arXiv:hep-th/0609143 v3 9 Oct 2006

Exact Solutions in 5-D Brane Models With Scalar Fields

C. Bogdanos^1

Physics Department, University of Ioannina Ioannina GR451 10, Greece

Abstract. In this talk we consider the problem of a scalar field, non-minimally coupled to gravity through a −ξϕ^2R term, in the presence of a Brane. A number of exact solutions, for a wide range of values of the coupling parameter ξ, for both ϕ-dependent and ϕ-independent Brane tension, are presented. The behavior and general features of these solutions are discussed. We derive solutions for the scalar field compatible with the Randall-Sundrum metric and also geometries which can accomodate a folded kink-like scalar. Analytic and numerical results are provided for the case of a Brane or for smooth geometries, where the scalar field acts as a thick Brane. We also discuss briefly the graviton localization in our setup and demonstrate the characteristic volcano-like localizing potential for gravitons.

1. Introduction Brane models provide a simple and elegant example of gravitational theories with extra dimensions [1] [7] [8]. The main concept of these scenarios is that spacetime has additional space-like dimensions, which may or may not be compact. This higher-dimensional spacetime, also called the “bulk”, is assumed to contain topological defects of lower dimensionality, where the Standard Model fields are localized. Although ordinary matter and gauge fields are trapped inside this defect, resembling a membrane situated inside the bulk spacetime, gravity is free to propagate in the entire extra dimensional surroundings, as well as on the brane itself. The phenomenological implications of such a setup include modifications of ordinary fourdimensional gravity at small distances and can account for the large disparity between the weak scale and the Planck mass, providing us with a solution to the hierarchy problem.

One of the most popular brane models is the Randall-Sundrum 2 [9] setup, where the spacetime of the theory is five dimensional and there is a single brane where the Standard Model fields are localized. The extra dimension, denoted by y, is not compact and we assume it extends from −∞ < y < +∞. The brane is located at the origin, y = 0. Although the extra dimension is infinite in extent, it can be proved that due to the highly curved geometry of the Randall-Sundrum model, which is essentially an AdS_5 space outside the brane, gravity remains highly localized on the brane and the usual four-dimensional Newton’s law is recovered

1 Work done in collaboration with A. Dimitriadis and K. Tamvakis

for ordinary distances. For small distances, the presence of the extra dimension introduces corrections of order O(^1_{r3} ).

Our goal is to extend this brane model by including an additional scalar field which is non-minimally coupled to gravity. Although such setups have already been studied [?], the inclusion of the scalar field is usually treated as a perturbation that has a negligible effect on the geometry. Here we will solve the complete problem by taking the back-reaction of the scalar field into account and see in what ways this changes the underlying geometry of spacetime. We will discuss a number of solutions where the geometry is the typical Randall-Sundrum 2 and present the corresponding profile for the scalar field. We will also demonstrate solutions in the presence of a thick brane induced by the potential of the scalar field itself. In both cases we will see that there is only a limited range of values for the coupling parameter ξ for which we get physically meaningful results.

2. Mathematical Framework and Equations of Motion The action of our model comprises three distinct terms

S = S_{gr} + S_Φ + S_{br} (1)

The first of them accounts for gravity and the non-minimal coupling to the scalar field S_{gr} = ∫ d^5x √ −gf (Φ) R (2)

the second is the action of the scalar field

S_Φ = ∫ d^5x √ −g ( − 1 2 g^{AB} ∇_AΦ∇_BΦ − V (Φ) ) (3) and the third is the action of the brane, together with the five-dimensional cosmological constant Λ S_{br} = ∫ d^5x √ −g (−Λ − σδ (y)) (4) Here the brane tension is denoted by σ, and may be a function of the scalar field Φ, while the function f(Φ) measures the strength of the coupling between the scalar field and gravity. It plays the role of an effective five-dimensional Newton’s constant. In order to get back ordinary Einstein gravity we just make the substitution f =^1_{16πG} . In the rest of our discussion we will adopt for f(Φ) the ansatz f = 1 −^1_2 ξΦ^2. In the units we use, ξ = 0 corresponds to f = 1 and ordinary gravity. The ξΦ^2 term can account for phenomena such as electroweak symmetry breaking [?].

