arXiv:hep-th/0609159 v1 22 Sep 2006

CALT-68-2607 MIT-CTP-3764

The Story of O:

Positivity constraints in effective field theories

Alejandro Jenkins^{a,b∗} and Donal O’Connell^{a†} aDepartment of Physics California Institute of Technology, Pasadena, CA 91125 and bCenter for Theoretical Physics Laboratory for Nuclear Science Massachusetts Institute of Technology Cambridge, MA 02139

Abstract

We propose a simple method for identifying operators in effective field theories whose coefficients must be positive by causality. We also attempt to clarify the relationship between diverse positivity arguments that have appeared in the literature. We conjecture that the superluminal perturbations identified in non-positive effective theories are generally connected to instabilities that develop near the cutoff scale. We discuss implications for the ghost condensate, the chiral Lagrangian, and the Goldstone bosons of theories with spontaneous Lorentz violation.

∗ E-mail: ajv@mit.edu
† E-mail: donal@theory.caltech.edu

I. INTRODUCTION

A variety of classical and quantum arguments have been formulated to require the positivity of the coefficients of higher-dimensional (i.e., irrelevant) operators in effective field theories, including General Relativity (see, for instance, [1, 2, 3, 4]). Here we will make some remarks which help to clarify which operators one expects to obey positivity constraints, as well as the connection between the diverse positivity arguments in the literature. In particular, we will argue that positivity is expected to follow from causality for operators of the form O ∝ O^{μ1...μj}_1 P^{(j)}_{μ1...μj ;ν1 ...νj} O^{ν1 ...νj}_1 , (1) where O_1 contains sufficient derivatives and P^{(j)}μ_1...μ_j ;ν_1...μ_j is the zero-momentum propagator for a massive, spin-j mediator. We do not expect positivity constraints from causality alone for operators of the form O ∝ O^{μ1...μj}_1 P^{(j)}_{μ1...μj ;ν1 ...νj} O^{ν1 ...νj}_2 . (2) Furthermore, we shall argue that theories with such O’s that violate positivity do not admit stable, perturbative UV completions, and that the instabilities near the cutoff scale of non-positive effective theories are associated to the superluminal modes that may appear in the IR. We shall comment on the implications of this for the ghost condensate mechanism that has been proposed as a model of gravity in a Higgs phase [5], for the chiral Lagrangian, and for theories in which Lorentz invariance is spontaneously broken by a VEV for a vector quantity. This discussion is motivated principally by [3], whose notation we will adopt.

II. SUPERLUMINALITY AND ANALYTICITY

Consider the Lagrangian L = 1 2 (∂_μπ)^2 − 1 2 m^2π^2 + c_3 2Λ^4

(∂_μπ)^4 + . . . , (3)

which could describe an effective theory, at energy scales well below Λ, for a scalar field π with a very small mass m.^1 In [3], the authors offer two distinct causality arguments to

1 For m ≠ 0 Eq. (3) has no shift symmetry in π and we would expect other self-interactions such as π^4, π (∂_μπ)^2, etc. However, we will be concerned here mostly with the limit m → 0.

constrain c_3. The first is classical and applies for m = 0: Consider a background π_0 such that ∂_μπ_0 = C_μ, for constant C. For |C^2| ≪ Λ^4, we obtain the linear dispersion relation

k^2 +

4c_3 Λ^4

(C · k)^2 = 0 , (4)

where k is the 4-momentum of a plane wave of the perturbation φ ≡ π − π_0, which is the non-relativistic Goldstone of the spontaneous breaking of the shift symmetry π → π + c by the background. Absence of superluminal excitations then requires c_3 ≥ 0. For c_3 < 0, the superluminal excitations are not tachyons and the background π_0 is stable, even though the Hamiltonian is not minimized by it, because shift-symmetry implies the conservation of Q = ∫ d^3x π̇ [ 1 + 2c_3 Λ^4 ( π̇^2 − |∇π|^2 ) ] (5) and small perturbations φ that conserve Q cannot lower the energy [6, 7, 8]. If c_3 were negative, it would be possible to use these superluminal excitations to construct closed timelike curves in certain non-trivial backgrounds [3].

