arXiv:hep-th/0610067v3 14 Dec 2006

hep-th/0610067

Supersymmetric Q-Lumps in the Grassmannian nonlinear sigma models

Dongsu Bak^a, Sang-Ok Hahn^b, Joohan Lee^a, and Phillial Oh^b a Department of Physics, University of Seoul, Seoul 130-743 Korea and bDepartment of Physics and Institute of Basic Science, Sungkyunkwan University, Suwon 440-746 Korea (Dated: December 14, 2006)

We construct the N = 2 supersymmetric Grassmannian nonlinear sigma model for the massless case and extend it to massive N = 2 model by adding an appropriate superpotential. We then study their BPS equations leading to supersymmetric Q-lumps carrying both topological and Noether charges. These solutions are shown to be always time dependent even sometimes involving multiple frequencies. Thus we illustrate explicitly that the time dependence is consistent with remaining supersymmetries of solitons.

PACS numbers: 11.30.Pb, 11.30.Qc, 14.80.Hv Keywords: Q-lumps; BPS equations; Grassmannian nonlinear sigma models; supersymmetry

E-mail addresses : dsbak@mach.uos.ac.kr, joohan@kerr.uos.ac.kr, ploh@dirac.skku.ac.kr

I. INTRODUCTION

Q-lumps [1] are topological soliton solutions which also carry a conserved Noether charge Q [2] in a class of nonlinear sigma models of massive Kähler or hyper-Kähler models [3]. Unlike the pure topological solitons which are unstable against the size perturbation [4], these configurations are prevented from collapsing through time-dependent internal rotations and the size is determined by the conserved Noether charge. It is essential to have a potential term of specific form which is just a mass term in the linearized theory and it is known that, for a Kähler sigma model, Q-lumps can exist only if the target manifold has a continuous symmetry with at least one fixed point [3].

For any given value of Q, this potential term enables the existence the BPS bound, which guarantees that the Q-lumps minimize their energy. It is known that the specific potential naturally arises from the supersymmetric generalization of the bosonic nonlinear sigma model [3].

Q-lumps involve a nonvanishing kinetic contribution due to their time dependence and such configurations attracted a great deal of recent interest in the study of BPS solutions with nontrivial kinetic terms in both field theory and string theory [5, 6, 7]. On the other hand, more explicit construction of the supersymmetric generalization of the original massive O(3) [1] and the Kähler [3] nonlinear sigma model solitons in 2+1 dimensions seems to be lacking. In view of the growing interest on the subject, it would be desirable to investigate the roles of the supersymmetries in detail.

In this note, we study the supersymmetric Grassmannian nonlinear sigma model in 2+1 dimension [8] and its Q-lump solutions. We first construct N = 2 supersymmetric massless model from N = 1 superfield formalism in constrained variable approach by eliminating the auxiliary fields. We then extend it to the massive N = 2 model by adding an appropriate superpotential term^1. The corresponding sets of BPS equations can be studied either by the method of completing squares or by directly finding conditions for the remaining supersymmetries. The former leads to sets of conditions for the saturation of the BPS energy bound by charges while the latter leading to conditions for preserving a fraction of supersymmetries. We shall find that the sets of BPS equations from the former are more general than those from the latter unlike the cases of previously known examples. The resulting Q-lump solutions are always time dependent. Thus this illustrates the consistency of time dependence of solutions and remaining supersymmetries. We also discuss the supersymmetric multiply charged Q-lump solution that involves time dependence of many frequencies. The existence of such solutions is highly nontrivial since the sectors of different frequencies are interacting with each other.

The kinetic energy due to the time dependence cannot be relaxed at least classically due to the BPS bound and the conservation of the topological and electric charges. When there are enough number of remaining supersymmetries,

1 There have been some constructions of d=2 N = 2 massive nonlinear sigma models [9]. See also Ref. [10] for the d=4 N = 2 massive sigma models.

the kinetic energy can be protected even from the quantum corrections.