In order to get the equations of motion for our model we vary the action (1). Varying with respect to the metric g_{μν} yields Einstein’s equations G_{μν} = 8πGT_{μν} (5) while varying with respect to the field Φ we get the following equation for the scalar g^{AB}∇_A∇_BΦ − ∂V ∂Φ + R df dΦ = 0 (6)

We will use an ansatz for the metric of the form g_{M N} = ( e^{A(y)}n_{μν} 0 0 1 ) (7) and thus we end up with the following three equations of motion f ( A^{′2} + A^{′′} ) = −A^′f^′ − 2 3 f^{′′} − 1 6 Φ^{′2} − 1 3 (Λ + V + σδ (y)) (8)

fA^{′2} = 1 6 Φ^{′2} − 4 3 A^′f^′ − 1 3 (Λ + V ) (9)

Φ^{′′} + 2A^′Φ^′ − ∂V ∂Φ − ( 4A^{′′} + 5A^{′2} ) df dΦ = 0 (10)

The first two come from Einstein’s equations, while the third is the scalar equation. Together they form a non-linear system of ordinary differential equations. As we can easily prove, only two of the three are independent, with the third being an expression of energy conservation. Our goal is to solve for the unknown functions A, Φ and V (f is in our case a known function of Φ of the form 1 −^1_2 ξΦ^2). Here A is the function which determines the geometry, Φ is the scalar field and V the scalar potential. Since we only have two independent differential equations and three unknown functions, our system is underdetermined. We thus have the freedom to choose a fitting solution for one of the functions and then solve for the other two. The system of equations is also complemented by the following junction conditions for the derivatives of A and Φ on the brane A^′ | |^ε_{−ε} = − σ 3f (0) + 8ḟ^2 (0)

(11)

Φ^′ | |^ε_{−ε} = − 4σ ḟ (0)

3f (0) + 8ḟ^2 (0)

(12)

where we used the abbreviation ḟ (0) =^{df}_{dΦ} | | y=0 . 3. Exact Solutions for a RS-2 geometry As our equations are coupled and non-linear, solving the system analytically is not a trivial task. One idea is to use numerical evaluation for some particular form of the scalar potential V [18]. We will instead keep the potential arbitrary and try to solve analytically for specific choices for one of the remaining functions A and Φ. We will then derive the resulting potential and check whether the results we get are physically acceptable. Combining equations (8) and (9) we can eliminate V and thus get the single equation − 4 3 A^′f^′ + fA^{′′} = −A^′f^′ − 2 3 f^{′′} − 1 3 Φ^{′2} − 1 3 σδ (y) (13)

We now go on to choose A(y) and solve for Φ(y) from equation (13). Our first choice is the Randall-Sundrum-2 geometry function A = −2ky with f = 1 −^1_2 ξΦ^2, so we get a second order ordinary differential equation involving only Φ(y) − 2ξ Φ^{′′} Φ^′

+ (1 − 2ξ)

Φ^′ Φ − 2ξk = 0 (14)

The solution to this equation is of the form

Φ (y) = Φ(0) ( 1 + C ( 1 − e^{− ky2} )) 2ξ_{4ξ−1} (15)

Figure 1. Warp factor for ξ =^3_{16} . Figure 2. Warp factor for ξ >^3_{16} .

Plots for this scalar field with respect to y are presented in figures (1) and (2). We see that for values of the coupling parameter ξ >^3_{16} , the scalar field reaches asymptotically a constant value and has a profile similar to a folded kink. At the conformal value ξ =^3_{16} , the field becomes exponentially increasing, blowing up at infinity while for ξ <^3_{16} , there is a point before infinity where Φ assumes an infinite value. Apparently only solutions within the range ξ >^3_{16} are well-behaved in a single-brane setup. Solutions with negative ξ also exist. However, deriving the potential corresponding to these, we obtain negative powers of Φ for ξ < 0. Therefore solutions with negative ξ, although they seem initially acceptable, are excluded because they lead to singular potentials. For the conformal value of the coupling parameter we get a constant potential.

