arXiv:hep-th/0608187 v3 9 Dec 2006

Vanishing Preons in the Fifth Dimension

Jai Grover^1, Jan. B. Gutowski^2 and Wafic Sabra^3

1,2 DAMTP, Centre for Mathematical Sciences, University of Cambridge, Wilberforce Road, Cambridge CB3 0WA, UK 3 Centre for Advanced Mathematical Sciences and Physics Department, American University of Beirut, Lebanon E-mail:^1jg372@cam.ac.uk,^2J.B.Gutowski@damtp.cam.ac.uk, 3ws00@aub.edu.lb

Abstract.

We examine supersymmetric solutions of N = 2, D = 5 gauged supergravity coupled to an arbitrary number of abelian vector multiplets using the spinorial geometry method. By making use of methods developed in [1] to analyse preons in type IIB supergravity, we show that there are no solutions preserving exactly 3/4 of the supersymmetry.

1. Introduction

Considerable research activity has been devoted recently to the analysis and the study of black holes and other gravitational configurations in N = 2, D = 5 gauged supergravity coupled to abelian vector multiplets [2]. It can be said that this, to a large extent, has been motivated by the AdS/CFT conjectured equivalence [3]. For example, string solutions preserving 1/4 of supersymmetry have been found in [4]. Examples of 1/2 supersymmetric solutions are the domain wall solutions in [4], as well as the solutions given in [5], [6], [7] and [8] which correspond to black holes without regular horizons, i. e., the solutions either have naked singularities or closed timelike curves.

More recently, motivated by the method of [9], a systematic approach has been employed in order to classify 1/4 supersymmetric solutions of the minimal gauged five dimensional supergravity [10]. The basic idea is to assume the existence of a Killing spinor, (i.e., to assume that the solution preserves at least one supersymmetry) and construct differential forms as bilinears in the Killing spinor. The algebraic and differential conditions satisfied by these forms are sufficient to determine the local form of the space-time metric and the rest of the bosonic fields of the theory. This general framework provides a more powerful method for obtaining many new interesting black holes than the method of guessing an Ansatz. The first examples of explicit 1/4 supersymmetric regular asymptotically AdS_5 supersymmetric solutions were given in [11]. The classification of 1/4 supersymmetric solutions and more explicit regular solutions of the gauged supergravity with vector multiplets were later given in [12, 13]. Further solutions were considered in [14] and [15].

The results obtained in the literature so far seem to have focused mainly on the classification of supersymmetric solutions of N = 2, D = 5 gauged supergravity which preserve 2 of the 8 supersymmetries. In N = 2, D = 5 gauged supergravity, it is known that the only solution which preserves all 8 of the supersymmetries is AdS_5 with vanishing gauge field strengths and constant scalars. Moreover, the Killing spinor equations are linear over C when written in terms of Dirac spinors. Hence it follows that supersymmetric solutions of this theory preserve either 2, 4, 6 or 8 of the supersymmetries.

In particular, this immediately excludes the possibility of solutions preserving exactly 7/8 of the supersymmetry. Such solutions would be lower-dimensional analogues of hypothetical preon solutions in D = 11 supergravity [16], which, if possible, preserve 31/32 of the supersymmetry. Properties of preons in ten and eleven dimensions have also been investigated in [1, 17, 18, 19, 20]. It has also been shown that there are no exactly 3/4 supersymmetric solutions of minimal N = 2, D = 4 gauged supergravity for which one of the Killing spinors generates a null Killing vector [21].

Having eliminated the possibility of preonic solutions of N = 2, D = 5 gauged supergravity, it is natural to investigate whether solutions preserving the next highest proportion of supersymmetry, i.e. exactly 3/4 supersymmetric solutions, can exist. In this paper, we present a proof that such solutions also do not exist. In order to construct the non-existence proof, it will be particularly useful to consider the spinors as differential forms [22, 23, 24]. This method of writing spinors as forms has been used to classify solutions of supergravity theories in ten and eleven dimensions (see for example [1, 25, 26, 27].)

The plan of the paper is as follows. In Section 2, we review some of the properties of five-dimensional gauged supergravity coupled to abelian vector multiplets. In Section 3, we show how spinors of the theory can be written as differential forms, and how the Spin(4, 1) gauge freedom present in the theory can be used to reduce a spinor to one of three “canonical” forms. We also define a Spin(4, 1)-invariant non-degenerate bilinear form B on the space of spinors. In Section 4, we show how solutions preserving 3/4 of the supersymmetry can be placed into three classes according as to the canonical form of the spinor which is orthogonal (with respect to B) to the Killing spinors. This method of characterizing supersymmetric solutions by the spinors which are orthogonal to the Killing spinors was originally developed in [1] where it was used to show that there are no preons in type IIB supergravity. For each class of solutions, we prove that the algebraic Killing spinor equations constrain the solution in such a manner that the solution reduces to a solution of the minimal gauged five-dimensional supergravity. Finally, in Section 5, we show that for all three possible types of solution, the integrability conditions of the Killing spinor equations in the minimal five-dimensional gauged supergravity fix the gauge field strengths to vanish, and constrain the spacetime geometry to be AdS_5. However, it is known that AdS_5 is the unique maximally supersymmetric solution of this theory. It therefore follows that there can be no exactly 3/4 supersymmetric solutions of N = 2, D = 5 gauged supergravity coupled to arbitrary many vector multiplets.