In Section II, we will set up our notations and introduce the N = 2 massless Grassmannian nonlinear sigma model. In Section III, we extend the massless model to the massive one with N = 2 supersymmetries by adding an appropriate superpotential. We then study the BPS equations by completing squares. In Section IV, we obtain conditions for the remaining supersymmetries leading to 1/2 BPS states and discuss solutions of BPS equations. In Section V, the multi charged Q-lump solutions involving many frequencies are constructed. Last section is devoted to concluding remarks.

II. SUPERSYMMETRIC GRASSMANNIAN MODEL IN THREE DIMENSIONS

In this section we introduce the N = 2 supersymmetric Grassmannian nonlinear sigma model for the massless case. It is basically a nonlinear sigma model with a target space of the Grassmannian manifold but also possesses the N = 2 extended supersymmetries. To make this note self contained, let us begin by setting up some notations. The superspace Z = (x, θ) is given by a spacetime coordinates x and an anticommuting coordinates θ which is a two-component Majorana spinor θ [11].

In 2+1 dimensions, the Dirac algebra is given by three 2 × 2 matrices γ^μ with γ^0 = σ_2 , γ^1 = iσ_3 , γ^2 = iσ_1 , (2.1) where the σ’s denote the Pauli matrices and the index μ runs over 0, 1, 2. They satisfy the Clifford algebra, {γ^μ, γ^ν } = 2η^{μν} , (2.2) where η^{μν} is the Minkowski metric of signature (1 , −1 , −1). We introduce the two-component Majorana spinor θ θ = [ θ_1 θ_2 ] , θ̄ = [¯ θ^1 θ̄^2 ] , (2.3) satisfying the anticommuting relation, {θ_α, θ_β } = 0, where the adjoint of a spinor is, as usual, θ̄ = θ^†γ^0. For bosonic variables, we use the notation b̄ = b^†.

The Grassmannian manifold, Gr(N, M), is the homogeneous space defined by U(N + M)/U(N) × U(M). The N = 1 scalar superfield Φ for the Grassmannian model can be written in component form as Φ(x, θ) = ϕ(x) + θ̄ψ(x) + 1 2 θ̄θF (x) , (2.4)

where every component is an (N + M) × M matrix valued field. The action for the supersymmetric Grassmannian σ model is given by supersymmetrizing the bosonic model [8]; S_0 = ∫ d^3xd^2θ 1 2 tr { ∇Φ∇Φ + 2Σ (¯ ΦΦ − I_{(M×M)} ) } , (2.5) where ∇_αΦ = D_αΦ − iΦA_α is the gauge covariant derivative with D_α =^∂_{∂θ̄α} − i(γ^μθ)_α∂_μ being the supercovariant derivative, and A_α is a real M × M matrix spinor gauge superfield given in the Wess-Zumino gauge by A_α = i(γ^μθ)_αA_μ + 1 2 θ̄θω_α . (2.6)

The superfield Σ denotes an M × M matrix valued Lagrange multiplier,

Σ_{(M×M)} = σ + θ̄ξ + 1 2 θ̄θα , (2.7)

and the corresponding supersymmetric constraint is Φ̄Φ = I_{M×M} where I_{M ×M} is the M × M identity matrix. In component forms, this becomes ϕ̄ϕ = 1, ψ̄ϕ = ϕ̄ψ = 0, ϕ̄F + F̄ ϕ − ψ̄ψ = 0, which we assume to hold throughout this note.

The above action (2.5) is invariant under global SU(N + M) transformation Φ → GΦ , G ∈ SU(N + M) as well as the gauge transformation given with U ∈ U(M) as Φ → ϕ Ū , A_α → UA_αŪ + iU∂_αŪ . (2.8) The U(M) covariant derivative is defined as D_μϕ = ∂_μϕ + iϕA_μ with the field strength given by F_{μν} = ∂_μA_ν − ∂_ν A_μ − i[A_μ, A_ν ].

