arXiv:hep-th/0609166 v2 19 Nov 2006

Chiba Univ. Preprint CHIBA-EP-160 hep-th/0609166 November 2006

Gauge-invariant gluon mass, infrared Abelian dominance and stability of magnetic vacuum

Kei-Ichi Kondo^{†,1}

†Department of Physics, Faculty of Science, Chiba University, Chiba 263-8522, Japan

Abstract

We give an argument for deriving analytically the infrared “Abelian” dominance in a gauge invariant way for the Wilson loop average in SU(2) Yang– Mills theory. In other words, we propose a possible mechanism for realizing the dynamical Abelian projection in the SU(2) gauge-invariant manner without breaking color symmetry. This supports validity of the dual superconductivity picture for quark confinement. We also discuss the stability of the vacuum with magnetic condensation as a by-product of this result.

Key words: quark confinement, Yang-Mills theory, Abelian dominance, gluon mass, magnetic monopole, monopole condensation,

PACS: 12.38.Aw, 12.38.Lg 1 E-mail: kondok@faculty.chiba-u.jp

1 Introduction

Quark confinement is still an unsolved and challenging problem in theoretical particle physics, as is well known. Though the approach to this problem is not unique, we have a promising scenario for explaining quark confinement, the so-called dual superconductivity picture [2] for the vacuum of the non-Abelian gauge theory [1]. This scenario proposed long ago is intuitively quite appealing. Indeed, the relevant data supporting the validity of this picture have been accumulated by numerical simulations especially since 1990 and some of the theoretical predictions [3,4] have been confirmed by these investigations: infrared Abelian dominance [5], magnetic monopole dominance [6] and non-vanishing off-diagonal gluon mass [7] in the Maximal Abelian gauge [8], which are the most characteristic features for the dual superconductivity. In spite of these facts, the theoretical justification is not yet reached to a satisfactory level. In this paper, we demonstrate analytically the infrared Abelian dominance in the Wilson loop average for a large Wilson loop of the SU(2) Yang-Mills theory [1].

For this purpose, we need to answer how to define and extract “Abelian” part V_μ from the original non-Abelian gauge field A_μ, which is responsible for the area decay law of the Wilson loop average. This must be done without spoiling gauge invariance. The conventional Abelian projection [3] is too naive to realize this requirement. In sec. 2 and 3, we achieve this goal by using a non-Abelian Stokes theorem and a non-linear change of variables (NLCV).

At the same time, we must answer why the “remaining” part X_μ (X_μ = A_μ −V_μ ) in the non-Abelian gauge field A_μ decouple in the low-energy (or long-distance) regime. To answer this question, we argue in sec. 4 and 5 that the remaining part X_μ acquires the mass M_X to be decoupled in the low-energy region. The fundamental mechanism for the X_μ -mass generation is that the gauge-invariant composite operator X^2_μ develops a non-vanishing vacuum expectation value ⟨ X^2_μ ⟩ , in other words, the gauge-invariant

dimension–two condensation takes place, i.e., ⟨ X^2_μ ⟩ ≠ 0. In fact, it was recently proposed in [9] and [10, 11] that dimension–two vacuum condensations composed of gluon field are relevant to the realization of quark confinement and the existence of mass gap in Yang-Mills theory. We also discuss some implications of dimension–two condensate ⟨ X^2_μ ⟩ for the low-energy description of Yang-Mills theory.

Moreover, in sec. 5 we point out that the existence of such a condensation stabilizes the vacuum of the Savvidy type [12] with the magnetic condensation by eliminating a tachyon mode causing the Nielsen–Olesen instability [13]. This is a by-product of the above result. The stability of the magnetic vacuum is desirable for the magnetic monopole dominance. Thus the non-perturbative Yang-Mills vacuum is characterized by two vacuum condensations, i.e., the condensation ⟨ X^2_μ ⟩ ≠ 0 and the magnetic condensation ⟨H⟩ ≠ 0, both of which realize the vacuum energy lower than that of the perturbative vacuum.

2 Non-Abelian Stokes theorem for the Wilson loop operator and introduction of color field

For the non-Abelian gauge potential, A_μ(x) = A^A_μ (x)T^A, the Wilson loop operator W_A (C) for a closed loop C is defined by

W_A (C) := N^{−1}tr [ P exp { ig ∮ C dx^μA_μ(x) }] , (2.1)

where P denotes the path-ordered product and the normalization factor N is equal to the dimension of the representation R, to which the probe of the Wilson loop belongs, i.e., N = dim(1_R) = tr(1_R). Then the Wilson loop average W (C) := ⟨W_A (C)⟩_{YM}, i.e., the vacuum expectation value of the Wilson loop operator, is given by the functional integration:

W (C) := ⟨W_A (C)⟩_{YM} =Z^{−1}_{YM} ∫ DA_μ exp (iS_{YM}) W_A (C) = ∫ DA_μ exp (iS_{YM}) W_A (C) ∫ DA_μ exp (iS_{YM})

, (2.2)

where S_{YM} is the Yang-Mills action. This expression is rather formal. For this to be a precise definition, we must specify the gauge fixing procedure to give a well-defined functional integration measure DA_μ, as will be discussed later.

The Wilson loop operator is rewritten into a surface-integral form which is called the Non-Abelian Stokes theorem (NAST). We adopt in this paper the Diakonov– Petrov version [14] of NAST^1 which does not include neither the path ordering along the loop nor the surface ordering in sharp contrast to the other versions [19] of NAST, at the price of an additional integration over all gauge transformations of the given non-Abelian background field.

The Diakonov–Petrov NAST is nothing but a path integral representation of the Wilson loop operator. This representation is obtained according to the usual procedure of obtaining the path-integral representation: i) partitioning the closed loop C into N infinitesimal segments, ii) inserting the complete set at each partition point, iii) taking the limit N → ∞ appropriately. As the complete set to be inserted, we use the coherent state which is described by introducing an auxiliary vector field n(x). The vector field n(x) is hereafter called color field in relation to the Yang-Mills theory by the reason to be clarified later.

In what follows, we use a notation F · G := F^AG^A = 2tr(F G), F^2 := F · F , and (F × G)^A := ϵ^{ABC} F^BG^C = −2itr(T^A[F, G]) with the normalization for the Hermitian generators T^A of the Lie algebra G of the gauge group G: tr(T^AT^B) =^1_2 δ^{AB} . For the gauge group G = SU(2), the color field n(x) is the unit vector field with three components, i.e.,

n(x) = (n_1(x), n_2(x), n_3(x)), n(x) · n(x) := n^A(x)n^A(x) = 1, (2.3)

1We adopt the coherent state representation for a derivation of the Diakonov–Petrov NAST as given in sec.III of [16] for SU(2) and in [17] for SU(N), N ≥ 3. See also [18] for more information. It was claimed that some care must be taken in using this version of NAST [15].

and the path-integral representation reads

W_A (C) = ∫ dμ_C [n] exp { igJ ∮ C dx^μ{tr(σ_3UA_μU^†) + ig^{−1}tr(σ_3U∂_μU^†)} } , (2.4) where J =^1_2 , 1,^3_2 , 2, · · · is the index, say “spin”, characterizing the representation R, to which the probe of the Wilson loop belongs, and dμ_C [n] is the product measure of the normalized invariant Haar measure dμ[n(x)] on SU(2)/U(1) ∼= S^2 at a spacetime point x:

dμ_C [n] := ∏ x∈C dμ[n(x)], dμ[n(x)] = d^3n(x)δ(n(x) · n(x) − 1). (2.5) Here the unit vector field n(x) is defined through an SU(2) matrix field U(x) by n̂(x) := n^A(x)σ_A = U^†(x)σ_3U(x) (A = 1, 2, 3), (2.6) with Pauli matrices σ_A(A = 1, 2, 3). Then, by using the Euler–angle representation U(x) = e^{iα(x)σ3 /2}e^{iβ(x)σ2/2}e^{iγ(x)σ3 /2}, (2.7) the color vector field n(x) is expressed by two Euler–angle fields α(x) and β(x):

n(x) = (n_A(x))_{A=1,2,3} = (sin β(x) cos α(x), sin β(x) sin α(x), cos β(x)), (2.8) and an explicit form of the Haar measure is given by dμ[n(x)] = 2J + 1 4π sin β(x)dβ(x)dα(x). (2.9) Since the argument of the exponential is Abelian, we can use the ordinary Stokes theorem to rewrite the line integral to the surface integral: W_A (C) = ∫ dμ_S[n] exp { ig J 2 ∫ S:∂S=C d^2S^{μν} G_{μν} } , (2.10) where S is an arbitrary surface spanned on the loop C, the antisymmetric tensor G_{μν} is the curvature defined by G_{μν} (x) =∂_μ[n(x) · A_ν (x)] − ∂_ν [n(x) · A_μ(x)] − g^{−1}n(x) · (∂_μn(x) × ∂_ν n(x)), (2.11) and dμ_S[n] is the product measure over the surface S: dμ_S[n] := ∏ x∈S dμ[n(x)]. (2.12)

See e.g., [16, 37] for details of the derivation.

Figure 1: The relationship between the original Yang-Mills (YM) theory and the master Yang–Mills (M-YM) theory. The master Yang–Mills theory has a larger (local and global) gauge group G̃ than the original gauge group G of the original Yang-Mills theory and becomes equivalent to the original Yang-Mills theory after a constraint (new MAG) is imposed. The resulting gauge theory is denoted by M-YM at new MAG with the gauge group G^′.

