arXiv:hep-th/0610044v2 18 Dec 2006

hep-th/0610044 MPP-2006-126
                                                          KUL-TF-06/25

Deformations of calibrated D-branes in flux generalized complex manifolds

Paul Koerber^a and Luca Martucci^b

a Max-Planck-Institut für Physik Föhringer Ring 6, D-80805 Munich, Germany

b Institute for Theoretical Physics, K.U. Leuven, Celestijnenlaan 200D, B-3001 Leuven, Belgium

Abstract

We study massless deformations of generalized calibrated cycles, which describe, in the language of generalized complex geometry, supersymmetric D-branes in N = 1 supersymmetric compactifications with fluxes. We find that the deformations are classified by the first cohomology group of a Lie algebroid canonically associated to the generalized calibrated cycle, seen as a generalized complex submanifold with respect to the integrable generalized complex structure of the bulk. We provide examples in the SU(3) structure case and in a ‘genuine’ generalized complex structure case. We discuss cases of lifting of massless modes due to world-volume fluxes, background fluxes and a generalized complex structure that changes type.

e-mails: koerber@mppmu.mpg.de, luca.martucci@fys.kuleuven.be

Contents

1 Introduction 3 2 Preliminary remarks on generalized submanifolds and generalized complex geometry 6 2.1 Generalized submanifolds and generalized currents . . . . . . . . . . . . . 6 2.2 Generalized complex manifolds and the decomposition of forms . . . . . . 9 3 Generalized complex submanifolds and their first order deformations 10 4 From gauge equivalent deformations to Lie algebroid cohomology 12 5 Infinitesimal deformations of generalized calibrated cycles 15 6 Some comments on higher order deformations and superpotentials 20 7 Examples and applications 22 7.1 D-branes on ordinary Calabi-Yaus: introduction . . . . . . . . . . . . . . 23 7.2 Warm-up: fluxless supersymmetric A- and B-branes on Calabi-Yaus . . . 24 7.3 A less trivial case: D-branes on Calabi-Yaus with world-volume flux . . . 26 7.3.1 B-branes with flux . . . . . . . . . . . . . . . . . . . . . . . . . . 27 7.3.2 Coisotropic A-branes . . . . . . . . . . . . . . . . . . . . . . . . . 31 7.4 Switching on background fluxes on complex and symplectic manifolds: Dbranes on SU(3) structure backgrounds . . . . . . . . . . . . . . . . . . . 33 7.5 D3-brane moduli lifting in a background with an ‘honest’ generalized complex structure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 8 Conclusions 38 A D-flatness and gauge fixing 40 B The d^†_{L(Σ,F)} operator 42 C Masses of the fluctuations 43 D Comments on the FI-term and stability 45 E Kähler potentials 46

1 Introduction

The study of string theory compactifications with fluxes has gained a considerable amount of momentum in recent years due to the central place they seem to take in the search for phenomenologically interesting models. More in particular, since they allow for some or even all of the moduli to be stabilized they play a central role as the building blocks of a discrete string theory landscape. The current paradigm is to aim for models that preserve N = 1 supersymmetry in the four flat directions that make up our world. The reasons for this are that supersymmetric models are under much better control, while also from particle physics a model with N = 1 matter sector in which the supersymmetry is broken at lower energy seems to be preferred.

Much of the efforts so far have been focused on the special case of SU(3) structure vacua, of which the most studied subcase is warped Calabi-Yau in type IIB string theory (for a review and more references see [1]). It was realized in [2] (see [3–5] for earlier work) that the appropriate tool for studying the most general vacua preserving four-dimensional Poincaré invariance and N = 1 supersymmetry is generalized complex geometry, of which the mathematical foundations were laid shortly before in [6, 7]. The internal compactified manifold M has then instead of reduced SU(3) structure on its tangent bundle T_M reduced SU(3) × SU(3) structure on T_M ⊕ T^⋆_M and is characterized by two pure spinors Ψ̂_1 and Ψ̂_2. One of them, Ψ̂_2 corresponds to an integrable generalized complex structure. The other pure spinor Ψ̂_1 corresponds to a generalized almost complex structure which is in general not integrable in the presence of R-R fluxes.

It is hard to construct concrete examples of flux vacua with compact internal space — basically the reason is a no-go theorem [8] which requires the introduction of sources with negative tension (like orientifold planes) — and it is even more so to find genuine SU(3) × SU(3) structure examples that are not already in the SU(3) structure case. Orientifolds in the generalized setting were introduced in [9] and a systematic search for genuine SU(3) × SU(3) structure manifolds based on nilmanifolds and solvmanifolds was performed in [10].

So far for the bulk story. A fundamental role in type II string theories is however played by D-branes. For instance, one needs D-branes to provide the matter sector in phenomenological models. In this paper we want to study the moduli of BPS D-branes, i.e. the D-branes that preserve the N = 1 supersymmetry of the background. It turns out that, in addition to generalized complex geometry being the appropriate tool to study the supersymmetry conditions of the bulk, it is equally applicable to the conditions for D-branes in such a background to be supersymmetric. Indeed, in [11] it was shown, in backgrounds with only NSNS flux and N = 2 supersymmetry, that for a D-brane to preserve supersymmetry it has to be generalized calibrated and this was extended in [12] to backgrounds with RR flux and N = 1 supersymmetry. These works generalized the earlier concept of calibrations in backgrounds with fluxes, also dubbed generalized calibrations^1 and introduced in the seminal papers [13], to include the world-volume gauge field and naturally embedded it in the language of generalized complex geometry. In [12] it was also shown that supersymmetric D-branes are only allowed in backgrounds where the norms of the two internal spinors associated to the SU(3) × SU(3) structure are equal. Backgrounds satisfying this extra condition were dubbed D-calibrated in [14].

Take a D-brane wrapping a cycle Σ with a field strength F on it, then we say in the language of generalized complex geometry that the D-brane wraps the generalized cycle (Σ, F). It is generalized calibrated with respect to Re Ψ̂_1 if it wraps a generalized complex cycle with respect to the integrable generalized complex structure corresponding to Ψ̂_2 and additionally the top form in P_Σ[Im Ψ̂_1] ∧ e^F vanishes on the cycle. So we see that the generalized calibration condition decouples in a pair of conditions, which in fact have a clear 4-dimensional interpretation as an F-flatness and a D-flatness condition [14]. If both conditions are satisfied, up to an appropriate choice of orientation the Dbrane saturates a calibration bound in that its Dirac-Born-Infeld action reduces to an integral of a form proportional to the top form in P_Σ[Re Ψ̂_1] ∧ e^F . In an SU(3) structure background this general definition reduces to something very similar to the well-known conditions for supersymmetric D-branes on a standard Calabi-Yau. In particular, as in a standard Calabi-Yau, the F-flatness condition restricts for type IIB to B-branes, complex D-branes with F_{0,2} = 0, and in type IIA to A-branes, Lagrangian cycles with F = 0 or more general coisotropic branes à la [15, 16]. On the other hand the background fluxes affect the D-flatness/stability condition through Ψ̂_1.

In this paper we study the conditions for infinitesimal deformations to preserve the generalized calibration condition^2. These deformations will thus transform supersymmetric D-branes into supersymmetric D-branes and correspond to massless fluctuations. Our main result is that the massless deformations are counted by the Lie algebroid cohomology group H^1(L_{(Σ,F)}) where L_{(Σ,F)} is the intersection of T_{(Σ,F)}, the generalized tangent bundle of the D-brane, with L|_Σ, the +i-eigenbundle of J , the integrable generalized complex structure corresponding to the pure spinor Ψ̂_2. So we immediately note that this cohomology group depends on only one of the pure spinors describing the background geometry, so in a sense on only half of the bulk data, even if we have seen above that the second part of the calibration condition does depend on Ψ̂_1. The reason is clear rephrasing the problem in an N = 1 four-dimensional description, where as usual the superpotential, here depending only on Ψ̂_2, is the only information one needs to describe the moduli space of a theory. In the present case, this expected fact translates as follows.

1Hoping that this does not cause confusion, when we talk about generalized calibrations in this paper, we mean the calibrations of [11, 12], naturally embedded in generalized complex geometry.

2The deformation theory of calibrations of the kind considered in [13] is studied in [17].

We will find that the deformations that preserve generalized complex cycles, the first part of the calibration condition, should satisfy the condition that they are described by closed 1-forms on L_{(Σ,F)}. But we will also observe that this condition has an extended gauge symmetry, which we obtain by using J to complexify the real gauge symmetry on the world-volume. This extended gauge symmetry is generated by exact 1-forms on L_{(Σ,F)}. Now, the second part of the calibration condition provides for a gauge-fixing of the imaginary part of the extended gauge symmetry. So we find that there is one and only one massless deformation in each equivalence class H^1_{(Σ,F)}, which is explicitly identified by the complexification of the second part of the calibration condition and thus Ψ̂_1. In fact, we will find it is given by the harmonic representative of H^1(L_{(Σ,F)}).

From a mathematical point of view we are essentially addressing the problem of generalizing the known results on deformations of complex [18] and special Lagrangian cycles [19], focusing in this paper on the first order infinitesimal deformations (the massless modes from a four-dimensional point of view). For example, in [19] it was found that the calibration preserving deformations of a special Lagrangian cycle are characterized by H^1(M, R). Moreover, they are in fact given by the harmonic representatives. We will rediscuss this as a special case of our general formula reaching naturally the wellknown result that H^1(M, R) must be complexified to H^1(M, C ) to include the Wilson line moduli, consistent with supersymmetry.

As we mentioned above, we start by studying deformations of generalized complex cycles, which are also important from the point of view of topological string theory with fluxes first introduced in [20] and expanded upon in [21–23]. Indeed, generalized complex D-branes are precisely the ones that preserve the BRST operator and are thus the consistent ones in the topological string theory [16, 24]. In [25] the BRST cohomology of open strings with boundary conditions given by such a D-brane was calculated and found to be exactly given by the cohomology groups H^k(L_{(Σ,F)}). The observables that correspond to deformations of the boundary are precisely those for which k = 1. So we find that Kapustin’s result agrees with ours if D-branes related by a complexified gauge transformation in our formalism are also equivalent as boundary conditions in the topological string theory. In the special Lagrangian case this is the statement that A-branes differing by a Hamiltonian deformation are equivalent.

We will study examples in the Calabi-Yau case, the SU(3) structure case and also in a background defined by a genuine generalized complex structure. We will (re)discuss in our setting mechanisms for moduli-lifting due to world-volume fluxes as well as background fluxes. But interestingly, some moduli can also be lifted merely by the choice of a nontrivial background generalized complex structure that changes type. We will show this for a D3-brane. Although point-like in the internal manifold, we will still find non-trivial cohomology.

In section 2 we review background material on generalized complex geometry and generalized submanifolds. For a more extensive review that is very readable also for physicists we refer to [7]. In section 3 we study the condition for infinitesimal deformations to preserve generalized complex cycles, while in section 4 we introduce the complexified gauge symmetry and derive the result that the deformations are classified by the cohomology group H^1(L_{(Σ,F)}). In section 5 we study deformations of the second part of the generalized calibration condition and arrive at a gauge-fixing of the complexified gauge symmetry. We comment in section 6 on the more difficult issue of higher order deformations and establish the link with the superpotential of [14]. In section 7 we discuss examples. We build up from the well-studied fluxless Calabi-Yau case, to the Calabi-Yau case with world-volume fluxes to arrive at the SU(3) structure case with background fluxes. We conclude with an example of a D3-brane in an honest SU(3) × SU(3) background. We defer some more technical issues to the appendixes. In appendix A we provide the proofs for the statements on gauge-fixing in section 5 and we define the appropriate metric on Lie algebroid forms and discuss the derived codifferential operator in appendix B. In appendix C we calculate the classical masses and show that the massless deformations are indeed the calibration/supersymmetry preserving ones. We comment on stability in appendix D. Finally, in appendix E we discuss the general formula for the Kähler potential for small fluctuations of a space-time filling D-brane around a supersymmetric configuration.

2 Preliminary remarks on generalized submanifolds and generalized complex geometry

This section has the aim to introduce some background material necessary for the study of the deformations of generalized complex and generalized calibrated cycles, which will be introduced in the next section.

In subsection 2.1 we recall the definition of a generalized submanifold given in [7], and introduce moreover the notion of a generalized current, which will allow to simplify the analysis of the rest of the paper. In subsection 2.2 we briefly review some basic concepts of generalized complex geometry and the Hodge-like decomposition of forms [6, 7, 26]. We will keep the analysis general, considering ambient manifolds of arbitrary even dimension d. 2.1 Generalized submanifolds and generalized currents

The key point about generalized geometry is to consider the vector bundle T_M ⊕ T^⋆_M instead of T_M . So take T_M ⊕ T^⋆_M on a even d-dimensional manifold M (with coordinates y^m, m = 1, . . . , d). On each fiber of T_M ⊕ T^⋆_M there is a canonical metric I of signature (d, d) defined in the following way: given vectors X = X + ξ, Y = Y + η in a fiber of T_M ⊕ T^⋆_M we have that I(X, Y) = 1 2 (η(X) + ξ(Y )) . (2.1)

In our discussion, we will always consider the general possibility of having non-trivial NSNS closed 3-form H (which in string theory must obey a proper quantization condition) on M. Then, as defined in [7], a generalized submanifold consists of a pair (Σ, F) of a submanifold Σ ⊂ M and a 2-form F on Σ such that dF = P_Σ[H]. The generalized tangent bundle T_{(Σ,F)} of a generalized submanifold is defined as follows

T_{(Σ,F)} = {X + ξ ∈ T_Σ ⊕ T^⋆_M |_Σ : P_Σ[ξ] = ι_X F} . (2.2)

T_{(Σ,F)} is a real maximal isotropic sub-bundle of the restricted bundle T_M ⊕ T^⋆_M |_Σ^3.

It is now convenient to introduce the notion of generalized currents, defined as linear maps on the space of differentiable polyforms on M^4. A generalized real current j can be formally seen as a polyform (which we indicate with the same symbol j) such that for any smooth polyform ϕ we have j(ϕ) ≡ ∫ M ⟨ϕ, j⟩ , (2.3) with ⟨·, ·⟩ denoting the Mukai pairing defined as

⟨ϕ_1, ϕ_2⟩ = ϕ_1 ∧ σ(ϕ_2)|_{top} , (2.4)

where σ reverses the indices of a k-form ϕ =^1_{k!} ϕ_{m1...mk} dy^{m1} ∧ . . . ∧ dy^{mk} : σ(ϕ) = 1 k! ϕ_{m1...mk} dy^{mk} ∧ . . . ∧ dy^{m1} . (2.5) We will only consider polyforms of definite parity, i.e. the forms of different dimensions making up the polyform are of either even or odd dimension. And likewise for the currents.

The Mukai pairing satisfies the two following immediate properties. First, for any pair of smooth polyforms ϕ_1, ϕ_2 of definite opposite parity, we have ∫ M ⟨d_H ϕ_1, ϕ_2⟩ = ∫ M ⟨ϕ_1, d_H ϕ_2⟩ , (2.6)

3Isotropic means that I(X, Y) = 0 for any X, Y ∈ T_{(Σ,F)}|_{p∈Σ}, maximal means it has the maximal dimension d.

4If M is non-compact one can require the smooth polyforms to have suitable asymptotic behaviour.

where d_H = d + H∧ is the H-twisted exterior derivative. Secondly, recalling that the Clifford action of a generalized vector X = X + ξ ∈ T_M ⊕ T^⋆_M on a polyform ϕ is given by X · ϕ = ι_X ϕ + ξ ∧ ϕ, we have that

⟨X · ϕ_1, ϕ_2⟩ = −⟨ϕ_1, X · ϕ_2⟩ . (2.7)

The properties (2.6) and (2.7) allow to extend the action of the twisted exterior derivative d_H and of a generalized vector X to the space of generalized currents in the same way as for standard currents (see for example [27]).