In component form, the supersymmetric Grassmannian model yields

S_0 = ∫ d^3x tr { (D_μϕ̄)D^μϕ + iψ̄γ^μD_μψ + F̄ F + i 2 ψ̄ϕω − i 2 ω̄ϕ̄ψ + σ(ϕ̄F − ψ̄ψ + F̄ ϕ) − ϕ̄ξ̄ψ − ψ̄ξϕ + α(ϕ̄ϕ − 1) } . (2.9)

By the construction, the system is invariant under the supersymmetry transformations

δϕ = ϵ̄_M ψ , δϕ̄ = ψ̄ϵ_M , (2.10) δψ = ϵ_M F − iγ^μϵ_M (D_μϕ) , δψ̄ = F̄ ϵ̄_M + i(D_μϕ̄)ϵ̄_M γ^μ , (2.11) δF = −iϵ̄_M γ^μD_μψ + i 2 ϵ̄_M ϕω , δF̄ = i(D_μψ̄)γ^μϵ_M − i 2 ω̄ϕ̄ϵ_M , (2.12) δA_μ = i 4 (ϵ̄_M γ_μω − ω̄γ_μϵ_M ) , (2.13) δω = 1 2 [γ^μ, γ^ν ]ϵ_M F_{μν} , δω̄ = − 1 2 F_{μν}ϵ̄_M [γ^μ, γ^ν ]. (2.14)

where ϵ_M denotes an anticommuting Majorana spinor.

One may eliminate the auxiliary fields using their equations of motion, F = −σϕ, σ = − 1 2 ψ̄ψ, A_μ = iϕ̄∂_μϕ + 1 2 ψ̄γ_μψ . (2.15)

The resulting action takes the form,

S_0 = ∫ d^3x tr { |D_μϕ|^2 + iψ̄γ^μD_μψ + 1 4 (ψ̄ψ)^2 }

= ∫ d^3x tr { |∂_μϕ|^2 + iψ̄γ^μ∂_μψ − (iϕ̄∂_μϕ + 1 2 ψ̄γ_μψ)^2 + 1 4 (ψ̄ψ)^2 } . (2.16)

Here comes the observation of Refs. [12, 13], which deal with the case of CP (n) only. Namely the system in (2.16) has in fact N = 2 extended supersymmetries. The transformation rules are almost same as before but the Majorana spinor ϵ_M is now replaced by a complex Dirac spinor ϵ. Explicitly the N = 2 SUSY transformation rules are δϕ = ϵ̄ψ, δϕ̄ = ψ̄ϵ, δψ = 1 2 ϵϕψ̄ψ − iγ^μϵ∂_μϕ + γ^μϵϕ ( iϕ̄∂_μϕ + 1 2 ψ̄γ^μψ ) , (2.17) δψ̄ = 1 2 ψ̄ψϕ̄ϵ̄ + i∂_μϕ̄ϵ̄γ^μ + ( iϕ̄∂_μϕ + 1 2 ψ̄γ^μψ ) ϕ̄ϵ̄γ^μ. Note that, in this description, the constraint, ϕ̄ψ = ψ̄ϕ = 0, is only solved implicitly but one can check that this

condition is invariant under the transformations in (2.17).

For the study the BPS equations, it is convenient to introduce the complex coordinates, z = 1 √ 2 (x_1 + ix_2) , z̄ = 1 √ 2 (x_1 − ix_2) , (2.18)

and ∂_± =^{1√}_2 (∂_1 ∓ i∂_2), and A_± =^{1√}_2 (A_1 ∓ iA_2) where (+, −) refer to the holomorphic/antiholomorphic component

of vectors in two spatial dimensions.