3 Non-linear change of variables for gluon fields

Since the loop C can have arbitrary shape and arbitrary location in spacetime, the surface S spanned by the loop C may sweep the whole spacetime. In view of this, the color field n(x) must be introduced over all the spacetime points. This is easily achieved by inserting the unity, 1 = ∫ Dμ[n] ≡ ∫ Dnδ(n · n − 1) := ∏ x∈R^D ∫ [dn(x)]δ(n(x) · n(x) − 1), (3.1) into the functional integration. Therefore, we arrive at the expression:

W (C) =Z̃^{−1}_{YM} ∫ Dμ[n] ∫ DA_μ exp (iS_{YM}) W̃_A (C) = ∫ Dμ[n] ∫ DA_μ exp (iS_{YM}) W̃_A (C) ∫ Dμ[n] ∫ DA_μ exp (iS_{YM})

, (3.2)

where we have introduced the reduced Wilson loop operator W̃_A (C) defined by

W̃_A (C) = exp { ig J 2 ∫ S:∂S=C d^2S^{μν} G_{μν} } , (3.3)

and the new partition function Z̃_{YM} has been defined by inserting the unity: 1 = ∫ Dμ[n] into the original Yang-Mills partition function:

Z̃_{YM} = ∫ Dμ[n] ∫ DA_μ exp(iS_{YM}[A ]). (3.4)

At this stage, the color field n(x) is regarded as an auxiliary field introduced into the Yang-Mills theory in addition to the gauge field A_μ(x). We call this modified theory the master Yang-Mills theory, which is written in terms of A_μ(x) and n(x). Thus we regard the vacuum expectation value of the Wilson loop in Yang-Mills theory as that of the reduced Wilson loop in the master Yang-Mills theory. The master Yang- Mills theory has more independent degrees of freedom than the original Yang-Mills theory. For a while, we put this issue aside, until we will discuss how to reduce the master Yang-Mills theory to the original Yang-Mills theory shortly after introducing the non-linear change of variables. See Fig. 1.

We proceed to perform the (non-linear) change of variables of the original gauge field A_μ by making use of the color field n(x). This will help us to clarify which variables are responsible for the area law of the Wilson loop average. Given a color field n(x), the Yang-Mills gauge field A_μ(x) can be cast into the equivalent form:

A_μ =(n · A_μ)n + A_μ − (n · A_μ)n =(n · A_μ)n + (n · n)A_μ − (n · A_μ)n =(n · A_μ)n + n × (A_μ × n) =(n · A_μ)n − g^{−1}n × ∂_μn + g^{−1}n × (∂_μn + gA_μ × n) =(n · A_μ)n + g^{−1}∂_μn × n + g^{−1}n × D_μ[A ]n, (3.5)

where we have used only the relation n(x) · n(x) = 1 in the second equality and introduced the covariant derivative in the last step:

D_μ[A ]n(x) := ∂_μn(x) + gA_μ(x) × n(x). (3.6)

Thus the Yang-Mills gauge field A_μ(x) is decomposed as

A_μ(x) = c_μ(x)n(x) + g^{−1}∂_μn(x) × n(x) + X_μ (x), (3.7)

where we have used the identification:

c_μ(x) = n(x) · A_μ(x), X_μ (x) = g^{−1}n(x) × D_μ[A ]n(x). (3.8)

The first term on the right-hand side of (3.7) is denoted by C_μ (x) := c_μ(x)n(x). C_μ (x) is parallel to n(x) and is called the restricted potential. The second term is denoted by B_μ (x) := g^{−1}∂_μn(x)×n(x). B_μ (x) is perpendicular to n(x) and is called the magnetic potential. For later convenience, we define V_μ (x) by V_μ (x) := C_μ (x) + B_μ (x):

V_μ (x) := c_μ(x)n(x) + g^{−1}∂_μn(x) × n(x). (3.9)

As a way of specifying the separation of variables:

A_μ(x) = V_μ (x) + X_μ (x), (3.10)

the color field n(x) is required to be a covariant constant in the background field V(x): D_μ[V]n(x) := ∂_μn(x) + gV_μ (x) × n(x) = 0. (3.11)

In fact, solving this equation for V_μ (x) leads to (3.9). On the other hand, the remaining variable, i.e., the covariant potential X_μ (x) is required to be perpendicular to n(x):

n(x) · X_μ (x) = 0. (3.12)

This decomposition (3.7) was once called the Cho-Faddeev-Niemi-Shabanov decompositions [20–23] in the literatures. It is regarded as a non-linear change of variables (NLCV) for the original Yang-Mills field variables.

For our purposes, it is a remarkable fact that the curvature tensor F_{μν} [V] obtained from the connection V_μ is parallel to n and its magnitude G_{μν} coincides exactly with the curvature tensor G_{μν} appearing in the Wilson loop operator (2.11) by way of the NAST:

F_{μν} [V](x) :=∂_μV_ν (x) − ∂_ν V_μ (x) + gV_μ (x) × V_ν (x) :=n(x)G_{μν} (x) = G_{μν} (x), G_{μν} (x) =∂_μc_ν (x) − ∂_ν c_μ(x) − g^{−1}n(x) · (∂_μn(x) × ∂_ν n(x)). (3.13)

Therefore, we have succeeded to separate the original variables

(A_μ(x), n(x)) → (c_μ(x), X_μ (x), n(x)), (3.14)

with the identification (3.8) such that only n(x) and c_μ(x) in the combined form V_μ are responsible for the Wilson loop average and that the remaining variable X_μ (x) is redundant for calculating the Wilson loop average. In other words, V_μ can be identified with the “Abelian” part of A_μ, suggesting the “Abelian” dominance in the Wilson loop average. This fact has been already pointed out in the paper [24]. However, this fact alone is not sufficient to guarantee the infrared Abelian dominance, since the theory has interactions between n, c_μ and X_μ. In order to confirm the infrared Abelian dominance, we must show that the variable X_μ (x) is actually irrelevant for calculating the Wilson loop average. This follows if these degrees of freedom decouple at least in the low-energy or long-distance region corresponding to the large Wilson loop. A possible mechanism is discussed in what follows.

The SU(2) Yang–Mills Lagrangian density for the gluon field A_μ,

L_{Y M} [A ] := − 1 4 (F_{μν} [A ])^2 = − 1 4 (∂_μA_ν − ∂_ν A_μ + gA_μ × A_ν )^2, (3.15)

is rewritten in terms of the new variables (n, c_μ, X_μ ) into L̃_{Y M} [n, c, X] = −1 4 (G_{μν} + gX_μ × X_ν )^2 − 1 4 (D_μ[V]X_ν − D_ν [V]X_μ )^2, (3.16)

where we have used a fact that G_{μν} and gX_μ × X_ν are parallel to n, and this is also the case for the sum G_{μν} + gX_μ × X_ν , while D_μ[V]X_ν − D_ν [V]X_μ is orthogonal to n (which follows from the fact n · X_μ = 0).

By collecting the terms in X_μ , the Lagrangian reads

L̃_{YM}[n, c, X] = −1 4 G^2_{μν} − 1 2 X^A_μ W^{AB}_{μν} X^B_ν − 1 4 (gX_μ × X_ν )^2, (3.17) where

W^{AB}_{μν} := − δ_{μν} (D_ρ[V]D_ρ [V])^{AB} + 2gϵ^{ABC} n^C G_{μν} + (D_μ[V]D_ν [V])^{AB} . (3.18)

In this derivation, we have used the relation: [D_μ[V], D_ν [V]]^{AB} = −gϵ^{ABC} G^C_{μν} .

We return to the issue raised above: how to reduce the master Yang-Mills theory to the original Yang-Mills theory. If we treated the color field n(x) as the fundamental field in addition to the original gauge field A_μ(x), the resulting theory, say, the master Yang-Mills theory, had more independent degrees of freedom than those in the original Yang-Mills theory. In other words, the master Yang-Mills theory had the gauge symmetry G̃ := SU(2)_ω ×[SU(2)/U(1)]_θ larger than the original gauge symmetry G = SU(2)_ω. Here the latter symmetry [SU(2)/U(1)]_θ is carried by the color field n(x) while the former SU(2)_ω by the gauge field A_μ(x). In order to obtain the equivalent theory to the original Yang-Mills theory, we must impose necessary and sufficient numbers of constraints which eliminate the extra degrees of freedom and restrict the larger gauge symmetry to the SU(2) gauge symmetry. A suitable procedure was given in [25] by giving an explicit form of the constraint, which we called the new Maximal Abelian gauge (nMAG), although this naming is somewhat misleading. The nMAG is performed by minimizing the functional ∫ d^Dx^1_2 g^2X^2_μ with respect to the enlarged gauge transformations: 0 = δ_{ω,θ} ∫ d^Dx 1 2 g^2X^2_μ = δ_{ω,θ} ∫ d^Dx(D_μ[A ]n)^2. (3.19)

This determines the color field n(x) as a functional of a given configuration of A_μ(x). The local gauge transformation of X^2 is calculated as [25] δ_{ω,θ} 1 2 X^2_μ = g^{−1}(D_μ[A ]n) · {D_μ[A ](ω_⊥ − θ_⊥) × n}, (3.20)

and the average over the spacetime of (3.20) reads δ_{ω,θ} ∫ d^Dx 1 2 X^2_μ = − ∫ d^Dx(ω_⊥ − θ_⊥) · D_μ[V]X_μ . (3.21)

Hence, imposing (3.19) for arbitrary ω_⊥ ≠ θ_⊥ yields a constraint in the differential form:

χ := D_μ[V]X_μ ≡ 0. (3.22)

This constraint yields two conditions, since n · D_μ[V]X_μ = 0. Imposing nMAG to the master Yang-Mills theory breaks the enlarged G̃ := SU(2)_ω × [SU(2)/U(1)]_θ gauge symmetry down to the diagonal SU(2) gauge symmetry: G^′ = SU(2)_ω′ = SU(2)_{II}, a subgroup of G̃ (ω ≡ θ := ω^′). The respective new variable transforms under this gauge transformation, say the local gauge transformation II as follows [25].

