arXiv:hep-th/0610073 v1 6 Oct 2006

Preprint typeset in JHEP style. - HYPER VERSION

hep-th/0610073

Non-Relativistic Non-BPS Dp-brane

J. Klusoň^∗

Dipartimento di Fisica & Sezione I.N.F.N. Università di Roma “Tor Vergata” Via della Ricerca Scientifica, 1 00133 Roma ITALY E-mail: Josef.Kluson@roma2.infn.it

Abstract: We construct non-relativistic non-BPS Dp-brane action. Then we will study the properties of the tachyon kink solution on its world-volume. We will argue that this tachyon kink describes non-relativistic D(p-1)-brane.

Keywords: D-branes , tachyon condensation.

∗On leave from Masaryk University, Brno

Contents

1. Introduction and Summary 1

2. Review of non-BPS Dp-brane 3

3. Non-relativistic limit of the non-BPS Dp-brane 4

4. Tachyon kink on the world-volume of non-relativistic non-BPS Dpbrane 6

5. Supersymmetric Relativistic Non-BPS Dp-brane 10

6. Non-relativistic non-BPS Dp-brane with presence of fermions 12

1. Introduction and Summary

Non-relativistic string theory was determined some years ago in the context of the study of the string theories in the background with the electric field [1, 2, 3, 4, 5, 6]. Then it was soon recognised in [7, 8, 9] that non-relativistic string theory is consistent sector of the string theory with the manifest world-sheet conformal field theory description that has appropriate Galilean symmetry. For the case of strings, this can be accomplished if we consider wound strings in the presence of a background B-field and tuning the B-field so that the energy coming from the B-field cancels the tension of the string. Then it was shown in [13] that the similar procedure can be performed in case of Dp-branes^2. Since Dp-branes are charged with respect to Ramond-Ramond form C_{p+1} it is possible to find the limit where the tension of the wound Dp-brane is cancelled by the coupling to the C_{p+1} field. As a result we obtain a world-volume kappa symmetric action of a non-relativistic Dp-brane [13].

We can also ask the question whether some symmetries of the relativistic string theories remain symmetries of the non-relativistic string theories as well. It was shown in [15] that in the non-relativistic string theories one can find T-duality relation between effective actions for non-relativistic Dp-branes and also one can argue that non-relativistic D1 and D2-brane actions arise in the dimensional reduction from non-relativistic M2-brane action.

2For related works, see [10, 11, 12, 14, 15]

On the other hand it is well known that all Dp-branes can be interpreted as the result of the tachyon condensation on the world-volume of unstable D-branes or on the world-volume of D-brane anti-D-brane pair [16, 17]^3. One can then ask the question whether non-relativistic BPS Dp-branes can be considered as the result of the tachyon condensation on the world-volume of non-relativistic non-BPS Dp-brane. The goal of this paper is to study this problem.

Our approach closely follows [13] with some mild differences. First of all we would like to find non-relativistic non-BPS Dp-brane action where the tachyon contribution has the schematic form V (T )F (η^{ij}∂_iT ∂_jT ) with F (u) ∼ u^{1/2} for large u. The reason for this requirement is that for such a form of the non-BPS Dp-brane action one can find the tachyon kink solution that represents codimenison one D(p-1)-brane [34]. This condition however implies that in the scaling limit that defines non-relativistic Dp-brane from the relativistic one the tachyon has to scale in the same way as the world-volume scalar modes that define the embedding of Dp-brane along the directions spanned by the background Ramond-Ramond C_p form. On the other hand if we try to apply procedure given in [13] where these modes scale with the factor that goes to infinity we obtain that the argument of the tachyon potential goes to infinity that however implies that the tachyon potential goes to zero. As a result the non-BPS Dp-brane disappears in this definition of the non-relativistic limit. To resolve this paradox we use the fact that the non-relativistic limit can be interpreted as the limit where the world-volume scalar modes that parametrise directions transverse to the Ramond-Ramond background are small. More precisely, since the correct definition of the non-relativistic limit of BPS Dp-brane needs background Ramond-Ramond form C_{p+1} it is natural to split the world-volume scalar modes to two sets, one that corresponds to the modes that parametrise directions along the Ramond-Ramond form C_{p+1} and the second one that parametrises directions transverse to it. In the case of the ordinary BPS Dp-brane its world-volume can span the directions specified by the background Ramond-Ramond C_{p+1} form. However in case of a non-BPS Dpbrane the situation is different since there does not exist such a C_{p+1} form. On the other hand it is well known that the non-BPS Dp-brane couples to the Ramond- Ramond forms through the Wess-Zumino (WZ) term that contains gradient of the tachyon and the tachyon potential [29, 30, 31, 32, 33]. We will argue that thanks to the existence of this WZ term it is still possible to define the correct non-relativistic non-BPS Dp-brane as well.

As the further support of our result we will study the tachyon kink on the worldvolume of a non-relativistic non-BPS Dp-brane. Using the approach given in [34] we will construct the singular tachyon kink on the world-volume of the non-relativistic non-BPS Dp-brane that can be interpreted as a lower dimensional non-relativistic D(p-1)-brane. This result then suggests that we can define non-relativistic non-BPS

3For review, see [18, 19].

Dp-brane that has the same properties as its relativistic version.

This paper is organised as follows. In the next section (2) we introduce the bosonic part of the non-BPS Dp-brane action in type IIA or type IIB theories. Then in section (3) we will consider its non-relativistic limit. In section (4) we will study the tachyon kink on its world-volume. In section (5) we review the basic properties of the supersymmetric form of the non-BPS Dp-brane in type IIA theory. Finally in section (6) we consider its non-relativistic limit.