In considering BPS configurations, we shall consider purely bosonic configuration only by setting all the fermionic

part to zero. By completing squares, the Hamiltonian H of the bosonic part only can be rearranged by H = ∫ d^2x tr ( |D_0ϕ|^2 + |D_+ϕ|^2 + |D_−ϕ|^2 ) = ∫ d^2x tr ( |D_0ϕ|^2 + 2|D_∓ϕ|^2 ) ∓ 2πT ≥ 2π|T | , (2.19)

where the topological vortex number T , which can be written as a boundary term, is defined by T ≡ i 2π ∫ d^2x tr ( ϵ^{ij} (D_iϕ)^†D_j ϕ ) = i 2π ∮ ∞ dx_i tr ( ϕ^†∂_iϕ ) . (2.20)

Thus for a given sector of the vortex number, the Hamiltonian is bounded from below. The saturation of the bound

occurs if the BPS/anti-BPS equations,

∂_0ϕ = 0 , D_∓ ϕ = 0 (2.21)

are satisfied where we refer the upper/lower signature for the BPS/anti-BPS sector respectively.

The solutions of these equations correspond to the well known holomorphic/antiholomorphic vortices of the two

dimensional nonlinear sigma model [8], which are obviously time independent as required by the BPS equations. We

shall not discuss their properties any further here.

III. MASSIVE N = 2 MODEL AND TIME-DEPENDENT BPS SOLITONS

In this section, we would like to introduce first the massive Grassmannian sigma model with N = 2 supersymmetry.

One can make the sigma model massive by the introduction of appropriate superpotential as we shall explain below.

We then find the corresponding BPS equations by the methods of completing squares of Hamiltonian as in the previous

section.

We begin by introducing a superpotential of the following form,

W (Φ) = 1 2 tr ω Φ̄P Φ. (3.1)

where P is the (N + M) × (N + M) Hermitian projection matrix satisfying P^2 = P and ω is a real positive number.

Performing the θ integration, the action in a component form reads

S_1 = ∫ d^3x ω tr (¯ ϕP F + F̄ P ϕ − ψ̄P ψ ) . (3.2)

Then let us consider the total action S = S_0 + S_1 with S_0 in (2.9). It has manifest N = 1 supersymmetry by

construction. Eliminating the auxiliary field by using the equations of motion, F = ωP ϕ − ϕσ, σ = ωϕ̄P ϕ − 1 2 ψ̄ψ , A_μ = iϕ̄∂_μϕ + 1 2 ψ̄γ_μψ , (3.3)

the action becomes S = ∫ d^3x tr { |D_μϕ|^2 + iψ̄γ^μD_μψ + ( ωϕ̄P ϕ − 1 2 ψ̄ψ )_2 − ω^2ϕ̄P ϕ + ωψ̄P ψ }

= ∫ d^3x tr { |∂_μϕ|^2 + iψ̄γ^μ∂_μψ − ( iϕ̄∂_μϕ + 1 2 ψ̄γ_μψ )_2 + ( ωϕ̄P ϕ − 1 2 ψ̄ψ )_2 − ω^2ϕ̄P ϕ + ωψ̄P ψ } . (3.4)

One may then show that the above action is invariant under the following N = 2 supersymmetry transformations δϕ = ϵ̄ψ, δϕ̄ = ψ̄ϵ δψ = ϵ ( 1 2 ϕψ̄ψ + ω(P ϕ − ϕϕ̄P ϕ) ) − iγ^μϵ∂_μϕ + γ^μϵϕ ( iϕ̄∂_μϕ + 1 2 ψ̄γ^μψ ) , (3.5) δψ̄ = ( 1 2 ψ̄ψϕ̄ + ω(ϕ̄P − ϕ̄P ϕϕ̄) ) ϵ̄ + i∂_μϕ̄ϵ̄γ^μ + ( iϕ̄∂_μϕ + 1 2 ψ̄γ^μψ ) ϕ̄ϵ̄γ^μ. (3.6)

by a straightforward computation. In addition, one may check that the constraint, ϕ̄ψ = ψ̄ϕ = 0, is also invariant

under the N = 2 transformations, which insures the consistency of our approach.