Until now we have assumed a constant brane tension σ. For a σ(Φ) brane tension the resulting junction conditions are A^′ |_ε −ε = − σ + 2ḟ (0) σ̇_0 3f (0) + 8ḟ^2 (0)

(16)

Φ^′ |_ε −ε = − 4σḟ (0) − 3f (0) σ̇_0 3f (0) + 8ḟ^2 (0)

(17)

and the corresponding solution is of the form

Φ (y) = Φ (0) ( 1 + (4ξ − 1) (σ̇_0 + 16kξΦ_0) 4kξΦ_0 ( 1 − e^{− k|y|2} ))^{2ξ}_{4ξ−1} (18)

We see that we get a similar profile as before. The novel feature is the presence of the derivative σ̇_0 of the brane tension with respect to Φ at the origin. Because of this extra term, an exponentially decreasing behavior is also possible in this setup.

4. Solutions for a Smooth Space In the previous section we chose a geometry and derived the scalar field and its potential. Here we will work the other way around, choosing a specific profile for Φ and finding a suitable warp factor. Since we just saw that the solutions for the scalar exhibit a folded kink-like profile, we will try to see if an exact kink is actually a solution. We thus set

Φ (y) =

Φ^′_0 a tanh (ay) (19)

and solve the corresponding differential equation. First we will find some numerical solutions for different values of the coupling parameter. Now we do not have a brane and we do not impose Z_2 symmetry. We adopt two different sets of initial conditions, with A(0) = 0, A^′ (0) = −1, which is similar to the Randall-Sundrum case and with A(0) = 1, A^′ (0) = 0 [15]. After numerically solving with Mathematica, the former set yields the solutions of the form seen in figure (3), while the later gives the results seen in figure (4). In the first case the warp factor is not symmetric about y = 0 and it remains finite only for a range of values of ξ. In the second case, the warp factor is symmetric and finite for all ξ. It is evident from the profile of the warp factor that this geometry resembles a smooth brane, created from the presence of the scalar field.

Figure 3. Warp factor for ξ = 1.6. Figure 4. Warp factor for ξ = 0.2.

We can also obtain analytical solutions if we fine-tune our parameters. We can see that

e^{A(y)} = (cosh (ay))^{−γ} , Φ (y) = Φ_0 tanh (ay) (20)

is a solution provided that the parameters satisfy the following conditions

γ = 2 ( ξ^{−1} − 6 ) , Φ_0 = a^{−1}Φ̇ (0) = ( 2M^3 )_{1/2} √ 6 (1 − 6ξ) ξ (1 − 2ξ)

, 0 < ξ < 1/6 (21)

For a different fine-tuning we obtain the solution

A (y) = −4 ln (cosh (ay))+ 1 3 ( 8 − ξ^{−1} ) J ( tanh^2 (ay) ) , Φ (y) = Φ_0 tanh (ay) , Φ_0 = 2 √ ξ^{−1}M^3 (22)

Figure 5. Warp factors for a kink-like scalar with fine-tuned parameters.

with

J (x) = ∫ dx (1 − x)^{−2/3}_2F_1 (1/2, 1/3, 3/2, x) = xF_{P F Q} ({1, 1, 7/6}, {3/2, 2}, x) (23) Profiles of the warp factor are shown in figure (5). We see that for ξ >^1_2 a peak develops away from the origin.

5. Graviton Localization In this final section we will deal with the issue of graviton localization in the presence of the non-minimally coupled scalar. Gravitons are described by the perturbations of the metric tensor, so we perturb the metric and leave the scalar field unchanged

δg_{MN} = δ^μ_M δ^ν_N h_{μν} (x, y) , δΦ = 0 , (24) Working in the transverse-traceless gauge h^μ = ∂_μh^{μν} = 0 we derive the equation of motion for the graviton ( − d^2 dy^2 + Ä(y) + Ȧ^2(y) ) ψ(y) = m^2e^{−A(y)}ψ(y) (25)

With a proper change of variables this can be put into the form of a one-dimensional Schrodinger equation ( − d^2 dz^2 + U(z) ) ψ = m^2ψ (26)

with the localizing potential U(z) = 3 4 d^2A dz^2 + 9 16 ( dA dz )_2 (27)