Let us now consider the case m ≠ 0 in Eq. (3). The shift symmetry is then explicitly broken at a scale m, which should also be the scale of the mass of the pseudo-Goldstone φ. Subluminality of φ at long wavelengths is assured as long as m^2 > 0. We expect that absence of superluminal φ near the cutoff scale will impose, at best, only a limit of the form

c_3 ∼> − m^2 Λ^2

. (6) The second argument in [3] is based on the analyticity of the S-matrix for Eq. (3). Let M(s, t) be the amplitude for ππ → ππ scattering and consider the analytic continuation of A(s) ≡ M(s, t = 0) onto the complex plane. For an intermediate scale M such that m ≪ M ≪ Λ, analyticity requires that A^{′′}(M^2) be strictly positive. Since A^{′′}(M^2) is equal to 2c_3/Λ^4 plus loop corrections suppressed by M^4/Λ^8, we expect a limit of the form

c_3 > 0 (7)

regardless of the value of the small mass m.^2 It therefore seems that the two positivity arguments in [3] are not equivalent and that analyticity of the S-matrix imposes a more stringent constraint on c_3.

2 In fact, the S-matrix analyticity argument in [3] requires the introduction of a regulator mass m, which may be taken to zero at the end.

There is another important difference between the positivity argument based on Eq. (4) and the argument from analyticity of the S-matrix. The former identifies a violation of causality which is present already in the IR. The latter requires closing the contour on the complex plane out at |s| → ∞ and therefore should be interpreted as an obstruction to finding a causal UV-completion of the effective theory. This is the spirit in which the argument has been proposed in [9] as providing a falsifiable prediction of string theory.

III. THE GHOST CONDENSATE

The positivity constraints of [3] present an obstruction to the ghost condensate of [5]. For X ≡ (∂_μπ)^2, the ghost condensate has an action of the form

L = P (X) , (8)

where P is a polynomial with P^′(X_∗) = 0 and P^{′′}(X_∗) ≠ 0 at X_∗ ≠ 0. For such an action there will generally be some background X_0 = (∂_μπ_0)^2 = C^2 on one side of X_∗ where the Goldstone φ is superluminal. This can be seen from the formula for the speed v of linear waves in φ. If X_0 > 0 then, in the frame where C^μ = (C, 0, 0, 0), we have

v^2 = 1 1 + 2 |X_0| P^{′′}(X_0)/P^′(X_0) (9) for P^′(X_0) ≠ 0.^3 For X_0 in one half-neighborhood of X_∗, the quantity |X_0| P^{′′}(X_0)/P^′(X_0) is very large and negative. In that case v^2 < 0 in Eq. (9), signaling an instability. But there will generally be a region where |X_0| P^{′′}(X_0)/P^′(X_0) is small and negative, leading to v^2 > 1 and indicating the presence of stable superluminal perturbations which could be used to build closed timelike curves.

Note also that in the limit M_{Pl} → ∞ where the ghost condensate decouples from gravity, the overall coefficient of the action in Eq. (8) is irrelevant. If we normalize it to have a normal leading kinetic term X/2 then analyticity of the S-matrix for ππ → ππ forbids negative coefficients for higher powers of X, thus preventing the polynomial P (X) from having a point P^′(X_∗) = 0 for X_∗ ≠ 0.

3 When C^μ is spacelike, the speed of perturbations moving along the direction of C^μ (in the frame where C^0 = 0) is given by v^2 = 1 − 2 |X_0| P^{′′}(X_0)/P^′(X_0). This reproduces Eq. (9) for |X_0| P^{′′}(X_0)/P^′(X_0) ≪ 1.

IV. THE STORY OF O

The theory in Eq. (3) with only a c_3 self-interaction is equivalent to L = 1 2 (∂_μπ)^2 − 1 2 m^2π^2 − c_3 2 Λ^2Φ^2 − ϵ c_3 Λ Φ (∂_μπ)^2 , (10) where ϵ = ±1, since integrating out the auxiliary field Φ corresponds exactly to substituting its equation of motion Φ = −ϵ (∂_μπ)^2 /Λ^3. We could therefore think of Eq. (3) as describing the low-energy behavior of L^′ = ( 1 2 − ϵ c_3 Λ Φ ) (∂_μπ)^2 − 1 2 m^2π^2 + 1 2 (∂_μΦ)^2 − c_3 2 Λ^2Φ^2 . (11) Regardless of whether m vanishes or not, the wrong sign of c_3 in Eq. (11) leads to an instability at energy scales near the cutoff for Eq. (3). If, for the wrong sign of the Φ^2 term, we attempt to make Eq. (10) stable by adding higher-order potential terms for Φ, then the corresponding low-energy effective action will still have c_3 > 0 if Φ sits at a stable point of its potential.^4 Transition from c_3 > 0 to c_3 < 0 in Eq. (3) corresponds to the destabilization of the fixed point at which the heavy field Φ in Eq. (11) sits.

