arXiv:hep-th/0608048 v1 7 Aug 2006

ITP-UH-17/06

hep-th/0608048

Vector-multiplet effective action in the non-anticommutative charged hypermultiplet model

I.L. Buchbinder^{+1}, O. Lechtenfeld^{‡2}, I.B. Samsonov^{∗3}

+ Department of Theoretical Physics, Tomsk State Pedagogical University, Tomsk 634041, Russia

‡ Institut für Theoretische Physik, Leibniz Universität Hannover, Appelstraße 2, D-30167 Hannover, Germany

∗ Laboratory of Mathematical Physics, Tomsk Polytechnic University, 30 Lenin Ave, Tomsk 634050, Russia

Abstract

We investigate the quantum aspects of a charged hypermultiplet in deformed N =(1, 1) superspace with singlet non-anticommutative deformation of supersymmetry. This model is a “star” modification of the hypermultiplet interacting with a background Abelian vector superfield. We prove that this model is renormalizable in the sense that the divergent part of the effective action is proportional to the N =(1, 0) non-anticommutative super Yang-Mills action. We also calculate the finite part of the low-energy effective action depending on the vector multiplet, which corresponds to the (anti)holomorphic potential. The holomorphic piece is just deformed to the star-generalization of the standard holomorphic potential, while the antiholomorphic piece is not. We also reveal the component structure and find the deformation of the mass and the central charge.

1joseph@tspu.edu.ru 2lechtenf@itp.uni-hannover.de 3samsonov@mph.phtd.tpu.edu.ru

1 Introduction and Summary

In this paper we study the quantum aspects of N =(1, 0) non-anticommutative theories with singlet deformation of supersymmetry. To provide the motivation of this work let us briefly summarize the most important achievements and problems concerning nonanticommutative theories with N =(1/2, 0) and N =(1, 0) supersymmetry.

The interest in N =(1/2, 0) non-anticommutative deformations of supersymmetry originated with the papers [1, 2, 3], where these deformations were derived from superstring theory on a constant graviphoton background. As a rule, such deformations break supersymmetry only in the chiral sector of superspace, which is possible in Euclidean superspace. The key feature of non-anticommutative deformations on the quantum level is the preservation of renormalizability, which was established for N =(1/2, 0) Wess-Zumino [4] and super Yang-Mills (SYM) [5, 6, 7] models. This result is very non-trivial since the non-anticommutative deformations involve a parameter with negative mass dimension which plays the role of a new coupling constant. Since such theories appear to be renormalizable, their quantum dynamics should be explored. Indeed, the low-energy effective action of such models was considered in [8], where the corrections due to the non-anticommutative deformation were calculated. These results provide a promising new method of partial supersymmetry breaking which preserves renormalizability. New remarkable quantum features suggest interesting physical applications (see, e.g., [2] for modifications of the glueball superpotential and the expectation value of the glueball field in N =(1/2, 0) supersymmetric field theories).

These surprises of N =(1/2, 0) theories motivated analogous investigations of deformed extended supersymmetric theories. In this case we distinguish several types of nonanticommutative deformations. The simplest one depends on a single scalar parameter I which appears in the anticommutator of the chiral N = (1, 1) Grassmann coordinates,

{θ^α_i , θ^β_j }_⋆ = 2Iε^{αβ}ε_{ij} . (1.1)

Such a deformation was introduced in [9] and was named a chiral singlet deformation; the corresponding field theories are referred to as N =(1, 0) non-anticommutative. Although more general types of deformations of extended supersymmetry have been considered in [10, 11], here we shall restrict ourselves to the singlet deformation (1.1), since this case is most elaborated now on the classical level [12]-[15] and its stringy origins have been established [12].

The quantum aspects of N =(1, 0) non-anticommutative theories are more involved. In [12, 13, 14] it was shown that the N =(1, 0) SYM and hypermultiplet models acquire a number of new classical interaction terms even in the Abelian case. In principle, such terms can spoil renormalizability. In our recent paper [16] we addressed this problem in two such N =(1, 0) theories, namely the Abelian SYM model and the neutral hypermultiplet interacting with an Abelian gauge superfield. By computing all divergent contributions to the effective action we proved that both these models remain renormalizable. Note that these theories are deformations of free ones, and thus all interaction terms vanish in the undeformed limit I → 0. A physically more important example is the charged hypermultiplet model, which – already prior to the deformation – features the interaction of a hypermultiplet with a background Abelian vector superfield. In particular, the low-energy effective action of this theory is goverend by the so-called holomorphic potential, which plays a significant role in the Seiberg-Witten theory [17]. Therefore, in the present work we study the low-energy effective action and renormalizability for the N =(1, 0) non-anticommutative charged hypermultiplet model.

Theories with extended supersymmetry are most naturally described within the harmonic superspace approach [18, 19]. Hence, we will consider the N =(1, 0) non-anti-commutative charged hypermultiplet in the harmonic superspace that was studied on the classical level in [13, 14]. We are interested in the non-anticommutative deformation of the holomorphic effective action that was discussed in [20, 21] using the harmonic superspace approach. Here we generalize the results of these works to the non-anticommutatively deformed hypermultiplet theory and compute the leading contributions to the effective action.

One of our main results is the proof of one-loop renormalizability of the deformed charged hypermultiplet system. It supports the idea that the non-anticommutative deformations in general do not spoil the renormalizability of supersymmetric theories. Next, we find the leading contributions to the (anti)holomorphic effective action including non-anticommutative corrections. We observe that the holomorphic and antiholomorphic pieces are deformed differently: the holomorphic piece is nothing but the stargeneralization of the standard holomorphic potential while the antiholomorphic piece is not. We study also the component structure of the deformed effective action and derive the corrections to the standard terms in the (anti)holomorphic potential for the bosonic component fields. The deformation of the mass and the central charge due to non-anticommutativity are found as well.

The paper is organized as follows. In Sect. 2 we review the basic aspects of the undeformed charged hypermultiplet theory for later comparison with the deformed ones. Sect. 3 summarizes the most essential points about the N =(1, 0) non-anticommutative charged hypermultiplet on the classical level. In Sect. 4 the leading contributions to the low-energy effective action are computed, culminating in the renormalizability proof. In Sect. 5 we derive the component structure of the (anti)holomorphic effective action found in the previous section and analyze the new terms which appear due to the deformation. Sect. 6 contains our comments on the non-anticommutative deformation of mass and central charge in the charged hypermultiplet model. In the Conclusions we discuss the obtained results and point out some tempting unsolved problems. An Appendix collects some properties of a special function which encodes the deformation of the holomorphic potential.

2 The undeformed theory

In this section we review briefly the known results concerning the model of charged hypermultiplet and its effective action.

The N = 2 supersymmetric models are most naturally described within the N = 2 harmonic superspace approach [18, 19]. In particular, the classical action of charged hypermultiplet interacting with the Abelian vector superfield is given by S = ∫ dζ^{(−4)}du q̆^+(D^{++} + V^{++})q^+. (2.1)

Here q^+ and its conjugate q̆^+ are complex analytic superfields which describe the hypermultiplet, while V^{++} is a real analytic superfield which corresponds to the vector multiplet. The integration in (2.1) is performed over N = 2 analytic superspace with the measure dζ^{(−4)}du. The action (2.1) is invariant under the following (Abelian) gauge transformations of superfields

δq^+ = λq^+, δq̆^+ = −q̆^+λ, δV^{++} = −D^{++}λ, (2.2)

where λ is a real analytic superfield.