Because the operator acting on the graviton wavefunction is positive-definite, no tachyon modes are present. There is also a normalizable zero mode which reproduces ordinary fourdimensional gravity on the brane. Since for large distances the potential behaves as e^A and this must reduce to zero for reasonable geometries, we conclude that there is no mass gap in the spectrum of modes and the continuum starts at m = 0. The form of the potential is shown in figure (6) for the warp factors we derived in the previous section. We see that it has the

Figure 6. Localizing potentials for different values of ξ.

familiar volcano-like profile known from the Randall-Sundrum model. However, this profile changes and a peak at y = 0 develops as ξ increases. For ξ = 1/2 the potential at the origin becomes equal to zero and it approaches unity as ξ → ∞. We find that the peak first occurs for ξ =^1_{16} ( √ 193 − 9).

6. Conclusions We presented analytical and numerical solutions for brane models with a non-minimally coupled scalar field. We found solutions for the scalar field resembling a folded kink, which are compatible with the Randall-Sundrum model. For the case of an exact kink scalar field we derived the corresponding geometries and showed that they are similar to smooth brane spaces and can sustain graviton localization for the zero mode near the origin.

Acknowledgments This presentation is based on work done in collaboration with A. Dimitriadis and K. Tamvakis at the University of Ioannina, co-funded by the European Union in the framework of the Program ΠY ΘAΓOP AΣ−II of the “Operational Program for Education and Initial Vocational Training” (EΠEAEK) of the 3rd Community Support Framework of the Hellenic Ministry of Education, funded by 25% from national sources and by 75% from the European Social Fund (ESF). C. B. aknowledges also an Onassis Foundation fellowship.

References

[1] V. A. Rubakov and M. E. Shaposhnikov, Phys. Lett. B 125 (1983) 136; Phys. Lett. B 125 (1983) 139.

K. Akama, Lect. Notes Phys. 176 (1982) 267; hep-th/000113. [2] J. Polchinski, Phys. Rev. Lett. 75 (1995) 4724. [3] P. Horava and E. Witten, Nucl. Phys. B 460 (1996) 506. [4] J. M. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231.

S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Phys. Lett. B 428 (1998) 105. E. Witten, Adv. Theor. Math. Phys. 2 (1998) 253.

[5] I. Antoniadis, Phys. Lett. B 246 (1990) 377.

[6] I. Antoniadis, S. Dimopoulos and G. R. Dvali, Nucl. Phys. B 516 (1998) 70.

[7] N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, Phys. Lett. B 429 (1998) 263; Phys. Rev. D 59 (1999) 086004; Phys. Lett. B 436 (1998) 257.

[8] L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 3370. [9] L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 4690.

M. Gogberashvili, Mod. Phys. Lett. A 14 (1999) 2025.

[10] N. Barbosa-Cendejas and A. Herrera-Aguilar, Phys. Rev. D 73 (2006) 084022 [arXiv:hep-th/0603184].

[11] N. Barbosa-Cendejas and A. Herrera-Aguilar, JHEP 0510 (2005) 101 [arXiv:hep-th/0511050]. [12] O. De Wolfe, D. Z. Freedman, S. S. Gubser and A. Karch, Phys. Rev. D 62 (2000) 046008. [13] G. R. Dvali and M. A. Shifman, Phys. Lett. B 396, 64 (1997)[Erratum-ibid. B 407, 452 (1997)]. [14] A. Kehagias and K. Tamvakis, Phys. Lett. B 628 (2005) 262.

H. Davoudiasl, B. Lillie and T. G. Rizzo, hep-ph/0508279.

[15] A. Kehagias and K. Tamvakis, Phys. Lett. B 504 (2001) 38; Mod. Phys.Lett. A17(2002)1767. [16] C. Bogdanos, A. Dimitriadis and K. Tamvakis, Phys. Rev. D 74 (2006) 045003 [arXiv:hep-th/0604182]. [17] See for example L. Mendes and A. Mazumdar, Phys. Lett. B 501 (2001) 249, or L. Perivolaropoulos, Phys.

Rev. D 67 (2003) 123516.

[18] K. Farakos and P. Pasipoularides, hep-th/0602200; Phys. Lett. B 621 (2005) 224. [19] B. C. Xanthopoulos and T. E. Dialynas, J. Math. Phys. 33 (4) (1992) 1463.