Note that the theory possesses also a global symmetry defined by δϕ = iP ϕ, δϕ̄ = −iϕ̄P . (3.7) The expression for the corresponding conserved current density is given by

J^μ = itr ( (D^μϕ)ϕ̄P − P ϕ(D^μϕ̄) ) , (3.8)

and below we shall make use of the resulting Noether charge Q = −i ∫ d^2x tr ( (D_0ϕ)ϕ̄P − P ϕ(D_0ϕ̄) ) . (3.9)

Note that the Hamiltonian, including the contribution from the superpotential, takes a form, H = ∫ d^2x tr { |D_0ϕ|^2 + |D_iϕ|^2 + ω^2 (¯ ϕP ϕ − (ϕ̄P ϕ)^2 )} , (3.10) where only bosonic part are turned on.

Again by the methods of completing squares, one part of Hamiltonian, H_1, can be rearranged by

H_1 = ∫ d^2x tr { |D_0ϕ|^2 + ω^2 (¯ ϕP ϕ − (ϕ̄P ϕ)^2 )} , = ∫ d^2x tr ( (1 − ϕϕ̄)|∂_0ϕ ∓ iωP ϕ|^2 ) ± ωQ ≥ ±ωQ , (3.11) and the remaining part by

H_2 = ∫ d^2x tr|D_iϕ|^2 = 2 ∫ d^2x|D_±ϕ|^2 ± 2πT ≥ ±2πT , (3.12) The inequality, H ≥ ±2πT ± ωQ, then holds for any independent combination of the first and the second signatures in front of T and Q. Thus we conclude that the Hamiltonian is bounded from below by H ≥ 2π|T | + ω|Q| . (3.13) The saturation of the bound occurs if the following equations

∂_0ϕ = ±iωP ϕ, D_±ϕ = 0, (3.14)

for any combination of signatures. Namely there are four branches of BPS equations saturating the bounds. From this purely bosonic consideration, the four branches are equally well served as a set of BPS equations, whose solutions are bounded from below by their topological and electric charges.

For instance, with ∂_0ϕ ∓ iωP ϕ = 0, the Noether charge satisfies ± Q = 2ω ∫ d^2x tr[(1 − ϕϕ̄) P ϕ(P ϕ)^†] ≥ 0, (3.15)

and, in the right side of the inequality of (3.11), the contribution of the charge Q is always positive definite upon the saturation of the bound. Likewise, one can also show that, if D_±ϕ = 0, ±T ≥ 0 respectively and, thus, the right hand side of (3.12) is always positive definite whenever one has the saturation of the inequality.

Among the four branches in (3.14), only two combinations of signatures, (−, +) and (+, −), will be shown to be consistent with the remaining supersymmetries in the next section. The remaining two describe nonsupersymmetric solitons in a strict sense of remaining supersymmetries.

IV. REMAINING SUPERSYMMETRIES AND EXAMPLES

In this section, we would like to show that the time-dependent Q-ball of the previous section preserve 1/2 of the supersymmetries for some particular branches. Since the fermionic part of solutions are assumed to vanish, the variation of the fermionic part has to be zero for any such solutions preserving some supersymmetries. Thus we would like to show that the variation of the fermionic component, δψ = ( −iγ^0D_0ϕ + ω(P ϕ − ϕϕ̄P ϕ) ) ϵ − i ( γ^1D_1ϕ + γ_2D_2ϕ ) ϵ (4.1) vanishes for some nontrivial constant ϵ. The remaining supersymmetries are parameterized by ϵ_± = p_±ϵ where we introduce the projection operators by p_± =

1 ∓ iγ^1γ^2 2 (4.2) that satisfies p^2_± = p_±. Then, for this remaining space, the fermionic variation becomes δψ = ( i(1 − ϕϕ̄)(±∂_0ϕ + iωP ϕ) − iγ^1(D_1ϕ ∓ iD_2ϕ) ) ϵ_± . (4.3) Thus, for this expression to be zero for nontrivial ϵ_+/ ϵ_−, one needs ∂_0ϕ = ∓iωP ϕ, D_±ϕ = 0, (4.4) respectively for the upper/lower combination of signs. These are precisely the two branches of (+, −) and (−, +) combinations in (3.14). Thus we verified that only the two branches are really consistent with the remaining supersymmetries.