2. Review of non-BPS Dp-brane

In this section we review the basic facts considering the bosonic part of the non-BPS Dp-brane action [20, 21, 22, 23]^4. The bosonic part of a non-BPS Dp-brane action takes the form^5 S = S_{DBI} + S_{W Z} , S_{DBI} = −τ_p ∫ d^{p+1}ξe^{−Φ}V (T ) √ − det A , S_{W Z} = τ_p ∫ Σ V (T )dT ∧ C ∧ e^{F +B} , (2.1)

where

A_{ij} = ∂_iX^M ∂_j X^N G_{M N} + ∂_iX^M ∂_j X^N B_{M N} + F_{ij} + ∂_iT ∂_jT , F_{ij} = ∂_iA_j − ∂_j A_i , (2.2)

where A_i , i, j = 0, . . . , p and X^{M,N} , M, N = 0, . . . , 9 are gauge and the transverse scalar fields on the world-volume of the non-BPS Dp-brane and T is the tachyon field. V (T ) is the tachyon potential that is symmetric under T → −T , has maximum at T = 0 equal to V (0) = 1 and has its minimum at T = ±∞ where it vanishes. τ_p is a tension of the non-BPS Dp-brane that is related to the tension of the BPS Dpbrane T_p as τ_p = √ 2T_p. Finally G_{M N} , B_{M N} and Φ are background metric, B-field and dilaton respectively. We restrict to the background with flat Minkowski metric G_{M N} = η_{M N} = diag(−1, 1, . . . , 1), with vanishing B-field and constant dilaton Φ_0. In what follows we also include e^{−Φ0} into the definition of τ_p.

Note also that S_{W Z} given in (2.1) is WZ term for a non-BPS Dp-brane that expresses the coupling of the non-BPS Dp-brane to the Ramond-Ramond forms. In

4General properties of the tachyon effective actions were also discussed in [24, 25, 26, 27, 28]. 5We work in units (2πα^′) = 1. Note also that p is odd in type IIA theory while p is even in type IIB theory.

(2.1) Σ denotes the world-volume of the non-BPS Dp-brane and C collects all RR n-form gauge potentials (pulled back to the world-volume) as

C = ⊕_nC_{(n)} . (2.3)

The form of the WZ term was determined from the requirement that the Ramond- Ramond charge of the tachyon kink is equal to the charge of D(p-1)-brane [29, 30, 31, 32, 33]. In fact it was argued in [29, 34] that the consistency requires: τ_p ∫_∞ −∞ V (T )dT = T_{p−1} , (2.4)

where T_{p−1} is a tension of a BPS D(p-1)-brane.

3. Non-relativistic limit of the non-BPS Dp-brane

In this section we define non-relativistic limit of a non-BPS Dp-brane. As was argued in [13] the correct definition of the non-relativistic limit of BPS Dp-brane is based on the existence of the constant background Ramond-Ramond form C_{p+1} and the BPS Dp-brane is extended in the directions determined by the orientation of C_{p+1} in order to cancel Dp-brane tension by the coupling to the C_{p+1} field. For non-BPS Dp-brane there is not suitable C_{p+1} form with the rank equal to the dimension of the world-volume of a non-BPS Dp-brane. Moreover the form of the WZ term given in (2.1) contains tachyon so that we cannot proceed exactly in the same way as in [13]. As we argued in the introduction we define the non-relativistic limit as the limit where the world-volume scalar modes that parametrise directions transverse to the directions spanned by the background Ramond-Ramond form C_p are small. Then we also demand that the tachyon and tachyon potential does not scale in the nonrelativistic limit. More precisely let us presume that the Ramond-Ramond field C_p takes following form C_{μ0...μp−1} = −(−1)^pϵ_{μ0 ...μp−1} , μ, ν = 0, . . . , p − 1 . (3.1) Then (3.1) suggests following scaling of the world-volume variables

X^μ = x^μ , X^a = λX^a , τ_p = λ^{−2}τ_{N Rp} , F_{ij} = λf_{ij} , A_i = λW_i , T = T , (3.2) where a, b = p, . . . , 9. Note that we have also presumed that the world-sheet gauge field A_i scales in the same way as the transverse modes. The non-relativistic limit is defined as limit λ → 0.

Now for (3.2) the matrix A takes the form

A_{ij} = g_{ij} + λf_{ij} + ∂_iT ∂_jT + λ^2x^ax^bg_{ab} ≡ B_{ij} + λC_{ij} + λ^2D_{ij} , B_{ij} = g_{ij} + ∂_iT ∂_jT , g_{ij} = ∂_ix^μ∂_j x^ν η_{μν} , C_{ij} = f_{ij} , D_{ij} = X^aX^bg_{ab} . (3.3)

Inserting (3.3) into the DBI part of the tachyon effective action and considering the terms up to orders λ^2 we obtain the non-relativistic Dp-brane in the form S_{N R} = − τ_{N Rp} λ^2 ∫ d^{p+1}ξV (T ) √ − det B − − τ_{N Rp} 2 ∫ d^{p+1}ξV (T ) √ − det B [( B^{−1} )_{ij} ∂_j X^a∂_iX^bg_{ab}− − 1 2 ( B^{−1} )_{ik} f_{kj} ( B^{−1} )_{jl} f_{li} + O(λ^2) ] . (3.4)

Before we turn to the non-relativistic limit in the WZ term let us study in more details the matrix B. Its form suggests that it is natural to temporarily introduce the notation Y^I ≡ (x^μ, T ) , Y^p = T , I, J = 0, . . . , p (3.5)

so that we can rewrite B into the suggestive form

B_{ij} = ∂_iY^I ∂_j Y^J g_{IJ} ≡ E^I_j E^J_j η_{IJ} , η_{pp} = 1 . (3.6)

Using this notation it is easy to see that the divergent contribution in (3.4) can be written as S_{div} = τ_{N Rp} λ^2 ∫ 1 (p + 1)! V (T )E^{I0} ∧ . . . ∧ E^{Ip} , (3.7) where E^I ≡ E^I_j dξ^j .