Local gauge transformation II (the active or background gauge transformation):

δ^′_ωn(x) =gn(x) × ω^′(x), (3.23a) δ^′_ωc_μ(x) =n(x) · ∂_μω^′(x), (3.23b) δ^′_ωX_μ (x) =gX_μ (x) × ω^′(x), (3.23c) =⇒δ^′_ωV_μ (x) = D_μ[V]ω^′ (x), (3.23d) δ^′_ωA_μ(x) = D_μ[A ]ω^′(x). (3.23e)

Therefore, X^2_μ is invariant under the local gauge transformation II: δ^′_ωX^2_μ (x) = 0. (3.24) The gauge transformation for the field strength is calculated using this result. The curvature G_{μν} := F_{μν} [V] is subject to the adjoint rotation δ^′_ωG_{μν} (x) =gG_{μν} (x) × ω^′(x). (3.25) Hence, the squared field strength has the SU(2)_{II} invariance δ^′_ωG_{μν} (x)^2 =0. (3.26) The inner product of G_{μν} with n, i.e., the magnitude of G_{μν} , is also SU(2)_{II} invariant: δ^′_ω(n(x) · G_{μν} (x)) ≡ δ^′_ωG_{μν} (x) = 0. (3.27) Thus the Abelian field strength G_{μν} is invariant under the SU(2) gauge transformation II, in sharp contrast to the original field strength F_{μν} which transforms in the adjoint representation.

In the functional integral formulation, we must specify the integration measure for the new variables. We must take into account the constraints δ(n(x) · n(x) − 1) and δ(n(x) · X_μ (x)) in the integration measure Dn(x)Dc_μ(x)DX_μ (x), dμ[n]DA_μ(x) = Dn(x)δ(n(x) · n(x) − 1)Dc_μ(x)DX_μ (x)δ(n(x) · X_μ (x)). (3.28) To avoid complications coming from constraints in performing the integration, we rewrite the integration measure in terms of the independent variables and calculate the Jacobian associated to this change of variables. For this purpose, we introduce the ortho-normal basis (n_1(x), n_2(x), n_3(x)) = (e_1(x), e_2(x), n(x)), i.e., n_j(x) · n_k(x) = δ_{jk}, n_j (x) × n_k(x) = ϵ_{jkℓ}n_ℓ(x), (j, k = 1, 2, 3), or equivalently e_a(x) · e_b(x) =δ_{ab}, n(x) · e_a(x) = 0, n(x) · n(x) = 1 e_a(x) × e_b(x) =ϵ_{ab}n(x), n(x) × e_a(x) = ϵ_{ab}e_b(x), (a, b = 1, 2). (3.29) The gauge transformation II for the basis vector n_j(x) is given by δ^′_ωn_j (x) = gn_j(x) × ω^′(x) ⇔ δ^′_ωe_a(x) = ge_a(x) × ω^′(x), δ^′_ωn(x) = gn(x) × ω^′(x). (3.30) It is easy to show that the Jacobian is equal to one for the transformation from the original variables n^A, A^B_μ to the new variables n^A, c_μ, X^b_ν in this basis (e_1(x), e_2(x), n(x)) where (see Appendix A.3 for the derivation):

X_μ (x) = X^a_μ(x)e_a(x) ↔ X^A_μ (x) = X^a_μ (x)e^A_a (x) or X^a_μ (x) = X_μ (x) · e_a(x) = X^A_μ (x)e^A_a (x) (A = 1, 2, 3 : a = 1, 2), (3.31) so that the integration measure is written as dμ[n]DA_μ(x) = Dn^a(x)Dc_μ(x)DX^a_μ(x). (3.32)

Thus, we have given a reformulation of Yang-Mills theory in term of new variables obtained by using the non-linear change of variables. In this reformulated Yang-Mills theory, the Wilson loop average is given by

W (C) =Z̃^{−1}_{YM} ∫ Dn^a(x)Dc_μ(x)DX^a_μ (x) exp ( iS̃_{YM}[n, c, X] ) W̃_A (C) = ∫ Dn^a(x)Dc_μ(x)DX^a_μ(x) exp ( iS̃_{YM}[n, c, X] ) W̃_A (C) ∫ Dn^a(x)Dc_μ(x)DX^a_μ(x) exp ( iS̃_{YM}[n, c, X] ) , (3.33)

where we have omitted the gauge-fixing term corresponding to nMAG (regarded as the condition for the partial gauge fixing from G̃ to G^′) and the associated the Faddeev– Popov ghost and antighost term, see [26] for details.

By making use of the gauge-invariant Abelian field strength G^{μν} , we can define the SU(2) gauge-invariant monopole current by

k^μ(x) :=∂_ν^∗G^{μν} (x) = (1/2)ϵ^{μνρσ}∂_ν G_{ρσ}(x). (3.34)

Then the magnetic charge is defined by the volume integral of k^0:

q_m := ∫ V d^3xk^0. (3.35)

This is cast into the surface integral over the closed surface S as the boundary of the volume V , S = ∂V :

q_m = ∮ S d^2S_ℓ^∗G^{0ℓ} = ∮ S d^2S_ℓ 1 2 ϵ^{ℓjk}G_{jk} = ∮ S dσ_{jk}G_{jk}. (3.36) It is easy to show that the gauge-invariant magnetic charge q_m defined in this manner satisfies a charge quantization condition of the Dirac type:

q_m = 4π g n (n = 0, ±1, ±2, · · · ). (3.37) Lattice formulations based on new variables of SU(2) Yang-Mills theory were for the first time constructed in [31, 32] so that they reduce in the (naive) continuum limit to the reformulated SU(2) Yang-Mills theory written in terms of new variables obtained through NLCV from the original gauge field [26]. Two lattice formulations, non-compact [31] and compact [32], enable one to define the magnetic monopole in the gauge invariant way keeping color symmetry in Yang-Mills theory on a lattice without introducing fundamental scalar fields. This is a remarkable result, since the conventional approach of defining the magnetic monopole in Yang-Mills theory without fundamental scalar fields heavily relies on a specific choice of gauge fixing, the so-called the maximal Abelian gauge (MAG) [8]. The MAG breaks the local SU(2) gauge symmetry into the maximal torus group U(1) and simultaneously SU(2) color symmetry into U(1). Therefore, only U(1) local and global gauge symmetry remain if MAG is imposed. In the non-compact formulation [31], however, the magnetic charge resulting from the magnetic monopole defined in this way is not guaranteed to be integer-valued. The compact formulation [32] was constructed so that the magnetic monopole defined on a lattice by the similar way to (3.36) is integer-valued and satisfies the quantization condition (3.37). In fact, these features were directly confirmed by numerical simulations [32].

4 Dynamical mass generation for the gluon fields X_μ through the vacuum condensation of mass dimension–two^⟨X^2_μ^⟩

We can introduce the gauge-invariant mass term which is invariant under the local SU(2) gauge transformation II as pointed out in [25]:

L_m = 1 2 M^2_X X^2_μ . (4.1)

This gauge-invariant mass term is rewritten in terms of the original variables A_μ:

L_m = 1 2 M^2_X (A_μ − V_μ )^2 = 1 2 M^2_X (A_μ − c_μn + g^{−1}∂_μn × n)^2 = 1 2g^2

M^2_X (D_μ[A ]n)^2, (4.2)

under the understanding that the color field n is expressed in terms of the original gauge field A_μ by solving the nMAG constraint. Therefore, V_μ (or c_μ and n) plays the similar role to the Stückelberg field to recover the local gauge symmetry. Note that c_μ, n and X_μ are treated as independent variables after the non-linear change of variables and the mass term is a polynomial in the new variable X_μ , although they might be non-local and non-linear composite operators of the original variables A_μ.

The proposed mass term (4.1) or (4.2) for the gluon should be compared with the conventional gauge-invariant mass term of Kunimasa–Goto type [27]:

L_{KG} = M^2tr{(A_μ − ig^{−1}U∂_μU^†)^2} = M^2tr{(UD_μ[A ]U^†)^2}, U(x) = e^{−iχ(x)/v} . (4.3) This mass term is non-polynomial in the Stückelberg field χ(x). This fact makes the field theoretical treatment very difficult.