We can associate a current j_{(Σ,F)} (of definite parity) to a generalized submanifold (Σ, F), acting on a general polyform ϕ (of the same parity) in the following way^5 ∫ M ⟨ϕ, j_{(Σ,F)}⟩ ≡ ∫ Σ P_Σ[ϕ] ∧ e^F . (2.8)

Since for any smooth polyform ϕ we have that ∫ M ⟨ϕ, d_H j_{(Σ,F)}⟩ ≡ ∫ M ⟨d_H ϕ, j_{(Σ,F)}⟩ = ∫ Σ P_Σ[d_H ϕ] ∧ e^F = ∫ ∂Σ P_{∂Σ}[ϕ] ∧ e^{P∂Σ[F]} , (2.9)

we see that d_H j_{(Σ,F)} = j_{(∂Σ,P∂Σ[F])} and, in particular, if Σ is a cycle then

d_H j_{(Σ,F)} = 0 . (2.10)

Furthermore, we say that two generalized cycles (Σ, F) and (Σ^′, F^′) are in the same generalized homology class if there exists a generalized submanifold (Σ̃, F̃) such that ∂Σ̃ = Σ^′ − Σ with P_Σ[F̃] = F and P_Σ′ [F̃] = F^′. It is easy to see that in this case

j_{(Σ}′_{,F} ′_) − j_{(Σ,F)} = d_H j_(~_{Σ,}~_{F)} . (2.11)

Thus if (Σ, F) ∼ (Σ^′, F^′) in generalized homology, then j_{(Σ}′_{,F} ′_) ∼ j_{(Σ,F)} in d_H -cohomology and a generalized homology class [(Σ, F)] determines a d_H -cohomology class [j_{(Σ,F)}] ∈ H^•_{dH} (M).^6

The generalized current associated to a generalized cycle allows us to give the following alternative characterization of the generalized tangent bundle. We have already said that the generalized tangent bundle T_{(Σ,F)} to a generalized cycle (Σ, F) defined in (2.2) is a maximal isotropic sub-bundle of T_M ⊕ T^⋆_M |_Σ. This can alternatively be defined as the

5Note that j_{(Σ,F)} has support on Σ, where by support of a current j, denoted supp(j), one means the smallest closed set in M such that j(ϕ) = 0 for any smooth polyform ϕ with compact support on M − supp(j).

6Note that, even if we have in fact used currents, we obtain ordinary d_H -cohomology elements due to the isomorphism between de Rham cohomology and current cohomology [27] which we expect to still hold in the H-twisted case.

sub-bundle of T_M ⊕ T^⋆_M |_Σ whose sections X annihilate j_{(Σ,F)}. To properly define this one first extends X to a section of T_M ⊕ T^⋆_M , and then defines X · j_{(Σ,F)} as follows. For any smooth polyform ϕ of appropriate definite parity we have ∫ M ⟨ϕ, X · j_{(Σ,F)}⟩ ≡ − ∫ M ⟨X · ϕ, j_{(Σ,F)}⟩ . (2.12) Since j_{(Σ,F)} has support Σ, the definition of X · j_{(Σ,F)} does not actually depend on the extension of X outside Σ. To show that this definition indeed coincides with the earlier one we observe that if we take a section X = X + ξ of T_{(Σ,F)} we find for any polyform ϕ ∫ M ⟨X · ϕ, j_{(Σ,F)}⟩ = ∫ Σ ι_X ( P_Σ[ϕ] ∧ e^F ) = 0 . (2.13)

There cannot be any other X annihilating j_{(Σ,F)} because T_{(Σ,F)} already has the maximal dimension for a space of annihilators of a spinor. Roughly for a k-cycle the generalized current j_{(Σ,F)} looks like δ^{(d−k)}(Σ)∧e^{−F} , where δ^{(d−k)}(Σ) is the ordinary current associated to the cycle Σ. In summary, j_{(Σ,F)} can be thought of as a sort of localized pure spinor associated to T_{(Σ,F)}, seen as a maximal isotropic sub-bundle of T_M ⊕ T^⋆_M |_Σ.

2.2 Generalized complex manifolds and the decomposition of forms

A generalized almost complex structure on M is given by a fiberwise map

J : T_M ⊕ T^⋆_M → T_M ⊕ T^⋆_M , (2.14)

such that

J^2 = −1 and I(J X, J Y) = I(X, Y) . (2.15)

J defines a(n integrable) generalized complex structure if its +i-eigenbundle L ⊂ (T_M ⊕ T^⋆_M ) ⊗ C is involutive with respect to the H-twisted Courant bracket defined as follows on sections X + ξ, Y + η of T_M ⊕ T^⋆_M [6, 7]

[X + ξ, Y + η]_H = [X, Y ] + L_X η − L_Y ξ − 1 2 d(ι_X η − ι_Y ξ) + ι_X ι_Y H , (2.16)

where [·, ·] is the standard Lie bracket on sections of T_M . For further use we recall the following property of the Courant bracket

[X + ι_X B, Y + ι_Y B]_{dB} = [X, Y ] + ι_{[X,Y ]}B . (2.17)

In [7] a generalized Darboux theorem was proven stating that a generalized complex structure implies the existence of local hybrid complex-symplectic coordinates.

Any generalized almost complex structure is associated to a locally defined pure spinor ψ which is annihilated by L (see [7] for more details). If there is a globally defined pure spinor satisfying d_H ψ = 0 (one can show that from this integrability follows [6]) then M is, using Hitchin’s terminology, a (weak) generalized Calabi-Yau manifold.

In a generalized almost complex manifold M we have the following Hodge-like decomposition of the space of forms (see [7, 26, 28]):

Λ^•T^⋆_M ⊗ C = d/2⨁ k=−d/2 U_k , (2.18)

where

U_k = Λ^{d/2−k}L̄ · ψ . (2.19)

Using the natural metric I on T_M ⊕ T^⋆_M , one can think of J as a section of so(T_M ⊕ T^⋆_M ) that acts via the spin representation on the polyforms on M. Thus, one can give an alternative definition of U_k as the ik-eigenbundle of J . Note that ψ ∈ Γ(U_{d/2}) and for ϕ ∈ Γ(U_k) we have ϕ̄ ∈ Γ(U_{−k}). Moreover if ϕ_1 ∈ Γ(U_k), then

⟨ϕ_1, ϕ_2⟩ = 0 if ϕ_2|_{U−k} = 0 , (2.20)

with ϕ_2|_{U−k} ≡ π_{−k}(ϕ_2), where

π_k : Λ^•T^⋆_M ⊗ C → U_k , (2.21)

denotes the projector on U_k.

One can also define ∂_H and ¯∂_H as given by π_{k+1} ∘ d_H and π_{k−1} ∘ d_H respectively on Γ(U_k). It is possible to see [7] that the (H-twisted) integrability of J is equivalent to the requirement that

d_H = ∂_H + ¯∂_H . (2.22)

With property (2.20) in mind the decomposition (2.18) can be extended to the generalized currents in the following way. One defines a current j as a “distributional” section of U_k (in symbols, j ∈ Γ_{cur}(U_k)) if j(ϕ) = 0 for any (smooth) polyform ϕ ∈ Γ(U_{p≠−k}).

3 Generalized complex submanifolds and their first order deformations

Let M be a generalized complex manifold. Then a generalized complex submanifold [7] is given by a generalized submanifold (Σ, F) such that its generalized tangent bundle

T_{(Σ,F)} is stable under J . We can give an alternative equivalent form for this condition, as follows: a generalized submanifold (Σ, F) is generalized complex if and only if j_{(Σ,F)} is a distributional section of U_0, i.e.

(Σ, F) generalized complex submanifold ⇔ j_{(Σ,F)} ∈ Γ_{cur}(U_0) . (3.1)

Indeed, in [26] it was proven that in any point the pure spinor of a J -invariant real maximal isotropic subspace is an element of U_0.

Let us now consider the possible infinitesimal deformations of generalized complex cycles. As discussed in [14] a general infinitesimal deformation of a generalized cycle (Σ, F) is described by sections of the generalized normal bundle defined as N_{(Σ,F)} ≡ (T_M ⊕ T^⋆_M )|_Σ/T_{(Σ,F)}. We indicate the sections of N_{(Σ,F)} with [X] or equivalently, when there is no confusion nor inconsistencies, with representative sections X of T_M ⊕ T^⋆_M |_Σ. If we restrict to generalized complex cycles there is, since in this case T_{(Σ,F)} is stable under J , a canonical fiberwise defined complex structure on N_{(Σ,F)} induced by J [14]. We can thus introduce the holomorphic and anti-holomorphic generalized normal bundles N^{1,0}_{(Σ,F)} and N^{0,1}_{(Σ,F)} and split a generalized normal vector [X] in holomorphic and antiholomorphic parts: [X] = [X]^{1,0} + [X]^{0,1} .

In general, a section [X] of the generalized normal bundle to a generalized cycle (Σ, F) defines, via a representative generalized vector field X = X +ξ, a deformation of the cycle (Σ, F) consisting of the infinitesimal diffeomorphism defined by X (which acts also on F as δ_X F = P_Σ[ι_X H], see [14]), and a deformation of the field-strength F defined by δ_ξF = dP_Σ[ξ]. In this way one can easily see how the quotient with respect to T_{(Σ,F)} in the definition of N_{(Σ,F)} corresponds to considering deformations related by world-volume diffeomorphisms as equivalent.

Now, we would like to determine under which conditions a section [X] ∈ Γ[N_{(Σ,F)}] generates an infinitesimal deformation of a generalized complex cycle (Σ, F) into another generalized complex cycle (at first order). To do this, we will translate the problem in terms of the dual generalized current j_{(Σ,F)}. The infinitesimal deformation δ_Xj_{(Σ,F)} of the current induced by the generalized normal vector field [X] = [X + ξ] is defined by its action on a general smooth polyform ϕ

δ_{[X]}j_{(Σ,F)}(ϕ) ≡ ∫ M ⟨ϕ, δ_{[X]}j_{(Σ,F)}⟩ , (3.2) and δ_{[X]}j_{(Σ,F)}(ϕ) ≡ ∫ Σ+δΣ

P_{Σ+δΣ}[ϕ] ∧ e^F + ∫ Σ P_Σ[ϕ] ∧ δF ∧ e^F − ∫ Σ P_Σ[ϕ] ∧ e^F = ∫ Σ { P_Σ[L_X ϕ + ϕ ∧ ι_X H + ϕ ∧ dξ] } ∧ e^F

= ∫ Σ P_Σ[X · d_H ϕ + d_H (X · ϕ)] ∧ e^F = − ∫ M ⟨ϕ, d_H (X · j_{(Σ,F)})⟩ . (3.3) Here we used that δF = δ_X F + δ_ξF = P_Σ[ι_X H] + dP_Σ[ξ], the properties (2.6) and (2.7) of the Mukai pairing and (2.10). Note that all previous expressions are invariant under the shift X → X + Y with Y a section of T_{(Σ,F)} so that they don’t depend on the choice of representative of [X].

We see it is natural to define

L_Xϕ ≡ X · d_H ϕ + d_H (X · ϕ) , (3.4)

and we obtain for the deformation of the current under [X]

δ_{[X]}j_{(Σ,F)} ≡ −L_Xj_{(Σ,F)} = −d_H (X · j_{(Σ,F)}), (3.5)

where again this expression must be considered in the distributional sense in which case it is well defined for any representative X of [X].

Imposing now that the infinitesimally deformed cycle is still generalized complex we find, using the characterization of generalized complex in (3.1), the following concise condition

¯∂_H (X^{0,1} · j_{(Σ,F)}) = 0 , (3.6)

or equivalently its complex conjugate ∂_H (X^{1,0} ·j_{(Σ,F)}) = 0. As we will show more explicitly in section 7, the condition (3.6) is the direct generalization of the standard result that first order deformations of a complex submanifold are given by holomorphic sections of the ordinary holomorphic normal bundle. For this reason we will denote the space of sections of N^{0,1}_{(Σ,F)} satisfying the condition (3.6) by Γ_{hol}(N^{0,1}_{(Σ,F)}).

4 From gauge equivalent deformations to Lie algebroid cohomology

Until now we have considered all the possible deformations of a generalized complex cycle, already taking into account the equivalence under world-volume diffeomorphisms. However, in the study of the moduli space of generalized calibrations, one must also consider another equivalence relation between different generalized cycles [14], which naturally preserves the generalized holomorphicity of the generalized complex cycles. This can be introduced as follows. We have already described the possible infinitesimal deformations as global sections of N_{(Σ,F)}. However, there is a subclass of transformations that clearly leave the generalized cycles unchanged. In D-brane language, these are given by infinitesimal gauge transformations of the world-volume gauge field. If λ denotes the gauge parameter, such transformations are generated by a generalized normal vector field [X_λ ] with representative X_λ = ξ_λ, with ξ_λ ∈ Γ[T^⋆_M |_Σ] such that P_Σ[ξ_λ] = dλ. Now, such a generalized normal vector field obviously satisfies the condition (3.6). Thus, it is evident that also the generalized normal vector field [J X_λ ] satisfies the condition (3.6) and then defines a deformation which preserves the generalized holomorphicity condition of the generalized cycles. J [X_λ ] can be considered as the ‘imaginary’ extension of the real infinitesimal gauge transformation generated by [X_λ ]. [X_λ ] and J [X_λ ] together generate the space of complexified infinitesimal gauge transformations g^C_{(Σ,F)} ⊂ Γ(N_{(Σ,F)}). We will consider infinitesimal deformations related by an element in g^C_{(Σ,F)} as equivalent, and the physically distinguishable first order deformations are then given by Γ_{hol}(N^{0,1}_{(Σ,F)})/(g^C_{(Σ,F)})^{0,1}.

We will now argue how this requirement translates in the identification of the space of gauge inequivalent holomorphicity preserving infinitesimal deformations of a generalized complex cycle (Σ, F) with an appropriate cohomology class on (Σ, F).

Given a generalized complex cycle (Σ, F), let us define on Σ the holomorphic generalized tangent bundle L_{(Σ,F)} = L|_Σ ∩ (T_{(Σ,F)} ⊗ C ). As explained in [25], L_{(Σ,F)} (as a complex vector bundle on Σ) can be equipped with a Lie algebroid structure as follows. The anchor map π : L_{(Σ,F)} → T_Σ ⊗ C is the obvious projection to T_Σ ⊗ C . The Lie brackets are defined by extending the sections of L_{(Σ,F)} outside Σ as sections of L, taking their Courant brackets, and then restricting back to Σ (and the result does not depend on the extension).

Thus, one can consider the exterior algebra bundle (see for example [7])

Λ^•L^⋆_{(Σ,F)} ≡ ⨁ k Λ^kL^⋆_{(Σ,F)} (4.1)

and a degree-1 derivation d_{L(Σ,F)} on its sections

d_{L(Σ,F)} = Γ(Λ^kL^⋆_{(Σ,F)}) → Γ(Λ^{k+1}L^⋆_{(Σ,F)}) . (4.2)

Lie algebroid cohomology groups can then be naturally defined as

H^k(L_{(Σ,F)}) = ker[d_{L(Σ,F)} : Γ(Λ^kL^⋆_{(Σ,F)}) → Γ(Λ^{k+1}L_{(Σ,F)})] im[d_{L(Σ,F)} : Γ(Λ^{k−1}L^⋆_{(Σ,F)}) → Γ(Λ^kL_{(Σ,F)})]

. (4.3)

It is now important to note that the natural metric I defines a canonical isomorphism ~ : T^⋆_{(Σ,F)} → N_{(Σ,F)} that associates (fiberwise) an element α ∈ T^⋆_{(Σ,F)} to a generalized normal vector [α̃] such that, for any X ∈ T_{(Σ,F)},

α(X) = 2I(α̃, X) , (4.4)

where the factor of 2 has been introduced to simplify some of the following expressions and manipulations. This isomorphism preserves the generalized complex structure, in the sense that it also implies that N^{0,1}_{(Σ,F)} ≃ L^⋆_{(Σ,F)} where N^{0,1}_{(Σ,F)} ≡ L̄|_Σ/L̄_{(Σ,F)}, and can be trivially extended to an isomorphism between Λ^kN^{0,1}_{(Σ,F)} and Λ^kL^⋆_{(Σ,F)}.

