arXiv:hep-th/0609118 v1 17 Sep 2006

Renormalized Effective Actions in Radially Symmetric Backgrounds I: Partial Wave Cutoff Method

Gerald V. Dunne^∗ Department of Physics, University of Connecticut, Storrs, CT 06269, USA; and Centre for the Subatomic Structure of Matter, Department of Physics, University of Adelaide, SA 5005, Australia

Jin Hur^† and Choonkyu Lee^‡ Department of Physics and Center for Theoretical Physics Seoul National University, Seoul 151-742, Korea

Abstract

The computation of the one-loop effective action in a radially symmetric background can be reduced to a sum over partial-wave contributions, each of which is the logarithm of an appropriate one-dimensional radial determinant. While these individual radial determinants can be evaluated simply and efficiently using the Gel’fand-Yaglom method, the sum over all partial-wave contributions diverges. A renormalization procedure is needed to unambiguously define the finite renormalized effective action. Here we use a combination of the Schwinger proper-time method, and a resummed uniform DeWitt expansion. This provides a more elegant technique for extracting the large partial-wave contribution, compared to the higher order radial WKB approach which had been used in previous work. We illustrate the general method with a complete analysis of the scalar one-loop effective action in a class of radially separable SU(2) Yang-Mills background fields. We also show that this method can be applied to the case where the background gauge fields have asymptotic limits appropriate to uniform field strengths, such as for example in the Minkowski solution, which describes an instanton immersed in a constant background. Detailed numerical results will be presented in a sequel.

∗Electronic address: dunne@phys.uconn.edu †Electronic address: hurjin2@snu.ac.kr ‡Electronic address: cklee@phya.snu.ac.kr

I. INTRODUCTION

In the study of quantum field theories, one is often led to consider the one-loop effective action in nontrivial background fields. While the renormalization counterterm structure of one-loop effective actions can readily be exhibited for general backgrounds, the explicit evaluation of its full finite part in an interesting specific background still constitutes a highly nontrivial problem. For gauge theories, explicit analytic results are known only for very special backgrounds: the Euler-Heisenberg effective action for a background with constant abelian field strength [1, 2, 3], its generalization to a nonabelian covariantly constant background [4, 5, 6, 7], and a special solvable abelian background [8, 9, 10, 11]. For applications in both continuum and lattice field theory, one would like to enlarge this set of backgrounds for which we have accurate computations of the finite renormalized effective action.

In a series of recent publications (together with Hyunsoo Min) [12], we presented a new method for computing the renormalized one-loop effective action in a radially symmetric nonabelian background, and used it to evaluate explicitly the QCD single-instanton determinant for arbitrary quark mass values. The related computation in the massless limit was performed in a classic paper of ’t Hooft [13], while the heavy quark mass limit was studied in [14, 15]. The new method in [12] works for any quark mass, not relying on small or large mass expansions, and the result interpolates smoothly and precisely between these two extremes. In this paper we present the general formalism, and we introduce a simplified analysis based on a uniform Schwinger-DeWitt expansion, replacing the higher order radial WKB analysis used in [12, 16]. This approach has also been used to evaluate the exact determinant prefactor in false vacuum decay (or nucleation) [17]. We also note that a related method has recently been applied to the two-dimensional chiral Higgs model [18]. Finally, an alternative derivation, using zeta functions rather than a partial-wave cutoff, of the determinant of a radially symmetric Schrödinger operator has been given in [19].

The starting idea is very simple. If the background field is radially symmetric, the effective action Γ can be expressed formally in terms of one-dimensional functional determinants of radial differential operators for various partial waves. Explicitly, writing J for all quantum numbers specific to a given partial wave, it has the general structure Γ ∼ ∞∑ J=0 ln ( det(H_J + m^2) det(H^{free}_J + m^2) ) . (1.1)

Here H_J , the radial Schrödinger-type differential operator for the J-th partial wave, contains a nontrivial (background-dependent) potential term, while H^{free}_J is the corresponding free operator. In general there will also be appropriate degeneracy factors in the sum. For a given partial wave J, the individual determinant is finite once we divide by the corresponding ‘free’ contribution. These finite one-dimensional determinants can be evaluated easily using the Gel’fand-Yaglom method [20, 21, 22, 23, 24, 25, 26], which reduces the computation to a trivial (numerical) integration with initial value boundary conditions.

The non-trivial aspect of this approach is that the sum over partial waves J diverges (in spacetime dimension d ≥ 2). This is of course because the formal sum in (1.1) neglects renormalization. We solve this problem by introducing a partial-wave cutoff J_L, and we isolate the divergence of the sum in a form that can be absorbed via renormalization. Specific details are presented in the body of this paper, but the general structure is that we write the sum as Γ = J_L∑ J=0 ln ( det(H_J + m^2) det(H^{free}_J + m^2) ) + ∞∑ J>J_L ln ( det(H_J + m^2) det(H^{free}_J + m^2) ) + (counterterm) . (1.2)

The finite, renormalized effective action is then evaluated as follows:

• The first sum is evaluated numerically using the Gel-fand Yaglom method.

• The second sum is evaluated analytically in the large J_L limit, after regulating the determinants. This step uses our uniform Schwinger-DeWitt expansion and Euler- Maclaurin summation.

• The analytic large J_L behavior of the regulated determinants leads to the correct renormalization counterterm, and moreover cancels exactly the numerical divergences of the first sum as J_L → ∞. This produces a finite renormalized answer.

The technically difficult part of the computation is the analytic computation of the large J_L behavior of the second sum in (1.2). This was achieved in [12] using second-order radial WKB, based on Dunham’s formula [27]. While this is very general, it can be quite cumbersome for complicated background fields. In this paper we present a simpler method to implement this part of the computation. The analysis reduces to simple algebraic manipulations, and can be more readily generalized. With this new approach we can now evaluate exactly the finite renormalized effective action for a very general class of radially-symmetric backgrounds. In fact, with a background field involving an unspecified radial function, the large partial-wave contribution to the renormalized effective action can now be evaluated explicitly. This will be important to discuss the background-field-dependence of the effective action and also to test various approximation schemes.

This paper is organized as follows. In Section II we define the renormalized one-loop effective action for the case of a scalar field in a class of spherically-symmetric Yang-Mills background fields, assuming four dimensional Euclidean spacetime. Its Schwinger propertime representation [2] is given. The full amplitude is then expressed using partial wave amplitudes, and we also elaborate here on the role of the two kinds of proper-time Green functions, one related to the quadratic differential operator given in 4-D spacetime and the other for the radial quadratic differential operator. In Section III we explain how the large-l partial wave contribution to the full effective action can be evaluated explicitly using a generalized DeWitt WKB expansion for the radial proper-time Green function (i.e., the 1 l -expansion) and the Euler-Maclaurin summation method. This allows us to present the renormalized one-loop effective action (in the class of spherically symmetric backgrounds) in a form amenable to direct numerical analysis. In Section IV we show that our^1_l -expansion formula can be applied to the calculation of the large partial-wave contribution even when background gauge fields do not fall off at large distance but approach those of uniform field strength. Also given here is the exact partial-wave-based treatment of the effective action in the background corresponding to strictly uniform self-dual field strengths. In Section V we conclude with some relevant discussions and comments. There are several appendices which contain supplementary materials and some technical details. In Appendix A the explicit form of the free radial proper-time Green function in n spacetime dimension is considered. In Appendix B we study the coefficient functions in the^1_l -expansion when the potential is matrix-valued. Appendix C contains a brief account of the Euler-Maclaurin summation formula, and some explicit results obtained using this formula in connection with our problem. In a sequel we will address matrix-valued problems in more detail, and present detailed numerical results for the general radial cases for which the formalism is developed in this current paper.

II. EFFECTIVE ACTION IN RADIALLY SYMMETRIC BACKGROUNDS

A. Renormalized Effective Action

We choose for our field theory model an SU(2) Euclidean Yang-Mills theory with a complex scalar matter field (in the fundamental representation), in four dimensional spacetime. As far as our general methodology is concerned, the model choice is not crucial; but, by choosing this case, we are able to crosscheck readily the findings of the present work against those of Refs. [12, 16]. The case with Dirac fields is quite similar if one works with the squared Dirac operator. Also, by considering a gauge theory (rather than the much simpler scalar field theory), we can demonstrate the gauge invariance of our calculational method for the renormalized effective action.

Consider a generic Yang-Mills background : A_μ(x) ≡ A^a_μ(x)^{τ a}_2 (μ = 1, 2, 3, 4, a = 1, 2, 3; τ ’s denote 2 × 2 Pauli matrices). The Pauli-Villars regularized one-loop effective action associated with scalar field fluctuations can be represented by

Γ_Λ(A; m) = ln [ det(−D^2 + m^2) det(−∂^2 + Λ^2) det(−∂^2 + m^2) det(−D^2 + Λ^2) ] , (2.1)

where m is the scalar mass, Λ a heavy regulator mass, and D^2 the covariant Laplacian operator D^2 ≡ D_μD_μ , (D_μ = ∂_μ − iA_μ(x)). (2.2) The Schwinger proper-time representation for the form (2.1) is

Γ_Λ(A; m) = − ∫_∞ 0 ds s ( e^{−m2 s} − e^{−Λ2 s} ) F (s) , (2.3)

with F (s) given by (s is the proper-time variable)

F (s) = ∫ d^4x tr ⟨ x | | | { e^{−s(−D2 )} − e^{−s(−∂2)} }| | x ⟩ . (2.4)

The proper-time Green’s function

Δ(x, x^′; s) ≡ ⟨x|e^{−s(−D2 )}|x^′⟩ , (2.5)

admits an asymptotic expansion, the DeWitt (or heat kernel) expansion [28, 29]: ⟨ x | | |e^{−s(−D2 )} | | | x^′ ⟩ ∼ 1 (4πs)^2 e^{−|x−x′ |2/4s} {_∞ ∑ n=0 s^na_n(x, x^′) } , for s → 0 + . (2.6)

The expansion coefficients, a_n(x, x^′) (n = 0, 1, 2, · · ·), and especially the coincidence limits a_n(x, x) of the first few terms, can be found most simply using recurrence relations satisfied by the a_n(x, x^′)’s. The divergence structure of Γ_Λ(A; m) as Λ → ∞ is governed by the values of tr a_1(x, x) and tr a_2(x, x), and in our case we have [28, 29] tr a_1(x, x) = 0, tr a_2(x, x) = − 1 12 tr[F_{μν} (x)F_{μν} (x)] , (2.7) where F_{μν} ≡ F^a_{μν}^{τ a}_2 = i[D_μ, D_ν ] is the field strength. Then the renormalized one-loop effective action in the minimal subtraction scheme is defined as

Γ_{ren}(A; m) = lim_{Λ→∞} [ Γ_Λ(A; m) − 1 12 1 (4π)^2 ln ( Λ^2 μ^2 ) ∫ d^4x tr[F_{μν} (x)F_{μν} (x)] ] , (2.8) where μ is the renormalization scale.

B. Radial Backgrounds

It is a very difficult problem to explicitly evaluate this renormalized effective action (2.8). For a generic background gauge field A_μ(x), there is currently no known method leading to an exact evaluation of the one-loop effective action. On the other hand, there are many interesting physical applications (e.g., vortices, monopoles, instantons, . . . ) where the gauge background is radially symmetric. In this paper we show that this radial symmetry is strong enough to permit the computation of the renormalized effective action (2.8).

