arXiv:hep-th/0610001 v1 1 Oct 2006

hep-th/0610001

Dipole-Deformed Bound States and

Heterotic Kodaira Surfaces

Keshav Dasgupta^1, Josh Guffin^2, Rhiannon Gwyn^1, Sheldon Katz^3

1 Rutherford Physics Building, McGill University, Montreal, QC H3A 2T8, Canada

keshav,gwynr@hep.physics.mcgill.ca

2 Department of Physics, University of Illinois at Urbana-Champaign, IL 61801, USA

guffin@uiuc.edu

3 Depts. of Math & Phys, University of Illinois at Urbana-Champaign, IL 61801, USA

katz@math.uiuc.edu

Abstract We study a particular N = 1 confining gauge theory with fundamental flavors realised as seven branes in the background of wrapped five branes on a rigid two-cycle of a non-trivial global geometry. In parts of the moduli space, the five branes form bound states with the seven branes. We show that in this regime the local supergravity solution is surprisingly tractable, even though the background topology is non-trivial. New effects such as dipole deformations may be studied in detail, including the full backreactions. Performing the dipole deformations in other ways leads to different warped local geometries. In the dual heterotic picture, which is locally given by a C^∗ fibration over a Kodaira surface, we study details of the geometry and the construction of bundles. We also point out the existence of certain exotic bundles in our framework.

September 2006

Contents 1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 2. N = 1 bound-state metric . . . . . . . . . . . . . . . . . . . . . . . . 3 2.1. Bound states of D5 branes and D7 branes: a first look . . . . . . . . . . 4 2.2. Bound states in a non-trivial topology . . . . . . . . . . . . . . . . . 10 3. Dipole deformed bound states . . . . . . . . . . . . . . . . . . . . . . . 20 3.1. First dipole deformation . . . . . . . . . . . . . . . . . . . . . . . . 24 3.2. Second dipole deformation . . . . . . . . . . . . . . . . . . . . . . . 26 4. Heterotic Kodaira surfaces . . . . . . . . . . . . . . . . . . . . . . . . 27 4.1. The Atiyah bundle . . . . . . . . . . . . . . . . . . . . . . . . . . 29 4.2. The Serre construction . . . . . . . . . . . . . . . . . . . . . . . . 31 4.3. Families of bundles . . . . . . . . . . . . . . . . . . . . . . . . . . 32 5. Summary and discussion . . . . . . . . . . . . . . . . . . . . . . . . . 34

1. Introduction

Recently, it has become apparent that in order to deal with flux compactifications the target manifold has to be generically non-Kähler [1], although conformally Kähler manifolds may sometimes arise. Examples of compact complex manifolds have been explicitly constructed in heterotic theories [2], [3], [4], [5], [6], [7], [8] and the classification of torsional manifolds [9], [10] has appeared in [11], [12], [13]. These manifolds form the foundation on which string compactifications to lower dimension can be performed. In the absence of fluxes, and for heterotic theories, when the spin-connection is embedded in the gauge connection (via the so-called standard embedding) the original Calabi-Yau compactifications are valid [14]. However, when spin-connection is not embedded in the gauge connection, the compactification manifolds are no longer Calabi-Yau but are the generic non-Kähler manifolds [15], [16], [5]^1.

On the other hand, non-compact non-Kähler manifolds are interesting from a different point of view. They sometimes appear as gravity duals to certain confining N = 1 gauge theories in type IIA [17], [16] and heterotic theories [16], [18], but may or may not be complex^2. In type IIB, the known gravity duals for confining gauge theories are generically Kähler (more appropriately conformally Kähler), which could be further dual to non- Kähler manifolds with both kinds of background three-forms.

1 Even when the fluxes are absent!

2 Examples of compact non-complex non-Kähler manifolds are constructed in [19], [20].

The conformally Kähler geometry we studied in our earlier works [17], [21], [16], [18] exhibits a globally integrable complex structure derived from an F-theory picture. As such, both bi–fundamental and fundamental matter appeared in the construction due to the presence of three, five and seven-branes. Unfortunately, the global metric was too involved to derive, mainly because the construction involved a patch by patch description. However, with some effort the local geometry near the origin (i.e the far IR in the dual gauge theory) was derived by keeping only the D5 branes and the seven branes [17], [16], [18] in the local neighborhood. The resulting metric turned out to be rather simple in the far IR, at least when the seven branes are kept away and the D5 branes wrap local patches of a T^2 rather than a two-sphere.

An underlying F-theory picture implies that special points in the moduli space of the solutions may exist. There are two possible consequences of being at such a point:

• The system could be governed by an orientifold model, and • Bound states of D5 branes with the underlying seven branes could appear.

The second possibility does not imply the first, although once we are in an orientifold picture the existence of bound states is automatic: there will always be a point in the same moduli space where such states can appear. Elaborating on this will be the topic of sec. (2.1) and sec. (2.2).

Imagine we are away from the orientifold point. This is possible by considering any small perturbation to the orientifold picture. One may ask whether bound states can appear in this scenario. It turns out that bound states are very generic, and appear whether we are at the orientifold point or not. The question then is how to distinguish between the two scenarios? Herein lies the subtlety. When we are at the orientifold point in the moduli space, the bound-state configurations undergo a dipole deformation in addition to any other possible deformations. On the other hand, once we are away from the orientifold point there seems to be no constraint on the system to undergo a dipole deformation, and other deformations may take over.

Thus the crucial point seems to be the dipole deformation of bound states. Things become complicated however, because the underlying topology becomes non-trivial. Details on this will be presented in sec. 3. We will calculate the local backreactions due to the dipole deformations on the background geometry. We will show in sec. (3.1) and (3.2) that there are multiple ways to perform dipole deformations. In both cases, the final results nicely confirm our earlier predictions regarding the local geometry.

On the heterotic side, we analyse some more aspects of the local geometry given by a C^∗ fibration over a Kodaira surface. Recall that the heterotic geometry is not U-dual to the corresponding type IIB picture. In sec. 4 we study details of the bundle structure on the local geometry. We provide three different ways to construct a bundle on our manifold. In sec (4.1) we give an intrinsic construction on the local geometry. In sec. (4.2) we use the method of pulling back a bundle constructed on the base torus, and in sec. (4.3) we use the method of pulling back a bundle constructed on the primary Kodaira surface. We conclude with a short summary of our results.

2. N = 1 bound state metric

In our earlier paper [18], we discussed a set-up in type IIB where N D5 branes and some local and non-local seven branes wrap a two-cycle of some non-trivial global geometry, giving rise to N = 1 gauge theory with fundamental flavors. This is basically the gaugegravity scenario, where the gravity dual is given by another geometry with at least one topological non-trivial three-cycle on which we allow three-form H_{RR} fluxes and one noncompact three-cycle on which we have three-form H_{NS} fluxes.

F-theory provides the full global geometry both before and after the geometric transition[17], [16], [21], [18]. The geometries are conformally Kähler on both sides, but full global metrics are not known. However, the precise local geometries on any given patch are determined in [17], [21], [16] and [18] up to possible subtleties mentioned therein.

We shall encounter several subtleties in our construction. Firstly, due to an inherent orientifold action only certain components of B_{NS} can survive. These B_{NS} fields give rise to the dipole deformation [22], [23] in our theory (see [18] for more details). Secondly the metric involves non-trivial background topology, fluxes and branes (both D7 and D5). Thirdly, due to the existence of both kind of branes, there will be a point in the moduli space where the D5 branes form a bound state with the D7 branes. The dipole deformation backreacts on the P^1-wrapped bound state, and in [18] we computed a precise local solution taking it into account for a D7 brane wrapping a P^1. We argued in [18] that bound states of D5 branes can be constructed by allowing a non-trivial first Chern class on the D7 brane. However, we did not compute the backreactions from allowing c_1 ≠ 0. Our conclusion then was that the backreactions would be small, and therefore the local geometry would be no different from the ones we examined earlier in [17], [21], and [16]. In this section, we aim to compute precisely the backreaction and see how far we are from the predicted local geometry of [17], [21], [16], which was determined for a separated system of D5 and D7 branes in a non-trivial geometry^3. We will show that at this point in the moduli space, the local metric is surprisingly simple to determine even after we take into account all possible backreactions. However before we delve into the determination of the local metric, we first need some details on bound states of branes in a flat background.

2.1. Bound state of D5 branes and D7 branes: a first look

Following our earlier works [17], [21], [16], [18] we keep a D5 brane oriented along the x^{0,1,2,3,8,9} directions and a D7 parallel to the D5 brane at some point in the x^4, x^5 directions. Using the harmonic function ansatz, it is easy to write down the metric for a system of parallel Dp-branes. We expect the metric to be given by

ds^2 = f^{−1}_1 f^{−1}_2 ds^2_{012389} + f_1f^{−1}_2 ds^2_{67} + f_1f_2 ds^2_{45}. (2.1)

where f_1 and f_2 are related respectively to the harmonic functions of the D5 brane and D7 brane. However, this configuration is clearly not supersymmetric and is therefore not stable. Strings stretching between these branes have a mass given by

m^2 = − 1 2 + d^2 (πα^′)^2,

(2.2)

with d being the distance in the x^{4,5} plane. For d <^{πα′√}_2 the string becomes tachyonic and therefore reduces the total energy of the system to its bound-state value (see for example [24] for more details)^4.

One way to construct the metric of a bound state of D5 and D7 branes is to start directly with the metric (2.1) and calculate the change due to tachyon condensation from the D5-D7 strings. Alternatively, we can start with the metric of a D7 brane

ds^2 = f^{−1}_2 ds^2_{01236789} + f_2 ds^2_{45}, (2.3)

3 Supersymmetry for this system was discussed in detail in [17], [16], [18] using an F-theory construction with primitive G-fluxes. Notice that the global geometry is not a Calabi-Yau resolved conifold, but is a Kähler geometry with at least one P^1. Locally near r → 0 the geometry somewhat resembles a resolved conifold with vanishing P^1. Clearly this kind of geometry is expected for the IR description of our gauge theory to make sense.

4 The above results are strictly valid in the flat-space limit [24]. For a curved background simple mode expansions are not possible and the result can change as we saw earlier [17],[16], [18].

and switch on gauge fluxes along the x^{6,7} directions. Finally, once we determine the backreactions of the fluxes on the geometry we will obtain the desired metric. Our ansatz for the final bound-state metric in a flat background can therefore be presented as

ds^2_{bound} = f̃^{−1}_2 ds^2_{012389} + f_3 ds^2_{67} + f̃_2 ds^2_{45}, (2.4)

where we have a new warp factor f_3 along the directions x^{6,7} to take into account the gauge fluxes F_{67} on the D7 brane. The f̃_2 factor signals any possible changes to the original warp factor f_2. In the following we will give a simple way to determine these warp factors.

To begin, first observe that in addition to the metric, we expect all the other type IIB background fields to have non-zero expectation values. For example, we will now have both axion and dilaton, respectively (χ, ϕ), and also H_{NS} and H_{RR}. To describe SL(2, Z) invariant quantities in type IIB, we must define the following factor that depends on the asymptotic values of the axion-dilaton (χ_0, ϕ_0):

Δ = e^{−ϕ0} + e^{ϕ̃0} (2.5)

with ϕ̃_0 = ϕ_0 + 2 ln (1 − χ_0). The above relation (2.5) is valid only for a single D5 and a single D7 (which is our present interest). For a system with m D5s and n D7s we will need the following replacement:

ϕ_0 → ϕ_0 − 2 ln n, ϕ̃_0 → ϕ̃_0 + 2 ln | | | m − nχ_0 1 − χ_0 | | |. (2.6) Using (2.5), one can fix the seven brane central charge Q_7 uniquely as

Q_7 = √ Δ 2π , (2.7)

where the effect of the bound D5 appears from the definition of (2.5). Fixing the D7 brane charge also implies that all subsequent charges in the SL(2, Z) multiplets are completely fixed. This becomes important when we have to define non-local seven branes in our scenario (which we will encounter later).