2. N = 2, D = 5 supergravity

In this section, we review briefly some aspects of the N = 2, D = 5 gauged supergravity with field content consisting of the graviton, the gravitino, n vector potentials, n − 1 gauginos and n − 1 scalars. The bosonic action of this theory is [2] S = 1 16πG ∫ ( −^5R + 2χ^2V − Q_{IJ} F^I ∧ ∗F^J + Q_{IJ} dX^I ∧ ⋆dX^J − 1 6 C_{IJK} F^I ∧ F^J ∧ A^K ) (1)

where I, J, K take values 1, . . . , n and F^I = dA^I . χ is a nonzero constant, and C_{IJK} are constants that are symmetric on IJK; we will assume that Q_{IJ} is invertible, with inverse Q^{IJ} . The metric has signature (+, −, −, −, −).

The X^I are scalars which are constrained via 1 6 C_{IJK} X^I X^J X^K = 1 . (2)

We may regard the X^I as being functions of n−1 unconstrained scalars ϕ^a. In addition, the coupling Q_{IJ} depends on the scalars via Q_{IJ} = 9 2 X_I X_J − 1 2 C_{IJK} X^K (3)

where X_I ≡ 1 6 C_{IJK} X^J X^K (4)

so in particular

Q_{IJ} X^J = 3 2 X_I , Q_{IJ} ∂_aX^J = − 3 2 ∂_aX_I . (5)

The scalar potential can be written as

V = 9V_I V_J (X^I X^J − 1 2 Q^{IJ} ) (6)

where V_I are constants.

For a bosonic background to be supersymmetric there must be a spinor ϵ for which the supersymmetry variations of the gravitino and the superpartners of the scalars vanish. We shall investigate the properties of these spinors in greater detail in the next section. The gravitino Killing spinor equation is [ ∇_μ + 1 8 γ_μX_I F^I_{ρσ}γ^{ρσ} − 3 4 X_I F^I_{μρ}γ^ρ ] ϵ + iχ 2 V_I (X^I γ_μ − 3A^I_μ)ϵ = 0 (7)

and the algebraic Killing spinor equations associated with the variation of the scalar superpartners is

F^I_{μν} γ^{μν} ϵ = [X^I X_J F^J_{μν} γ^{μν} + 2γ^μ∇_μX^I ]ϵ + 4iχ(X^I V_J X^J − 3 2 Q^{IJ} V_J )ϵ .(8)

We shall refer to (8) as the dilatino Killing spinor equation. We also require that the bosonic background should satisfy the Einstein, gauge field and scalar field equations obtained from the action (1); however we will not make use of these equations in our analysis, as it will sufficient to work with the Killing spinor equations alone.

3. Spinors in Five Dimensions

Dirac spinors in five dimensions can be written as complexified forms on R^2 (this construction is also given in an appendix of [28]). The space of these spinors will be denoted Δ = Λ^∗(R^2 ) ⊗ C . A generic spinor η can therefore be written as η = λ1 + μ^ie^i + σe^{12} (9) where e^1, e^2 are 1-forms on R^2 , and i = 1, 2; e^{12} = e^1 ∧ e^2. λ, μ^i and σ are complex functions.

The action of γ-matrices on these forms is given by

γ_i = i(e^i ∧ +i_ei ) γ_{i+2} = − e^i ∧ +i_ei (10) for i = 1, 2. γ_0 is defined by γ_0 = γ_{1234} (11) and satisfies γ_01 = 1, γ_0e^{12} = e^{12}, γ_0e^i = −e^i i = 1, 2 . (12) The charge conjugation operator C is defined by C1 = −e^{12}, Ce^{12} = 1, Ce^i = −ϵ_{ij} e^j i = 1, 2 (13) where ϵ_{ij} = ϵ^{ij} is antisymmetric with ϵ_{12} = 1.

We note the useful identity

(γ_M )^∗ = −γ_0Cγ_M γ_0C . (14) It will be particularly useful to complexify the gamma-operators via

γ_p = 1 √ 2 (γ_p − iγ_{p+2}) = √ 2ie^p ∧ γ_{p̄} = 1 √ 2 (γ_p + iγ_{p+2}) = √ 2ii_ep . (15)

3.1. Gauge transformations and canonical spinors There are two types of gauge transformation which can be used to simplify the Killing spinors of this theory. First, there are local U(1) gauge transformations of the type ϵ → e^{iθ}ϵ (16) for real functions θ, and there are also local Spin(4, 1) gauge transformations of the form ϵ → e^{12 f MN γMN} ϵ (17) for real functions f^{MN} .

Note in particular that^1_2 (γ_{12} + γ_{34}),^1_2 (γ_{13} − γ_{24}) and^1_2 (γ_{14} + γ_{23}) generate a SU(2) which leaves 1 and e^{12} invariant and acts on e^1 , e^2; whereas^1_2 (γ_{12} − γ_{34}),^1_2 (γ_{13} + γ_{24}) and^1_2 (γ_{14} − γ_{23}) generate another SU(2) which leaves the e^i invariant but acts on 1 and e^{12}. In addition, γ_{03} generates a SO(1, 1) which acts (simultaneously) on 1, e^1 and e^2, e^{12} , whereas γ_{04} generates another SO(1, 1) which acts (simultaneously) on 1, e^2 and e^1, e^{12}.

So, one can always use Spin(4, 1) gauge transformations to write a single spinor as ϵ = f1 (18) or ϵ = fe^1 (19) or ϵ = f(1 + e^1) (20) for some real function f.