A large class of such radial backgrounds is covered by the ansatz form:

A_μ(x) = 2η_{μνa}x_ν f(r) τ^a 2 + 2η_{μν3}x_ν g(r) τ^3 2 , (r ≡ |x| = √ x_μx_μ) (2.9) where the radial functions f(r) and g(r) are left unspecified, and η_{μνa} (a = 1, 2, 3) denote the standard ’t Hooft symbols [13]. With A_μ(x) of the form (2.9), the covariant Laplacian operator −D^2 becomes (here^{τ a}_2 ≡ T_a)

− D^2 = −∂_μ∂_μ + 4if(r)η_{μνa}T_ax_ν ∂_μ + 4ig(r)η_{μν3}T_3x_ν ∂_μ + 4f(r)^2η_{μνa}η_{μλb}T_aT_bx_ν x_λ +4g(r)^2η_{μν3}η_{μλ3}T^2_3 x_ν x_λ + 8f(r)g(r)η_{μνa} η_{μλ3}T_aT_3x_ν x_λ . (2.10) We may then define [13] the operators L_a ≡ −^i_2 η_{μνa}x_μ∂_ν (satisfying angular-momentum commutation relations [L_a, L_b] = iϵ_{abc}L_c) and use the relations η_{μνa}η_{μλb} = δ_{ab}δ_{νλ} + ϵ_{abc}η_{νλc} , T_aT_a = 3 4 1 , −∂_μ∂_μ = − ∂^2 ∂r^2 − 3 r ∂ ∂r + 4 r^2

⃗L^2 , (⃗L^2 ≡ L_aL_a) (2.11) to recast the expression (2.10) as − D^2 = −

∂^2 ∂r^2 − 3 r ∂ ∂r + 4 r^2

⃗L^2 + 8f(r) ⃗T · ⃗L + 8g(r)T_3L_3 +r^2 { 3f(r)^2 + g(r)^2 + 2f(r)g(r) } . (2.12) Based on this form, we may associate an infinite number of partial-wave radial differential operators with the given system. We distinguish between three important cases.

1. Case 1 : g(r) ≡ 0, but f(r) ≠ 0

Suppose that g(r) ≡ 0, but f(r) ≠ 0. This is the form relevant to the instanton computation in [12, 13]. Then A_μ(x) is given by the first piece only on the right hand side of (2.9). Then, noting that there exists another set of angular-momentum-like operators L̄_a ≡ −^i_2η̄_{μνa}x_μ∂_ν (satisfying [L_a, L̄_b] = 0 and L̄_aL̄_a = L_aL_a ≡ ⃗L2 ) [13], partial waves can be specified by the quantum numbers J_1 ≡ (l, j, j_3, l̄_3), where (⃗L^2)^′ = l(l + 1), l = 0, 1 2 , 1, 3 2 , · · · ; ( ⃗J^2)^′ = j(j + 1), (with J_a ≡ L_a + T_a), j = | | | |l ± 1 2 | | | | ; (J_3)^′ ≡ j_3 = −j, −j + 1, · · · , j ;

(L̄_3)^′ ≡ l̄_3 = −l, −l + 1, · · · , l. (2.13) The radial differential operator, representing −D^2 in the given partial wave sector, thus assumes the form

H_{J1} ≡ −D^2_{(l,j)} = −∂^2_{(l)} + 4f(r) [ j(j + 1) − l(l + 1) − 3 4 ] + 3r^2f(r)^2 , (2.14) where ∂^2_{(l)} is the partial-wave form of the free Laplacian ∂_μ∂_μ :

∂^2_{(l)} ≡

∂^2 ∂r^2 + 3 r ∂ ∂r − 4 r^2 l(l + 1) (2.15)

2. Case 2: f(r) = 0, but g(r) ≠ 0

The system with f(r) = 0, but g(r) ≠ 0, is simpler: here, partial waves are specified by the quantum numbers J_2 ≡ (l, l_3, t_3, l̄_3), where (L_3)^′ ≡ l_3 = −l, −l+1, · · · , l and (T_3)^′ ≡ t_3 = ±^1_2 . In this case, the radial differential operator becomes H_{J2} ≡ −D^2_{(l,l3,t3)} = −∂^2_{(l)} + 8g(r)l_3t_3 + r^2g(r)^2. (2.16)

3. Case 3: both f(r) and g(r) nonvanishing

The situation is somewhat more complicated if both f(r) and g(r) are nonvanishing, since −D^2 will then be nondiagonal in either basis considered above. This case can be treated by allowing partial wave sectors themselves to be finite-dimensional vector spaces. Explicitly, taking a partial wave specified by the quantum numbers J_3 ≡ (l, j_3, l̄_3), we can represent the operator T_3L_3 according to

T_3L_3 ↔

j^2_3 2l+1 − 1 4 −^{j3}_{2l+1} √ (l +^1_2 )^2 − j^2_3 −^{j3}_{2l+1} √ (l +^1_2 )^2 − j^2_3 −^{j23}_{2l+1} −^1_4

, if j_3 = −l + 1 2 , · · · , l − 1 2 T_3L_3 ↔ 1 2 l, if j_3 = ±(l + 1 2 ), (2.17) where the 2 × 2 matrix, appearing when |j_3| ≠ l +^1_2 , is defined relative to the basis vectors |j = l ±^1_2 ⟩. This allows us to represent −D^2 in the given partial wave by the (matrix) radial differential operator

H_{J3} ≡ −D^2_{(l,j3)} =

−∂^2_{(l)} + W (r) + Z_{(l,j3 )} , if j_3 = −l +^1_2 , · · · , l −^1_2 −∂^2_{(l)} + W (r) + 4lf(r) + 4lg(r) , if j_3 = ±(l +^1_2 ),

(2.18)

where

W (r) = r^2 { 3f(r)^2 + g(r)^2 + 2f(r)g(r) } , (2.19)

Z_{(l,j3)} =

4lf(r) + 8(^{j23}_{2l+1} −^1_4 )g(r) −^{8j3}_{2l+1} √ (l +^1_2 )^2 − j^2_3 g(r) −^{8j3}_{2l+1} √ (l +^1_2 )^2 − j^2_3 g(r) −4(l + 1)f(r) − 8(^{j3}_{2l+1} +^1_4 )g(r)

. (2.20)

The Gel’fand-Yaglom method has a straightforward generalization [25] to matrix-valued operators, so the numerical part of the computation follows as before. Such matrix-valued radial operators have in fact been considered in [18], and also occur naturally when considering fluctuations of a Dirac-spinor matter field in a radially symmetric background.

An interesting subclass of these radial backgrounds consists of those that are self-dual (or anti-self-dual). Such gauge fields satisfy automatically the classical Yang-Mills field equations, and as such they are of particular importance. With our potential form in (2.9), such self-dual or anti-self-dual configurations are obtained if certain special functional forms are chosen for f(r) and g(r). Explicitly, for self-dual configurations, the following choices can be made:

(i) f(r) =^1_{r2+ρ2} , g(r) = 0 (i.e., A_μ = η_{μνa}^{xν}_{r2+ρ2} τ^a) for a single instanton solution in the regular gauge;

(ii) f(r) = 0, g(r) = −^B_2 = const. (i.e., A_μ = −η_{μνa}x^{ν B}_2 τ^a) for a uniform self-dual field strength background;

(iii) f(r) =^b_{sinh[b(r2+ρ2 )]} , g(r) = b tanh[^b_2 (r^2 + ρ^2)] for the so-called Minkowski solution [30] which describes a single instanton immersed in a uniform background.

Note that the Minkowski solution reduces to the case (i) or (ii) in appropriate limits. Antiself-dual solutions may be obtained for the choice f(r) =^{ρ2}_{r2 (r2+ρ2 )} , and g(r) = 0 (i.e., A_μ = η_{μνa}^{xν ρ2}_{r2(r2+ρ2 )} ); this corresponds to a single anti-instanton in the singular gauge. With any of these classical solutions chosen as the background, our discussion above tells us that the operator −D^2 can be written in the partial-wave expanded form. In particular, in the case of the Minkowski solution for which both f(r) and g(r) are nonvanishing, the related partial-wave differential operator will take a 2 × 2 matrix form.

But, in the following analysis, it will be sufficient to assume that our background potentials are just of the radial form (2.9) — i.e., they do not have to satisfy classical field equations.

C. Partial Wave Decomposition of Effective Action

Taking advantage of this radial symmetry, we can make a partial wave decomposition in (2.4): F (s) = ∑ J F_J (s) , (2.21)

where F_J (s) = ∫_∞ 0 dr tr { Δ̃_J (r, r; s) − Δ̃^{free}_J (r, r; s) } . (2.22) The proper-time radial Green’s function for each partial wave J is defined as Δ̃_J (r, r^′; s) ≡ ⟨r|e^{−s H̃}J |r^′⟩ , (2.23) in terms of the radial operator

H̃_J ≡ 1 r^{3/2} H_J r^{3/2} = − d^2 dr^2 + V_J (r) . (2.24)

Note that we have extracted a measure factor r^{3/2} in writing H̃ = r^{−3/2} H r^{3/2}. The form of the (possibly matrix valued) radial potential V_J (r) depends on the specific form of the gauge field entering the covariant Laplacian operator. In each case, the effective radial partial-wave potential V_J (r) contains a centrifugal term, having the structure

V_J (r) =

4l(l + 1) +^3_4 r^2

+ U_J (r) , (2.25)

where l is the half-integer valued quantum number in (2.13).

The partial-wave-based representation of the regularized effective action is :

Γ_Λ(A; m) = − ∑ J ∫_∞ 0 ds s ( e^{−m2 s} − e^{−Λ2 s} ) ∫ ∞ 0 dr tr { Δ̃_J (r, r; s) − Δ̃^{free}_J (r, r; s) } . (2.26)

Then, for the explicit evaluation of the renormalized effective action given by (2.8), it is convenient to separate the partial wave sum into two parts [12, 16]: (i) the sum over partial waves with J ≤ J_L (here, J_L is chosen such that it may refer to some large l-value, l = L); and (ii) the remaining infinite sum involving all J > J_L terms. In the first contribution involving the finite J-sum, the regulator plays no role in the limit Λ → ∞, and so may be removed from this sum. Based on this procedure, we can now write

Γ_{ren}(A; m) = Γ_{J≤JL} (A; m) + Γ_{J>JL} (A; m) , (2.27)

with Γ_{J≤JL} (A; m) = − ∑ J≤J_L ∫_∞ 0 ds s e^{−m2 s} ∫_∞ 0 dr tr { Δ̃_J (r, r; s) − Δ̃^{free}_J (r, r; s) }

= ∑ J≤J_L ln det

( H̃_J + m^2 H̃free_J + m2 ) , (2.28) Γ_{J>JL} (A; m) = − ∑ J>J_L ∫_∞ 0 ds s ( e^{−m2 s} − e^{−Λ2 s} ) F_J (s) − 1 12 1 (4π)^2 ln ( Λ^2 μ^2 ) ∫ d^4x tr(F_{μν} F_{μν} ). (2.29)

In the right hand side of (2.28), ln det(^{H̃J +m2}_{H̃freeJ +m2} ) may well be replaced by ln det(^{HJ +m2}_{HfreeJ +m2} ), the two being the same. In our model cases, we notice that not all quantum numbers in J are relevant for our radial Green function Δ_J (r, r^′; s). In view of this, for the three possible forms of H_J considered above [see (2.14), (2.16) and (2.18)], we may express the decomposition formula (2.21) in the more explicit forms:

