arXiv:hep-th/0609002 v1 31 Aug 2006

The energy-momentum tensor for an effective initial state and the renormalization of gravity

Hael Collins^∗ Department of Physics, University of Massachusetts, Amherst MA 01003

R. Holman^† Department of Physics, Carnegie Mellon University, Pittsburgh PA 15213 (Dated: August 31, 2006)

We renormalize the divergences in the energy-momentum tensor of a scalar field that begins its evolution in an effective initial state. The effective initial state is a formalism that encodes the signatures of new physics in the structure of the quantum state of a field; in an inflationary setting, these signatures could include trans-Planckian effects. We treat both the scalar field and gravity equivalently, considering each as a small quantum fluctuation about a spatially independent background. The classical gravitational equations of motion then arise as a tadpole condition on the graviton. The contribution of the scalar field to these equations contains divergences associated with the structure of the effective state. However, these divergences occur only at the initial time, where the state was defined, and they accompany terms depending solely upon the classical gravitational background. We define the renormalization prescription that adds the appropriate counterterms at the initial-time boundary to cancel these divergences, and illustrate it with several examples evaluated at one-loop order.

PACS numbers: 11.10.Gh,04.62.+v,98.80.Cq

I. INTRODUCTION

A distinctive element of inflation is its proposal that the structures of the universe had their birth through a purely quantum mechanism. This mechanism relies on two essential components, the natural variations, or fluctuations, which occur for any quantum field and an extremely rapid expansion during an early stage of the universe. It is this expansion that stretches the tiny quantum fluctuations until they are of a vast size, forming the pattern of primordial perturbations frozen into the otherwise smooth background of space-time.

Because inflation relies upon such a simple and elegant set of ingredients, its basic predictions are shared across many of its particular implementations [1]. The typical model for inflation uses a quantum scalar field, called the inflaton, both to drive the expansion through its classical potential and to provide a source for the quantum fluctuations when combined with the scalar component of the gravitational fluctuations. For this potential energy to be able to dominate the dynamics, the kinetic energy of the inflaton should be small, which in turn implies some rather stringent constraints on the shape of the potential. The potential must be remarkably flat during the period when inflation occurs which requires that the mass and the couplings of the quantum part should be small. As a consequence, the primordial set of perturbations produced by inflation describes a nearly featureless pattern of Gaussian noise. Even more distinctively, inflation

∗Electronic address: hael@physics.umass.edu †Electronic address: rh4a@andrew.cmu.edu

also predicts that this pattern should extend beyond the causal horizon that would have been expected of a universe that had not undergone an inflationary phase.

The radiation and matter environments which come eventually to dominate the evolution of the universe after inflation ends react to these primordial perturbations with a characteristic pattern [2]. In fact, exactly this pattern has been observed recently both in the cosmic microwave background [3] as well as the structure of the universe on scales sufficiently large to be still unaffected by nonlinearities of gravitational collapse [4]. Moreover, the anticorrelation of the fluctuations in the polarization and in the temperature of the microwave background radiation at large scales, which—without inflation—would have been out of causal contact until only recently, is also consistent with the expectations of inflation [5].

Despite this consistency between its predictions and what is observed, inflation nevertheless contains several unappealing properties [6]. The most significant of these follows directly from those two basic elements of inflation: its quantum component and its space-time expansion. Consider a fluctuation of a particular size at the end of inflation, which we choose to be one that will later produce some feature in the microwave background. As we follow its evolution backwards in time, its size shrinks until it is within the inflationary Hubble horizon. If we continue still further back, provided inflation lasted sufficiently long, this fluctuation would eventually be smaller than the Planck length, where we no longer have a perturbative description of the quantum theory. This observation—that we might have to know all the subtleties at the Planck scale if we are to predict the patterns of structure seen in the universe—constitutes the trans-Planckian problem of inflation [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19].

The trans-Planckian problem actually has two sides, one more practical and the other aesthetic. At the practical level, all of the features of the observed universe can be explained without extending any of scales of the primordial perturbations so far back that they were smaller than the Planck scale. If we are content to start our theory when these perturbations are larger than the Planck scale but still within the Hubble horizon, then all of their subsequent evolution can be described perturbatively. In proceeding thus, we must make some choice about the inflaton’s state when we begin the evolution. So there is nothing that invalidates our using inflation to generate the primordial perturbations; it simply becomes must more doubtful to regard it as a “final” theory, that is, one which automatically chooses everything—the correct state as well—for us. This choice corresponds to the second, aesthetic, side of the trans-Planckian problem. To explain why a particular state is appropriate requires inevitably looking further back during inflation, or appealing to some additional mechanism, and to do so requires that we make some assumption about either what states are natural, even speaking of their features on arbitrarily small scales, or what is the appropriate description of quantum gravity—assuming that it can provide a perturbative, controlled framework.

There is, however, another approach to this problem which is much more in keeping with the principles of effective field theory [20]. From its perspective, inflation is no longer seen as a final theory, one that can be extended to arbitrarily early times; instead, we gain a controlled method for describing the generic imprint of new physics beyond the energy scales of inflation. An effective field theory divides phenomena according to whether they are of lower or higher energy compared with an energy or mass scale M , associated with some physics that does not appear directly at the lower energies. As a field theory, the observed degrees of freedom and their symmetries determine the renormalizable operators included, but the nonrenormalizable operators, which are the artifacts of that hidden physics, are left completely general, as long as they do not violate any low energy symmetries. What makes this approach predictive is that all of these higher order operators are accompanied by inverse powers of the scale M so that in a measurement made at an energy E < M , for example, the effect of a particular operator associated with the new physics is suppressed by a power of E/M . For a fixed experimental accuracy, only a small number of these operators will be measurable. Thus any practical measurement requires only a finite set of unknown parameters, at least until we are able to probe the new physics directly, E ∼ M .

Effective field theory strictly applies to the evolution of the state, and by itself does not capture how new physics may be imprinted in a particular initial state. To do so, we introduce an effective description of the state [8, 9, 10, 11, 12, 13, 14]. This effective description applies a similar principle, dividing the structures in a state according to whether they vary significantly or not over a length scale 1/M . Here, the mass scale M can be any value above the Hubble scale during inflation, H, which plays the same role as the measurement scale E above. Furthermore, while M can certainly correspond to the Planck mass, M_{pl}, it can also more generally be any scale beyond H, such as the binding energy of a composite inflaton or the excitation energy of some hidden field, for example. In an analogy with an effective field theory, the behavior of the state at lengths much longer than 1/M is chosen phenomenologically, in this case to match the symmetries of the coarse features of the primordial perturbations extracted from the microwave background. At short distances, the structure of the state is parameterized by a set of moments scaling as increasing powers of 1/M . We shall refer to this last set of structures at the “trans-Planckian” part of the state, even when M < M_{pl} .

An effective theory relies on the smallness of the ratio of the dynamically accessible scale—here that provided by inflation H—and the scale of new phenomena, M , to provide a perturbative framework. For this perturbation theory to be sensible, we need to show how to treat processes which are sensitive to the short-distance structures. For the purely scalar part of the theory, such processes correspond to loop corrections, which sum over all intermediate momenta and are thus also sum over the arbitrarily short-distance features of the state. In [8, 9], we showed that such processes introduce new divergences which are confined to the initial time at which the state is defined; consequently, they are cancelled by including the appropriate operators localized on this same spacelike surface. Through this boundary renormalization, the loop corrections are rendered completely finite and small.

On the gravitational side, the expectation value of the energy-momentum tensor for the quantum part of the scalar field similarly sums together the contributions over all distance scales. In this case, the short-distance structure of the effective state of the scalar field again produces divergences at the initial-time boundary, but these divergences are now wholly proportional to terms that depend on the classical component of gravity. Such divergences therefore require that we also apply our boundary renormalization prescription to gravity. This program was begun in [10] where we treated gravity classically. However, since the boundary divergences arise from quantum effects, it is more appropriate to treat both gravity and the scalar field on an equal footing, which is done here. In this article, we describe the origin and the renormalization of the new boundary divergences in the energy and momentum associated with the effective initial state when we include a small quantum fluctuation in the space-time metric about a classically expanding background.

The next section reviews the behavior of gravity in the small fluctuation limit and derives the relevant parts of the action that are required for the renormalization of the energy-momentum tensor in this limit. Sections III and IV summarize the effective state idea, describing first how the information in the effective state modifies the propagator and then how the time-evolution of matrix elements is defined. Section V provides an overview of the general method for renormalizing the boundary divergences in the energy-momentum tensor which is then exemplified in the following section through three simple specific cases. This article is part of a series [8, 9, 10] that establishes the renormalizability and consistency of the effective description of an initial state. Several of the applications of this formalism are outlined in the concluding section.

II. SMALL FLUCTUATIONS

We begin with the action for gravity and the scalar field,

S_M = S_G + S_Φ. (2.1)

Here we have explicitly referred to the full space-time manifold, M, since later we shall also include a component for the action at the initial boundary. Some of the terms in the boundary action are fixed by the bulk action, but others depend on the state of the system. We write the purely gravitational part as an effective action, given by an expansion in powers of derivatives of the metric,

S_G = ∫ d^4x √ −g [ 2Λ + M^2_{pl}R + αR^2 + · · · ] . (2.2)

The first two terms correspond to the cosmological constant contribution and to the standard Einstein-Hilbert term. We shall study here a conformally flat space-time, so among the three available invariant terms with four derivatives, R^2, R_{μν}R^{μν} and R_{λμνρ}R^{λμνρ}, we only require a linear combination of these invariants that is orthogonal to both the Gauss-Bonnet term, R^2 − 4R_{μν}R^{μν} + R_{λμνρ}R^{λμνρ}, (2.3) which being a total derivative does not affect the dynamics of gravity, and the squared Weyl term, C_{λμνρ}C^{λμνρ} =^1_3 R^2 − 2R_{μν} R^{μν} + R_{λμνρ}R^{λμνρ}, (2.4) which vanishes for conformally flat metrics. The simplest such orthogonal combination is provided by the R^2 term alone. A completely general set of fluctuations about the conformally flat background will generate the squared Weyl term, but since we shall confine the calculation to how the quantum parts of the scalar field affect the classical part of the geometry, the R^2 term is by itself sufficient for this purpose.