Let us study the non-relativistic limit in the WZ term. We insert the pull-back of Ramond-Ramond background form (3.1) into it and we obtain S_{W Z} = − τ_{N Rp} λ^2 ∫ V (T )dT 1 p! (−1)^pϵ_{μ0 ...μp−1} dX^{μ0} ∧ . . . ∧ dX^{μp−1} = − τ_{N Rp} λ^2 ∫ V (T ) 1 p! ϵ_{μ0...μp−1} dX^{μ0} ∧ . . . ∧ dX^{μp−1} ∧ dT = − τ_{N Rp} λ^2(p + 1)! ∫ V (T )ϵ_{I0...Ip} E^{I0} ∧ . . . ∧ E^{Ip} . (3.8)

If we add (3.8) to (3.7) we obtain that all divergent contributions in the full nonrelativistic non-BPS Dp-brane cancel. As the result we obtain finite non-relativistic non-BPS Dp-brane action S^{f in}_{N Rp} = − τ_{N Rp} 2 ∫ d^{p+1}ξV (T ) √ − det B (( B^{−1} )_{ij} ∂_j X^a∂_iX^bg_{ab}− − 1 2 ( B^{−1} )_{ik} f_{kj} ( B^{−1} )_{jl} f_{li} ) . (3.9)

In the next section we will study the tachyon kink on the world-volume of the action (3.9).

4. Tachyon kink on the world-volume of non-relativistic non- BPS Dp-brane

In this section we will study the tachyon kink solution on the world-volume of the non-relativistic non-BPS Dp-brane following [34]^6.

As in [34] we start with the following ansatz T = f(a(ξ^p − t(ξ^α))) , W_α = w_α(ξ^α) , W_p = 0 , x^μ = x^μ(ξ^α) , μ = 0, . . . , p − 1 , X^a = x^a(ξ^α) , a = p, . . . , 9 , (4.1)

where ξ^α, α, β = 0, 1, . . . , p − 1 are coordinates tangential to the the world-volume of the kink. The function f introduced in (4.1) satisfies f(−u) = −f(u) , f^′(u) > 0 ∀u , f(±) = ±∞ (4.2) but is otherwise an arbitrary function of the argument u. a is a constant that we shall take to ∞ in the end. In this limit we have T = ∞ for ξ^p > 0 and T = −∞ for ξ^p < 0.

The first goal of our analysis is tho shown that the action (3.9) evaluated on the ansatz (4.1) reproduces in the limit a → ∞ the action for non-relativistic D(p-1)- brane S_{N R(p−1)} = − T_{N R(p−1)} 2 ∫ d^pξ √ − det g̃(g̃^{αβ} ∂_αx^a∂_βx^bg_{ab} − 1 2 g̃^{αβ} f_{βγ}g̃^{γδ}f_{δα}) , (4.3)

6For generalisation of this approach to the curved background see [35, 36]

where g̃ = ∂_αx^μ∂_βx^ν η_{μν} , μ , ν = 0, . . . , p − 1 , f_{αβ} = ∂_αw_β − ∂_βw_α , α, β = 0, . . . , p − 1 (4.4) and x^a , a, b = p, . . . , 9 parametrise positions of non-relativistic Dp-brane transverse to its world-volume. For letter purposes we also determine the equations of motion that arise from (4.3) − 1 2 ∂_α [ η_{μν} ∂_βx^νg̃^{βα} √ − det g̃ ( g̃^{γδ} ∂_δx^a∂_γ x^bg_{ab} − 1 2 g̃^{γδ}f_{δω}g̃^{ωσ} f_{σγ} )] − −∂_α[ √ − det g̃g̃^{αβ}η_{μν} ∂_γ x^νg̃^{γδ}∂_δx^a∂_βx^bg_{ab}] + +∂_α[ √ − det g̃g̃^{αβ}f_{βσ}g̃^{σω} f_{ωδ}g̃^{δγ} ∂_γ x^ν η_{νμ}] = 0 (4.5) that is the equation of motion for x^μ. On the other hand the equation of motion for x^a takes much simpler form ∂_α[ √ − det g̃g̃^{αβ}∂_β x^bg_{ba}] = 0 . (4.6) Finally, we determine the equation of motion for w_α ∂_β[ √ − det g̃g̃^{βδ}f_{δγ}g̃^{γα}] = 0 . (4.7) Let us now insert the ansatz (4.1) into the matrix B defined in (3.3)