We proceed to argue that there occurs a novel vacuum condensation of mass dimension–two for the field X^μ , i.e., ⟨ −X^2_μ ⟩ ≠ 0,^2 and that the field X^μ acquires the mass dynamically through this condensation. A naive way to see this is to use the mean-field like argument or the Hartree–Fock approximation which leads to the gauge-invariant mass term for X_μ gluons: − 1 4 (gX_μ × X_ν ) · (gX^μ × X^ν ) → 1 2 g^2X^A_μ [⟨ −X^2_ρ ⟩ δ^{AB} − ⟨ −X^A_ρ X^B_ρ ⟩] X^{μB} = 1 2 M^2_X X_μ · X^μ , M^2_X = 2 3 g^2 ⟨ −X^2_ρ ⟩ . (4.4)

Now we make this idea more precise. First, we decompose the field X_μ into the background field X^μ and the quantum fluctuation field X̃^μ around it, i.e., X^μ = X^μ + X̃^μ . Then, we expand the Yang-Mills action for the Lagrangian density (3.17) in

2We adopt the Minkowski metric g_{μν} = diag(1, −1, −1, −1). After the Wick rotation to the Euclidean region, the Minkowski metric tensor g_{μν} is replaced by −δ_{μν} = diag(−1, −1, −1, −1). Therefore, we have −X^2_μ → (X^E_μ )^2 > 0.

X̃μ around X^μ. The fact that the classical background field X^μ satisfies the equation of motion,^{δS̃YM[n,c,X]}_{δXAμ} | | |_{X=X} = 0, yields up to quadratic in X̃^μ :

S̃_{YM}[n, c, X] =S̃_{YM}[n, c, X] − 1 2 X̃^A_μ X̃^B_ν K^{AB}_{μν} + O(X̃^3 ), (4.5)

where the quartic self-interaction term generates additional quadratic terms in X_μ: K^{AB}_{μν} := − δ^2S̃_{YM}[n, c, X] δX^A_μ δX^B_ν | | | |_{X=X} = 1 2 (W^{AB}_{μν} + W^{BA}_{νμ} ) + g^2[g_{μν} δ^{AB} (X_ρ )^2 − g_{μν} X^A_ρ X^B_ρ − δ^{AB}X^C_μ X^C_ν + 2X^A_μ X^B_ν − X^B_μ X^A_ν ]|_{X=X}, (4.6)

with^3 W^{AB}_{μν} defined by (3.18). Hereafter, we neglect the quantum fluctuation parts of the other fields n(x) and c^μ(x) by identifying them entirely with low-energy slowlyvarying modes: n(x) = n(x) and c^μ(x) = c^μ(x). This approximation will be improved by including also the high-energy modes for n(x) and c^μ(x) in a subsequent paper [28], although such an analysis has been tried in somewhat different context in [29].

By expanding the field X_μ (x) in the basis (e_1(x), e_2(x)) which is perpendicular to n(x), X̃_μ (x) = X̃^a_μ(x)e_a(x), or X̃^A_μ (x) = X̃^a_μ (x)e^A_a (x) (A = 1, 2, 3 : a = 1, 2), (4.7)

the quadratic form is rewritten in terms of the independent fields X^a_μ(a = 1, 2): 1 2 X̃^A_μ K^{AB}_{μν} X̃^B_ν = 1 2 X̃^a_μK^{ab}_{μν}X̃^b_ν , K^{ab}_{μν} := e^A_a e^B_b K^{AB}_{μν} . (4.8)

Including the additional parts coming from quartic self-interactions among X_μ gluons is equivalent to modify the two-point gluon Green function (full gluon propagator) D^{ab}_{μν} by taking into account the tadpole contribution Π^{ab}_{μν} of the background field:

K^{ab}_{μν} = (D^{ab}_{μν} )^{−1} =(D^{ab}_{μν} )^{−1} + Π^{ab}_{μν} , (4.9) (D^{ab}_{μν} )^{−1} =Q^{ab}_{μν} , Π^{ab}_{μν} = V^{abcd}_{μνρσ}X^c_ρX^d_σ, (4.10) where the X_μ -independent part Q^{ab}_{μν} (x) is defined by^4 Q^{ab}_{μν} (x) := 1 2 (W^{AB}_{μν} (x) + W^{BA}_{νμ} (x))e^A_a (x)e^B_b (x) = g_{μν} R^{ab}(x) + 2gG_{μν} (x)ϵ^{ab}, R^{ab}(x) :=δ^{ab}[−∂^2 + g^2G_ρ(x)^2] + gϵ^{ab}[ ∂_ρG^ρ(x) + 2G^ρ(x)∂_ρ], (4.11)

3K^{AB}_{μν} should be always understood in the quadratic form,^1_2 X̃^A_μ X̃^B_ν K^{AB}_{μν} . Therefore,^1_2 (W^{AB}_{μν} + W^{BA}_{νμ} ) is equal to W^{AB}_{μν} under this understanding.

4In defining Q^{ab}_{μν} , we have dropped the last term (D_μ[V]D_ν [V])^{AB} coming from W^{AB}_{μν} . If we introduce a gauge-fixing parameter α for nMAG, we have the gauge-fixing term of the form: ∫ d^D x^1_{2α} (D^ν [V]X_ν )^2 = − ∫ d^Dx^1_{2α} X^A_μ (D^μ[V]D^ν [V])^{AB} X^B_ν which cancels the contribution 1 2 X^A_μ (D^μ[V]D^ν [V])^{AB} X^B_ν for α = 1. Or, such a contribution vanishes by taking into account the nMAG condition D^ν [V]X_ν = 0, which corresponds to α = 0. Therefore, the following calculations should be understood to be performed exclusively in these cases. Moreover, it is worth remarking that exact satisfaction of nMAG condition (3.19) is realized only in the case α = 0.

and V^{abcd}_{μναβ} is the four-point vertex for off-diagonal gluons [30] V^{abcd}_{μνρσ} = g^2[ϵ^{ab}ϵ^{cd}I_{μν,ρσ} + ϵ^{ac}ϵ^{bd}I_{μρ,νσ} + ϵ^{ad}ϵ^{bc}I_{μσ,νρ}], I_{μν,ρσ} := (g_{μρ}g_{νσ} − g_{μσ}g_{νρ})/2. (4.12) In deriving (4.11), we have used (3.29) to obtain

D_μ[V]e_a (x) = gG_μ(x)ϵ_{ab}e_b(x), (4.13)

where G_μ is the SU(2) gauge-invariant Abelian gauge field defined by

G_μ(x) = c_μ(x) + h_μ(x), h_μ(x) = g^{−1}∂_μe_1(x) · e_2(x) = −g^{−1}∂_μe_2(x) · e_1(x). (4.14)

These relations are shown to hold in Appendix A.1. Eq.(4.10) is nothing but the Schwinger-Dyson equation for the full gluon propagator in this approximation. This is a gap equation similar to that of four-fermion model of the Nambu–Jona-Lasinio type where the fermion mass is dynamically generated in a self-consistent way.

Suppose that neither color symmetry nor Lorentz symmetry are spontaneously broken. Then we can not orient the component X^a_μ to a specific direction and the vacuum condensate is to be caused isotopically in color and Lorentz indices: Π^{ab}_{μν} = V^{abcd}_{μνρσ} ⟨ X^c_ρX^d_σ ⟩ = V^{abcd}_{μνρσ} 1 8 δ^{cd}g_{ρσ} ⟨X^e_λX^e_λ⟩ = 3 8 g^2g_{μν} δ^{ab} ⟨ X^2_ρ ⟩ . (4.15)

Thus, we conclude that the existence of the vacuum condensation ⟨ −X^2_ρ ⟩ generates the mass term for the gluon field X̃_μ : − 1 2 X̃^a_μ K^{ab}_{μν}X̃^b_ν = −1 2 X̃^a_μQ^{ab}_{μν}X̃^b_ν + 1 2 M^2_XX̃_μ · X̃^μ , M^2_X := 3 8 g^2 ⟨ −X^2_ρ ⟩ , (4.16)

where X^2_μ = X^A_μ X^A_μ = X^a_μ X^a_μ. Then the X_μ gluon modes decouple in the lowenergy (or long-distance) region below the mass scale M_X . Consequently, the infrared “Abelian” dominance for the large Wilson loop average follows immediately from the fact that the Wilson loop operator is written in terms of V_μ alone.

The numerical simulations on a lattice [32] have demonstrated the infrared “Abelian” dominance and magnetic monopole dominance in the string tension within our compact lattice formulation, although such phenomena were found for the first time in the MAG [5, 6]. In fact, the string tension calculated from the magnetic part of the Wilson loop average according to (3.33), (3.3) and (3.4) in this formulation reproduces 90 ∼ 95 % of the full string tension calculated from the original Wilson loop average in the conventional lattice formulation. More numerical simulations [33] have shown that the remaining field X_μ defined on a lattice acquires the mass M_X ∼= 1.2GeV which is obtained as the exponential decay rate of the two-point correlation function ⟨X_μ (x) · X_μ (y)⟩_{YM} measured on a lattice: ⟨X_μ (x) · X_μ (y)⟩_{YM} ∼ |x − y|^{−α} exp(−M_X |x − y|). This value agrees with that of the off-diagonal gluon mass in the MAG [7]. On the other hand, the same analysis applied to the “Abelian” gluon V_μ leads to the result M_V ∼= 0.6GeV. This is consistent with the “Abelian” dominance.