The general structure of the low-energy effective action in the model (2.1) is given by (see, e.g., [20, 21]) Γ = ∫ d^4xd^4θ F(W ) + ∫ d^4xd^4θ̄ F̄(W̄ ) + ∫ d^4xd^8θ H(W, W̄ ), (2.3)

where F is holomorphic potential, F̄ is antiholomorphic potential, H is non-holomorphic potential. The strength superfields W , W̄ are gauge invariant objects which are expressed through the gauge prepotential as follows

W̄ = −1 4 D^{+α}D^+_α V^{−−}, W = − 1 4 D̄^+_{α̇} D̄^{+α̇}V^{−−}. (2.4)

where V^{−−}(z, u) = ∫ du_1 V^{++}(z, u_1) (u^+u^+_1 )^2

(2.5)

is a solution of the zero-curvature equation

D^{++}V^{−−} − D^{−−}V^{++} = 0. (2.6)

Note that in the Abelian case the superfields W and W̄ are chiral and antichiral respectively D^±_α W̄ = 0, D̄^±_{α̇} W = 0. (2.7) Therefore the functions F(W ) and F̄(W̄ ), which are related to each other by complex conjugation, are integrated over the chiral and antichiral superspaces respectively.

The perturbative low-energy effective action in the model (2.1) is studied now in details, (see, e.g., [20]-[25]) where both holomorphic and non-holomorphic contributions have been found. In particular, the holomorphic part of the effective action which is leading in the low-energy approximation is given by F(W ) = − 1 32π^2

W^2 ln W Λ , (2.8)

where Λ is some scale.

The strength superfields W , W̄ have the following component structure in the bosonic sector

W = ϕ + (θ^+σ_{mn}θ^−)F_{mn} + . . . , W̄ = ϕ̄ + (θ̄^+σ̃_{mn}θ̄^−)F_{mn} + . . . , (2.9) where ϕ, ϕ̄ are scalar fields, F_{mn} = ∂_mA_n − ∂_nA_m is the Maxwell strength and dots stand for the terms with spinors Ψ^i_α, Ψ̄_{iα̇} and auxiliary fields D^{kl} as well as the terms with spatial derivatives. The component structure of holomorphic effective action can be most easily derived in the following approximation ϕ = const, ϕ̄ = const, F_{mn} = const, Ψ^i_α = Ψ̄_{iα̇} = D^{kl} = 0. (2.10)

Substituting the strength superfields (2.9) into (2.3), one gets the component structure of the holomorphic part of the effective action

Γ_{hol} = ∫ d^4xd^4θ F(W ) = − 1 32π^2 ∫ d^4x(F_{mn}F_{mn} + F_{mn}F̃_{mn}) ( ln ϕ Λ + 3 2 ) + . . . , (2.11)

where F̃_{mn} =^1_2 ε_{mnrs}F_{rs} and dots stand for the higher terms which are not essential in the approximation (2.10). The constant 3/2 in (2.11) can be removed by the shift of the parameter Λ, however it will be important when we will consider the deformation of (anti)holomorphic effective action due to non-anticommutativity. The antiholomorphic part of effective action is given by the complex conjugation of the action (2.11).

3 Non-anticommutative charged hypermultiplet model

The chiral singlet deformation of N = (1, 1) superspace was introduced in [9] and the corresponding field models were studied in [12]-[16]. Such a deformation is effectively taken into account by the star product operator

⋆ = exp [ −Iε^{αβ}ε_{ij} ←−Q^i_α−→Q^j_β ] , (3.1)

which should be placed everywhere instead of usual product of superfields in the classical actions. The constant I here is a parameter of non-anticommutativity, Q^i_α are the supercharges. In particular, the non-anticommutative generalization of the action (2.1) is given by [13] S = ∫ dζ^{(−4)}du q̆^+ ⋆ ∇^{++} ⋆ q^+, (3.2) where we use the notations

∇^{++} = D^{++} + V^{++}, ∇^{−−} = D^{−−} + V^{−−}. (3.3)

This action is invariant under the following gauge transformations

δq̆^+ = −q̆^+ ⋆ λ, δq^+ = λ ⋆ q^+, δV^{++} = −D^{++} λ − [V^{++}, λ]_⋆. (3.4)

which are the non-anticommutative generalizations of the usual ones (2.2).

In the deformed case the strength superfields W , W̄ are defined by the standard equations (2.4), but the superfield V^{−−} is now given by a series V^{−−}(z, u) = ∞∑ n=1 (−1)^n ∫ du_1 . . . du_n V^{++}(z, u_1) ⋆ V^{++}(z, u_2) ⋆ . . . ⋆ V^{++}(z, u_n) (u^+u^+_1 )(u^+_1 u^+_2 ) . . . (u^+_n u^+)

, (3.5)

which solves the star-deformed zero-curvature equation [12]

D^{++} V^{−−} − D^{−−} V^{++} + [V^{++}, V^{−−}]_⋆ = 0. (3.6)

Let us introduce the “bridge” superfield Ω(z, u) as a general N = (1, 1) superfield which relates the covariant harmonic derivatives ∇^{±±} with the plain ones D^{±±}:

∇^{++} = e^Ω_⋆ ⋆ D^{++} e^{−Ω}_⋆ , ∇^{−−} = e^Ω_⋆ ⋆ D^{−−}e^{−Ω}_⋆ . (3.7)

The bridge superfield was originally introduced in [18] for the undeformed N = 2 SYM theory as an operator relating the N = 2 superfields in the τ - and λ-frames. Using the bridge superfield Ω one can alternatively rewrite the equation (3.5) in the following two equivalent forms V^{−−}(z, u) = ∫ du^′ e^{Ω(z,u)} ⋆ ⋆ e^{−Ω(z,u′ )} ⋆ ⋆ V^{++}(z, u^′) (u^+u^{′+})^2 = ∫ du^′ V^{++}(z, u^′) ⋆ e^{Ω(z,u′ )}_⋆ ⋆ e^{−Ω(z,u)}_⋆ (u^+u^{′+})^2 . (3.8) The expression (3.8) can be checked directly to satisfy the zero-curvature condition (3.6).

It is well known [19] that the free propagator in the hypermultiplet model (2.1) is given by the following expression^1

G^{(1,1)}_0 (1|2) = − 1 □ (D^+_1 )^4(D^+_2 )^4 δ^{12}(z_1 − z_2) (u^+_1 u^+_2 )^3

(3.9)

which solves the equation D^{++}G^{(1,1)}_0 (1|2) = δ^{(3,1)}_A (1|2), where δ^{(3,1)}_A (1|2) is the analytic delta-function. Let us define now the full propagator in the model (3.2) as a distribution satisfying the equation ∇^{++} ⋆ G^{(1,1)}(1|2) = δ^{(3,1)}_A (1|2). (3.10)

1Note that we write here (and further) the box operator □ assuming that it is nothing but the Laplacian operator rather than a d’Alambertian one since we deal with the Euclidian space.