The solutions involve the nonzero electric charges together with the magnetic vortex charge. Due to the BPS equation, the solution has to be time dependent. The time dependence can be solved rather trivially by P ϕ = e^{∓iωt}P ϕ_0(x_1, x_2) , P_⊥ϕ = P_⊥ϕ_0(x_1, x_2) (4.5) where P_⊥ = 1 − P and ϕ_0 is time independent. Thus we have shown that the supersymmetry can be preserved even for the configurations with an explicit time dependence. The solitons here are the supersymmetric Q-balls, whose description involve an explicit time dependence inevitably.

Note that the BPS solutions have nonvanishing electric and magnetic fluxes. It is worthwhile to give an explicit example, and we concentrate on the simple case of CP (n), which corresponds to the Grassmannian manifold of M = 1 and N = n. Then explicitly one has ϕ^T = (ϕ_1, ϕ_2, · · · , ϕ_n, ϕ_{n+1}) and chooses the projection matrix P by P = diag(1, 1, 1, · · · , 1, 0) (4.6) Let us introduce the projective coordinate ξ via ϕ^T = 1 √ 1 + |ξ|^2

(ξ_1, ξ_2, · · · , ξ_n, 1) (4.7) The first equation of (3.14) is solved by ξ = exp^{±iωt} ξ_0 , (4.8) where ξ_0 is time independent. The second equation is solved then simply by demanding ξ_0 as antiholomorphic/holomorphic function ( i.e. ξ_0(z̄)/ ξ_0(z) ) for +/− signatures respectively. The corresponding topological charge T and the Noether charge Q are expressed by T = i 2π ∫ d^2x

∂_{x1} ξ^†∂_{x2} ξ − ∂_{x2} ξ^†∂_{x1} ξ (1 + ξ^†ξ)^2

, (4.9) Q = i ∫ d^2x ∂_tξ^†ξ − ξ^†∂_tξ (1 + ξ^†ξ)^2

. (4.10)

We note that the above solution reproduces the previous Q-lump solution of Refs. [1, 3].

V. TIME DEPENDENT Q-BALLS WITH MULTI FREQUENCY

The potential in (3.1) can be extended further by considering

W (Φ) = 1 2 tr Φ̄MΦ, (5.1)

where M = ω_kP_k with P_kP_k = P_k and P_kP_l = P_kδ_{kl}. Then after eliminating the auxiliary fields, the action with N = 2 supersymmetries becomes S = ∫ d^3x tr { |D_μϕ|^2 + iψ̄γ^μD_μψ + ( ϕ̄Mϕ − 1 2 ψ̄ψ )_2 − ϕ̄M^2ϕ + ψ̄Mψ }

= ∫ d^3x tr { |∂_μϕ|^2 + iψ̄γ^μ∂_μψ − ( iϕ̄∂_μϕ + 1 2 ψ̄γ_μψ )_2 + ( ϕ̄Mϕ − 1 2 ψ̄ψ )_2 − ϕ̄M^2ϕ + ψ̄Mψ } . (5.2)

Then the analysis of the previous section can be repeated with these multiple projection operators. Since the analysis is pretty much the same, we shall present only the result here. One may show that the Hamiltonian is bounded from below by H ≥ 2π|T | + ∑ k |ω_k||Q_k| . (5.3) where the charge Q_k is defined by Q_k = −i ∫ d^2x tr ( (D_0ϕ)ϕ̄P_k − P_kϕ(D_0ϕ)^† ) . (5.4)

The saturation of the bound leads to the BPS equations,

∂_0ϕ = i ∑ k ϵ_kω_kP_kϕ, D_±ϕ = 0, (5.5)

where ϵ_k can be either +1 or −1 denoting independent signatures.

One may further verify that, among these, only two combinations, ∂_0ϕ = ∓i ∑ k ω_kP_kϕ, D_±ϕ = 0, (5.6)

are consistent with the remaining supersymmetries.