5 Effective potential and the vacuum condensation

In order to study which type of the vacuum is realized in Yang-Mills theory, we need to calculate the effective potential. In particular, we pay attention to see whether such a dimension–two vacuum condensation occurs or not. First, we integrate out the fluctuation field X̃^μ in the functional integration. This is easily done for X^a_μ field with a trivial Jacobian for the change of variables: ∫ DX̃^a_μ exp { −i 1 2 X̃^a_μK^{ab}_{μν}X̃^b_ν } = (det K^{ab}_{μν} )^{−1/2} = exp [ −i 1 2i ln det K^{ab}_{μν} ] . (5.1)

Therefore, we are to calculate the effective potential

V (X^2, G) = 1 4 G^2_{μν} + g^2 4 (X_μ × X_ν )^2 + 1 2i tr ln K^{ab}_{μν} − 1 i tr ln R^{ab}, (5.2)

where the quartic term in X_μ is decomposed into two gauge-invariant pieces: g^2 4 (X_μ × X_ν ) · (X^μ × X^ν ) = g^2 4 (X_μ · X^μ )^2 − g^2 4 (X_μ · X_ν )^2. (5.3)

Hereafter the underline for X_μ will be omitted for simplifying the notation. The final term in (5.2) comes from the integration over the ghost and antighost fields which are necessary to implement the nMAG correctly according to the BRST method, see [26] for details. It should be remarked that this effective potential is SU(2) gauge invariant, since the Abelian gauge field G_μ is SU(2) gauge-invariant as well as the Abelian field strength G_{μν} , see Appendix A.2. This is an advantage of our formulation, contrary to the conventional approach.

For our purposes, we examine the effective potential as a function of two vacuum condensates X^2_μ and G_{μν} :

V (X^2, G) = 1 4 G^2_{μν} + g^2 4 (X^2 )^2 + 1 2i tr ln K^{ab}_{μν} − 1 i tr ln R^{ab}, (5.4)

where K^{ab}_{μν} is shifted from Q^{ab}_{μν} defined in (4.11) as K^{ab}_{μν} = Q^{ab}_{μν} + 3 8 g^2X^2 g_{μν} δ^{ab}. (5.5)

In calculating the effective potential, G_{μν} and X^2 are assumed to be constants uniform in space and time.

In the limit of vanishing Abelian condensation G_{μν} = 0, the effective potential V (X^2, 0) is written in the closed form:

V (ϕ, 0) = 16 9 1 g^2 ϕ^2 + 2 (4π)^2 ϕ^2 ( ln ϕ μ^2 − 3 2 ) , ϕ := 3 8 g^2X^2 . (5.6)

This is calculated as follows. The dimensional regularization yields ln det{[−∂^2 + ϕ]} = tr ln{[−∂^2 + ϕ]} = − Γ(−D/2) (4π)^{D/2} ϕ^{D/2} = − Γ(−2 + ϵ) (4π)^{2−ϵ} ϕ^{2−ϵ} = − 1 2 ϕ^2 (4π)^2 [ ϵ^{−1} + ln 4π − γ_E − ln ϕ μ^2 + 3 2 + O(ϵ) ] , (5.7) where ϵ := (4 − D)/2 and γ_E is the Euler constant. Then we obtain

V (ϕ, 0) = 16 9 1 g^2 ϕ^2 −

2ϕ^2 (4π)^2 [ ϵ^{−1} + ln 4π − γ_E − ln ϕ μ^2 + 3 2 + O(ϵ) ] . (5.8)

We introduce renormalization constants for ϕ and g as

ϕ = Z^{1/2}_ϕ ϕ_R, g = Z_gg_R. (5.9)

Then the effective potential reads

V (ϕ, 0) = 16 9 1 g^2_R ϕ^2_RZ^{−2}_g Z_ϕ −

2ϕ^2_RZ_ϕ (4π)^2 ϵ^{−1} + ln 4π − γ_E − ln ϕ_RZ^{1/2}_ϕ μ^2 + 3 2 . (5.10)

From the observation, 1 g^2 ϕ^2 = 1 g^2_R ϕ^2_RZ^{−2}_g Z_ϕ = 1 g^2_R ϕ^2_R − 1 g^2_R ϕ^2_R(1 − Z^{−2}_g Z_ϕ), (5.11) and ϕ^2_RZ_ϕ (4π)^2 ϵ^{−1} + ln 4π − γ_E − ln ϕ_RZ^{1/2}_ϕ μ^2 + 3 2 = ϕ^2_R (4π)^2 ϵ^{−1} + ln 4π − γ_E − ln ϕ_RZ^{1/2}_ϕ μ^2 + 3 2 + ϕ^2_R (4π)^2

(Z_ϕ − 1) ϵ^{−1} + ln 4π − γ_E − ln ϕ_RZ^{1/2}_ϕ μ^2 + 3 2 = ϕ^2_R (4π)^2 [ − ln ϕ_R M^2 + 3 2 ] + ϕ^2_R (4π)^2 [ ϵ^{−1} + ln 4π − γ_E − ln

M^2 μ^2 ]

+ ϕ^2_R (4π)^2 (Z_ϕ − 1) ϵ^{−1} + ln 4π − γ_E − ln ϕ_RZ^{1/2}_ϕ μ^2 + 3 2 − ln Z^{1/2}_ϕ , (5.12)

these renormalization constants are chosen so that the counter term^1_{g2R} ϕ^2_R(1−Z^{−2}_g Z_ϕ) cancels the divergence in the bare effective potential, namely, to the lowest order of the coupling g^2_R, 16 9 1 g^2_R

(1 − Z^{−2}_g Z_ϕ) + 2 (4π)^2 [ ϵ^{−1} + ln 4π − γ_E − ln

M^2 μ^2 ] = 0, (5.13)

where we have used Z_ϕ, Z_g = 1 + O(g^2). Thus we obtain the renormalized effective potential: V_R(ϕ_R, 0) = 16 9 1 g^2_R ϕ^2_R + 2 (4π)^2 ϕ^2_R ( ln ϕ_R M^2 − 3 2 ) , (5.14)

which satisfies the renormalization condition: V^{′′}(ϕ_R = M^2, 0) = (32/9)/g^2. Indeed, the potential V (ϕ_R, 0) has a minimum at ϕ_R = ϕ^0_R ≠ 0 away from the origin:

ϕ^0_R = M^2e^{1/2} exp [ − (4π)^2 (9/8)g^2_R(M) ] . (5.15)

Figure 2: The effective potential V (ϕ, 0) where M = 1 and g = 10.

See Fig. 2. This results shows that X^2_μ condensates indeed. In order to establish this condensation, this one-loop result should be improved.

Operating the differential operator μ^∂_{∂μ} to (5.13) and defining the β-function β(g_R) and the anomalous dimension γ_ϕ(g_R) as functions of g_R by

β(g_R) = μ ∂g_R ∂μ = −g_Rμ ∂ ln Z_g ∂μ , γ_ϕ(g_R) = 1 2 μ ∂ ln Z_ϕ ∂μ = −μ ∂ ln ϕ_R ∂μ , (5.16)

we obtain a relationship between β(g_R) and γ_ϕ(g_R) up to O(g^3):

β(g_R) + g_Rγ_ϕ(g_R) = 9 8 (4π)^2 g^3_R. (5.17)

This is consistent with the asymptotic freedom [35], β(g_R) = −^{b0}_{(4π)2} g^3_R with b_0 =^{22}_3 , provided that

γ_ϕ(g_R) = g^{−1}_R

[_9 8 (4π)^2 g^3_R − β(g_R) ] = 9 8 + b_0 (4π)^2 g^2_R. (5.18)

In other words, the renormalized effective potential satisfies the renormlization group equation: [ M ∂ ∂M + β(g_R) ∂ ∂g_R − γ_ϕ(g_R)ϕ_R ∂ ∂ϕ_R ] V_R(ϕ_R) = 0. (5.19)

Calculating the anomalous dimension γ_ϕ in consistent with this relation will be given elsewhere [28].

This result should be compared with the effective potential V (σ) calculated in [36] for the gluon–ghost mixed composite operator of mass dimension–two,^1_2 A^a_μA^a_μ + iαC̄^aC^a, which is shown [10] to be on-shell BRST and anti-BRST invariant in the modified MA gauge [37]. However, the vacuum energy E = V (σ_0) reached at the minimum depended strongly on the gauge-fixing parameter α of MA gauge. This indicates that the vacuum realized at σ_0 does not corresponds to the true vacuum. Our effective potential V (ϕ, G) is guaranteed to be gauge invariant by construction.

Therefore, we can choose any value of gauge fixing parameter for nMAG. In particular, the choice α = 1 simplifies the calculations so that the final term in W^{ab}_{μν} cancels with a gauge-fixing term of nMAG. This choice is also preferred from a fact that the mixed composite operator for α = 1 reduces to the gauge-invariant part of the gluon composite operator^1_2 A^a_μA^a_μ, as demonstrated in [11]. The choice α = 0 is the best for realizing the nMAG condition exactly. The true vacuum should be obtained at which the potential V (ϕ, G) takes the minimum. Thus the total effective potential could be gauge parameter independent, if the contribution from the Abelian part is included, even in the MA gauge.

In the lattice formulation, the effective potentials for various composite operators of mass dimension–two [9–11] were calculated numerically on a lattice [34]. The result shows that the numerically obtained effective potential for X^2_μ has a minimum away from the origin, suggesting the existence of non-vanishing vacuum condensates ⟨ X^2_μ ⟩ ≠ 0. However, it should be remarked that they are unrenormalized quantities.

We need to perform the non-perturbative renormalization to obtain the definite result for the existence of such a dimension–two condensate. Therefore, it is not yet confirmed whether they survive in the continuum limit.