Case 1 : F (s) = ∑ (l,j) (2j + 1)(2l + 1)F_{(l,j)}(s)

= ∑ l=0,^1_2 ,1,··· (2l + 1)(2l + 2)[F_{(l,j=l+} 1_{2 )}(s) + F_{(l+} 1_{2 ,j=(l+} 1_{2 )−} 1_{2 )}(s)] , (2.30a)

Case 2 : F (s) = ∑ l=0,^1_2 ,1,··· l∑ l_3=−l ∑ t_3=±^1_2

(2l + 1)F_{(l,l3,t3)}(s) , (2.30b)

Case 3 : F (s) = ∑ l=0,^1_2 ,1,··· l+^1_2∑

j_3 =−(l+^1_2 )

(2l + 1)F_{(l,j3)}(s) . (2.30c)

Note that the degeneracy factors here contain a common factor (2l + 1) from the l̄_3-sum. Here, as the notations of (2.30a)-(2.30c) are used, the designation J ≤ J_L or J > J_L may be identified with the appropriate division in the values of the quantum number l, i.e., J ≤ J_L when l ≤ L (L is some, arbitrarily chosen, large value) and J > J_L when l > L. For example, the low partial wave sum in (2.28) is expressed explicitly as:

Case 1 : Γ_{J≤JL} (A, m) = L∑ l=0 (2l + 1)(2l + 2){ln det(−D^2_{(l,l+1/2)} + m^2)

det(−∂^2_{(l)} + m^2)

+ ln det(−D^2_{(l+1/2,l)} + m^2) det(−∂^2_{(l+1/2)} + m^2) } (2.31a) Case 2 : Γ_{J≤JL} (A, m) = L∑ l=0 l∑ l_3=−l ∑ t_3=±1/2

(2l + 1) ln det(−D^2_{(l,l3,t3)} + m^2) det(−∂^2_{(l)} + m^2)

(2.31b) Case 3 : Γ_{J≤JL} (A, m) = L∑ l=0 l+^1_2∑

j_3 =−(l+^1_2 )

(2l + 1) ln det(−D^2_{(l,j3)} + m^2) det(−∂^2_{(l)} + m^2)

(2.31c)

The low partial wave contribution, Γ_{J≤JL} , in (2.28), may be determined numerically. On the other hand, the large partial wave contribution, Γ_{J>JL} , in (2.29), is calculated analytically for large L, to the desired accuracy in powers of 1/L.

D. Low Partial Wave Contribution

To evaluate the low partial wave contribution Γ_{J≤JL} , we use the Gel’fand-Yaglom technique [20, 21, 22, 23, 24, 25, 26], which can be summarized as follows. Suppose M_1 and M_2 denote two second-order radial differential operators on the interval r ∈ [0, ∞). Then the ratio of the determinants is given by det M_1 det M_2

= lim_{R→∞} ( Φ_1(R) Φ_2(R) ) , (2.32) where Φ_i(r) (i = 1, 2) satisfy the initial value problems : M_iΦ_i(r) = 0 ; Φ_i(r) ∼ r^{2l} as r → 0 . (2.33) Here l is the index in the centrifugal term in (2.25). Since an initial value problem is extremely simple to solve numerically, this provides an efficient calculational method for the individual radial determinants. Here we take M_1 = H_J + m^2, and M_2 = H^{free}_J + m^2. Thus, Φ_2(r) is in fact known analytically. Then better numerical results are obtained [12] by considering directly the initial value problem with the second-order differential equation derived for the ratio function S(r) = ln(Φ_1(r)/Φ_2(r)). This method has been implemented successfully in [12] for the instanton determinant computation, and for the false vacuum decay problem in both flat [17] and curved [31] spacetime. Furthermore, this method of calculating radial determinants can be generalized to the case when the second-order differential operator M in question contains a matrix-type potential [25], as in our Case 3. Explicit numerical results for the three radial cases discussed above will be presented in the sequel.

III. LARGE PARTIAL-WAVE CONTRIBUTIONS AND RENORMALIZATION

The large partial wave contribution cannot be evaluated numerically because of the need to remove the heavy mass regulator, Λ. Instead we compute analytically the large L behavior of Γ^Λ_{J>JL} . To determine the large partial-wave contribution Γ^Λ_{J>JL} (given by (2.29)), one needs the large-l (i.e., l ≫ L) behavior of the function F_J (s). To that end, in Refs. [12, 16] we used the scattering phase shift representation of F_J (s), and then the radial WKB approximation up to second order. Here we present a much simpler approach, introducing a new “uniform” DeWitt expansion for the radial proper-time Green’s function Δ̃_J (r, r; s), which remains valid when l becomes large. As we shall see, this new approach gives rise to results in complete agreement with those from our earlier method, with much less labor.

A. Uniform DeWitt Expansion

In the presence of the effective radial potential, V (r) =^{4l(l+1)+ 34}_{r2} + V(r), we seek a large-l asymptotic representation of the related proper-time Green’s function Δ̃(r, r^′; s): (∂_s − ∂^2_r + V (r))Δ̃(r, r^′; s) = 0 , (for s > 0) (3.1a) s → 0+ : Δ̃(r, r^′; s) −→ δ(r − r^′) . (3.1b)

We take V(r) to be a typical smooth potential. Now, as l becomes very large, the presence of the large centrifugal potential,^{4l(l+1)+ 34}_{r2} , has the consequence that our Green’s function Δ̃(r, r′; s) acquires a totally negligible amplitude for s ≫ A/l2 (where A is an O(1) constant) . Because of this property, given a certain quantity which involves the integral of this function over s [such as, for example, Γ_{J>JL} (A; m), given by (2.29)], it will suffice to use an accurate representation of Δ̃(r, r^′; s) for s satisfying the condition 0 < s l^2 <∼ O(1), and having the property that it becomes exponentially small for s ≫ A/l^2. Although only small-s values are relevant, the usual small-s DeWitt expansion [the one-dimensional analogue of (2.6)] cannot serve this purpose since it fails to account for the effect of the large centrifugal potential term. There is a conflict between the small s limit and the large l limit. To see this problem more clearly, consider the behavior of the function Δ̃(r, r^′; s) with V(r) set to zero. For this free case, denoted Δ̃^{free}(r, r^′; s), we have a closed-form expression in general n spacetime dimensions (see Appendix A). As l becomes large, this function admits a uniform approximation of the form (see (A10)) Δ̃^{free}(r, r^′; s) ∼ 1√ 4πs e^{− (r−r′)24s − 4l(l+1)+} 3 4 rr′ s { 1 + O(s^2) } , (3.2)

valid as long as s is such that 0 < sl^2 <∼ O(1). The naive small-s DeWitt expansion is not adequate for our purpose since it effectively replaces the exponential factor e^{− 4l(l+1)+} 3 4 rr′ s (which can be O(1) for s ∼^A_{l2} ) by the first few terms of its Taylor series in s.

To obtain the desired large-l expansion of our radial proper-time Green’s function, it is convenient to set V (r) = l^2U(r) , (3.3) (so that U(r) remains finite as l → ∞), and introduce the rescaled proper-time variable

t = l^2s . (3.4)

Now the situation for the large-l limit of Δ̃(r, r^′;^t_{l2} ) is actually the same as that appropriate to the so-called^1_Λ -expansion of the proper-time Green function considered previously (for a different purpose) in Ref. [32], identifying Λ with l^2. Thus, based on the result of [32], we may immediately write the^1_l -expansion of Δ̃(r, r^′;^t_{l2} ), having the structure Δ̃(r, r^′; t l^2 ) = l √ 4πt e^{− l2 (r−r′)24t} {_∞ ∑ k=0 b_k(r, r^′; t) ( 1 l^2 )_k} , (3.5) with suitable coefficient functions b_k(r, r^′; t) which are regular near r = r^′. Inserting this form in (3.1a), we see that the coefficient functions b_k(r, r^′; t) must satisfy:

l^2U(r) ∞∑ k=0 b_k(r, r^′; t) ( 1 l^2 )_k + l^2 ∞∑ k=0 ∂_tb_k(r, r^′; t) ( 1 l^2 )_k

+ l^2(r − r^′) t ∞∑ k=0 ∂_rb_k (r, r^′; t) ( 1 l^2 )_k − ∞∑ k=0 ∂^2_r b_k(r, r^′; t) ( 1 l^2 )_k = 0. (3.6)

We can here regard U(r) to be strictly of order (^1_{l2} )^0, i.e., disregard the fact that it might contain terms with^1_l -suppression, to simplify the presentation of our result. Then, (3.6) gives rise to recurrence relations satisfied by the coefficient functions b_k(r, r^′; t):

O(l^2) : U(r)b_0(r, r^′; t) + ∂_tb_0(r, r^′; t) + r − r^′ t ∂_rb_0(r, r^′; t) = 0, (3.7a)

O(l^{2−2k}) : U(r)b_k (r, r^′; t) + ∂_tb_k(r, r^′; t) + r − r^′ t ∂_rb_k(r, r^′; t) −∂^2_r b_{k−1}(r, r^′; t) = 0, (k = 1, 2, 3, · · ·) (3.7b)

Further, because of the boundary condition (3.1b), we must have b_k(r, r^′; t = 0) = δ_{k0}.

To simplify the analysis of the recurrence relations, we may introduce a new variable u (instead of r) by setting r = r^′ + tu and define a new set of functions,

b̃_k(u, r^′, t) = e^1u ∫_r′_{+tu} r′ U (w)dwb k(r^′ + tu, r^′; t). (3.8)

[Here we have restricted our attention to the case when U(r) is not a matrix-valued potential. The case with a matrix-valued potential is discussed in Appendix B]. Then the above recurrence relations can be recast as

O(l^2) : ∂ ∂t b̃_0(u, r^′; t) = 0, (3.9a)

O(l^{2−2k}) : ∂ ∂t b̃_k(u, r^′; t) = 1 t^2 { ∂^2 ∂u^2 b̃_{k−1}(u, r^′; t) − 2g^′(u, r^′; t) ∂ ∂u b̃_{k−1}(u, r^′; t) + [ g^′(u, r^′; t)^2 − g^{′′}(u, r^′; t) ] b̃_{k−1}(u, r^′; t) } , (k = 1, 2, · · ·) (3.9b)

where g(u, r^′; t) ≡^1_u ∫_r′_{+tu} r^′ U(w)dw, g ′(u, r^′; t) ≡^∂_{∂u} g(u, r^′; t), and g^{′′}(u, r^′; t) ≡^{∂2}_{∂u2} g(u, r^′; t). Since b_0(r, r^′; t = 0) = 1, and so b̃_0(u, r^′; t = 0) = 1, we now immediately conclude from (3.9a) that b̃_0(u, r^′; t) = 1 for any t > 0. This in turn tells us that b_0(r, r^′; t) = e^{− tr−r′} ∫_r′ r U (w)dw. (3.10)

As a check, we note that if we choose the form U(r) =^{4l(l+1)+ 34}_{l2r2} (appropriate to the free case with V(r) = 0), then (3.10) reduces to b_0(r, r^′; t) = e^{− 4l(l+1)+} 3 4 rr′ t l2 , producing the correct exponential factor in (3.2), related to the centrifugal potential term. Clearly, in the coincidence limit of r^′ = r, we have b_0(r, r; t) = e^{−tU (r)}. (3.11) Using b̃_0(u, r^′; t) = 1 in the k = 1 case of (3.9b), we obtain ∂ ∂t b̃_1(u, r^′; t) = 1 t^2 { g^′(u, r^′; t)^2 − g^{′′}(u, r^′; t) } . (3.12)