The theory described by Eq. (11) is not a true high-energy completion of Eq. (3) because it is not renormalizable. However, it is very simple to check that for c_3 > 0 the forward scattering amplitudes for ππ → ππ, πΦ → πΦ, and ΦΦ → ΦΦ admit a perturbative UV-completion with an analytic S-matrix, since the A^{′′}(s) for all three kinds of scattering have the right sign at low energies, as required by [3].^5 Then Eq. (11) could be a good approximation, at intermediate energies, to a (perhaps fine-tuned) analytic UV-completion.^6 Consider now more generally L^′ = aΦ · O_1 − b 2 Λ^2Φ^2 , (12) where O_1 is some arbitrary operator and the coefficient a has the appropriate mass dimension. Then L^′ is equivalent to a^2 2b O^2_1 . (13)

4 It will also have operators (∂_μπ)^{2n} for n > 1, whose coefficients are also positive when Φ sits at a stable point.

5 The sign constrained by the analyticity argument in [3] has become the sign of the mass-squared for the auxiliary field Φ. That is, the analyticity constraint has become a simple stability constraint.

6 We could fine-tune |c_3| ≪ 1 in Eq. (11) so that radiative corrections leading to other couplings are under control. Alternatively, we could control radiative corrections by taking m to be small, so that the π field has an approximate shift symmetry.

The condition that Φ be non-tachyonic if it is made dynamical then imposes a constraint on the sign of O = O^2_1. This method trivially succeeds in identifying many other positivity constraints worked out in the literature, such as the positivity of c_1 and c_2 for the U(1) gauge field action discussed in [3] L = − 1 4 F_{μν} F^{μν} + c_1 Λ^4

(F_{μν} F^{μν} )^2 + c_2 Λ^4 ( F_{μν}F̃^{μν} )_2

+ . . . (14)

or the positivity of the higher-dimensional operators in General Relativity (e.g., R^2) discussed in [1, 2, 4].

That we expect positivity constraints on operators of the form O = O^2_1 where O_1 has enough derivatives is clear from the analyticity argument in [3], which constrains the signs of the coefficients of s^{2n} in the power expansion of the forward scattering amplitude A(s), for n ≥ 1. We do not expect our auxiliary field method to yield a constraint on an operator without derivatives, such as −λπ^4. In that case L^′ = −λ ( 2ΛΦπ^2 + Λ^2Φ^2 ) = −λΛ^2 ( Φ + π^2 Λ )_2 + λπ^4 , (15)

which is always an unstable potential, regardless of the sign of λ. Furthermore, we should not constrain the sign of an ordinary kinetic term κ (∂_μπ)^2 /2. In that case we could write

L^′ = κΛA^μ (∂_μπ) + κ 2 Λ^2A^2 (16)

but the coupling of the auxiliary field can be removed upon integrating by parts, since ∂_μA^μ = 0 for a massive vector field.

We never expect positivity constraints from causality alone for operators of the form O = O_1 · O_2. In that case it is always possible to write

L^′ = a_1Φ_1 · O_1 + a_2Φ_2 · O_2 − b_1 2 Λ^2Φ^2_1 − b_2 2 Λ^2Φ^2 , (17)

and the sign of O in the equivalent action will depend on the sign of a_1 · a_2, which we can set freely.

The method we have used to identify operators with positivity constraints amounts to a very simple-minded inverse Operator Product Expansion. We take an operator O and split it up into two parts joined by a massive, zero-momentum mediator. We expect a positivity constraint if the theory that results after the mediator is made dynamical is stable if and only if the coefficient of O was positive. We do not expect a constraint from causality if the theory can be made stable regardless of the sign of O.

V. THE CHIRAL LAGRANGIAN

Let us now consider how our method applies to the coefficients of the next-to-leading order operators of the SU(2) chiral Lagrangian L = 1 4 v^2Tr ( ∂^μΣ^†∂_μΣ ) + 1 4 m^2v^2Tr ( Σ^† + Σ ) + 1 4 ℓ_1 [ Tr ( ∂^μΣ^†∂_μΣ )]_2 + 1 4 ℓ_2 [ Tr ( ∂^μΣ^†∂^ν Σ )] [ Tr ( ∂_μΣ^†∂_ν Σ )] + . . . (18)

where Σ(x) ≡ exp (iπ^i(x)σ^i/v), with π^i being the pion fields and σ^i the Pauli matrices. We shall see that this example illustrates a subtlety which may appear when considering operators of the form O = O^{μ1 ...μj}_1 O_{1 μ1 ...μj} for j > 1.