6 Stability of the magnetic condensation

Finally, we examine the contribution from the Abelian part G_{μν} = (E, H). We distinguish two cases: (I) E · H ≠ 0, (II) E · H = 0, characterized by two Lorentz invariants defined by

F :=(E^2 − H^2)/2 = − 1 2 G_{μν} G^{μν} = (a^2 − b^2)/2, (6.1) G :=E · H = − 1 4 G_{μν}^∗G^{μν} = ab, (6.2) where a = √√ F^2 + G^2 + F, and b = √√ F^2 + G^2 − F.

(I) If E · H ≠ 0, i.e., G ≠ 0, it is possible to transform to a Lorentz frame in which E and H are parallel or anti-parallel depending on the signature of E · H. We can choose the z axis as the direction of the vector without loss of generality: E = (0, 0, E) and H = (0, 0, H). The self-dual (or anti self-dual) case is a special case of (I): G_{μν} =^∗G_{μν} (or G_{μν} = −^∗G_{μν} ), i.e., E = (0, 0, E) = H = (0, 0, H) (or E = (0, 0, E) = −H = (0, 0, −H)).

(II) If E · H = 0, i.e., G = 0 in a Lorentz frame, a = 0 or b = 0; E and H are also perpendicular in any other Lorentz frame, since E · H is a Lorentz invariant. If E^2 > H^2, i.e., F > 0, then the situation is as for the purely electric field with a vacuum instability, as is well known in QED. On the other hand, if H^2 > E^2, i.e., F < 0, then the system behaves like the case of a purely magnetic field. If E^2 = H^2, then we have a trivial case F = 0.

The trace of the logarithm of a matrix is calculated, once all the eigenvalues of the matrix are known. In the pure magnetic case of (I), we can obtain the closed form of the effective potential, since the eigenvalues for R^{ab} and Q̃^{ab}_{μν} are exactly obtained to be capable of summing up all the contributions coming from all the eigenvalues. By using the same method as in [38, 39] and [40], we obtain V (ϕ, H) = 1 4g^2

(gH)^2 + 16 9 1 g^2 ϕ^2 − 1 (4π)^2 1 4 (gH)^2 {

8 [ ζ(−1, 3 + r 2 ) + ζ(−1, −1 + r 2 ) + ζ(−1, 1 + r 2 ) − ζ(−1, 1 2 ) ] ( ln gH μ^2 + c )

+ 8 [ ζ^′(−1, 3 + r 2 ) + ζ^′(−1, −1 + r 2 ) + ζ^′(−1,

1 + r 2 ) − ζ^′(−1, 1 2 ) ]} , r := ϕ gH , (6.3)

where c := −1+γ_E +ln 2 with an Euler constant γ_E = 0.5772 · · · , and ζ(s, z) is called the generalized zeta function or Hurwitz ζ-function defined by ζ(s, z) := ∞∑ n=0 (n + z)^{−s}, ℜ(s) > 1, z ≠ 0, −1, −2, · · · . (6.4) The generalized zeta function has an integral representation: ζ(s, z) = 1 Γ(z) ∫_∞ 0 dt e^{−zt}t^{s−1} 1 − e^{−t} , ℜ(s) > 1, ℜ(z) > 0, (6.5) and its prime denotes the differentiation with respect to the first variable: ζ^′(s, z) := d ds ζ(s, z). The zeta function is a special case of z = 0 of the generalized zeta function: ζ(s) = ζ(s, 0). The generalized zeta function can be analytically continued in the complex s plane to define an analytic function with a single simple pole at s = 1.

In the limit r → 0, i.e., neglecting the effect of vacuum condensation for offdiagonal gluons X, we recover the Nielsen–Olesen result [13]:

V (0, H) = 1 4 H^2 + 1 (4π)^2 1 4 g^2H^2

{ 22 3 ( ln gH μ^2

+ c^′ + 4πi ) } , (6.6)

where c^′ := c +^{24}_{11} ζ^′(−1,^3_2 ) = −1 + γ_E + ln 2 +^{24}_{11} ζ^′(−1,^3_2 ) = −0.94556 · · · with ζ^′(−1,^3_2 ) = −0.817409 · · · . Here we have used ζ(−1, 3 2 ) = − 11 24 = ζ(−1, − 1 2 ), (6.7) 8 [ ζ(−1, 3 2 ) + ζ(−1, −1 2 ) ] = − 22 3 , (6.8) 8 [ ζ^′(−1, 3 2 ) + ζ^′(−1, −1 2 ) ] =8[2ζ^′(−1, 3 2 ) − i π 2 ] = 16ζ^′(−1, 3 2 ) − i4π. (6.9)

This potential V (0, H) exhibits the instability due to the non-vanishing pure imaginary part,^i_{4π}^{11}_3 g^2H^2. This is the so-called Nielsen–Olesen instability [13] to the magnetic vacuum of the Savvidy type [12].

The Nielsen–Olesen instability survives as long as r < 1. If r ≥ 1, however, the pure imaginary part vanishes and the effective potential V (ϕ, H) becomes real number. This is because the four terms in front of ln gH/μ^2 can be simplified by using ζ(−1, z) = − 1 2 (z^2 − z + 1 6 ), (6.10)

as 8 [ ζ(−1,^{3+r}_2 ) + ζ(−1,^{−1+r}_2 ) + ζ(−1,^{1+r}_2 ) − ζ(−1,^1_2 ) ] = −^{22+9r2}_3 and the primed

zeta function ζ^′(−1, z) is real for z ≥ 0. The last statement is checked by using the identity [41]:

ζ^′(−1, z) = ζ^′(−1) − z 2 ln(2π) − z 2 (1 − z) + ∫_z 0 dx ln Γ(x), (6.11)

following from an integration of Binet’s integral representation [42,43] of ln Γ(x) and the Taylor expansion [42, 44, 45] of ln Γ(x)

ln Γ(x) = − ln x − γx + ∞∑ n=2 (−1)^n n ζ(n)x^n, (6.12)

where ζ^′(−1) = ζ^′(−1, 0) = −0.1654 · · · .

The absolute minimum for V (ϕ, H) exists in the region r > 1, and the value of r is determined as the point at which the potential takes the minimum. See the plot of V (ϕ, H) in Fig. 3. Thus, the existence of dimension–two condensate ⟨X^2 ⟩ ≠ 0 guarantees as a by-product the stability of the magnetic condensation ⟨H⟩ ≠ 0 of the Savvidy type. In other words, the existence of dimension–two condensate ⟨X^2 ⟩ ≠ 0 shifts the gluon spectrum upward and eliminates the tachyonic mode causing the Nielsen–Olesen instability to recover the stability of the vacuum with magnetic condensation.

Figure 3: The effective potential V (ϕ, H) vs. gH with a fixed value of r := ϕ/(gH). (Left panel) r = 1.0, 1.5, 2.0, 3.0, 4.0, 5.0 from right to left. (Right panel) r = 10.0, 20.0.

7 Conclusion and discussion

In this paper, we have separated the original SU(2) gluon field variables A_μ into V_μ and X_μ so that the variables V_μ are responsible for quark confinement and the remaining variables X_μ could decouple in the low-energy region. The former comes from a fact that a version of the non-Abelian Stokes theorem enables us to rewrite the non-Abelian Wilson loop operator entirely in terms of the SU(2) invariant Abelian field strength G_{μν} defined from the variable V_μ . For the latter, we have argued that the gluon X_μ acquires the gauge-invariant mass dynamically through the non-vanishing vacuum condensation of mass dimension–two ⟨ X^2_μ ⟩ ≠ 0.

We have given a first analytical calculation of the effective potential of the composite gluon operator of mass dimension–two X^2_μ demonstrating the occurrence of the condensation as realized at the minimum located away from the origin. See [34] for numerical simulations for the effective potential on a lattice. Note that the composite operator X^2_μ is gauge-invariant and the resulting mass term for X_μ can be induced keeping the original SU(2) gauge invariance intact, contrary to the conventional wisdom. Consequently, the decoupling of these degrees of freedom is characterized as a gauge-invariant low-energy phenomenon. In other words, this is a dynamical Abelian projection, suggesting the validity of the dual superconductor picture for quark confinement. Thus the infrared “Abelian” dominance immediately follows in the gauge invariant manner

A next issue to be investigated is to derive analytically the area law for the Wilson loop average rewritten in term of new variables V_μ , since the area law with a string tension reproducing the full string tension was already shown numerically on a lattice [32], confirming the infrared “Abelian” dominance in the numerical way. The magnetic monopole is defined through V_μ (x) namely c_μ(x) and n(x) in the gaugeinvariant way even in the Yang-Mills theory without introducing any scalar field as a fundamental field, just as the ’tHooft and Polyakov monopole in the Georgi-Glashow model. Therefore, the monopole dominance in the string tension can be in principle investigated, as confirmed by numerical simulations on a lattice [32].

Moreover, the existence of dimension–two condensate eliminates a tachyon mode causing the Nielsen–Olesen instability of the vacuum with magnetic condensation. Therefore, the restoration of the vacuum with magnetic condensation is obtained as a by-product of the above result. Furthermore, the existence of this condensate enables us to derive the Faddeev model describing glueballs as knot solitons as a low-energy effective theory of the Yang-Mills theory, as already pointed out in [38, 46]. These are advantages of our reformulation of the Yang-Mills theory based on the non-linear change of variables.