The solution of (3.10) can formally be written as

G^{(1,1)}(1|2) = − 1 ^□_⋆ ⋆ (D + 1 )^4(D^+_2 )^4 { e^{Ω(1)}_⋆ ⋆ e^{−Ω(2)}_⋆ ⋆ δ^{12}(z_1 − z_2) (u^+_1 u^+_2 )^3 } , (3.11)

where ^□_⋆ is a covariant box operator

^□_⋆ = −1 2 (D^+ )^4∇^{−−} ⋆ ∇^{−−}. (3.12)

Clearly, it moves an analytic superfield to another analytic one. The operator (3.12), acting on the analytic superfield, can be represented in the form

^□_⋆ = ∇^m ⋆ ∇_m − 1 2 (∇^{+α} ⋆ W ) ⋆ ∇^−_α − 1 2 ( ¯∇^+_{α̇} ⋆ W̄ ) ⋆ ¯∇^{−α̇} + 1 4 (∇^{+α} ⋆ ∇^+_α ⋆ W ) ⋆ ∇^{−−} − 1 8 [∇^{+α}, ∇^−_α ]_⋆ ⋆ W − 1 2 {W, W̄ }_⋆. (3.13) Here ∇^±_α = D^±_α + V^±_α , ¯∇^±_{α̇} = D̄^±_{α̇} + V̄^±_{α̇} are covariant spinor derivatives. Note that the expression (3.13) has a similar form as in the undeformed theory [23] with the simple star-modification of multiplication of superfields. This result is not surprising since eq. (3.13) is derived from (3.12) only by using the (anti)commutation relations between spinor derivatives which have the same form as in the undeformed theory.

4 Computation of low-energy effective action

4.1 General structure of low-energy effective action

The model (3.2) is non-anticommutative deformation of the model (2.1). One can think naively that the effective potentials F, F̄, H in the effective action (2.3) will get the analogous deformation F(W ) −→ F_⋆(W ), F̄(W̄ ) −→ F̄_⋆(W̄ ), H(W, W̄ ) −→ H_⋆(W, W̄ ). (4.1) However, we will show that this assertion is not true for the antiholomorphic potential in the sense that no any action can be constructed with a function F̄_⋆(W̄ ) integrated over the antichiral superspace. Indeed, the strength superfields W , W̄ are not (anti)chiral, but covariantly (anti)chiral

D^+_α W̄ = ∇^−_α ⋆ W̄ = 0, D̄^+_{α̇} W = ¯∇^−_{α̇} ⋆ W = 0. (4.2)

Therefore the expression ∫ d^4xd^4θ̄F̄_⋆(W̄ ) depends on θ variables D^−_α ∫ d^4xd^4θ̄ F̄_⋆(W̄ ) = ∫ d^4xd^4θ̄ [F̄_⋆(W̄ ), V^−_α ]_⋆ ≠ 0. (4.3)

The rhs of (4.3) does not vanish since the star-product is not cyclic under d^4xd^4θ̄ integration. Moreover, the expression ∫ d^4xd^4θ̄F̄_⋆(W̄ ) violates the gauge invariance. Indeed, the strength superfields transform covariantly under the gauge transformations (3.4) of gauge superfield δW = [λ, W ]_⋆, δW̄ = [λ, W̄ ]_⋆. (4.4) Since the superfields λ and W̄ are not antichiral, we have δ ∫ d^4xd^4θ̄ F̄_⋆(W̄ ) = ∫ d^4xd^4θ̄ [λ, F̄_⋆(W̄ )]_⋆ ≠ 0. (4.5)

The similar remarks on the gauge invariance in holomorphic and antiholomorphic parts of classical action in N = (1/2, 0) gauge theory are given in [7]. Note also that there is no such a problem with the holomorphic potential F_⋆(W ), as it is pointed out in [12] for the case of classical N = (1, 0) SYM action.

Taking into account these remarks we propose that the general form of the low-energy effective action in the hypermultiplet model (3.2) is given by Γ = ∫ d^4xd^4θ F_⋆(W ) + ∫ d^4xd^8θ H_⋆(V^{++}, V^{−−}, W, W̄ ). (4.6)

Here we assume that the possible terms in the low-energy effective action which correspond to the antiholomorphic potential in the limit I → 0 is included into the function H_⋆(V^{++}, V^{−−}, W, W̄ ) integrated in full superspace. The direct computations will specify these functions F_⋆ and H_⋆.

For the further considerations it will be more convenient to study the variation of effective action δΓ rather then Γ itself. In particular, given the holomorphic part of the action (4.6) Γ_{hol} = ∫ d^4xd^4θ F_⋆(W ), (4.7)

using the same steps as in the undeformed non-Abelian N = 2 supergauge theory [25], one can write its variation either in the analytic superspace δΓ_{hol} = ∫ dζ^{(−4)}du δV^{++} ⋆ [− 1 4 D^{+α}D^+_α F^′_⋆(W )], (4.8)

or in the full superspace δΓ_{hol} = ∫ d^{12}zdu δV^{++} ⋆ V^{−−} ⋆ 1 W ⋆ F^′_⋆(W ). (4.9)

4.2 One-loop effective action

The one-loop effective action in the model (3.2) is defined by the following formal expression^2 Γ = Tr ln δ^2S δq̆^+(1)δq^+(2)

= Tr ln(∇^{++}⋆) = −Tr ln G^{(1,1)}(1|2), (4.10)

where G^{(1,1)}(1|2) is given by eq. (3.11). It is easy to find the variation of (4.10)

δΓ = Tr[δV^{++} ⋆ G^{(1,1)}] = ∫ dζ^{(−4)}du δV^{++}(1) ⋆ G^{(1,1)}(1|2)|_{(1)=(2)}. (4.11)

There is an important relation between full and free hypermultiplet propagators

G^{(1,1)}(1|3) = G^{(1,1)}_0 (1|3) − ∫ dζ^{(−4)}_2 du_2 G^{(1,1)}_0 (1|2) ⋆ V^{++}(2) ⋆ G^{(1,1)}(2|3) (4.12)

which can be checked directly to satisfy (3.10). Substituting (4.12) into (4.11), we find δΓ = − ∫ dζ^{(−4)}_1 du_1dζ^{(−4)}_2 du_2 δV^{++}(1) ⋆ G^{(1,1)}_0 (1|2) ⋆ V^{++}(2) ⋆ G^{(1,1)}(2|1). (4.13)

Taking into account the exact form of the propagators (3.9,3.11), we rewrite eq. (4.13) as follows δΓ = − ∫ dζ^{(−4)}_1 dζ^{(−4)}_2 du_1du_2 δV^{++}(1) ⋆ 1 □ (D^+_1 )^4(D^+_2 )^4 δ^{12}(z_1 − z_2) (u^+_1 u^+_2 )^3

×V^{++}(2) ⋆ 1 ^□_{⋆(2)} ⋆ (D + 1 )^4(D^+_2 )^4 { e^{Ω(2)}_⋆ ⋆ e^{−Ω(1)}_⋆ δ^{12}(z_2 − z_1) (u^+_2 u^+_1 )^3 } . (4.14)

Now we take off the derivatives (D^+_1 )^4(D^+_2 )^4 from the first delta-function to restore the full superspace measure δΓ = − ∫ d^{12}z_1d^{12}z_2du_1du_2 δV^{++}(1) ⋆ 1 □ δ^{12}(z_1 − z_2) (u^+_1 u^+_2 )^3

×V^{++}(2) ⋆ 1 ^□_{⋆(2)} ⋆ (D + 1 )^4(D^+_2 )^4 { e^{Ω(2)}_⋆ ⋆ e^{−Ω(1)}_⋆ ⋆ δ^{12}(z_2 − z_1) (u^+_2 u^+_1 )^3 } . (4.15)

The equation (4.15) is a starting point for further calculations of different contributions to the effective action.