Then, to find the coincidence limit of b_1(r, r^′; t), i.e., the expression for r^′ = r, we may set u = 0 in (3.12) (together with the easily obtained expressions g^′(0, r^′; t) =^1_2 t^2U^′(r) and g^{′′}(0, r^′; t) =^1_3 t^3U^{′′}(r^′)) to obtain ∂ ∂t b̃_1(u = 0, r; t) = 1 4 t^2U^′(r)^2 − 1 3 tU^{′′}(r). (3.13)

This immediately leads to the expression b_1(r, r; t) = e^{−tU (r)} { 1 12 t^3U^′(r)^2 − 1 6 t^2U^{′′}(r) } . (3.14)

Higher-order coefficients can be found similarly; for instance, for b_2(r, r; t) we find b_2(r, r; t) = e^{−tU (r)} { 1 288 t^6U^′(r)^4 − 11 360 t^5U^′(r)^2U^{′′}(r) + 1 40 t^4U^{′′}(r)^2 + 1 30 t^4U^′(r)U^{(3)}(r) − 1 60 t^3U^{(4)}(r) } . (3.15)

We can now exhibit the desired^1_l -expansion structure for our radial proper-time Green’s function in the coincidence limit. Returning to the notations using V (r) and s, it takes, based on the results of (3.11) and (3.14), the following form

Δ̃(r, r; s) = 1√ 4πs e^{−sV (r)} { 1 + ( 1 12 s^3V^′(r)^2 − 1 6 s^2V^{′′}(r) ) + O ( 1 l^4 )} . (3.16)

[See Appendix A for the explicit verification that this gives rise to a correct large-l expansion for Δ̃^{free}(r, r; s)]. In effect we have resummed all non-derivative terms in the standard DeWitt expansion. These non-derivative terms are all of the form (sV )^k for some k, and recalling that V depends quadratically on the partial wave index l, we see that all these terms are of O(1) for sl^2 ∼ O(1). On the other hand, the remaining terms in the expansion (3.16) go like s^3l^4 ∼ s(sl^2)^2, and s^2l^2 ∼ s(sl^2), etc, and so remain small in this uniform limit of small s and large l.

This modified expansion may be used even when V (r) contains, apart from O(l^2) terms, some subleading terms as with the case V (r) = l^2U(r) + l T (r) + Q(r); in this case, one can also generate an equally-valid^1_l -expansion starting from the form (3.16) by having the exponential of the subleading terms, i.e., e^{− t}l^{2 (l T (r)+Q(r))} expanded (partly or wholly) in powers of^1_l . This can be justified when r is restricted to the range in which T (r) and Q(r) remain bounded. This trivial rearrangement can, in fact, be incorporated within our 1 l -expansion ansatz (3.5) by allowing the power series development in the ansatz to have also odd-power terms in^1_l .

B. Explicit Large Partial Wave Contributions

We may use the form (3.16), with the formulas (2.22) and (2.29), to determine explicitly the large partial-wave contribution to the effective action. To facilitate this calculation, we follow Ref. [12, 16] by trading the regulator mass Λ for a dimensional regularization parameter ϵ. This is achieved by demanding that − ∫_∞ 0 ds s ( e^{−m2s} − e^{−Λ2 s} ) F (s) ∼ − ∫_∞ 0 ds s e^{−m2 s}s^ϵF (s). (3.17)

Since F (s) = (finite constant) + O(s) for small s, we then see that (3.17) requires

− ln ( Λ^2 m^2 ) + O ( 1 Λ^2 ) = − 1 ϵ + (γ + 2 ln m) + O(ϵ), (3.18)

where γ = 0.5772... is Euler’s constant. Thus the relation between ϵ and Λ is given by ϵ ←→ 1 γ + ln Λ^2

. (3.19)

Note that this is only to simplify our calculations; all the s-integrations appearing below can also be carried out within the original Pauli-Villars regularization framework.

With this preparation, we now proceed to the calculation of Γ_{J>JL} (A; m) for our Case 1 and Case 2. Case 3 will be considered in the sequel.

1. Case 1

With H_{J1} given in (2.14), we have the radial potential V_{(l,j)}(r) = 4l(l + 1) +^3_4 r^2

+ 4f(r) { j(j + 1) − l(l + 1) − 3 4 } + 3r^2f(r)^2 (3.20)

which may be used in (3.16). Then, from (2.22), F_J (s) for large enough l will follow. Further, if we represent F (s) by the form (2.30a) and use the correspondence (3.19), it is possible to express the first part of (2.29) [the contribution to Γ_{J>JL} (A; m) other than the renormalization counterterm] as

Γ^ϵ_{J>JL} (A; m) = ∫_∞ 0 dr ∫_∞ 0 ds − 1 s e^{−m2s}s^ϵ ∞∑ l=L+^1_2

(2l + 1)(2l + 2) { Δ̃_{(l,j=l+ 12 )}(r, r; s) + Δ̃_{(l+ 12 ,j=l)}(r, r; s) − Δ̃^{free}_{(l)} (r, r; s) − Δ̃^{free}_{(l+ 12 )}(r, r; s) } ] , (3.21)

where we placed the s-integral before the r-integral, in order to give an explicit result for Γ_{J>JL} (A; m) for general fields. Using (3.16) in (3.21) with V_{(l,j)}(r) given by (3.20), the right hand side of (3.21) can be expressed as

Γ^ϵ_{J>JL} (A; m) = ∫_∞ 0 dr ∫_∞ 0 ds − 1 s e^{−m2 s}s^ϵ ∞∑ l=L+^1_2

(2l + 1)(2l + 2) 1 √ 4πs { e^{−sV(l,l+ 12 )(r)} ( 1 + [ 1 12 s^3V_{(l,l+} 1_{2 )}^′(r)^2 − 1 6 s^2V_{(l,l+} 1_{2 )}^{′′}(r) ] + O ( 1 l^4 ))

+e^{−sV(l+ 1}2^{,l)(r)} ( 1 + [ 1 12 s^3V_{(l+} 1_{2 ,l)}^′(r)^2 − 1 6 s^2V_{(l+} 1_{2 ,l)}^{′′}(r) ] + O ( 1 l^4 ))

−e^{−sV free(l) (r)} ( 1 + [ 1 12 s^3V^{free}_{(l)}^′(r)^2 − 1 6 s^2V^{free}_{(l)}^{′′}(r) ] + O ( 1 l^4 ))

−e^{−sV} free (l+ 12 ) (r) ( 1 + [ 1 12 s^3V^{free}_{(l+} 1_{2 )}^′(r)^2 − 1 6 s^2V^{free}_{(l+} 1_{2 )}^{′′}(r) ] + O ( 1 l^4 ))} ] , (3.22)

where V^{free}_{(l)} (r) ≡^{4l(l+1)+ 34}_{r2} . We remark that if we consider the total of all explicitly-kept terms in the integrand of (3.22), the neglected terms would at most be O(^1_{l5} ); this happens because the leading, i.e., order-^1_{l4} terms coming from the four pieces denoted O(^1_{l4} ) in (3.22) (which are given in terms of b_2(r, r; t)) necessarily cancel, as the leading terms of the potential V match those of V^{free}. The above expression is fully equivalent to that found using the 2nd-order radial WKB approximation for phase shifts in Refs. [12, 16]. [Actually, in Refs. [12, 16], the WKB approximation was used with the Langer-modified radial potential [38];

but this is inessential for large partial-wave contributions as the difference corresponds to a trivial rearrangement of our^1_l -expansion series]. It is not difficult to see that this equivalence between the result based on the radial WKB approximation and our present approach using the^1_l -expansion persists to even higher orders also. But our new^1_l -expansion for the radial proper-time Green function is considerably simpler.

The l-sum in (3.22) can be performed with the help of the Euler-Maclaurin summation formula_∞ ∑ l=L+^1_2

f(l) = 2 ∫_∞ L dl f(l) − 1 2 f(L) − 1 24 f^′(L) + · · · . (3.23)

All terms in this expansion, including the integral term, can be computed analytically. The result of this calculation, which is rather lengthy, is given in Appendix C. We thus obtain an explicit double-integral representation for Γ^ϵ_{J>JL} (A; m) (see the expressions given in (C9)-(C11)). Then the integration over the proper-time variable s can be performed in a straightforward manner. After carrying out these s-integrations, we find that the quantity Γ^ϵ_{J>JL} (A; m) for sufficiently large L is given explicitly by the form Γ^ϵ_{J>JL} (A; m) = 1 8ϵ ∫_∞ 0 dr r^3 [ 4h(r)^2 + (2f(r) + rf^′(r))^2 ]

+ ∫_∞ 0 dr [ − 2r(L + 2)h(r) √ 4L^2 + m^2r^2 − r^3 8 { 2 ln (4L r ) + γ } { 4h(r)^2 + (2f(r) + rf^′(r))^2 }

+ Lr 12 √ 4L^2 + m^2r^2 { h(r)(24m^2r^2 + 44h(r)r^2 − 75) + 39f(r)^2r^2 + (6r^2f^′(r)^2 + f^{′′}(r))r^2

+f(r)(−2f^{′′}(r)r^4 + 24f^′(r)r^3 − 9) } ] + O ( 1 L ) + O(ϵ), (3.24)

where h(r) ≡ f(r)[r^2f(r) − 1].

For the expression of Γ_{J>JL} (A; m) we must subtract the renormalization counterterm from the expression (3.24). Using (3.19), the renormalization counterterm appearing in the definition of the renormalized effective action (2.8) is 1 12 1 (4π)^2 ( 1 ϵ − γ − ln μ^2 ) ∫ d^4x tr(F_{μν} F_{μν} ) . (3.25) In this radial ansatz case, F_{μν} is equal to

F_{μν} = −2η_{μνa}f(r)(r^2f(r) − 1)τ^a + x_λ r (x_μη_{νλa} − x_ν η_{μλa})(2rf(r)^2 + f^′(r))τ^a. (3.26) Hence the counterterm reads 1 8 ( 1 ϵ − γ − ln μ^2 ) ∫_∞ 0 dr r^3 [ 4r^4f(r)^4 − 8r^2f(r)^3 + 8f(r)^2 + 4rf^′(r)f(r) + r^2f^′(r)^2 ] . (3.27)

Comparing the expression (3.27) with (3.24), we see that the divergence terms as ϵ → 0 match precisely between the two. This also verifies that our renormalization procedure is a gauge-invariant one. The full large partial-wave contribution to the effective action, the sum of the expression in (3.24) and minus the result in (3.27), now becomes Γ_{J>JL} (A; m) = ∫_∞ 0 dr [ r^3 4 ln ( μr 4L ) { 4h(r)^2 + (2f(r) + rf^′(r))^2 }

−2r(L + 2)h(r) √ 4L^2 + m^2r^2 + Lr 12 √ 4L^2 + m^2r^2 { h(r)(24m^2r^2 + 44h(r)r^2 − 75)

+39f(r)^2r^2 + (6r^2f^′(r)^2 + f^{′′}(r))r^2 + f(r)(−2f^{′′}(r)r^4 + 24f^′(r)r^3 − 9) } ]

+O ( 1 L ) . (3.28)

This generalizes the result of Refs. [12, 16] where the calculation was performed assuming the special form f(r) =^1_{r2+ρ2} (i.e., the single instanton solution).