The universe at large scales or early times appears homogeneous and isotropic and a variety of measurements are consistent with it being spatially flat as well; by appropriately choosing the time coordinate, such a background geometry can be written in a conformally flat form,

ds^2 = g_{μν} dx^μdx^ν = a^2(η) [ dη^2 − d⃗x · d⃗x ] + · · · . (2.5)

The evolution of the classical background is thus described by a single function, the scale factor a(η), and the fractional rate by which it changes corresponds to the Hubble scale, H(η) = a^′ a^2 ≡ 1 a^2 ∂a ∂η , (2.6)

which sets the natural dynamical scale associated with the background. In the inflationary picture, the original set of perturbations arise from quantum fluctuations about this background so we include a small quantum piece in the metric,

g_{μν} = a^2(η) [ η_{μν} + h_{μν}(η, ⃗x) ] , (2.7)

where η_{μν} is the Minkowski metric. Note that we shall always raise and lower the indices of h_{μν} with η_{μν} The source for the expansion of the space-time is here provided by the scalar field, Φ(η, ⃗x); for simplicity we assume that this field does not have any self-interactions and that it only interacts minimally with gravity,

S_Φ = ∫ d^4x √ −g [_1 2 g^{μν} ∂_μΦ∂_ν Φ −^1_2 m^2Φ^2 ] . (2.8)

We divide this field as well into separate pieces for the classical zero mode, ϕ(η), and the quantum fluctuations, φ(η, ⃗x), so that Φ(η, ⃗x) = ϕ(η) + φ(η, ⃗x). (2.9) The classical equations of motion for the background, {a(η), ϕ(η)}, arise as renormalization conditions imposed on the fluctuations. More precisely, the vanishing of the tadpole graphs for the scalar and the metric fluctuations,

⟨0_{eff}(η)|φ(η, ⃗x)|0_{eff}(η)⟩ = 0, (2.10) and ⟨0_{eff} (η)|h_{μν}(η, ⃗x)|0_{eff}(η)⟩ = 0, (2.11)

correspondingly yield the Klein-Gordon equation for ϕ(t) and the gravitational equations of motion, along with their higher order loop corrections. The advantage of this approach, compared with treating gravity only classically, is that it is more straightforward to understand the renormalization of the gravitational equation, particularly that component of the renormalization that is associated with the boundary divergences produced by the initial state, since these matrix elements contain an additional time integral associated with evolving the state from its initial form defined at η_0 to an arbitrary later time η. In these tadpole conditions, we have referred to the effective state of the system, |0_{eff}(η)⟩. How it is defined initially and how it evolves will be the subject of the next two sections.

In this language, the scalar field requires the renormalization of the parameters in the gravitational action,

{Λ, M_{pl}, α}, through a one-loop correction to the graviton tadpole condition. To this order, it is sufficient to extract only the pieces of the action that are linear in h_{μν} . For the gravitational part of the action, we thus only need √ −g = a^4 [ 1 +^1_2 h + O ( h^2 )] (2.12) and R = 6 a^3 a^{′′} − 6 a^3 h^{00}a^{′′} − 3 a^3 a^′ [ 2∂_μh^{μ0} − η^{μ0}∂_μh ]

− 1 a^2 [ ∂_μ∂_νh^{μν} − η^{μν} ∂_μ∂_ν h ] + O ( h^2 ) , (2.13)

where

h = η_{μν} h^{μν} = h^{00} − δ_{ij} h^{ij} (2.14)

is the trace of the fluctuations. Denoting the gravitational Lagrange density by L_G, to linear order we have

L_G = √ −g [ 2Λ + M^2_{pl} R + αR^2 ] = L^0_G + a^2h^{μν}G̃_{μν} + D^{(1)}_G + D^{(2)}_G + O ( h^2 ) .(2.15)

The first term,

L^0_G = 2Λa^4 − 6M^2_{pl}aa^{′′} + 36α ( a^{′′} a )_2

, (2.16)

does not affect the dynamics of the fluctuating part of the fields. The tensor G̃_{μν} is essentially the standard Einstein tensor supplemented by the cosmological constant term as well as the four-derivative terms. For an isotropically expanding space-time, its components are

G̃_{00} = Λa^2 + 3M^2_{pl} ( a^′ a )_2

+ 18α a^2 [ 2 a^{′′′} a a^′ a − ( a^{′′} a )_2 − 4 a^{′′} a ( a^′ a )_2]

G̃_{0i} = 0 G̃_{ij} = δ_{ij} { −Λa^2 − M^2_{pl} [ 2 a^{′′} a − ( a^′ a )_2]

− 12α a^2 [ a^{′′′′} a − 5 a^{′′′} a a^′ a − 5 2 ( a^{′′} a )_2 + 8 a^{′′} a ( a^′ a )_2]} . (2.17)

The remaining two terms in the gravitational Lagrange density are total derivatives,

D^{(1)}_G = −M^2_{pl}∂_μ { 4aa^′h^{μ0} − aa^′η^{μ0}h +a^2∂_νh^{μν} − a^2η^{μν} ∂_ν h } D^{(2)}_G = 12α∂_μ { − a^{′′} a [ ∂_ν h^{μν} − η^{μν} ∂_ν h ]

+ [ a^{′′′} a − 7 a^{′′} a a^′ a ] h^{μ0} − [ a^{′′′} a − 4 a^{′′} a a^′ a ] η^{μ0}h } . (2.18)

These derivative terms are the first instances of where we shall require the addition of an action at the initial boundary, although unlike those we shall encounter later, they are not related to the initial state chosen. These terms arose as we moved derivatives from the fluctuating part of the field, h_{μν} , to the background. Since we do not assume that there is any spatial boundary to the spacetime, or alternatively that the fields diminish sufficiently quickly if it does, the spatial derivatives in Eq. (2.18) can be neglected. What remains is a contribution at the initial boundary at η = η_0 which still contains conformal time derivatives—normal derivatives—of the fields, ∫_0

η_0 dη ∫ d^3⃗x { D^{(1)}_G + D^{(2)}_G } (2.19)

= M^2_{pl} ∫ η_0 d^3⃗x { a^2∂_0h^{00} − a^2∂_0h + 4aa^′h^{00} − aa^′h }

+12α ∫ η_0 d^3⃗x { a^{′′} a [ ∂_0h^{00} − ∂_0h ]

− [ a^{′′′} a − 7 a^{′′} a a^′ a ] h^{00} + [ a^{′′′} a − 4 a^{′′} a a^′ a ] h } . The normal derivatives within the first terms are cancelled by adding a Gibbons-Hawking action [21] at the initial boundary,

S_{GH} = 2M^2_{pl} ∫ η_0 d^3⃗x √ ĝK. (2.20)

Here ĝ corresponds to the determinant of the induced metric on the initial surface. If we establish a time-like unit normal vector, n_μ, to this surface, then the induced metric is obtained from the full metric through

ĝ_{μν} = g_{μν} − n_μn_ν . (2.21)

K is the trace of the extrinsic curvature, K_{μν} , defined by the projection of the covariant derivative of the normal,

K_{μν} = ĝ^λ_μ ∇_λn_ν, (2.22)

and to first order in the small fluctuations this trace is

K = 3 a^′ a^2 − 3 a^′ a^2 h^{00} − 1 2 1 a ∂_0h^{00} + 1 2 1 a ∂_0h +∂_i [ 1 a δ^{ij}h_{0j} ] + O ( h^2 ) . (2.23)

Thus to this linear order, the Gibbons-Hawking term has precisely the correct form to cancel the normal derivatives that resulted from the D^{(1)}_G term of the bulk Lagrangian,

S_{GH} = M^2_{pl} ∫ η_0 d^3⃗x { 6aa^′ − a^2∂_0h^{00} + a^2∂_0h −3aa^′h^{00} − 3aa^′h + ∂_i [ 2a^2δ^{ij}h_{0j} ] + · · · } . (2.24)

The normal derivatives that resulted from integrating the R^2 terms by parts can similarly be removed by including the appropriate surface terms. Hereafter we shall assume that these boundary actions, the Gibbons-Hawking action and its higher derivative generalization, have been included in the theory so that we can focus entirely upon that part of the boundary action that is needed to remove the divergences associated with the effective state.

The second component of the theory, the scalar field, couples to h_{μν} at linear order through its energymomentum tensor. Since this field itself contains both a classical zero mode and a quantum fluctuation, it is useful to separate this tensor into a piece for the classical part,

T^{cl}_{μν} = ∂_μϕ∂_νϕ −^1_2 η_{μν} ∂_λϕ∂^λϕ +^1_2 η_{μν} a^2m^2ϕ^2, (2.25)

and a term for the energy-momentum of the fluctuating part of the field,

T̂_{μν} = ∂_μφ∂_ν φ −^1_2 η_{μν} ∂_λφ∂^λφ +^1_2 η_{μν} a^2m^2φ^2. (2.26)

Note that unlike the classical part, T̂_{μν} is an operator. Isolating the terms linear in h_{μν}, the scalar field’s Lagrangian then yields,

L_Φ = √ −g [_1 2 g^{μν} ∂_μΦ∂_νΦ −^1_2 m^2Φ^2 ] = · · · −^1_2 a^2h^{μν} { T^{cl}_{μν} + T̂_{μν} + ∂_μϕ∂_νφ + ∂_μφ∂_ν ϕ −η_{μν} ∂_λϕ∂^λφ + η_{μν}a^2m^2ϕφ } + O ( h^2 ) .(2.27)

We have not defined a separate tensor for the cross-term containing both ϕ and φ since to the order to which we shall evaluate the graviton tadpole, Eq. (2.11), the scalar tadpole condition in Eq. (2.10) requires that the leading contribution of this cross-term vanishes.

Before concluding this section we gather together the necessary parts of the “bare” action for evaluating the graviton tadpole to one-loop order in the scalar field,

S_M = S^0_h + S^0_φ + S_I + · · · . (2.28)

The first two terms are those quadratic in the quantum parts of the scalar field,

S^0_φ =

∫_0

η_0 dη a^2 ∫ d^3⃗x {_1 2 η^{μν} ∂_μφ∂_ν φ −^1_2 a^2m^2φ^2 } (2.29) and the metric; they define the free propagators for the scalar field and graviton. Since the graviton only appears as an external leg, common to all of the leading contributions to the tadpole in Eq. (2.11), we shall not need the detailed form of its propagator, so we have not explicitly written S^0_h. The final term contains all the bulk terms that are linear in h_{μν} ,

S_I =

∫_0

η_0 dη ∫ d^3⃗x^1_2 a^2h^{μν} { 2G̃_{μν} − T^{cl}_{μν} − T̂_{μν} } , (2.30)

and which corresponds to only a small component of the full set of gravitational interactions, but which is the part responsible for the leading corrections to the tadpole.

III. PROPAGATION

The particular element we wish to explore in this article is the role and the renormalizability of the trans- Planckian parts of the initial state and although we shall be calculating the graviton tadpole, it is the effect of the state of the scalar field that we shall need to describe in detail, since it provides the leading quantum correction to the tadpole through the scalar loop. In this section therefore we review how the choice of the effective state influences the propagator of the scalar field. Much of this material is developed more fully in [8, 9, 10], so the presentation here will be brief, although still reasonably self-contained.

The usual method for selecting the state, generalizing the approach applied for the S-matrix description of flat space, is to restrict first to the maximally symmetric solutions of the free Klein-Gordon equation, φ^{′′}_k + 2aHφ^′_k + ( k^2 + a^2m^2 ) φ_k = 0, (3.1)

and then to choose that unique state among these that satisfies a condition on its asymptotic short-distance behavior. Here the φ_k(η) are the Fourier modes of the field, which are the coefficients of an operator expansion of the field, φ(η, ⃗x) = ∫ d^3⃗k (2π)^3 [ φ_k(η)e^{i⃗k·⃗x}a_{⃗k} + φ^∗_k(η)e^{−i⃗k·⃗x}a^†_{⃗k} ] . (3.2) The standard, or Bunch-Davies [22], vacuum corresponds to the state that matches with the flat space vacuum state at distances much smaller than those at which the curvature of the background is much apparent, k ≫ H. Depending upon the model, during inflation the Hubble scale can be as large as a few orders of magnitude below the Planck scale, M_{pl}, so that the state is being chosen by appealing to its behavior in a regime close to that in which a perturbative description of gravity breaks down. The standard vacuum also does not allow for structures that appear at some intermediate scale, H ≪ M ≪ M_{pl}, and that differ substantially over this range from the Bunch-Davies vacuum even if well beyond that scale, k ≫ M , the state again approaches the usual vacuum. Such effects can arise, for example, when the scalar is coupled to another, excited field whose excitations occur with an energy M [16].