The bound state of m D5s and n D7s can now be determined using the techniques elaborated in [25]. The simplest way is to take n coincident D3 branes with m units of electric flux and U-dualise the resulting background to get the D5/D7 bound state. The metric for this configuration is exactly as predicted in (2.4) with f_3 and f̃_2 given as

f̃_2 ≡ √ h = √ 1 − Q_7 ln r

f_3 = e^{−ϕ0} √ h Δ Δ − n^2e^{−ϕ0} (1 − h)

(2.8)

where Δ is now defined for an (m, n) bound state, and h is the modified harmonic function (notice the relative minus sign). Thus, we see that switching on F_{67} fluxes on n coincident D7 branes changes the metric along the x^{6,7} directions from^{1√}_h to a

√_Δ h , with a given by

a = h √ Δ Δe^{ϕ0} − n^2(1 − h)

, (2.9)

and so tells us the backreaction of the gauge flux on the bulk geometry. In a non-trivial topology, such backreactions would be useful to evaluate the full IR geometry of the corresponding N = 1 gauge theory.

S-dualising this background will give rise to coincident NS5 branes with magnetic seven branes. The behavior of string coupling near NS5 branes has been studied earlier in various papers. The magnetic seven brane could also contribute to the coupling constant. Therefore, in the original bound-state configuration we expect non-trivial behavior of the string coupling as we approach the region near the core of the bound state. The behavior is g^2_s = g^2_0 (1 − Q_7 ln r)(1 − Q_8 ln r)

, (2.10)

with Q_8 ≡^{n2e−ϕ0}_{2π}^√_Δ and Q_7 as defined in (2.7). As we approach the core of the bound state, the theory becomes weakly coupled. The constant coupling g^2_0 is defined at a point where ln r = 0, and is in fact given by g^2_0 =^{4π2Q7 Q8}_{n2} . We also observe that the description is valid only in the regime r < e^{1/Q7} or r > e^{1/Q8} , while in the regime

e^{1/Q7} < r < e^{1/Q8} (2.11)

we must use a different description^5. That is also one of the reasons why our local description is particularly good when dealing with seven branes.

5 Note that Q7 > Q8 for our case.

One can show that n coincident D3 branes with m units of electric flux will exhibit exactly the same behavior for the bound-state metric. This is expected since the fluxes contribute equally. What would be different in this case is the spatial dependence of the warp factors. That is, the string coupling near the bound state will be different from the one that we found earlier in (2.10). The precise dependence is easy to work out, and is given by

g_s = g_0 √ Q + r^4 Q + r̃^4

, (2.12)

where Q is the charge and r̃ is the scaled radius with the scale factor given by (_{Δeϕ0} n^2

) 1_4 . We see that near r = 0, the string coupling is not necessarily small, and is given by g_s = g_0 =^{Δ 12}_n . Indeed the coupling constant lies in the range e^{− ϕ02} ≤ g_s ≤ Δ^{12} n (2.13)

defined for 0 ≤ r ≤ ∞. g_s is nowhere divergent, and the metric therefore serves as a good description in the whole region. It turns out that the generic behavior of the dilaton for any (m, n) bound state can always be put in the form

ϕ = α ln Δ + β ln h + γ ln a, (2.14)

where a is defined in (2.9) and (α, β, γ) are constants^6. As an example, one can check that in type IIB, the dilatons ϕ_p of fundamental string/Dp-brane bound states are described in terms of (α, β, γ) as

ϕ_1 = ( − 1 2 , 1 2 , −1 ) , ϕ_3 = ( − 1 4 , 0, − 1 2 ) , ϕ_5 = ( 0, − 1 2 , 0 ) , ϕ_7 = ( 1 4 , −1, 1 2 ) , (2.15)

with the values of (a, h) changing accordingly for each bound state. One can now see that for our type IIB D5/D7 bound state, the dilaton is given by ϕ = ( 1 4 , −1, 1 2 ) , (2.16)

which reduces to (2.10) and is therefore not globally defined. As we observed above, this is not a matter of concern because we will only have a description on a given patch once we go to a more involved scenario [17], [16], [18].

6 One might be concerned by the fact that (2.14) has no apparent ϕ0 term. This is not an issue because a has the required powers of ϕ0 (see (2.9)).

Existence of this bound state can also be inferred from M-theory with a Taub-NUT background. Consider the n = 1 case with m arbitrary. Then the harmonic form changes from its standard value to the one given in [26] (see for example equations (33) and (51) in the first reference of [26]), due to the backreactions of the G-fluxes^7. The m five branes can be thought of as wrapping the degenerating cycle of our Taub-NUT space. Clearly the G-fluxes source these five-branes, so that we have a bound-state configuration.

Having determined the dilaton, our next goal is to find the axion χ. The axion is expected because we have seven branes. For our bound-state configuration, the axion can easily be determined, and is given by dχ = 1 9! 1 1 + b(h − 1) [ f(x_4) dx_5 − f(x_5) dx_4 ] . (2.17)

One can integrate this equation^8 to determine χ. The functions f(x_i) are determined by using the relation^{∂h}_{∂xi} = − √ Δx_i πr^2 to get

f(x_i ) = x_i πr^2 [ (m − nχ_0) ( 6h^{−1}g(h) − χ_0h^{−2} ) + ne^{−2ϕ0} h^{−2} ] , (2.18)

where we have denoted the asymptotic value of the axion as χ_0, and b in (2.17) above is given by b =^{n2}_{eϕ0 Δ} ≡^{h̃−1}_{h−1} , with the latter equality serving as a definition of h̃. One can use this definition to write the function g(h) in a compact form as

g(h) = h̃^{−2}Δ^{−1}e^{−ϕ0} { h̃h^{−1}[mn(h − 1) + χ_0Δe^ϕ0 ] − n(m − nχ_0) } . (2.19)

A non-trivial axion also exists for other bound states. For example, an electric flux on a D-string induces a non-trivial axion given by^9

χ_1 = α + γ_1h

h̃ , (2.20)

where α = χ_0 − γ_1 and γ_1 =^{mne−ϕ0}_Δ with h defined accordingly for the bound state. In fact, this will have important consequences when we embed our system in a non-trivial

7 These G-fluxes have two legs in the internal TN space and two legs along seven-dimensional spacetime.

8 One should note that dh = −π^{−1}r^{−2} √ Δ(x4 dx4 + x5 dx5) so χ is not linearly dependent on h.

9 Although electric fluxes on D3 branes do not switch on any axion.

topology and perform a dipole deformation. From the above analysis we can now define a complex coupling τ ≡ χ + ie^{−ϕ} for our background.

The next step is to find the H_{RR} that forms the source of the bound D5 branes. There are various ways to do this. One simple way is to compute the C_6 sources from the D5 branes and then Hodge-dualise. This procedure yields

H_{RR} = ( m − nχ_0 7! 3! πr^2 ) h^{− 32} h̃^{−2}e^{−ϕ} [ x_4 dx_5 ∧ dx_6 ∧ dx_7 − x_5 dx_4 ∧ dx_6 ∧ dx_7 ] . (2.21)

Given the RR field, supersymmetry requires us to have H_{NS} fields also. An easy way to see this is to construct a three-form G = H_{RR} + τ H_{NS} and then consider the supersymmetry constraint G = ± ∗ iG for a given non-trivial background, as in [27], [28]. Anticipating later generalisations, we see that this requires non-zero H_{NS} as well. It turns out that the NS three-form is given by H_{NS} = dχ_1 δ_{h,1−Q7 ln r} = n(m − nχ_0) Δh̃^2e^{ϕ0} dh ∧ dx_6 ∧ dx_7, (2.22)

where the functional form of χ_1 is as in (2.20). We see that the NS-form is switched on precisely because of the axion in the D-string–with–flux case. Once we have such a B_{NS} field, the dipole deformation becomes particularly involved, as we shall soon see.

Since H_{NS} is non-trivial, B_{NS} cannot be gauged away. B_{NS} has legs along the directions x^{6,7}. Recall that the bound D5 branes are oriented along the x^{0,1,2,3,8,9} directions, and therefore the B-field measures the charge of these five-branes. Incidentally the B_{RR} fields are also along the same directions. This makes sense precisely because of the orientations of the D5 branes.

One should note at this stage that the NS B-field (2.22) is not a priori related to the dipole deformation. It has both of its legs orthogonal to the D5 branes and parallel to the D7 brane. This is a unique case, where from the D5 point of view one would expect some kind of pinning effect as in [29]^{10}, and from the D7 point of view a non-commutative effect [30]. We will discuss these possible generalisations elsewhere once we switch on the dipole deformation. It is also interesting to note that in lower–dimensional branes, for example

10 Of course not in a flat background, but something like in a Taub-NUT space [29].

for a D3 brane, once we switch on a magnetic flux the four-form charge of the D3 brane changes to a new value given by

Q_4 = |b_2| ( χ_0 − 6|b_1| − ne^{−2ϕ0} m − nχ_0 ) . (2.23)

Here, |b_1| and |b_2| are respectively the magnitudes of background NS and RR two-forms, which satisfy the constraint that b_1 ∧ b_2 generates a Chern-Simons term on the D3 brane.

2.2. Bound states in a non-trivial topology

So far our analysis has concentrated on determining the metric of a bound state of m D5 and n D7 branes in a flat background. In the following we want to compute the backreactions induced by allowing a non-trivial background geometry with additional nontrivial topology.

The reason this is important has already been emphasised. Our earlier F-theory picture gave a supersymmetric configuration of D5 and D7 branes in a background that locally resembled a resolved conifold [17], [16], [18]. By moving the five or seven branes, we can reach a point in the moduli space where bound states exist. These branes would then wrap a non-trivial two-cycle in the local geometry, whose explicit form (given earlier in [18]) can be written as:

ds^2 = A dr^2_1 + B (dz + f_1 dx + f_2 dy)^2 + (C dθ^2_1 + D dx^2) + (E dθ^2 + F dy^2). (2.24)

Here the warp factors are functions of the radial coordinate r_1 and f_i = f_i(θ_i). Recall that our coordinates (r_1, z, x, y, θ_i ) are local, and thus the metric (2.24) is only for a local patch (see discussions in [18]).

Using the notations of our local metric, we can see that the D7 branes are oriented along the (z, r_1, y, θ_2) directions and are located at a point on the torus described by the coordinates (x, θ_1). The D5 branes are located at a different point on the (x, θ_1) torus, although they wrap the other torus (y, θ_2) exactly as the D7 branes do (see figure 2 in [18]).

We should now relate the local coordinates used here to the coordinates used in the previous section. The (x, θ_1) torus is related to the (x_4, x_5) cycle, and the (y, θ_2) torus is related to the (x_8, x_9) cycle. The radial coordinate used here (i.e. r_1) is proportional to the x_7 coordinate used before. Finally, z is related to the compact x_6 coordinate. Thus

(r_1, z, x, θ_1, y, θ_2) ∝ (x_7, x_6, x_4, x_5, x_8, x_9) (2.25)

which means that the radial coordinate we defined earlier, namely r = √ x^2_4 + x^2_5, is not the radial coordinate r_1 used in the local geometry, but is related to the distances along the (x, θ_1) torus. In terms of the NS and RR fields, this means that both the B-fields have components parallel to the D7 branes in the (z, r_1) directions but, as discussed before, this doesn’t lead to any pinning effects for the D5 branes.