For any given radial function f(r), one can then consider the sum of this analytic expression (3.28) for the large partial-wave contribution, and the numerically determined result for Γ_{J≤JL} (A; m) (based on (2.28) and the relation (2.32)) to determine the corresponding full renormalized effective action. Each has quadratic, linear and log divergences for large L. For large L, the L-dependence in the two expressions cancels, as was originally found in [12]. In fact, to improve the numerical efficiency of the full effective action calculation, one may extend the large L expression for Γ_{J>JL} (A; m) in (3.28), to include also terms up to O(^1_{L2} ). This can be done with the help of our^1_l -expansion, using the explicit expression for b_2(r, r; t) in (3.15).

2. Case 2

With H_{J2} given in (2.16), we have the radial potential V_{(l,l3,t3)}(r) = 4l(l + 1) +^3_4 r^2

+ 8g(r)l_3t_3 + r^2g(r)^2. (3.29)

If we represent F (s) by the form (2.30b) and use the correspondence (3.19), the first part of (2.29) can be expressed by Γ^ϵ_{J>JL} (A; m) = ∫_∞ 0 dr ∫_∞ 0 ds [ − 1 s e^{−m2s}s^ϵ

∞∑ l=L+^1_2

(2l + 1) l∑ l_3=−l ∑ t_3=±^1_2 { Δ̃_{(l,l3,t3)}(r, r; s) − Δ̃^{free}_{(l)} (r, r; s) } . (3.30)

For the function Δ̃_{(l,l3,t3)}(r, r; s) (or Δ̃^{free}_{(l)} (r, r; s)) on the right hand side, we may use the 1 l -expansion result in (3.16) with V (r) taken to be equal to the radial potential in (3.29) (the radial potential V^{free}_{(l)} (r) =^{4l(l+1)+ 34}_{r2} ). The l_3-sum and t_3-sum can be done explicitly, using the formulas : l∑ l_3=−l ∑ t_3=±^1_2 e^{−8l3t3g(r)s} = 2{e^{4(l+1)g(r)s} − e^{−4lg(r)s}} e^{4g(r)s} − 1 , (3.31a) l∑ l_3=−l ∑ t_3=±^1_2

l_3t_3e^{−8l3t3g(r)s} = 1 (e^{4g(r)s} − 1)^2 { le^{−4lg(r)s} − le^{4(l+2)g(r)s} +(l + 1)e^{4(l+1)g(r)s} − (l + 1)e^{−4(l−1)g(r)s} } . (3.31b)

We then perform the l-sum with the help of the Euler-Maclaurin summation formula; this produces a double-integral representation in which the integration over the proper-time variable s can be executed without too much difficulty. The result of these manipulations is Γ^ϵ_{J>JL} (A; m) = 1 24ϵ ∫_∞ 0 dr r^3 [ 8g(r)^2 + 4rg^′(r)g(r) + r^2g^′(r)^2 ]

+ ∫_∞ 0 dr [ −r^3g(r)^2 √ 4L^2 + m^2r^2 − r^3 24 { 2 ln ( 4L r ) + γ } { 8g(r)^2 + 4rg^′(r)g(r) + r^2g(r)^2 }

+ Lr^3 90 √ 4L^2 + m^2r^2 { 6r^4g(r)^4 + (20 − 240L)g(r)^2 − 5r(rg^{′′}(r) − 12g^′(r))g(r) + 15r^2g^′(r)^2 } ]

+O ( 1 L ) + O(ϵ). (3.32)

The field strength appropriate to this Case 2 reads F_{μν} = −2η_{μνa}g(r)τ^3 + x_λ r (x_μη_{νλ3} − x_ν η_{μλ3})g^′(r)τ^3, (3.33)

and hence the renormalization counterterm (3.25) is given by 1 24 ( 1 ϵ − γ − ln μ^2 ) ∫_∞ 0 dr r^3 [ 8g(r)^2 + 4rg^′(r)g(r) + r^2g^′(r)^2 ] . (3.34)

Again we see that the divergent terms as ϵ → 0 in (3.32) match precisely those of the renormalization counterterm. The full large-partial wave contribution, including the renormalization term, is thus given by Γ_{J>JL} (A; m) = ∫_∞ 0 dr [ r^3 12 ln ( μr 4L ) { 8g(r)^2 + 4rg^′(r)g(r) + r^2g^′(r)^2 }

−r^3g(r)^2 √ 4L^2 + m^2r^2 + Lr^3 90 √ 4L^2 + m^2r^2 { 6r^4g(r)^4 + (20 − 240L^2)g(r)^2

−5r(rg^{′′}(r) − 12g^′(r))g(r) + 15r^2g^′(r)^2 } ] + O ( 1 L ) . (3.35)

This expression can now be combined with the numerical low partial wave contribution to determine the finite renormalized effective action in a radial Yang-Mills background of the form A_μ(x) = 2η_{μν3}x_ν g(r)^{τ 3}_2 .

IV. CASES WITH ASYMPTOTICALLY UNIFORM FIELD STRENGTHS

In Ref. [32] the basis for the validity of the^1_l -expansion structure (3.5) was a perturbative argument: i.e., in the effective potential V (r) =^{4l(l+1)+ 34}_{r2} + V(r), V(r) can be treated as a perturbation to the centrifugal potential term. We then saw in the previous section that the resulting explicit expression in (3.16), if used to calculate the large partial-wave contribution of the effective action, yields a result completely equivalent to that obtained from using the quantum mechanical WKB approximation with scattering phase shifts [12, 16]. It is not immediately clear what happens if the potential is unbounded as r → ∞, in which case in the WKB language one should use a bound state analysis rather than a scattering analysis. This is precisely the potential form that arises when the gauge field strength approaches a nonzero constant value at infinity. Indeed, in our Case 2 with g(r) = −^B_2 (leading to uniform self-dual field strengths), we have the quadratic potential (see (3.29))

V_{(l,l3,t3)}(r) = −4Bl_3t_3 +

B^2 4 r^2 . (4.1)

Thus, the eigenstates of the corresponding radial operator H_{J2} consist of only bound states. In principle, for the large partial-wave contribution to the effective action, one might still try to use the quantum mechanical WKB approximation; but, the WKB approximation for bound states has a rather different structure from that for scattering states.

It is thus an important issue to know whether or not the^1_l -expansion for the radial propertime Green function, considered in the previous section, retains its validity even when the potential V(r) blows up for large r, as above. In fact, our^1_l -expansion-based formula in (3.16) does describe the correct asymptotic form valid for all r ∈ (0, ∞) even with such an unbounded potential; with the proviso that in (3.16), the exponential prefactor e^{−sV (r)} cannot be replaced by its (truncated) power series in s, for the form to be valid even for very large r. That is, we also have infrared physics captured correctly by our large-l limit form of the radial proper-time Green function. We demonstrate this below through the treatment of an important special case, that of uniform self-dual field strengths for which the quadratic potential (4.1) is relevant. Note that the effective action in a uniform self-dual field strength background has been studied by many authors before [7, 33, 34], but not using the partialwave-based proper-time formalism. This analysis will also provide a useful comparison when we consider, in the sequel to this paper, the effective action in the inhomogeneous background described by the form (2.9) with f(r) = 0 and g(r) = −^B_2 tanh(r/r_0).

In our procedure the calculation of the one-loop effective action in the gauge field background A_μ(x) = −η_{μνa}x^{ν B}_2 τ^a, starts from the study of the radial proper-time Green function Δ̃_{(l,l3,t3)}(r, r^′; s), satisfying the equation ( ∂_s − ∂^2_r +

4l(l + 1) +^3_4 r^2

− 4Bl_3t_3 +

B^2 4 r^2 ) Δ̃_{(l,l3,t3)}(r, r^′; s) = 0, (s > 0). (4.2)

Just like the free radial proper-time Green function discussed in Appendix A, in this case it is possible to find the corresponding radial Green function in a closed form, by using (for example) the method of quantum canonical transformations [35, 36]. It is given by an expression involving the modified Bessel function Δ̃_{(l,l3,t3)}(r, r^′; s) = B √ rr^′ 2 sinh(Bs) e^{− 14 B coth(Bs)(r2+r′2 )+4Bl3t3s}I_{2l+1} ( Brr^′ 2 sinh(Bs) ) . (4.3)

We check the large-l limit of the expression (4.3) directly against our general formula (3.16), as the potential is specialized to the form V (r) =^{4l(l+1)+ 34}_{r2} − 4Bl_3t_3 +^{B2}_4 r^2. As we explained earlier, we want our large-l limit expression to have validity for s satisfying the condition 0 < sl^2 <∼ O(1). But no restriction follows on the range of the radial coordinate r, and so, for the given potential (which diverges quadratically for large r), we want our large-l limit form to be faithful with the true behavior for arbitrarily large value of r^2s. With this point kept in mind, we may set s = t/l^2 and use the uniform asymptotic expansion for large orders for the modified Bessel function in Appendix A (see (A8)) with our expression (4.3), in the coincident limit, to obtain the large-l limit form Δ̃_{(l,l3,t3)} ( r, r; t l^2 ) = Br 2 sinh (_{Bt} l^2

) e^{− 12 Br2 coth}

(^{Bt}_{l2} )+4Bl3t3^t_{l2} +ν (_√ 1+z̃^2 +ln^{z̃}√_{1+z̃2+1} ) √ 2πν(1 + z̃^2)^{1/4} × ( 1 + 3x − 5x^3 24ν + O ( 1 ν^2 )) , (4.4) where ν = 2l + 1, z̃ ≡^{Br2}_{2ν sinh( Btl2 )} , and x ≡^{1√}_{1+z̃2} .

For l very large and 0 < t <∼ O(1) (but with no restriction on the value of r), it is possible to simplify the complicated exponential term in (4.4) by keeping in its exponent only the piece −^{4t}_{r2} −^1_4 B^2r^{2 t}_{l2} , namely the leading terms of the given exponent when l becomes very large (but for an unrestricted value of r), and expand all the other terms in increasing powers of^1_l . Since z̃ is O(l), this also implies expansion in powers of^1_{z̃} . Then, from (4.4), we obtain the following expansion Δ̃_{(l,l3,t3)} ( r, r; t l^2 )

= le^{− 4tr2 −B2r2 t4l2} √ 4πt { 1 − 4t r^2 1 l + ( 16t^3 3r^6 + 4t^2 r^4

+ 4Bl_3t_3t − 3t 4r^2 ) 1 l^2 + O ( 1 l^3 )} . (4.5)

It should be noted that, in the same limit, the leading terms of our potential, V (r) =

4l(l+1)+^3_4 r^2 − 4Bl3t3 +

B^2

4 r^2, are given by^{4l2}_{r2} +^{B2}_4 r^2. Now, according to the same kind of reasoning as discussed after (3.16), we may replace (4.5) by another expansion in which the exponential factor at front is assumed by e^{−V (r) t}l^2 ; this rearrangement is harmless for arbitrarily large values of r^{2 t}_{l2} here. The result of this rearrangement is to make (4.5) turn into the structure predicted by our^1_l -expansion formula (3.16), with all factors precisely equal.