As before, the time dependence of the BPS solution can be solved generically; for each sector of P_k, one has

P_kϕ = e^{iϵk ωk t}P_kϕ_0(x_1, x_2) , (5.7)

and, for the remaining part,

P_⊥ϕ = P_⊥ϕ_0(x_1, x_2) , (5.8)

where P_⊥ denote now 1 − ∑ k P_k. These time dependence is highly nontrivial in the sense that the sectors of fields defined by the projection P_k interact with each other nontrivially.

VI. DISCUSSIONS

In this note, we construct the N = 2 supersymmetric Grassmannian nonlinear sigma model for the massless case first and extend it to the massive N = 2 by adding appropriate superpotential. This massive model allows Q-lump solutions that carry both the topological and the Noether charges. We study the corresponding BPS equations via two methods. One is using the method of completing squares in the Hamiltonian, by which one may find that the Hamiltonian is bounded from below by the charges. The other is directly finding required conditions for the solutions to preserve a fraction of supersymmetries using the supersymmetry variation of the fermionic part. These two methods have been giving equivalent sets of BPS equations, within the present authors’ knowledge, for any supersymmetric theories. In the present case, however, we find at the end of Section III that the former leads to the more general sets of BPS equations than those from the latter. In a strict sense, the latter is the precise way of getting supersymmetric solitons, whose supersymmetric multiplet has to be short by definition.

These Q-lumps are always time dependent as dictated by the BPS equations. Thus it is clear that the explicit time dependence can be consistent with the remaining supersymmetries. Supertubes[7], for instance, also carry the kinetic components corresponding to the nonvanishing electric fields but the solutions are time independent unlike the Q-lump solution discussed here. We also discuss the supersymmetric Q-lump solution that involves the time dependence of even multiple frequencies. The existence of such solutions is highly nontrivial since the sectors of different frequencies are interacting with each other in a nontrivial manner.

One curious question is whether the system allows 1/4 BPS equations or not where the remaining supersymmetry is just one Majorana component. In case of N = 4 super Yang-Mills theories, the BPS equations corresponding one Majorana component, i.e. 1/16 supersymmetry, has been constructed[14]. For some N = 2 theories, 1/8 BPS states are classified as well[6]. Finally, in this note, we did not investigate the detailed properties of the supersymmetric Q lump solutions including their moduli dynamics, interactions and so on. These require a further study.

Acknowledgments

DB would like to thank the Particle Theory Group of University of Washington for the hospitality during the completion of this work. PO like to thank M. Nitta for useful discussions. The work of DB was supported in part by KOSEF ABRL R14-2003-012-01002-0, and KOSEF SRC CQUeST R11-2005-021. PO was supported by Science and Engineering Foundation KOSEF through the Center for Quantum Spacetime (CQUeST) of Sogang University with grant number R11 - 2005 - 021 and by KRF Grant (R05-2004-000-10682-0).

[1] R. A. Leese, Nucl. Phys. B 336, 282 (1991), Q-Lumps and their interactions.

[2] S. Coleman, Nucl. Phys. B 262, 263 (1985), Q-ballas.

[3] E. Abraham, Phys. Lett. B 278, 291 (1992), Non-linear sigma models and their Q-lump solutions; E. Abraham and P. K.

Townsend, Phys. Lett. B 291, 85 (1992), Q-kinks ; Phys. Lett. B 295, 225 (1992), More on Q-kinks: a (1+1)-dimensional analogue of dyons.