How do we now embed a bound set-up of m D5 and n D7 branes in the local geometry (2.24)? Our first observation is that the D5/D7 bound state cannot change the topology of the manifold. This is easy to understand, as local metric deformations do not change the topology of the underlying manifold. What could then change? There are two possibilities: (a) The warp factors will change, but no additional terms will appear in the metric, or (b) The warp factors will change, and additional terms will appear in the metric. These additional terms deform the metric without changing the topology.

To verify one of these cases, we make the following observations:

(a) If we begin with the metric (2.24) and remove the bound–state configuration, the resulting metric should resemble the local solution given by

A(r_1) = C(r_1)^2, B(r_1) = C(r_1)^{−2}, D(r_1) = C(r_1), E(r_1) = F(r_1) = C(r_1), (2.26)

with the warp factor C(r_1) defined as

C = 1 + ( 1 F_3(r_0) √ F_1(r_0) ∂F_3 ∂r_1 | | |_{r1 =r0} ) r_1 ≡ 1 + Q r_1. (2.27)

These terms are explained in [18] (see section 2 therein).

(b) If we begin with the metric (2.24) and remove the bound D5 branes, i.e. make (m, n) = (0, 1), then the solution (2.26) changes according to A → k^{−1}A, B → k^{−1}B, (C, D) → (k C, k D), (E, F) → (k^{−1}E, k^{−1}F), (2.28) without generating an extra term in the metric [18]. Here k = k(r_1) is the harmonic function whose value was left undetermined in [18]. On the other hand, (m, n) ≥ (1, 0), the original case studied by [31], may not be supersymmetric [32], [17], [16], [21], [18].

The above set of observations might naively imply that embedding a bound state of D5/D7 in the local geometry (2.26) should generate no additional terms in the metric, other than the one that we already have; only the warp factors should change. Therefore our first ansatz for the metric of a bound state of m D5 and n D7 branes in the local geometry (2.26) is given by A → √ h p + q h A, B → √ h p + q h B (C, D) → ( √ hC, √ hD), (E, F) → ( E √ h , F √ h ) , (2.29)

where (p, q) are integers defined in terms of the Δ given in the previous section: p = e^{ϕ0} − q, q = n^2 Δ . (2.30)

A little thought will tell us that this cannot be the complete answer, since our method for constructing the bound state implies that the metric depends non-trivially on the (x, θ_1) directions instead of the r_1 direction. Therefore, a simple linear superposition like (2.29) may not provide the full scenario, and we require corrections to the above ansatz.

To entertain possible corrections, we first observe that we can make the coefficients (2.26) constant if we take Q in (2.27) to be vanishingly small. This is the regime where the fibration described by (2.24) becomes trivial (at least to first order) [17], [16], [18]. Second, we observe that a U(n) gauge theory in 2 + 1 dimensions with m units of magnetic flux exhibits somewhat similar properties to those of the bound state that we are looking for, as long as in a certain regime the 2 + 1 dimensional theory can be described as the dual configuration of a U(m) gauge theory with n units of magnetic flux. This is nothing but a type IIA D2 brane configuration with magnetic fluxes allowing the bulk U(1) electric flux

A_0 = − 1 κ · m − γn h √ Δ . (2.31)

Here κ and γ are constants that may be fixed by going to a type IIB theory, where τ (r → ∞) = γ +iκ implies that (ϕ_0, χ_0) ≡ (−log κ, γ) are the respective asymptotic values of the dilaton-axion we defined earlier. We have kept h as the 2d harmonic function.

This bulk electric field is affected by the worldvolume magnetic fluxes, as can be seen from (2.31). To determine the worldvolume fluxes, we need a D2 brane oriented along x^{0,6,7} and fluxes satisfying ∫ F_{67} = m. Such a configuration affects the string coupling, and therefore the behavior of the dilaton. We compute that in terms of the parameters in (2.14). The dilaton ϕ_2 becomes ϕ_2 = (1 4 , 1 4 , 1 2 ) , (2.32)

so that the full description of the near–core region can only be captured by M-theory, while a type IIA description is valid away from the core.

Once we lift the configuration to M-theory, there will be G-fluxes and globally–defined C-fields. For the present case, it is not too difficult to work out the three-form field. It is given by C = 1 h [ α_1 − α_2

( h + β_1 h + β_2 )] dx_0 ∧ dx_6 ∧ dx_7 + m n (h + β_1 h + β_2 ) dx_{11} ∧ dx_6 ∧ dx_7 (2.33)

with G = dC as the G-flux. The constants α_i and β_i are defined as:

α_1 = γ(m − γn) − nκ^2 κ √ Δ , β_1 = γΔ mnκ − 1, α_2 = 6m(m − γn) nκ √ Δ , β_2 = Δ n^2κ − 1. (2.34)

We see that both the G-fluxes and the C-fields are not necessarily sourced only by the M2 branes. Extra fluxes appear in the theory from the backreactions of the worldvolume F fluxes.

The backreaction of the worldvolume F fluxes on the geometry can also be worked out. If we are away from the core, then a type IIA description suffices. The backreaction is only felt along the directions of the F fluxes, i.e along x^{6,7}, and is given by^{11}

δg_{66} = δg_{77} = 1 √ h · 1 h + β_2 [ h ( Δ n^2 − 1 ) − β_2 ] , δg_{mn} = 0; m, n ≠ 6, 7, (2.35) where β_2 is defined in (2.34). We should also note that in M-theory all the metric components will change, and therefore the near–core description will be a little more complicated. The metric will involve the usual fibration structure due to the presence of the electric flux (2.31), and the warp factors will change due to the explicit dependence of the string coupling on internal magnetic fluxes.

Once we know the complete background of D2 branes with magnetic fluxes, we can use the following set of duality arguments to determine a candidate metric for our D5/D7

11 We are absorbing the unimportant constant κ in the definition of the coordinates.

bound state on a non-trivial background. Clearly we will not be able to simulate completely the local geometry on which we want to have our bound state, but we can come very close. The following are a set of steps that can potentially lead us to the required answer: • The D2 brane is oriented along x^{6,7} and is orthogonal to the other directions. Consider the x^4 direction. If we compactify the (x^6, x^4) directions on a torus T^2, then generically the torus can have arbitrary complex structure τ_1. We can parametrise the complex structure by a real coordinate σ_1 such that Im τ_1 = 0. Such parametrisation is exactly of the form given earlier in [29], [22], [26].

• As we discussed earlier, the near–core region of this configuration is at strong coupling. The complete picture can therefore only be given via M-theory. Lifting this configuration to M-theory gives rise to a three–torus T^3, where one of the toroidal directions is the eleventh direction x^{11} with radius R_{11}. We can pick a torus along (x^6, x^{11}) and shrink it to zero size, while keeping the x^4 cycle in T^3 invariant. This will take us to type IIB theory with an orthogonal set of D1 branes. Since we kept the x^4 cycle inside T^3 unchanged, the original non-trivial complex structure will generate an additional B_{NS} = B_{64} field along with the bound state.

• We can keep the system at a point on a T^4 along x^{1,2,3,9}. Let the volume of the T^4 be V = 16π^4 R_1R_2R_3R_9, where R_i are the radii of the cycles as measured in the warped geometry. Shrink the volume of the torus to zero size. Observe that this doesn’t affect the B_{64} field, as it is orthogonal to the torus.

• One can easily show that this configuration is dual^{12} to a configuration of two intersecting Taub-NUT spaces in M-theory where one of the TNs is along x^{4,5,7} and the eleventh direction x^{11} and the other TN is along x^{4,5,6} and x^{11} along with some G-fluxes. The existence of non-zero G-fluxes can be accounted for from the fact that the corresponding three–forms thread through the degenerating cycle of the two Taub-NUT spaces. For the present case there are at least two non-zero components of the C-field (C_{4,6,11} and C_{8,6,11}) through which this duality can be explicitly analysed.

• It is easy to go to type IIB from M-theory by shrinking some two-torus to zero size. For the case in question, not all two-tori would give the kind of answer that we are looking for. In fact there is one non-trivial two-torus along the directions (x^6, x^{11}) that is particularly

12 This duality, although not quite like AdS/CFT, is in the same spirit as gauge/gravity dualities, in that a gauge theory on an intersecting D-string configuration is mapped to a theory of gravity without branes.

suited for our purpose. In the limit where this torus shrinks to zero volume, we have an exact duality to a bound-state configuration of D5/D7 branes! More interestingly however, some components of the C-fields will dissolve completely in the geometry to give us a non-trivial local solution resembling our required local solution (2.24), at least in certain limits. The other surviving components will provide the necessary dipole deformation to the bound-state configuration.

Through this set of duality transformations, we hope to get a handle on our background so that we can analyse all the field components that constitute the supergravity solution for the system. We will begin by analysing our duality chain from an intermediate stage that involves Taub-NUT spaces. The duality arguments leading to that configuration are easy, though tedious, to reproduce: we will leave them for the reader to derive.

Our starting point is to observe that the B_{NS} field we obtain from the non-trivial complex structure (parametrised by σ_1) in the first step of our duality chain is a little involved. If we denote the asymptotic value of B_{64} as b_∞, then for tan σ_1 ≡ x we have

x^3 − cb_∞x^2 + x − κcb_∞ = 0, (2.36)

where κ is as defined earlier and c is a multiplicative constant. The constant c will in general be identity, but because of our duality to Taub-NUT spaces, it turns out to be a non-trivial constant which has interesting physical consequences. For the time being we will parametrise c by another angular coordinate σ_2 as

c ≡ sec σ_2. (2.37)

With this description of c, one can show that the dual description of a system of orthogonal D-strings at a point on T^4 when vol(T^4) → 0 is an intersecting warped Taub-NUT background with the following three-form fields: C = 1 κ_1

[ tan σ_2

κ_2 dx_6 ∧ dx_8 − χ_α cos σ_1 sin σ_2

κ_2 dx_7 ∧ dx_8 + √ h tan σ_1 Q_− cos σ_2 dx_4 ∧ dx_6 + − √ h sin σ_1 χ_α Q_− dx_4 ∧ dx_7 ] ∧ dx_{11} (2.38) with the corresponding G-fluxes given by G = dC. In the above, h̃ is as defined earlier. The other coefficients are defined in the following way:

κ_1 = h̃^{−1} √ h(κ cos^2 σ_1 + h̃ sin^2 σ_1) ≡ h̃^{−1} √ h κ̄_1, χ_α = γ h̃ + mnκ(h − 1) h̃Δ , κ_2 = √ h cos^2 σ_2 + κ^{−1}_1 sin^2 σ_2 ≡ √ h κ̄_2, Q_± = 1 ± κ^{−1}_1 κ^{−1}_2 sin^2 σ_2,

(2.39) where h is the corresponding warp factor in the intersecting Taub-NUT metric. This warp factor’s behavior can be traced through the duality chain explicitly^{13}. We should also note that the coordinates x^i are the dual coordinates defined for this space, and are related to the original coordinates (i.e the coordinates of the intersecting system of D-strings) by coordinate transformations.