Let us now introduce the space Ω^{0,•}_{(Σ,F)} of generalized currents with support on Σ of the form^7

Ω^{0,k}_{(Σ,F)} = Γ(Λ^kN^{0,1}_{(Σ,F)}) · j_{(Σ,F)} . (4.5)

Ω^{0,•}_{(Σ,F)} is clearly isomorphic to Γ(Λ^•L^⋆_{(Σ,F)}) and in particular it is easy to see that for any X ∈ Γ(L_{(Σ,F)})

X · α̃ · j_{(Σ,F)} = (~ι_Xα) · j_{(Σ,F)} (4.6)

As it will be clear in a moment, ¯∂_H acts as a degree-1 differential on Ω^{0,•}_{(Σ,F)}:

¯∂_H : Ω^{0,k}_{(Σ,F)} → Ω^{0,k+1}_{(Σ,F)} . (4.7)

Thanks to the isomorphism ~, we can now define an isomorphism between Γ(Λ^kL^⋆_{(Σ,F)}) and Ω^{0,k}_{(Σ,F)} as follows:

α ∈ Γ(Λ^kL^⋆_{(Σ,F)}) ↔ [α̃] · j_{(Σ,F)} ∈ Ω^{0,k}_{(Σ,F)} . (4.8)

Now, the key observation is that the isomorphism between Γ(Λ^•L^⋆_{(Σ,F)}) and Ω^{0,•}_{(Σ,F)} preserves the action of the derivative operators d_{L(Σ,F)} and ¯∂_H . This means that

d_{L(Σ,F)} β ∈ Γ(Λ^•L^⋆_{(Σ,F)}) ↔ ¯∂_H ([β̃] · j_{(Σ,F)}) = [ ~d_{L(Σ,F)} β] · j_{(Σ,F)} ∈ Ω^{0,•}_{(Σ,F)} . (4.9)

This result can be proven by showing that, given a β ∈ Γ(Λ^kL^⋆_{(Σ,F)}),

X_1 · . . . · X_{k+1} · ( ~d_{L(Σ,F)} β) · j_{(Σ,F)} = X_1 · . . . · X_{k+1} · ¯∂_H (β̃ · j_{(Σ,F)}) , (4.10)

for any X_1 , . . . , X_{k+1} ∈ Γ(L_{(Σ,F)}). The equality above can be checked by induction, using the definitions of d_{L(Σ,F)} β and ¯∂_H , and the fact that from Lemma 4.24 of [7] one has the following identity^8

X_1 · X_2 · d_H (β̃ · j_{(Σ,F)}) = d_H (X_2 · X_1 · β̃ · j_{(Σ,F)}) + X_2 · d_H (X_1 · β̃ · j_{(Σ,F)})

7In a sense this provides a refinement and a generalization to currents of the decomposition in eq. (2.18). Indeed, instead of ψ one can use j_{(Σ,F)} as the base pure spinor acted upon with normal vectors leading to the decomposition J_k. If one further separates the normal vectors in +i- and −ieigenvectors of J one finds the refined decomposition J_{p,q} . Now, Ω^{0,q}_{(Σ,F)} is the space of sections of J_{0,q} ._8

This identity is immediate when defining the Courant bracket as a derived bracket [X, Y]_H · = [L_X, Y·] [10, 29].

−X_1 · d_H (X_2 · β̃ · j_{(Σ,F)}) + [X_1 , X_2 ]_H · β̃ · j_{(Σ,F)} , (4.11)

for any [β̃] ∈ Γ(Λ^•N^{0,1}_{(Σ,F)}) and any X_1 , X_2 ∈ Γ(L_{(Σ,F)}).

From (4.9) one can immediately conclude that the Lie algebroid cohomology groups H^k(L_{(Σ,F)}) are isomorphic to the current cohomology groups

H^k_{¯∂H} (Σ, F) = ker( ¯∂_H : Ω^{0,k}_{(Σ,F)} → Ω^{0,k+1}_{(Σ,F)}) im( ¯∂_H : Ω^{0,k−1}_{(Σ,F)} → Ω^{0,k}_{(Σ,F)})

. (4.12)

A fine point is that to properly define the Courant bracket we need to extend the sections of L_{(Σ,F)} off the D-brane. The above cohomology groups do not depend on the extension (as long as they are still sections of L of course). Normally, we don’t need to worry about this subtle issue unless we are working in points where the type of the generalized complex structure changes. We will provide an example in section 7.5.

Consider now a generalized normal vector field [X_λ ] which generates a real worldvolume gauge transformation. As we have already explained, a representative of [X_λ ] is given by X_λ = ξ with ξ any 1-form such that P_Σ[ξ] = dλ. For our purposes we can extend the world-volume function λ outside Σ and simply pose X_λ = dλ, and of course the following discussion will not depend on the way λ is extended. Thus we have

X_λ · j_{(Σ,F)} = dλ ∧ j_{(Σ,F)} = d_H (λj_{(Σ,F)}) . (4.13)

Since j_{(Σ,F)} ∈ Γ_{curr}(U_0), we can immediately conclude that

X^{0,1}_λ · j_{(Σ,F)} = ¯∂_H (λj_{(Σ,F)}) . (4.14)

Since we have to identify a generalized normal vector field [Y^{0,1} ] ∈ Γ(N^{0,1}_{(Σ,F)}) with [Y^{0,1} ] + [X^{0,1}_λ ], we see from (3.6) and (4.14) that the gauge inequivalent first order deformations of a generalized cycle (Σ, F) are given by

H^1_{¯∂H} (Σ, F) ≃ H^1(L_{(Σ,F)}) . (4.15)

5 Infinitesimal deformations of generalized calibrated cycles

In section 3 we have derived the condition (3.6) that an infinitesimal deformation generated by X must satisfy in order to deform a generalized complex cycle into another generalized complex cycle. Furthermore we saw in section 4 how considering infinitesimal deformations related by a complexified gauge transformation as equivalent leads to the first cohomology group (4.15) as the natural tangent space to the moduli space of inequivalent generalized complex cycles. In this section we will see how these equivalence classes of infinitesimal deformations corresponds to infinitesimal deformations of the generalized calibrated cycles of [11, 12].

In [11, 12] it was shown how type II superstring backgrounds with fluxes can be characterized in terms of appropriate generalized calibrations, which ‘calibrate’ the possible supersymmetric D-branes. In particular, [11] considered backgrounds with general pure NSNS fluxes on an internal space of arbitrary dimension, leading to an N = 2 residual supersymmetry in the external flat directions. On the other hand [12, 14] focused on the class of so called D-calibrated backgrounds with internal six-dimensional manifolds and arbitrary non-trivial NSNS and RR fluxes, preserving N = 1 supersymmetry in the flat four dimensions. The D-calibrated backgrounds constitute the most general class of N = 1 backgrounds admitting ‘in principle’ supersymmetric D-branes and can be seen as a subclass of the vacua considered in [2].

Since we want to consider backgrounds with possible minimal supersymmetry and general internal fluxes switched on, we will focus on the case studied in [12, 14] where M has d = 6. The results of [11] when d = 6 can be obtained as a subcase, by multiplying in an obvious way the appropriate quantities by an arbitrary constant phase coming from the underlying N = 2 supersymmetry. The following results should also be straightforwardly extendible to the cases with d ≠ 6 and arbitrary RR fluxes turned on.^9 Now, in [12] it was shown how the generalized calibrations for D-branes on the N = 1 backgrounds considered in [2] can be naturally written in terms of the two pure spinors Ψ^± characterizing the internal geometry.^{10} Note that on these N = 1 backgrounds, the generalized calibrations depend on the number of flat directions filled by the D-brane (while in the N = 2 case considered in [11] the flat directions are not relevant like in the standard Calabi-Yau case). More precisely we have different generalized calibrations for space-time filling D-branes, D-brane domain walls and D-brane strings (i.e. D-branes filling four, three or two flat space-time directions). The existence of the domain-wall calibration is essentially equivalent to the existence of a d_H -closed pure spinor

ψ ≡ e^{3A−Φ}Ψ̂_2 , (5.1)

where (see [12, 14] for more details)

Ψ̂_2 = −8i |a|^2 Ψ^+ for IIA , Ψ̂_2 = −8i |a|^2 Ψ^− for IIB , (5.2)

Φ is the dilaton and e^{2A} is the warp factor multiplying the four-dimensional flat metric. Thus, as we have recalled in subsection 2.2, the internal manifold M has a natural

9See [30] for a proposal to extend the ideas of [11, 12] to different generalized geometries. 10Note that the same pure spinors are indicated with Φ_± in [2] and, like in [12], we use the supergravity conventions of [31] (see [12] for the explicit relation with the conventions of [2]).

(integrable) generalized complex structure J = J_2 associated to Ψ̂_2 or, more strictly, M is a generalized Calabi-Yau à la Hitchin [6]. When, in what follows, we decompose forms and exterior derivatives with respect to a generalized complex structure as in section 2.2, it will be this one.

On the other hand the other pure spinor Ψ̂_1 defined as

Ψ̂_1 = −8i |a|^2 Ψ^− for IIA , Ψ̂_1 = −8i |a|^2 Ψ^+ for IIB , (5.3)

is not d_H -closed due to the presence of the RR fluxes and thus defines a (generically non-integrable) generalized almost complex structure Ĵ = J_1.

In this paper we will focus on the deformations of generalized calibrated space-time filling D-branes (as we have said, in the N = 2 case considered in [11] this restriction is not necessary and everything we will say is automatically valid for the other cases). Now, in [12, 14] it was discussed how for space-time filling D-branes the supersymmetry condition, which is equivalent to the generalized calibration condition, can be decoupled in a pair of conditions which have a clear four-dimensional interpretation. The first condition can be seen as an F-flatness condition (which comes from an appropriate superpotential, defined in section 6) and is equivalent to the condition that the D-brane must wrap a generalized complex cycle (Σ, F) with respect to J_2, as defined in section 3. The second condition can be seen as a D-flatness condition, and can be written in terms of the non-integrable pure spinor in the following way:

P_Σ[e^{2A−Φ}Im Ψ̂_1] ∧ e^F |_{top} = 0 . (5.4)

Note that d_H ( e^{2A−Φ}Im Ψ̂_1 ) = 0 , (5.5)

this polyform being the generalized calibration for the D-brane strings (see [14] for a discussion on this relation).

The outcome of this brief review of the results of [12, 14] is that the infinitesimal deformations preserving the generalized calibration condition must separately preserve the F- and D-flatness condition. We already know that the preservation of the F-flatness condition boils down to the condition (3.6) for the generator X. On the other hand, one can see from a calculation like in (3.3) that X preserves the D-flatness condition if and only if

P_Σ[L_X(e^{2A−Φ}Im Ψ̂_1)] ∧ e^F |_{top} = ⟨d_H (e^{2A−Φ}X · Im Ψ̂_1), j_{(Σ,F)}⟩ = 0 , (5.6)

where the second term must be seen as a current density with support on Σ. One can show from (5.4) that this condition is invariant under the shift X → X + Y with Y a section of T_{(Σ,F)}. Since j_{(Σ,F)} ∈ Γ_{curr}(U_0), this condition can also be written in the form

Re ⟨∂_H (e^{2A−Φ}X^{0,1} · Im Ψ̂_1), j_{(Σ,F)}⟩ = 0 . (5.7)

The condition (5.7) provides a gauge-fixing condition for the imaginary extension of the world-volume gauge transformations. This was already argued in [14] considering directly the condition (5.4) and showing that any imaginary gauge transformation violates it. The argument was based on the possibility of seeing (5.4) as the vanishing condition of the moment map associated to the real gauge transformations. We review the definition of the moment map in appendix A, in a form suited for the purposes of the present paper, and apply it to also show how a possible violation of the condition (5.7) under an infinitesimal deformation can always be reabsorbed by an appropriate imaginary gauge transformation. In short, in appendix A we show that in the equivalence class of deformations preserving the F-flatness condition there is one and only one deformation preserving the D-flatness condition.

The same arguments of appendix A imply on the other hand that a condition of the form

Im ⟨∂_H (e^{2A−Φ}X^{0,1} · Im Ψ̂_1), j_{(Σ,F)}⟩ = 0 , (5.8)

provides a gauge-fixing of the real gauge transformations. Indeed, it is enough to rewrite (5.8) in the form

0 = ⟨d^J_H (e^{2A−Φ}X · Im Ψ̂_1), j_{(Σ,F)}⟩ =

= ⟨d_H (e^{2A−Φ}(J X) · Im Ψ̂_1), j_{(Σ,F)}⟩ . (5.9)

We can thus repeat the arguments in appendix A simply replacing X with J X, to see that (5.8) selects a particular element in the equivalence class of real gauge transformations.

Putting together the two conditions (5.7) and (5.8) we obtain

⟨∂_H (e^{2A−Φ}X^{0,1} · Im Ψ̂_1), j_{(Σ,F)}⟩ = 0 , (5.10)

that provides a gauge-fixing for the whole complexified gauge algebra and thus identifies the d_{L(Σ,F)} -closed generator X^{0,1} as a particular element in the associated cohomology class. What we find in the present context is what usually happens in the study of supersymmetric gauge theories, where the flat directions in a (regular) point of the moduli space (in fact, the full moduli space, up to stability conditions) can be described using holomorphic operators which are gauge invariant with respect to the complete complexified gauge group (see e.g. [32]).

In fact, we can understand the above discussion by writing the condition (5.10) in a way which is the direct generalization of the usual conditions which are adopted in the standard case of fluxless D-branes on Calabi-Yau manifolds. As discussed in appendix B, it is possible to introduce a metric G on the sections of Λ^•L^⋆_{(Σ,F)} ≃ Λ^•N^{0,1}_{(Σ,F)} and, using it, to define a codifferential operator d^†_{L(Σ,F)} . The condition (5.10) can then be rewritten in the following way:

d^†_{L(Σ,F)} [X^{0,1} ] = 0 . (5.11)

Recalling the F-flatness condition, we then find that the supersymmetry preserving deformations are described by a section [X^{0,1} ] of N^{0,1}_{(Σ,F)} ≃ L^⋆_{(Σ,F)} satisfying the conditions

d_{L(Σ,F)} [X]^{0,1} = 0 , d^†_{L(Σ,F)} [X]^{0,1} = 0 . (5.12)

As an alternative to the proofs in appendix A one can thus also apply the standard formal argument to argue that the condition (5.11) selects a unique element in the cohomology class represented by the d_{L(Σ,F)} -closed element [X^{0,1} ] (see for instance [33]). As usual, we can call such an element harmonic

Δ_{L(Σ,F)} [X]^{0,1} = 0 , (5.13)

with respect to the generalized Laplacian

Δ_{L(Σ,F)} = d_{L(Σ,F)} d^†_{L(Σ,F)} + d^†_{L(Σ,F)} d_{L(Σ,F)} . (5.14)

So it follows that the generalized calibration preserving deformations can be described by the harmonic representatives of the cohomology group H^1(L_{(Σ,F)}). Furthermore, as discussed in appendix B, one can see that the Lie algebroid differential complex associated to L_{(Σ,F)} is elliptic and thus, since we always assume Σ to be a compact cycle, its cohomology groups (and in particular H^1(L_{(Σ,F)})) are finite-dimensional. Also, in appendix C we show how any deformation that preserves the minimal energy associated to the calibrated configuration must in fact (after gauge-fixing the real gauge transformations) obey the conditions (5.12), implying that H^1(L_{(Σ,F)}) indeed classifies the massless deformations around a calibrated cycle.

In summary, we have reached the conclusion that the infinitesimal gauge-inequivalent deformations preserving the generalized calibration condition for space-filling D-branes are given by elements of the following isomorphic cohomology groups

H^1_{¯∂H} (Σ, F) ≃ H^1(L_{(Σ,F)}) , (5.15)

and in fact they are described by the harmonic representatives of these cohomology groups.

Note that, as a real vector space, H^1(L_{(Σ,F)}) has by construction a natural complex structure induced by J . This is expected from the effective four-dimensional description of the dynamics of the space-time filling D-branes, that will be discussed more extensively in section 6, since by supersymmetry the massless fields should organize in complex chiral fields, whose number is then given by dim_C H^1(L_{(Σ,F)}).

6 Some comments on higher order deformations and superpotentials

In the previous sections we have studied the first order deformations of generalized calibrated cycles that preserve the calibration condition, finding that they are given by the elements of the first Lie algebroid cohomology group H^1(L_{(Σ,F)}). The question of which of these first order deformations can actually be integrated to an unobstructed finite deformation is out of the scope of this paper. The answer is bound to be non-trivial in general since it is known at least that in the extremal case of special Lagrangian manifolds there are no obstructions [19] while in the case of complex manifolds the obstructions lie in the first cohomology group H^1_{¯∂} (N^{1,0}_Σ ).^{11} In this section we make some qualitative observations based on the four-dimensional point of view, but let us first note that for the deformations of the bulk on the other hand, it has been shown that they are unobstructed in the case of a compact H-twisted generalized Calabi-Yau [35], although it is not known whether this result extends to the case where RR-fluxes spoil the integrability of one of the generalized complex structures.

In the four-dimensional description of a space-time filling D-brane, dim_C H^1(L_{(Σ,F)}) corresponds to the number of complex massless chiral fields ϕ^i coming from the deformations of the D-brane in the internal manifold. Considering a single D-brane that is always in the classical-geometrical regime, the ϕ^i’s constitute the only chiral fields in the low-energy four-dimensional description resulting from integrating out the massive KK-deformations that do not preserve the calibration condition. Furthermore, the ϕ^i’s are uncharged under the low-energy U(1) gauge symmetry. The existence of higher order obstructions for the first order deformations given by H^1(L_{(Σ,F)}) is thus on physical grounds expected to be equivalent to the existence of a non-trivial effective superpotential W_{eff} (ϕ) for the chiral fields ϕ^i.

