arXiv:hep-th/0608100 v1 15 Aug 2006

The topological AC effect on noncommutative phase space

Kang Li^{a,c,1}, Jianhua Wang^{b,c,2}

a Department of Physics, Hangzhou Teachers College, Hangzhou, 310036, P.R.China bDepartment of Physics, Shaanxi University of Technology , Hanzhong, 723001,P.R. China cThe Abdus Salam International Center for Theoretical Physics, Trieste, Italy

Abstract

The Aharonov-Casher (AC) effect in non-commutative(NC) quantum mechanics is studied. Instead of using the star product method, we use a generalization of Bopp’s shift method. After solving the Dirac equations both on noncommutative space and noncommutative phase space by the new method, we obtain the corrections to AC phase on NC space and NC phase space respectively.

PACS number(s): 02.40.Gh, 11.10.Nx, 03.65.-w.

1 Introduction

In recent years, there has been an increasing interest in the study of physical effects on noncommutative space, apart from field theory, non-commutative quantum mechanics has recently attract much attentions, because the effects of the space non-commutativity may become significant in the extreme situation such as in the string scale or at the Tev and higher energy level. There are many papers devoted to the study of various aspects of quantum mechanics on NC space with usual (commutative) time coordinate [1]-[6]. For example, the topological AB in NC space and even NC phase space have studied in [2]-[4]. In this work, other than the method employed in [5], we develop a new method to obtain the corrections to the topological phase of the AC effect both on NC space and NC phase space, where we know that in a commutative space the line spectrum does not depend on the relativistic nature of the dipoles. The article is organized as follows: in section 2, by using the Lagrangian formulation, we discuss the AC effect on a commutative space in 2+1 dimensions. In section 3, the AC effect on a noncommutative space is studied, and the correction to AC phase on NC space is obtained, the AC effect on a non-commutative phase space will be discussed in section 4, and a most generalized formula for holonomy in NC phase space is given in this section, at last, some remarks are given in the last section.

1kangli@hztc.edu.cn 2jianhuawang59@yahoo.com.cn

2 Description of AC effect in 2+1 commutative space time

To begin with, let’s give a brief review of AC effect in 2 + 1 commutative space time. The Lagrangian for a neutral particle of spin-1/2 with an anomalous magnetic dipole moment μ_m interacting with the electromagnetic field has the form L = ψ̄iγ^μ∂_μψ − mψ̄ψ − 1 2 μ_mψ̄σ^{μν} ψF_{μν} . (1) The last term in the Lagrangian is responsible for the AC effect.

We restrict the particle moves on a plane (say x − y plane), then the problem can be treated in 2 + 1 space time. We use the following conventions for the 2+1 dimensional metric g_{μν} and the anti-symmetric tensor ϵ_{μνα}:

g_{μν} = diag(1, −1, −1) and ϵ_{012} = +1. (2)

Other than to use 2 × 2 matrices satisfying the 2+1 dimensional Dirac algebra, we will use 3 four component Dirac matrices which can describe spin up and down in the notional z direction for a particle and for its anti-particle. In 2+1 dimensions these Dirac matrices satisfy the following relation [7]:

γ^μγ^ν = g^{μν} − iγ^0σ^{12}ϵ^{μνλ}γ_λ. (3)

A particular representation is

γ^0 = ( σ_3 0 0 σ_3 ) , γ^1 = ( iσ_2 0 0 −iσ_2 ) , γ^2 = ( iσ_1 0 0 iσ_1 ) , (4)

Then the interaction term in the Lagrangian can be written as ψ̄σ^{μν} ψF_{μν} = F^{μν} γ^0σ^{12}ϵ_{μνλ}ψ̄γ^λψ, (5) with

F^{μν} =

0 −E^1 −E^2 E^1 0 −B^3 E^2 B^3 0 , (6)

where E^i and B^i are the electric and magnetic fields, respectively. The indices “1” and “2” indicate the coordinates on the x−y plane along the x and y directions. The index “3” indicates the z direction. The Lagrangian now can be written as L = ψ̄iγ^μ∂_μψ − mψ̄ψ − (1/2)γ^0σ^{12}μ_mϵ_{μαβ}F^{αβ}ψ̄γ^μψ. (7) By using E-L equation, the Dirac equation of motion for a spin half neutral particle with a magnetic dipole moment μ_m is