3.2. A Spin(4, 1) invariant bilinear form on spinors In order to analyze the 3/4 supersymmetric solutions it is necessary to construct a nondegenerate Spin(4, 1) invariant bilinear form on the space of spinors. We first define a Hermitian inner product on the space of spinors via ⟨z^01 + z^1e^1 + z^2e^2 + z^3e^{12}, w^01 + w^1e^1 + w^2e^2 + w^3e^{12}⟩ = z̄^αw^α (21) summing over α = 0, 1, 2, 3. However, ⟨, ⟩ is not Spin(4, 1) gauge-invariant. We define a bilinear form B by B(η, ϵ) = ⟨Cη^∗, ϵ⟩ . (22) B satisfies the identities

B(η, ϵ) + B(ϵ, η) = 0 B(γ_M η, ϵ) − B(η, γ_M ϵ) = 0 B(γ_{MN} η, ϵ) + B(η, γ_{MN} ϵ) = 0 (23) for all spinors η, ϵ.

The last of the above constraints implies that B is Spin(4, 1) invariant. Note that B is linear over C in both arguments. B is also non-degenerate: if B(ϵ, η) = 0 for all η then ϵ = 0.

4. 3/4 supersymmetric solutions

We now proceed to examine solutions preserving six out of the eight allowed supersymmetries. This implies the existence of three Killing spinors, which we shall denote by ϵ_0, ϵ_1, ϵ_2, which are linearly independent over C .

Suppose we denote the span (over C ) of ϵ_0, ϵ_1 , ϵ_2 by W . Any complex threedimensional subspace of C^4 can be uniquely specified by its one (complex) dimensional orthogonal complement with respect to the standard inner product on C^4 . It follows that one can specify W via its orthogonal complement with respect to B. If the one dimensional B-orthogonal subspace to W is spanned by ϵ̃, one has

W = W_{ϵ̃} = {ψ ∈ Δ : B(ψ, ϵ̃) = 0} (24)

for some fixed non-vanishing ϵ̃ ∈ Δ. As B is Spin(4, 1) invariant, it will be most convenient to use a Spin(4, 1) gauge transformation in order to write the spinor ϵ̃ in one of the three canonical forms; i.e. either ϵ̃ = 1, or ϵ̃ = e^1 or ϵ̃ = 1 + e^1 (up to an overall scaling which plays no role in our analysis and can be removed).

If ϵ̃ = 1 then W is spanned by η_0 = 1, η_1 = e^1, η_2 = e^2. If ϵ̃ = e^1 then W is spanned by η_0 = 1, η_1 = e^1, η_2 = e^{12}. If ϵ̃ = 1 + e^1 then W is spanned by η_0 = 1, η_1 = e^1, η_2 = −e^2 + e^{12}.

In all cases the Killing spinors ϵ_0, ϵ_1, ϵ_2 are related to the spinors η_A for A = 0, 1, 2 via

ϵ_A = z_A^Bη_B (25)

where z is a complex 3 × 3 matrix such that det z ≠ 0.

4.1. Reduction to Minimal Solutions

The first stage in the analysis is to show that the dilatino Killing spinor equations (8) imply that the 3/4 supersymmetric solutions correspond to solutions of the minimal theory. In particular, we shall show that the scalars X_I must be constant, that there exists a nonzero real constant ξ such that X_I = ξV_I (26) and that the 2-form field strengths F^I satisfy F^I = X^I H (27) where H is a closed 2-form.

To show this we first note that the algebraic constraints (8) are linear over C . Hence (8) is equivalent to

F^I_{μν} γ^{μν} η_A = (X^I X_J F^J_{μν} γ^{μν} + 2γ^μ∇_μX^I )η_A

+ 4iχ(X^I V_J X^J − 3 2 Q^{IJ} V_J )η_A (28)

for A = 0, 1, 2. In order to compute (28), it is first useful to evaluate (8) acting on the spinor λ1 + μ^pe^p + σe^{12}. We obtain

− √ 2iF^I_{0m}μ^m + σF^I_{mn}ϵ^{mn} − λF^I_m^m = X^I (− √ 2iH_{0m}μ^m + σH_{mn}ϵ^{mn} − λH_m^m) + λ∂_0X^I − √ 2iμ^p∂_pX^I +2iχ(X^I V_J X^J − 3 2 Q^{IJ} V_J )λ (29) and √ 2iσF^I_{0m}ϵ^m_{q̄} + √ 2iλF^I_{0q̄} − F^I_m^mμ_{q̄} + 2F^I_{mq̄}μ^m = X^I ( √ 2iσH_{0m}ϵ^m_{q̄} + √ 2iλH_{0q̄} − H_m^mμ_{q̄} + 2H_{mq̄}μ^m)

−∂_0X^I μ_{q̄} − √ 2iσ∂_pX^I ϵ^p_{q̄} − √ 2iλ∂_{q̄}X^I + 2iχ(X^I V_J X^J − 3 2 Q^{IJ} V_J )μ_{q̄} (30) and

− √ 2iF^I_{0m̄}ϵ^{m̄}_nμ^n − λF^I_{m̄n̄}ϵ^{m̄n̄} + σF^I_m^m = X^I (− √ 2iH_{0m̄}ϵ^{m̄}_nμ^n − λH_{m̄n̄}ϵ^{m̄n̄} + σH_m^m)

+σ∂_0X^I − √ 2i∂_{p̄}X^I ϵ^{p̄}_qμ^q + 2iχ(X^I V_J X^J − 3 2 Q^{IJ} V_J )σ (31)

where μ_{q̄} ≡ δ_{q̄p}μ^p, and we have defined H = X_I F^I . (29), (30), and (31) correspond to the 1, e^q and the e^{12} components of (8) respectively.