To be able to model such effects as these, we shall allow more general structures in the state by defining it effectively at an initial time η = η_0. The idea behind this description is that features can be characterized as either long or short distance structures relative to a scale of new physics 1/M . This scale can be either dynamical, as would be the case for example of a composite inflaton or an inflaton coupled to a second, excited field, or “fundamental” in its origin. The latter case covers a broad class of effects depending upon the particular model for physics near and above the Planck scale, and can include nonstandard short-distance structures such as those related to a breakdown of the usual uncertainty relation [17] or some form of space-time non-commutativity [23], among many other possibilities.

In an effective field theory, which is used to describe how unknown physics can affect the evolution of a system, the long-distance properties are fixed to agree with what is observed. A similar principle applies to the effective state. In the case of inflation, the natural choice for this range of scales is the Bunch-Davies vacuum, since this state produces the nearly flat primordial power spectrum that has been extracted from measurements of the cosmic background radiation. If we denote the modes associated with this state by U_k(η), then a general solution to Eq. (3.1) can be expressed in terms of these modes by

φ_k(η) =

U_k(η) + f_k U^∗_k (η) √ 1 − f_kf^∗_k , (3.3)

where we have fixed the normalization of the state by requiring the field to satisfy the equal-time commutation relation, [ π(η, ⃗x), φ(η, ⃗y) ] = −i δ^3(⃗x − ⃗y) π = a^2 φ^′. (3.4)

The vacuum state associated with these modes will be denoted by |0_{eff} ⟩.

The function f_k describes the structure of the initial state. The usual requirement is that f_k should decrease sufficiently fast as k → ∞, typically faster than k^{−4} [14], which in effect only allows long-distance modifications of the state. Here we are most interested in the role of the short-distance trans-Planckian details of the state, so f_k will not need to satisfy this condition. Because such states differ most substantially from the Bunch- Davies state at short-distance, processes that sum over all scales—such as loop corrections or the expectation value of the energy-momentum tensor—will contain new divergences. But because they are associated with the initial state, they are confined to the initial-time surface, η = η_0, and are removed by adding local counterterms there. Here we shall show how this boundary renormalization is applied to the divergences in the expectation value of the energy-momentum tensor.

In practice we shall fix the initial state through a boundary condition on the modes applied at the initial time, ∂_ηφ_k(η) | |_{η=η0} = −iϖ_k φ_k(η_0); (3.5)

the momentum-dependent boundary condition ϖ_k determines the initial state structure function through

f_k = − ϖ_kU_k(η_0) − iU^′_k(η_0) ϖ_kU^∗_k (η_0) − iU^{∗′}_k (η_0)

. (3.6)

What is more important for the dynamics and renormalization of the theory is the prescription for how the information in the initial state propagates forward in time. To begin, we can impose an analogous boundary condition on the momentum modes of the propagator, ∂_ηG_k(η, η^′) | |_{η=η0} =iϖ^∗_k G_k(η_0, η^′) ∂_η′ G_k(η, η^′) | |_{η′=η0} =iϖ^∗_k G_k(η, η_0) (3.7)

where the spatial representation of the propagator is

⟨0_{eff} |T ( φ(x)φ(x^′) ) |0_{eff}⟩= −iG(x, x^′) (3.8) = −i ∫ d^3⃗k (2π)^3 e^{i⃗k·(⃗x−⃗x′)}G_k(η, η^′). Note that T ( · · · ) is not the usual time-ordering, but one consistent with Eq. (3.7).

By themselves, these boundary conditions are not quite sufficient to fix the propagator completely since there is a remaining freedom between choosing the modes and choosing the specific form of the time-ordering. This remaining ambiguity is removed [9] by demanding that the loop corrections should be free of pinched singularities [24] or nonrenormalizable divergences [25] which results in a unique choice among the possible time-orderings consistent with Eq. (3.7),

G_k(η, η^′) = Θ(η − η^′) U_k(η)U^∗_k (η^′) (3.9) +Θ(η^′ − η) U^∗_k (η)U_k(η^′) + f^∗_k U_k(η)U_k(η^′).

One reason that we have reviewed the origin and the structure of the propagator in some detail is that the correction to the expectation value of the energy-momentum tensor from the scalar field is in its essence a loop correction to the graviton tadpole. From a more general perspective, the propagator properly encodes the forward evolution of the information contained in the initial state and thus provides the paradigm for how to include this same information in any other matrix element of the effective theory, including this expectation value of the energy-momentum.

The energy-momentum tensor is essentially a twopoint operator upon which a classical derivative operator acts. Since the derivatives act on each field separately, the standard method [26] is to evaluate the fields at different points, x = (η, ⃗x) and x^′ = (η^′, ⃗x^′), extract the derivatives, take the expectation value, and then return to the limit where the points coincide, T_{μν} = −i lim_{x′→x} [^ ∂_μ ^∂^′_ν −^1_2 η_{μν} ^∂_λ ^∂^{′λ} +^1_2 η_{μν} a^2m^2 ] G(x, x^′). (3.10) Here T_{μν} is the expectation value of the energymomentum operator for the scalar field in the effective state,

T_{μν} (η) ≡ ⟨0_{eff}|T̂_{μν} (η, ⃗x)|0_{eff} ⟩, (3.11)

and is therefore a classical function.

There are only two subtleties in writing the energymomentum tensor thus, the first and simpler being that the derivatives which acted only on the fields should not act on the Θ-functions associated with the time-ordering when we have commuted them with the action of taking the expectation value. Therefore we have explicitly written the derivatives as ^∂_μ to indicate that the time derivatives do not act upon the Θ-functions in the propagator.

The second subtlety is that in writing the expectation value of the energy-momentum tensor in terms of the propagator we have implicitly chosen a particular time-ordering of the point-split fields. It has been made since this choice correctly includes the boundary contribution from the effective initial state—the last term in Eq. (3.9)—and so it naturally leads to a renormalizable set of boundary divergences. Because the remaining Θfunctions in the propagator are explicitly unaffected by the time-derivatives as we have defined them, the standard parts of T_{μν} are unaffected by choosing other possible time-orderings. This last point is important since the Schwinger-Keldysh formalism, which we introduce in the next section, applies different time-orderings for the standard parts of the propagator—the first two terms in Eq. (3.9). This insensitivity to this part of the timeorderings means that each of the four possible propagators that we shall encounter in the Schwinger-Keldysh approach all yield the same result for T_{μν} when we allow the split points to coincide once again, x^′ → x.

The expectation value of the energy-momentum tensor inherits the same classical symmetries as the background, implying that its only nonvanishing components are those lying along the diagonal and that moreover these are specified by two time-dependent functions,

T_{00}(η) = a^2(η) ρ(η) T_{ij}(η) = a^2(η) p(η) δ_{ij} , (3.12)

which are interpreted as the energy density ρ(η) contained in the scalar field configuration and the pressure p(η) exerted by it. The conservation of the energy and momentum contained within the field, ∇_λT^λ_μ = 0, in turn implies that these two functions are related,

ρ^′ = −3aH(ρ + p). (3.13)

Evaluating T_{μν} (η) as in Eq. (3.10), we obtain the following expressions for the energy density, ρ = 1 2 1 a^2 ∫ d^3⃗k (2π)^3 { U^′_kU^{′∗}_k + (k^2 + a^2m^2)U_kU^∗_k +f^∗_k [ U^′_kU^′_k + (k^2 + a^2m^2)U_kU_k ]} , (3.14)

and the pressure, p = −ρ + 1 a^2 ∫ d^3⃗k (2π)^3 { U^′_kU^{′∗}_k +^1_3 k^2U_kU^∗_k +f^∗_k [ U^′_kU^′_k +^1_3 k^2U_kU_k ]} , (3.15)

written in terms of the Bunch-Davies modes. In determining the divergence structure and renormalization of the energy-momentum, it will be useful to separate the parts produced by the effective initial state and those which occur universally, even in the standard Bunch- Davies vacuum for which a standard method of renormalization was established long ago [27]. Therefore we shall write

ρ = ρ_{bulk} + ρ_{surf} , p = p_{bulk} + p_{surf} (3.16)

where the bulk components are simply those obtained by setting f_k → 0 in Eqs. (3.14) and (3.15) and the surface components are composed of the complementary terms.

A. An adiabatic expansion

In an expanding background, it is quite often not possible to solve for the exact behavior of the mode functions, even those associated with the Bunch-Davies state, U_k(η), in terms of which we have defined the modes for the more general effective states. However, what is relevant here—for extracting the divergences in the energymomentum of the scalar field—is only the behavior of the modes at short distances; more of this behavior needs to be understood the worse the divergence, but in any particular case only a finite part of the full space-time dependence of U_k(η) is needed. This observation suggests that we should apply an approximation scheme based on diminishing powers of the spatial momentum at short distances. This approach very similar to the adiabatic expansion [28].

We begin by writing the Bunch-Davies modes in terms of a real, generalized frequency function, Ω_k(η), through

U_k(η) = e^{−i} ∫_η η0 dη Ω_k(η^′) a(η) √ 2Ω_k(η)

. (3.17)

Substituting this expression into the Klein-Gordon equation yields a differential equation for this function,

Ω^2_k = k^2 + a^2m^2 − a^{′′} a − 1 2 Ω^{′′} Ω_k + 3 4 ( Ω^′ Ω_k

)_2

. (3.18)

The adiabatic expansion assumes that the derivative of a term in the expansion is small in comparison any term of equal or lower order, so that the (n + 1)^{st} term in the expansion is determined by the derivative of the n^{th} term. Therefore, if we let

Ω_k = Ω^{(0)}_k + Ω^{(1)}_k + · · · + Ω^{(n)}_k + · · · , (3.19)

and we start the series by defining the 0^{th} order term to be Ω^{(0)}_k = √ ω^2_k − a^{′′} a , (3.20)

then the next term is given by

Ω^{(1)}_k = − 1 4 Ω^{(0)′′}

(Ω^{(0)}_k )^2 + 3 8 (Ω^{(0)′})^2

(Ω^{(0)}_k )^3

. (3.21)

In the 0^{th} order term we have introduced the frequency

ω^2_k = k^2 + a^2m^2, (3.22)

which very closely resembles the usual flat-space frequency. Because ω_k at short distances essentially becomes k and yet, due to the mass term, still remains finite thereby avoiding infrared divergences at large distances, we shall use ω_k as our basic expansion parameter.

Although the adiabatic expansion is not in its essence a short-distance expansion, it is straightforward enough to express the terms in the adiabatic approximation in powers of ω_k, truncated to the needed order. For example, later we shall need to expand Ω_k to order ω^{−3}_k to treat the divergences in the expectation value of the energymomentum tensor that are independent of the state we have chosen. To do so, we only require the first adiabatic correction, Eq. (3.21), since the second correction is already of order ω^{−5}_k ,

Ω_k = ω_k − 1 2 1 ω_k a^{′′} a − 1 4 a^2m^2 ω^3_k [ a^{′′} a − ( a^′ a )]

+ 1 8 1 ω^3_k [ a^{′′′′} a − 2 a^{′′′} a a^′ a − 2 ( a^{′′} a ) + 2 a^{′′} a ( a^′ a )]

+O ( 1 ω^5_k ) . (3.23)

Renormalizing a completely general effective state would require—in principle—evaluating the adiabatic expansion to an arbitrary order. However, since the higher order details of the effective state are suppressed by more powers of H/M , for a particular aspect of the state only a finite number of adiabatic corrections are needed. In the case of the leading trans-Planckian signal, we must expand Ω_k to order ω^{−4}_k , for which the first adiabatic correction is still sufficient.