The G-fluxes we constructed from (2.38) each have one of their components along the Taub-NUT circle x^{11}. Such a choice of G-fluxes cannot completely specify the dual picture. We need more components of G-fluxes that are orthogonal to the Taub-NUT circle. In other words, if we specify the additional G-flux as G_2, then we require G_2 ∧ dC = 0. For our specific case, G_2 turns out to be

G_2 =

(m − γn) sin σ_2 κ h^2 √ Δ ∗ ( dh ∧ dV_0 ∧ dx_{11} ) , (2.40)

with ∗ the Hodge star for the warped metric (to be determined below) and dV_0 ≡ dx_0 ∧ dx_1 ∧ dx_2 ∧ dx_3 ∧ dx_9 a constant form.

Looking at the three-form that we get in (2.38), we see that in some limits it can have constant pieces. Does this mean that we can gauge them away? For a flat background such components can be gauged away, but not for the present case. Since the constant pieces have one leg along the Taub-NUT circle dx^{11} and a normalisable harmonic (1,1) form lives on the Taub-NUT, gauging away such components switches on other components (see [33]for more details). Therefore such constant pieces survive.

All we now need is to specify the metric for our case. Since we expect an intersecting Taub-NUT solution, the metric will typically be a five-dimensional warped metric. Both the TNs share one degenerating cycle along the eleventh direction, and therefore the fibration structure will be non-trivial in the x^{11} cycle. The precise metric turns out to be

ds^2 = ( κ_1κ_2h̃ κh ) 1_3 [ ds^2_{01239} + h̃Q_− κ̄_1

(sec σ_2 dx_6 − χ_α cos σ_1 dx_7)^2 +

+ 1 κ̄_2 ( dx_8 + h̃ tan σ_1 sin σ_2 κ̄_1 dx_4 )_2] + ( κ_1κ_2h̃h^2 κ ) 1_3 [

dx^2_5 + κ h̃ dx^{27} + + ( sec^2 σ_1 − h̃ κ̄_1 tan^2 σ_1 ) dx^2_4 ] + ( κ κ_1κ_2h̃ √ h ) 2_3 ( dx_{11} + ω · dx )_2 .

(2.41)

13 The value of χα above is same as the one we computed for D-strings, i.e χ1 in (2.20). It would be an interesting exercise to see if this follows from our duality chain.

Here we see that the non-trivial fibration is via the one-form fields ω_μ, the precise form of which will be derived below. The two TN spaces can now be seen to be along x^{4,5,6,11} and x^{4,5,7,11} and therefore span a five-dimensional surface.

To determine the one-form ω_μ we start by choosing a hypersurface in our space orthogonal to the two intersecting TNs. Let dV_1 be a constant form on the surface. Using this we can define the following form on the manifold: dS_1 ≡ − m − γn κ √ Δ sec σ_1 [ γdh^{−1} − 5 d ( χ_α h ) − sin^2 σ_2 d ( χ_α hκ_1κ_2 )] ∧ dx_7 ∧ dV_1 ∧ dx_{11} + + nκ √ Δsec σ_1 dh^{−1} ∧ dx_7 ∧ dV_1 ∧ dx_{11} + m − γn κ √ Δ [ sec σ_2 d(h^{−1}Q_−) ∧ dx_6 ] ∧ dV_1 ∧ dx_{11}. (2.42) This is a nine-form that cannot be gauged away. It turns out that this is not the only nine-form we can define for our case. As in the case of the original nine-form (2.42), we can use another hypersurface along x^4 that intersects the original hypersurface used to define (2.42) in a five-dimensional space and intersects the x_8 line at a point. Let dV_2 be a constant form on this hypersurface; we can then construct another nine-form

dS_2 ≡ − m − γn κ √ Δ { sin σ_1 sin σ_2 [ γd(κ^{−1}_1 h^{−1/2}) − 5 d ( χ_α κ_1 √ h ) + d ( χ_α κ^2_1κ_2 √ h ) sin^2 σ_2 ] +

− nκ^2 m − γn sin σ_1 sin σ_2 d(κ^{−1}h^{− 12} ) } ∧ dx_7 ∧ dV_2 ∧ dx_{11} + + m − γn κ √ Δ tan σ_1 tan σ_2 d ( Q_+ κ_1 √ h ) ∧ dx_6 ∧ dV_2 ∧ dx_{11}. (2.43) Using the above equations (2.42) and (2.43), the one form ω_μ determining the fibrations for both the TN spaces is defined as

dω = lim_{R11→0} ∗(dS_1 + dS_2), (2.44)

where the Hodge dual is on the warped metric in the above limit. The reason we have to take a limit is that in M-theory there are no fundamental one-forms, which only exist in the type IIA limit. Therefore, plugging in the value of (2.44) into (2.41) yields the complete fibration. Along with the three-form (2.38) and G-fluxes (2.40) this specifies the full M-theory background. Thus, this configuration is dual to the intersecting D-string configuration in the limit when vol(T^4) = 0.

Our last step is to shrink the (x^{11}, x^6) torus to zero volume in order to reach type IIB theory. To see this explicitly, we have to put holomorphic coordinates on a small patch of the torus. Let dz = dx_{11} + τ_m dx_6, where τ_m is the complex structure. If the one-form ω_6 ≠ 0, one can show that

Re τ_m = ω_6, Im τ_m = √ κ_2h̃ √ hQ_−sec^2 σ_2 κ , (2.45)

where κ_2 was defined in (2.39). Using this, the metric on the small patch can be written as ds^2_{patch} = ( κ κ_1κ_2h̃ √ h ) 2_3 |dz|^2. (2.46) The above choice of holomorphic coordinate does not imply the existence of an integrable complex structure for our case. Nevertheless, the full metric can be written down using real coordinates as we saw above. Shrinking the volume of the T^2 to zero size implies that there will be a non-trivial dilaton given by

ϕ_b = 1 4 ln Δ − ln h + 1 2 ln a, (2.47)

where a was defined in (2.9). We see that (2.47) is exactly the flat-space limit of the dilaton given in (2.14). In fact, as we mentioned briefly before, the ansatz (2.14) – although suitable for bound states in a flat background – works also for the curved background with non-trivial topology as in our case.

Once we have the dilaton, we should look for the corresponding axion. Our earlier analysis for a flat background yielded the value given in (2.17). To determine the precise correction to our earlier result (2.17), we can use the constant form dV_1 defined in (2.42). With this one can show that the axionic field undergoes a simple modification given by

dχ_b = dχ cos σ_1. (2.48)

The axion so obtained sources the D7 branes. From the bound-state analysis, we should then expect a source for the D5 branes also. This is indeed the case, and is given by H_{RR} = m − γn κ √ Δ sec σ_2 ∗ { dh^{−1} ∧ dV_1 } . (2.49)

The above two fields (2.48) and (2.49) are not the only sources of the axion and RR threeforms. There are in fact sources of these fields that do not exist in the flat-space limit. For example there could be an axion source from dV_2 defined in (2.42) as:

dχ^{(2)}_b = − m − γn κ √ Δ sin σ_1 ∗ { d ( γ − 6χ_α κ_1 √ h ) ∧ DM } + nκ √ Δ sin σ_1 ∗ { d ( 1 κ_1 √ h ) ∧ DM }

(2.50) where we have defined DM as DM = dV_2 ∧ dx_7 ∧ ( sec σ_2 dx_8 − sin σ_2 dx_6 ) . (2.51)

It is interesting to note that our background also has additional sources of H_{RR}, much like the additional sources of axion computed above in (2.50). These sources, as one might expect, do not come from the D5 branes only. They are given by

H^{(2)}_{RR} = m − γn κ √ Δ [ 2tan σ_1 tan σ_2 sin^2 σ_2 ∗ { d ( κ^{−2}_1 κ^{−1}_2 h^{−1/2} ) ∧ dV_2 } + + sin σ_1 ∗ ( dh^{−1} ∧ dV_0 ∧ dx_6 ) ] , (2.52)

with dV_0 defined in (2.40). We see that an equivalent term like ∗(dh^{−1} ∧ dV_0) for (2.49) contributes only to O(σ_1) to the H_{RR} (similarly the other contribution goes like O(σ_1σ^3_2)) and therefore in the limit σ_{1,2} → 0 (2.53)

the above contributions are suppressed. It turns out that all the new contributions to the axion and the RR three-form, other than (2.48) and (2.49), are suppressed in the limit of small σ_{1,2}.

Such a limit will provide us with tremendous simplifications. Therefore, in our notation, the flat-space results can be determined simply by setting σ_1 = σ_2 = 0. In the flat-space limit we expect a B_{NS} field that provides the Chern class of the D7 brane gauge bundle. The corresponding H_{NS} is therefore orthogonal to the D5 branes, and is given by

H_{NS} = cos σ_1 cos σ_2 dχ_α ∧ dx_6 ∧ dx_7. (2.54)

Thus it is related to the RR form (2.49) by supersymmetry. As before there could be new sources of H_{NS} fields that are suppressed in the limit (2.53) as

H^{(2)}_{NS} = −sin σ_1 d ( χ_αQ_− κ_1 √ h ) ∧ dx_4 ∧ dx_7 (2.55)

With the knowledge of NS and RR three-forms as well as the axion-dilaton, we can construct G = H_{RR} + τ_bH_{NS} with τ_b = χ_b + ie^{−ϕb} . With the help of G, a superpotential for our background can then be easily constructed.

Our final venture is to determine the metric for the D5/D7 bound state. From the intersecting Taub-NUT solution (2.41) the result follows from shrinking the torus (2.46) to zero size. This gives us:

ds^2_{IIB} = ds^2_{0123} √ h + 1 √ h ( dx^2_9 +

Dx^2_8 κ̄_2 ) + √ h ( κdx^2_4 κ̄_1

+ dx^2_5 ) + κ √ h h̃ dx^{27} + + √ hκ̄_1 h̃Q_− cos^2 σ^2(dx^6 + f^1 dx^4 + f^2 Dx^8)^2,

(2.56)

where the various coefficients are defined as:

f_1 = √ hκ^{−1}_1 tan σ_1 sec σ_2, f_2 = −κ^{−1}_1 κ^{−1}_2 tan σ_2,

Dx_8 = dx_8 + √ hκ^{−1}_1 tan σ_1 sin σ_2 dx_4.

(2.57)

At this stage we can impose the coordinate redefinitions (2.25) on our metric (2.56). The resulting background looks almost like (2.24) if we replace dx_8 in (2.24) by Dx_8. Therefore the metric of D5/D7 bound states has almost the predicted form of (2.24) as we have been expecting. The metric (2.56) however looks exactly like (2.24) only in the limit (2.53). In the following we will discuss this limit, and also determine the changes to the metric after we make a dipole deformation.

3. Dipole-deformed bound states

To study the effect of the limit (2.53) on the metric (2.56) we have to make a small expansion about the angular terms σ_{1,2}. This way we will also be able to compare our result with our earlier proposal (2.29). Our claim is that the metric (2.56) resembles (2.24). To verify this for the two tori T^2 we find: D = √ h ( 1 − sσ^2_1 ) , C = √ h, F = 1 √ h { 1 + σ^2 [ 1 − h̃(1 − sσ2_1 ) κh ]} , E = 1 √ h , (3.1) where s ≡^{h̃}_κ −1. Thus we see that the corrections to (2.29) go like O(σ^2_i ) and are therefore suppressed in the limit (2.53). This continues to hold for the other coefficients of the metric (2.56) because A = √ h p + qh , B = √ h p + qh ( 1 + sσ^2_1 + h̃ hκ σ^2 ) ( 1 − σ^2 ) , (3.2)

which are again of the form (2.29). Finally the fibrations in the metric (2.56) take the following form:

f_1 = σ_1h̃ κ [ 1 − sσ^2_1 + σ^2 2 ] , f_2 = − σ_2h̃ hκ [ 1 − sσ^2_1 + σ^2 ( 1 − h̃ κh )] , (3.3)

which implies that the f_is are determined by the angular coordinates σ_i linearly as f_i ∝ σ_i. This will be crucial later.

