-th/0310252.

[6] D. Serban and M. Staudacher, Planar N = 4 gauge theory and the Inozemtsev long range spin chain, JHEP 0406 (2004) 001, hep-th/0401057.

[7] G. Mandal, N. V. Suryanarayana and S. R. Wadia, Aspects of semiclassical strings in AdS_5, Phys. Lett. B 543 (2002) 81, hep-th/0206103.

I. Bena, J. Polchinski and R. Roiban, Hidden symmetries of the AdS_5 ×S^5 superstring, Phys. Rev. D 69 (2004) 046002, hep-th/0305116.

[8] V. A. Kazakov, A. Marshakov, J. A. Minahan and K. Zarembo, Classical/quantum integrability in AdS/CFT, JHEP 0405 (2004) 024, hep-th/0402207.

[9] V. A. Kazakov and K. Zarembo, Classical/quantum integrability in non-compact sector of AdS/CFT, JHEP 0410 (2004) 060, hep-th/0410105.

[10] N. Beisert, V. A. Kazakov and K. Sakai, Algebraic curve for the SO(6) sector of AdS/CFT, hep-th/0410253.

[11] G. Arutyunov and S. Frolov, Integrable hamiltonian for classical strings on AdS_5 ×S^5, JHEP 0502 (2005) 059, hep-th/0411089.

[12] S. Schäfer-Nameki, The algebraic curve of 1-loop planar N = 4 SYM, Nucl. Phys. B 714 (2005) 3, hep-th/0412254.

[13] N. Beisert, V. A. Kazakov, K. Sakai and K. Zarembo, The algebraic curve of classical superstrings on AdS_5 × S^5, hep-th/0502226.

[14] G. Arutyunov, S. Frolov and M. Staudacher, Bethe ansatz for quantum strings, JHEP 0410 (2004) 016, hep-th/0406256.

[15] M. Staudacher, The factorized S-matrix of CFT/AdS, JHEP 0505 (2005) 054,

hep-th/0412188.

[16] N. Beisert, The su(2|2) dynamic S-matrix, hep-th/0511082.

[17] D. M. Hofman and J. M. Maldacena, Giant magnons, J. Phys. A 39 13095 (2006),

hep-th/0604135.

[18] N. Dorey, Magnon bound states and the AdS/CFT correspondence, J. Phys. A 39 (2006) 13119, hep-th/0604175.

[19] H. Y. Chen, N. Dorey and K. Okamura, Dyonic giant magnons, JHEP 0609 (2006) 024, hep-th/0605155.

[20] G. Arutyunov, S. Frolov and M. Zamaklar, Finite-size effects from giant magnons,

hep-th/0606126.

[21] J. A. Minahan, A. Tirziu and A. A. Tseytlin, Infinite spin limit of semiclassical string states, JHEP 0608 (2006) 049, hep-th/0606145.

[22] M. Spradlin and A. Volovich, Dressing the giant magnon, hep-th/0607009.

[23] N. P. Bobev and R. C. Rashkov, Multispin giant magnons, Phys. Rev. D 74 (2006) 046011, hep-th/0607018.

[24] M. Kruczenski, J. Russo and A. A. Tseytlin, Spiky strings and giant magnons on S^5,

hep-th/0607044.

[25] K. Pohlmeyer, Integrable hamiltonian systems and interactions through quadratic constraints, Commun. Math. Phys. 46 (1976) 207.

[26] A. Mikhailov, An action variable of the sine-Gordon model, J. Geom. Phys. 56 (2006) 2429, hep-th/0504035.

A. Mikhailov, Bäcklund transformations, energy shift and the plane wave limit,

hep-th/0507261.

[27] A. B. Zamolodchikov and A. B. Zamolodchikov, Factorized S-matrices in two dimensions as the exact solutions of certain relativistic quantum field models, Annals Phys. 120 (1979) 253.

[28] R. A. Janik, The AdS_5 × S^5 superstring worldsheet S-matrix and crossing symmetry, Phys. Rev. D 73, 086006 (2006), hep-th/0603038.

[29] S. Schäfer-Nameki, M. Zamaklar and K. Zarembo, Quantum corrections to spinning strings in AdS_5 × S^5 and Bethe ansatz: A comparative study, JHEP 0509 (2005) 051,

hep-th/0507189.

S. Schäfer-Nameki and M. Zamaklar, Stringy sums and corrections to the quantum string Bethe ansatz, JHEP 0510 (2005) 044, hep-th/0509096.

[30] N. Beisert and A. A. Tseytlin, On quantum corrections to spinning strings and Bethe equations, Phys. Lett. B 629 (2005) 102, hep-th/0509084.

[31] R. Hernández and E. López, Quantum corrections to the string Bethe ansatz, JHEP 0607 (2006) 004, hep-th/0603204.

[32] L. Freyhult and C. Kristjansen, A universality test of the quantum string Bethe ansatz, Phys. Lett. B 638 (2006) 258, hep-th/0604069.

[33] G. Arutyunov and S. Frolov, On AdS_5 × S^5 string S-matrix, Phys. Lett. B 639 (2006) 378, hep-th/0604043.

[34] N. Beisert, On the scattering phase for AdS_5 × S^5 strings, hep-th/0606214.

[35] C. Gómez, G. Sierra and M. Ruiz-Altaba, Quantum groups in two-dimensional physics, Cambridge Univ. Press (1996).

[36] C. de Concini and V. G. Kac, Representations of quantum groups at roots of 1, Progress in Math. 92 (1990), 471.

C. de Concini, V. G Kac and C. Procesi, Quantum coadjoint action, J. of the AMS 5 (1992), 151.

[37] D. Bernard and A. Leclair, Quantum group symmetries and nonlocal currents in 2-D QFT, Commun. Math. Phys. 142, 99 (1991).

D. Bernard and A. Leclair, The quantum double in integrable quantum field theory, Nucl. Phys. B 399, 709 (1993), hep-th/9205064.

[38] F. A. Smirnov, Dynamical symmetries of massive integrable models, 1. Form-factor bootstrap equations as a special case of deformed Knizhnik- Zamolodchikov equations, Int. J. Mod. Phys. A 71B (1992) 813.

[39] V. G. Drinfeld, Quantum Groups, J. Sov. Math. 41 (1988) 898 [Zap. Nauchn. Semin.

155 (1986) 18].

[40] D. Berenstein, J. M. Maldacena and H. Nastase, Strings in flat space and pp waves from N = 4 super Yang Mills, JHEP 0204 (2002) 013, hep-th/0202021.

[41] A. J. Bracken, M. D. Gould, Y. Z. Zhang and G. W. Delius, Solutions of the quantum Yang-Baxter equation with extra nonadditive parameters, J. Phys. A 27 (1994) 6551,

hep-th/9405138.

[42] L. D. Faddeev and L. A. Takhtajan, What is the spin of a spin wave?, Phys. Lett. A 85 (1981) 375.

[43] A. LeClair and C. Vafa, Quantum affine symmetry as generalized supersymmetry, Nucl. Phys. B 401 (1993) 413, hep-th/9210009.

[44] C. Gómez and G. Sierra, A new solution to the star triangle equation based on U_q(sl(2)) at roots of unit, Nucl. Phys. B 373 (1992) 761, hep-th/9108017.