2Note that the one-loop effective action in the Euclidean space is given by Γ = Tr ln S^{(2)}_{ϕϕ̄} rather then the Minkowski space expression Γ = iTr ln S^{(2)}_{ϕϕ̄} . Here S^{(2)}_{ϕϕ̄} is the second mixed functional derivative of a classical action S[ϕ, ϕ̄].

4.3 Divergent part of effective action

To derive the divergent part of the effective action it is sufficient to consider the approximation 1 ^□_⋆ ≈ 1 □ (4.16)

since all other terms in the operator ^□_⋆ result to higher powers of momenta in the denominator. Upon the condition (4.16), the variation of effective action (4.15) simplifies essentially δΓ_{div} = ∫ d^{12}z_1d^{12}z_2 du_1du_2 (u^+_1 u^+_2 )^6 δV^{++}(1) ⋆ 1 □ δ^{12}(z_1 − z_2)

×V^{++}(2) ⋆ 1 □ (D^+_1 )^4(D^+_2 )^4 { e^{Ω(2)}_⋆ ⋆ e^{−Ω(1)}_⋆ ⋆ δ^{12}(z_2 − z_1) } . (4.17)

We have to apply the identity

δ^8(θ_1 − θ_2)(D^+_1 )^4(D^+_2 )^4δ^{12}(z_1 − z_2) = (u^+_1 u^+_2 )^4δ^{12}(z_1 − z_2) (4.18)

to shrink the integration over the Grassmann variables to a point. Note that all the derivatives D^+ in eq. (4.17) must hit the delta function, otherwise the result is zero since there are exactly eight such derivatives to apply (4.18). Moreover, the presence of star-product can not modify the relation (4.18). Calculating the divergent momentum integral [∫ d^4k 1 k^2(p + k)^2 ] div = π^2 ε , (ε → 0) (4.19)

and applying the equation (4.18), the integration over d^{12}z_2 in (4.17) can be performed resulting to δΓ_{div} = 1 16π^2ε ∫ d^{12}zdu_1 δV^{++}(z, u_1) ⋆ ∫ du_2 V^{++}(z, u_2) ⋆ e^{Ω(z,u2 )}_⋆ ⋆ e^{−Ω(z,u1 )}_⋆

(u^+_1 u^+_2 )^2

. (4.20)

Using the relation (3.8) we obtain finally δΓ_{div} = 1 16π^2ε ∫ d^{12}zdu δV^{++} ⋆ V^{−−}. (4.21)

The variation (4.21) can be easily integrated with the help of eq. (4.9)

Γ_{div} = 1 32π^2ε ∫ d^4xd^4θ W^2. (4.22)

We see that the divergent part of effective action is proportional to the classical action in N = (1, 0) SYM model. In this sense the non-anticommutative charged hypermultiplet model (3.2) is renormalizable.

4.4 Finite part of the effective action

Now we will derive the finite part of the effective action of deformed hypermultiplet model. We start with the expression (4.15) applying the following approximation 1 ^□_⋆ ≈ 1 □ −^1_2 {W, W̄ }_⋆ . (4.23)

This means that we neglect all spatial and spinor covariant derivatives of strength superfields in the decomposition (3.13)

∂_mW = ∂_mW̄ = 0, ∇^{+α} ⋆ W = 0, ¯∇^+_{α̇} ⋆ W̄ = 0. (4.24)

Exactly such an approximation (4.24) is sufficient for deriving the (anti)holomorphic contributions. Therefore the effective action (4.15) can be rewritten as follows

δΓ = ∫ d^{12}z_1d^{12}z_2 du_1du_2 (u^+_1 u^+_2 )^6 δV^{++}(1) ⋆ 1 □ δ^{12}(z_1 − z_2)

×V^{++}(2) ⋆ 1 □ −^1_2 {W, W̄ }_⋆ (D^+_1 )^4(D^+_2 )^4 { e^{Ω(2)}_⋆ ⋆ e^{−Ω(1)}_⋆ ⋆ δ^{12}(z_2 − z_1) } .(4.25)

Once again, all the derivatives D^+ in the second line of (4.25) must hit the delta-function. Applying the identity (4.18) the integration over d^8θ_2 is performed

δΓ = ∫ d^{12}z_1d^4x_2 du_1du_2 (u^+_1 u^+_2 )^2 δV^{++}(x_1, θ, u_1) ⋆ V^{++}(x_2, θ, u_2) ⋆ e^{Ω(2)}_⋆ ⋆ e^{−Ω(1)}_⋆ ⋆ 1 □ δ^4(x_1 − x_2) 1 □ −^1_2 {W, W̄ }_⋆ δ^4(x_2 − x_1). (4.26)

In the momentum space the second line of (4.26) reads ∫ d^4k (2π)^4 1 k^2 1 k^2 +^1_2 {W, W̄ }_⋆ = − 1 16π^2 ln_⋆ [ {W, W̄ }_⋆ 2Λ^2 ] + (divergent term), (4.27)

where Λ is an arbitrary constant of dimension +1. Note that the integral (4.27) has the logarithmic divergence. We consider here only its finite part since the divergent contribution have been calculated above. As a result, the finite part of (4.26) is given by δΓ = − 1 16π^2 ∫ d^{12}zdu_1 δV^{++}(x, θ, u_1) ⋆ ∫ du_2 V^{++}(x, θ, u_2) ⋆ e^{Ω(x,θ,u2)}_⋆ ⋆ e^{−Ω(x,θ,u1 )}_⋆ (u^+_1 u^+_2 )^2

⋆ ln_⋆ {W, W̄ }_⋆ 2Λ^2

. (4.28)

Applying the identity (3.8), we conclude δΓ = − 1 16π^2 ∫ d^{12}zdu δV^{++} ⋆ V^{−−} ⋆ ln_⋆ {W, W̄ }_⋆ 2Λ^2

. (4.29)

The variation of the effective action (4.29) is one of the main results of the present work. It gives us the part of the low-energy effective action depending on the strength superfields without derivatives.

If the parameter of non-anticommutativity tends to zero, I → 0, the equation (4.29) reduces to the holomorphic and antiholomorphic parts of the effective action

δΓ_{(I=0)} = − 1 16π^2 ∫ d^{12}zdu δV^{++}V^{−−} ( ln W Λ + ln W̄ Λ ) . (4.30)

The variation (4.30) exactly corresponds to the holomorphic potential (2.8) and its conjugate.

Note that when I ≠ 0, the logarithm in (4.29) can not be represented in a form of a sum of holomorphic and antiholomorphic parts. Therefore, the variation of the effective action (4.29) is responsible for both holomorphic, antiholomorphic and non-holomorphic contributions to the effective action.