In the six-dimensional case, this superpotential can in principle be obtained from the geometrical superpotentials found in [14], which have generalized complex cycles as extrema^{12}. In order to understand why the six-dimensional case is special, let us rederive their form in a direct alternative way, using the characterization of generalized complex cycles given in equation (3.1). Let ψ = e^{3A−Φ}Ψ̂_2 denote the d_H -closed pure spinor giving M the generalized Calabi-Yau structure. Then, in the case of M six-dimensional and

11Actually, there is a case in which one can say something more. If we consider type IIA SU(3) structure (symplectic) vacua, supersymmetric D6-branes must wrap Lagrangian cycles which satisfy an additional D-flatness condition which looks formally identical to the ‘speciality’ condition for Lagrangian cycles in ordinary Calabi-Yaus [12, 14]. Then in this case, as observed in [34], the arguments of [19] still apply and the D6-brane massless modes have no higher order obstructions.

12Here we neglect possible world-sheet instanton effects that can indeed be present.

only in this case, the condition (3.1) can be written in the form ∫ M ⟨ψ, X · j_{(Σ,F)}⟩ = 0 , for any X ∈ Γ ( (T_M ⊕ T^⋆_M )|_Σ ) . (6.1)

Note that in the above condition we can actually consider X as an element of Γ(N_{(Σ,F)}). The latter can be identified with the tangent bundle of the configuration space of generalized cycles C at the ‘point’ (Σ, F). Thus, if we introduce the one-form θ on C defined as θ([X]) = ∫ Σ P_Σ[X · ψ] ∧ e^F , (6.2)

for any [X] ∈ T_C |_{(Σ,F)} ≃ Γ(N_{(Σ,F)}), we can identify the space C_{hol} ⊂ C of generalized complex cycles by the condition

θ|_{Chol} = 0 . (6.3)

The one-form θ is closed and the easiest way to see this is by writing it as θ = dW on some contractible domain in C. To define W, let us first fix a certain (arbitrary) generalized cycle (Σ_0, F_0). Next, consider any cycle (Σ, F) in the same generalized homology class, i.e. this cycle should be such that a generalized chain (B, F̃) exists so that ∂B = Σ − Σ_0, P_Σ[F̃] = F and P_{Σ0} [F̃] = F_0. Then the superpotential at the ‘point’ (Σ, F) is given by^{13} W(Σ, F) = ∫ B P_B[ψ] ∧ e^{F̃} . (6.4)

W represents the geometrical D-brane superpotential that was first derived in [14]. Therein it was also shown how it can be obtained from a more physical argument relating it to the tension of BPS domain walls, by using the domain wall calibrations of [12]. Note that it obviously only depends on the integrable generalized complex structure, where on the other hand, as we argue in appendix E, the Kähler potential also depends on the non-integrable one.

As we have explained at the beginning of section 4, the space of generalized complex cycles C_{hol} is preserved by the action of the algebra of complexified infinitesimal gauge transformations g^C , which we obtained by complexifying the world-volume gauge transformations. As discussed in [14] in the case of N = 1 flux vacua, using the SU(3)×SU(3) structure of the background one can define an almost complex structure on the complete configuration space C that under restriction to C_{hol} reduces to the almost complex structure implicitly introduced in section 3. The superpotential W is holomorphic with respect

13To simplify the expressions we normalized all factors to one. The appropriate normalizations are discussed in [14].

to this almost complex structure and is automatically invariant under the complexified gauge algebra g^C .

As was recalled in section 5, supersymmetric generalized cycles are precisely the generalized calibrated cycles and must not only extremize the superpotential (6.4), but also obey the D-flatness condition. Postponing to appendix D a discussion on the stability problem, i.e. the problem of whether the D-flatness condition can in fact be satisfied at all, let us assume that it is indeed fulfilled (this seems plausible if we consider only configurations in a neighbourhood of a stable/supersymmetric one). Thus, as usual in standard supersymmetric gauge theories, the D-flatness condition provides a slice of the imaginary extension of the gauge group, so that the moduli space M of supersymmetric/calibrated generalized cycles can be written as

M ≡ (C_{hol} ∩ {D − flat generalized cycles})/G = C_{hol}/G^C , (6.5)

where G and G^C denote the space of finite gauge transformations generated by g and its complexification g^C respectively.

One should thus be able to obtain the effective superpotential W_{eff} (ϕ) by expanding (6.4) and integrating out the massive fields. For example, a second order expansion of the superpotential W around a generalized complex cycle (Σ, F) ∈ C_{hol} can be obtained from the discussion of section 3, and is given by

∇_{[X]}∇_{[Y]}W|_{(Σ,F)} = ∫ Σ P_Σ[X · d_H (Y · ψ)] ∧ e^F = ∫ Σ P_Σ[X^{0,1} · ¯∂_H (Y^{0,1} · ψ)] ∧ e^F , (6.6)

where the expression does not depend explicitly on the actual form of the covariant derivative ∇ on C since we are restricting to C_{hol} where ∇_{[Y]}W|_{Chol} ≡ 0. The quadratic term (6.6) should give the propagator one should use in order to integrate out the massive modes to produce W_{eff} (ϕ), as for example discussed in [36]. This procedure is non-trivial and involves the use of the complete SU(3) × SU(3) structure to fix the gauge symmetry and perform the actual expansion and reduction of W, but we will not try to address this question here.

7 Examples and applications

Presently, we want to apply the results of the previous sections to study the massless spectrum of supersymmetric space-time filling D-branes in several SU(3) × SU(3) structure type II backgrounds preserving N = 2 or N = 1 four-dimensional supersymmetry. The N = 2 case includes backgrounds where the internal is space is an ordinary Calabi-Yau or a generalized Kähler space with non-trivial NSNS-fluxes. The N = 1 case involves the inclusion of RR-fluxes. Note that, differently from the Calabi-Yau or generalized

Kähler case, the properties of the N = 1 backgrounds are specific to a six-dimensional internal space and cannot be easily extrapolated to different dimensions. Furthermore, in the N = 1 case, there is no arbitrary phase in the non-integrable pure spinor, so the Fayet-Iliopoulos term ξ, which depends on it, cannot always be set to zero independently of the kind of D-brane. Thus, in N = 1 vacua we should consider a restricted class of supersymmetric D-branes, having the same supersymmetry ‘phase’, as specified by the non-integrable pure spinor. For example, in the type IIB SU(3) structure case, this nothing but the statement that space-filling supersymmetric D3- and D7-branes exist in the so-called type B backgrounds, while D5- and D9-branes exist in the type C backgrounds [1, 14]. However, the key result of the previous sections is that, once we start from a supersymmetric D-brane configuration, the massless fluctuations around it are given by the Lie algebroid cohomology H^1(L_{(Σ,F)}) which depends only on the integrable generalized complex structure, always present in both the N = 1 and N = 2 case. The fact that the other pure spinor is integrable only in the N = 2 case does not affect the above result on the spectrum of massless D-brane fluctuations. Thus we will generically consider our internal space as being simply a generalized Calabi-Yau space (à la Hitchin) of arbitrary dimension, restricting to the six-dimensional case when we need to be more specific.

We start with the ordinary Calabi-Yau case, which is quite well understood and will be used here as a warm-up exercise, and later we introduce world-volume and background fluxes. When possible, in the cases where the fluxes ‘preserve’ an underlying complex or symplectic geometrical structure, we discuss in detail the flux-induced moduli-lifting mechanism. We also consider point-like cycles in a genuine generalized complex background, which even if seeming so simple, exhibit some interesting non-trivial features due to the generalized nature of the underlying geometry.

7.1 D-branes on ordinary Calabi-Yaus: introduction

The standard examples of generalized complex submanifolds are B-branes and A-branes in Calabi-Yau manifolds. The former correspond to complex submanifolds on which a holomorphic connection is defined, while the latter corresponds to the coisotropic branes of [15, 16]. The cohomology groups H^k(L_{(Σ,F)}) in these cases have already been studied in detail in [25], where they arose as the BRST cohomology giving the massless spectrum of the open topological string. Our result that identifies H^1(L_{(Σ,F)}) with the fluctuations of the calibrated generalized cycles provides the geometrical counterpart of the results of [25].

In the following two subsections we will revisit, for completeness and also as a useful warm-up exercise, the essential points of the calculation of H^k(L_{(Σ,F)}) given in [25]. This will allow us to point out some important observations, which will be useful in the subsequent subsections where we consider D-branes on backgrounds with fluxes.

For B- and A-branes on Calabi-Yaus, it is enough to consider the Calabi-Yau’s complex or symplectic structure respectively. We thus recall here the form of the corresponding globally defined pure spinors, ψ_c and ψ_s, and generalized complex structures J_c and J_s.

From an almost complex structure J one can construct a generalized almost complex structure J_c = ( −J 0 0 J^T ) , (7.1)

with pure spinor of the form ψ_c = Ω, where Ω is the holomorphic (3, 0)-form associated to J. In the fluxless Calabi-Yau case H = 0, and so J_c is integrable if and only if the complex structure J is integrable.

From a non-degenerate antisymmetric form ω one can construct a second type of generalized almost complex structure

J_s = ( 0 ω^{−1} −ω 0 ) , (7.2)

with pure spinor of the form ψ_s = e^{iω}. This generalized complex structure is integrable if and only if dω = 0, and thus ω defines a symplectic structure.

7.2 Warm-up: fluxless supersymmetric A- and B-branes on Calabi-Yaus

Let us start with the simplest and well-known case of zero world-volume flux F (which is possible since H = 0). Thus the wrapped cycle Σ must be special Lagrangian for A-branes and holomorphic for B-branes. The sector of the spectrum originating from the geometrical fluctuations of the cycles is given by H^1(Σ, R) for A-branes [19] and H^0_{¯∂} (N^{1,0}_Σ ) for B-branes, where N^{1,0}_Σ is the (ordinary) holomorphic normal bundle to the brane. In addition to these geometrical fluctuations, we must also consider the world-volume gauge field fluctuations. Since the A-branes must preserve the condition F = 0, the spectrum of gauge field fluctuations is given by another H^1(Σ, R), that combines with the one of the geometrical fluctuations to give H^1(Σ, C ). On the other hand, the requirement for Bbranes is that the line bundle connection must be holomorphic, so that the corresponding spectrum is given by H^{0,1}_{¯∂} (Σ). Thus, around F = 0, the total B-brane deformations are given by H^0_{¯∂} (N^{1,0}_Σ ) ⊕ H^{0,1}_{¯∂} (Σ).

These spectra are directly reproduced by H^1(L_{(Σ,F=0)}), which automatically encodes information about both the geometrical and gauge sectors. To show this, let us review explicitly the computation of H^k(L_{(Σ,F=0)}), first presented in [25].

Consider first Lagrangian A-branes, i.e. branes that wrap middle-dimensional cycles Σ, such that P_Σ[ω] = 0. The background maximal isotropic sub-bundle defining the generalized complex structure (7.2) is given by L^s = {X − i ι_X ω : X ∈ T_M ⊗ C } , (7.3) while the generalized tangent bundle is given by T_{(Σ,F=0)} = T_Σ ⊕ N^⋆_Σ , (7.4) where N^⋆_Σ ≡ Ann T_Σ is the cycle’s conormal bundle, dual to N_Σ. Thus the D-brane Lie algebroid is

L_{(Σ,F=0)} = L^s|_Σ ∩ (T_{(Σ,F=0)} ⊗ C ) = {X − i ι_X ω : X ∈ T_Σ ⊗ C } , (7.5) and L^⋆_{(Σ,F=0)} ≃ N^{0,1}_{(Σ,F=0)} = {[V ] + iP_Σ[ι_V ω] : [V ] ∈ N_Σ} . (7.6) Using the property (2.17) of Courant brackets (with B = −iω) we can easily see that L_{(Σ,F=0)} ≃ T_Σ ⊗C not only as a bundle but also as a Lie algebroid on Σ. Thus L^⋆_{(Σ,F=0)} ≃ T^⋆_Σ ⊗ C , as can also be seen directly from (7.6), and the Lie algebroid differential is given by the ordinary differential acting on Γ(Λ^kT^⋆_Σ), i.e. d_{L(Σ,F=0)} ≃ d . (7.7) For the sake of comparison to [19] we explicitly construct the isomorphism L^⋆_{(Σ,F=0)} ≃ T^⋆_Σ ⊗ C . We take α̃^{0,1} = ([V ] + iP_Σ[ι_V ω]) ∈ N^{0,1}_{(Σ,F=0)} and associate to this normal vector in the manner of (4.4) an element α ∈ L^⋆_{(Σ,F)} that acts on X = X − i ι_X ω as α(X) = 2i ι_X ι_V ω . (7.8) The isomorphism is now given by associating to this a β ∈ T^⋆_Σ ⊗ C β = 2i ι_V ω . (7.9) A massless deformation is thus described by a V ∈ Γ(N_Σ) such that ι_V ω is closed on Σ, but not exact. Furthermore we find that exactly when V is real, α̃^{1,0} + α̃^{0,1} = 2[V ] describes a purely geometric deformation, i.e. one without deformation of the gauge field. In this case we find precisely the result of [19].

Concluding H^k(L_{(Σ,F=0)}) ≃ H^k(Σ, C ), and in particular the massless deformations of special Lagrangian D-branes are given by H^1(Σ, C ), reproducing the well-known result we recalled above.

Let us now consider B-branes wrapping holomorphic cycles with F = 0. In this case the relevant maximal isotropic sub-bundle is given by L^c = T^{0,1}_M ⊕ T^{⋆1,0}_M , (7.10) while the generalized tangent bundle is still given by (7.4). Thus the Lie algebroid becomes L_{(Σ,F=0)} = T^{0,1}_Σ ⊕ N^{⋆1,0}_Σ , (7.11) with Lie algebroid bracket given by

[X_1, X_2]_{L(Σ,F=0)} = [X_1, X_2] , [X_1, ξ_1]_{L(Σ,F=0)} = ι_{X1} dξ_1 , [ξ_1, ξ_2]_{L(Σ,F=0)} = 0 , (7.12) where X_1, X_2 ∈ Γ(T^{0,1}_Σ ) and ξ_1, ξ_2 ∈ Γ(N^{⋆1,0}_Σ ), while the dual (0, 1) generalized normal bundle is given by L^⋆_{(Σ,F=0)} ≃ N^{0,1}_{(Σ,F=0)} = T^{⋆0,1}_Σ ⊕ N^{1,0}_Σ . (7.13) Thus the Lie algebroid differential complex is given by the sections of Λ^kL^⋆_{(Σ,F=0)} ≃ Λ^kN^{0,1}_{(Σ,F=0)} = ⨁ k=p+q Λ^pT^{⋆0,1}_Σ ⊗ Λ^qN^{1,0}_Σ , (7.14)

with differential d_{L(Σ,F=0)} ≃ ¯∂ , (7.15) as can easily be computed from (7.12). The conclusion is that the algebroid cohomology is given by H^k(L_{(Σ,F=0)}) = ⨁ k=p+q H^{0,p}_{¯∂} (Λ^qN^{1,0}_Σ ) , (7.16)

and the massless deformations of supersymmetric B cycles with F = 0 are given by H^1(L_{(Σ,F=0)}) = H^0_{¯∂} (N^{1,0}_Σ ) ⊕ H^{0,1}_{¯∂} (Σ) , (7.17) reproducing the well-known result announced above.

7.3 A less trivial case: D-branes on Calabi-Yaus with worldvolume flux

In this subsection we consider the effect of introducing world-volume fluxes on supersymmetric D-branes on Calabi-Yau manifolds. The calculation of the relevant algebroid cohomology groups has already been performed in some detail in [25], and here we recall only the main points. We will then discuss the interpretation of the resulting massless fluctuations of the supersymmetric D-branes, trying to clarify the role of fluxes and their possible moduli lifting effect. Note that the effect of world-volume fluxes on D-branes in Calabi-Yau manifolds has been discussed from a geometrical point of view several times in the literature (see for example [37–41]). Here we would like to revisit this issue from the point of view of generalized complex geometry.

7.3.1 B-branes with flux

Let us start with supersymmetric B-branes with world-volume fluxes, which are more intensively studied than the flux A-branes. Thus, the D-brane wraps a generalized cycle (Σ, F) that is generalized complex with respect to J_c. According to [7] this means that Σ is a complex submanifold with respect to J, and F is of type (1, 1) with respect to P_Σ[J]. So we end up with a holomorphic cycle on which a holomorphic line bundle is defined.