B_{ij} = ( g̃_{αβ} + a^2f^{′2}∂_αt∂_βt −a^2f^{′2}∂_αt

−a^2f^{′2}∂_βt a^2f^{′2} ) (4.8)

and evaluate its determinant

det B = | | | | | B_{αβ} − B_{αy}B^{−1}_{pp} B_{pβ} 0 B_{pβ} B_{pp} | | | | | = a^2f^{′2} det g̃_{αβ} (4.9)

and its inverse matrix B^{−1} ( B^{−1} )_{pp} = g̃^{αβ}∂_αt∂_βt , ( B^{−1} )_{pα} = ∂_βtg̃^{βα} , ( B^{−1} )_{αp} = g̃^{αβ}∂_β t , ( B^{−1} )_{αβ} = g̃^{αβ} . (4.10) Note that the form of the matrix B^{−1} is exact for all a. If we now insert (4.1), (4.9) and (4.10) into (3.9) and consider the limit of large a we obtain S^{f in}_{N Rp} = T_{N R(p−1)} 2 ∫ d^pξ √ − det g̃ [ g̃^{αβ} ∂_αx^a∂_βx^bg_{ab}− − 1 2 g̃^{αβ}f_{βγ}g̃^{γδ}f_{δα} ] , (4.11) where we have used the fact that τ_{N Rp} 2 ∫ dξ^pV (f(aξ^p))af^′(ξ^p) = τ_{N Rp} 2 ∫ dmV (m) = T_{N R(p−1)} 2 . (4.12)

Comparing (4.3) with (4.11) we obtain the result that the tachyon kink reproduces the non-relativistic D(p-1)-brane action. We also see that t(ξ) does not appear in (4.11) and hence its interpretation is unclear at present.

Note however that this result does not prove that the dynamics of the kink is governed by the action (4.3). To do this we have to show, following [34], that any solution of the equations of motion derived from (4.3) will produce a solution of the equations of motions derived from (3.9) under the identification (4.1).

In order to establish this correspondence we firstly determine the equations of motions that follow from (3.9). By varying the action (3.9) with respect to T we obtain 1 2 V^′(T ) √ − det B (( B^{−1} )_{ij} ∂_j X^a∂_iX^bg_{ab} − 1 2 ( B^{−1} )_{ik} f_{kj} ( B^{−1} )_{jl} f_{li} ) − − 1 2 ∂_i [ ∂_j T ( B^{−1} )_{ji} √ − det B[ ( B^{−1} )_{ij} ∂_j X^a∂_iX^bg_{ab} − 1 2 ( B^{−1} )_{ik} f_{kj} ( B^{−1} )_{jl} f_{li}] ] − − ∂_l[V (T ) √ − det B ( B^{−1} )_{il} ∂_kT ( B^{−1} )_{kj} ∂_iX^a∂_j X^b] +

+ ∂_m[V (T ) √ − det B ( B^{−1} )_{im} ∂_nT ( B^{−1} )_{nk} f_{kj} ( B^{−1} )_{jl} f_{li}] = 0 . (4.13)

In the same way we determine the equations of motion for x^μ − 1 2 ∂_i [ V (T )η_{μν} ∂_j x^ν ( B^{−1} )_{ji} √ − det B (( B^{−1} )_{ij} ∂_j X^a∂_iX^bg_{ab}− − 1 2 ( B^{−1} )_{ik} f_{kj} ( B^{−1} )_{jl} f_{li} )] − − ∂_m[V (T ) ( B^{−1} )_{im} η_{μν} ∂_kx^ν ( B^{−1} )_{kj} ∂_j X^a∂_iX^bg_{ab}] +

+ ∂_m[V (T ) √ − det B ( B^{−1} )_{im} η_{μν} ∂_nx^ν ( B^{−1} )_{nk} f_{kj} ( B^{−1} )_{jl} f_{li}] = 0 (4.14)

and the equations of motion for X^a

∂_i[V (T ) √ − det B ( B^{−1} )_{ij} ∂_j X^bg_{ba}] = 0 . (4.15)

Finally, we determine the equation of motion for W_i

∂_j [V (T ) √ − det A ( B^{−1} )_{jk} f_{kl} ( B^{−1} )_{li} ] = 0 . (4.16)

Now we will solve the equations of motions (4.13),(4.15),(4.16) with the ansatz (4.1). We start our discussion with the equation (4.15). Inserting (4.9) , (4.10) and (4.1) to (4.15) we obtain

∂_p[V (T ) √ − det B ( B^{−1} )_{xα} ∂_αX^bg_{ba}] + ∂_β [V (T ) √ − det B ( B^{−1} )_{βα} ∂_αX^bg_{ba}] = = a∂_p[V f^′] √ − det g̃∂_βtg̃^{βα}∂_αx^bg_{ba} + a∂_β[V f^′] √ − det g̃g̃^{βα}∂_αx^bg_{ba} + + af^′V (T )∂_β[ √ − det g̃g̃^{βα}∂_αx^bg_{ba}] = af^′V (T )∂_β[ √ − det g̃g̃^{βα}∂_αx^bg_{ba}] , (4.17)

where we have used the fact that

∂_α[V (f)af^′] = −∂_αt∂_p[V (f)af^′] . (4.18)

Now the final form of the equation (4.17) implies that the equation of motion (4.15) is obeyed for the ansatz (4.1) on condition that x^a obeys (4.6). In the same way we proceed with (4.16). For i = p we obtain

∂_j [V (T ) √ − det B ( B^{−1} )_{jk} f_{kl} ( B^{−1} )_{lp} ] = −∂_p[V af^′] √ − det g̃∂_βtg̃^{βα}f_{αδ}g̃^{δγ} ∂_γ t − af^′V (T )∂_α[ √ − det g̃g̃^{αγ} f_{γβ}g̃^{βδ}∂_δt] = −af^′V (T ) √ − det g̃g̃^{αγ} f_{γβ}g̃^{βδ}∂_α∂_δt − − af^′V (T )∂_α[ √ − det g̃g̃^{αγ} f_{γβ}g̃^{βδ}]∂_δt = −af^′V (T )∂_α[ √ − det g̃g̃^{αγ} f_{γβ}g̃^{βδ}]∂_δt , (4.19)

where in the first step we have used the fact that the expression proportional to ∂_p[V af^′] vanishes thanks to fact that g̃^{αβ} is symmetric while f_{αβ} is antisymmetric. In the second step we have again used the antisymmetry of f so that g̃^{αγ} f_{γβ}g̃^{βδ}∂_α∂_δt = 0 . (4.20)

Then the final form of the equation (4.19) implies that the ansatz (4.1) solves the equation of motion (4.16) on condition that the modes w_α, x^a, x^μ obey (4.7).