4.5 Holomorphic contribution

Let us single out purely holomorphic part from the expression (4.29). For this purpose we restrict the background strength superfield W̄ to be constant W̄ = W̄ = const, (4.31)

and the log function in (4.29) simplifies to

ln_⋆ {W, W̄ }_⋆ 2Λ^2

= ln_⋆ W Λ + ln W̄ Λ . (4.32)

The holomorphic part is now given by δΓ_{hol} = − 1 16π^2 ∫ d^{12}zdu δV^{++} ⋆ V^{−−} ⋆ ln_⋆ W Λ . (4.33)

According to the equation (4.9), the variation (4.33) can easily be integrated: Γ_{hol} = − 1 32π^2 ∫ d^4xd^4θ W ⋆ W ⋆ ln_⋆ W Λ . (4.34)

As a result, we proved that the holomorphic part of effective action in the hypermultiplet model is nothing but a star-product generalization of a standard holomorphic potential (2.8).

4.6 Antiholomorphic contribution

Similarly, the antiholomorphic part of the effective action can be found from (4.29) when we restrict the strength W to be constant W = W = const. (4.35)

The antiholomorphic part now reads δΓ_{antihol} = 1 16π^2 ∫ d^{12}zdu δV^{++} ⋆ V^{−−} ⋆ ln_⋆ W̄ Λ . (4.36)

In contrast to the variation (4.33), the expression (4.36) can not be so easily integrated since there is no antiholomorphic potential written in the antichiral superspace. However, one can readily find the (part of) effective equation of motion corresponding to the variation (4.36) δΓ_{antihol} δV^{++} = 1 16π^2

(D̄^+)^2 [ W̄ ⋆ ln_⋆ W̄ Λ ] . (4.37)

The variation (4.36) will be integrated in the next section only for some particular choice of background gauge superfields.

5 Component structure of low-energy effective action

We are interested in the leading component terms of the (anti)holomorphic effective actions (4.34) and (4.36) in the bosonic sector. Clearly, these effective actions should give the corrections to the corresponding expression (2.11) in the undeformed theory. Therefore we will use the same ansatz (2.10) for the component fields. Here we will follow the works [12, 13], using the same conventions and notations for the component fields and sigma-matrices.

The scalar and vector fields enter the prepotential V^{++} in the Wess-Zumino gauge as follows

V^{++}_{W Z} = (θ^+)^2ϕ̄+(θ̄^+)ϕ+(θ^+σ_mθ̄^+)A_m −2i(θ̄^+)^2(θ^+θ^−)∂_mA_m −(θ̄^+)^2(θ^−σ_{mn}θ^+)F_{mn}. (5.1)

The prepotential V^{−−} is defined as a solution of zero-curvature equation (3.6). Unfolding the star-product in (3.6), we have

D^{++}V^{−−} − D^{−−}V^{++}_{W Z} + 2I[∂^α_+V^{++}_{W Z} ∂_{−α}V^{−−} − ∂^α_−V^{++}_{W Z} ∂_{+α}V^{−−}] + I^3 2 [∂^α_−(∂_+)^2V^{++}_{W Z} ∂_{+α}(∂_−)^2V^{−−} − ∂^α_+(∂_−)^2V^{++}_{W Z} ∂_{−α}(∂_+)^2V^{−−}] = 0, (5.2)

where ∂_{+α} = ∂ ∂θ^{+α} , ∂_{−α} = ∂ ∂θ^{−α} . (5.3)

One can look for the prepotential V^{−−} in the following form

V^{−−} = v^{−−} + θ̄^−_{α̇} v^{−α̇} + (θ̄^−)^2A + (θ̄^+θ̄^−)φ^{−−} +(θ̄^+σ̃^{mn}θ̄^−)φ^{−−}_{mn} + (θ̄^−)^2θ̄^+_{α̇} τ^{−α̇} + (θ̄^+)^2(θ̄^−)^2τ^{−−}, (5.4)

where all fields in the rhs of eq. (5.4) depend only on θ^+_α , θ^−_α variables. The superfields v^{−−}, v^{−α̇}, φ^{−−}, A, τ^{−α̇}, τ^{−−} should be found from the eq. (5.2). The iterative procedure of solving eq. (5.2) is given in [12]. Following the same steps we find

v^{−−} = (θ^−)^2 ϕ̄ 1 + 4Iϕ̄

, (5.5)

v^{−α̇} =

(θ^−σ_m)^{α̇}A_m

1 + 4Iϕ̄

, (5.6) φ^{−−} = − 2i(θ^−)^2∂_mA_m 1 + 4Iϕ̄

, (5.7)

A = ϕ + 4IA_mA_m 1 + 4Iϕ̄

+ (θ^+σ_{mn}θ^−)F_{mn}, (5.8)

τ^{−α̇} = 4I(θ^−σ_{mn})^αF_{mn}σ_{rα}^{α̇}A_r 1 + 4Iϕ̄

, (5.9)

τ^{−−} =

4I(θ^−)^2(F_{mn}F_{mn} + F_{mn}F̃_{mn}) 1 + 4Iϕ̄

. (5.10)

Now we obtain the component structure of the strength superfields W = − 1 4 (D̄^+)^2V^{−−} = ϕ + 4IA_mA_m 1 + 4Iϕ̄

+ (θ^+σ_{mn}θ^−)F_{mn}, (5.11)

W̄ = −1 4 (D^+)^2V^{−−} = ϕ̄ 1 + 4Iϕ̄

+ (θ̄^+σ̃_{mn}θ̄^−) F_{mn} 1 + 4Iϕ̄

. (5.12)

Note that the strength superfields (5.11) and (5.12) are deformed differently. It is clear that in the limit I → 0 these expressions coincide with the undeformed ones (2.9). Introducing the notations

Φ = ϕ + 4IA_mA_m 1 + 4Iϕ̄

, Φ̄ = ϕ̄ 1 + 4Iϕ̄

, F_{mn} = F_{mn} 1 + 4Iϕ̄

, (5.13)

the eqs. (5.11,5.12) can be written in a form similar to eq. (2.9) W = Φ + (θ^+σ_{mn}θ^−)F_{mn}, W̄ = Φ̄ + (θ̄^+σ̃_{mn}θ̄^−)F_{mn}. (5.14) To find the component structure of the holomorphic potential (4.34,4.36) we have to compute the following quontities

W ⋆ W = Φ^2 + 4I^2(F^2 + F F̃) + 2(θ^+σ_{mn}θ^−)F_{mn}Φ + (θ^+)^2(θ^−)^2(F^2 + F F̃), (5.15)

ln_⋆ W Λ = ln Φ Λ + 1 4 ln [ 1 − 8I^2(F^2 + F F̃)

Φ^2 ] + (θ^+σ_{mn}θ^−) F_{mn} Φ arcth

√_{8I 2(F 2+F F̃ )}

Φ^2

√_{8I 2(F 2 +F F̃ )}

Φ^2 + 1 16I^2

(θ^+)^2(θ^−)^2 ln [ 1 − 8I^2(F^2 + F F̃) Φ^2 ] , (5.16)