(iγ_μ∂^μ − (1/2)γ^0σ^{12}μ_mϵ_{μαβ}F^{αβ}γ^μ − m)ψ = 0, (8) and the solution will have the form ψ = e^{− i2 γ0σ12 μm} ∫_{x ϵμαβ F αβ dxμ} ψ_0, (9)

where ψ_0 is the solution for electromagnetic field free case . The phase in Eq.(9) is called AC phase , we write it as ϕ_{AC} = − 1 2 γ^0σ^{12}μ_m ∫_x ε_{μαβ}F^{αβ}dx^μ. (10) The AC phase above is the general AB phase for a spin-1/2 neutral particle passing through an electromagnetic field. If we consider a situation of the standard AC configuration [8]-[9], i.e. the particle moves on a plane under the influence of an pure electric field produced by a uniformly charged infinitely long filament perpendicular to the plane, then we have

ϕ_{AC} = −γ^0σ^{12}μ_m ∫_x ε_{0ij} F^{0i}dx^j = γ^0σ^{12}μ_m ∫_x (^⃗k× ⃗E)·d⃗x = ( σ_3 0 0 −σ_3 ) ∫_x (⃗μ_m × ⃗E)·d⃗x, (11)

where ^⃗k is the unit vector in z direction and we assume that the magnetic dipole moment is always along this direction, i.e. ⃗μ_m = μ_m ^⃗k.

3 The AC Effect on noncommutative space

On the noncommutative space the coordinate and momentum operators satisfy the following commutation relations (we take h̄ = c = 1 unit)

[x̂_i, x̂_j ] = iΘ_{ij} , [p̂_i, p̂_j ] = 0, [x̂_i, p̂_j ] = iδ_{ij}, (12)

where Θ_{ij} is an element of an antisymmetric matrix, it is very small related to the energy scale and it represents the non-commutativity of the NC space, x̂_i and p̂_i are the coordinate and momentum operators on a NC space.

Just like the static Schrödinger equation on NC space[4], the Dirac equation (8) for a spin half neutral particle with a magnetic dipole moment μ_m, on NC space, can be written as

(iγ_μ∂^μ − (1/2)γ^0σ^{12}μ_mϵ_{μαβ}F^{αβ}γ^μ − m) ∗ ψ = 0, (13)

i.e, simply replace usual product with a star product (Moyal-Weyl product), the Dirac equation in usual commuting space will change into the Dirac equation on NC space. The star product between two functions is defined by, (f ∗ g)(x) = e^{i2 Θij ∂xi ∂xj} f(x_i)g(x_j ) = f(x)g(x) + i 2 Θ_{ij} ∂_if∂_j g|_{xi=xj} + O(Θ^2), (14)

here f(x) and g(x) are two arbitrary functions.

Some features of AC effect on noncommutative space has been studied in [5] by using the star calculation, but it is still meaningful to study it again by using the method gave in reference

[4], i.e. through a generalized Bopp^′s shift, and the method can be easily generalized to NC phase space which will be discussed in the next section.

On NC space the star product can be replaced by a Bopp’s shift, i.e the star product can be changed into ordinary product by shifting coordinates x_μ with

x̂_μ = x_μ − 1 2 Θ_{μν} p^ν . (15)

Now, let us consider the noncommutative Dirac equation (13), to replace the star product with ordinary product, equivalent to the Bopp’s shift, the F_{μν} must, up to the first order of the NC parameter Θ, be shifted by F_{μν} → F̂_{μν} = F_{μν} + 1 2 Θ^{αβ}p_α∂_β F_{μν} . (16)

Then the Dirac equation for AC problem on NC space has the form

(iγ_μ∂^μ − (1/2)γ^0σ^{12}μ_mϵ_{μαβ}F̂^{αβ}γ^μ − m)ψ = 0. (17)