We will now show that our radial proper-time Green function (4.3) can be used to rederive the known expression for the effective action. In a uniform self-dual field strength background, it is known that [33, 34] tr⟨xs|x⟩ = 2 (4πs)^2

(Bs)^2 sinh^2(Bs)

. (4.6)

Thus we have, as this form is used with (2.3), (2.4) and (2.8),

Γ_{ren}(A; m) = − 1 (4π)^2 2 3 B^2 ln ( m^2 μ^2 )

−2 ∫ d^4x ∫_∞ 0 ds s e^{−m2s} 1 (4πs)^2 [ (Bs)^2 sinh^2(Bs)

− 1 + 1 3 (Bs)^2 ] . (4.7)

Here, in view of (2.4) and (2.22), it will suffice to show that ∑ l=0,^1_2 ,1,··· l∑ l_3=−l ∑ t_3=±^1_2

(2l + 1)Δ̃_{(l,l3,t3)}(r, r; s) = 2π^2r^3 tr⟨xs|x⟩ (4.8) since d^4x = 2π^2r^3dr after the angular integration. Inserting the form (4.3) for Δ̃_{(l,l3,t3)}(r, r; s) into the left hand side of (4.8) and carrying out the l_3 and t_3 sums yields the expression ∑ l=0,^1_2 ,1,··· (2l + 1)Br sinh^2(Bs) sinh((2l + 1)Bs)e^{− 12 Br2 coth(Bs)}I_{2l+1} ( Br^2 2 sinh(Bs) )

= Br sinh^2(Bs) e^{− 12 Br2 coth(Bs)} ∞∑ ν=1 ∞∑ k=0 ν sinh(νBs) z^{2k+ν} Γ(k + ν + 1)k!

, (4.9)

where we set ν = 2l + 1 and z =^{Br2}_{4 sinh(Bs)} , aside from using the power series representation of the modified Bessel function. If we change the summation over (k, ν) to those over (k, n = 2k + ν) and use the relation ∞∑ ν=1 ∞∑ k=0 ν sinh(νBs) z^{2k+ν} Γ(k + ν + 1)k! = ∞∑ n=1 z^n k_m∑ k=0 (n − 2k) sinh((n − 2k)Bs) Γ(n − k + 1)k! = ∞∑ n=1 z^n 2^{n−1} sinh(Bs) cosh^{n−1}(Bs) (n − 1)! = 1 4 Br^2 ∞∑ n=1

[_1

2 Br^2 coth(Bs) ]_{n−1} (n − 1)! = 1 4 Br^2e^{12 Br2 coth(Bs)} (4.10)

(here k_m =^{n−1}_2 (^n_2 ) if n is odd (even)), we then see that the expression in (4.9) reduces to B^2r^3 4 sinh^2(Bs)

. (4.11)

This coincides with the expression for 2π^2r^3 tr⟨xs|x⟩ when (4.6) is used for tr⟨xs|x⟩. Hence we have the relation (4.8) established.

V. CONCLUSIONS

In this work we have simplified significantly the calculational method for the one-loop effective action developed in Refs. [12, 16], so that any radially symmetric background case may now be studied with calculational efficiency. The computation is split into two parts: the contribution from low partial waves is calculated numerically using the Gel’fand-Yaglom technique, and the contribution from high partial waves has been computed analytically using a modified DeWitt expansion. It is no longer necessary to invoke the results of higherorder quantum-mechanical WKB approximation explicitly — this is now automatically accounted for by using the^1_l -expansion for the radial proper-time Green function. The main results are contained in the expressions (3.28) and (3.35) for the analytic behavior of the large partial wave contribution to the renormalized effective action, for two general classes of radially symmetric gauge fields. Our approach observes gauge invariance, and can be used for any mass value for the associated quantum fluctuations. It can also be applied to the case with nonvanishing asymptotic backgrounds. In the sequel, we shall report an extensive analysis of the Yang-Mills one-loop effective action (not only for scalar matter but also for fermion fields as well), taking the radial gauge-field background form of the present work. We can then use these results to check for instance the range of validity of the derivative expansion [16, 34].

In this work we have used the^1_l -expansion to calculate the large partial-wave contribution to the effective action. This expansion could alternatively be used to calculate approximately the lower partial-wave contributions as well. Aside from the Langer modification [38] which can easily be incorporated in our^1_l -expansion, this is effectively what we have done in Ref. [16] with the Yang-Mills instanton background; there, the instanton determinant was found to be good to 5% accuracy. One might be somewhat surprised by this success. But it need not be so surprising; observe that the^1_l -expansion as given in (3.16) also serves to generate a systematic derivative expansion. In fact, using the expansion (3.16), we have studied several cases of one-dimensional functional determinants (including power-like potentials and the case of V (x) ∝ sech^2x), to find that the deviation from the exact value is typically not more than 5%. This observation could potentially be used to obtain simple approximate estimates for general radial background fields.

Acknowledgments: GD acknowledges the support of the US DOE through grant DE- FG-02-92ER40716, and thanks the CSSM and Adelaide University for hospitality and support. The work of JH and CL was supported by the Korea Research Foundation Grant funded by Korean Government (MOEHRD) (R14-2003-012-01002-0).

APPENDIX A: THE FREE RADIAL PROPER-TIME GREEN FUNCTION IN GENERAL SPACETIME DIMENSION

In this appendix we find the explicit form of the free radial proper-time Green’s function in n spacetime dimension and then discuss its large angular-momentum limit (to facilitate the application of our approach in problems with spacetime dimension not equal to four). In n dimensions, the consideration of the Laplacian ∂_μ∂_μ in generalized spherical coordinates leads to the radial differential operator

∂^2_{κ/2} =

∂^2 ∂r^2 + n − 1 r ∂ ∂r − κ(κ + n − 2) r^2

, (A1)

where r = √ x^2_1 + · · · + x^2_n, and κ = 0, 1, 2, · · ·. [From this form, our expression (2.15) is recovered upon setting n = 4 and κ = 2l]. Then, noting that d^nx = r^{n−1}d^{n−1}Ω, we require the free radial proper-time Green’s function Δ^{free}_{κ/2}(r, r^′; s) to satisfy the conditions { ∂ ∂s − ∂^2 ∂r^2 − n − 1 r ∂ ∂r + κ(κ + n − 2) r^2 } Δ^{free}_{κ/2}(r, r^′; s) = 0, (for s > 0) (A2a)

s → 0+ : Δ^{free}_{κ/2}(r, r^′; s) −→ 1 r^{n−1} δ(r − r^′). (A2b)

We introduce the modified radial proper-time Green’s function Δ̃^{free}_{κ/2}(r, r^′; s) according to Δ̃^{free}_{κ/2}(r, r^′; s) = r^{n−1}2 Δ^{free}_{κ/2}(r, r^′; s)r^{′ n−1}2 . (A3)

In terms of this function, (A2a) and (A2b) can be rewritten as { ∂ ∂s − ∂^2 ∂r^2 + V^{free}_{(κ,n)}(r) } Δ̃^{free}_{κ/2}(r, r^′; s) = 0, (for s > 0) (A4a)

s → 0+ : Δ̃^{free}_{κ/2}(r, r^′; s) −→ δ(r − r^′), (A4b)

where the centrifugal potential is

V^{free}_{(κ,n)}(r) = { κ(κ + n − 2) +

(n − 1)(n − 3) 4 } 1 r^2 ≡ g^2 r^2

. (A5)

To obtain the explicit form of Δ̃^{free}_{κ/2}, one can resort to a variety of methods (developed to find the Green function of the one-dimensional Schrödinger equation especially). A particularly elegant method is the one utilizing quantum canonical transformations, as detailed in Ref. [35, 36]. As it turns out, for Δ̃^{free}_{κ/2}, we have a simple closed-form expression involving the modified Bessel function: Δ̃^{free}_{κ/2}(r, r^′; s) = √ rr^′ 2s e^{− 14s (r2+r′2 )}I_{κ+}^n_{2 −1} ( rr^′ 2s ) . (A6)

Since I_ν (z) ∼^{ez√}_{2πz} [1 + O(^1_{|z|} )] for large |z|, the s → 0+ limit of this expression is

s → 0+ : Δ̃^{free}_{κ/2}(r, r^′; s) −→ 1 √ 4πs e^{− 14s (r−r′ )2} {1 + O(s)}. (A7) The large-κ limiting form of Δ̃^{free}_{κ/2}(r, r^′; s) is of interest. Then, due to the large centrifugal potential term in (A5), we expect that the function Δ̃^{free}_{κ/2}(r, r^′; s) be significant (i.e., acquire not-too-small amplitude) only when s lies in the range 0 < s <∼^A_{κ2} , A denoting a constant of O(1). Now, for some large given value of κ, suppose that we wish to obtain a systematic approximation of Δ̃^{free}_{κ/2}(r, r^′; s) which can be used for any s satisfying the condition 0 < sκ^2 <∼ O(1) (this incidentally implies that sκ ≪ 1). Then, to study the expression in (A6), we use the known large-order asymptotic expansion of the modified Bessel function [37]

ν large : I_ν (z) ∼ 1 √ 2πν e^{ν(} √_{1+(z/ν)2 +ln z/ν√} 1+(z/ν)2+1 ) {1 + (z/ν)^2}^{1/4} [ 1 + 3x − 5x^3 24ν + O ( 1 ν^2 )] , x ≡ 1 √ 1 + (z/ν)^2

∈ (0, 1]

(A8)

with z =^{rr′}_{2s} and ν = κ +^n_2 − 1. [Note that the expansion (A8) holds uniformly with respect to z (i.e., for any small or large z), and in the limit |z| → ∞ (for fixed ν) goes back to the asymptotic form given earlier]. Since we are interested in the case 0 < sκ^2 <∼ O(1), we may further take the limit |^z_ν | = |^{rr′}_{2s(k+} n_{2 −1)} | → ∞ with the the formula (A8) (i.e., consider an expansion in powers of |^ν_z |) and then use it in (A6). After some straightforward calculations, we then obtain the large-κ expansion of the form

Δ̃^{free}_{κ/2}(r, r^′; s) ∼ 1√ 4πs e^{− 14s (r−r′)2− (κ+} n 2 −1) 2 rr′ s { 1 + 1 4rr^′ s − (κ +^n_2 − 1)^2 (rr^′)^2 s^2 + 1 3 (κ +^n_2 − 1)^4

(rr^′)^3 s^3 + O(κ^{−3}) } . (A9)

We remark that the form (A9) may be used to evaluate a certain quantity which involves, say, the integration of Δ̃^{free}_{κ/2}(r, r^′; s) over the full s-range (i.e., over s ∈ (0, ∞)), as long as κ is constrained to be large. This is because, when κ is large, (i) Δ̃^{free}_{κ/2}(r, r^′; s) becomes very small unless sκ^2 <∼ O(1) (this is also manifest in our form (A9)) and (ii) for s satisfying the condition 0 < sκ^2 <∼ O(1) we can exploit the expansion of the form (A9) for Δ̃^{free}_{κ/2}(r, r^′; s). In view of this, the same purpose can be served by rewriting (A9) as

Δ̃^{free}_{κ/2}(r, r^′; s) ∼ 1√ 4πs e^{− 14s (r−r′)2− g2}rr^{′ s} { 1 − g^2 (rr^′)^2 s^2 + 1 3 g^4 (rr^′)^3 s^3 + · · · } , (A10) where g^2 ≡ κ(κ + n − 2) +^{(n−1)(n−3)}_4 = (κ +^n_2 − 1)^2 −^1_4 (see (A5)). Note that this series is fully consistent with our formula (3.16) if we set V (r) to be equal to^{g2}_{r2} .