W̄ ⋆ W̄ = W̄ W̄ = Φ̄^2 + 2(θ̄^+σ̃_{mn}θ̄^−)F_{mn}Φ̄ + (θ̄^+)^2(θ̄^−)^2(F^2 + F F̃ ), (5.17)

ln_⋆ W̄ Λ = ln W̄ Λ = ln Φ̄ Λ + (θ̄^+σ̃_{mn}θ̄^−) F_{mn} Φ̄ − 1 2 (θ̄^+)^2(θ̄^−)^2

F^2 + FF̃

Φ̄2 . (5.18)

As a result, substituting the expressions (5.15,5.16) into eq. (4.34), we find the component structure of the holomorphic effective action Γ_{hol} = − 1 32π^2 ∫ d^4x(F^2 + F F̃ ) [ ln Φ Λ + Δ(X(Φ, F_{mn})) ] , (5.19)

where

Δ(X) = 1 2 (1 − X)^2 ln(X − 1) + 1 2 (1 + X)^2 ln(1 + X) − (1 + X^2) ln X,(5.20) X(Φ, F_{mn}) = Φ 2I √ 2(F^2 + F F̃)

. (5.21)

The equation (5.19) shows that the function Δ(X) is a correction due to non-anticommu-tativity to the standard holomorphic effective action (2.11). This function has the smooth limit at I → 0 lim_{I→0} Δ(X) = 3 2 . (5.22)

Note that exactly the constant 3/2 stands in the rhs in eq. (2.11) which was not essential in the undeformed theory, but now this constant is replaced by the function Δ(X). More detailed studies of the function Δ(X) are given in the Appendix.

Let us consider the antiholomorphic potential when the strength superfield W̄ is defined by the component expression (5.12) with the fields F_{mn} and ϕ̄ being constant. The equations (5.17,5.18) show that the star-product can be omitted for such an approximation. Therefore the variation (4.36) can be integrated is the same way as in the undeformed theory Γ_{antihol} = − 1 32π^2 ∫ d^4xd^4θ̄ W̄^2 ln W̄ Λ = − 1 32π^2 ∫ d^4x(F^2 + FF̃) ( ln Φ̄ Λ + 3 2 )

= − 1 32π^2 ∫ d^4x

(F^2 + F F̃ ) (1 + 4Iϕ̄)^2 ( ln ϕ̄ Λ(1 + 4Iϕ̄) + 3 2 ) . (5.23)

Here the equations (5.17,5.18,5.13) have been used. We see that the non-anticommutativity manifests itself here by a simple rescaling of fields by the factor 1/(1 + 4Iϕ̄). In the limit I → 0 the expression (5.23) reduces to the standard one for the antiholomorphic potential.

6 Deformation of the central charge and the mass

It is well known [20] that the model of hypermultiplet interacting with the external vector superfield possesses non-trivial central charge which is related to the mass of the hypermultiplet via BPS relation. Let us find the deformation of central charge and the mass in the case of non-anticommutative singlet deformation under considerations.

The central charges in the N = 2 theories arise effectively from non-vanishing vacuum expectation values of scalar fields [20] ⟨ϕ⟩ = a, ⟨ϕ̄⟩ = ā. (6.24) The constants a, ā enter the prepotentials (5.1,5.4) as follows V^{++} = a(θ̄^+)^2 + ā(θ^+)^2, (6.25) V^{−−} = a(θ̄^−)^2 + ā 1 + 4Iā

(θ^−)^2. (6.26)

The corresponding strength superfields (5.11,5.12) read now

W = a, W̄ = ā 1 + 4Iā

. (6.27)

We see that the strength W̄ is deformed by the non-anticommutativity while W is not.

Now, using the standard relations V^−_α = −D^+_α V^{−−}, V̄^−_{α̇} = −D̄^+_{α̇} V^{−−}, we derive the covariant spinor derivatives, corresponding to the prepotentials (6.25,6.26) D̄^+_{α̇} = D̄^+_{α̇} , D+_α = D+_α , D̄^−_{α̇} = D̄^−_{α̇} + 2aθ̄^−_{α̇} , D−_α = D−_α − 2ā 1 + 4Iā θ^−_α . (6.28)

The supercharges anticommuting with the derivatives (6.28) are

Q̄^+_{α̇} = Q̄^+_{α̇} − 2aθ̄^+_{α̇} , Q+_α = Q+_α + 2ā 1 + 4Iā θ^+_α , Q̄^−_{α̇} = Q̄^−_{α̇} , Q−_α = Q−_α .

(6.29)

Note that only the supercharge Q^+_α is deformed by the non-anticommutativity. It is easy to find now the anticommutation relation between the supercharges (6.29) {Q̄^+_{α̇} , Q̄^−_{β̇} } = 2Z̄ε_{α̇}˙_β , {Q^+_α , Q^−_β } = −2Zε_{αβ}, (6.30)

where the central charges Z, Z̄ are given by Z̄ = a, Z = ā 1 + 4Iā

. (6.31)

As a result, only the central charge Z is deformed by the non-anticommutativity while Z̄ is not.

It is well known that in the presence of central charge the hypermultiplet acquires the BPS mass. To find the mass, let us consider the operator ^□□ = −1 2 (D^+)^4(∇∇^{−−})^2 = □ − m^2, (6.32) where ∇∇^{−−} = D^{−−} + V^{−−} and

m^2 = ZZ̄ = aā 1 + 4Iā

. (6.33)

It is easy to see that m^2, given by eq. (6.33), is a mass squared of the hypermultiplet. Indeed, let us consider the hypermultiplet model interacting with the background vector superfield (6.25) S = ∫ dζ^{(−4)}du q̆^+ ⋆ (D^{++} + V^{++}) ⋆ q^+. (6.34)

The model (6.34) is effectively described by the massive propagator

G^{(1,1)}(1|2) = − 1 □ − m^2 (D^+_1 )^4(D^+_2 )^4 { e^{Ω(1)}_⋆ ⋆ e^{−Ω(2)}_⋆ ⋆ δ^{12}(z_1 − z_2) (u^+_1 u^+_2 )^3 } , (6.35)

which can be derived in the same way as the general one (3.11). Here Ω is a bridge superfield corresponding to the prepotential V^{++} (6.25).

Note that the mass squared (6.33) and the central charges (6.31) are deformed in such a way that the BPS relation m^2 = ZZ̄ is conserved.

7 Conclusions

In this paper we studied the low-energy effective action and renormalizability of N =(1, 0) non-anticommutative charged hypermultiplet theory. This model describes the interaction of a hypermultiplet with an Abelian vector superfield under the singlet chiral deformation of supersymmetry. Let us summarize the basic results obtained in the present work.

1. The procedure of perturbative quantum computation of the low-energy effective action for the deformed charged hypermultiplet model is developed within the harmonic superspace approach.

2. Using this procedure, the divergent part of the effective action is calculated and is shown to be proportional to the classical action of N =(1, 0) non-anticommutative SYM theory. In this sense the present model is renormalizable.

3. The general structure of the low-energy effective action of this theory is revealed.

Away from the undeformed limit, the antiholomorphic piece no longer exists by itself but is incorporated in a full N =(1, 1) superspace integral.