The upshot of the above discussion is that the metric (2.56) follows the ansätze (2.29) in the limit Dx_8 ≈ dx_8 and (2.53) with the fibration terms f_i given as (3.3). On the other hand, the NS three-form field is of the form B_{NS} = ( χ_α cos σ_1 cos σ_2 dx_6 − χ_α sin σ_1 Q_−

κ_1 √ h dx_4 ) ∧ dx_7 ≈ χ_α ( 1 − σ^2_1 2 )( 1 − σ^2 2 ) dx_6 ∧ dx_7 − σ_1χ_αh̃ κh ( 1 − sσ^2_1 − h̃σ2 hκ ) dx_4 ∧ dx_7 (3.4)

as can be extracted from (2.54) and (2.55). We see that the second term is suppressed by σ_1.

Among the RR fields we will have the axion and the RR three-form dB_{RR}. All of them will have pieces that remain finite in the limit (2.53). This means that we have both B_{NS} and B_{RR} along x^{6,7} that remain finite, with additional components that are of O(σ_i). Therefore our approximate background will be ds^2 ≈ √ h p + qh dr^2_1 + √ h p + qh (dz + f_1dx + f_2dy)^2 + √ h|dz_1|^2 + |dz_2|^2 √ h ; B_{NS} ≈ b_{67}, B_{RR} ≈ b̃_{67}, h = h(r, σ_i), r^2 = x^2 + θ^2_1,

(3.5)

with z_i defined exactly as in [17], [21], [16], [18], namely z_1 = x + iθ_1 = x_4 + ix_5 and z_2 = y + iθ_2 = x_8 + ix_9; and r_1 = x_7 as before. There is also an axion-dilaton (χ_b, ϕ_b) that resembles the flat-space result.

We would like to make the following comments:

• The metric (3.5) and the original metric (2.56) resemble the metric of wrapped D5 branes when p >> q in (3.5). This is the expected case when m >> n. On the other hand, the metric (2.56) or (3.5) resembles the metric of D7 branes when n >> m as one might expect. However in both the above limits the metrics do not resemble the metric of D3 branes at a point on our local geometry. That this is not inconsistent with our previous analysis on [17], [16], [21] and [18] is because we haven’t put in the required fluxes. Once the necessary fluxes are put in, the metric will resemble the metric of D3 branes at a point in our local geometry.

• The limit (2.53) that we used above to write the type IIB solution (2.56) in the form (3.5) may not always hold. There could be some regime (or a different patch) where (2.53) cannot be applied consistently. That would mean that (3.5) will not always capture the dynamics in certain patches of the full global geometry. On the other hand, if we demand

h ≡ h(Re z_1) (3.6)

then there are certain definite advantages over (2.53):

(1) Dx_8 defined in (2.57) becomes a total derivative such that dD = D^2 = 0 and therefore forms a cohomology. In fact Dx_8 = dx^+_8 ≡ d(x_8 + x^+_4 ) where

x^+_4 =

∫_{Re z1} d(Re z_1) h̃ tan σ_1 sin σ_2 κ cos^2 σ_1 + h̃ sin^2 σ_1

(3.7)

(2) The harmonic function will become linear in Re z_1 and so can be approximated as h = 1 + c Re z_1 where c is a constant. This means that V_0 and V_2 are not independent forms, but are related as dV_2 = c dh ∧ dV_0 (3.8)

(3) The following unnecessary components will vanish:

dS_2 = dχ^{(2)}_b = H^{(2)}_{NS} = H^{(2)+}_{RR} = 0 (3.9)

where these components are defined above and the superscript + implies that there are a few surviving components^{14}. The fact that H_{NS} and H^{(2)+}_{RR} vanish also means that

14 In our notation, H^{(2)}_{RR} defined in (2.52) can be written as H^{(2)}_{RR} = H^{(2)+}_{RR} + H^{(2)−}_{RR} with ± forming the first and the second components of (2.52) respectively.

the corresponding two–form fields can be gauged away. The ungauged components are precisely the ones that appear in (3.5) above along with an additional one

H^{(2)−}_{RR} = − c(m − γn) sin σ_1 κh^2 √ Δ ∗ ( dV_2 ∧ dx_6 ) (3.10)

(4) The final metric becomes

ds^2_{IIB} = ds^2_{0123} √ h + 1 √ h [ dx^2_9 + κ̄^{−1}_2 (dx^+_8 )^2 ] + √ h [ (dx^−_4 )^2 + dx^2_5 ] + κ √ h h̃ dx^{27} + + √ hκ̄_1 h̃Q_− cos^2 σ^2(dx^6 + f^1 dx^4 + f^2 dx^{+8} )^2,

(3.11)

which is the closest we get in realising the precise local geometry of our earlier papers. It is indeed remarkable to see that our earlier predictions fit perfectly with the above derivation; (3.11) should then be regarded as a derivation of our local geometry. With h defined as above and x_4 = ∫ dx^−_4 √ κ cos^2 σ_1 √ κ̄_1

+ x^+_4 sin 2σ_1 2sin σ_2

(3.12)

we can easily argue for the form (2.24) with C(r_1) inserted in the local limit. The final background therefore consists of the metric (3.11) with f_i = f_i(θ_i) as derived in [18]. The other fields are the NS fields:

• Dilaton ϕ and two-form b_{67}

which appear from (2.47) and (2.54) respectively. The RR fields are the three-forms coming from (2.49) and (2.52). However some of these components are gauged away. Similar things happen with the axions (2.48) and (2.50). One can show that the ungauged component here is only (2.48). We can dualise these forms and write everything in terms of the six-forms and eight-form as

• C_1 = C^{(6)}_{012389}, C_2 = C^{(6)}_{012369}, dC_3 = ∗dχ_b

with C_3 being the required eight-form. With this configuration at hand we can now make dipole deformations to our background. Due to the existence of b_{67} there could be multiple ways to perform dipole deformations here. In the following we will analyse these aspects in detail.

3.1. First dipole deformation

The multiple ways of doing dipole deformations that we alluded to above are related to the fact that we can either consider the b_{67} field while performing the dipole deformation or not. The deformation without an intervening b_{67} field is predictably much easier to apply. In this section we will try this approach.

The dipole deformation – which we will call the first dipole deformation – can be parametrised by an angular coordinate σ_3. Our starting point is the metric (3.11) along with the NS and RR backgrounds discussed above. We define the following variables:

α_0 = √ hκ̄_1 h̃Q_− cos^2 σ^2, α^2 = 1 κ̄_2

+ α_0f^2_2 √ h, j_0 = cos^2 σ_3 √ h ( 1 + α_2tan^2 σ_3 ) (3.13)

where all the parameters appearing above have been described earlier. We should also remember that under a dipole deformation both the metric and the coordinates describing the underlying space change. Let the new coordinates be y_i, i = 4, ....., 9. The dipole deformation then changes the metric (3.11) to

ds^2_I = ds^2_{0123} √ h + [√ h(dy^−_4 )^2 + dy^2_5 j_0 ] + [ dy^2_9 √ h + sec^2 σ_3 √ hκ̄_2 dy^2_8 ] + κ √ h h̃ dy^{27} +

+ α_0 ( dy_6 + f_1 dy_4 + f_2 sec σ_3 dy_8)^2 − α^2_0f^2_2 sin^2 σ_3 j_0 [ dy_6 + f_1 dy_4 + ( f_2 sec σ_3 + x ) dy_8 ]_2 . (3.14) Looking at the above metric we see that this is almost of the form of the initial starting metric (3.11) except for the y_6 fibration part because of the presence of an extra term. This term is defined as: x = 1 f_2 · Q_− κ_1κ_2

· sec^2 σ_2 sec σ_3. (3.15)

Can this term be made smaller? To see this we first need to figure out whether the NS two-form performing the dipole deformation is affected or not. It turns out that the B_{NS} field is also affected in the following way B_{NS} = α_0f_2 sin σ_3 j_0 [ dy_6 + f_1 dy_4 + ( f_2 sec σ_3 + x ) dy_8 ] ∧ dy_5 + b_{67} dy_6 ∧ dy_7. (3.16)

This means that the B_{NS} fields do not follow the standard fibration structure of the background expected from the initial metric (3.11). This can be rectified by making x << 1. To allow this, observe that the free adjustable parameters in our problem are (σ_{1,2,3}) of which σ_3 is generically small. If we are also in the limit (2.53) then σ_{1,2} will also be small. This will make x ∼ 1. On the other hand we could be be in the limit (3.6) but not in the limit (2.53). For this case we can have

Q_− << 1 ⇒ x << 1 (3.17)

where Q_− is defined in (2.39). With this choice the dipole deformation takes the following nice form

ds^2_I = ds^2_{0123} √ h + √ h [ (dy^−_4 )^2 + dy^2_5 cos^2 σ_3 + α_2 sin^2 σ_3 ] + 1 √ h ( dy^2_9 + sec^2 σ_3 κ̄_2 dy^2_8 ) + + κ √ h h̃ dy^{27} + α^0 ( 1 − β_2 tan^2 σ_3 1 + α_2 tan^2 σ_3 ) ( dy_6 + f_1 dy_4 + f_2 sec σ_3 dy_8)^2, (3.18) which is exactly as we had predicted in [18] if we take f_i =^{fi (θi)}_{1+δi2(sec σ3 −1)} and C(r_1) → 1! Here β_2 = α_0f^2_2 √ h and denoting the y_6 fibration structure as Dy_6 the dipole B-field is given by B = β_2 f_2 ( tan σ_3 sec σ_3 1 + α_2tan^2 σ_3 ) Dy_6 ∧ dy_5 + b_{67} dy_6 ∧ dy_7 (3.19)

with appropriate field strength. It is also interesting to see that a component of the Bfield (3.19) can provide a dipole deformation to the D7-brane gauge theory although not necessarily the component that makes a dipole deformation to the D5-brane gauge theory.

We will not evaluate the RR fields in detail because they can be easily worked out from the dipole deformations and following earlier works [22], but go directly into comparing the volumes of the two-cycles Σ_2 before and after the deformation. Before dipole deformation the volume of the two-cycle on which we have wrapped D5 branes is given by

V_{initial} = ∫ Σ_2 1 √ h ( 1 κ̄_2 √ h + α_0 f^2_2 ) , (3.20)

which is the volume of a T^2 in the geometry (3.11). After dipole deformation the volume of the two-cycle changes to

V_{final} = ∫ Σ_2

sec^2 σ_3 √ h [ 1 κ̄_2 √ h + α_0 f^2_2 (1 − z) ] , (3.21)

with z given as z =^{β2 tan2 σ3}

1+α_2 tan^2 σ_3 . We see that for small enough deformation the volume

of the two cycle shrinks making the KK states heavier. This is again consistent with our earlier conclusion [18].