We can proceed in the same way in case when i in (4.16) is equal to β and we get ∂_j [V (T ) √ − det B ( B^{−1} )_{jk} f_{kl} ( B^{−1} )_{lβ} ] = af^′V ∂_α[ √ − det g̃g̃^{αγ} f_{γδ}g̃^{δβ}] . (4.21)

This result again implies that the ansatz (4.1) obeys the equation of motion (4.16) on condition that w_α, x^μ, x^a solve (4.7).

Finally we will analyse the tachyon equation of motion (4.13). To simplify the calculation we use the fact that ( B^{−1} )_{ij} B_{jp} = δ^i_p , B_{pj} ( B^{−1} )_{ji} = δ^i_p (4.22) and then using (4.8) we obtain ( B^{−1} )_{ip} − ( B^{−1} )_{iα} ∂_αt = 1 a^2f^{′2} δ^i_p . (4.23)

Let us start with the expression on the first and the second line in (4.13) 1 2 V^′(T ) √ − det B (( B^{−1} )_{ij} ∂_j X^a∂_iX^bg_{ab} − 1 2 ( B^{−1} )_{ik} f_{kj} ( B^{−1} )_{jl} f_{li} ) − − 1 2 ∂_i [ ∂_j T ( B^{−1} )_{ji} √ − det B [( B^{−1} )_{ij} ∂_j X^a∂_iX^bg_{ab} − 1 2 ( B^{−1} )_{ik} f_{kj} ( B^{−1} )_{jl} f_{li} ]] = = 1 2 V^′(T ) √ − det B (( B^{−1} )_{ij} ∂_j X^a∂_iX^bg_{ab} − 1 2 ( B^{−1} )_{ik} f_{kj} ( B^{−1} )_{jl} f_{li} ) − − 1 2 ∂_i [ V (f) 1 a^2f^{′2} δ^i_p √ − det B [( B^{−1} )_{ij} ∂_j X^a∂_iX^j g_{ij} − 1 2 ( B^{−1} )_{ik} f_{kj} ( B^{−1} )_{jl} f_{li} ]] = 0 ,

(4.24)

where we have used (4.23). Moreover, using (4.23) in remaining terms in (4.13) we get that all these terms vanish. We see that the ansatz (4.1) solves the equation of motion (4.13) for arbitrary t(ξ). In fact this is satisfactory result since we work with the action where the world-volume diffeomorphism invariance is not fixed and hence ξ^p is equivalent to ξ^p + t(ξ). This fact also implies that it is natural to consider t(ξ) as a parameter of the gauge diffeomorphism transformations and hence it has no physical significance.

Let us outline the results derived above. We have shown that the dynamics of the massless modes given in (4.1) is governed by the action (4.3). This result supports the interpretation of the tachyon kink as the D(p-1)-brane.

5. Supersymmetric Relativistic Non-BPS Dp-brane

In this section we define supersymmetric form of a non-relativistic non-BPS Dpbrane. We firstly review the basic facts about non-BPS D-branes in Type IIA theory, following [20]^7. Let ξ^i, i, j = 0, ..., p are world-volume coordinates on a D-brane. On a non-BPS Dp-brane world-volume we have a 32 component anti-commuting field θ that transforms as a Majorana spinor of the 10 dimensional Lorentz group. We also denote Γ^M the ten dimensional gamma-matrices that can be chosen real by taking charge conjugation matrix C = Γ_0. These matrices obey the anti-commutation relation {Γ^M , Γ^N } = 2η^{M N} (5.1)

7For non-BPS D-brane in Type IIB theory the situation is basically the same with difference in chirality of the Majorana-Weyl fermions.

with η^{M N} = (−1, 1, ..., 1). We also introduce Γ_{11} = Γ_0...Γ_9, (Γ_{11})^2 = 1.

The supersymmetric generalisation of the the DBI part of the effective action for a non-BPS Dp-brane has a form [20, 21, 22, 23]: S_{DBI} = −τ_p ∫ d^{p+1}ξV (T ) √ − det(G_{ij} + F_{ij} + ∂_iT ∂_j T ) = − ∫ L_{DBI} , (5.2)

where Π^M_i = ∂_iX^M + iθΓ^M ∂_iθ , G_{ij} = η_{M N} Π^M_i Π^N_j (5.3) and F_{ij} = F_{ij} − b_{ij} , F_{ij} = ∂_iA_j − ∂_j A_i . (5.4)

There also exists the supersymmetric generalisation of the WZ term S_{W Z} = τ_p ∫ Σ V (T )dT ∧ Ω_p = ∫ Σ L_{W Z} . (5.5)