Following the same steps as in the previous examples, one can easily find that L_{(Σ,F)} is spanned by vectors of the form

X_1 = X̄ + ι¯_X F , X̄ ∈ T^{0,1}_Σ , X_2 = η , η ∈ N^{⋆1,0}_Σ .

(7.18)

At a first sight, the identification of the vectors (7.18) seems to provide a possible splitting of L_{(Σ,F)} into T^{0,1}_Σ ⊕ N^{⋆1,0}_Σ . (7.19)

This would give an isomorphism L_{(Σ,F)} ≃ L_{(Σ,F=0)} that would furthermore be compatible with the Lie algebroid brackets, leading to the conclusion that the algebroid cohomology would still be given by (7.16).

However, it is in general not possible to canonically split L_{(Σ,F)} as in (7.19), since the presence of a non-zero F generically implies that the transition functions on overlapping patches will mix vectors of type X_1 and X_2 . The obstruction to such a splitting originates in an obstruction to the splitting of T^{1,0}_M |_Σ into T^{1,0}_Σ ⊕ N^{1,0}_Σ as holomorphic bundles.

To see this, we can take the dual bundle T^{⋆1,0}_M |_Σ, that analogously does not generically allow the holomorphic splitting

T^{⋆1,0}_M |_Σ ≃_{hol} T^{⋆1,0}_Σ ⊕ N^{⋆1,0}_Σ , (7.20)

but instead fits into the short exact sequence

0 → N^{⋆1,0}_Σ → T^{⋆1,0}_M |_Σ → T^{⋆1,0}_Σ → 0 . (7.21)

Thus we see that the terms of the form ι¯_X F ∈ T^{⋆1,0}_Σ in vectors of type X_1 , will generically mix with elements of N^{⋆1,0}_Σ that enter the vectors of type X_2 . On the other hand, in the case that the holomorphic splitting (7.20) is allowed, we can indeed conclude that the algebroid cohomology groups H^k(L_{(Σ,F=0)}) are given by (7.16), and then there is no flux-induced moduli lifting mechanism and the spectrum of massless fluctuations is identical to the fluxless case.

Let us now describe the main points of what happens when the holomorphic splitting is not allowed (for more details see [25]). It is first convenient to find a consistent way to define the splitting of L_{(Σ,F)} into (7.19), so that L_{(Σ,F)} and L_{(Σ,F=0)} are given by the same vector bundle, but with different Lie algebroid structures.

This can be done by choosing a particular set of holomorphic charts adapted to Σ. They define a set of holomorphic sections γ of T^{1,0}_Σ ⊗ N^{⋆1,0}_Σ on the overlap of the different pairs of charts, that by definition give the mixing terms in N^{⋆1,0}_Σ , produced by elements of T^{⋆1,0}_Σ when passing from one chart to another. This means that, if U and U^′ are two intersecting charts adapted to Σ, then a section η of T^{⋆1,0}_Σ |_U is on U ∩ U^′ related by the change of charts to the element η + γ⌟η. γ can easily be seen to define a C̆ech 1-cocycle with values in the holomorphic sheaf T^{1,0}_Σ ⊗ N^{⋆1,0}_Σ and ¯∂γ = 0. The 1-cocycle γ can be written as the C̆ech coboundary of a smooth 0-cochain p of T^{1,0}_Σ ⊗ N^{⋆1,0}_Σ :

γ = δp , (7.22)

i.e., p is defined by smooth sections on the different charts and, if U and U^′ are two intersecting charts, then γ = p^′ − p on U ∩ U^′.

Then we have L_{(Σ,F)} ≃ T^{0,1}_Σ ⊕ N^{⋆1,0}_Σ defined by the inclusion N^{⋆1,0}_Σ ⊂ L_{(Σ,F)} and by identifying X̄ ∈ T^{0,1}_Σ on each chart with the element X̄ + ι_{X̄} F − p⌟(ι_{X̄} F) ∈ L_{(Σ,F)} . (7.23)

Using the transformation laws p → p + γ and ι¯_X F → γ⌟(ι¯_X F) under change of charts, one can check that the above splitting is well defined.

Now, L_{(Σ,F)} and T^{0,1}_Σ ⊕N^{⋆1,0}_Σ , even if isomorphic as vector spaces, are not isomorphic as Lie algebroids. This implies that the algebroid differential d_{L(Σ,F)} still acts on the smooth sections of (7.14) but is different from ¯∂. To describe it, let us first note that since ¯∂γ = 0 we have δ ¯∂p = 0 so that ¯∂p defines a ¯∂-closed global section β_Σ of T^{1,0}_Σ ⊗ N^{⋆1,0}_Σ ⊗ T^{⋆0,1}_Σ , which defines a cohomology class [β_Σ] ≃ [γ] in H^{0,1}_{¯∂} (T^{1,0}_Σ ⊗ N^{⋆1,0}_Σ ). Then, it is possible to show that

d_{L(Σ,F)} ≃ ¯∂ + δ(Σ, F) , (7.24)

with

δ(Σ, F) ≡ −(β_Σ ∘ F)⌞ : Γ(Λ^pT^{⋆0,1}_M ⊗ Λ^qN^{1,0}_Σ ) → Γ(Λ^{p+2}T^{⋆0,1}_M ⊗ Λ^{q−1}N^{1,0}_Σ ) , (7.25) where

∘ : T^{1,0}_Σ ⊗ N^{⋆1,0}_Σ ⊗ T^{⋆0,1}_Σ × T^{⋆1,0}_Σ ⊗ T^{⋆0,1}_Σ → N^{⋆1,0}_Σ ⊗ Λ^2T^{⋆0,1}_Σ (7.26)

is given by (the unique) combination of external product and contraction, and ⌞ contracts the index in N^{⋆1,0}_Σ of β_Σ ∘ F with the indices in Λ^qN^{1,0}_Σ .

Note that δ(Σ, F) in (7.24) is itself a differential (of degree (2, −1)) and, since β_Σ ∘ F is ¯∂-closed, d_{L(Σ,F)} can be seen as the sum of two commuting differentials. The study of the Lie algebroid cohomology could be addressed by application of the standard theory of spectral sequences. However, the calculation of H^1(L_{(Σ,F)}) giving the D-brane massless fluctuations can be performed directly. Indeed, a pair (a, [X]) ∈ Γ(L^⋆_{(Σ,F)}) ≃ Γ(T^{⋆0,1}_Σ ⊕ N^{1,0}_Σ ) defines an element in H^1(L_{(Σ,F)}) if and only if

¯∂[X] = 0 , (7.27)

δ(Σ, F) · [X] + ¯∂a = 0 , (7.28) a ≃ a + ¯∂λ for any λ ∈ Γ(Σ, C ) . (7.29)

The first condition (7.27) tells us that [X] ∈ H^0_{¯∂} (N^{1,0}_Σ ). Note that it also implies that δ(Σ, F)·[X] is ¯∂-closed, and the second condition (7.28) imposes that it must be actually exact and equal to − ¯∂a. Thus, a is determined by (7.28) up to a ¯∂-closed term, and (7.29) means that we must only consider the corresponding element in H^{0,1}_{¯∂} (Σ).

Thus we reach the conclusion that the massless fluctuations are given by

H^1(L_{(Σ,F)}) = H^{0,1}_{¯∂} (Σ) ⊕ H^0_{dL(Σ,F)} (N^{1,0}_Σ ) , (7.30)

where

H^0_{dL(Σ,F)} (N^{1,0}_Σ ) = ker[δ(Σ, F) : H^0_{¯∂} (N^{1,0}_Σ ) → H^{0,2}_{¯∂} (Σ)] . (7.31)

From (7.30) we can immediately conclude that the massless modes originating from the world-volume gauge field (given by H^{0,1}_{¯∂} (Σ)) are not lifted by the flux F. This was expected, since we can consider fluctuations of the holomorphic gauge field while keeping the cycle Σ fixed, thus always obtaining H^{0,1}_{¯∂} (Σ) as part of the spectrum. On the other hand, if the holomorphic splitting (7.20) is not allowed, the action of δ(Σ, F) on H^0_{¯∂} (N^{1,0}_Σ ) is in general non-trivial and the geometrical massless modes of the fluxless case can be lifted.

We can give a direct geometrical explanation of (7.28) and of the resulting lifting of the geometrical massless modes encoded in (7.31). Suppose first that T^{1,0}_M |_Σ splits holomorphically into T^{1,0}_Σ ⊕ N^{1,0}_Σ . Any holomorphic section [X] of N^{1,0}_Σ can be uplifted to a globally defined holomorphic section of T^{1,0}_M |_Σ. Thus, [X] generates a deformation of the holomorphic cycle Σ while keeping its complex structure fixed. This means that F_{0,2} remains zero under the deformation of the cycle and (Σ, F) deforms to a generalized complex cycle.

Let us now consider the general case in which T^{1,0}_M |_Σ does not split holomorphically into T^{1,0}_Σ ⊕ N^{1,0}_Σ . In this case the holomorphic section [X] of N^{1,0}_Σ is uplifted to a smooth section X of T^{1,0}_M |_Σ, which, generically, is not holomorphic. However, ¯∂X is a globally defined holomorphic (0, 1)-form with values in T^{1,0}_Σ , that can be taken to be given by β_Σ⌞X, and defines a cohomology class [β_Σ⌞X] in H^{0,1}_{¯∂} (T^{1,0}_Σ ).^{14} The element [β_Σ⌞X] gives the infinitesimal deformation of the complex structure of the holomorphic cycle Σ induced by [X]. This deformation can induce a violation of the condition F_{0,2} = 0 and thus the only [X]’s which do not get a mass are those for which

(δ_{[X]}F)_{0,2} = −( ¯∂X) ∘ F = δ(Σ, F) · X , (7.33)

can be compensated by a corresponding gauge-field deformation a such that ¯∂a = −(δ_{[X]}F)_{0,2}, thus reproducing (7.28).

Considering more specifically the case of Calabi-Yau three-folds, we can see that such a flux induced moduli-lifting can happen only for divisors. Indeed, in the case of zero- and six-cycles, we have no tangent or normal bundle respectively, and so obviously δ(Σ, F) ≡ 0. In the two-cycle case, we also have δ(Σ, F) ≡ 0, since β_Σ ∘ F ∈ Γ(N^{⋆1,0}_Σ ⊗ Λ^2T^{⋆0,1}_Σ ) and thus vanishes identically. The same conclusion namely that the massless modes — and more generally the full moduli space — of two-cycles do not depend on the world-volume fluxes, could be reached directly from the superpotential (6.4) for generalized two-cycles (Σ_2, F), which is given by

W(Σ_2, F) = ∫ B_3

P_{B3} [Ω] , (7.34)

and thus clearly does not depend on F.

Thus the only case in which such a non-trivial effect can take place is given by a generalized four-cycle (Σ_4, F), and again it can be obtained from the corresponding superpotential

W(Σ_4, F) = ∫ B_5

P_{B5} [Ω] ∧ F̃ , (7.35)

14[β_Σ⌞X] is nothing but the element associated to [X] by the extension map H^0_{¯∂} (N^{1,0}_Σ ) → H^{0,1}_{¯∂} (T^{1,0}_Σ ) in the long exact sequence associated to the short exact sequence

0 → T^{1,0}_Σ → T^{1,0}_M |_Σ → N^{1,0}_Σ → 0 . (7.32)

as has already been described in [14]. Furthermore, from (7.35) the holomorphic mass matrix for the lifted modes can also be computed, and is given by

m^{(hol)}_{ij} = ∂_i∂_j W = − ∫ Σ_4

P_{Σ4} [ι_{Xi} Ω] ∧ [( ¯∂X_j ) ∘ F] = = ∫ Σ_4

P_{Σ4} [ι_{Xi} Ω] ∧ [δ(Σ, F) · X_j ] , (7.36)

where the [X_i] form a base of H^0_{¯∂} (N^{1,0}_Σ ). Thus m_{ij} = 0 whenever [δ(Σ, F) · X_i] = 0 or [δ(Σ, F) · X_j] = 0 as elements of H^{0,2}_{¯∂} (Σ), which is in accordance with the above general discussion.

7.3.2 Coisotropic A-branes

In [7, 15] it is explained that a D-brane (Σ, F) is generalized complex with respect to J_s, i.e. it is an A-brane, if and only if

1. Σ is coisotropic i.e. ω^{−1}ξ ∈ T_Σ , ∀ξ ∈ N^⋆_Σ. It follows that the symplectic orthogonal bundle T^⊥_Σ lies within T_Σ. It also follows that T^⊥_Σ is integrable.

2. ι_X F = 0 , ∀X ∈ T^⊥_Σ i.e. F descends to T_Σ ≡ T_Σ/T^⊥_Σ .

3. (ω|_{TΣ} )^{−1}F|_{TΣ} is an almost complex structure on T_Σ. In fact, in [15] it was shown that it is integrable. In the rest of this subsection if we use the holomorphic decomposition of ordinary vectors or forms, it will be with respect to this complex structure.

When T_Σ = T^⊥_Σ we find that the submanifold Σ is also isotropic. The second condition then says that F = 0 and the third is vacuous. This is the standard fluxless Lagrangian case.

It is immediate to show that iP_Σ[ω] + F is a non-degenerate (2, 0) form on T_Σ. It follows that the complex dimension of T_Σ must be even and thus we can deduce that dim T_Σ = 4k. We have then dim Σ = d/2 + 2k and dim T^⊥_Σ = dim N_Σ = d/2 − 2k. The cases relevant for a 6-dimensional internal manifold are k = 0 (special Lagrangian) and k = 1 (coisotropic D8-branes). From (3.1) we find immediately an equivalent but more simple formulation of the condition for a coisotropic D-brane

(iP_Σ[ω] + F)^{k+1} = 0 . (7.37)

The Lie algebroid L_{(Σ,F)} is given by elements of the form X −i ι_X ω, where X ∈ T_Σ ⊗C , such that P_Σ[ι_X ω] = i ι_X F. Thus, we can identify

L_{(Σ,F)} ≃ {X ∈ T_Σ ⊗ C : P_Σ[ι_X ω] = i ι_X F} . (7.38)

It follows that we have naturally T^⊥_Σ ⊂ L_{(Σ,F)} as a subbundle and furthermore T^{0,1}_Σ ≃ L_{(Σ,F)}/(T^⊥_Σ ⊗ C ). Thus we see that we obtain the short exact sequence of bundles 0 → T^⊥_Σ ⊗ C → L_{(Σ,F)} → T^{0,1}_Σ → 0 . (7.39) To see the form of the differential d_{L(Σ,F)} , we can locally (and non-canonically) split L_{(Σ,F)} ≃ (T^⊥_Σ ⊗ C ) ⊕ T^{0,1}_Σ , (7.40) using a local trivialization of the foliation, where we can uplift a local section [U] − iP_Σ[ι_U ω] of T^{0,1}_Σ to a local section U − iι_U ω of L_{(Σ,F)} (see [25] for a discussion in an explicit coordinate system). In the same way, using the short exact sequence dual to (7.39), we can split L^⋆_{(Σ,F)} to obtain the following local form of the Lie algebroid complex Λ^•L^⋆_{(Σ,F)} Λ^kL^⋆_{(Σ,F)} ≃ ⨁ p+q=k Λ^pT^{⊥⋆}_Σ ⊗ Λ^qT^{⋆0,1}_Σ . (7.41)

Using the property (2.17) of Courant brackets we immediately find the result of [25], namely that (7.40) is a Lie algebroid isomorphism, and thus d_{L(Σ,F)} acts in the following way on the local form (7.41) of the complex d_{L(Σ,F)} ≃ d_T ⊥_Σ + ¯∂_T 0,1_Σ . (7.42) Note that in particular, the massless deformations are given by equivalence classes [(a, b^{0,1})] of sections of L^⋆_{(Σ,F)} ≃ N^{0,1}_{(Σ,F)} ≃ (T^{⊥⋆}_Σ ⊗ C ) ⊕ T^{⋆0,1}_Σ , (7.43) such that ¯∂_{T 0,1Σ} a + d_{T ⊥Σ} b^{0,1} = 0 . (7.44) and d_T ⊥_Σ a = 0 , a ≃ a + d_T ⊥_Σ λ , ¯∂_{T 0,1Σ} b^{0,1} = 0 , b^{0,1} ≃ b^{0,1} + ¯∂_{T 0,1Σ} λ , (7.45) Since T^⊥_Σ ≃ N_Σ, a describes the complex combination of the geometric deformation of Σ and the component of the gauge field in T^{⊥⋆}_Σ , while b^{0,1} describes the component of the gauge field deformation in T^{⋆0,1}_Σ . Thus the first condition (7.44) may be seen as the condition that ι_X F = 0 for any X ∈ T^⊥_Σ is preserved under the deformation. On the other hand, note that the first line of (7.45), which controls the directions along the (d/2 − 2k)-dimensional T^⊥_Σ , is completely analogous to the result on deformations of special Lagrangian submanifolds, while the second line is reminiscent of the gauge deformations of a B-brane and comes from the requirement that the deformation generated by b preserves the condition that (ω|_{TΣ} )^{−1}F|_{TΣ} squares to −1. Note also that the gauge equivalence in the first line of (7.45) tells us that there are gauge deformations of the cycle Σ that come from the natural complexification, induced by the underlying generalized complex geometry, of the (real) world-volume gauge-field transformations along T^⊥_Σ . These gauge transformations are the coisotropic generalization of the usual Hamiltonian deformations of Lagrangian cycles. They were assumed in [15] and we see here how they arise naturally from the generalized complex approach.