4. The holomorphic effective action is calculated and remains a chiral superspace integral. It is shown to be given by the holomorphic potential which is a stargeneralization of the undeformed one. The contribution to (the variation of) the effective action that corresponds to the antiholomorphic potential is also found as an expression written in full N =(1, 1) superspace.

5. The component structure of the (anti)holomorphic effective action is studied in the bosonic sector in the constant-fields approximation. It is shown that the holomorphic and antiholomorphic potentials still get deformed differently. In this approximation the deformed holomorphic potential (5.19) acquires the extra terms given by the function (5.20). For the antiholomorphic piece, it is shown that the deformation merely effects a rescaling of component fields by a factor of (1 + 4Iϕ̄)^{−1}, where ϕ̄ is one of the two scalar fields of the vector multiplet.

6. The deformation of the mass and the central charge is found. It is shown that the mass-squared as well as the central charge are rescaled by the same factor (1+4Iϕ̄)^{−1}, preserving the relation between them.

In the light of the present results, it would be rewarding to solve the following problems concerning the quantum aspects of non-anticommutative theories with extended supersymmetry. First, it is tempting to determine for the hypermultiplet model the deformation of the next-to-leading terms in the effective action, which are necessarily non-holomorphic. Also, one should develop the non-Abelian generalization. Next, it is important to perform an analogous investigation for the pure SYM theory, since in the undeformed case this model (the Seiberg-Witten theory) plays an important role in modern theoretical physics. Finally, it would be interesting to extend the quantum studies of non-anticommutative theories to the case of non-singlet (i.e. more general) deformations of supersymmetry, as considered particularly in [10] on the classical level.

Acknowledgements

The present work is supported particularly by the DFG grant, project No 436 RUS 113/669/0-3 and by INTAS grant. The work of I.L.B and I.B.S. was supported by RFBR grant, project No 06-02-16346, joint RFBR-DFG grant, project No 06-02-04012 and LRSS grant, project No 4489.2006.2. IBS acknowledges the support from the grant of the President of Russian Federation, project No 7110.2006.2. O.L. acknowledges support from the DFG grant Le-838/7.

A Appendix

Let us give some more comments about the function Δ(X) given by eq. (5.20).

i. Due to the presence of log function, the expression (5.20) is well-defined if X > 1, or Φ > 2I √ 2(F^2 + F F̃ ). (A.1)

The equation (A.1) means that the vacuum values for the scalar field ϕ are bounded below if I ≠ 0.

ii. In the region (A.1) the function 3/2 − Δ(X) is monotone decreasing. It is plotted in the Fig. 1a.

Fig. 1.

iii. If one relaxes the condition (5.22), the function Δ(X), as well as the holomorphic effective action, acquires an imaginary part. The expressions Re(ln X + Δ(X)), Im(ln X + Δ(X)) are plotted in Fig. 1b in comparison with the function ln X + 3/2 which is responsible for the bosonic part of the holomorphic effective action (2.11) in the undeformed case. It is interesting to note that the function ln X + Δ(X) has no logarithmic singularity at the origin X = 0 when I ≠ 0.

References

[1] J. de Boer, P.A. Grassi, P. van Nieuwenhuizen, Non-commutative superspace from string theory, Phys. Lett. B574 (2003) 98, hep-th/0302078.

[2] H. Ooguri, C. Vafa, The C-deformation of gluino and non-planar diagrams, Adv.

Theor. Math. Phys. 7 (2003) 53, hep-th/0302109; Gravity induced C-deformation, Adv. Theor. Math. Phys. 7 (2004) 405, hep-th/0303063.

[3] N. Berkovits, N. Seiberg, Superstrings in graviphoton background and N = 1/2 + 3/2 supersymmetry, JHEP 0307 (2003) 010, hep-th/0306226; N. Seiberg, Noncommutative superspace, N = 1/2 supersymmetry, field theory and string theory, JHEP 0306 (2003) 010, hep-th/0305248.

[4] R. Britto, B. Feng, N=1/2 Wess-Zumino model is renormalizable, Phys. Rev. Lett.

91 (2003) 201601, hep-th/0307165; R. Britto, B. Feng, S.-J. Rey, Deformed superspace, N=1/2 supersymmetry and nonrenormalization theorems, JHEP 0307 (2003) 067, hep-th/0306215; S. Terashima, J.-T. Yee, Comments on noncommutative superspace, JHEP 0312 (2003) 053, hep-th/0306237; A. Romagnoni, Renormalizability of N=1/2 Wess-Zumino model in superspace, JHEP 0310 (2003) 016, hep-th/0307209; M.T. Grisaru, S. Penati, A. Romagnoni, Nonanticommutative superspace and N=1/2

WZ model, Class.Quant.Grav. 21 (2004) S1391, hep-th/0401174; Two-loop renormalization for nonanticommutative N=1/2 supersymmetric WZ Model, JHEP 0308 (2003) 003, hep-th/0307099; D. Berenstein, S.-J. Rey, Wilsonian proof for renormalizability of N=1/2 supersymmetric field theories, Phys. Rev. D68 (2003) 121701,

hep-th/0308049;

[5] O. Lunin, S.-J. Rey, Renormalizability of non(anti)commutative gauge theories with N=1/2 supersymmetry, JHEP 0309 (2003) 045, hep-th/0307275; R. Britto, B. Feng, S.-J. Rey, Non(anti)commutative superspace, UV/IR mixing and open Wilson lines, JHEP 0308 (2003) 001, hep-th/0307091; M. Alishahiha, A. Ghodsi, N. Sadooghi, One-loop perturbative corrections to non(anti)commutativity parameter of N=1/2 supersymmetric U(N) gauge theory, Nucl. Phys. B691 (2004) 111, hep-th/0309037.

[6] I. Jack, D.R.T. Jones, L.A. Worthy, One-loop renormalisation of N=1/2 supersymmetric gauge theory, Phys. Lett. B611 (2005) 199, hep-th/0412009; One-loop renormalisation of general N=1/2 supersymmetric gauge theory, Phys. Rev. D72 (2005) 065002, hep-th/0505248; One-loop renormalisation of massive N=1/2 supersymmetric gauge theory, hep-th/0607194; One-loop renormalisation of N=1/2 supersymmetric gauge theory in the adjoint representation, hep-th/0607195.

[7] S. Penati, A. Romagnoni, Covariant quantization of N=1/2 SYM theories and supergauge invariance, JHEP 0502 (2005) 064, hep-th/0412041; M.T. Grisaru, S. Penati, A. Romagnoni, Non(anti)commutative SYM theory: renormalization in superspace, JHEP 0602 (2006) 043, hep-th/0510175;

[8] A.T. Banin, I.L. Buchbinder, N.G. Pletnev, Chiral effective potential in N=1/2 noncommutative Wess-Zumino model, JHEP 0407 (2004) 011, hep-th/0405063; O.D. Azorkina, A.T. Banin, I.L. Buchbinder, N.G. Pletnev, One-loop effective potential in N=1/2 generic chiral superfield model, Phys. Lett. B635 (2006) 50, hep-th/0601045; Construction of effective action in nonanticommutative supersymmetric field theories, Phys. Lett. B633 (2006) 389, hep-th/0509193.