So, on NC space, the AC phase has the form:

ϕ̂_{AC} = −1 2 γ^0σ^{12}μ_m ∫_x ε_{μαβ}F̂^{αβ}dx^μ = − 1 2 γ^0σ^{12}μ_m ∫_x ε_{μαβ}F^{αβ}dx^μ − 1 4 γ^0σ^{12}μ_m ∫_x ϵ_{μαβ}Θ^{στ} p_σ ∂_τ F^{αβ}dx^μ. (18) This is the general AC phase for a spin-1/2 neutral particle moving in a general electromagnetic field.

In the standard AC configuration, the momentum on NC space can be written as^3

p_l = mv_l + ( ⃗E × ⃗μ)_l + O(θ), (19)

where ⃗μ = μ_m⃗σ, insert equation (19) to (18) and notice that

F^{αβ} −→ F^{0i} and Θ^{ij} = θϵ^{ij} , Θ^{0μ} = Θ^{μ0} = 0, (20)

3In the standard AC configuration the Hamiltonian in commuting space has the form [8]-[9]: H = 1 2m ⃗σ · (⃗p − iμ_m ⃗E)⃗σ · (⃗p + iμ_m ⃗E). In the region ⃗∇ · ⃗E = 0 (if the particle do not reach at the charged filament, this is always true), then the equation above can be recast as H = 1 2m (⃗p − ⃗E × ⃗μ)^2 − μ^2E^2 2m , then the velocity operator can be gotten

v_l = ∂H ∂p_l = 1 m [p_l − ( ⃗E × ⃗μ)_l].

we have ϕ̂_{AC} = ϕ_{AC} + δϕ_{N CS} , (21)

where ϕ_{AC} is the AC phase on commuting space given by (11), the additional phase δϕ_{N CS}, related to the non-commutativity of space, is given by δϕ_{N CS} = − 1 2 γ^0σ^{12}μ_m ∫_x ϵ_{μ0i}θϵ^{αβ}[mv_α + ( ⃗E × ⃗μ)_α]∂_βF^{0i}dx^μ = 1 2 γ^0σ^{12}μ_mθϵ^{ij} ∫_x [k_j + ( ⃗E × ⃗μ)_j ](∂_iE^2dx^1 − ∂_iE^1dx^2), (22)

where k_j = mv_j, and the result here coincides with the result given in reference [5], where the tedious star product calculation has been used.

The first term is a velocity dependent correction and does not have the topological properties of the commutative AC effect and could modify the phase shift. The second term is a correction to the vortex and does not contribute to the line spectrum.

4 The AC effect on noncommutative phase space

We have discussed the AC effect on NC space, where space-space do not commute but with momentum-momentum commuting. The Bose-Einstein statistics in noncommutative quantum mechanics requires both space-space and momentum-momentum non-commutativity, we call the NC space with momenta non-commuting is NC phase space. So study the physics on NC phase space is very important. On NC phase space, the momentum p̂_i’s commutation relation in (12) should be replaced with [p̂_i, p̂_j ] = iΘ̄_{ij}, (23) where Θ̄ is the antisymmetric matrix, its elements represent the non-commutativity of the momenta. The Dirac equation (8) on NC phase space can also be written as:

(−γ_μp^μ − (1/2)γ^0σ^{12}μ_mϵ_{μαβ}F^{αβ}γ^μ − m) ∗ ψ = 0, (24)

but here, the star product in Eqs. (24) defines, (f ∗ g)(x, p) = e^i2α^{2 Θij ∂xi ∂xj + i}2α^{2 Θ̄ij ∂pi ∂pj} f(x, p)g(x, p) = f(x, p)g(x, p) + i 2α^2 Θ_{ij} ∂^x_i f∂^x_j g|_{xi=xj} + i 2α^2