The Lagrangian in Eq. (18) can be rewritten as L = 1 4 v^2Tr ( ∂^μΣ^†∂_μΣ ) + 1 4 m^2v^2Tr ( Σ^† + Σ )

+ 1 4 [ ℓ_2P^{(2)}_{μν;ρσ} + ( ℓ_2 D − 2 + ℓ_1 ) P^{(0)}_{μν;ρσ} ] [ Tr ( ∂^μΣ^†∂^ν Σ )] [ Tr ( ∂^ρΣ^†∂^σΣ )] + . . . (19)

where P^{(2)}_{μν;ρσ} ≡ 1 2 ( g_{μρ}g_{νσ} + g_{μσ} g_{νρ} − 2 D − 2 g_{μν} g_{ρσ} ) (20)

gives the index structure, in D space-time dimensions, of the propagator for a massive spin-2 particle with zero momentum, while

P^{(0)}_{μν;ρσ} ≡ g_{μν} g_{ρσ} . (21)

We can therefore write an action with spin-2 and spin-0 auxiliary fields which reproduces Eq. (18). Making those fields non-tachyonic requires

ℓ_2 > 0 ℓ_1 +^{ℓ2}_{D−2} > 0

. (22)

For D ≥ 3, this implies that ℓ_2 > 0 ℓ_1 + ℓ_2 > 0

, (23)

which agrees with the constraints obtained in [9] from avoiding superluminal perturbations around the classical background Σ = exp (ic · xσ^3) in the limit that m → 0.

VI. SUPERLUMINALITY AND INSTABILITIES

The auxiliary field method that we have described could also shed light on the connection between the obstruction to UV-completion and the appearance of stable superluminal modes in the IR. From the equation of motion for Φ in Eq. (11) we have that, for perturbations about a background Φ_0 and π_0,

∂^2(δΦ) + c_3Λ^2 δΦ = −

2c_3ϵ Λ [(∂_μπ_0) ∂^μ(δπ)] . (24)

If ∂_μπ_0 ≠ 0, then perturbations δπ lead to non-zero δΦ, which is tachyonic for c_3 < 0. We conjecture that superluminal perturbations in the IR are generally associated with instabilities near the cutoff scale.^7

Our approach may also rule out superluminal Goldstones in theories in which Lorentz invariance is spontaneously broken by a timelike vector VEV, ⟨S^μ⟩ ≠ 0. It should be pointed out, though, that the scattering of these Goldstones, being Lorentz non-invariant, is not adequately characterized by the kinematic variables s and t. The connection between our auxiliary field method and causality as encoded in the analytic structure of the S-matrix is not as transparent as in previous examples.

At the two-derivative level, the general effective action for such Goldstones can be written as L = c_1∂_αS^β∂^αS_β + (c_2 + c_3)∂_μS^μ∂_ν S^ν + c_4S^μ∂_μS^αS^ν ∂_ν S_α . (25) If we normalize to S^2 = 1 and work in the frame in which only S^0 is non-vanishing, we may write S^μ(x) ≡ 1 √ 1 − ϕ^2

(1, ϕ) , (26)

where ϕ is as 3-vector whose components correspond to the Goldstones [13].^8 Classically, the linear Goldstone action is therefore L = 1 2 ∑ i=1,2,3 [( ∂_μϕ^i )_2 − α ( ∂_iϕ^i )_2 + β ( ∂_0ϕ^i

)_2] , (27)

7 This could be related to the instabilities near the cutoff scale that have been identified in ghost condensate models [7]. As we have discussed, for certain backgrounds the ghost condensate also exhibits stable superluminal excitations in the IR, which could signal an obstruction to finding a high-energy completion for it (see [11, 12]).

8 Notice that the S^μ’s are dimensionless while the c_i’s have mass dimension two.

where α ≡ (c_2 + c_3) /c_1 and β ≡ c_4/c_1. Absence of superluminal Goldstones requires β > 0 and α < β. The action in Eq. (25) is equivalent to

L^′ = c_1 [ ∂_αS^β∂^αS_β + 2αΦ (∂_μS^μ) + 2βA_μ (S^ν ∂_ν S^μ) − αΦ^2 − βA^2 ] + 1 2 (∂_μΦ)^2 − 1 4 F^2_{μν} (28)

for zero momentum of Φ_1 and A_μ. Avoiding ghosts implies c_1 < 0. Stability of Eq. (28) then requires that there be no superluminal Goldstones in Eq. (25).^9 This observation might help to resolve the question of whether superluminal excitations should be forbidden or not in theories with spontaneous Lorentz violation [14, 15]. This issue is significant because the experimental constraint on spontaneous Lorentz violation coupled only to gravity is much tighter if superluminality of the Goldstones is forbidden [16, 17].