4.1.1. Solutions with B-orthogonal spinors to 1 For solutions with spinors ϵ_A such that B(ϵ_A, 1) = 0, we compute the constraints obtained from (28), taking η_0 = 1, η_1 = e^1, η_2 = e^2; using (29)-(31) to read off the components of the constraints.

Evaluating (29) on η_0 = 1 we find the constraint

− F^I_m^m = −X^I H_m^m + ∂_0X^I + 2iχ(X^I X^J − 3 2 Q^{IJ} )V_J . (32) Splitting this expression into its real and imaginary parts we find

∂_0X^I = 0 (33) and F^I_m^m = X^I H_m^m − 2iχ(X^I X^J − 3 2 Q^{IJ} )V_J . (34) Evaluating (29) on η_m = e^m we find

F^I_{0m} = X^I H_{0m} + ∂_mX^I . (35) Next, we evaluate (31) acting on η_0 = 1, to find the constraint

F^I_{mn} = X^I H_{mn} (36) and the constraint from (31) acting on η_m = e^m is equivalent to (35). Finally, we evaluate (30) acting on η_0 = 1 to find

F^I_{0m} = X^I H_{0m} − ∂_mX^I (37) and evaluating (30) acting on η_q = e^q we find

− F^I_m^mδ_{pq̄} + 2F^I_{pq̄} = X^I (−H_m^mδ_{pq̄} + 2H_{pq̄}) − ∂_0X^I δ_{pq̄} + 2iχ(X^I X^J − 3 2 Q^{IJ} )V_J δ_{pq̄} . (38) First compare (35) with (37), to find

∂_mX^I = 0 . (39) This, together with (33) implies that the X_I are constant. Substituting back into (35) we find F^I_{0m} = X^I H_{0m} . (40) Next take the trace of (38) to obtain the constraint

(X^I X^J − 3 2 Q^{IJ} )V_J = 0 . (41)

This is equivalent to X_I V_J X^J − V_I = 0 . (42) Hence, if V_J X^J = 0 at any point, then V_I = 0 for all I. As we are interested in solutions of the gauged theory, we discard this case. Hence there is a non-zero constant ξ such that X_I = ξV_I . (43) Substituting this back into (34) we obtain F^I_m^m = X^I H_m^m . (44) Finally, substituting this back into (38) we find F^I_{pq̄} = X^I H_{pq̄} . (45) Hence we have the identity

F^I = X^I H (46) which completes the reduction of these solutions to solutions of the minimal theory.

4.1.2. Solutions with B-orthogonal spinors to 1 + e^1 For solutions with spinors ϵ_A such that B(ϵ_A, 1 + e^1) = 0, we compute the constraints obtained from (28), taking η_0 = 1, η_1 = e^1, η_2 = e^{12} − e^2; using (29)-(31) to read off the components of the constraints.

Evaluating (29) on η_0 = 1 we find the constraint

− F^I_m^m = −X^I H_m^m + ∂_0X^I + 2iχ(X^I X^J − 3 2 Q^{IJ} )V_J . (47) Splitting this expression into its real and imaginary parts we find

∂_0X^I = 0 (48) and F^I_m^m = X^I H_m^m − 2iχ(X^I X^J − 3 2 Q^{IJ} )V_J . (49) Next, evaluate (29) on η_1 = e^1 to find

F^I_{01} = X^I H_{01} + ∂_1X^I (50) and evaluating (29) on η_2 = e^{12} − e^2 gives √ 2iF^I_{02} + F^I_{mn}ϵ^{mn} = √ 2iX^I H_{02} + X^I H_{mn}ϵ^{mn} + √ 2i∂_2X^I . (51) Evaluating (30) on η_0 = 1 we find

F^I_{0p} = X^I H_{0p} − ∂_pX^I (52) and on η_1 = e^1 we obtain (simplifying using (48))

− F^I_m^mδ_{1q̄} + 2F^I_{1q̄} = X^I (−H_m^mδ_{1q̄} + 2H_{1q̄}) + 2iχ(X^I X^J − 3 2 Q^{IJ} )V_J δ_{1q̄} (53) and on η_2 = e^{12} − e^2 we obtain √ 2iF^I_{0m}ϵ^m_{q̄} + F^I_m^mδ_{2q̄} − 2F^I_{2q̄} = X^I ( √ 2iH_{0m}ϵ^m_{q̄} + H_m^mδ_{2q̄} − 2H_{2q̄}) − 2iχ(X^I X^J − 3 2 Q^{IJ} )V_J δ_{2q̄} − √ 2i∂_mX^I ϵ^m_{q̄} . (54) This expression can be further simplified using (52) to give

F^I_m^mδ_{2q̄} − 2F^I_{2q̄} = X^I (H_m^mδ_{2q̄} − 2H_{2q̄}) − 2iχ(X^I X^J − 3 2 Q^{IJ} )V_J δ_{2q̄} .(55) Combining this expression with (53) we obtain

F^I_m^mδ_{pq̄} − 2F^I_{pq̄} = X^I (H_m^mδ_{pq̄} − 2H_{pq̄}) − 2iχ(X^I X^J − 3 2 Q^{IJ} )V_J δ_{pq̄} .(56) Taking the trace we find that

(X^I X^J − 3 2 Q^{IJ} )V_J = 0 . (57) Next consider (31) acting on η_0 = 1; we obtain