B. The structure function of the effective state

Until now we have not provided an explicit form for the structure of the initial state, which is described by the momentum-dependent function f_k. We therefore conclude this section by stating a fairly general parameterization of this structure function based upon ω_k which we just introduced in Eq. (3.22). This frequency has the aforementioned advantage of being finite at long distances so that we can write a power series expansion for f_k without introducing any unnecessary infrared divergences,

f_k = ∞∑ n=1 c_n ( a(η_0)m ω_k(η_0) )_n + ∞∑ n=0 d_n ( ω_k(η_0) a(η_0)M )_n . (3.24)

The two sums correspond respectively to the long and short distance features of the state, and the terms within the second series describe the “trans-Planckian” features of the state, although as mentioned earlier the scale M does not need necessarily to equal the Planck mass. Although the first sum is of diminishing importance in the short-distance regime, where ω_k ∼ k → ∞, its first few terms can nevertheless produce boundary divergences. This behavior is very analogous to the standard renormalization of classical gravity in the presence of a quantum field which also requires the renormalization of the long-distance properties of the gravitational theory—the cosmological constant in particular—as a result of summing over the modes of the scalar field at short-distances. For a few of the terms in the first sum, their resulting divergences will correspondingly require relevant counterterms at the boundary.

IV. EVOLUTION

The continuous expansion of the background, where scales shrink further and further the farther back we extend inflation, combined with our ignorance about the specific details of the early inflationary epoch and what might have preceded it together require that we should use a formalism that never evaluates any quantity prior to the initial time when the effective theory remains valid. In such a setting, the standard over-all space-time approach of the S-matrix is no longer appropriate. Instead, we define the state at an initial time, |0_{eff}(η_0)⟩, and then evolve it to a later time, |0_{eff}(η)⟩, where we use it to evaluate the expectation value of some operator, O(η),

⟨0_{eff}(η)|O(η)|0_{eff} (η)⟩. (4.1)

Later, we shall let O(η) be a single graviton so that this expectation value becomes the graviton tadpole given in Eq. (2.11). The approach we have just described for the time-evolution and evaluation of matrix elements corresponds to that used in the Schwinger-Keldysh formalism [29]. This section briefly reviews enough of this formalism to make clear our subsequent calculations; a fuller account appears in the appendix of [8].

To begin, consider the time evolution to be that given by the interaction picture. There, the evolution of operators is determined by the free part of the Hamiltonian; for the field φ(x), this time-dependence is already precisely that contained in the modes since they are the solutions of the free Klein-Gordon equation. The evolution of the state is set by the interacting part of the Hamiltonian, H_I(η). If we define a time-evolution operator U_I (η, η_0) so that

|0_{eff}(η)⟩ = U_I (η, η_0) |0_{eff} (η_0)⟩ ≡ U_I (η, η_0) |0_{eff}⟩, (4.2)

then this operator is given by Dyson’s formula,

U_I (η, η_0) = T e^{−i} ∫_η η0 dη^′ H_I (η^′). (4.3)

Note that whenever we write the state without its time argument, it is implicitly evaluated at the initial time,

|0_{eff}⟩ = |0_{eff}(η_0)⟩. (4.4)

Besides starting at a particular time, rather than at some asymptotically distant past, another distinguishing feature of the Schwinger-Keldysh approach is that both the state and its dual are evolved,

⟨0_{eff}(η)|O(η)|0_{eff} (η)⟩ = ⟨0_{eff} |U^†_I (η, η_0)O(η)U_I (η, η_0)|0_{eff}⟩ (4.5) The appearance of two separately time-ordered operators, U_I and U^†_I , is a little cumbersome, so the next sequence of steps introduces a more compact notation which keeps this time-ordering intact.

We first insert the identity operator in the form, U^†_I (0, η)U_I (0, η), so that Eq. (4.5) becomes

⟨0_{eff}|U^†_I (0, η_0)U_I (0, η)O(η)U_I (η, η_0)|0_{eff}⟩ (4.6)

where we have simplified, U^†_I (η, η_0)U^†_I (0, η) = U^†_I (0, η_0). Reading the operator in Eq. (4.6) from right to left, we follow the time evolution from η_0 to η, where the operator is inserted, then continue to the asymptotic future^1 before then proceeding backwards—because of the Hermitian conjugation in U^†_I (0, η_0)—from 0 back to the initial time η_0. Since the first three operators along this path are already correctly ordered, let us label their arguments with a ‘+’ while the arguments of the last operator, U^†_I (0, η_0), are labeled with a ‘−.’ This notation allows us to group together all of the exponentials within a single time-ordering symbol,

⟨0_{eff}|T ( O(η^+)e^{−i} ∫_0 η0 dη̃^+ H_I (η̃^+)e−i ∫_{η0} 0 dη̃^− H_I (η̃^− ))|0 eff⟩, (4.7) provided we recall that times on the ‘−’ part of the path occur after and in the opposite order as those on the ‘+’ part of the path.

Finally, it is most convenient to exchange the doubling of the time coordinate for a doubling of the field content; φ^+ and h^+_{μν} fields are therefore always implicitly on the ‘+’ part of the path whereas φ^− and h^−_{μν} are always on the ‘−’ part. With this change, the index on the conformal time is superfluous and hereafter will not be written. The time-evolution of a general matrix element is then very compactly written as

⟨0_{eff} |T ( O^+(η)e^{−i} ∫_0 η0 dη^′ [H^+_I (η^′)−H^−_I (η^′ )])|0

eff⟩, (4.8)

where H^±_I and O^+ refer to operators composed entirely of + or − fields as indicated.

When we expand the time-ordered operator in a perturbative evaluation of the matrix element, we encounter four distinct propagators depending upon which pairs of fields are being Wick contracted. As an example, for the scalar field we have − iG^{±±}(x, x^′) = ⟨0_{eff} |T ( φ^±(x)φ^±(x^′) ) |0_{eff} ⟩ (4.9)

1 In conformal coordinates, η is usually taken to run from −∞ (the asymptotic past) to 0 (the asymptotic future).

or G^{±±}(x, x^′) = ∫ d^3⃗k (2π)^3 e^{i⃗k·(⃗x−⃗x′)} G^{±±}_k (η, η^′). (4.10) Since the initial-state structure is defined at the earliest possible time in this framework, the effective state part of all these propagators is the same and the only differences lie in the the standard, point-source parts of the propagators. The Θ-functions that appear in these parts are inherited directly from the time-ordering implied by the ordering of the φ^+ and φ^− fields on the time contour,

− iG^{++}_k (η, η^′) = Θ(η − η^′) U_k(η)U^∗_k (η^′) +Θ(η^′ − η) U^∗_k (η)U_k (η^′) +f^∗_k U_k(η)U_k(η^′) −iG^{+−}_k (η, η^′) = U^∗_k (η)U_k(η^′) + f^∗_k U_k(η)U_k(η^′)

−iG^{−+}_k (η, η^′) = U_k(η)U^∗_k (η^′) + f^∗_k U_k(η)U_k(η^′)

−iG^{−−}_k (η, η^′) = Θ(η^′ − η) U_k(η)U^∗_k (η^′) +Θ(η − η^′) U^∗_k (η)U_k (η^′) +f^∗_k U_k(η)U_k(η^′). (4.11)

Thus, for example, G^{−−}_k (η, η^′) has exactly the opposite time-ordering as G^{++}_k (η, η^′) since the φ^− fields came from the U^†_I (0, η_0) operator whose time-ordering is reversed due to the Hermitian conjugation.

An analogous structure also applies to the graviton propagator, − iΠ^{±±}_{μν,λρ}(x, x^′) ≡ ⟨0_{eff} |T ( h^±_{μν} (x)h^±_{λρ}(x^′) ) |0_{eff}⟩ (4.12)

with Π^{±±}_{μν,λρ}(x, x^′) = ∫ d^3⃗k (2π)^3 e^{i⃗k·(⃗x−⃗x′)}Π^{±±}_{μν,λρ}(η, η^′; ⃗k). (4.13) These propagators are determined by three basics tensors whose structure parallels that of the scalar field propagators, Π^{++}_{μν,λρ}(η, η^′; ⃗k) = Θ(η − η^′) Π^>_{μν,λρ}(η, η^′; ⃗k) +Θ(η^′ − η) Π^<_{μν,λρ}(η, η^′; ⃗k) +Π̃_{μν,λρ}(η, η^′; ⃗k) Π^{+−}_{μν,λρ}(η, η^′; ⃗k) = Π^<_{μν,λρ}(η, η^′; ⃗k) + Π̃_{μν,λρ}(η, η^′; ⃗k) Π^{−+}_{μν,λρ}(η, η^′; ⃗k) = Π^<_{μν,λρ}(η, η^′; ⃗k) + Π̃_{μν,λρ}(η, η^′; ⃗k) Π^{−−}_{μν,λρ}(η, η^′; ⃗k) = Θ(η^′ − η) Π^>_{μν,λρ}(η, η^′; ⃗k) +Θ(η − η^′) Π^<_{μν,λρ}(η, η^′; ⃗k) +Π̃_{μν,λρ}(η, η^′; ⃗k). (4.14) Here we have written the state-dependent part of the propagator as Π̃_{μν,λρ}(η, η^′; ⃗k). This tensor can be written, as in the case of the scalar field, as products of Bunch-Davies modes multiplied by an initial state structure function. In principle, we could have separate structure functions for the scalar, vector and tensor modes,

FIG. 1: The leading contributions to the graviton tadpole condition. The shaded blob represents the coupling of the graviton to the classical background tensor, −2G̃μν + T^{cl}_{μν} .

depending upon the symmetries of the initial state. However, since in the processes we shall examine the graviton propagator only appears as a common external leg in each of a set of diagrams, it will not be necessary to have an explicit expressions for either Π^{>,<}_{μν,λρ}(η, η^′; ⃗k) or Π̃_{μν,λρ}(η, η′; ⃗k).

V. THE GRAVITON TADPOLE

Having described generally how the information within the effective initial state propagates forward, we are ready to evaluate the loop correction to the graviton tadpole. This case is a specific instance of the formalism that we have just described, with O^+ = h^+_{μν} (η, ⃗x) and with an interaction Hamiltonian derived from the action presented earlier in Eq. (2.30),

H_I(η) = 1 2 a^2(η) ∫ d^3⃗x h^{μν} { −2G̃_{μν} + T^{cl}_{μν} + T̂_{μν} } . (5.1)

The first two terms to which the graviton couples are purely classical quantities, for the background geometry and the zero mode of the scalar field, while the last piece is quadratic in the quantum fluctuations of the scalar field.