Acknowledgments

The author would like to thank Seikou Kato for carefully reading the manuscript and Toru Shinohara and Takeharu Murakami for some comments. This work is financially supported by Grant-in-Aid for Scientific Research (C) 18540251 from Japan Society for the Promotion of Science (JSPS), and in part by Grant-in-Aid for Scientific Research on Priority Areas (B)13135203 from the Ministry of Education, Culture, Sports, Science and Technology (MEXT).

A New variables in the ortho-normal basis (e_1, e_2, n)

A.1 Covariant derivative in the ortho-normal basis

For V_μ = c_μn + g^{−1}∂_μn × n, we have V_μ × e_1 = c_μn × e_1 + g^{−1}(∂_μn × n) × e_1

= c_μe_2 + g^{−1}[(∂_μn · e_1)n − ∂_μn(n · e_1)] = c_μe_2 + g^{−1}(∂_μn · e_1)n. (A.1) Then the covariant derivative of e_1 in the background V_μ reads D_μ[V]e_1 := ∂_μe_1 + gV_μ × e_1 = ∂_μe_1 + gc_μe_2 + (∂_μn · e_1)n = gc_μe_2 + ∂_μe_1 − (n · ∂_μe_1)n. (A.2) Now we define f_μ := ∂_μe_1 −(n·∂_μe_1)n. Then we can show easily that f_μ is orthogonal to e_1 and n, and hence f_μ is proportional to e_2. Therefore f_μ is expressed as f_μ = (f_μ · e_2)e_2 = (e_2 · ∂_μe_1)e_2 =: gh_μe_2, h_μ = g^{−1}(e_2 · ∂_μe_1). (A.3) Thus we obtain D_μ[V]e_1 = gc_μe_2 + gh_μe_2 = gG_μe_2, G_μ = c_μ + h_μ. (A.4) In the similar way to the above, we can show that D_μ[V]e_2 = −gG_μe_1. (A.5) If X_μ is written in terms of the orthonormal frame (e_1, e_2, n), X_μ = X^1_μe_1 + X^2_μe_2, (A.6) then we obtain D_ρ[V]X_μ =D_ρ[V](X^1_μ e_1 + X^2_μe_2) =X^1_μD_ρ[V]e_1 + X^2_μD_ρ[V]e_2 + ∂_ρX^1_μe_1 + ∂_ρX^2_μe_2 =X^1_μgG_ρe_2 − X^2_μgG_ρe_1 + ∂_ρX^1_μe_1 + ∂_ρX^2_μe_2, (A.7) and − D_ρ[V]D_ρ [V]X_μ = − X^1_μgG_ρD_ρ[V]e_2 + X^2_μgG_ρD_ρ[V]e_1

− D_ρ[V][∂_ρ X^1_μe_1] − D_ρ[V][∂_ρ X^2_μe_2] − ∂_ρ[X^1_μgG_ρ]e_2 + ∂_ρ[X^2_μgG_ρ]e_1 = − X^1_μgG_ρD_ρ[V]e_2 + X^2_μgG_ρD_ρ[V]e_1

− D_ρ[V][e_1 ]∂_ρX^1_μ − D_ρ[V][e_2 ]∂_ρX^2_μ − ∂_ρ[∂_ρX^1_μ]e_1 − ∂_ρ[∂_ρX^2_μ]e_2 − ∂_ρ[X^1_μgG_ρ]e_2 + ∂_ρ[X^2_μgG_ρ]e_1 =g^2G_ρG_ρX^1_μe_1 + g^2G_ρG_ρX^2_μe_2

− gG_ρn_2∂_ρX^1_μ + gG_ρn_1∂_ρX^2_μ − ∂_ρ[∂_ρX^1_μ]e_1 − ∂_ρ[∂_ρX^2_μ]e_2 − ∂_ρ[X^1_μgG_ρ]e_2 + ∂_ρ[X^2_μgG_ρ]e_1. (A.8)

Thus we obtain X_μ · [−D_ρ[V]D_ρ [V]]X_μ =g^2G_ρG_ρX_μ · X_μ + (−X^1_μ∂^2X^1_μ − X^2_μ∂^2X^2_μ)

− X^2_μgG_ρ∂_ρX^1_μ + X^1_μgG_ρ∂_ρX^2_μ − X^2_μ∂_ρ(gG_ρX^1_μ) + X^1_μ∂_ρ(gG_ρX^2_μ) =X^a_μ[−∂^2δ^{ab} + g^2G_ρG_ρδ^{ab} + 2gϵ^{ab}G_ρ∂_ρ + gϵ^{ab}∂_ρG_ρ]X^b_μ =X^+_μ [−∂^2 + g^2G_ρG_ρ + i(2gG_ρ∂_ρ + g∂_ρG_ρ)]X^−_μ

+ X^−_μ [−∂^2 + g^2G_ρG_ρ − i(2gG_ρ∂_ρ + g∂_ρG_ρ)]X^+_μ =X^+_μ [−(∂_ρ − igG_ρ)^2]X^−_μ + X^−_μ [−(∂_ρ + igG_ρ)^2]X^+_μ . (A.9)

A.2 New variables and conventional Abelian projection

For the orthonormal basis (e_1(x), e_2(x), n(x)), we have

X_μ =X^1_μe_1 + X^2_μe_2, X^1_μ = e_1 · X_μ , X^2_μ = e_2 · X_μ , (A.10) B_μ =B^1_μe_1 + B^2_μe_2, B^1_μ = g^{−1}∂_μn · e_2, B^2_μ = −g^{−1}∂_μn · e_1, (A.11) h_μ =g^{−1}∂_μe_1 · e_2 = −g^{−1}∂_μe_2 · e_1. (A.12) For this basis, two gauge transformations are expressed as follows.

Gauge transformation I: ω(x) = ω_1(x)e_1(x) + ω_2(x)e_2(x) + θ(x)n(x) δ_ωc_μ =∂_μθ + ig(X^±_μ ω^∓ − X^∓_μ ω^±), (A.13) δ_ωX^±_μ =[∂_μ + ig(c_μ + h_μ)]ω^± ∓ igX^±_μ θ, (A.14) δ_ωh_μ =0, (A.15) Gauge transformation II: ω^′(x) = ω^′_1(x)e_1(x) + ω^′_2(x)e_2(x) + θ^′(x)n(x) δ_ω′ c_μ =∂_μθ^′ + ig(B^±_μ ω^{′∓} − B^∓_μ ω^{′±}), (A.16) δ_ω′ X^±_μ =0, (A.17) δ_ω′ h_μ = − δ_ω′ c_μ, (A.18) where we have defined O^± :=^{1√}_2 (O^1 + iO^2).

In this basis, the nMAG reduces to the conventional MAG apparently: D_μ[V]X_μ = 0 ⇐⇒ ∂_μX^a_μ − g(c_μ + h_μ)ϵ^{ab}X^b_μ = 0, (A.19) provided that the Abelian part a_μ in the conventional Abelian projection is identified as a_μ ↔ c_μ + h_μ := G_μ, A^a_μ ↔ X^a_μ, (A.20) since D_μ[V]X_ν = e_1[∂_μX^1_ν − g(c_μ + h_μ)X^2_ν ] + e_2[∂_μX^2_ν + g(c_μ + h_μ)X^1_ν ]. It should be remarked that a_μ is invariant under the SU(2) gauge transformation II: δ_ω′ G_μ = 0. (A.21) This is also the case for X^a_μ :

δ_ω′ X^a_μ = 0. (A.22) This shows that this is different from the naive Abelian projection.

A.3 Jacobian for the non-linear change of variables

The Jacobian is calculated as follows.^5 By using the above bases, the field A^A_μ is decomposed as

A_μ = c_μn + B_μ + X_μ = c_μn + (B^a_μ + X^a_μ )e_a, A^A_μ = c_μn^A + (B^a_μ + X^a_μ )e^A_a . (A.23)

We consider the change of 3D + 2 variables:

(A^A_μ , n^B ) → (c_ν , X^a_ν , n^C ) (a = 1, 2; A, B, C = 1, 2, 3; μ, ν = 0, · · · , D − 1). (A.24)

Here n^B and n^C should be understood as denoting two independent degrees of freedom obtained after solving the constraint n^An^A = 1. However, if we choose specific components (directions), the color symmetry is apparently broken. Therefore, we keep this notation in the followings, keeping this convention in mind.

The Jacobian is the determinant for the (3D + 2) × (D + 2D + 2) matrix: dA^A_μ dn^B = Jdc_ν dX^a_ν dn^C , J = | | | | | ∂A^A_μ ∂c_ν ∂A^A_μ ∂X^a_ν ∂A^A_μ ∂n^C ∂n^B ∂c_ν ∂n^B ∂X^a_ν ∂n^B ∂n^C

| | | | | . (A.25)

Since c_ν , X^b_ν , n^C are independent, we have ∂n^B ∂c_ν = 0, ∂n^B ∂X^a_ν = 0, ∂n^B ∂n^C = δ^{BC} . (A.26)

Then the Jacobian reduces to the determinant for the 3D × (D + 2D) matrix: J = | | | | | ∂A^A_μ ∂c_ν ∂A^A_μ ∂X^a_ν ∂A^A_μ ∂n^C 0 0 1 | | | | | = | | |^{∂A Aμ}_{∂cν}^{∂A Aμ}_{∂Xaν} | | | . (A.27)

Making use of (A.23), we have ∂A^A_μ ∂c_ν = δ_{μν} n^A, ∂A^A_μ ∂X^a_ν = δ_{μν} e^A_a , (A.28)

and we conclude J = | | |δ_{μν} n^A δ_{μν} e^A_a | | | = | | |n^A e^A_a | | | = |ne_1e_2| = |n · (e_1 × e_2)| = 1. (A.29)

References

[1] C.N. Yang and R.L. Mills, Phys. Rev. 96, 191–195 (1954).