F^I_{mn} = X^I H_{mn} (58) and (31) acting on η_1 = e^1 implies

F^I_{02} = X^I H_{02} + ∂_2X^I . (59) Combining this with (50) we obtain

F^I_{0p} = X^I H_{0p} + ∂_pX^I . (60) However, comparing this expression with (52) it is clear that

∂_pX^I = 0 . (61) This, together with (48) implies that the X^I are again constant, and then (57) implies, by the reasoning used in the previous subsection, that there exists a non-zero constant ξ such that X_I = ξV_I . (62)

Then (52) implies

F^I_{0p} = X^I H_{0p} . (63) Next consider (56). This may be simplified using (57) to give F^I_m^mδ_{pq̄} − 2F^I_{pq̄} = X^I (H_m^mδ_{pq̄} − 2H_{pq̄}) (64) and then further simplified using (49) to obtain F^I_{pq̄} = X^I H_{pq̄} . (65) Hence it follows that

F^I = X^I H (66) which completes the reduction of these solutions to those of the minimal theory.

4.1.3. Solutions with B-orthogonal spinors to e^1 For solutions with spinors ϵ_A such that B(ϵ_A, e^1) = 0, we compute the constraints obtained from (28), taking η_0 = 1, η_1 = e^1, η_2 = e^{12}; using (29)-(31) to read off the components of the constraints.

Evaluating (29) on η_0 = 1 we find the constraint

− F^I_m^m = −X^I H_m^m + ∂_0X^I + 2iχ(X^I X^J − 3 2 Q^{IJ} )V_J . (67) Splitting this expression into its real and imaginary parts we find

∂_0X^I = 0 (68) and F^I_m^m = X^I H_m^m − 2iχ(X^I X^J − 3 2 Q^{IJ} )V_J . (69) Evaluating (29) on η_1 = e^1 and η_2 = e^{12} we find

F^I_{01} = X^I H_{01} + ∂_1X^I (70) and F^I_{mn} = X^I H_{mn} (71) respectively.

Next consider (30) acting on η_0 = 1. This implies

F^I_{0p} = X^I H_{0p} − ∂_pX^I . (72) (30) acting on η_1 = e^1 together with (68) imply that

− F^I_m^mδ_{1q̄} + 2F^I_{1q̄} = X^I (−H_m^mδ_{1q̄} + 2H_{1q̄}) + 2iχ(X^I X^J − 3 2 Q^{IJ} )V_J δ_{1q̄} (73) and (30) acting on η_2 = e^{12} is equivalent to (72).

Next note that (31) acting on η_0 = 1 is equivalent to (71), and (31) acting on η_2 = e^1 implies F^I_{02} = X^I H_{02} + ∂_2X^I . (74) Combining this with (70) we obtain

F^I_{0p} = X^I H_{0p} + ∂_pX^I . (75) Comparing this expression with (72) yields ∂_pX^I = 0 (76) which together with (68) implies that the X^I are constant. Substituting this back into (72) implies that F^I_{0p} = X^I H_{0p} . (77) Finally, consider (31) acting on η_2 = e^{12}. This implies

F^I_m^m = X^I H_m^m + 2iχ(X^I X^J − 3 2 Q^{IJ} )V_J . (78) Comparing (69) with (78) implies that (X^I X^J − 3 2 Q^{IJ} )V_J = 0 . (79) As the X_I are constant, this constraint implies, using the reasoning in the previous sections, that there exists a non-zero constant ξ such that X_I = ξV_I (80) and hence F^I_m^m = X^I H_m^m . (81) Then (73) implies that F^I_{1q̄} = X^I H_{1q̄} . (82) This constraint, together with (81) implies that F^I_{pq̄} = X^I H_{pq̄} . (83) Hence we have shown that

F^I = X^I H (84) which completes the reduction of these solutions to solutions of the minimal theory.

5. 3/4-supersymmetric solutions of the minimal theory

Having shown that all 3/4 supersymmetric solutions correspond to solutions of the minimal theory, it remains to consider the gravitino Killing spinor equations of the minimal theory obtained from (7). We substitute X_I = ξV_I (85) into (7) and define A by A = ξV_I A^I (86) so that H = dA, with F^I = X^I H. Lastly, it is convenient to define χ̂ = χξ^{−1}, and then drop the hat.

In order to analyze these solutions, we shall consider the integrability conditions associated with (7). These can be written as

R̃_{MN} η_A ≡ (1 2 (S^2_{MN} )_{N1N2} γ^{N1N2} + (S^1_{MN} )_Lγ^L + i 2 (T^2_{MN} )_{N1N2} γ^{N1N2} + i(T^1_{MN} )_Lγ^L + 3iχ 2 H_{MN} )η_A = 0 (87)

for A = 0, 1, 2, where

(S^2_{MN} )_{N1N2} = − 1 2 R_{MNN1N2} − 1 4 ϵ_{L1L2N1N2[M} ∇_{N]}H^{L1L2} − 1 4 H_{LM} H^L_{[N1} g_{N2]N} + 1 4 H_{LN} H^L_{[N1} g_{N2]M} + 3 4 H_{M[N1} H_{N2]N} + ( 1 8 H_{L1L2} H^{L1L2} + χ^2)g_{M[N1} g_{N2]N} (88)

(S^1_{MN} )_L = − 1 2 ∇_LH_{MN} + 1 4 H^{L1L2} H^{L3}_{[M} ϵ_{N]L1L2L3L} (89)

(T^2_{MN} )_{N1N2} = χ(H_{M[N1} g_{N2]N} − H_{N[N1} g_{N2]M} ) (90) and

(T^1_{MN} )_L = − χ 4 ϵ_{MNLL1L2} H^{L1L2} . (91) In all cases, we shall show that the integrability condition R̃_{MN} η_A = 0 for A = 0, 1, 2 can be used to obtain constraints involving only T^2, T^1 and H. These constraints are sufficient to fix H = 0, and so T^1 = T^2 = S^1 = 0. Furthermore, in all cases, the integrability conditions then imply that S^2 = 0, or equivalently

R_{MNN1N2} = 2χ^2g_{M[N1} g_{N2]N} . (92)

This implies that the spacetime geometry is AdS_5. However, it is known that AdS_5 is the unique maximally supersymmetric solution of this theory. Hence there can be no solutions preserving exactly 3/4 of the supersymmetry.