Evaluating the graviton tadpole to first order in this interaction yields

⟨0_{eff} (η)|h^+_{μν} (η, ⃗x)|0_{eff}(η)⟩

= ⟨0_{eff}|T ( h^+_{μν} (η, ⃗x)e^{−i} ∫_0 η0 dη^′ [H^+_I (η^′ )−H^−_I (η^′ )])|0 eff⟩ = 1 2 ∫_η η_0

dη^′a^2(η^′) {[ Π^{> λρ}_{μν,} (η, η^′;⃗0) − Π^{< λρ}_{μν,} (η, η^′;⃗0) ]

× [ 2G̃_{λρ}(η^′) − T^{cl}_{λρ}(η^′) − T_{λρ}(η^′) ] + · · · } . (5.2)

Grouping together the first two classical contributions in the integrand, these terms in the tadpole can be represented diagrammatically as in Fig. 1.

The contribution from the the scalar fluctuations T_{μν} to the energy-momentum contains divergences and this section will show how they are absorbed by rescaling the parameters in the contribution from the classical background, G̃_{μν}. The divergences in T_{μν} fall naturally into two classes. The first occur at arbitrary times during the evolution, so we shall call such infinities bulk divergences, and they are independent of the structure of the initial state. The second class is closely associated with how we have chosen the effective initial state. Since these divergences only occur at the initial time [10], η = η_0, we shall characterize this set as boundary divergences. The treatment of the bulk divergences has been well established [10, 27], so we include only a cursory discussion of them here and shall examine the boundary divergences in much more detail.

In this setting, the standard gravitational equations of motion are imposed by the vanishing of the tadpole in Eq. (5.2), which is satisfied when the integrand vanishes,

T_{μν} + T^{cl}_{μν} = 2G̃_{μν}. (5.3)

In our isotropically expanding background, this equation implies two others for its temporal,

ρ + ρ_0 = 2Λ + 6M^2_{pl} 1 a^2 ( a^′ a )_2 (5.4) + 36α a^4 [ 2 a^{′′′} a a^′ a − ( a^{′′} a )_2 − 4 a^{′′} a ( a^′ a )_2] , and its spatial components,

p + p_0 = −2Λ − 2M^2_{pl} 1 a^2 [ 2 a^{′′} a − ( a^′ a )_2] (5.5) − 24α a^4 [ a^{′′′′} a − 5 a^{′′′} a a^′ a − 5 2 ( a^{′′} a )_2 + 8 a^{′′} a ( a^′ a )_2] . Here, ρ and p are as given in Eqs. (3.14)–(3.15) and Eq. (2.17) provided the gravitational part. The contributions from the zero mode of the scalar field has been abbreviated by

a^2 ρ_0 =^1_2 (ϕ^′)^2 +^1_2 a^2m^2ϕ^2

a^2 p_0 =^1_2 (ϕ^′)^2 −^1_2 a^2m^2ϕ^2. (5.6)

We now look at each type of divergence separately.

A. Bulk renormalization

The divergences that require the renormalization of the parameters of the bulk gravitational action, Λ, M_{pl} and α, are produced by the part of the density and pressure that is independent of the initial-state structure,

ρ_{bulk} = 1 2 1 a^2 ∫ d^3⃗k (2π)^3 [ U^′_kU^{′∗}_k + (k^2 + a^2m^2)U_kU^∗_k ]

p_{bulk} = −ρ_{bulk} + 1 a^2 ∫ d^3⃗k (2π)^3 [ U^′_kU^{′∗}_k +^1_3 k^2U_kU^∗_k ] . (5.7)

Each of these expressions contains quartic, quadratic and logarithmic divergences which occur at any conformal time. Since the same renormalization absorbs the divergences for both the pressure and the density, it is only necessary to show the case of the density explicitly.

To isolate these divergences from the finite parts of the energy-momentum, we apply our adiabatic expansion given in Eq. (3.19) and then further expand the generalized frequency Ω_k(η) in inverse powers of ω_k = √ k^2 + a^2m^2, as in Eq. (3.23),

ρ_{bulk} = 1 2 1 a^4 ∫ d^3⃗k (2π)^3 ω_k + 1 4 1 a^4 ( a^′ a )_2 ∫ d^3⃗k (2π)^3 [ 1 ω_k + a^2m^2 ω^3_k ]

− 1 16 1 a^4 [ 2 a^{′′′} a a^′ a − ( a^{′′} a )_2 − 4 a^{′′} a ( a^′ a )_2] ∫ d^3⃗k (2π)^3 1 ω^3_k +finite. (5.8)

Although the integrals are only over the three spatial dimensions, their structures are otherwise very similar to the momentum integrals ordinarily encountered in S-matrix calculations once we dimensionally regularize them and extend the number of dimensions to 3 − 2ϵ,

I^{(n)}(ϵ)= ∫ d^{3−2ϵ}⃗k (2π)^{3−2ϵ} (aμ)^{2ϵ} ω^n_k = √ π 8π^2 Γ ( ϵ −^{3−n}_2 ) Γ (_n 2 ) [ 4πμ^2 m^2 ]_ϵ (am)^{3−n}. (5.9)

Applying this general integral to each of the specific divergences in Eqs. (5.8) and restoring the ϵ → 0 limit we find the following poles,

ρ_{bulk} = − m^4 64π^2 1 ϵ + m^2 192π^2 6 a^2 ( a^′ a )_2 1 ϵ − 1 2304π^2 36 a^4 [ 2 a^{′′′} a a^′ a − ( a^{′′} a )_2 − 4 a^{′′} a ( a^′ a )_2] 1 ϵ +finite. (5.10)

The prefactors that multiply each pole have precisely the same structures, in their dependence on the scale factor and its derivatives, as the terms appearing in G̃_{00} defined in Eq. (2.17). This equivalence allows us to cancel the divergences, which arose from the energy-momentum contained in the short-distance properties of the scalar field, through an appropriate redefinition of the gravitational parameters Λ, M_{pl} and α. Minimally, we could define,

Λ_R = Λ + m^4 64π^2 1 ϵ M^2_{pl,R} = M^2_{pl} − m^2 192π^2 1 ϵ α_R = α + 1 2304π^2 1 ϵ , (5.11)

although we could also apply an MS scheme to remove some of the artifacts of dimensional regularization which were not shown explicitly here. The renormalized parameters also acquire a dependence on the renormalization scale μ, as is explained more fully in [10].

B. Boundary renormalization

Although we have separated the density and the pressure into “bulk” and “surface” components, it is important to remember that both properly contribute to the bulk equations of motion implied by the vanishing of the graviton tadpole,

ρ_{bulk} + ρ_{surf} + ρ_0 = 2Λ_R +

6M^2_{pl,R} a^2 ( a^′ a ) + · · · p_{bulk} + p_{surf} + p_0 = −2Λ_R −

2M^2_{pl,R} a^2 [ 2 a^{′′} a − ( a^′ a )]

+ · · · . (5.12)

What is unique about the surface, or state-dependent, components of the energy-momentum tensor is that the divergences they produce are confined to the initial time, η^′ = η_0, unlike those of the bulk, or state-independent, component which occur for any value of η^′. Thus these new divergences cannot be absorbed through a redefinition of the bulk properties of the theory, but rather are removed by adding the appropriate gravitational counterterms confined to the initial boundary.

To discover when these divergences occur and how they are cancelled, in this section we concentrate only on the contribution to the graviton tadpole provided by ρ_{surf} and p_{surf} ,

0 = ⟨0_{eff} (η)|h^+_{μν} (η, ⃗x)|0_{eff}⟩ = − 1 2 ∫_η η_0 dη^′ { G^{00}_{μν,} (η, η^′) ρ_{surf} (η^′)

+G^{ij}_{μν,} (η, η^′)δ_{ij} p_{surf} (η^′) + · · · } . (5.13)

Here we have abbreviated the external graviton leg by the function, G_{μν,λρ}(η, η^′) ≡ a^4(η^′) [ Π^>_{μν,λρ}(η, η^′;⃗0) − Π^<_{μν,λρ}(η, η^′;⃗0) ] , (5.14) since it occurs frequently in the analysis of the boundary divergences.

The state-dependent part of the energy-momentum tensor can diverge at the initial surface whenever the difference between the nominal and the true vacuum states grows sufficiently fast at short distances. The general method for isolating these divergences, for a particular choice of the initial state’s structure, will be first to determine which terms within ρ_{surf} and p_{surf} produce the divergences and then to integrate these terms by parts sufficiently many times until the integrand in Eq. (5.13) is finite. In the process we generate terms explicitly evaluated on the initial boundary that diverge when we sum over all momentum scales. Such divergences can be regulated by continuing the number of dimensions in the spatial momentum integrals of these boundary terms. Once we have extracted the poles explicitly, we renormalize the theory by adding the appropriate counterterms on the boundary.

This method for isolating and renormalizing the boundary divergences is best illustrated through a sequence of simple examples, which we present in the next section, but we first describe some of the general properties of this method. Because the generalized frequency appears in the oscillating factor, e^{−2i} ∫_η η0 dη^′ Ω_k(η^′), that is

present in ρ_{surf} and p_{surf} ,

ρ_{surf} = 1 4 1 a^4 ∫ d^3⃗k (2π)^3 f^∗_k e^{−2i} ∫_η η0 dη^′ Ω_k(η^′ )

× { 2i a^′ a + 1 Ω_k [ a^{′′} a + ( a^′ a )_2] + i Ω^′_k Ω_k + a^′ a Ω^′_k Ω^2_k + 1 2 Ω^{′′}_k Ω^2_k − 1 2 Ω^{′ 2}_k Ω^3_k }

p_{surf} = 1 4 1 a^4 ∫ d^3⃗k (2π)^3 f^∗_k e^{−2i} ∫_η η0 dη^′ Ω_k(η^′ )

× { − 4 3 Ω_k + 2i a^′ a − 1 3 1 Ω_k [ a^{′′} a − 3 ( a^′ a )_2

+ 2a^2m^2 ]

+i Ω^′_k Ω_k + a^′ a Ω^′_k Ω^2_k − 1 6 Ω^{′′}_k Ω^2_k + 1 2 Ω^{′ 2}_k Ω^3_k } , (5.15)

we shall express the terms that compose the density and pressure in terms of Ω_k. Actually, since the structure of the effective state is defined at the initial boundary, a general term in the energy-momentum tensor contains factors of both Ω_k(η) and Ω_k(η_0), using Eq. (3.23) for example to convert as necessary the factors of ω_k(η_0) in f_k as we defined it in Eq. (3.24). Based on such observations, it is natural to define the following kernel function,

K^{(p)}(η) = ∫ d^3⃗k (2π)^3 e^{−2i} ∫_η η0 dη^′ Ω_k(η^′)

Ω^{3−p}_k (η)Ω^p_k(η_0)

, (5.16)

which diverges logarithmically as η approaches η_0 [8, 10], or logarithmically in a cutoff, applied to large spatial momenta, when evaluated on the initial surface.

We can now explain in more detail our approach for isolating the boundary divergences. We first write all the divergent parts of ρ_{surf} and p_{surf} in terms of the kernel K^{(p)}(η) or its derivatives. Since the kernel only diverges logarithmically, the overall time integral still remaining in the graviton tadpole means that it gives a finite contribution to the matrix element. The goal then is to integrate these derivatives of the kernel until we have moved them to the external leg, generating a series of surface terms explicitly evaluated at the initial boundary. These surface terms no longer contain the oscillatory factor in Eq. (5.16), so the remaining divergent spatial momentum integrals can be readily dimensionally regulated using Eq. (5.9).