3.2. Second dipole deformation

The second kind of dipole deformation will take into account the presence of the background b_{67} field. We will again parametrise the dipole deformation by the angular coordinate σ_3. We start by defining the quantity

j_1 = α^{−1}_0 cos^2 σ_3 ( 1 + α_0 √ h tan^2 σ_3 ) (3.22)

which is similar to j_0 defined in (3.13). As before the coordinates of the dipole-deformed background will be different from the coordinates used in (3.11). For the sake of simplicity we shall again use y^i, i = 4, ..., 9 for the new background.

The background after the dipole deformation is different from the one that we discussed in the previous subsection. It is now given by:

ds^2_{II} = ds^2_{0123} √ h + √ h [ (dy^−_4 )^2 + sec^2 σ_3 dy^2_5 ] + 1 √ h [ dy^2_9 + dy^2_8 κ̄_2 ] + ( κ √ h h̃ + b^2_{67} α_0 ) dy^2_7 +

+ j^{−1}_1 ( dy_6 + f_1 cos σ_3 dy_4 + f_2 cos σ_3 dy_8)^2 − j^{−1}_1 (√ h tan σ_3 dy_5 − b_{67} cos σ_3 α_0 dy_7 )_2 . (3.23) The above metric differs from the previous one in many key respects. The y_6 fibration is consistent with expectation, whereas our earlier metric (3.14) had a different y_6 fibration structure. On the other hand we now have a cross term dy_5dy_7, but this is suppressed by tan σ_3.

In the limit where the dipole deformation is small all the tan σ_3-dependent terms can be dropped from the metric, and we get the following metric:

ds^2_{II} = ds^2_{0123} √ h + √ h [ (dy^−_4 )^2 + sec^2 σ_3 dy^2_5 ] + 1 √ h [ dy^2_9 + dy^2_8 κ̄_2 ] + + κ √ h dy^2_7 h̃ + α^0 sec^2 σ^3 ( dy_6 + f_1 cos σ_3 dy_4 + f_2 cos σ_3 dy_8)^2,

(3.24)

which again fits nicely with our ansatz.

The dipole-deforming B field is more involved than our earlier case. If we denote Dy_6 as the fibration one-form, then we can write the B field as B = cos σ_3 α_0 j_1 Dy_6∧ ( b_{67} dy_7− √ h α_0 tan σ_3 sec σ_3 dy_5 ) −b_{67} sec σ_3 ( Dy_6 −dy_6 ) ∧dy_7. (3.25)

As before, the B field has components that perform dipole deformations to the D7-brane gauge theory also. In addition to that the RR fields are also affected by the dipole deformations. We will not discuss them here as they are easy to work out. Instead we will concentrate on the volume of the two-cycle on which we have wrapped branes. The original volume is given by (3.20). The final volume after dipole deformation will be

V_{final} = ∫ Σ_2 1 √ h ( 1 κ̄_2 √ h + α_0 f^2_2 1 + α_0 √ h tan^2 σ_3 ) , (3.26)

which is clearly smaller than (3.20) – confirming again our earlier arguments. Notice that, compared to the previous case, this deformation does not distinguish between the limits (2.53) and (3.6). If we are in the limit (2.53) then σ_i → 0 and the harmonic function will be logarithmic as in [34]. Otherwise it will be a function as in (3.6).

More details of these calculations can also be worked out easily following the analysis of [35]. However we will not do so here, and instead turn to the heterotic picture where the story is equally interesting.

4. Heterotic Kodaira surfaces

The discussion so far about type IIB theory suggested that even when we are at a point in the moduli space where bound states can appear, the background metric on a local patch is of the form

ds^2_M ∼ dr^2_1 + ( dz + f_1 dx + f_2 dy

)_2 + |dz_1|^2 + |dz_2|^2, (4.1)

with dz_i being the two tori with complex coordinates defined above. In the limit where the D7 branes are far from the D5 branes, the dz fibration is defined with

f_i(θ_i) = cot θ_i, θ_i ≠ 0 (4.2)

In the limit where we expect bound states, the functions f_i are in general more complicated than (4.2) as described above. For the delocalised harmonic function that we took i.e. h(z_1) – which could be linear or logarithmic depending on the limits (2.53) or (3.6) chosen – f_i could be brought in the expected form if we also make h a function of r_1. This is like inserting correct prefactors of C(r_1) for every term as mentioned above.

Once such a starting point is made precise, the rest of the steps are straight-forward (up to possible subtleties mentioned in [17]). The duality chain gives rise to local solutions in Type II and M-theories whose global metrics could possibly be constructed by joining all the local patches.

The heterotic story, on the other hand, is equally interesting. The conjectured local metric after geometric transition proposed in [21] was shown in [16] to have a global description that resembled the MN type metric [36] in some limits! Clearly this would mean that the global metric is the gravity dual to the theory on wrapped five-branes which, here, would mean the theory on wrapped heterotic NS5 branes.

Our next step was to look for possible metrics before geometric transition. Unfortunately there was no known duality chain (like the one that we had for the Type II to M-theory) that could help us here. A duality to F-theory via an orientifold corner of the moduli space was not very helpful to give us the complete global picture, and for the derivation used in [16] to go to the full global metric we had to rely on various correlated ideas and connections (see [16] for details). In addition to that, although there was no a priori reason to justify that there is a geometric transition in the heterotic theory, the existence of a “dual” metric resembling the MN type metric gave us a hint that maybe the theory on wrapped NS5 branes could also be described by a dual gravity theory.

That brought us to the next stage of determining the metric before geometric transition. This time however there was no known way to determine the global metric. The local metric was determined in [18] to be of the form:

ds^2 = H(r)^2 dr^2 + H(r)^{−2} ( dz + F_1 dx + F_2 dy

)_2

+ H_1(r) (1 − σ_0) |dx + τ_6 dy|^2

+ H_2(r) d_6 ( sec^2 θ [ dθ_1 + sin 2θ(a dx − b dy) ]_2 + |τ_2|^2 sec^2 θ̃ [ dθ_2 − sin 2θ̃(ã dx − b̃ dy) ]_2)

(4.3) where the F_i are functions of θ_i; and the new complex structure τ_6 of the (x, y)–torus is a function of τ_3, τ_5 and σ_0 and determined by^{15}

Re τ_6 =

Re τ_3 − σ_0Re τ_5 1 − σ_0

, |τ_6|^2 =

|τ_3|^2 − σ_0|τ_5|^2 1 − σ_0

. (4.4)

The (θ_1, θ_2)–torus is non–trivially fibered over the (x, y)–torus, forming a specific family of Kodaira surfaces. The local manifold is therefore a C^∗ fibration over Kodaira surfaces.

Once we determine the local geometry, the next question is to study the bundle structure. This is related to the fact that in the analysis of the geometry after geometric

15 All the other coefficients are defined in [18].

transition [16], the study of vector bundles showed us a non-singular way to pull the bundle across a conifold transition. This transition would give us a two-fold result: the full global geometry and the bundle structure. However our analysis in [18], as discussed above, only provided us with a local metric. Therefore it is important to study the vector bundle on this local geometry. The full analysis of bundle structure with torsion on a non-Kähler manifold is particularly involved, so we will go to the Calabi-Yau limit of the background, and study the bundles there^{16}.

In the ensuing sections, we shall construct rank 2 bundles E on our Calabi-Yau threefold X, utilizing several techniques. Recall that X consists of a C^∗ fibration over a primary Kodaira surface S, a non-trivial holomorphic T^2 fibration over a base T^2. We denote the base T^2 as B, as in the diagram:

We shall consider three methods for constructing a bundle on X; an intrinsic construction on X, pulling back a bundle constructed on B, and pulling back a bundle constructed on S. The bundles produced by each construction have differing Chern classes, so that the appropriate method of construction differs from compactification to compactification.

4.1. The Atiyah bundle

We construct the first bundle by finding a rank 2 bundle E on the elliptic curve B, and then pulling back by π_2 ∘ π_1. We shall require that the bundle satisfies the anomaly cancellation requirements c_1(X) = c_1(E) and c_2(X) = c_2(E).

16 This is possible in special cases where both anomaly and non-Kählerity are canceled by switching on fluxes and gluino-condensates. See sec. 5 of [16] (and also [37]). This works because both the condensate term and the non-Kählerity term come with the same powers of α^′ [16]. However, this cancellation is checked only to some small orders in α^′, and the generic result to all orders has not been analysed.

Since X is Calabi-Yau, we must have c_1(E) = 0. To deduce c_2(X), we use the multiplicative property of Chern classes under exact sequences: if

0 → E^′ → E → E^{′′} → 0 (4.5)

is exact and c(E) denotes the total Chern class of E, c(E) = c(E^′) · c(E^{′′}). (4.6) To compute the second Chern class of X, consider the exact sequence

0 → T_{π1} → T_X → π^∗_1 T_S → 0. (4.7)

Here T_X and T_S respectively denote the tangent bundles of X and S, while T_{π1} designates directions tangent to the fibres of π_1, which are isomorphic to C^∗.

Recall that in [18], the threefold X was constructed by specifying a torsion class c ∈ H^2(S, Z) as the image under the coboundary map δ :H^1(S, O^∗_S) → H^2(S, Z). As a torsional element, its image in H^2(S, C) vanishes and therefore c_1(T_{π1} ) = 0. It immediately follows from (4.6) and (4.7) that c_1(S) = 0 and c_2(X) = π^∗_1 c_2(S). However, c_2(S) is the Euler characteristic of the Kodaira surface S, which is zero. It follows that c_2(X) = 0.

We turn now to the construction of a bundle on B satisfying these constraints. For a given elliptic curve and for each natural number n, Atiyah [38] constructs a rank n degree 0 indecomposable vector bundle A_n with h^0(B, A_n) = 1. The bundles are defined recursively, with A_n the unique (up to isomorphism) non-trivial extension of O_B by A_{n−1}:

0 → O_B → A_n → A_{n−1} → 0. (4.8)

Recursion begins with A_1 defined as O_B. Indecomposable bundles over elliptic curves are semistable [39], so it follows that each A_n is semistable. Since our interest lies with rank two bundles, we concentrate on A_2. Explicitly, A_2 comprises the unique extension of O_B by itself:

0 → O_B → A_2 → O_B → 0. (4.9) Uniqueness follows from the fact that Ext^1(O_B, O_B) ∼= H^1(B, O_B ) ∼= C.

To compute the Chern classes of A_2, we exploit the exact sequence (4.9). Clearly, c_i(A_2) = 0 for i ≥ 2 since dim_CB = 1. Using the sequence (4.9), we compute

c_1(A_2) = 2c_1(O_B ) (4.10)

and deduce that c_1(A_2) = 0.

4.2. The Serre construction

In the previous section we considered a model with c_2(X) = c_2(E), which doesn’t necessarily indicate a lack of H-torsion. Switching on H-torsion will imply that dH ≠ 0, and that the spin connection is not embedded in the gauge connection [40], [41], [3], [5].

The detailed analysis of switching on a H torsion and studying the bundle structure on a non-Kähler manifold is particularly involved^{17}. Let us therefore consider a toy model in which c_2(X) ≠ c_2(E). In heterotic string theory, such a choice would generically lead to an anomaly. This anomaly could possibly be cancelled by non-local terms contributing to H at O(α^′). However, we haven’t analysed this situation for heterotic theories, and therefore we will only mention the following analysis as a toy example^{18}. We will also assume that X is still the Calabi-Yau manifold described above.

In the following we would therefore like to utilize the Serre construction as outlined in sec. (4.1) of [16]. The construction requires an elliptic curve C inside the Calabi-Yau threefold X. In this section, the fibre T^2 shall be referred to as E.