In the following sections, we present the integrability constraints used to prove this for all three possible types of 3/4 supersymmetric solutions, according as whether the Killing spinors ϵ_A are orthogonal to 1, 1 + e^1 or e^1. In what follows it will be convenient to suppress the MN indices in the tensors S^1, S^2, T^1, T^2 and H, though these will be re-introduced explicitly in several places.

5.1. Minimal Solutions with B-orthogonal spinors to 1 The integrability constraints obtained by requiring that R̃_{MN} 1 = 0 are

− (S^2)_m^m + (S^1)_0 − i(T^2)_m^m + i(T^1)_0 + 3iχ 2 H = 0 i(S^2)_{0n̄} − i(S^1)_{n̄} − (T^2)_{0n̄} + (T^1)_{n̄} = 0 (S^2)_{m̄n̄}ϵ^{m̄n̄} + i(T^2)_{m̄n̄}ϵ^{m̄n̄} = 0 (93) and the integrability constraints obtained by requiring that R̃_{MN} e^p = 0 are

− i(S^2)_{0p} − i(S^1)_p + (T^2)_{0p} + (T^1)_p = 0 −(S^2)_m^mδ_{pn̄} + 2(S^2)_{pn̄} − (S^1)_0δ_{pn̄} −i(T^2)_m^mδ_{pn̄} + 2i(T^2)_{pn̄} − i(T^1)_0δ_{pn̄} + 3iχ 2 Hδ_{pn̄} = 0 −i(S^2)_{0q̄} − i(S^1)_{q̄} + (T^2)_{0q̄} + (T^1)_{q̄} = 0 . (94) From these constraints it is straightforward to show that

(T^2)_m^m = 0 (95)

(S^2)_m^m = 3iχH (96)

(S^1)_0 = 0 (97)

(T^1)_0 = 3χ 2 H (98) and

(T^2)_{pq̄} = 0 (99)

(S^2)_{pq̄} = 3iχ 2 Hδ_{pq̄} (100) and

(S^2)_{0p} = −(S^1)_p = i(T^2)_{0p} = −i(T^1)_p . (101)

To proceed, note that imposing the constraint (T^1_{MN} )_0 =^{3χ}_2 H_{MN} for all possible M, N forces all components of H to vanish. Hence H = S^1 = T^1 = T^2 = 0, and by the above constraints it follows that S^2 = 0 also. This implies that the spacetime geometry is AdS_5.

5.2. Minimal Solutions with B-orthogonal spinors to 1 + e^1

The integrability constraints obtained by requiring that R̃_{MN} 1 = 0 are

− (S^2)_m^m + (S^1)_0 − i(T^2)_m^m + i(T^1)_0 + 3iχ 2 H = 0 i(S^2)_{0n̄} − i(S^1)_{n̄} − (T^2)_{0n̄} + (T^1)_{n̄} = 0 (S^2)_{m̄n̄}ϵ^{m̄n̄} + i(T^2)_{m̄n̄}ϵ^{m̄n̄} = 0 . (102)

The integrability constraints obtained by requiring that R̃_{MN} (e^p − δ^{p̄2}e^{12}) = 0 are

− √ 2i(S^2)_{0p} − δ_p¯_2(S^2)_{mn}ϵ^{mn} − √ 2i(S^1)_p + √ 2(T^2)_{0p} − iδ_p¯_2(T^2)_{mn}ϵ^{mn} + √ 2(T^1)_p = 0 − √ 2iδ_p¯_2(S^2)_{0q}ϵ^q_{n̄} − (S^2)_m^mδ_{pn̄} + 2(S^2)_{pn̄} −(S^1)_0δ_{pn̄} + √ 2iδ_p¯_2(S^1)_ℓϵ^ℓ_{n̄} + √ 2δ_p¯_2(T^2)_{0q}ϵ^q_{n̄} −i(T^2)_m^mδ_{pn̄} + 2i(T^2)_{pn̄} − i(T^1)_0δ_{pn̄} − √ 2δ_p¯_2(T^1)_ℓϵ^ℓ_{n̄} + 3iχ 2 Hδ_{pn̄} = 0 − √ 2i(S^2)_{0q̄}ϵ^{q̄}_p − δ_p¯_2(S^2)_m^m − (S^1)_0δ_p¯_2 − √ 2i(S^1)_{q̄}ϵ^{q̄}_p + √ 2(T^2)_{0q̄}ϵ^{q̄}_p − iδ_p¯_2(T^2)_m^m

−i(T^1)_0δ_p¯_2 + √ 2(T^1)_{q̄}ϵ^{q̄}_p − 3iχ 2 Hδ_p¯_2 = 0 . (103)

From these constraints we obtain

(S^2)_{mn} = i(T^2)_{mn} (104)