R. Utiyama, Phys. Rev. 101, 1597–1607 (1956).

[2] Y. Nambu, Phys. Rev. D 10, 4262–4268 (1974).

G. ’t Hooft, in: High Energy Physics, edited by A. Zichichi (Editorice Compositori, Bologna, 1975).

S. Mandelstam, Phys. Report 23, 245–249 (1976). A.M. Polyakov, (1975). Nucl. Phys. B 120, 429–458 (1977).

5The author is indebted to Toru Shinohara for completing this part of Appendix.

[3] G. ’t Hooft, Nucl.Phys. B 190 [FS3], 455–478 (1981).

[4] Z.F. Ezawa and A. Iwazaki, Phys. Rev. D 25, 2681–2689 (1982).

[5] T. Suzuki and I. Yotsuyanagi, Phys. Rev. D 42, 4257–4260 (1990).

[6] J.D. Stack, S.D. Neiman and R. Wensley, [hep-lat/9404014], Phys. Rev. D50, 3399–3405 (1994). H. Shiba and T. Suzuki, [hep-lat/9404015], Phys.Lett.B333, 461–466 (1994).

[7] K. Amemiya and H. Suganuma, [hep-lat/9811035], Phys. Rev. D60, 114509 (1999).

V.G. Bornyakov, M.N. Chernodub, F.V. Gubarev, S.M. Morozov and M.I. Polikarpov, [hep-lat/0302002], Phys. Lett. B559, 214–222 (2003).

[8] A. Kronfeld, M. Laursen, G. Schierholz and U.-J. Wiese, Phys.Lett. B 198, 516–520 (1987).

[9] F.V. Gubarev, L. Stodolsky and V.I. Zakharov, [hep-ph/0010057], Phys. Rev.

Lett. 86, 2220–2222 (2001).

F.V. Gubarev and V.I. Zakharov, [hep-ph/0010096], Phys. Lett. B 501, 28–36 (2001).

[10] K.-I. Kondo, [hep-th/0105299], Phys. Lett. B 514, 335–345 (2001).

K.-I. Kondo, T. Murakami, T. Shinohara and T. Imai, [hep-th/0111256], Phys. Rev. D 65, 085034 (2002).

[11] K.-I. Kondo, [hep-th/0306195], Phys. Lett. B 572, 210–215 (2003).

[12] G.K. Savvidy, Phys. Lett. B 71, 133–134 (1977).

[13] N.K. Nielsen and P. Olesen, Nucl. Phys. B 144, 376–396 (1978).

[14] D.I. Diakonov and V.Yu. Petrov, Phys. Lett. B 224, 131–135 (1989).

D. Diakonov and V. Petrov, [hep-th/9606104]. D. Diakonov and V. Petrov, [hep-lat/0008004].

[15] M. Faber, A.N. Ivanov, N.I. Troitskaya and M. Zach, [hep-th/9907048], Phys.

Rev. D 62, 025019 (2000).

[16] K.-I. Kondo, [hep-th/9805153], Phys. Rev. D 58, 105016 (1998).

[17] K.-I. Kondo and Y. Taira, [hep-th/9906129], Mod. Phys. Lett. A 15, 367–377 (2000);

K.-I. Kondo and Y. Taira, [hep-th/9911242], Prog. Theor. Phys. 104, 1189–1265 (2000).

[18] M. Hirayama and M. Ueno, [hep-th/9907063], Prog. Theor. Phys. 103, 151–159 (2000).

[19] M.B. Halpern, Phys. Rev. D 19, 517–530 (1979).

N.E. Bralic, Phys. Rev. D 22, 3090–3103 (1980).

I.Ya. Aref’eva, Theor. Math. Phys. 43, 353–356 (1980) (Teor.Mat.Fiz. 43, 111– 116 (1980)).

Yu.A. Simonov, Sov. J. Nucl. Phys. 50, 134 (1989) (Yad. Fiz., 50, 213 (1989)). B. Broda, Phys. Lett. B 262, 288–293 (1991). B. Broda, J. Math. Phys. 33, 1511–1514 (1992).

F.A. Lunev, [hep-th/9609166], Nucl. Phys. B494, 433–470 (1997).

M. Hirayama and S. Matsubara, [hep-th/9712120], Prog. Theor. Phys. 99, 691– 706 (1998).

M. Hirayama, M. Kanno, M. Ueno and H. Yamakoshi, [hep-th/9806098], Prog. Theor. Phys. 100, 817–830 (1998).

R.L. Karp, F. Mansouri, J.S. Rno, [hep-th/9903221];

R.L. Karp, F. Mansouri, J.S. Rno, [hep-th/9910173], J.Math.Phys. 40, 6033– 6043 (1999).

[20] Y.S. Duan and M.L. Ge, Sinica Sci., 11, 1072 (1979).

[21] Y.M. Cho, Phys. Rev. D 21, 1080–1088 (1980). Phys. Rev. D 23, 2415–2426 (1981).

W.S. Bae, Y.M. Cho and S.W. Kimm, [hep-th/0105163], Phys. Rev. D65, 025005 (2002).

Y.M. Cho, hep-th/0301013.

[22] L. Faddeev and A.J. Niemi, [hep-th/9807069], Phys. Rev. Lett. 82, 1624–1627 (1999).

[23] S.V. Shabanov, [hep-th/9903223], Phys. Lett. B 458, 322–330 (1999).

S.V. Shabanov, [hep-th/9907182], Phys. Lett. B 463, 263–272 (1999).

[24] Y.M. Cho, [hep-th/9905127] Phys. Rev. D62, 074009 (2000).

[25] K.-I. Kondo, T. Murakami and T. Shinohara, [hep-th/0504107], Prog. Theor.

Phys. 115, 201–216 (2006).

[26] K.-I. Kondo, T. Murakami and T. Shinohara, [hep-th/0504198], Eur. Phys. J.

C 42, 475–481 (2005).

[27] T. Kunimasa and T. Goto, Prog. Theor. Phys. 37, 452–464 (1967).

A. A. Slavnov, Teor. Mat. Fiz. 10, 305-328, [transl. Theor. Math. Phys. 10 (1972) 201-217.]

A. A. Slavnov and L. D. Faddeev, Teor. Mat. Fiz. 3, 18-23, [transl. Theor. Math. Phys. 3, 312-316 (1971)].

R. Delbourgo, S. Twisk, and G. Thompson, Int. J. Mod. Phys. A3, 435–449 (1988).

[28] K.-I. Kondo, T. Shinohara, T. Murakami and A. Ono, in preparation.

[29] H. Gies, [hep-th/0102026], Phys. Rev. D 63, 125023 (2001).

[30] T. Shinohara, T. Imai, K.-I. Kondo, [hep-th/0105268], Int.J.Mod.Phys. A 18, 5733–5756 (2003).

[31] S. Kato, K.-I. Kondo, T. Murakami, A. Shibata, T. Shinohara and S. Ito, [heplat/0509069], Phys. Lett. B 632, 326–332 (2006).

[32] S. Ito, S. Kato, K.-I. Kondo, T. Murakami, A. Shibata and T. Shinohara, [heplat/0604016], Phys. Lett. B, submitted.

[33] A. Shibata, S. Ito, S. Kato, K.-I. Kondo, T. Murakami, and T. Shinohara, heplat/0610023, A talk in Lattice2006, to appear in the Proceedings of Lattice2006.

[34] S. Kato, K.-I. Kondo, T. Murakami, A. Shibata and T. Shinohara, hepph/0504054.

[35] K.-I. Kondo, [hep-th/9709109], Phys. Rev. D 57, 7467–7487 (1998). [36] D. Dudal, J.A. Gracey, V.E.R. Lemes, M.S. Sarandy, R.F. Sobreiro, S.P. Sorella and H. Verschelde, [hep-th/0406132], Phys.Rev. D 70, 114038 (2004).

[37] K.-I. Kondo, [hep-th/9801024], Phys. Rev. D 58, 105019 (1998). [38] K.-I. Kondo, [hep-th/0404252], Phys.Lett. B 600, 287–296 (2004). [39] K.-I. Kondo, [hep-th/0410024], Int.J.Mod.Phys. A 20, 4609–4614 (2005). [40] C.A. Flory, Phys. Rev. D 28, 1425–1433 (1983). [41] G.V. Dunne, hep-th/0406216.

[42] A. Erdelyi (ed.), Higher Transcendental Functions, Vol.1 (Kreiger, Florida, 1981).

[43] E. Whittaker and G. Watson, Modern Analysis (Cambridge Univ. Press, 1927). [44] M. Abramowitz and I. Stegun, Handbook of Mathematical Functions (Dover, New York, 1972).

[45] I.S. Gradshteyn and I.M. Ryzhik, Table of Integrals, Series and Products (Academic Press, New York, 1972).

[46] K.-I. Kondo, A. Ono, A. Shibata, T. Shinohara and T. Murakami, hepth/0604006, J. Phys. A: Math. Gen. 39, 13767–13782 (2006).