[4] G. H. Derrick, J. Math. Phys. 5, 1252 (1964), Comments on nonlinear wave equations as models for elementary particle. [5] J. P. Gauntlett, R. Portugues, D. Tong and P. K. Townsend, Phys. Rev. D 63, 085002 (2001), hep-th/0008221, D-brane solitons in supersymmetric sigma models; J. P. Gauntlett, D. Tong and P. K. Townsend, Phys. Rev. D 64, 025010 (2001), hep-th/0012178, Multidomain walls in massive supersymmetric sigma models; D. Tong, Phys. Rev. D 66, 025013 (2002), hep-th/0202012, The Moduli space of BPS domain walls; R. Portugues and P. K. Townsend, JHEP 0204, 039 (2002), hep-th/0203181, Sigma model soliton intersections from exceptional calibrations; P. K. Townswnd, Annales Henri Poincare 4, S183 (2003), hep-th/0211008, Surprises with angular momentum; K. S. M. Lee, Phys. Rev D 67, 045009 (2003), hepth/0211058, An index theorem for domain walls in supersymmetric gauge theories; R. S. Ward, J. Math. Phys. 44, 3555 (2003), Topological Q solitons; P. K. Townsed, Comptes Rendus Physique 6, 271 (2005), hep-th/0411206, Field theory supertubes; Y. Isozumi, M. Nitta, K. Ohashi and N. Sakai, Phys. Rev. D 71, 065018 (2005); S. Kim, K-M Lee and H.-U. Yee, hep-th/0603179, Supertubes in field theories.

[6] M. Eto, Y. Isozumi, M. Nitta, K. Ohashi, Nucl. Phys. B 752, 140 (2006), hep-th/0506257, 1/2, 1/4 and 1/8 BPS equations in SUSY Yang-Mills-Higgs systems: Field theoretical brane configurations; M. Eto, Y. Isozumi, M. Nitta, K. Ohashi and N. Sakai, J. Phys. A 39, R315 (2006), hep-th/0602170, Solitons in the Higgs phase: The moduli matrix approach.

[7] D. Mateos and P. K. Townsend, Phys. Rev. Lett 87, 011602 (2001), hep-th/0103030; D. Bak and K. M. Lee, Phys. Lett.

B 509, 168 (2001) [arXiv:hep-th/0103148]; D. Bak and A. Karch, Nucl. Phys. B 626, 165 (2002) [arXiv:hep-th/0110039]; D. Bak and K. M. Lee, Phys. Lett. B 544, 329 (2002) [arXiv:hep-th/0206185].

[8] A.M. Perelomov, Phys. Rep. 146, 135 (1987); W.J. Zakrzewski, Low Dimensional Sigma Models (IOP Publishing Ltd, Bristol, 1989).

[9] L. Alvarez-Gaume and D. Z. Freedman, Commun. Math. Phys. 91, 87 (1983); S. J. J. Gates, Nucl. Phys. B 238, 349 (1984); A. C. Davis, M. D. Freeman and A. J. Macfarlane, Nucl. Phys. B 256, 299 (1985).

[10] M. Arai, M. Naganuma, M. Nitta and N. Sakai, Nucl. Phys. B 652, 35 (2003) [arXiv:hep-th/0211103]; M. Arai, M. Nitta and N. Sakai, Prog. Theor. Phys. 113, 657 (2005) [arXiv:hep-th/0307274].

[11] I. Affleck, J. Harvey and E. Witten, Nucl. Phys. B bf 206, 413 (1982), Instantons and (super-)symmetry breaking in (2+1) dimensions; S. J. Gates, Jr., M. T. Grisaru, M. Rocek, and W. Siegel, it Superspace (Benjamin/Cummings Pub., Reading, 1983).

[12] S. Aoyama, Nucl. Phys. B 168, 354 (1980) The (2+1)-dimensional supersymmetric CP^{n−1} model and the central charge;

S. Rounahi, Nucl. Phys. B 169, 430 (1980), The central charge in the supersymmetric CP^{n−1} model. [13] See also E. Witten, Phys. Rev. D 16, 2991 (1976), Supersymmetric form of the nonlinear σ model in two dimensions; P. Di Vecchia and S. Ferrara, Nucl. Phys. B 130, 93 (1977), Classical solutions in two-dimensional supersymmetric field theories;

A. D’Adda , P. Di Vecchia and M. Luscher, Nucl. Phys. B 152, 125 (1979), Confinement and chiral symmetry breaking in CP^{n−1} models with quarks.

[14] D. Bak, K. M. Lee and J. H. Park, Phys. Rev. D 66, 025021 (2002) [arXiv:hep-th/0204221].