We can also immediately find this result by plugging the deformation generated by (a, b) in (7.37), where Im a = iP_T ⊥_Σ [ι_X ω] is associated to the deformation of Σ generated by X ∈ Γ[N_Σ] and (Re a, b) is associated to the deformations of F. Indeed, we obtain the condition (iP_Σ[ω] + F)^k ∧ (da + db) = 0 , (7.46)

which can be shown to be equivalent to (7.44) and (7.45), using the fact that (iP_Σ[ω]+F)^k descends to a non-vanishing (2k, 0) form on T_Σ .

7.4 Switching on background fluxes on complex and symplectic manifolds: D-branes on SU(3) structure backgrounds

In this section we consider non-trivial background fluxes, beginning with flux vacua which preserve an underlying complex or symplectic structure. A string theory realization of this condition is given by type II flux vacua with SU(3) structure, that turn out to be symplectic in the IIA case and complex in the IIB case. These have fluxes turned on, back-reacting on the geometry and generating generically a warp factor. However, as we have already pointed out, in order to identify the supersymmetric D-brane massless fluctuations, we can ignore the complete structure of these backgrounds, focusing only on the complex or symplectic structure of the internal manifolds.

Consider first a symplectic manifold. As we have recalled in subsection 7.1, the corresponding pure spinor has the form ψ_s = e^{iω}. Even if we are considering backgrounds with general fluxes, the only possible modifications involving ψ_s are an overall factor and the H-twisting of the integrability condition that now reads d_H ψ_s = 0. However, it is easy to see that this integrability condition can only be fulfilled if the overall factor is constant and H = 0. So the introduction of fluxes does not modify the analysis of the Lie algebroid structure at all, and we can directly borrow the results on A-branes derived in the fluxless background cases studied in sections 7.2 and 7.3.2.

Let us now pass to flux complex manifolds and B-branes. The pure spinor has the form ψ_c = Ω, where Ω is a globally defined (d/2, 0) holomorphic form. However, this time the introduction of general fluxes can have a non-trivial effect on the D-brane Lie algebroids, since the condition d_H ψ_c = 0 allows a non-vanishing H field satisfying the restriction H_{0,3} = H_{3,0} = 0. In order to compute the relevant algebroid cohomology, we can parallel the discussion of [25] on B-branes in fluxless Calabi-Yau spaces that we have reviewed in section 7.3.1. In a similar way, we introduce the same kind of vector-bundle isomorphism leading to

L_{(Σ,F)} ≃ T^{0,1}_Σ ⊕ N^{⋆1,0}_Σ . (7.47)

Thus the relevant algebroid graded complex is still given by the global sections of

Λ^kL^⋆_{(Σ,F)} ≃ Λ^kN^{0,1}_{(Σ,F)} ≃ ⨁ p+q=k Λ^pT^{⋆0,1}_Σ ⊗ Λ^qN^{1,0}_Σ . (7.48)

The computation of the Lie algebroid differential d_{L(Σ,F)} proceeds as in the H = 0 case, with the only differences that we must use the H-twisted Courant bracket (2.16) and take into account that dF = P_Σ[H]. The result is that

d_{L(Σ,F)} ≃ ¯∂ + δ^H (Σ, F) , (7.49)

with

δ^H (Σ, F) = δ(Σ, F) + P_Σ[H^{1,2}⌞] , (7.50)

where δ(Σ, F) is as defined in (7.25) and ⌞ contracts the (1, 0) index in H^{1,2} with the indices in Λ^qN^{1,0}_Σ of the sections of (7.48).^{15} Thus, we repeat the steps of the case with H = 0, arriving at the following massless spectrum:

H^1(L_{(Σ,F)}) = H^{0,1}_{¯∂} (Σ) ⊕ H^0_{dL(Σ,F)} (N^{1,0}_Σ ) . (7.51)

where

H^0_{dL(Σ,F)} (N^{1,0}_Σ ) = ker[δ^H (Σ, F) : H^0_{¯∂} (N^{1,0}_Σ ) → H^{0,2}_{¯∂} (Σ)] (7.52)

Again, as in the case H = 0, H^{0,1}_{¯∂} (Σ) in (7.51) corresponds to the unlifted worldvolume gauge field deformations. Note however that, differently from the case H = 0, now

15Let us stress that the action of ⌞ in P_Σ[H^{1,2}⌞], as the operator δ(Σ, F) itself, is well-defined once we have fixed a (non-canonical) choice for the uplifting of the holomorphic sections of N^{1,0}_Σ to smooth sections of T^{1,0}_M |_Σ, as given by the local sections p introduced in (7.22). It is however important to note that, thanks to the modified Bianchi identity dF = P_Σ[H], the operator δ^H (Σ, F), seen as a section of Λ^2T^{⋆0,1}_Σ ⊗N^{⋆1,0}_Σ , is ¯∂-closed, and that the corresponding cohomology element of H^{0,2}_{¯∂} (N^{⋆1,0}_Σ ) is ‘canonical’ in the sense that it does not depend on the choice of the 0-chain p.

there is still a generically non-vanishing moduli-lifting effect even if T^{1,0}_M holomorphically splits into T^{1,0}_Σ ⊕ N^{1,0}_Σ . This effect is completely due to the non-vanishing H field, that can give mass to all the otherwise massless geometrical modes. This fact was already noticed for warped Calabi-Yau backgrounds in [42], and further clarified for more general Kähler SU(3) structure vacua in [14] using the D7-brane superpotential that still has the form (7.35). Indeed, the superpotential (7.35) gives automatically the condition (7.52) for the massless geometrical modes, also in the more general case that T^{1,0}_M |_Σ does not holomorphically splits into T^{1,0}_Σ ⊕N^{1,0}_Σ , since the corresponding holomorphic mass matrix is given by

m^{(hol)}_{ij} = ∂_i∂_j W = ∫ Σ_4

P_{Σ4} [ι_{Xi} Ω] ∧ ( P_Σ[ι_{Xj} H] − [( ¯∂X_j ) ∘ F] ) = = ∫ Σ_4

P_{Σ4} [ι_{Xi} Ω] ∧ [δ^H (Σ, F) · X_j ] , (7.53)

where the [X_i] form a base of H^0_{¯∂} (N^{1,0}_Σ ).

7.5 D3-brane moduli lifting in a background with an ‘honest’ generalized complex structure.

In this section we would like to analyse a case in which the background has an ‘honest’ generalized complex structure, in the sense that it is neither complex nor symplectic.

For definiteness, we will focus on the six-dimensional case with a generalized complex structure of odd type, associated to a d_H -closed pure spinor of the general form

ψ = ψ_{(1)} + ψ_{(3)} + ψ_{(5)} . (7.54)

If ψ_{(1)} is nowhere zero, this situation would occur in a type IIB background with global SU(2) structure. However, in this case we allow ψ_{(1)} to become zero at certain points, which we call supersymmetric points for reasons that will become clear in a moment.

We would like to apply our general results to identify the massless deformations of a D3-brane located at a supersymmetric point y_0 ∈ M. This kind of situation, even if it involves the simplest D-brane one can consider, will nevertheless show interesting features directly due to the ‘non-trivial’ underlying generalized complex structure. For example, one key difference with respect to the cases discussed in the previous subsections is that we are going to compute the first cohomology group of a Lie algebroid on a point. Nevertheless, from the analysis of [14] one can immediately see that, differently from the point-like B-branes on complex manifolds, the Lie algebroid differential must be nontrivial, thus leading to a first cohomology group which differs from the tangent space T_M |_{y0} itself.

It is convenient to address the problem by first looking at the D3-brane superpotential. From the general formula (6.4), we find that the D3-brane superpotential W_{D3} is simply related to the one-form ψ_{(1)} appearing in (7.54) by the formula

ψ_{(1)} = dW_{D3} . (7.55)

It is then clear that the D3-brane superpotential is non-trivial if and only if ψ_{(1)} does not identically vanish^{16}. If it does vanish everywhere, ψ can be locally put in the form of a B-transformed holomorphic (3, 0)-form, thus defining an ordinary complex structure. On the other hand, from (7.55) one can also immediately see that a D3-brane can only be supersymmetric at y_0 ∈ M if ψ_{(1)|y0} = 0. This means that the D3-brane must be located at a point where the type of the generalized complex structure jumps from one to three^{17}. As we will see, this interesting feature will characterize our calculation of the Lie algebroid cohomology.

At y_0, up to a B-transformation, the pure spinor ψ reduces to (3, 0)-form

ψ_{|y0} = Ω_{|y0} (7.56)

associated to a complex structure J_{|y0} on T_M |_{y0} . Since we are interested in small fluctuations around y_0, we can restrict to a small neighbourhood U of y_0. If U is small enough, we can extend J_{|y0} to an integrable complex structure J on U and Ω_{|y0} to the corresponding holomorphic (3, 0)-form Ω, and consider ψ on U as some small deformation of Ω.

The deformation theory of generalized complex structures has been studied in detail in [7], and in particular an infinitesimal deformation of an ordinary complex structure can be of three different kinds, corresponding respectively to an ordinary deformation of the complex structure, a B-field transformation, and a β-deformation. While the first two deformations do not change the type of the generalized complex structure, the third does. So, up to a possible B-transformation, without loosing generality we can consider the pure spinor ψ on U as given by a β-deformation of Ω, where β is a holomorphic section of Λ^2T^{1,0}_U vanishing at y_0 and defining a Poisson structure:

¯∂β = 0 , [β, β] = 0 . (7.57)

Now, at y_0 the maximal isotropic subspace associated to ψ is simply given by

L|_{y0} = T^{0,1}_M |_{y0} ⊕ T^{⋆1,0}_M |_{y0} , (7.58)

16For explicit examples in the gauge/gravity correspondence context where this happens see [43] , which studies SU(2) structure backgrounds dual to deformations of N = 4 Super Yang-Mills theory.

17We recall that the type of a generalized complex structure is an upper semicontinuous function on the manifold, meaning that each point has a neighbourhood where it does not decrease [7].

while the generalized tangent bundle of the cycle {y_0} is given by T_{{y0}} = T^⋆_M |_{y0} . (7.59) Thus the Lie algebroid associated to the (generalized) zero-cycle {y_0} is simply given by L_{{y0 }} = T^{⋆1,0}_M |_{y0} . (7.60) To describe the Lie brackets between vectors of this algebroid, we need to extend them outside y_0 to local sections of L. As we explained above, restricting to a small enough neighbourhood U, L can be approximated, up to a possible B-transformation, by a βdeformation of T^{0,1}_U ⊕T^{⋆1,0}_U . In particular we can consistently extend elements η ∈ T^{⋆1,0}_M |_{y0} to η − ι_βη on U, the B-transformation having no effect on them.

For a base of these extended elements of the Lie algebroid, given in terms of complex coordinates on U as e^i = dz^i + β^{ij}∂_j , the Courant brackets are given by [e^i, e^j] = (∂_lβ^{ij})_{|y0} e^l . (7.61) The graded differential complex is given by ⨁ k Λ^kT^{1,0}_M |_{y0} , and the algebroid differential d_{L{y0}} : Λ^kT^{1,0}_M |_{y0} → Λ^{k+1}T^{1,0}_M |_{y0} (7.62) acts on elements α = 1 k! α^{i1...ik} ∂_{i1} ∧ . . . ∂_{ik} | y_0 ∈ Λ

kT^{1,0}_M |_{y0} , (7.63) as follows d_{L{y0}} α = −∂β ∘ α ≡ − 1 2(k − 1)! ∂_lβ^{i1i2} α^{li3...ik+1} ∂_{i1} ∧ . . . ∧ ∂_{ik+1} | |_{y0} . (7.64)

We can thus conclude that the cohomology group H^1(L_{{y0}}) giving the massless fluctuations of the D3-brane is given by (1, 0) vectors X at y_0, such that ∂β ∘ X ≡ 1 2 ∂_lβ^{ij}X^l∂_i ∧ ∂_j | y_0 = 0 . (7.65)

Physically, the same answer for the D3-brane massless fluctuations can be directly extracted from the superpotential (7.55). It is enough to observe that on U we can approximate ψ_{(1)} = ι_βΩ . (7.66) Using the fact that β_{|y0} = 0, the holomorphic mass-matrix is given by m_{ij} = (∂_i∂_j W_{D3})_{|y0} = ∂_iψ_j = 1 2 [(∂_iβ^{kl})Ω_{klj}]_{|y0} , (7.67) which is symmetric since ∂(ι_β Ω) = 0. We see that the zero-eigenvectors of this mass matrix are given by the vectors X ∈ T^{1,0}_M |_{y0} such that (7.65) is satisfied, thus reproducing the result obtained from the Lie algebroid cohomology.

8 Conclusions

We have shown that the deformations of supersymmetric D-branes that preserve supersymmetry in a generalized complex vacuum are described by the first cohomology group H^1(L_{(Σ,F)}), associated to the D-brane Lie algebroid L_{(Σ,F)}. This Lie algebroid has a natural complex structure induced by the underlying generalized complex structure J . Thus H^1(L_{(Σ,F)}) is also naturally a complex vector space. This makes sense as in the four-dimensional low-energy description the massless fluctuations should organize into the complex scalars of chiral multiplets.

We conclude with a few remarks and avenues for further research. First of all, we have not addressed the issue of higher order obstructions. We know that our formalism includes special Lagrangian and complex cycles as particular subcases in Calabi-Yau manifolds. The former are known to be unobstructed, while for the latter the possible obstruction is encoded in a non-trivial element of H^1(N^{1,0}_Σ ). Thus, generically we expect the massless deformations associated to H^1(L_{(Σ,F)}) to be obstructed at higher order. It would be very interesting to see if it is possible to associate possible higher order obstructions to the existence of some non-trivial cohomology group connected to the D-brane, as it happens for complex cycles. As discussed in section 6, the geometrical superpotential (6.4) provides an alternative point of view on this problem. This superpotential is the direct generalized complex analog of Witten’s holomorphic Chern-Simons action [36] and can in principle generate the complete (classical) effective superpotential for the four-dimensional massless fields associated to H^1(L_{(Σ,F)}). This effective superpotential should contain all the information about higher order obstructions. However, as for the holomorphic Chern-Simons action, a straightforward computation of the effective superpotential from (6.4) is not easy, as it seems to involve the complete SU(3) × SU(3) structure of the background. A more efficient and natural method should rely only on the underlying generalized complex structure, like for example the method proposed for B-branes in [44], which depends only on the algebraic geometry of the underlying Calabi-Yau.

To understand some characteristic features of our generalized setting that are new with respect to the Calabi-Yau subcase, we have explicitly considered a D3-brane in a type-changing generalized complex structure. This example is interesting for two reasons. First of all, it tests the limits of our formalism and shows that to properly define the Lie brackets on L_{(Σ,F)} we need to extend the sections of the Lie algebroid outside the D3-brane. The result does not depend on the choice of extension, but it does depend on the form of the generalized complex structure in a neighbourhood of the D3-brane. Secondly, it considers a case in which some of the moduli are lifted and the D3-brane is not free to move anywhere in the internal manifold. This kind of effect is induced by the underlying ‘honest’ generalized complex structure (of odd type) and could potentially be interesting for phenomenological models as it provides a mechanism for “freezing” the position of the D3-brane.^{18}

Other peculiar effects due to the generalized nature of the underlying geometry should arise also in more complicated setting, involving higher-dimensional D-branes. For example, it would be interesting to make a systematic analysis of generalized calibrations in the backgrounds of [10]. Furthermore other non-trivial examples would be D-branes in group manifolds [45].