Consider a point p ∈ B, and denote the fibre over p as E_p = π^{−1}_2 (p). We shall consider this fibre as a submanifold of S, so that we may restrict the C^∗ bundle structure of X to E_p ⊂ S. If X|_{Ep} admits a global section s, the image E^′ of E_p under s forms an elliptic curve in X|_{Ep} , and thus one in X by inclusion. The diagram below succinctly captures this data:

Because X comprises a principal C^∗ bundle, sections over any set exist only when the bundle restricted to that set is trivial. Thus, we must verify that a bundle on S can

17 See [7], [8] where bundle structure was addressed for the kind of models studied in [2], [3], [5], [42]

18 Observe however that, if we pull a bundle through a geometric transition, the chern classes of the bundle before and after the transition will differ by the class of the curve on which the geometric transition is based. Before the transition, branes wrapping the curve allow cancellation of anomalies with c2(E) ≠ c2(X). After the transition, we can then have c2(X) = c2(E), as required by the disappearance of the branes. More details on this will be presented elsewhere. We thank Ron Donagi and Eric Sharpe for discussion.

restrict to a trivial bundle on E_p. We recall that a non-trivial C^∗ bundle may be thought of as a trivial R bundle over a non-trival U(1) bundle. Let c_1 ∈ H^2(S, Z) be the first Chern class of X as a principal U(1) bundle. Then, triviality of X on E_p is equivalent to the vanishing of c_1 when restricted to E_p:

c_1|_{Ep} ≡ c_1 · [E_p] = 0. (4.11)

Our question as to the existence of a section is thus reduced to whether the structure of S affords enough freedom to select a c_1 to satisfy (4.11). Consider E_p as map H^2(S, Z)^{Ep}−→ H^4(S, Z). It is known that H^2(S, Z) ∼= Z^4 ⊕ Z_m, and that H^4(S, Z) ∼= Z. Since E_p is a group homomorphism, all the torsion elements are automatically sent to zero. If S is torsionless, E_p sends Z^4 → Z, so it must have a non-trivial kernel. Thus for any p, we can find a c_1 ∈ H^2(S, Z) which vanishes on E_p.

We can then apply the Serre construction to the elliptic curve E^′ to arrive at a rank 2 vector bundle V on X satisfying c_1(V ) = 0 and c_2(V ) = [E^′] ≠ 0.

4.3. Families of bundles

In this section, we will discuss how to obtain a family of rank-2 bundles on a Kodaira surface. The construction requires a preexisting holomorphic rank-2 bundle satisfying a stability condition. The idea stems from a series of papers ([43],[44],[45],[46]) that explored the existence and classification of stable rank-2 holomorphic vector bundles on non-Kähler elliptic surfaces. We will also relate a method for obtaining a bundle of arbitrary rank r ≥ 2 on S, as detailed in [43].

We first present the method of obtaining a bundle on S. Consider a genus 2 curve C, and let f : C → B be a ramified covering of degree r. Next, construct the fibre product of S and C over B; Y ≡ S ×_B C, and note that the projection π : Y → S forms an r-fold cover. If we push a line bundle L → Y forward to a sheaf π_∗L on S, we actually obtain a rank r vector bundle on S with Chern classes given by equation (2.1) of [43].

When searching for bundles with specified Chern classes, it is helpful to know whether or not they exist. The main result of [43] was to show that on primary Kodaira surfaces, holomorphic rank 2 vector bundles exist whenever 1 2 ( c_2 − 1 4 c^2_1 ) ≥ 0. (4.12)

Observe that when constructing bundles on S for use in Calabi-Yau compactifications with non-vanishing H-torsion, c_2 must be positive.

Before embarking on our construction of families, we reproduce the definitions of degree and stability for non-Kähler manifolds from [45]. Gauduchon[47] defines a metric conformally equivalent to any hermitian metric on a compact complex manifold M; a metric whose associated (1,1) form ω satisfies ∂ ¯∂ω^{d−1} = 0. Using this form, we define the degree of a line bundle L with curvature R to be

deg L = ∫ M R ∧ ω^{d−1}. (4.13) The degree of any torsion-free coherent sheaf follows from the degree of its associated determinant bundle, and the slope is defined as its degree divided by its rank. A stable torsion-free coherent sheaf on M is one for which every coherent subsheaf with lesser rank has lesser slope.

Primary Kodaira surfaces possess a naturally associated surface called the relative Jacobian of S: J(S) = B × T^∨, with T^∨ the torus dual to the fibre torus of the surface. When we fix a bundle E on S, it picks out a special divisor S_E in the Jacobian called the spectral curve. This divisor is defined using only the bundle and intrinsic data of the surface: see section 2.2 of [46] for details.

Now, we follow the construction from section 4.2 of [46]. Fixing a bundle E, we obtain the double cover S_E → B. Note that Kodaira surfaces are not multiply fibred, so the normalisation W ∼= S ×_B S_E , and the maps γ̄ and ρ are just projections:

The cover S_E → B tells us that W → S is a double cover as well. Furthermore, S_E naturally induces a line bundle L on W . If we push this line bundle forward to a sheaf on S, we obtain a bundle δ → S by taking its determinant: δ = det(γ̄_∗L). Defining ī as the involution on the Picard group of W induced by exchanging the two sheets of the covering W → X, we pull the Picard group of S_E back to W , ρ^∗Pic(S_E ) ⊂ Pic(W ) and take the following subgroup:

P := { λ ∈ ρ^∗Pic(S_E ) | ı^∗λ ⊗ λ = O_W and γ̄_∗(c_1(λ)) = 0 in H^2(S, Z) } . (4.14)

Then, every rank 2 vector bundle on X with determinant δ (that is, fixed c_1 = c_1(δ)) and spectral cover S_E is obtained as γ̄_∗(L ⊗ λ), λ ∈ P . One can show that P is isomorphic to the Prym variety Prym(S_E /B) associated to the covering S_E → B. By Proposition 3.2 of [45], if E is stable, then all bundles in the family are stable.

5. Summary and discussion

Our main aim in this paper was to analyse the metric of D5 branes wrapped on some two-cycle of a local geometry in the regime where the D5 branes form a bound state with the seven branes. Our earlier study of the local metric done in [17], [21] and [16] were always away from the D7 brane flavors. We did make some attempt in [18] to determine the full metric using an order-by-order expansion, but could only analyse the effects without incorporating the backreactions from the full bound-state configuration. Accordingly, the dipole deformation was also approximate. Nevertheless we predicted in [18] that the local metric with all possible backreactions and dipole deformation would resemble (2.24).

A direct study of this using equations of motion seemed more difficult this time because the backreactions involve, among other things, brane worldvolume terms. To solve this problem we devised a set of duality transformations that used aspects of U-dualities, gaugegravity dualities and certain strong-coupling dynamics. Using these, the resulting analysis of the actual configuration turned out to be richer than expected. Studying various limiting procedures gave us an indication that:

• There are multiple ways to perform dipole deformations here,

resulting in different warped geometries like eqns (3.14) and (3.24). These metrics respectively differ from (2.24) precisely by the limits (2.53) and (3.6). Once such limits are applied, the metrics take the conjectured form (2.24), giving us the final:

• Dipole-deformed metrics given by eqns (3.18) and (3.25).

We see that any of these metrics could be taken as the starting point in the duality cycle of [17], in the regime where we would be interested in considering the flavors together. The non-Kählerity in type IIA for each of these cases could be easily determined from the

• Dipole-deforming B_{NS} fields given by eqns (3.16) and (3.26)

respectively along with the RR fields (which we left for the reader to derive). The above choices of background anti-symmetric fields differ from the choices that we took in [17] and [21], because we are in the regime where the deformations are done by the dipoles. We could easily go away from this regime and study the theory with non-commutative deformations, for example. All these analyses are easy to perform now, because we have described a standard way to derive the metric configurations. Of course, one definite advantage of dipole deformations, as emphasised earlier in [18], is to observe that

• The volumes of the two-cycle shrink for both kinds of dipole deformations.

The type II story is now more or less complete, although the heterotic side is far from clear. The bundle structure and global metric forming a possible dual to the wrapped NS5 branes in the heterotic theory have already been evaluated in [16]. In [18], we studied the local geometry before geometric transition and found that the metric is a particular C^∗ fibration over Kodaira surfaces. The heterotic NS5 branes wrap two-cycles of this geometry giving rise to non-trivial torsion classes (see sec. (3.2) of [18]). In this paper we

• Construct vector bundles on C^∗ fibration over Kodaira surfaces,

thus confirming that such a local solution may indeed be a candidate manifold for gauge/gravity dualities, although a direct calculation still needs to be done^{19}. The last link of the story is to see whether the heterotic manifold has a global completion in which the base tori are deformed to one or more non-singular P^1s. This and other issues will be addressed elsewhere. Acknowledgements We would like to thank Vincent Bouchard, Ron Donagi, Marc Grisaru, Anke Knauf, Thomas Nevins, Eric Sharpe, and Radu Tatar for helpful conversations. KD would like to thank the Banff International Research Station (BIRS) where part of the work was done. The research of KD and RG are supported in part by NSERC grants. The research of SK is supported in part by NSF grants DMS-02-44412 and DMS-05-55678. Preprint Number: ILL-(TH)-06-6

19 It may be helpful to use string-string dualities to study such issues. A recent paper dealing with Type IIA/Heterotic theory in the presence of torsion is [48]. Although our heterotic geometry is not U-dual to any type IIB background, it may still be dual to some type IIA geometry. It will be interesting to exploit this angle.

References

[1] K. Dasgupta, G. Rajesh and S. Sethi, “M theory, orientifolds and G-flux,” JHEP 9908, 023 (1999), hep-th/9908088.

[2] K. Becker and K. Dasgupta, “Heterotic strings with torsion,” JHEP 0211, 006 (2002), hep-th/0209077.

[3] K. Becker, M. Becker, K. Dasgupta and P. S. Green, “Compactifications of heterotic theory on non-Kähler complex manifolds. I,” JHEP 0304, 007 (2003), hep-th/0301161.

[4] E. Goldstein and S. Prokushkin, “Geometric model for complex non-Kähler manifolds with SU(3) structure,” Commun. Math. Phys. 251, 65 (2004), hep-th/0212307.

[5] K. Becker, M. Becker, P. S. Green, K. Dasgupta and E. Sharpe, “Compactifications of heterotic strings on non-Kähler complex manifolds. II,” Nucl. Phys. B 678, 19 (2004), hep-th/0310058.

[6] K. Becker, M. Becker, J. X. Fu, L. S. Tseng and S. T. Yau, “Anomaly cancellation and smooth non-Kahler solutions in heterotic string theory,” hep-th/0604137; M. Cyrier and J. M. Lapan, “Towards the Massless Spectrum of Non-Kahler Heterotic Compactifications,” hep-th/0605131.

[7] J. Li and S. T. Yau, “The existence of supersymmetric string theory with torsion,” hep-th/0411136; “Hermitian Yang-Mills Connection On Nonkahler Manifolds,” in San Diego 1986, Proceedings, Mathematical Aspects of String Theory 560-573.

[8] J. X. Fu and S. T. Yau, “Existence of supersymmetric Hermitian metrics with torsion on non-Kaehler manifolds,” hep-th/0509028.

[9] M. Falcitelli, A. Farinola and S. Salamon, “Almost–Hermitian Geometry”, Diff. Geo 4 (1994) 259; T. Friedrich and S. Ivanov, “Parallel spinors and connections with skewsymmetric torsion in string theory,” math.dg/0102142; S. Salamon, “Almost Parallel Structures,” Contemp. Math. 288 (2001), 162-181, math.DG/0107146.