(S^1)_0 = i(T^2)_m^m (105)

(S^2)_m^m = i(T^1)_0 + 3iχ 2 H (106)

(S^2)_{0p} = −i(T^1)_p − 1 √ 2 δ_p^2ϵ^{mn}(T^2)_{mn} (107)

(S^1)_p = −i(T^2)_{0p} − 1 √ 2 δ_p^2ϵ^{mn}(T^2)_{mn} (108)

(S^2)_{pq̄} = i(T^2)_m^mδ_{pq̄} − √ 2δ_p¯_2ϵ^ℓ_{q̄}(T^2)_{0ℓ} + √ 2δ_p¯_2ϵ^ℓ_{q̄}(T^1)_ℓ + i(T^1)_0δ_{pq̄} − i(T^2)_{pq̄} (109)

and from the last constraint in (103) we find

δ_p¯_2(T^2)_m^m − √ 2iϵ_p^{ℓ̄}(T^2)_0¯_ℓ + ϵ^{m̄n̄}ϵ_{p2}(T^2)_{m̄n̄}

+δ_p¯_2(T^1)_0 − √ 2iϵ_p^{ℓ̄}(T^1)¯_ℓ + 3χ 2 δ_p¯_2H = 0 . (110)

Choosing p = 2 in the above constraint allows us to express H in terms of components of T ;

− 3χ 2 H_{MN} = −(T^2_{MN} )_p^p − √ 2i(T^2_{MN} )_{01} + (T^1_{MN} )_0 − √ 2i(T^1_{MN} )_1 .

(111)

Evaluating this constraint for all possible choices of M, N forces all components of H to vanish. Hence H = S^1 = T^1 = T^2 = 0, and by the above constraints it follows that S^2 = 0 also. This implies that the spacetime geometry is once more AdS_5.

5.3. Minimal Solutions with B-orthogonal spinors to e^1

The integrability constraints obtained by requiring that R̃_{MN} 1 = 0 are

− (S^2)_m^m + (S^1)_0 − i(T^2)_m^m + i(T^1)_0 + 3iχ 2 H = 0 i(S^2)_{0n̄} − i(S^1)_{n̄} − (T^2)_{0n̄} + (T^1)_{n̄} = 0 (S^2)_{m̄n̄}ϵ^{m̄n̄} + i(T^2)_{m̄n̄}ϵ^{m̄n̄} = 0 . (112)

The integrability constraints obtained by requiring that R̃_{MN} e^1 = 0 are

− i(S^2)_{01} − i(S^1)_1 + (T^2)_{01} + (T^1)_1 = 0 −(S^2)_m^mδ_{1n̄} + 2(S^2)_{1n̄} − (S^1)_0δ_{1n̄} −i(T^2)_m^mδ_{1n̄} + 2i(T^2)_{1n̄} − i(T^1)_0δ_{1n̄} + 3iχ 2 Hδ_{1n̄} = 0 i(S^2)_0¯_2 + i(S^1)¯_2 − (T^2)_0¯_2 − (T^1)¯_2 = 0 . (113)

The integrability constraints obtained by requiring that R̃_{MN} e^{12} = 0 are

(S^2)_{mn}ϵ^{mn} + i(T^2)_{mn}ϵ^{mn} = 0 −i(S^2)_{0q} + i(S^1)_q + (T^2)_{0q} − (T^1)_q = 0 −(S^2)_m^m − (S^1)_0 − i(T^2)_m^m − i(T^1)_0 − 3iχ 2 H = 0 . (114) From these constraints we find

(S^1)_0 = (T^2)_m^m = (S^2)_m^m = 0 (115) and

(T^2)_{mn} = (S^2)_{mn} = 0 (116) and

i(T^1)_0 = − 3iχ 2 H (117) and

(S^2)_{1n̄} + i(T^2)_{1n̄} + 3iχ 2 Hδ_{1n̄} = 0 (118) which implies that

(T^2)_1¯_1 = 0 . (119) We also find the constraints

(S^2)_{01} = (S^1)_1 = −i(T^2)_{01} = −i(T^1)_1 (120) and (S^2)_{02} = (S^1)_2 = i(T^2)_{02} = i(T^1)_2 . (121) Finally note that imposing the constraint (T^1_{MN} )_0 = −^{3χ}_2 H_{MN} for all possible M, N forces all components of H to vanish. Hence H = S^1 = T^1 = T^2 = 0, and by the above constraints it follows that S^2 = 0 also. This implies that the spacetime geometry is again AdS_5.

6. Conclusion

In conclusion, we have studied configurations preserving 3/4 of supersymmetry for the theory of N = 2 five-dimensional gauged supergravity coupled to abelian vector multiplets. In our analysis we have employed the method of writing spinors of the theory as differential forms. By exploiting the Spin(4, 1) gauge freedom, it was shown that solutions preserving 3/4 of the supersymmetry can be placed into three classes. For each class of solutions, the algebraic Killing spinor equations, coming from the vanishing of the dilatino supersymmetric variations, reduce our solutions to that of the minimal gauged five dimensional supergravity. Furthermore, using the integrability conditions of the Killing spinor equations coming from the vanishing of the gravitino supersymmetric variations, it was shown that the gauge field strengths must vanish. This means that the spacetime geometry is the unique maximally supersymmetric AdS_5 and therefore there are no exactly 3/4 supersymmetric solutions of five dimensional supergravity coupled to arbitrary many vector multiplets.