Another feature of our analysis is that it is completely symmetric under the simultaneous exchange of type IIA and IIB and of the even and odd pure spinors characterizing the SU(3) × SU(3) structure. Our results should thus be helpful to gain a better understanding of the extension of mirror symmetry to generalized complex flux vacua, in the spirit of [46].^{19} Also, there is a natural and interesting interplay with non-geometrical backgrounds [49], which deserves further investigation. For this research a better understanding of the properties of D-branes on generalized complex manifolds can provide a key tool, as they are the natural probe objects to investigate these issues (see for example [50] for a discussion in this direction).

A very challenging problem is to try to extend the analysis to coinciding D-branes for which the gauge bundle becomes non-abelian. It is known that, at least for a ninedimensional B-brane, the F-flatness condition stays the same while the D-brane action and the D-flatness condition become horrendously complicated, see [51] for a review and further references. Moreover, the coordinates describing the position of coinciding Dbranes become matrix-valued, and, as is well-known, complicate an intrinsic geometrical formulation of problem [52–55]. Again, a possible simplification may arise by focusing on the holomorphic sector of the theory, which should still depend only on the integrable generalized complex structure of the underlying flux background.

Finally, in this paper we have considered D-branes on fixed flux backgrounds, whose possible closed string moduli have been frozen. On the other hand, the effective description of the closed string sector in the same setting has been started in [9, 56]. The natural subsequent step would be to glue together the two approaches, and obtain a description of the complete bulk-plus-branes system.

18This effect is already evident from the D3-brane superpotential, which was first derived in [14], and has for example been applied in [43] in the context of the gauge/gravity correspondence.

19See [47, 48] for related work on D-branes in generalized geometries.

Acknowledgements

L. M. thanks A. Tomasiello for useful discussions. P. K. wishes to thank the University of British Columbia, which was his home institution during the bulk of this work. L. M. is supported in part by the Federal Office for Scientific, Technical and Cultural Affairs through the “Interuniversity Attraction Poles Programme – Belgian Science Policy” P5/27 and by the European Community’s Human Potential Programme under contract MRTN-CT-2004-005104 ‘Constituents, fundamental forces and symmetries of the universe’.

A D-flatness and gauge fixing

In [14] it was shown how the D-flatness condition (5.4) can be seen as the vanishing of the moment map associated to the world-volume gauge transformations, and thus provides a gauge fixing condition for the imaginary extension of the world-volume gauge transformations. In this appendix we recall the definition of such a moment map and show how it can be used to see that any infinitesimal deformation of a generalized calibrated cycle can always be ‘corrected’ with an additional imaginary gauge transformation, so that the D-flatness condition is still satisfied.

The symplectic structure Ξ necessary to obtain such a moment map characterization of the D-flatness condition was introduced for an arbitrary generalized cycle by using the background SU(3) × SU(3) structure to choose a particular representative for each vector of N_{(Σ,F)}. However, if we restrict to a generalized calibrated cycle (Σ, F), it is possible to write down the following canonical form

Ξ([X], [Y])|_{(Σ,F)} = ∫ Σ P_Σ[e^{2A−Φ}X · Y · Im Ψ̂_1] ∧ e^F , (A.1)

and one can check that the density

m_{(Σ,F)} = P_Σ[e^{2A−Φ}Im Ψ̂_1] ∧ e^F |_{top} , (A.2)

indeed provides the moment map associated to the world-volume gauge transformations, i.e., for any λ ∈ Γ(Σ, R) and [Y] ∈ Γ(N_{(Σ,F)}) we have:

ι_Yd(m_{(Σ,F)}(λ)) = Ξ(X_λ , Y) . (A.3)

One can also introduce the following metric structure on N_{(Σ,F)}

G([X], [Y]) ≡ Ξ(J [X], [Y]) . (A.4)

If we impose the gauge-fixing that puts N_{(Σ,F)} ≃ C_+|_Σ using the SU(3)×SU(3) structure, where C_+ ⊂ T_M ⊕ T^⋆_M is the sub-bundle of the generalized vectors of the form X^+ = (X, g · X) (see [7, 14] for more details), the above metric reduces to

G(X^+ , Y^+ )|_{(Σ,F)} = ∫ Σ P_Σ[I(X^+ , Y^+ )e^{2A−Φ}Re Ψ̂_1] ∧ e^F , (A.5)

which is the metric on N_{(Σ,F)} in the ‘gauge fixed’ form written down in [14], from which we explicitly see that it is positive definite since restricting to C_+ makes I positive definite and P_Σ[e^{−Φ}Re Ψ̂_1] ∧ e^F is the volume form on a generalized calibration. More generally, we can still use the metric (A.4) which is non-degenerate and positive definite for non-calibrated generalized cycles which are close enough to a calibrated one.

By standard arguments, one sees that the D-flatness condition provides a slice of the imaginary gauge transformations. Indeed, an imaginary gauge transformation generated by λ ∈ Γ(Σ, R) takes us away from the D-flatness condition m_{(Σ,F)} = 0 since

ι_{J Xλ}d(m_{(Σ,F)}(f)) = Ξ(J X_λ , X_f ) = G(X_λ , X_f ) (A.6)

cannot be zero for all f. It suffices to take f = λ to see this. This can also be shown directly at the infinitesimal level starting from the condition (5.6), which implies that for any f ∈ Γ(Σ, R) we should have 0 = ∫ fP_Σ[d_H (e^{2A−Φ}X · Im Ψ̂_1)] ∧ e^F |_{top} = = − ∫ df ∧ P_Σ[e^{2A−Φ}(X · Im Ψ̂_1)] ∧ e^F |_{top} = Ξ(X, X_f ) . (A.7)

If we now take the imaginary gauge transformation [X] = J [X_λ ] ≡ J [dλ] we arrive at

Ξ(J X_λ , X_f ) = G(X_λ , X_f ) , (A.8)

which clearly does not vanish for all f. Again, it is non-zero at least for f = λ.

Furthermore this formalism allows us to see that it is always possible to find an element in the imaginary gauge orbit of an [X] ∈ N_{(Σ,F)} satisfying the condition (3.6) which also satisfies the D-flatness condition. Indeed we can square m_{(Σ,F)} using the inverse of the metric defined on the dual space (see [14] for an explicit expression derived from the Dirac-Born-Infeld action) and then m_{(Σ,F)} = 0 if and only if ||m||^2_{(Σ,F)} = 0. Now, we see that

L_{[X]}(−||m||^2)|_{(Σ,F)} = −L_{[X]}(m(m^⋆))|_{(Σ,F)} = −Ξ(X_m⋆ , X)|_{(Σ,F)} = G(X, J X_m⋆ )|_{(Σ,F)} . (A.9)

This shows that the gradient flow of −||m||^2 is along the imaginary gauge orbits and in particular, for any [X] we can take a Y of the form Y = − G(X, J X_m⋆ ) G(J X_m⋆ , J X_m⋆ ) J X_m⋆ , (A.10)

generating an imaginary gauge transformation, such that

L_{[X+Y]}(−||m||^2)|_{(Σ,F)} = 0 . (A.11)

B The d^†_{L(Σ,F)} operator

In appendix A we introduced the metric (A.4) on the space of sections of N_{(Σ,F)}, and thus of T^⋆_{(Σ,F)}. We can now extend this metric to the space of sections of Λ^kT^⋆_{(Σ,F)} in the following way. Use the identifications T^⋆_{(Σ,F)} ≃ N_{(Σ,F)} ≃ C_+|_Σ ≃ T_M |_Σ (for more details about the second identification see [14]) to expand a generic section α of Λ^kT^⋆_{(Σ,F)} as follows α = 1 k! α^{m1...mk} ∂_{m1 |Σ} ∧ . . . ∧ ∂_{mk |Σ} . (B.1) Now we can define the inner product between two sections α, β of Λ^kT^⋆_{(Σ,F)} in the following way G(α, β) = 1 k! ∫ M α^{m1...mk} β_{m1...mk} ⟨e^{2kA−ϕ}Re Ψ̂_1, j_{(Σ,F)}⟩ , (B.2) where the indices of β are lowered using the metric g_{mn} defined on M by the SU(3) × SU(3) structure. Note the dependence in (B.2) of the factor e^{2kA} on the dimension k of the forms, and the fact that it obviously reduces to (A.5) in the case of one-forms.

This metric can also be used as a positive-definite metric on sections of Λ^kL^⋆_{(Σ,F)} by simply adding a complex conjugation on the second form. Thus, we can define the Lie algebroid codifferential

d^†_{L(Σ,F)} : Γ(Λ^kL^⋆_{(Σ,F)}) → Γ(Λ^{k−1}L^⋆_{(Σ,F)}) (B.3)

in the usual way:

G(d^†_{L(Σ,F)} α, β) = G(α, d_{L(Σ,F)} β) for any β ∈ Γ(Λ^{k−1}L^⋆_{(Σ,F)}) . (B.4)

As an example, it is easy to see that the complexified D-flatness condition (5.10) can be expressed in terms of the codifferential d^†_{L(Σ,F)} . Indeed, it follows from that condition that we must have for any f ∈ Γ(Σ, C ) 0 = −i ∫ M ⟨f̄∂_H (e^{2A−Φ}X^{0,1} · Im Ψ̂_1), j_{(Σ,F)}⟩ = i ∫ M ⟨e^{2A−Φ} d_{L(Σ,F)} f · X^{0,1} · Im Ψ̂_1, j_{(Σ,F)}⟩

= G([X^{0,1} ], d_{L(Σ,F)} f) = G(d^†_{L(Σ,F)} [X^{0,1} ], f̄) , (B.5)

and thus the condition (5.10) can be written in the form

d^†_{L(Σ,F)} [X^{0,1} ] = 0 . (B.6)

We can also show that the d_{L(Σ,F)} -complex is elliptic, so that its cohomology classes on a compact cycle Σ are finite-dimensional. The anchor map π : L_{(Σ,F)} → T_Σ ⊗ C is the obvious projection to T_Σ ⊗ C and the principal symbol (see e.g. [57] for a review on elliptic complexes) of d_{L(Σ,F)} ,

s(d_{L(Σ,F)} ) : T^⋆_Σ ⊗ Λ^kL^⋆_{(Σ,F)} → Λ^{k+1}L^⋆_{(Σ,F)} , (B.7)

is given by s_ξ(d_{L(Σ,F)} ) = π^⋆(ξ) ∧ ·, (B.8)

with ξ a one-form of T^⋆_Σ. Since ξ is real, if ξ ≠ 0 then one can easily see that π^⋆(ξ) ≡ X is a non-zero element of L^⋆_{(Σ,F)} ≃ N^{0,1}_{(Σ,F)}. It follows that s_ξ(d_{L(Σ,F)} ) clearly defines an exact complex and thus the differential complex defined by d_{L(Σ,F)} is elliptic. Equivalently, since the symbol of the Laplacian (5.14), given by s_ξ(Δ_{L(Σ,F)} ) = −|X|^2 (where one uses the metric g_{mn} after the identification N_{(Σ,F)} ≃ C_+|_Σ ≃ T_M |_Σ), is invertible, the complex is elliptic.

C Masses of the fluctuations

In this section we calculate the second variation of the D-brane potential around a calibrated/supersymmetric configuration. This will give us the classical masses of the fluctuations. We find that, as expected, the massless deformations must satisfy the conditions (5.12), i.e. they must keep the generalized cycle calibrated. For complex submanifolds without fluxes the result is known as Simons’ formula [58]. It was generalized to ordinary calibrations in [19] and we generalize it here to our generalized calibrations. We perform the calculation for 6 dimensions as appropriate for string theory compactified to 4-dimensional Minkowski space, but the calculation can be extended to different dimensions, at least in the case of zero RR-fluxes.

The four-dimensional potential for a D-brane wrapping an n-dimensional generalized cycle (Σ, F) is given by

V_{(Σ,F)} = ∫ Σ d^nσ e^{4A−Φ} √ det(P_Σ[g] + F) − ∫ e^{4A}C̃ ∧ e^F . (C.1)

To consider its quadratic expansion around a supersymmetric configuration, it is useful to use a notation analogous to the one used for standard N = 1 four-dimensional theories.

So we redefine the moment map (A.2) as a D-term density

D_{(Σ,F)} ≡ m_{(Σ,F)} . (C.2)

D_{(Σ,F)} can be seen as an element of the space dual to the space of functions on Σ, where the pairing is given by the standard integration. In the same way, the one-form θ = dW on the configuration space, introduced in section 6, can be seen as an element of the space dual to the space of sections of the generalized normal bundle N_{(Σ,F)}. In particular, we can square D and θ using the inverse of the metric (B.2) for functions on Σ and sections of N_{(Σ,F)}.

Consider now a small expansion around a supersymmetric configuration (Σ_0, F_0). It was shown in [14] that the potential (C.1) takes the following form:^{20}

V_{(Σ,F)} ≃ V_{(Σ0,F0)} + 1 2 G^{−1}(D, D) + 1 4 G^{−1}(θ, θ) , (C.3)

where V_{(Σ0,F0)} is a constant corresponding to the minimal energy. More precisely, we can consider a small neighbourhood of (Σ_0, F_0) as parametrized by sections [X] of N_{(Σ0,F0)}. Then we have

D_{(Σ,F)} ≃ ∇_{[X]}D|_{(Σ0,F0)} , θ_{(Σ,F)} ≃ ∇_{[X]}θ|_{(Σ0,F0)} , (C.4)

where the covariant derivatives do not actually depend on the choice of a connection since D|_{(Σ0,F0)} = 0 and θ|_{(Σ0,F0)} = 0. The explicit expressions for ∇_{[X]}D|_{(Σ0,F0)} and ∇_{[X]}θ|_{(Σ0,F0)} are given by their pairing with any function f on Σ_0 and any section [Y] of N_{(Σ0,F0)} respectively. In particular, we obtain

∇_{[X]}D|_{(Σ0,F0)}(f) = ∫ Σ_0

fP_{Σ0} [2 Re {∂_H (e^{2A−Φ}X^{0,1} · Im Ψ̂_1)}] ∧ e^{F0} =

= 2 G(f, Re (d^†_{L(Σ0,F0)} [X^{0,1} ])) , (C.5) and ∇_{[X]}θ|_{(Σ0,F0)}([Y]) = ∫ Σ_0

P_{Σ0} [e^{3A−Φ}Y^{0,1} · ¯∂_H (X^{0,1} · Ψ̂_2)] ∧ e^{F0} . (C.6)

Plugging in (C.4) and (C.5) into (C.3), we get

V_{(Σ,F)} ≃ V_{(Σ0,F0)} + 1 4 G^{−1}(∇_{[X]}θ, ∇_{[X]}θ)|_{(Σ0,F0)}+ +2 G(Re (d^†_{L(Σ0,F0)} [X^{0,1} ]), Re (d^†_{L(Σ0,F0)} [X^{0,1} ]))|_{(Σ0,F0)} . (C.7)

20Here we are using the conventions of the present paper, which amounts to a factor of 1/2 in front of the superpotential with respect to [14]. Also, the metric for the functions on Σ was denoted by k in there instead.

From (C.6) it is clear that ∇_{[X]}θ|_{(Σ0,F0)} vanishes as a one-form on the configuration space if and only if d_{L(Σ0,F0)} [X^{0,1} ] = 0. Imposing our standard gauge-fixing of the real gauge transformations of the form

Im (d^†_{L(Σ0,F0)} [X^{0,1} ]) = 0 , (C.8)

we can see (C.7) as giving the mass of the gauge-inequivalent fluctuations. In particular, (C.7) proves our claim, namely that [X] describes a massless fluctuation if and only if

d_{L(Σ0,F0)} [X^{0,1} ] = 0 , d^†_{L(Σ0,F0)} [X^{0,1} ] = 0 . (C.9)

D Comments on the FI-term and stability

We relegate to this appendix a short comment on the problem of stability that we have anticipated in section 6. In our framework we have single D-branes on an N = 1 background and we expect to have a purely N = 1 description. In particular, if we are in the geometrical regime where we have no change in the spectrum due to stringy effects, the massless four-dimensional U(1) gauge symmetry has no charged matter and then a necessary condition for having a supersymmetric vacuum is that the Fayet-Iliopoulos term ξ must vanish. An explicit expression for the Fayet-Iliopoulos term was given in [14] and depends on the non-integrable pure spinor alone^{21}: ξ = ∫ Σ P_Σ[e^{2A−Φ} Im Ψ̂_1] ∧ e^F . (D.1)

Note that ξ is constant under deformations of (Σ, F) within the same generalized homology class and thus depends only on the closed string moduli (namely, those contained in the non-integrable pure spinor), which we always consider frozen in this paper.