[10] S. Chiossi, S. Salamon, “The intrinsic torsion of SU(3) and G_2 structures,” Proc. conf.

Differential Geometry Valencia 2001, math.DG/0202282.

[11] G. L. Cardoso, G. Curio, G. Dall’Agata, D. Lust, P. Manousselis and G. Zoupanos, “Non-Kaehler string backgrounds and their five torsion classes,” Nucl. Phys. B 652, 5 (2003), hep-th/0211118.

[12] S. Gurrieri, J. Louis, A. Micu and D. Waldram, “Mirror symmetry in generalized Calabi-Yau compactifications,” Nucl. Phys. B 654, 61 (2003), hep-th/0211102.

[13] J. P. Gauntlett, D. Martelli and D. Waldram, “Superstrings with intrinsic torsion,” Phys. Rev. D 69, 086002 (2004) [arXiv:hep-th/0302158]; [the former] and S. Pakis “G-structures and wrapped NS5-branes,” Commun. Math. Phys. 247, 421 (2004), hep-th/0205050.

[14] P. Candelas, G. T. Horowitz, A. Strominger and E. Witten, “Vacuum Configurations For Superstrings,” Nucl. Phys. B 258, 46 (1985).

[15] M. Becker and K. Dasgupta, “Kähler versus non-Kähler compactifications,” hepth/0312221; K. Becker, M. Becker, K. Dasgupta and R. Tatar, “Geometric transitions, non-Kaehler geometries and string vacua,” Int. J. Mod. Phys. A 20, 3442 (2005), hep-th/0411039; A. Knauf, “Geometric transitions on non-Kaehler manifolds,” hepth/0605283.

[16] M. Becker, K. Dasgupta, S. Katz, A. Knauf and R. Tatar, “Geometric transitions, flops and non-Kaehler manifolds. II,” Nucl. Phys. B 738, 124 (2006), hep-th/0511099.

[17] M. Becker, K. Dasgupta, A. Knauf and R. Tatar, “Geometric transitions, flops and non-Kähler manifolds. I,” Nucl. Phys. B 702, 207 (2004), hep-th/0403288.

[18] K. Dasgupta, M. Grisaru, R. Gwyn, S. Katz, A. Knauf and R. Tatar, “Gauge - gravity dualities, dipoles and new non-Kaehler manifolds,”hep-th/0605201.

[19] S. Gurrieri, A. Lukas and A. Micu, “Heterotic on half-flat,” Phys. Rev. D 70, 126009 (2004), hep-th/0408121; A. Micu, “Heterotic compactifications and nearly-Kaehler manifolds,” Phys. Rev. D 70, 126002 (2004), hep-th/0409008; A. R. Frey and M. Lippert, “AdS strings with torsion: Non-complex heterotic compactifications,” Phys. Rev. D 72, 126001 (2005), hep-th/0507202; P. Manousselis, N. Prezas and G. Zoupanos, “Supersymmetric compactifications of heterotic strings with fluxes and condensates,” Nucl. Phys. B 739, 85 (2006), hep-th/0511122.

[20] S. Gurrieri and A. Micu, “Type IIB theory on half-flat manifolds,” class. Quant. Grav.

20, 2181 (2003), hep-th/0212278.

[21] S. Alexander, K. Becker, M. Becker, K. Dasgupta, A. Knauf and R. Tatar, “In the realm of the geometric transitions,” Nucl. Phys. B 704, 231 (2005), hep-th/0408192.

[22] A. Bergman and O. J. Ganor, “Dipoles, twists and noncommutative gauge theory,” JHEP 0010, 018 (2000), hep-th/0008030; K. Dasgupta, O. J. Ganor and G. Rajesh, “Vector deformations of N = 4 super-Yang-Mills theory, pinned branes, and arched strings,” JHEP 0104, 034 (2000), hep-th/0010072; A. Bergman, K. Dasgupta, O. J. Ganor, J. L. Karczmarek and G. Rajesh, “Nonlocal field theories and their gravity duals,” Phys. Rev. D 65, 066005 (2002), hep-th/0103090; K. Dasgupta and M. M. Sheikh-Jabbari, “Noncommutative dipole field theories,” JHEP 0202, 002 (2002), hep-th/0112064.

[23] O. J. Ganor and U. Varadarajan, “Nonlocal effects on D-branes in plane-wave backgrounds,” JHEP 0211, 051 (2002), hep-th/0210035; M. Alishahiha and O. J. Ganor, “Twisted backgrounds, pp-waves and nonlocal field theories,” JHEP 0303, 006 (2003), hep-th/0301080; D. W. Chiou and O. J. Ganor, “Noncommutative dipole field theories and unitarity,” JHEP 0403, 050 (2004), hep-th/0310233.

[24] E. Witten, “Bound states of strings and p-branes,” Nucl. Phys. B 460, 335 (1996), hep-th/9510135; E. Gava, K. S. Narain and M. H. Sarmadi, “On the bound states of p- and (p+2)-branes,” Nucl. Phys. B 504, 214 (1997), hep-th/9704006.

[25] J. H. Schwarz, “An SL(2,Z) multiplet of type IIB superstrings,” Phys. Lett. B 360, 13 (1995) [Erratum-ibid. B 364, 252 (1995)] hep-th/9508143; J. X. Lu and S. Roy, “Non-threshold (f,D p) bound states,” Nucl. Phys. B 560, 181 (1999) hep-th/9904129.

[26] K. Dasgupta, G. Rajesh, D. Robbins and S. Sethi, “Time-dependent warping, fluxes, and NCYM,” JHEP 0303, 041 (2003), hep-th/0302049; K. Dasgupta and M. Shmakova, “On branes and oriented B-fields,” Nucl. Phys. B 675, 205 (2003), hep-th/0306030.

[27] S. Gukov, C. Vafa and E. Witten, “CFT’s from Calabi-Yau four-folds,” Nucl. Phys.

B 584, 69 (2000) [Erratum-ibid. B 608, 477 (2001)] hep-th/9906070. [28] S. B. Giddings, S. Kachru and J. Polchinski, “Hierarchies from fluxes in string compactifications,” Phys. Rev. D 66, 106006 (2002), hep-th/0105097.

[29] S. Chakravarty, K. Dasgupta, O. J. Ganor and G. Rajesh, “Pinned branes and new non Lorentz invariant theories,” Nucl. Phys. B 587, 228 (2000), hep-th/0002175.

[30] N. Seiberg and E. Witten, “String theory and noncommutative geometry,” JHEP 9909, 032 (1999), hep-th/9908142.

[31] L. A. Pando Zayas and A. A. Tseytlin, “3-branes on resolved conifold,” JHEP 0011, 028 (2000), hep-th/0010088.

[32] M. Cvetic, G. W. Gibbons, H. Lu and C. N. Pope, “Ricci-flat metrics, harmonic forms and brane resolutions,” Commun. Math. Phys. 232, 457 (2003), hep-th/0012011.

[33] Y. Imamura, “Born-Infeld action and Chern-Simons term from Kaluza-Klein monopole in M-theory,” Phys. Lett. B 414, 242 (1997), hep-th/9706144; J. P. Gauntlett and D. A. Lowe, “Dyons and S-Duality in N=4 Supersymmetric Gauge Theory,” Nucl. Phys. B 472, 194 (1996), hep-th/9601085; K. M. Lee, E. J. Weinberg and P. Yi, “Electromagnetic Duality and SU(3) Monopoles,” Phys. Lett. B 376, 97 (1996), hepth/9601097; A. Sen, “Dynamics of multiple Kaluza-Klein monopoles in M and string theory,” Adv. Theor. Math. Phys. 1, 115 (1998), hep-th/9707042; “A note on enhanced gauge symmetries in M- and string theory,”JHEP 9709, 001 (1997), hep-th/9707123.

[34] P. Ouyang, “Holomorphic D7-branes and flavored N = 1 gauge theories,” Nucl. Phys.

B 699, 207 (2004), hep-th/0311084.

[35] O. Lunin and J. Maldacena, “Deforming field theories with U(1) × U(1) global symmetry and their gravity duals,” JHEP 0505, 033 (2005), hep-th/0502086; U. Gursoy and C. Nunez, “Dipole deformations of N = 1 SYM and supergravity backgrounds with U(1) × U(1) global symmetry,” Nucl. Phys. B 725, 45 (2005), hep-th/0505100; R. Casero, C. Nunez and A. Paredes, “Towards the string dual of N = 1 SQCD-like theories,” Phys. Rev. D 73, 086005 (2006), hep-th/0602027.

[36] J. M. Maldacena and C. Nunez, “Towards the large N limit of pure N = 1 super Yang Mills,” Phys. Rev. Lett. 86, 588 (2001), hep-th/0008001.

[37] S. Ferrara, L. Girardello and H. P. Nilles, “Breakdown Of Local Supersymmetry Through Gauge Fermion Condensates,” Phys. Lett. B 125, 457 (1983); M. Dine,

R. Rohm, N. Seiberg and E. Witten, “Gluino Condensation In Superstring Models,” Phys. Lett. B 156, 55 (1985); J. P. Derendinger, L. E. Ibanez and H. P. Nilles, “On The Low-Energy D = 4, N = 1 Supergravity Theory Extracted From The D = 10, N = 1 Superstring,” Phys. Lett. B 155, 65 (1985).

[38] M. F. Atiyah, “Vector bundles over an elliptic curve”, Proc. London Math. Soc. 7, 414-452 (1957).

[39] Loring W. Tu, “Bundles over an elliptic curve” Adv. Math. 98, 1-26 (2006). [40] B. de Wit, D. J. Smit and N. D. Hari Dass, “Residual Supersymmetry Of Compactified D = 10 Supergravity,” Nucl. Phys. B 283, 165 (1987).

[41] S. Ivanov and G. Papadopoulos, “A no-go theorem for string warped compactifications,” Phys. Lett. B 497, 309 (2001).

[42] K. Becker, M. Becker, K. Dasgupta and S. Prokushkin, “Properties of heterotic vacua from superpotentials,” Nucl. Phys. B 666, 144 (2003), hep-th/0304001.

[43] Marian Aprodu, Vasile Brînzănescu and Matei Toma, “Holomorphic vector bundles on primary Kodaira surfaces,” Math. Z. 242 (2002), p. 63-73, math.CV/9909136.

[44] Vasile Brînzănescu and Ruxandra Moraru, “Holomorphic rank-2 vector bundles on non-Kähler elliptic surfaces (Fibrés holomorphes de rang 2 sur des surfaces elliptiques non-kähleriennes),” Annales de l’institut Fourier, 55 no. 5 (2005), p. 1659-1683, math.AG/0306191.

[45] Vasile Brînzănescu and Ruxandra Moraru, “Stable bundles on non-Kähler elliptic surfaces,” math.AG/0306192.

[46] Vasile Brînzănescu and Ruxandra Moraru, “Twisted Fourier-Mukai transforms and bundles on non-Kähler elliptic surfaces,” Math. Res. Lett. 13 no. 4 (2006), pp. 501- 514, math.AG/0309031.

[47] P. Gauduchon, “Le théorèm de l’excentricité nulle”, C.R.A.S. Paris 285 (1977), pp.

387-390.

[48] J. Louis and A. Micu, “Heterotic-type IIA duality with fluxes,” hep-th/0608171.