The form Ω_p expresses the coupling of the non-BPS Dp-brane to the Ramond- Ramond fields [21]. In particular, its bosonic part denotes the pull back of the Ramond-Ramond fields and the combination of the field strength F . This part vanishes for vanishing Ramond-Ramond background but there is a part of Ω_p that survives even in the absence of any Ramond-Ramond background [37, 38, 39, 40]. Since the explicit form of Ω_p is complicated we introduce, following [13] (p + 1) form h_{p+1} such that h_{p+1} = dΩ_p . (5.6)

For type IIA non-BPS Dp-branes (p-odd) the forms b, h_{p+1} are equal to

b = −iθΓ_{11}Γ_M dθ ∧ (Π^M − i 2 θΓ^M dθ) , h_{p+1} = −(−1)^nidθ ∧ T_{p−1} ∧ dθ , n = p − 1 2 , (5.7)

where T_{p−1} is p − 1 form. To define it, we introduce the formal sum of differential forms T_A = ∑ p^′=even T_p′ = e^F C_A , (5.8)

where C_A = Γ_{11} + 1 2! ψ^2 + 1 4! Γ_{11}ψ^4 + 1 6! ψ^6 + . . . (5.9) and ψ = Π^M Γ_M . (5.10)

One can shown that the non-BPS Dp-brane action is invariant under rigid supersymmetry variations but it is not invariant under local κ symmetry transformations [20]. The absence of this local symmetry implies that we cannot gauge away one half of the fermions and hence the world-volume theory contains the correct number of massless degrees of freedom [20].

We can generalise the analysis presented in the previous section and switch on one more coupling in the world-volume of non-BPS Dp-brane consistent with all symmetries of the action [13]. From the space-time point of view, this is equivalent to turning on a closed Ramond-Ramond p-form C_p which does not modify the supergravity equations of motion. Then the total non-BPS Dp-brane action takes the form S = − ∫ d^{p+1}ξL_{DBI} + ∫ L_{W Z} + ∫ L_{Cp} , (5.11)

where L_{Cp} = τ_pV (T )dT ∧ f^∗C_p , (5.12)

where f^∗ is the pullback of C_p on the world-volume of non-BPS Dp-brane.

6. Non-relativistic non-BPS Dp-brane with presence of fermions

We derive the action for non-relativistic non-BPS Dp-brane from the supersymmetric form of the relativistic non-BPS Dp-brane action. We again closely follow [13].

The non-relativistic limit is obtained by decoupling some charged light degrees of freedom that obey non-relativistic dispersion relation from the full relativistic theory. This decoupling is achieved in the similar way as in section (2). In other words we demand that the scalar modes that parametrise directions transverse to the background Ramond-Ramond p-form C_p are small. Considering fermionic degrees of freedom we will scale them in the way that is equivalent to the scaling introduced in [11, 13]

X^μ = x^μ , X^a = λX^a , τ_p = λ^{−2}τ_{N Rp} , F_{ij} = λf_{ij} , A_i = λW_i , T = T , θ = θ_− + λθ_+ , C_{μ0 ...μp−1} = −ϵ_{μ0...μp−1} , (6.1)

where X^M has been split in X^μ , μ = 0, . . . , p − 1 and X^a, a = p, . . . , 9. The X^μ are coordinates of target space parallel to the orientation of C_p and X^a are transverse to it. Finally λ is scaling parameter that is sent to zero in the end.

The scaling of fermions depends on the splitting of the fermions under the matrix Γ_∗:

Γ_∗θ_± = ±θ_± . (6.2) The matrix Γ_∗ is defined as

Γ_∗ = (−1)^{n+1}Γ_{0...p−1}Γ^{n+1}_{11} , 2n = p − 1 (6.3)

and it obeys following relations

θ_± = ±(−1)^{p+12} θ_±Γ_∗ , Γ_∗Γ_{11} = −Γ_{11}Γ_∗ , Γ_∗Γ^μ = (−1)^{p+12} Γ^μΓ_∗ , Γ_∗Γ^a = (−1)^{p−12} Γ^aΓ_∗ . (6.4)

Note also that Γ^2_∗ = I. Now we insert (6.1) to the supertranslation 1-form given in (5.3) and we obtain

Π^μ = ê^μ + iλ^2θ_+Γ^μdθ_+ , ê^μ = e^μ + iθ_−Γ^μdθ_− , e^μ = dx^μ , Π^a = λu^a , u^a = dx^a + 2iθ_+Γ^adθ_− , x^a = X^a + iθ_−Γ^aθ_+ . (6.5)

In the same way we determine the scaling of the form F

F = λF^{(1)} + λ^3F^{(3)} , F^{(1)} = f + i 2 (θ_+Γ_μΓ_{11}dθ_− + iθ_−Γ_μΓ_{11}dθ_−)(ê^μ − i 2 θ_−Γ^μdθ_−) +

+ iθ_−Γ_aΓ_{11}dθ_−(u^a − i 2 θ_−Γ^adθ_+ − i 2 θ_+Γ^adθ_+) ,

F^{(3)} = 1 2 (θ_+Γ_μΓ_{11}dθ_− + θ_−Γ_μΓ_{11}dθ_−)θ_+Γ^μdθ_+

+ iθ_+Γ_{11}Γ_adθ_+(u^a − i 2 θ_−Γ^adθ_+ − i 2 θ_+Γ^adθ_+) . (6.6)

Following [13] we will keep λ small but finite in the intermediate computations and only send λ to zero in the end. For that reason we keep explicitly terms in the action that scale as^1_λ (that are divergent) and terms that are independent on λ (that are finite). We also drop terms that scale as λ since they cannot contribute when we take the limit λ → 0 at the end of the analysis.