Once we have extracted and regularized the boundary divergences, we renormalize the theory by adding counterterms which are similarly confined to the initial surface. For the small fluctuations we have been considering, we require only the part of the counterterm Hamiltonian that is linear in the graviton, h_{μν} ,

H^{c.t.}_I (η) = − ∫ d^3⃗x { a^3(η)h^{μν} δT_{μν} (η) δ(η−η_0) } . (5.17)

where the δ-function (and its derivatives) confine its effects to the boundary. Here, δT_{μν} is a purely classical geometric tensor, that is, it depends on the scale factor and its derivatives but not the scalar field and it can also contain derivatives that act on the δ-function. The specific form of δT_{μν} depends on the particular initial state chosen and we illustrate its form for a few examples.

VI. THREE SIMPLE EXAMPLES

The technique for boundary renormalization that we have outlined in the previous section can be straightforwardly applied to any of the terms in our power series expansion of f_k, appearing in Eq. (3.24). Since there is little to distinguish one case from another beyond its analytic complexity, we shall show the three simplest examples of boundary renormalization here. An additional advantage of studying these cases is that their geometric interpretation is most transparent—for instance, the first divergence requires a boundary counterterm which is essentially a surface tension, which is analogous to the cosmological constant that appeared in the bulk renormalization.

A. The surface tension

Among the terms contained in the first sum in Eq. (3.24) that describes f_k—those that scale as an inverse power of ω_k—very few lead to divergences in the energy-momentum tensor since the departures from the Bunch-Davies state diminishes at shorter distances for these moments. Only the first three terms in this series lead to boundary divergences and the counterterms associated with them correspond to dimension zero, one and two relevant operators on the boundary.

The unique dimension zero counterterm is the surface tension. We begin with this case by considering an initial state whose structure is given by

f_k = c_3 a^3(η_0)m^3 ω^3_k(η_0)

. (6.1)

The potentially divergent parts of the state-dependent components of the density and pressure are

ρ_{surf} = c^∗_3m^3 4 a^3(η_0) a^4(η^′) ∫ d^3⃗k (2π)^3 e^{−2i} ∫_η′ η0 dη^{′′} Ω_k(η^{′′} )

ω^3_k(η_0) × [ 2i a^′(η^′) a(η^′) + O ( 1 ω_k(η^′) )]

p_{surf} = c^∗_3m^3 4 a^3(η_0) a^4(η^′) ∫ d^3⃗k (2π)^3 e^{−2i} ∫_η′ η0 dη^{′′} Ω_k(η^{′′} )

ω^3_k(η_0)

13 × [ − 4 3 ω_k(η^′) + 2i a^′(η^′) a(η^′) + O ( 1 ω_k(η^′) )] . (6.2)

Both the leading divergence in the density and the subleading divergence in the pressure grow near the boundary only as ln(η^′−η_0) [10]. Such a divergence is integrable so, given that we still have a conformal time integration in the graviton tadpole, these terms yield a finite contribution to Eq. (5.13). Thus, only the pressure diverges.

To treat the remaining term in the pressure, let us consider the first derivative of the kernel function that we introduced in Eq. (5.16), for the case p = 3,

K^{(3)′}(η) = −2i ∫ d^3⃗k (2π)^3 ω_k(η)e^{−2i} ∫_η η0 dη^′ Ω_k(η^′ )

ω^3_k(η_0)

+ finite;

(6.3) this expression has exactly the same structure as the divergent term in the pressure, up to finite corrections. Therefore, we write the divergent contribution to the graviton tadpole as

⟨0_{eff}(η)|h^+_{μν} (η, ⃗x)|0_{eff} (η)⟩ (6.4) = ic^∗_3m^3 12 a^3(η_0) ∫_η η_0 dη^′ { G^{ij}_{μν,} (η, η^′)δ_{ij} K^{(3)′}(η^′) a^4(η^′) + · · · } . Integrating the parts, we remove the derivative from the kernel to obtain an explicitly finite integral, since its integrand now only diverges logarithmically, as well as a divergent contribution which is now explicitly evaluated on the initial boundary,

⟨0_{eff} (η)|h^+_{μν} (η, ⃗x)|0_{eff}(η)⟩ = − ic^∗_3m^3 12 G^{ij}_{μν,} (η, η_0)δ_{ij} 1 a(η_0)

K^{(3)}(η_0) − ic^∗_3m^3 12 a^3(η_0) ∫_η η_0 dη^′ { K^{(3)′}(η^′) ∂ ∂η^′ [ G^{ij}_{μν,} (η, η^′)δ_{ij} a^4(η^′) ]}

+ · · · . (6.5)

When the kernel is evaluated on the boundary, the oscillating factor disappears and the terms in the denominator coalesce to become

K^{(p)}(η_0) = ∫ d^3⃗k (2π)^3 1 Ω^3_k(η_0) = ∫ d^3⃗k (2π)^3 1 ω^3_k(η_0) + · · · , (6.6) We find the pole by dimensionally regulating the remaining momentum integral,

K^{(p)}(η_0) = 1 4π^2 [ 1 ϵ − γ + ln 4πμ^2 m^2 ] + · · · . (6.7)

When we substitute this result back into the graviton tadpole, we obtain the following boundary divergence,

⟨0_{eff} (η)|h^+_{μν} (η, ⃗x)|0_{eff}(η)⟩ = − ic^∗_3m^3 48π^2 G^{ij}_{μν,} (η, η_0)δ_{ij} a(η_0) [ 1 ϵ − γ + ln 4πμ^2 m^2 ] + · · · . (6.8)

FIG. 2: The contribution from a surface counterterm insertion to the graviton tadpole.

The meaning of this term can be understood through its structure. The external propagator leg, represented by the function G(η, η_0), connects a general time η with the initial time η_0. When we sum over arbitrary intermediate space-time points, such as the internal vertex of the loop diagram in Fig. 1, we are also summing over all the short-distance structures of the state whenever that intermediate point lies on the initial boundary. To cancel the divergence associated with this sum, we must add an interaction counterterm that is also confined to this initial surface, which thereby guarantees that the external leg vanishes except when the intermediate vertex lies on this surface. This construction ensures that the counterterm contribution to the tadpole has correct conformal time dependence to cancel pole in Eq. (6.8).

The generic form for the linear part of the surface counterterm in the fluctuation is given in Eq. (5.17) and its contribution is shown in Fig. 2. Adding its effect to the boundary divergence yields

⟨0_{eff} (η)|h^+_{μν} (η, ⃗x)|0_{eff}(η)⟩ = − ic^∗_3m^3 48π^2 G^{ij}_{μν,} (η, η_0)δ_{ij} a(η_0) [ 1 ϵ − γ + ln 4πμ^2 m^2 ]

+ 1 a(η_0)

G^{λρ}_{μν,} (η, η_0)δT_{λρ}(η_0) + · · · . (6.9)

Thus, the structure needed to cancel the divergence is δT_{00} = δT_{0i} = 0 along with δT_{ij} = δ_{ij} ic^∗_3m^3 48π^2 [ 1 ϵ − γ + ln 4πμ^2 m^2 ] . (6.10)

To understand the geometric origin of this counterterm, consider the action for surface tension,

S_σ = ∫ d^3⃗x √ ĝ σ. (6.11)

The only appearance of the metric occurs in the determinant of the induced metric; to linear order in the fluctuation we have that √ ĝ = a^3 ( 1 +^1_2 h^{ij}δ_{ij} + · · · ) (6.12)

so that the leading contribution from this boundary action to the interaction Hamiltonian occurs through

S_σ = ∫ d^3⃗x a^3h^{ij} {_1 2 σδ_{ij} } + · · · = ∫_0

η_0 dη ∫ d^3⃗x a^3h^{ij} {_1 2 σδ_{ij} } δ(η − η_0) + · · · (6.13)

14 which matches with Eq. (6.10) when σ = ic^∗_3m^3 24π^2 [ 1 ϵ − γ + ln 4πμ^2 m^2 ] . (6.14)

Note that c_3 should be purely imaginary for the action to remain real; this behavior is exactly consistent with what was found when renormalizing an interacting scalar field in an effective initial state [8, 9].

B. The extrinsic curvature

The extrinsic curvature is the unique dimension one operator available on the boundary, so the divergences from the next moment in the initial state structure,

f_k = c_2 a^2(η_0)m^2 ω^2_k(η_0)

, (6.15)

should be related—in part—to such a counterterm. We now find that both the density and the pressure are divergent,

ρ_{surf} (η^′) = − c^∗_2m^2 4 a^2(η_0) a^′(η^′) a^5(η^′)

K^{(2)′}(η^′) + · · ·

p_{surf} (η^′) = c^∗_2m^2 12 a^2(η_0) a^4(η^′)

K^{(2)′′}(η^′) − c^∗_2m^2 4 a^2(η_0) a^′(η^′) a^5(η^′)

K^{(2)′}(η^′) + · · · (6.16)

where we have again written the divergences in terms of derivatives of the kernel function. This time, we have not explicitly shown any of the terms with logarithmic divergences since these are integrable. Including these expressions in the graviton tadpole and integrating by part until we have isolated the kernel terms to the initial boundary, the divergent contributions from Eq. (6.16) to the tadpole in Eq. (5.13) are

⟨0_{eff}(η)|h^+_{μν} (η, ⃗x)|0_{eff} (η)⟩ = − c^∗_2m^2 8 a^′(η_0) a^3(η_0)

G^{00}_{μν,} (η, η_0) K^{(2)}(η_0) − c^∗_2m^2 8 a^′(η_0) a^3(η_0)

G^{ij}_{μν,} (η, η^′)δ_{ij} K^{(2)}(η_0) − c^∗_2m^2 24 a^2(η_0) ∂ ∂η^′ [ 1 a^4(η^′) G^{ij}_{μν,} (η, η^′)δ_{ij} ] η_0

K^{(2)}(η_0) + c^∗_2m^2 24 1 a^2(η_0)

G^{ij}_{μν,} (η, η_0)δ_{ij} K^{(2)′}(η_0) + · · · . (6.17)

Upon dimensionally regularizing the spatial momentum integrals, we extract the poles,

⟨0_{eff} (η)|h^+_{μν} (η, ⃗x)|0_{eff}(η)⟩ = − c^∗_2m^2 96π^2 [ 1 ϵ − γ + ln 4π + ln μ^2 m^2 ]

× [ 3 a^′(η_0) a^3(η_0) ( G^{00}_{μν,} (η, η_0) + G^{ij}_{μν,} (η, η_0)δ_{ij} )

+a^2(η_0) ∂ ∂η^′ [ 1 a^4(η^′) G^{ij}_{μν,} (η, η^′)δ_{ij} ] η_0 ]

+ · · · . (6.18)

These divergent terms can be cancelled by adding the following surface counterterms,

H^{c.t.}_I = κ ∫ d^3⃗x a^3(η)h^{μν} { 1 a δ^i_μδ^j_ν δ_{ij} δ^′(η − η_0) − a^′ a^2 [ 3δ^0_μδ^0_ν + δ^i_μδ^j_ν δ_{ij} ] δ(η − η_0) } . (6.19)

Notice that in addition to the δ-function term that multiplies the dimension one term a^′/a^2, we also have a δfunction derivative. This example illustrates the more general structure of the surface counterterms, which will consist most generally of products of derivatives of the scale factor multiplying derivatives of the δ-function. In this case, the counterterm contribution to the graviton tadpole is κ [ 3 a^′(η_0) a^3(η_0) [ G^{00}_{μν,} (η, η_0) + G^{ij}_{μν,} (η, η_0)δ_{ij} ]