It would be interesting to understand whether or not or under what additional conditions the necessary condition

ξ = 0 (D.2)

is also sufficient to ensure the existence of a solution to the D-flatness condition (5.4) inside each orbit of generalized complex cycles generated by the action of G^C . The condition (D.2) is for example analogous to the necessary stability condition ∫ ω ∧ F = 0 for a U(1) holomorphic gauge connection that is in this case also sufficient to ensure the existence of a solution to the Hermitian Yang-Mills (HYM) equation ω ∧ F = 0 (the D-flatness condition in our context) on a Kähler four-manifold with Kähler form

21Again, we neglect the correct dimensionful normalizations (see [14] for the precise expressions).

ω (see for example [33]). In general, from the results obtained on the same problem in the case of ordinary Calabi-Yau manifolds, we expect that some stability condition must be added to the condition (D.2). The correct notion of stability for these generalized complex cycles should result from an extension of the results and methods applied to the analogous question for Lagrangian cycles (see for example [59–61]). For example, a natural physical stability condition for a certain generalized complex cycle (Σ, F) with vanishing Fayet-Iliopoulos term may be that it cannot split in two generalized complex cycles with vanishing Fayet-Iliopoulos terms.

If we would know the correct definition of stability, we should only consider the subsector C^{stable}_{hol,ξ=0} ⊂ C_{hol} of stable generalized complex cycles with vanishing Fayet-Iliopoulos terms, obtaining that the true moduli space of supersymmetric/calibrated generalized cycles is given by

M = C^{stable}_{hol,ξ=0}/G^C . (D.3)

We postpone these non-trivial issues to future investigations. It is however clear that generalized complex geometry seems to be the correct language to unify and extend the results already obtained for A- and B-branes on ordinary Calabi-Yaus (see for example [62] for a recent review) to backgrounds with fluxes.

E Kähler potentials

This paper is focused on the study of the flat directions of the moduli space of supersymmetric/calibrated space-time filling D-branes. We have found that the massless spectrum around supersymmetric configurations, and in general the full superpotential characterizing the system, depends only on the generalized complex structure associated to the d_H -closed pure spinor Ψ̂_2.

However, if one wants to give a complete N = 1 four-dimensional description of the system, the superpotential provides only partial information, that must be completed by the information encoded in the Kähler potential. The latter depends instead on the nonintegrable generalized almost complex structure through the associated non-d_H -closed pure spinor Ψ̂_1. We have not solved the problem of identifying the complete moduli space of supersymmetric D-branes, and so we cannot hope to provide a Kähler potential describing the sigma model associated to it. We can however focus on a particular supersymmetric configuration (Σ, F), and look for the N = 1 theory describing the small fluctuations around it. The appropriate metric entering the kinetic term of general fluctuations around any generalized cycle (Σ, F) was given in [14], and is recalled in equation (A.4) of appendix A in the case that (Σ, F) is supersymmetric. Take now a base X_i of d_{L(Σ,F)} -closed sections of N^{0,1}_{(Σ,F)} which furthermore satisfy the complexified Dflatness condition (5.10) or, in other words, X_i are harmonic representatives (with respect to the generalized Laplacian (5.14)) of a base for H^1(L_{(Σ,F)}). Using the metric (A.4) we can write the following Kähler potential for the massless four-dimensional chiral fields ϕ^i associated to the base X_i :^{22}

K = K_i¯_kϕ^iϕ̄^{k̄} , (E.1)

where

K_i¯_k = −i ∫ Σ P_Σ[e^{2A−Φ}X_i · X̄¯_k · Im Ψ̂_1] ∧ e^F , (E.2)

is the associated Kähler metric. Let us stress that the Kähler potential (E.1) depends on the warp factor, which is in general non-trivial.

As an example, let us now see how the Kähler metric looks like for a D6-brane wrapping a special Lagrangian cycle in a IIA background. Differently from section 7, we explicitly need here the non-integrable pure spinor Ψ̂_1. We have Im Ψ̂_1 = Im (e^{iφ}Ω), where φ is a phase determined by the two internal six-dimensional spinors generating the supersymmetry. The base of massless fluctuations X_i is given by elements of the form (7.6) that must be closed with respect to d_{L(Σ,F=0)} and d^†_{L(Σ,F=0)} , i.e.

dP_Σ[ι_{Vi} ω] = 0 , d ⋆_3 P_Σ[e^{2A−Φ}ι_{Vi} ω] = 0 , (E.3)

where ⋆_3 is the standard Hodge-star operator computed using the induced metric on the three-cycle. The Kähler metric (E.2) takes the form

K_i¯_k = 2 ∫ Σ e^{2A−Φ}P_Σ[ι_{Vi} ω ∧ ι¯_{Vk̄} Im (e^{iφ}Ω)] = 2 ∫ Σ e^{2A−Φ}P_Σ[ι_{Vi} ω] ∧ ⋆_3P_Σ[ι¯_{Vk̄} ω] , (E.4)

providing the generalization of the usual metric for special Lagrangian branes to warped flux backgrounds. For a case by case discussion of other D-branes see [14].

22Again, we are ignoring the proper dimensionful factors which can easily be introduced, see [14].

References

[1] M. Graña, “Flux compactifications in string theory: A comprehensive review,” Phys.

Rept. 423 (2006) 91 [arXiv:hep-th/0509003].

[2] M. Graña, R. Minasian, M. Petrini and A. Tomasiello, “Generalized structures of N = 1 vacua,” JHEP 0511 (2005) 020 [arXiv:hep-th/0505212].

[3] S. Fidanza, R. Minasian and A. Tomasiello, “Mirror symmetric SU(3)-structure manifolds with NS fluxes,” Commun. Math. Phys. 254 (2005) 401 [arXiv:hepth/0311122].

[4] M. Graña, R. Minasian, M. Petrini and A. Tomasiello, “Supersymmetric backgrounds from generalized Calabi-Yau manifolds,” JHEP 0408 (2004) 046 [arXiv:hepth/0406137].

[5] C. Jeschek and F. Witt, “Generalised G(2)-structures and type IIB superstrings,” JHEP 0503 (2005) 053 [arXiv:hep-th/0412280].

[6] N. Hitchin, “Generalized Calabi-Yau manifolds,” Quart. J. Math. Oxford Ser. 54 (2003) 281 [arXiv:math-dg/0209099].

[7] M. Gualtieri, “Generalized complex geometry,” Oxford University DPhil thesis [arXiv:math-dg/0401221].

[8] J. M. Maldacena and C. Nuñez, “Supergravity description of field theories on curved manifolds and a no go theorem,” Int. J. Mod. Phys. A 16 (2001) 822 [arXiv:hepth/0007018].

[9] I. Benmachiche and T. W. Grimm, “Generalized N = 1 orientifold compactifications and the Hitchin functionals,” Nucl. Phys. B 748 (2006) 200 [arXiv:hep-th/0602241].

[10] M. Graña, R. Minasian, M. Petrini and A. Tomasiello, “A scan for new N=1 vacua on twisted tori,” arXiv:hep-th/0609124.

[11] P. Koerber, “Stable D-branes, calibrations and generalized Calabi-Yau geometry,” JHEP 0508 (2005) 099 [arXiv:hep-th/0506154].

[12] L. Martucci and P. Smyth, “Supersymmetric D-branes and calibrations on general N = 1 backgrounds,” JHEP 0511 (2005) 048 [arXiv:hep-th/0507099].

[13] J. Gutowski and G. Papadopoulos, “AdS calibrations,” Phys. Lett. B 462 (1999) 81 [arXiv:hep-th/9902034]; J. Gutowski, G. Papadopoulos and P. K. Townsend, “Supersymmetry and generalized calibrations,” Phys. Rev. D 60 (1999) 106006 [arXiv:hepth/9905156].

[14] L. Martucci, “D-branes on general N = 1 backgrounds: Superpotentials and Dterms,” arXiv:hep-th/0602129.

[15] A. Kapustin and D. Orlov, “Remarks on A-branes, mirror symmetry, and the Fukaya category,” J. Geom. Phys. 48 (2003) 84 [arXiv:hep-th/0109098].

[16] A. Kapustin and Y. Li, “Stability conditions for topological D-branes: A worldsheet approach,” arXiv:hep-th/0311101.

[17] J. Gutowski, S. Ivanov and G. Papadopoulos, “Deformations of generalized calibrations and compact non-Kähler manifolds with vanishing first Chern class,” Asian J. Math. 7 (2003), 39 [arXiv:math.dg/0205012].

[18] K. Kodaira, “A theorem of completeness of characteristic systems for analytic families of compact submanifolds of complex manifolds,” Ann. of Math. 75 (1962) 146.

[19] R. C. McLean, “Deformations of calibrated submanifolds,” Comm. Anal. Geom. 6 (1998) 705.

[20] A. Kapustin and Y. Li, “Topological sigma-models with H-flux and twisted generalized complex manifolds,” arXiv:hep-th/0407249.

[21] V. Pestun, “Topological strings in generalized complex space,” arXiv:hepth/0603145.

[22] W.-y. Chuang, “Topological twisted sigma model with H-flux revisited,” arXiv:hepth/0608119.

[23] R. Zucchini, “The biHermitian topological sigma model,” arXiv:hep-th/0608145.

[24] M. Zabzine, “Geometry of D-branes for general N = (2,2) sigma models,” Lett.

Math. Phys. 70 (2004) 211 [arXiv:hep-th/0405240].

[25] A. Kapustin and Y. Li, “Open string BRST cohomology for generalized complex branes,” Adv. Theor. Math. Phys. 9 (2005) 559 [arXiv:hep-th/0501071].

[26] G. R. Cavalcanti, “New aspects of the dd^c-lemma,” University of Oxford PhD thesis, arXiv:math.DG/0501406.

[27] P. Griffiths and J. Harris, “Principles of algebraic geometry”, Wiley Classics Library Edition, 1994.

[28] M. Gualtieri, “Generalized geometry and the Hodge decomposition”, arXiv:mathdg/0409093.

[29] Y. Kosmann-Schwarzbach, “Derived brackets,” Lett. Math. Phys. 69 (2004) 61 [arXiv:math.DG/0312524].

[30] F. Gmeiner and F. Witt, “Calibrated cycles and T-duality,” arXiv:math.dg/0605710.

[31] L. Martucci, J. Rosseel, D. Van den Bleeken and A. Van Proeyen, “Dirac actions for D-branes on backgrounds with fluxes,” Class. Quant. Grav. 22 (2005) 2745 [arXiv:hep-th/0504041].

[32] M. A. Luty and W. I. Taylor, “Varieties of vacua in classical supersymmetric gauge theories,” Phys. Rev. D 53 (1996) 3399 [arXiv:hep-th/9506098].

[33] M. B. Green, J. H. Schwarz and E. Witten, “Superstring Theory. Vol. 2: Loop Amplitudes, Anomalies And Phenomenology,”

[34] F. Marchesano, “D6-branes and torsion,” JHEP 0605 (2006) 019 [arXiv:hepth/0603210].

[35] Y. Li, “On deformations of generalized complex structures: The generalized Calabi- Yau case,” arXiv:hep-th/0508030.

[36] E. Witten, “Chern-Simons Gauge Theory As A String Theory,” Prog. Math. 133 (1995) 637 [arXiv:hep-th/9207094].

[37] M. Marino, R. Minasian, G. W. Moore and A. Strominger, “Nonlinear instantons from supersymmetric p-branes,” JHEP 0001, 005 (2000) [arXiv:hep-th/9911206].

[38] N. C. Leung, S. T. Yau and E. Zaslow, “From special Lagrangian to Hermitian- Yang-Mills via Fourier-Mukai transform,” Adv. Theor. Math. Phys. 4 (2002) 1319 [arXiv:math.dg/0005118].

[39] N. C. Leung, “Geometric Aspects of Mirror Symmetry (with SYZ for Rigid CY manifolds),” arXiv:math.dg/0204168.

[40] S. Katz and E. Sharpe, “D-branes, open string vertex operators, and Ext groups,” Adv. Theor. Math. Phys. 6 (2003) 979 [arXiv:hep-th/0208104].

[41] E. Sharpe, “Lectures on D-branes and sheaves,” arXiv:hep-th/0307245.

[42] J. Gomis, F. Marchesano and D. Mateos, “An open string landscape,” JHEP 0511 (2005) 021 [arXiv:hep-th/0506179].

[43] R. Minasian, M. Petrini and A. Zaffaroni, “Gravity duals to deformed SYM theories and generalized complex geometry,” arXiv:hep-th/0606257.

[44] P. S. Aspinwall and S. Katz, “Computation of superpotentials for D-Branes,” Commun. Math. Phys. 264 (2006) 227 [arXiv:hep-th/0412209].

[45] U. Lindstrom and M. Zabzine, “D-branes in N = 2 WZW models,” Phys. Lett. B 560 (2003) 108 [arXiv:hep-th/0212042].

[46] A. Strominger, S. T. Yau and E. Zaslow, “Mirror symmetry is T-duality,” Nucl.

Phys. B 479 (1996) 243 [arXiv:hep-th/9606040].

[47] P. Grange and R. Minasian, “Modified pure spinors and mirror symmetry,” Nucl.

Phys. B 732 (2006) 366 [arXiv:hep-th/0412086].

[48] P. Grange and R. Minasian, “Tachyon condensation and D-branes in generalized geometries,” Nucl. Phys. B 741 (2006) 199 [arXiv:hep-th/0512185].

[49] C. M. Hull, “A geometry for non-geometric string backgrounds,” JHEP 0510 (2005) 065 [arXiv:hep-th/0406102].

[50] P. Grange and S. Schafer-Nameki, “T-duality with H-flux: Non-commutativity, Tfolds and G x G structure,” arXiv:hep-th/0609084.

[51] P. Koerber, “Abelian and non-Abelian D-brane effective actions,” Fortsch. Phys. 52 (2004) 871 [arXiv:hep-th/0405227].

[52] E. Witten, “Bound states of strings and p-branes,” Nucl. Phys. B 460 (1996) 335 [arXiv:hep-th/9510135].

[53] M. R. Douglas, “D-branes in curved space,” Adv. Theor. Math. Phys. 1 (1998) 198 [arXiv:hep-th/9703056]; “D-branes and matrix theory in curved space,” Nucl. Phys. Proc. Suppl. 68 (1998) 381 [arXiv:hep-th/9707228].

[54] J. De Boer and K. Schalm, “General covariance of the non-Abelian DBI-action,” JHEP 0302 (2003) 041 [arXiv:hep-th/0108161]; J. de Boer, K. Schalm and J. Wijnhout, “General covariance of the non-Abelian DBI-action: Checks and balances,” Annals Phys. 313 (2004) 425 [arXiv:hep-th/0310150].

[55] D. Brecher, K. Furuuchi, H. Ling and M. Van Raamsdonk, “Generally covariant actions for multiple D-branes,” JHEP 0406 (2004) 020 [arXiv:hep-th/0403289]; D. Brecher, P. Koerber, H. Ling and M. Van Raamsdonk, “Poincaré invariance in multiple D-brane actions,” JHEP 0601 (2006) 151 [arXiv:hep-th/0509026].

[56] M. Graña, J. Louis and D. Waldram, “Hitchin functionals in N = 2 supergravity,” JHEP 0601 (2006) 008 [arXiv:hep-th/0505264].

[57] T. Eguchi, P. B. Gilkey and A. J. Hanson, “Gravitation, Gauge Theories and Differential Geometry,” Phys. Rept. 66 (1980) 213.

[58] J. Simons, “Minimal Varieties in Riemannian Manifolds”, Ann. of Math. 88 (1968) 62. [59] D. Joyce, “On counting special Lagrangian homology 3-spheres,” Contemp. Math.

314 (2002) 125 [arXiv:hep-th/9907013].

[60] R. P. Thomas, “Moment maps, monodromy and mirror manifolds,” in “Symplectic geometry and mirror symmetry”, eds K. Fukaya, Y.-G. Oh, K. Ono and G. Tian, World Scientific, 2001, 467-498 [arXiv:math-dg/0104196].

[61] R. P. Thomas and S.-T. Yau, “Special Lagrangians, stable bundles and mean curvature flow,” Comm. Anal. Geom. 10 (2002) 1075 [arXiv:math-dg/0104197].

[62] P. S. Aspinwall, “D-branes on Calabi-Yau manifolds,” arXiv:hep-th/0403166.