Analogously to what occurred in Eq. (24) for the scalar field, we see from the equation of motion for the action in Eq. (28) that stable superluminal Goldstones in Eq. (25) are connected to excitations of tachyonic Φ or A_μ. We therefore conjecture that superluminal Goldstones are associated with instabilities that appear near the scale at which the spontaneously-broken Lorentz symmetry is restored.

VII. CONCLUSIONS

We have described a very simple method for identifying a family of higher-dimensional operators in effective theories whose coefficient must be positive by causality: We introduce auxiliary fields such that the original effective theory is reproduced when the auxiliary fields have zero momentum. For operators of the form O = O_1 · O_1, where O_1 contains enough derivatives, the positivity constraint on O from S-matrix analyticity is recast as a stability constraint on the sign of the mass-squared for the corresponding auxiliary field.

This procedure also identifies a family of operators for which causality alone should not impose positivity: those for which the theory with the auxiliary field can be stable and analytic regardless of sign of O. It is, of course, possible that there are other kinds of operators which must be positive by causality (or by another reason) but which our prescription does not detect. For instance, some other positivity constraints which do not follow from our conjecture are obtained in [10] from avoidance of “Planck remnants” (i.e.,

9 In fact, it also requires that the longitudinal mode, with v^2_{lgt} = (1 + α)/(1 + β), propagate more slowly than the two transverse modes, with v^2_{trv} = 1/(1 + β).

charged black holes that cannot decay quantum-mechanically). For the operators which our conjecture does constrain, our results are consistent with [10].

We have also conjectured that what we have seen when applying our auxiliary field procedure is true in general: that stable superluminal modes in the IR of non-positive effective theories are connected to an instability that appears near the cutoff scale. Finally, we have commented on what positivity constraints and causality imply for the ghost condensate, the chiral Lagrangian, and theories with spontaneous Lorentz violation.

VIII. ACKNOWLEDGMENTS

We thank Allan Adams for a very useful and encouraging discussion, and for proposing the title. We also thank Sean Carroll, Walter Goldberger, Michael Graesser, Andrey Katz, Eugene Lim, Delphine Perrodin, Surjeet Rajendran, and Mark Wise for valuable discussions and comments. This work was supported in part by the U.S. Department of Energy under contracts DE-FG03-92ER40701 (A.J. and D.O.) and DE-FG02-05ER41360 (A.J.).

[1] J. D. Barrow and A. C. Ottewill, J. Phys. A 16, 2757 (1983). [2] V. Müller and H. J. Schmidt, Gen. Rel. Grav. 17, 769 (1985).

[3] A. Adams, N. Arkani-Hamed, S. Dubovsky, A. Nicolis, and R. Rattazzi, hep-th/0602178. [4] A. De Felice, M. Hindmarsh, and M. Trodden, astro-ph/0604154.

[5] N. Arkani-Hamed, H. C. Cheng, M. A. Luty, and S. Mukohyama, JHEP 0405, 074 (2004) [hep-th/0312099].

[6] S. D. H. Hsu, A. Jenkins, and M. B. Wise, Phys. Lett. B 597, 270 (2004) [astro-ph/0406043]. [7] D. Krotov, C. Rebbi, V. A. Rubakov, and V. Zakharov, Phys. Rev. D 71, 045014 (2005) [hep-ph/0407081].

[8] N. Arkani-Hamed, H. C. Cheng, M. A. Luty, S. Mukohyama, and T. Wiseman, hep-ph/0507120.

[9] J. Distler, B. Grinstein, and I. Z. Rothstein, hep-ph/0604255. [10] Y. Kats, L. Motl, and M. Padi, hep-th/0606100.

[11] M. L. Graesser, I. Low, and M. B. Wise, Phys. Rev. D 72, 115016 (2005) [hep-th/0509180].

[12] D. O’Connell, hep-th/0602240.

[13] M. L. Graesser, A. Jenkins, and M. B. Wise, Phys. Lett. B 613, 5 (2005) [hep-th/0501223]. [14] S. M. Carroll and E. A. Lim, Phys. Rev. D 70, 123525 (2004) [hep-th/0407149]. [15] B. Z. Foster and T. Jacobson, Phys. Rev. D 73, 064015 (2006) [gr-qc/0509083]. [16] G. D. Moore and A. E. Nelson, JHEP 0109, 023 (2001) [hep-ph/0106220]. [17] J. W. Elliott, G. D. Moore, and H. Stoica, JHEP 0508, 066 (2005) [hep-ph/0505211].