Θ̄_{ij} ∂^p_i f∂^p_j g|_{pi=pj} + O(Θ^2), (25)

where O(Θ^2) stands the second and higher order terms of Θ and Θ̄. The star product in Dirac equation on NC phase space can be placed by the usual product from the two steps, first we need to replace x_i and p_i with a generalized Bopp’s shift as x_μ → αx_i − 1 2α Θ_{μν} p_ν , p_μ → αp_μ + 1 2α Θ̄_{μν} x_ν , (26) and also need the partner of shift in Eq.(16) in NC phase space as, F_{μν} → F̂_{μν} = αF_{μν} + 1 2α Θ^{αβ}p_α∂_βF_{μν} . (27)

The Dirac equation (24) then read {−αγ^μp_μ − 1 2α γ^μΘ̄_{μν} x_ν − (1/2)γ^0σ^{12}μ_mϵ_{μαβ} [αF^{αβ} + 1 2α Θ^{τ σ}p_τ ∂_σF^{αβ}]γ^μ − m}ψ = 0. (28)

Because α ≠ 0, so the above Dirac equation can be recast to {−γ^μp_μ − 1 2α^2 γ^μΘ̄_{μν} x_ν − (1/2)γ^0σ^{12}μ_mϵ_{μαβ}[F^{αβ} + 1 2α^2

Θ^{τ σ}p_τ ∂_σF^{αβ}]γ^μ − m^′}ψ = 0, (29)

where m^′ = m/α. The solution to (29) is

ψ = e^{iφ̂AC} ψ_0, (30)

where ψ_0 is the solution of Dirac equation for free particle with mass m^′, and the φ̂_{AC} stands AC phase in NC phase space, and it has the form below, φ̂_{AC} = − 1 2 γ^0σ^{12}μ_m ∫_x ε_{μαβ}F^{αβ}dx^μ − 1 2α^2 ∫_x Θ̄_{ij} x_j dx_i − 1

4α^2 γ^0σ^{12}μ_m ∫_x ϵ_{μαβ}Θ^{στ} p_σ ∂_τ F^{αβ}dx^μ. (31) Equation (31) is the general AC phase in noncommutative phase space. For the standard AC case i.e. particle moves in a pure static electric field, then the AC phase reduces to φ̂_{AC} = ϕ_{AC} − 1 2α^2 ∫_x Θ̄_{ij} x_j dx_i − 1 2α^2 γ^0σ^{12}μ_m ∫_x ϵ_{μ0i}θϵ^{αβ}[m^′v_α + ( ⃗E × ⃗μ)_α]∂_βF^{0i}dx^μ = ϕ_{AC} − 1 2α^2 ∫_x Θ̄_{ij} x_j dx_i + 1 2α^2 γ^0σ^{12}μ_mθϵ^{ij} ∫_x [k^′_j + ( ⃗E × ⃗μ)_j ](∂_iE^2dx^1 − ∂_iE^1dx^2), (32)

where k^′_j = m^′v_j , p_l = m^′v_l + ( ⃗E × ⃗μ)_l + O(θ) has been applied and we omit the second order terms in θ. Equation (32) can also be written as φ̂_{AC} = ϕ_{AC} + δϕ_{N CS} + δϕ_{N CP S} , (33) where ϕ_{AC} is the AC phase on commuting space ( see Eq. 11), δϕ_{N CS} is the space-space noncommuting contribution to the AC phase on NC space (see Eq. 22), and the last term δϕ_{N CP S} is given by δϕ_{N CP S} = − 1 2α^2 ∫_x Θ̄_{ij} x_j dx_i + 1 − α^3 2α^3 γ^0σ^{12}μ_mθϵ^{ij} ∫_x k_j (∂_iE^2dx^1 − ∂_iE^1dx^2) + 1 − α^2 2α^2 γ^0σ^{12}μ_mθϵ^{ij} ∫_x ( ⃗E × ⃗μ)_j (∂_iE^2dx^1 − ∂_iE^1dx^2), (34)

which represents the non-commutativity of the momenta. When α = 1, which will lead to Θ̄_{ij} = 0 [6], then the AC phase on NC phase space will return to the AC phase on NC space, i.e. δϕ_{N CP S} = 0 and equations (31) and (32) will change into equations (18) and (21) respectively.