+a^2(η_0) ∂ ∂η^′ [ 1 a^4(η^′) G^{ij}_{μν,} (η, η^′)δ_{ij} ] η_0 ] . (6.20)

Comparing Eqns. (6.18) and (6.20), we see that can cancel the divergence by choosing κ = c^∗_2m^2 96π^2 [ 1 ϵ − γ + ln 4π + ln μ^2 m^2 ] . (6.21)

Since the initial state necessarily breaks some of the space-time symmetries, the strict relation between the standard geometric invariants on the surface and the form of the actual counterterms becomes more complicated beyond the simple case of a surface tension. For example, if we choose the δ-function derivative to match that needed, the contribution from the linear part of the extrinsic curvature is −2κ ∫ d^3⃗x √ ĝ K = − ∫_0

η_0 dη κ ∫ d^3⃗x a^3h^{μν} { 1 a δ^i_μδ^j_ν δ_{ij} δ^′(η − η_0) − a^′ a^2 [ 6δ^0_μδ^0_ν − 5δ^i_μδ^j_ν δ_{ij} ] δ(η − η_0) + · · · } ;(6.22)

so the extrinsic counterterm accounts for a part of the boundary action needed to cancel the c_2 moment of the initial state, S^{c.t.}_I ≡ − ∫_0

η_0 dη H^{c.t.}_I (η) = −2κ ∫ d^3⃗x √ ĝ K + κ ∫ d^3⃗x √ ĝ_{cl} K_{cl} [ h^{00} − 2h ] + · · · . (6.23)

Here ĝ_{cl} and K_{cl} are evaluated for the purely classical limit (h_{μν} → 0).

C. A dimension two surface counterterm

As a final example, let us consider an initial state whose structure is described by

f_k = c_1 a(η_0)m ω_k(η_0)

. (6.24)

As we add each new factor of the momentum to the shortdistance structure, we obtain an additional derivative of the scale factor or the kernel in the terms that diverge at the boundary faster than ln(η − η_0),

ρ_{surf} (η^′) = ic^∗_1m 8 a(η_0) { − a^′(η^′) a^5(η^′)

K^{(1)′′}(η^′) + [ a^{′′}(η^′) a^5(η^′) + a^{′ 2}(η^′) a^6(η^′) ] K^{(1)′}(η^′) + · · · } (6.25) and p_{surf} (η^′) = ic^∗_1m 24 a(η_0) { 1 a^4(η^′)

K^{(1)′′′}(η^′) −3 a^′(η^′) a^5(η^′)

K^{(1)′′}(η^′) + 2 a^{′′}(η_0) a(η_0) 1 a^4(η^′)

K^{(3)′′}(η^′) − [ 2 m^2 a^2(η^′) + a^{′′}(η^′) a^5(η^′) − 3 a^{′ 2}(η^′) a^6(η^′) ] K^{(1)′}(η^′) + · · · } (6.26)

If we insert these contributions of the energy-momentum in the tadpole condition of Eq. (5.13), integrate by parts a sufficient number of times to isolate the divergences on the initial boundary and then dimensionally regularize the remaining spatial momentum integrals, we obtain the following poles,

Eq. (5.13) = ic^∗_1m 96π^2 [ 1 ϵ − γ + ln 4π + ln μ^2 m^2 ]

× { 1 a^3(η_0)

∂^2 ∂η^{′2} G^{ij}_{μν,} (η, η^′) | |_{η′=η0} δ_{ij} + a^′(η_0) a^4(η_0) ∂ ∂η^′ [ G^{00}_{μν,} (η, η^′) − 7G^{ij}_{μν,} (η, η^′)δ_{ij} ] η_0 + [ 4 a^{′′}(η_0) a^4(η_0) − 2 a^{′2}(η_0) a^5(η_0) ] G^{00}_{μν,} (η, η_0) − [ 4 a^{′′}(η_0) a^4(η_0)

− 19 a^{′2}(η_0) a^5(η_0) ] G^{ij}_{μν,} (η, η_0)δ_{ij} }

+finite. (6.27) These divergences are cancelled by adding the following two-derivative term to the boundary

S^{c.t.}_λ = λ ∫ d^3⃗x { a∂^2_0 h^{00} − a∂^2_0 h + 2a^′∂_0h^{00} − a^′∂_0h

+4a^{′′}h^{00} + 5 a^{′2} a h^{00} − 3 a^{′2} a h } , (6.28) where λ = − ic^∗_1m 96π^2 [ 1 ϵ − γ + ln 4π + ln μ^2 m^2 ] . (6.29)

In terms of the interaction Hamiltonian, this counterterm action yields H^{c.t.}_I = −λ ∫ d^3⃗x a^3h^{μν} { 1 a^2 δ^i_μδ^j_ν δ_{ij} δ^{′′}(η − η_0) − a^′ a^3 [ δ^0_μδ^0_ν − δ^i_μδ^j_ν δ_{ij} ] δ^′(η − η_0) + [ 3 a^{′′} a^3 + 2 a^{′2} a^4 ] δ^0_μδ^0_ν δ(η − η_0) +3 a^{′2} a^4 δ^i_μδ^j_ν δ_{ij} δ(η − η_0) } . (6.30)

From the pattern shown in these examples, we can readily generalize to the case of the trans-Planckian terms—those scaling as some positive power of ω_k in Eq. (3.24). For the term d_n ( ω_k(η_0) a(η_0)M )_n (6.31)

the counterterms, as part of the interaction Hamiltonian, will contain terms with n + 3 derivatives which for n > 0 represent irrelevant terms, according to the power counting applied for the three-dimensional boundary action. The n = 0 term is intermediate between the long and short-distance modifications of the initial state and accordingly requires a marginal counterterm.

VII. CONCLUSIONS

The effective theory of an initial state provides a formalism for describing the signatures of new physics in a state that cannot be captured by an ordinary effective field theory. When we apply this effective theory to inflation, this new physics can potentially refer to the dynamics at the Planck scale, where the correct theory of quantum gravity has yet to be established. We have therefore allowed very general structures in the initial state, including those that do not obey the usual Hadamard condition at short distances.^2 So before we can apply this formalism, we should first show that it is perturbatively stable in both its field theoretical and gravitational components—that is, that the new short distance structures we have allowed in the state do not lead to any divergences that we cannot cancel though a suitable renormalization prescription. Moreover, even after renormalizing the divergent parts of energy-momentum tensor, it

2 For example, such non-Hadamard states can be useful for modeling the effects of a modification of the usual uncertainty relation at short-distances [17] or the appearance of some noncommutativity of space-time [23].

is important to show that the remaining trans-Planckian contribution to the gravitational equations of motion, called the back-reaction, should be sufficiently small that it does not overwhelm the original vacuum energy that sustained the inflationary expansion [12, 30, 31].

In two earlier articles [8, 9] we addressed the field theory side of the boundary renormalization. In an interacting scalar theory, the loop corrections sum over the shortdistance structures of the state; the new divergences associated with these structures are confined to the initialtime boundary and are removed by adding counterterms at that surface. Similarly, the energy-momentum in a free scalar field is also sensitive to this initial state information and it also produces divergences at the initialtime boundary that are proportional to powers of the scale factor and its derivatives. Here we have shown how these divergences are cancelled by adding gravitational counterterms at the boundary. An interesting property of these counterterms is that they are relevant or irrelevant according to whether the corresponding moment of the initial state affects the state at long or at short distances. The size of the back-reaction from the trans- Planckian part of the state was derived in [10] and was shown to be never larger than (H^2/M^2_{pl})(H/M ), viewed as a fraction of the inflationary vacuum energy.

Once we have a reliable framework, we can begin to examine how the small corrections from phenomena above the Hubble scale can influence the primordial power spectrum predicted by inflation. It is important to have such a formalism since the power spectrum will continue to be measured with an increasing accuracy throughout the next decade or so. Current [3] and future [32] experiments that measure the fluctuations in the cosmic microwave background should eventually achieve an accuracy at the level of one part in 10^3. Future galaxy surveys [33], by following the distribution of structures in the universe before the nonlinearities of their gravitational collapse have begun, should be able to measure the power spectrum to about one part in 10^5, approaching the theoretical limit of one part in 10^6 [34]. To provide some perspective, it is useful to recall that the acoustic oscillations seen by WMAP themselves represent roughly a one part in 10^5 perturbation to an otherwise perfect blackbody spectrum.

The next stage of this work [35] will be to determine the leading trans-Planckian signal in the microwave background radiation. By adding two extra parameters^3 to the minimal set used to fit the observed acoustic oscillations, we can constrain the possible trans-Planckian component of the initial state. From previous studies [13], the trans-Planckian signature tends to be rather distinctive, with a correlated amplitude and period in the correction to the primordial power spectrum. This correlation does

3 In the power series expansion given in Eq. (3.24) these parameters would be d_1 and a phase, which is related to η_0.

not naturally result, for example, from features in the inflaton potential, so it should be possible to distinguish the signatures for these two sources for small corrections to the power spectrum—the inflaton potential and the effective state.

The advantage of any effective theory is that it depends only very generally on the assumed symmetries of a system and is rather independent of the details of a particular model. So once we have fixed the leading parameter of the effective state observationally, we can apply this constraint to any model by expanding its mode functions in a power series resembling that in Eq. (3.24) and extracting the coefficient of the leading trans-Planckian term. In fact, many of the past models were originally defined in terms of the behavior of their mode functions, so translating between the effective theory and specific models for the trans-Planckian structure should be fairly straightforward. In future work we shall examine this connection between the effective theory and particular models, using a composite inflaton field as an detailed test case.

Acknowledgments

This work was supported in part by DOE grant No. DE- FG03-91-ER40682 and the National Science Foundation grant No. PHY02-44801.