Acknowledgments

Jan Gutowski thanks the organizers of the XVth Oporto Meeting on Geometry, Topology and Physics, during which part of this work was completed. Jai Grover thanks the Cambridge Commonwealth Trusts for financial support. The work of Wafic Sabra was supported in part by the National Science Foundation under grant number PHY- 0313416.

References

[1] U. Gran, J. Gutowski, G. Papadopoulos and D. Roest, N=31 is not IIB; hep-th/0606049. [2] M. Gunaydin, G. Sierra and P. K. Townsend, Gauging The D = 5 Maxwell-Einstein Supergravity Theories: More On Jordan Algebras, Nucl. Phys. B253 (1985) 573.

[3] J. M. Maldacena, The large N limit of superconformal field theories and supergravity, Adv. Theor.

Math. Phys. 2 (1998) 231; [Int. J. Theor. Phys. 38 (1999) 1113]; hep-th/9711200. [4] S. Cacciatori, D. Klemm and W. A. Sabra, Supersymmetric Domain Walls and Strings in D=5 Gauged Supergravity Coupled to Vector Multiplets, JHEP 0303 (2003) 023; hep-th/0302218.

[5] K. Behrndt, A. Chamseddine and W. A. Sabra, BPS Black Holes in N=2 five-dimensional AdS Supergravity, Phys. Lett. B442 (1998) 97; hep-th/9807187.

[6] D. Klemm and W. A. Sabra, Charged Rotating Black Holes in 5d Einstein-Maxwell-(A)dS Gravity, Phys. Lett. B503 (2001) 147; hep-th/0010200.

[7] D. Klemm and W. A. Sabra, General (Anti-)de Sitter Black Holes in Five Dimensions, JHEP 0102 (2001) 031; hep-th/0011016.

[8] B. Burrington, J. T. Liu and W. A. Sabra, AdS_5 black Holes with Fermionic Hair, Phys. Rev.

D71 (2005) 105015; hep-th/0412155.

[9] K. P. Tod, All Metrics Admitting Supercovariantly Constant Spinors, Phys. Lett. B121 (1983) 241, K. P. Tod, More on Supercovariantly Constant Spinors, Class. Quant. Grav. 12 (1995) 1801.

[10] J. P. Gauntlett and J. B. Gutowski, All Supersymmetric Solutions of Minimal Gauged Supergravity in Five Dimensions, Phys. Rev. D68 (2003) 105009; hep-th/0304064.

Vanishing Preons in the Fifth Dimension 19

[11] J. B. Gutowski and H. Reall, Supersymmetric AdS_5 black holes, JHEP 0402 (2004) 006;

hep-th/0401042.

[12] J. B. Gutowski and H. Reall, General supersymmetric AdS_5 black holes, JHEP 0404 (2004) 048;

hep-th/0401129.

[13] J. B. Gutowski and W. Sabra, General Supersymmetric Solutions of five-dimensional supergravity, JHEP 0510 (2005) 039; hep-th/0505185.

[14] Z. W. Chong, M. Cvetic, H. Lu and C. Pope, General Non-Extremal Rotating Black Holes in Minimal Five-Dimensional Gauged Supergravity, Phys. Rev. Lett. 95 (2005) 161301; hep-th/0506029.

[15] H. Kunduri, J. Lucietti and H. Reall, Supersymmetric Multi-Charge AdS_5 black holes, JHEP 0604 (2006) 036; hep-th/0601156.

[16] I. A. Bandos, J. A. de Azcarraga, J. M. Izquierdo and J. Lukierski, BPS states in M-theory and twistorial constituents, Phys. Rev. Lett. 86 (2001) 4451; hep-th/0101113.

[17] M. J. Duff and James T. Liu, Hidden Spacetime Symmetries and Generalized Holonomy in Mtheory, Nucl. Phys. B674 (2003) 217; hep-th/0303140.

[18] I. A. Bandos, J. A. de Azcarraga, J. M. Izquierdo, M. Picon and O. Varela, On BPS preons, generalized holonomies and D=11 supergravities, Phys. Rev. D69 (2004) 105010; hep-th/0312266.

[19] I. A. Bandos, J. A. de Azcarraga and O. Varela, On the absence of BPS preonic solutions in IIA and IIB supergravities; hep-th/0607060.

[20] C. Hull, Holonomy and symmetry in M theory; hep-th/0305039.

[21] S. L. Cacciatori, M. M. Caldarelli, D. Klemm and D. Mansi, More on BPS solutions of N=2, D=4 gauged supergravity, JHEP 0407(2004)061; hep-th/0406238.

[22] H. Blaine Lawson and Marie-Louise Michelsohn, Spin Geometry, Princeton University Press (1989).

[23] McKenzie Y. Wang, Parallel Spinors and Parallel Forms, Ann. Global Anal Geom. 7, No 1 (1989), 59. [24] F. R. Harvey, Spinors and Calibrations, Academic Press, London (1990). [25] J. Gillard, U. Gran and G. Papadopoulos, The Spinorial Geometry of Supersymmetric Backgrounds, Class. Quant. Grav. 22 (2005) 1033; hep-th/0410155.

[26] U. Gran, J. Gutowski and G. Papadopoulos, The Spinorial Geometry of Supersymmetric IIB Backgrounds, Class. Quant. Grav. 22 (2005) 2453; hep-th/0501177.

[27] U. Gran, J. Gutowski, G. Papadopoulos and D. Roest, Maximally supersymmetric G-Backgrounds of IIB Supergravity; hep-th/0604079.

[28] J. Gillard, Spinorial Geometry and Supergravity; hep-th/0608139.