[9] E. Ivanov, O. Lechtenfeld, B. Zupnik, Nilpotent deformations of N = 2 superspace, JHEP 0402 (2004) 012, hep-th/0308012; S. Ferrara, E. Sokatchev, Nonanticommutative N=2 super-Yang-Mills theory with singlet deformation, Phys. Lett. B579 (2004) 226, hep-th/0308021.

[10] A. De Castro, E. Ivanov, O. Lechtenfeld, L. Quevedo, Non-singlet Q-deformation of the N=(1,1) gauge multiplet in harmonic superspace, Nucl. Phys. B747 (2006) 1, hep-th/0510013; A. De Castro, L. Quevedo, Non-singlet Q-deformed N=(1,0) and N=(1,1/2) U(1) actions, ITP-UH-11-06, hep-th/0605187;

[11] T. Araki, K. Ito, A. Ohtsuka, N = 2 supersymmetric U(1) gauge theory in noncommutative harmonic superspace, JHEP 0401 (2004) 046, hep-th/0401012; Deformed supersymmetry in non(anti)commutative N=2 supersymmetric U(1) gauge theory,

Phys. Lett. B606 (2005) 202, hep-th/0410203; Non(anti)commutative N=(1,1/2) supersymmetric U(1) gauge theory, JHEP 0505 (2005) 074, hep-th/0503224.

[12] S. Ferrara, E. Ivanov, O. Lechtenfeld, E. Sokatchev, B. Zupnik, Non-anticommutative chiral singlet deformation of N=(1,1) gauge theory, Nucl. Phys. B704 (2005) 154,

hep-th/0405049.

[13] E. Ivanov, O. Lechtenfeld, B. Zupnik, Non-anticommutative deformation of N=(1,1) hypermultiplets, Nucl. Phys. B707 (2005) 69, hep-th/0408146.

[14] E.A. Ivanov, B.M. Zupnik, Non-anticommutative deformations of N=(1,1) supersymmetric theories, Theor. Math. Phys. 142 (2005) 197, hep-th/0405185.

[15] T. Araki, K. Ito, Singlet deformation and non(anti)commutative N=2 supersymmetric U(1) gauge theory, Phys. Lett. B595 (2004) 513, hep-th/0404250.

[16] I.L. Buchbinder, E.A. Ivanov, O. Lechtenfeld, I.B. Samsonov, B.M. Zupnik, Renormalizability of non-anticommutative N=(1,1) theories with singlet deformation, Nucl. Phys. B740 (2006) 358.

[17] N. Seiberg, E. Witten, Electric-magnetic duality, monopole condensation, and confinement in N=2 supersymmetric Yang-Mills theory, Nucl. Phys. B426 (1994) 19.

[18] A. Galperin, E. Ivanov, V. Ogievetsky, E. Sokatchev, Harmonic superspace: key to N=2 supersymmetric theories, JETP Lett. 40 (1984) 912 [Pisma Zh.Eksp.Teor.Fiz. 40 (1984) 155]; A. Galperin, E. Ivanov, S. Kalitzin, V. Ogievetsky, E. Sokatchev, Unconstrained N=2 matter, Yang-Mills and supergravity theories in harmonic superspace, Class. Quant. Grav. 1 (1984) 469.

[19] A. Galperin, E. Ivanov, V. Ogievetsky, E. Sokatchev, Harmonic Superspace, Cambridge Univ. Press, 2001, 306 p.

[20] I.L. Buchbinder, E.I. Buchbinder, E.A. Ivanov, S.M. Kuzenko, B.A. Ovrut, Effective action of the N=2 Maxwell multiplet in harmonic superspace, Phys. Lett. B412 (1997) 309, hep-th/9703147; E.I. Buchbinder, I.L. Buchbinder, E.A. Ivanov, S.M. Kuzenko, Central charge as the origin of holomorphic effective action in N=2 gauge theory, Mod. Phys. Lett. A13 (1998) 1071, hep-th/9803176.

[21] S. Eremin, E. Ivanov, Holomorphic effective action of N=2 SYM theory from harmonic superspace with central charges, Mod. Phys. Lett. A15 (2000) 1859, hep-th/9908054; I.L. Buchbinder, I.B. Samsonov, On holomorphic effective actions of hypermultiplets coupled to external gauge superfields, Mod. Phys. Lett. A14 (1999) 2537, hep-th/9909183.

[22] M. Dine, N. Seiberg, Comments on higher derivative operators in some susy field theories, Phys. Lett. B409 (1997) 239, hep-th/9705057; V. Periwal, R. von Unge, Accelerating D-branes, Phys. Lett. B430 (1998), hep-th/9801121; F. Gonzalez-Rey,

M. Roček, Nonholomorphic N=2 terms in N=4 SYM: one loop calculation in N=2 superspace, Phys. Lett. B434 (1998) 303, hep-th/9804010.

[23] I.L. Buchbinder, E.I. Buchbinder, S.M. Kuzenko, B.A. Ovrut, The Background field method for N=2 superYang-Mills theories in harmonic superspace, Phys. Lett. B417 (1998) 61; I.L. Buchbinder, S.M. Kuzenko, Comments on the background field method in harmonic superspace: nonholomorphic corrections in N=4 SYM, Mod. Phys. Lett. A13 (1998) 1623, hep-th/9804168; E.I. Buchbinder, I.L. Buchbinder, S.M. Kuzenko, Nonholomorphic effective potential in N=4 SU(n) SYM, Phys. Lett. B446 (1999) 216, hep-th/9810239.

[24] D.A. Lowe, R. von Unge, Constraints on higher derivative operators in maximally supersymmetric gauge theory, JHEP 9811 (1998) 014, hep-th/9811017; I.L. Buchbinder, S.M. Kuzenko, A.A. Tseytlin, On low-energy effective action in N=2,4 superconformal theories in four dimensions, Phys. Rev. D62 (2000) 045001, hep-th/9911221; I.L. Buchbinder, E.A. Ivanov, Complete N=4 structure of lowenergy effective action in N=4 super Yang-Mills theories, Phys. Lett. B524 (2002) 208, hep-th/0111062; I.L. Buchbinder, E.A. Ivanov, A.Yu. Petrov, Complete lowenergy effective action in N=4 SYM: a direct N=2 supergraph calculation, Nucl. Phys. B653 (2003) 64, hep-th/0210241; A.T. Banin, I.L. Buchbinder, N.G. Pletnev, Oneloop effective action of N=4 SYM theory in the hypermultiplet sector: low-energy approximation and beyond, Phys. Rev. D68 (2003) 065024, hep-th/0304046; I.L. Buchbinder, N.G. Pletnev, Construction of one-loop N=4 SYM effective action in the harmonic superspace approach, JHEP 0509 (2005) 073, hep-th/0504216.

[25] N. Dragon, S.M. Kuzenko, The Higgs mechanism in N=2 superspace, Nucl. Phys.

B508 (1997) 229, hep-th/9705027; S.M. Kuzenko, I.N. McArthur, Effective action of N=4 superYang-Mills: N=2 superspace approach, Phys. Lett. B506 (2001) 140, hep-th/0101127; Hypermultiplet effective action: N = 2 superspace approach, Phys.

Lett. B513 (2001) 213, hep-th/0105121.