APPENDIX B: THE^1_l -EXPANSION WITH A MATRIX VALUED POTENTIAL

The^1_l -expansion of Δ̃(r, r; s) given in (3.16) is valid when the potential V (r) is not a matrix-type. In this Appendix we shall find a more general form which can be used when V (r) and hence also the Green function Δ̃(r, r^′; s) are matrix-valued. The coefficient matrices b_k(r, r^′; t) in the^1_l -expansion will now have to satisfy the matrix equations in (3.7a) and (3.7b). Choosing a new independent variable u (instead of r) by setting r = r^′ + tu and writing b_k(r^′ + tu, r^′; t) ≡ b̄_k(u, r^′; t), we may recast these equations as

O(l^2) : ∂_tb̄_0(u, r^′; t) + U(r^′ + tu)b̄_0(u, r^′; t) = 0, (B1a) O(l^{2−2k}) : ∂_tb̄_k(u, r^′; t) + U(r^′ + tu)b̄_k(u, r^′; t) − 1 t^2

∂^2_μb̄_{k−1}(u, r^′; t) = 0, (B1b) (k = 1, 2, 3, · · ·). The solution of (B1a), satisfying the boundary condition b̄_0(u, r^′; t = 0) = 1, is b̄_0(u, r^′; t) = P [ e^− ∫_t 0 U (r^′+t_1u)dt_1 ] , (B2)

where P [· · ·] denotes the t-ordering. Setting u = 0 in (B2) then gives

b_0(r, r; t) = e^{−tU (r)}, (B3)

i.e, our formula (3.1) for the coincidence limit of b_0(r, r^′; t) holds even when U(r) is matrix valued.

To solve (B1b) for higher-order coefficient b̄_k(u, r^′; t) (k = 1, 2, · · ·), one may follow the steps similar to (3.8) and (3.9b) — rewrite the equations as those for the matrix functions b̃_k(u, r′; t) which are obtained through multiplying b̄_k(u, r′; t) from the left by the inverse of the t-ordered exponential matrix in (B2). But what we need here is only the coincidence limits, i.e., b_k(r, r; t) ≡ b̄_k(u = 0, r^′ = r; t) for small k, and for the latter it is actually simpler to obtain the desired expressions by considering the u = 0 limits of our differential equations (B1a) and (B1b) and of their derivative relations [32]. Specifically, for b̄_1(u = 0, r, t), we have the equation (by setting u = 0 with (B1b))

∂_tb̄_1(0, r; t) + U(r)b̄_1(0, r; t) − 1 t^2 [ ∂^2_ub̄_0(u, r; t) ]| |_{u=0} = 0, (B4)

which can readily be integrated (with the ‘initial’ condition b̄_1(u, r; t = 0) = 0) only if the expression for [ ∂^2_ub̄_0(u, r; t) ]| |_{u=0} is known. Then, setting u = 0 in the relations obtained

after single and twice differentiations of (B1a)) with respect to u, we have ∂_t [ ∂_ub̄_0(u, r; t) ]| |_{u=0} + U(r) [ ∂_ub̄_0(u, r; t) ]| |_{u=0} + tU^′(r)e^{−tU (r)} = 0, (B5) ∂_t [ ∂^2_ub̄_0(u, r; t) ]| |_{u=0} + U(r) [ ∂^2_ub̄_0(u, r; t) ]| |_{u=0} +2tU^′(r) [ ∂_ub̄_0(u, r; t) ]| |_{u=0} + t^2U^{′′}(r)e^{−tU (r)} = 0, (B6)

where the result in (B3) has been used. From (B5) it follows that [ ∂_ub̄_0(u, r; t) ]| |_{u=0} = e^{−tU (r)} ∫_t 0 dt_1 t_1e^{t1U (r)}U^′(r)e^{−t1 U (r)}. (B7) Using this result, we can go on to integrate (B6) to obtain [ ∂^2_ub̄_0(u, r; t) ]| |_{u=0} = e^{−tU (r)} { 2 ∫_t 0 dt_1 t_1e^{t1U (r)}U^′(r)e^{−t1 U (r)} ∫_{t1} 0 dt_2 t_2e^{t2U (r)}U^′(r)e^{−t2 U (r)} − ∫_t 0 dt_1 t^2_1e^{t1U (r)}U^{′′}(r)e^{−t1 U (r)} } . (B8) Now, by using this result in (B4) and integrating the resulting equation, we find the expression for the coincidence limit b_1(r, r; t)(= b̄_1(0, r; t)): b_1(r, r; t) = e^{−tU (r)} ∫_t 0 dt_1 1 t^2_1 { 2 ∫_{t1} 0 dt_2 t_2e^{t2U (r)}U^′(r)e^{−t2U (r)} ∫_{t2} 0 dt_3 t_3e^{t3U (r)}U^′(r)e^{−t3U (r)} − ∫_{t1} 0 dt_2 t^2e^{t2U (r)}U^{′′}(r)e^{−t2U (r)} } . (B9) The desired^1_l -expansion, which generalizes (3.16) to the case of a matrix-valued potential, follows upon using the results (B3) and (B9) with (3.5). It has the following structure:

Δ̃(r, r; s) = 1√ 4πs e^{−sV (r)} [ 1 + ∫_s 0 ds_1 1 s^2_1 { 2 ∫_{s1} 0 ds_2 s_2 e^{s2 V (r)}V^′(r)e^{−s2 V (r)} × ∫_{s2} 0 ds_3 s_3 e^{s3V (r)}V^′(r)e^{−s3 V (r)} − ∫_{s1} 0 ds_2 s^2 e^{s2V (r)}V^{′′}(r)e^{−s2V (r)} } + O ( 1 l^4 ) ] .(B10)

APPENDIX C: USE OF THE EULER-MACLAURIN SUMMATION FORMULA

In this appendix we explain how the Euler-Maclaurin summation formula [37, 39] can be used to sum the various partial-wave contributions to the effective action. First, we present the related mathematical theory. Let f(x) be a function with continuous derivatives up to order 2m + 2 for x ∈ [a, b], where a and b are integers. Then, for the sum b∑ n=a f(n) ≡ f(a) + f(a + 1) + · · · + f(b − 1) + f(b), (C1) we have the Euler-Maclaurin summation formula b∑ n=a f(n) = ∫_b a f(x)dx + 1 2 [f(a) + f(b)] + m∑ k=1 B_{2k} (2k)!

[f^{(2k−1)}(b) − f^{(2k−1)}(a)] + R_m, (C2)

where B_j are the Bernoulli numbers (B_2 =^1_6 , B_4 = −^1_{30} , B_6 =^1_{42} , · · ·) and the remainder term is R_m = (b − a)B_{2m+2} (2m + 2)!

f^{(2m+2)}(θ̄), for some θ̄ ∈ (a, b). (C3)

This formula will be particularly useful to evaluate the sum of slowly varying terms with decreasing derivatives. (A nice treatment on this formula, including the derivation, is given in Ref. [39]).

As for the partial wave sums in our work, we may use (C1) in the form (here l =^n_2 , n being integers) ∞∑ l=L+^1_2 f(l) = ∞∑ n=2L f (n 2 ) − f(L)

= {∫_∞ 2L f (x 2 ) dx + 1 2 f(L) − 1 12 [ d dx f (x 2 )]| | | |_{x=2L} + · · · } − f(L) = 2 ∫_∞ L f(l)dl − 1 2 f(L) − 1 24 f^′(L) + · · · , (C4)

assuming f(∞) = f^′(∞) = 0, etc. To deal with various l-sums appearing in (3.22), we may here take f(l) = e^{−s(a2l2 +a1l+a0)}(b_0 + b_1l + b_2l^2 + · · ·), (a_2 > 0). (C5)

Then, to perform the l-integral ∫_∞ L f(l)dl, we change the integration variable from l to t by setting l = t √ 2a_2s − a_1 2a_2

. (C6)

This will put the function (C5) in a simpler form, i.e.,

f(l) −→ f̃ (t) = e^{−t2} (b̃_0 + b̃_1t + b̃_2t^2 + · · ·) (C7)

and the resulting integrals can be done by using the formula [37]

∫_∞ T dte^{−t2} t^n = 1 2 (n − 1 2 ) !e^{−T 2} n−1 2∑ k=0 T^{2k} k! , (n = odd integer) 1 2 ( n − 1 2 ) ! erfc(T ) + T e^{−T 2} n 2 −1∑

k=0 ( k + 3 2 ) −k+^n_2 −1 T^{2k} , (n = even integer)

(C8) where (a)_n ≡ a(a + 1)...(a + n − 1) is the Pochhammer symbol. Now the l-sums in (3.22) can be performed explicitly. If we discard contributions vanishing for sufficiently large L, these sums for the first two terms in the right hand side of (3.22) read ∞∑ l=L+^1_2

(2l + 1)(2l + 2)Δ̃_{(l,j=l+} 1_{2 )}(r, r; s)

= e^{s( 14r2 +2f (r)−2r2f (r)2)}erfc ( √ s r (2L + 1 + r^2f(r)) ) { r^3 8s^2 + r 32s (−1 − 8r^2f(r)

+8r^4f(r)^2) + 1 16 (f(r)(r − 4r^4f^′(r)) − 5r^3f(r)^2 − r^5f^′(r)^2) }

+ 1 √ 4πs e^{−s( 4L(L+1)+} 3 4 r2 +4Lf (r)+3r^2f (r)^2) { r^2L s + ( −2L^2 + r^2 s − r^4 2s f(r) ) + ( − 43L 12 + 2sL^3 3r^2 + 16s^2L^5

3r^4 ) + ( − 37 24 − r^2 8 f(r) − 2r^3 3 f^′(r) − r^4 6 f^{′′}(r) + sL^2 r^2 − sL^2 3 f(r) − 8rsL^2 3 f^′(r) − 2r^2sL^2 3 f^{′′}(r) +

24s^2L^4 r^4 − 8s^2L^4 3r^2 f(r) − 16s^2L^4 3r f^′(r) − 32s^3L^6

3r^6 ) + ( sL 2r^2 − sL 6 f(r) − 3r^2sLf(r)^2 − r^4sL 2 f^′(r)^2 − 8rsL 3 f^′(r) − 14r^3sL 3 f(r)f^′(r) − 2r^2sL 3 f^{′′}(r) − 2r^4sL 3 f(r)f^{′′}(r) + 122s^2L^3 3r^4 − 20s^2L^3 3 f(r)^2 +

4r^2s^2L^3 3 f^′(r)^2 −

20s^2L^3 3r^2 f(r) − 32s^2L^3 3r f^′(r) − 16rs^2L^3 3 f(r)f^′(r) +

4s^2L^3 3 f^{′′}(r) − 48s^3L^5 r^6 + 32s^3L^5 3r^3 f^′(r) +

64s^4L^7 9r^8 )}

≡ F_1(r, s), (C9) ∞∑ l=L+^1_2

(2l + 1)(2l + 2)Δ̃_{(l+} 1_{2 ,j=l)}(r, r; s)

= e^{s( 14r2 +2f (r)−2r2f (r)2)}erfc ( √ s r (2L + 2 − r^2f(r)) ) { r^3 8s^2 + r 32s (−1 − 8r^2f(r)

+8r^4f(r)^2) + 1 16 (f(r)(r − 4r^4f^′(r)) − 5r^3f(r)^2 − r^5f^′(r)^2) }

+ 1 √ 4πs e^{−s( 4L(L+2)+} 15 4 r2 −(4L+6)f (r)+3r^2f (r)^2) { r^2L s + ( −2L^2 + r^2 2s − r^4 2s f(r) )