APPENDIX A: KERNELS

Because the divergences associated with the effective initial state both occur specifically at the boundary and moreover depend on the specific details of the state, it is useful to introduce a general kernel function which is applicable to any boundary divergence. In Sec. V we found that a logarithmically divergent integrand can be integrated to yield a finite contribution to the graviton tadpole. Therefore we define the kernel function for this threshold case,

K^{(p)}(η) = ∫ d^3⃗k (2π)^3 e^{−2i} ∫_η η0 dη^′ Ω_k(η^′)

Ω^{3−p}_k (η)Ω^p_k(η_0)

, (A1)

so that K^{(p)}(η_0) has a logarithmic divergence from the large k region of the integral. We can easily generate an arbitrary divergent momentum integral by differentiating K^{(p)}(η) a sufficient number of times; among the examples we have presented, we encountered linearly and quadratically divergent contributions to the tadpole integrand which are produced by K^{(p)′}(η) = −2i ∫ d^3⃗k (2π)^3 e^{−2i} ∫_η η0 dη^′ Ω_k(η^′ )

Ω^{2−p}_k (η)Ω^p_k(η_0) × { 1 − i 2 (3 − p)

Ω^′_k(η) Ω^2_k(η) } (A2) and K^{(p)′′}(η) = −4 ∫ d^3⃗k (2π)^3 e^{−2i} ∫_η η0 dη^′ Ω_k(η^′ )

Ω^{1−p}_k (η)Ω^p_k(η_0) × { 1 − i 2 (5 − 2p)

Ω^′_k(η) Ω^2_k(η) + 1 4 (3 − p)

Ω^{′′}_k(η) Ω^3_k(η) − 1 4 (3 − p)(4 − p) ( Ω^′_k(η)

)_2

Ω^4_k(η) } . (A3)

Since we are not concerned with the finite parts of the integrand of the tadpole—these just modify slightly the standard “bulk” equations of motion—we expand these general kernels in terms of the frequency ω_k we introduced for our adiabatic approximation. Expanding each of the three cases above and only retaining the terms that diverge at η = η_0, we find

K^{(p)}(η) = ∫ d^3⃗k (2π)^3 e^{−2i} ∫_η η0 dη^′ Ω_k(η^′ )

ω^{3−p}_k (η)ω^p_k(η_0) { 1 + O ( 1 ω^2_k )}

(A4) and

K^{(p)′}(η) = −2i ∫ d^3⃗k (2π)^3 e^{−2i} ∫_η η0 dη^′ Ω_k(η^′)

ω^{2−p}_k (η)ω^p_k(η_0) { 1 + O ( 1 ω^2_k )}

(A5) and

K^{(p)′′}(η) = −4 ∫ d^3⃗k (2π)^3 e^{−2i} ∫_η η0 dη^′ Ω_k(η^′ )

ω^{1−p}_k (η)ω^p_k(η_0) × { 1 + 1 2 1 − p ω^2_k(η) a^{′′}(η) a(η) + 1 2 p ω^2_k(η_0) a^{′′}(η_0) a(η_0) +O ( 1 ω^4_k )} . (A6)

[1] A. Linde, Particle Physics and Inflationary Cosmology (Harwood Academic, Chur, Switzerland, 1990) [hep-th/0503203]; E. W. Kolb and M. S. Turner, The Early Universe (Addison-Wesley, Reading, MA, 1990); A. Liddle and D. Lyth, Cosmological Inflation and Large- Scale Structure (Cambridge University Press, Cambridge, England, 2000); S. Dodelson, Modern Cosmology (Academic Press, San Diego, CA, 2003).

[2] U. Seljak, Astrophys. J. 435, L87 (1994) [astro-ph/9406050]; W. Hu and N. Sugiyama, Astrophys. J. 444, 489 (1995) [astro-ph/9407093]; U. Seljak and M. Zaldarriaga, Astrophys. J. 469, 437 (1996) [astro-ph/9603033].

[3] D. N. Spergel et al., astro-ph/0603449; H. V. Peiris et al., Astrophys. J. Suppl. 148, 213 (2003) [astro-ph/0302225]; D. N. Spergel et al. [WMAP Collaboration], Astrophys. J. Suppl. 148, 175 (2003) [astro-ph/0302209]; C. L. Bennett et al., Astrophys. J. Suppl. 148, 1 (2003) [astro-ph/0302207].

[4] D. J. Eisenstein et al. [SDSS Collaboration], Astrophys.

J. 633, 560 (2005) [astro-ph/0501171]. [5] L. Page et al., astro-ph/0603450.

[6] R. H. Brandenberger, astro-ph/0411671; R. H. Brandenberger, AAPPS Bull. 11, 20 (2001) [astro-ph/0208103]; R. H. Brandenberger, hep-ph/9910410.

[7] J. Martin and R. H. Brandenberger, Phys. Rev. D 63, 123501 (2001) [hep-th/0005209]; R. H. Brandenberger and J. Martin, Mod. Phys. Lett. A 16, 999 (2001) [astro-ph/0005432].

[8] H. Collins and R. Holman, Phys. Rev. D 71, 085009 (2005) [hep-th/0501158].

[9] H. Collins and R. Holman, hep-th/0507081. [10] H. Collins and R. Holman, Phys. Rev. D 74, 045009 (2006) [hep-th/0605107].

[11] K. Schalm, G. Shiu and J. P. van der Schaar, JHEP 0404, 076 (2004) [hep-th/0401164]; B. Greene, K. Schalm, J. P. van der Schaar and G. Shiu, eConf C041213, 0001

(2004) [astro-ph/0503458].

[12] B. R. Greene, K. Schalm, G. Shiu and J. P. van der Schaar, JCAP 0502, 001 (2005) [hep-th/0411217]; K. Schalm, G. Shiu and J. P. van der Schaar, AIP Conf. Proc. 743, 362 (2005) [hep-th/0412288].

[13] R. Easther, W. H. Kinney and H. Peiris, JCAP 0505, 009 (2005) [astro-ph/0412613]; R. Easther, W. H. Kinney and H. Peiris, astro-ph/0505426.

[14] P. R. Anderson, C. Molina-Paris and E. Mottola, Phys.

Rev. D 72, 043515 (2005) [hep-th/0504134].

[15] N. Kaloper, M. Kleban, A. E. Lawrence and S. Shenker, Phys. Rev. D 66, 123510 (2002) [hep-th/0201158]; N. Kaloper, M. Kleban, A. Lawrence, S. Shenker and L. Susskind, JHEP 0211, 037 (2002) [hep-th/0209231].

[16] C. P. Burgess, J. M. Cline, F. Lemieux and R. Holman, JHEP 0302, 048 (2003) [hep-th/0210233]; C. P. Burgess, J. M. Cline and R. Holman, JCAP 0310, 004 (2003) [hep-th/0306079]; C. P. Burgess, J. Cline, F. Lemieux and R. Holman, astro-ph/0306236.

[17] R. Easther, B. R. Greene, W. H. Kinney and G. Shiu, Phys. Rev. D 64, 103502 (2001); R. Easther, B. R. Greene, W. H. Kinney and G. Shiu, Phys. Rev. D 67, 063508 (2003); G. Shiu and I. Wasserman, Phys. Lett. B 536, 1 (2002); R. Easther, B. R. Greene, W. H. Kinney and G. Shiu, Phys. Rev. D 66, 023518 (2002).

[18] J. C. Niemeyer, Phys. Rev. D 63, 123502 (2001);

A. Kempf, Phys. Rev. D 63, 083514 (2001); J. C. Niemeyer and R. Parentani, Phys. Rev. D 64, 101301 (2001); A. Kempf and J. C. Niemeyer, Phys. Rev. D 64, 103501 (2001); A. A. Starobinsky, Pisma Zh. Eksp. Teor. Fiz. 73, 415 (2001) [JETP Lett. 73, 371 (2001)]; L. Hui and W. H. Kinney, Phys. Rev. D 65, 103507 (2002); S. Shankaranarayanan, Class. Quant. Grav. 20, 75 (2003); S. F. Hassan and M. S. Sloth, Nucl. Phys. B 674, 434 (2003); K. Goldstein and D. A. Lowe, Phys. Rev. D 67, 063502 (2003); V. Bozza, M. Giovannini and G. Veneziano, JCAP 0305, 001 (2003); G. L. Alberghi, R. Casadio and A. Tronconi, Phys. Lett. B 579, 1 (2004); J. Martin and R. Brandenberger, Phys. Rev. D 68, 063513 (2003); U. H. Danielsson, Phys. Rev. D 66, 023511 (2002); U. H. Danielsson, JHEP 0207, 040 (2002); R. H. Brandenberger and J. Martin, Int. J. Mod. Phys. A 17, 3663 (2002).

[19] D. Boyanovsky, H. J. de Vega and N. G. Sanchez, astro-ph/0607508; D. Boyanovsky, H. J. de Vega and N. G. Sanchez, astro-ph/0607487.

[20] H. Georgi, “Weak Interactions And Modern Particle Theory,” (Benjamin/Cummings, Menlo Park, California, 1984); H. Georgi, “Effective field theory,” Ann. Rev. Nucl. Part. Sci. 43, 209 (1993); I. Z. Rothstein, “TASI lectures on effective field theories,” hep-ph/0308266.

[21] G. W. Gibbons and S. W. Hawking, Phys. Rev. D 15, 2752 (1977).

[22] T. S. Bunch and P. C. Davies, Proc. Roy. Soc. Lond. A 360, 117 (1978).

[23] G. Amelino-Camelia, L. Smolin and A. Starodubtsev, Class. Quant. Grav. 21, 3095 (2004) [hep-th/0306134]; L. Smolin, hep-th/0501091; L. Smolin, hep-th/0605052.

[24] M. B. Einhorn and F. Larsen, Phys. Rev. D 67, 024001 (2003) [hep-th/0209159].

[25] H. Collins, R. Holman and M. R. Martin, Phys.

Rev. D 68, 124012 (2003) [hep-th/0306028]; H. Collins and M. R. Martin, Phys. Rev. D 70, 084021 (2004) [hep-ph/0309265]; H. Collins, hep-th/0312144.

[26] S. M. Christensen, Phys. Rev. D 14, 2490 (1976). [27] N. D. Birrell and P. C. W. Davies, Quantum Fields in Curved Space (Cambridge University Press, Cambridge, UK, 1982); R. M. Wald, General Relativity (The University of Chicago Press, Chicago, IL, 1984); S. M. Fulling, Aspects of Quantum Field Theory in Curved Spacetime (Cambridge University Press, Cambridge, UK, 1989).

[28] L. Parker and S. A. Fulling, Phys. Rev. D 9, 341 (1974);

S. A. Fulling and L. Parker, Annals Phys. 87, 176 (1974); S. A. Fulling, L. Parker and B. L. Hu, Phys. Rev. D 10, 3905 (1974); T. S. Bunch, J. Phys. A 13, 1297 (1980); P. R. Anderson and L. Parker, Phys. Rev. D 36, 2963 (1987); N. D. Birrell, Proc. Roy. Soc. Lond. 361, 513 (1978).

[29] J. S. Schwinger, J. Math. Phys. 2, 407 (1961);

L. V. Keldysh, Zh. Eksp. Teor. Fiz. 47, 1515 (1964) [Sov. Phys. JETP 20, 1018 (1965)]; K. T. Mahanthappa, Phys. Rev. 126, 329 (1962); P. M. Bakshi and K. T. Mahanthappa, J. Math. Phys. 4, 12 (1963).

[30] M. Porrati, Phys. Lett. B 596, 306 (2004) [hep-th/0402038]. M. Porrati, hep-th/0409210. F. Nitti, M. Porrati and J. W. Rombouts, hep-th/0503247.

[31] D. Lopez Nacir, F. D. Mazzitelli and C. Simeone, Phys.

Rev. D 72, 124013 (2005) [gr-qc/0511046].

[32] J. A. Tauber on behalf of ESA and the Planck Scientific Collaboration, Adv. Space Res. 34, 491 (2004).

[33] Two such examples include the Square Kilometre Array and the Cosmic Inflation Probe: respectively, S. Rawlings, F. B. Abdalla, S. L. Bridle, C. A. Blake, C. M. Baugh, L. J. Greenhill and J. M. van der Hulst, New Astron. Rev. 48, 1013 (2004) [astro-ph/0409479] and G. J. Melnick, G. G. Fazio, V. Tolls, D. T. Jaffe, K. Gebhardt, V. Bromm, E. Komatsu, and R. A. Woodruff, Am. Astron. Soc. Meeting 205 (2004) 10006.

[34] D. N. Spergel, “What will cosmological observations tell us about dark energy and inflation?” talk given at 5th Northeast String Cosmology Meeting, Columbia University, May 13, 2005.

[35] H. Collins and R. Holman, in progress.