More precisely, if we insert (6.5) into G we obtain

G_{ij} = Π^M_i Π^N_j η_{M N} = G^{(0)}_{ij} + λ^2G^{(2)}_{ij} + O(λ^3) , G^{(0)}_{ij} = ê^μ_i ê^ν_j η_{μν} , G^{(2)}_{ij} = 2iê^μθ_+Γ^ν dθ_+η_{μν} + u^a_i u^b_j δ_{ab} , (6.7) where we have restricted to the terms up to order λ^2. Then if we insert (6.6) and (6.7) into the DBI part of the tachyon effective action (5.2) we obtain supersymmetric form of the non-relativistic non-BPS Dp-brane action in Type IIA theory S_{N R,DBI} = − τ_{N Rp} λ^2 ∫ d^{p+1}ξV (T ) √ − det B − − τ_{N Rp} 2 ∫ d^{p+1}ξV (T ) √ − det B (( B^{−1} )_{ij} G^{(2)}_{ji} − − 1 2 ( B^{−1} )_{ij} F^{(1)}_{jk} ( B^{−1} )_{kl} F^{(1)}_{li} ) + O(λ) , (6.8) where B_{ij} = G^{(0)}_{ij} + ∂_iT ∂_jT = ê^μ_i ê^ν_j η_{μν} + ∂_iT ∂_jT . (6.9) In order to carefully treat with the divergent term in (6.8) we perform the same simplification as in section (2) and temporarily write B_{ij} = ê^I_i ê^J_j η_{IJ} , I, J = 0, . . . , p , ê^I_i = ê^μ_i , for μ = I = 0, . . . , p − 1 , ê^p_i = ∂_iT . (6.10) With the help of (6.10) we can rewrite the divergent term in (6.8) as − τ_{N Rp} λ^2 ∫ d^{p+1}ξV (T ) √ − det B = = τ_{N Rp} λ^2(p + 1)! ∫ V (T )ϵ_{I0...Ip}ê^{I0} ∧ . . . ∧ ê^{Ip} ≡ 1 λ^2 ∫ d^{p+1}ξL^{div}_{DBI} . (6.11) Now we insert (6.1) into the WZ term. As in [13] we easily obtain τ_ph_{p+1} = τ_{N Rp} λ^2 h^{(2)}_{p+1} + τ_{N Rp}h^{(0)}_{p+1} + O(λ^2) . (6.12) The superficially divergent term can be determined as in [13] and takes the form h^{(2)}_{p+1} = −idθ_− ∧ 1 (p − 1)! ê^{μ1} ∧ . . . ∧ ê^{μp−1} ϵ_{μ1...μp−1 ν} Γ^ν ∧ dθ_− = = −ϵ_{νμ1 ...μp−1} 1 (p − 1)! dê^ν ∧ ê^{μ1} ∧ . . . ∧ e^{μp−1} . (6.13) Now we consider following expression d(d^{p+1}ξL^{div} ) = −d(d^{p+1}ξL^{div}_{DBI} ) + d(V (T )dT ∧ Ω_p)^{div} = = τ_{N Rp}V (T ) [ d ( 1 (p + 1)! ϵ_{I0 ...Ip}ê^{I0} ∧ . . . ∧ ê^{Ip} ) + dT ∧ h_{p+1} ] = = τ_{N Rp}V (T ) [ 1 p! ϵ_{JI1 ...Ip} dê^J ∧ ê^{I1} ∧ . . . ∧ ê^{Ip} + dT ∧ h_{p+1} ] = 0 (6.14) using the fact that dV ∧ ê^p = dV dT ê^p ∧ ê^p = 0 , d(dT ) = 0 (6.15)

and also − dT ∧ ϵ_{νμ1...μp−1} 1 (p − 1)! dê^ν ∧ ê^{μ1} ∧ . . . ∧ ê^{μp−1} = − (−1)^{(p+1)}ϵ_{νμ1 ...μp−1} 1 (p − 1)! dê^ν ∧ ê^{μ1} ∧ . . . ∧ ê^{μp−1} ∧ dT = = − 1 p! ϵ_{JI1 ...Ip} dê^J ∧ ê^{I1} ∧ . . . ∧ ê^{Ip} , (6.16)

where we have used the definition of the exterior derivative d and also the fact that for type IIA non-BPS Dp-brane p is odd.

As the last term in (6.14) involves only the terms with fermions [13], this cancellation removes the terms with fermions in L^{div}_{DBI} . There remains the pure bosonic term in L^{div}_{DBI} that is −d^{p+1}ξL^{div}_{DBI,bos} = τ_{N Rp}V (T ) 1 (p + 1)! ϵ_{I0...Ip} e^{I0} ∧ . . . ∧ e^{Ip} . (6.17) This term can be cancelled by turning on a closed Ramond-Ramond form C_p that gives an contribution to the WZ term ∫ L^{div}_{Cp} = −τ_{N Rp} ∫ V (T )dT ∧ 1 p! ϵ_{μ0 ...μp−1} dx^{μ0} ∧ . . . ∧ dx^{μp−1} = − τ_{N Rp} ∫ V (T ) 1 (p + 1)! ϵ_{I0...Ip} e^{I0} ∧ . . . ∧ e^{Ip} . (6.18)

Then we obtain the finite part of the supersymmetric generalisation of the nonrelativistic non-BPS Dp-brane action in the form S_{N R} = −τ_{N Rp} ∫ d^{p+1}ξV (T ) √ − det B [ i ( B^{−1} )_{ij} θ_+ê^μ_i Γ^ν η_{μν} ∂_j θ_++ + 1 2 ( B^{−1} )_{ij} u^a_i u^b_j g_{ab} − 1 4 ( B^{−1} )_{ij} F^{(1)}_{jk} ( B^{−1} )_{kl} F^{(1)}_{li} ] + + τ_{N Rp} ∫ V (T )dT ∧ Ω^{(0)}_p , (6.19)

where Ω^{(0)}_p is the non-relativistic WZ term that has the same form as in case of non-relativistic BPS D(p-1)-brane.