+ ( − 43L 12 + 2sL^3 3r^2 + 16s^2L^5

3r^4 ) + ( − 4 3 + r^2 8 f(r) + 2r^3 3 f^′(r) + r^4 6 f^{′′}(r) + 2sL^2 r^2 + sL^2 3 f(r) + 8rsL^2 3 f^′(r) +

2r^2sL^2 3 f^{′′}(r) +

32s^2L^4 r^4 + 8s^2L^4 3r^2 f(r) + 16s^2L^4 3r f^′(r) − 32s^3L^6

3r^6 ) + ( 2sL r^2 + 5sL 6 f(r) − 3r^2sLf(r)^2 − r^4sL 2 f^′(r)^2

+ 16rsL 3 f^′(r) − 14r^3sL 3 f(r)f^′(r) − 4r^2sL 3 f^{′′}(r) − 2r^4sL 3 f(r)f^{′′}(r) + 218s^2L^3 3r^4 − 20s^2L^3 3 f(r)^2 +

4r^2s^2L^3 3 f^′(r)^2 +

28s^2L^3 3r^2 f(r) + 64s^2L^3 3r f^′(r) − 16rs^2L^3 3 f(r)f^′(r) − 4s^2L^3 3 f^{′′}(r) − 208s^3L^5 3r^6 − 32s^3L^5 3r^3 f^′(r) +

64s^4L^7 9r^8 )}

≡ F_2(r, s). (C10) If we set f(r) = 0 in these expression, they represent the l-sums for the last two terms of (3.22) (i.e., for those containing the factors e^{−sV 0(l)(r)} and e^{−sV} 0 (l+ 12 ) (r) ). In this way we obtain the explicit double-integral representation for Γ^ϵ_{J>JL} (A; m) of the form Γ^ϵ_{J>JL} (A; m) = − ∫_∞ 0 dr ∫_∞ 0 ds e^{−m2 s} s s^ϵ [ F_1(r, s) + F_2(r, s) − F_1(r, s)|_{f (r)=0} − F_2(r, s)|_{f (r)=0} ] . (C11) The l-sums in (3.30) can be performed in a similar manner.

[1] W. Heisenberg and H. Euler, “Consequences of Dirac’s theory of positrons,” Z. Phys. 98, 714 (1936); English translation available at [arXiv:physics/0605038]; V. Weisskopf, Kong. Dans. Vid. Selsk. Math-fys. Medd. XIV No. 6 (1936).

[2] J. S. Schwinger, “On gauge invariance and vacuum polarization,” Phys. Rev. 82, 664 (1951). [3] For a recent review, see: G. V. Dunne, “Heisenberg-Euler effective Lagrangians: Basics and extensions,” [arXiv:hep-th/0406216], in Ian Kogan Memorial Collection, From Fields to Strings: Circumnavigating Theoretical Physics, M. Shifman et al (Eds) (World Scientific, Singapore, 2004), Volume 1, pp. 445-522.

[4] M. R. Brown and M. J. Duff, “Exact Results For Effective Lagrangians,” Phys. Rev. D 11, 2124 (1975); M. J. Duff and M. Ramon-Medrano, “On The Effective Lagrangian For The Yang-Mills Field,” Phys. Rev. D 12, 3357 (1975).

[5] I. A. Batalin, S. G. Matinyan and G. K. Savvidy, “Vacuum Polarization By A Source - Free Gauge Field,” Sov. J. Nucl. Phys. 26, 214 (1977) [Yad. Fiz. 26, 407 (1977)]; S. G. Matinyan and G. K. Savvidy, “Vacuum Polarization Induced By The Intense Gauge Field,” Nucl. Phys. B 134, 539 (1978).

[6] A. Yildiz and P. H. Cox, “Vacuum Behavior In Quantum Chromodynamics,” Phys. Rev. D 21, 1095 (1980).

[7] H. Leutwyler, “Constant Gauge Fields And Their Quantum Fluctuations,” Nucl. Phys. B 179, 129 (1981).

[8] N. B. Narozhnyi and A. I. Nikishov, “The Simplist processes in the pair creating electric field,” Yad. Fiz. 11, 1072 (1970) [Sov. J. Nucl. Phys. 11, 596 (1970)].

[9] H. J. de Vega and F. A. Schaposnik, “Nonuniform External Fields And Vacuum Properties In A Two-Dimensional Gauge Theory,” Phys. Rev. D 26, 2814 (1982).

[10] D. Cangemi, E. D’Hoker and G. V. Dunne, “Effective energy for QED in (2+1)-dimensions with semilocalized magnetic fields: A Solvable model,” Phys. Rev. D 52, 3163 (1995) [arXiv:hep-th/9506085].

[11] G. V. Dunne and T. M. Hall, “An exact QED(3+1) effective action,” Phys. Lett. B 419, 322 (1998) [arXiv:hep-th/9710062].

[12] G. V. Dunne, J. Hur, C. Lee and H. Min, “Precise quark mass dependence of instanton determinant,” Phys. Rev. Lett. 94, 072001 (2005) [arXiv:hep-th/0410190]; “Calculation of QCD instanton determinant with arbitrary mass,” Phys. Rev. D 71, 085019 (2005) [arXiv:hep-th/0502087].

[13] G. ’t Hooft, “Computation of the quantum effects due to a four-dimensional pseudoparticle,” Phys. Rev. D 14, 3432 (1976) [Erratum-ibid. D 18, 2199 (1978)].

[14] V. A. Novikov, M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, “Calculations In External Fields In Quantum Chromodynamics:. Technical Review,” Fortsch. Phys. 32, 585 (1984).

[15] O. K. Kwon, C. Lee and H. Min, “Massive field contributions to the QCD vacuum tunneling amplitude,” Phys. Rev. D 62, 114022 (2000) [arXiv:hep-ph/0008028].

[16] G. V. Dunne, J. Hur, C. Lee and H. Min, “Instanton determinant with arbitrary quark mass: WKB phase-shift method and derivative expansion,” Phys. Lett. B 600, 302 (2004) [arXiv:hep-th/0407222].

[17] G. V. Dunne and H. Min, “Beyond the thin-wall approximation: Precise numerical computation of prefactors in false vacuum decay,” Phys. Rev. D 72, 125004 (2005) [arXiv:hep-th/0511156].

[18] Y. Burnier and M. Shaposhnikov, “One-loop fermionic corrections to the instanton transition in two dimensional chiral Higgs model,” Phys. Rev. D 72, 065011 (2005) [arXiv:hep-ph/0507130].

[19] G. V. Dunne and K. Kirsten, “Functional determinants for radial operators,” J. Phys. A. 39,

11915 (2006), [arXiv:hep-th/0607066].

[20] I. M. Gelfand and A. M. Yaglom, “Integration in functional spaces and it applications in quantum physics,” J. Math. Phys. 1, 48 (1960).

[21] S. Levit and U. Smilansky, “A Theorem on Infinite Products of Eigenvalues of Sturm-Liouville Type Operators”, Proc. Am. Math. Soc. 65, 299 (1977).

[22] S. Coleman, “The Uses of Instantons,” Erice Lectures 1977, reprinted in S. Coleman, Aspects of Symmetry, (Cambridge University Press, 1988).

[23] T. Dreyfus and H. Dym, “Product formulas for the eigenvalues of a class of boundary value problems ”, Duke Math. J. 45, 15 (1978).

[24] R. Forman, “Functional Determinants and Geometry”, Invent. Math. 88, 447 (1987); Comm.

Math. Phys. 147, 485 (1992).

[25] K. Kirsten and A. J. McKane, “Functional determinants by contour integration methods,” Annals Phys. 308, 502 (2003) [arXiv:math-ph/0305010]; “Functional determinants for general Sturm-Liouville problems,” J. Phys. A 37, 4649 (2004) [arXiv:math-ph/0403050].

[26] H. Kleinert, Path Integrals in Quantum Mechanics, Statistics, Polymer Physics, and Financial Markets, (World Scientific, Singapore, 2004).

[27] J. L. Dunham, “The Wentzel-Brillouin-Kramers Method of Solving the Wave Equation”, Phys.

Rev. 41, 713 (1932); C. Rosenzweig and J. B. Krieger, “Exact Quantization Conditions”, J. Math. Phys. 9, 849 (1968); C. M. Bender, K. Olaussen and P. S. Wang, “Numerological Analysis Of The WKB Approximation In Large Order,” Phys. Rev. D 16, 1740 (1977).

[28] B. S. DeWitt, Dynamical Theory of Groups and Fields (Gordon and Breach, New York, 1965);

“Quantum Field Theory In Curved Space-Time,” Phys. Rept. 19, 295 (1975). [29] C. Lee and C. Rim, “Background Fermi Fields And Schwinger-DeWitt Proper Time Method,” Nucl. Phys. B 255, 439 (1985); I. Jack and H. Osborn, “General Background Field Calculations With Fermion Fields,” Nucl. Phys. B 249, 472 (1985); R. D. Ball, “Chiral Gauge Theory,” Phys. Rept. 182, 1 (1989).

[30] P. Minkowski, “On The Ground State Expectation Value Of The Field Strength Bilinear In Gauge Theories And Constant Classical Fields,” Nucl. Phys. B 177, 203 (1981).

[31] G. V. Dunne and Q. h. Wang, “Fluctuations about cosmological instantons,” Phys. Rev. D 74, 024018 (2006) [arXiv:hep-th/0605176].

[32] C. Lee, T. Lee and H. Min, “Generalized Schwinger-DeWitt Expansions and Effective Field

Theories”, Phys. Rev. D 39, 1701 (1989).

[33] C. A. Flory, “A Selfdual Gauge Field, Its Quantum Fluctuations, And Interacting Fermions,” Phys. Rev. D 28, 1425 (1983); E. Elizalde and J. Soto, “Exact Effective Actions For Quarks In Pure And Selfdual Mean Fields,” Nucl. Phys. B 260, 136 (1985); G. V. Efimov, A. C. Kalloniatis and S. N. Nedelko, “Confining properties of the homogeneous self-dual field and the effective potential in SU(2) Yang-Mills theory,” Phys. Rev. D 59, 014026 (1999) [arXiv:hep-th/9806165].

[34] G. V. Dunne and C. Schubert, “Two-loop self-dual Euler-Heisenberg Lagrangians. I: Real part and helicity amplitudes,” JHEP 0208, 053 (2002) [arXiv:hep-th/0205004].

[35] F. Leyvraz and T. H. Seligman, “Sequences of point transformations and linear canonical transformations in classical and quantum mechanics”, J. Math. Phys. 30, 2512 (1989); A. Anderson, “Canonical transformations in quantum mechanics,” Annals Phys. 232, 292 (1994) [arXiv:hep-th/9305054].

[36] G. Tsaur and J. Wang, “Integration of the Schrödinger equation by canonical transformations”, Phys. Rev. A 65, 012104 (2001); “Constructing Green functions of the Schrödinger equation by elementary transformations”, Am. J. Phys. 74, 600 (2006).

[37] M. Abramowitz and I. Stegun, Handbook of Mathematical Functions, (Dover, New York, 1965). [38] R. E. Langer, “On the Connection Formulas and the Solutions of the Wave Equation”, Phys.

Rev. 51, 669 (1937); J. B. Krieger and C. Rosenzweig, “Application of a Higher-Order WKB Approximation to Radial Problems”, Phys. Rev. 164, 171 (1967).

[39] P. B. Kahn, Mathematical Methods for Scientists & Engineers, (John Wiley & Sons, Inc., 1990) Chap. 4.