5 Conclusion remarks

In this paper, we study the AC effect on both noncommutative space and noncommutative phase space. Instead of doing tedious star product calculation, we use the ”shift” method, i.e. the star product in Dirac equation can be replaced by Bopp’s shift and together with the shift we defined in (16) for NC space and (27) for NC phase space. These shifts is exact equivalent to the star product. The additional AC phase (22) in NC space is exact the same as in reference [5] shows the correctness of our method. Our results of AC phase in NC phase space, especially the new term (34) which comes from the momenta non-commutativity is totally new result of this paper.

The method we use in this paper may also be employed to other physics problem on NC space and NC phase space. The further study on the issue will be reported in our forthcoming papers.

6 Acknowledgments

This paper was completed during our visit to the high energy section of the Abdus Salam International Centre for Theoretical Physics (ICTP). We would like to thank Prof. S. Randjbar- Daemi for his kind invitation and warm hospitality during our visit at the ICTP. This work is supported in part by the National Natural Science Foundation of China ( 10575026, and 10447005). The authors also grateful to the support from the Abdus Salam ICTP, Trieste, Italy.

References

[1] N. Seiberg and E. Witten, JHEP 032 , 9909(1999), hep-th/9908142.

[2] M. Chaichian, M. M. Sheikh–Jabbari and A. Tureanu, Phys. Rev. Lett. 86 , 2716(2001);

M. Chaichian, A. Demichev, P. Presnajder, M. M Sheikh-Jbbari and A. Tureanu, Nucl. Phys. B 611 , 383(2001), hep-th/0101209.

[3] M. Chaichian, P. Presnajder, M. M Sheikh-Jbbari and A. Tureanu, Phys. Lett. B 527, 149 (2002) 149-154; H. Falomir, J. Gamboa, M. Loeve, F. Mendez and J. C. Rojas, Phys. Rev. D66 ,045018(2002), hep-th/0203260; Omer F. Dayi and Ahmed Jellal, J.Math.Phys. 43 ,4592 (2002), hep-th/0111267.

[4] Kang Li and Sayipjamal Dulat,Eur. Phys. J. C 46 825 (2006),hep-th/0508193.

[5] B.Mirza and M.Zarei, Eur. Phys. J. C 32 583 (2004).

[6] Kang Li, Jianhua Wang and Chiyi Chen, Mod. Phys. Lett. A 20, 2165-2174 (2005).

[7] Xiao-Gang He and Bruce H. J.McKellar Phys. Rev. A 63 62302 (2001).

[8] Y. Aharonov and A. Casher, Phys. Rev. Lett. 53 320 (1984). [9] C.R.Hagen, Phys. Rev. Lett. 64 2347 (1990).

[10] S-C. Chu, P-M. Ho, Nucl. Phys. B 550 , 151 (1999), hep-th/9812219; Nucl. Phys. B568 , 447 (2000), hep-th/9906192.

[11] V. Schomerus, JHEP 030 9906 (1999), hep-th/9903205.

[12] R. Iengo and R. Ramachandran, JHEP 017 0202 (2002), hep-th/0111200, ; J. Gamboa, M.

Loewe, F. Mendez and J.C. Rojas, hep-th/0104224; Omer F. Dayi aand Lara T. Kelleyane, hep-th/0202062; P. A. Horvathy, hep-th/0201007; Gabrielle Magro, quant-ph/0302001; L. Jonke and S. Meljanac, Eur. Phys. J. C 29, 433(2003).

[13] Y.K Bai, S.S. Li and H.Z. Zheng Phys. Rev. A 72 52320(2005) ; Phys. Rev. A 69 52305(2004); J.Phys.A:Math Gen. 38 8633(2005).

[14] Z.M. Sheng , Y.M.Fu and H.B. Yu Chin.Phys.Lett. 22 561(2005).

[15] M. Demetrian and D. Kochan, hep-th/0102050; Jian-zu Zhang, Phys. Lett. B584, 204(2004).