Our goal is to shown that the world-volume action for non-relativistic D(p-1)- brane in Type IIA theory anises from the action (6.19) as the tachyon kink. Recall that the action for non-relativistic D(p-1)-brane in type IIA theory has the form [13] S^{BP S}_{N R} = −T_{N R(p−1)} ∫ d^pξ √ − det g̃ ( ig̃^{αβ}θ_+ê^μ_αΓ^ν η_{μν} ∂_βθ̃_+ + 1 2 g̃^{αβ}ũ^a_αũ^b_β g_{ab}− − 1 4 g̃^{αβ}F̃^{(1)}_{βγ} g̃^{γδ}F̃^{(1)}_{δα} ) + T_{N R(p−1)} ∫ Ω^{(0)}_p , (6.20)

where

g̃_{αβ} = ^̃e^μ_α^̃e^ν_βη_{μν} , ^̃e^μ_β = ẽ^μ + iθ̃_−Γ^μdθ̃_− , ẽ^μ = dx̃^μ , ũ^a = dx̃^a + 2iθ̃_+Γ^adθ̃_−, x̃^a = X̃^a + iθ̃_−Γ^aθ̃_+ , (6.21)

and where F^{(1)} has the same form as in (6.6) with the gauge field w̃_α.

In order to show that the tachyon kink on the world-volume of the supersymmetric non-relativistic non-BPS Dp-brane describes the non-relativistic BPS D(p-1)- brane we should perform the same analysis as in section (2). As the first step we consider the ansatz T = f(a(ξ^p − t(ξ^α))) , W_α(ξ^p, ξ^α) = w̃_α(ξ^α) , W_p = 0 , x^μ(ξ^p, ξ^α) = x̃^μ(ξ^α) , X^a(ξ^p, ξ^α) = x̃^a(ξ^α) , θ_+(ξ^p, ξ^α) = θ̃_+(ξ^α) , θ_−(ξ^p, ξ^α) = θ̃_−(ξ^α) (6.22)

and insert it to the matrix B so that we obtain

B_{ij} = ( g̃_{αβ} + a^2f^{′2}∂_αt∂_βt −a^2f^{′2}∂_αt −a^2f^{′2}∂_βt a^2f^{′2} ) . (6.23)

Then we also get det B = a^2f^{′2} det g̃_{αβ} (6.24) and ( B^{−1} )_{pp} = g̃^{αβ}∂_αt∂_βt , ( B^{−1} )_{pα} = ∂_βtg̃^{βα} , ( B^{−1} )_{αp} = g̃^{αβ}∂_β t , ( B^{−1} )_{αβ} = g̃^{αβ} . (6.25)

Then it is easy to see that when we insert (6.22),(6.23),(6.24) and (6.25) into (6.19), perform the integration over ξ^p and use the relation (4.12) we obtain the nonrelativistic D(p-1)-brane action (6.20).

To show the complete equivalence we should check that the ansatz (6.22) solves the equations of motion that arise from (6.19). However from the form of the ansatz (6.22) and corresponding matrix B it is clear that the ansatz solves these equations on conditions that the massless modes given there solve the equations of motion that follow from (6.20).

Acknowledgements

This work was supported in part by the Czech Ministry of Education under Contract No. MSM 0021622409, by INFN, by the MIUR-COFIN contract 2003-023852, by the EU contracts MRTN-CT-2004-503369 and MRTN-CT-2004-512194, by the INTAS contract 03-516346 and by the NATO grant PST.CLG.978785.

References

[1] N. Seiberg, L. Susskind and N. Toumbas, “Strings in background electric field, space/time noncommutativity and a new noncritical string theory,” JHEP 0006, 021 (2000) [arXiv:hep-th/0005040].

[2] R. Gopakumar, J. M. Maldacena, S. Minwalla and A. Strominger, “S-duality and noncommutative gauge theory,” JHEP 0006, 036 (2000) [arXiv:hep-th/0005048].

[3] N. Seiberg, L. Susskind and N. Toumbas, “Space/time non-commutativity and causality,” JHEP 0006, 044 (2000) [arXiv:hep-th/0005015].

[4] R. Gopakumar, S. Minwalla, N. Seiberg and A. Strominger, “OM theory in diverse dimensions,” JHEP 0008, 008 (2000) [arXiv:hep-th/0006062].

[5] E. Bergshoeff, D. S. Berman, J. P. van der Schaar and P. Sundell, “Critical fields on the M5-brane and noncommutative open strings,” Phys. Lett. B 492, 193 (2000) [arXiv:hep-th/0006112].

[6] T. Harmark, “Open branes in space-time non-commutative little string theory,” Nucl.

Phys. B 593, 76 (2001) [arXiv:hep-th/0007147].

[7] J. Gomis and H. Ooguri, “Non-relativistic closed string theory,” J. Math. Phys. 42 (2001) 3127 [arXiv:hep-th/0009181].

[8] U. H. Danielsson, A. Guijosa and M. Kruczenski, “IIA/B, wound and wrapped,” JHEP 0010 (2000) 020 [arXiv:hep-th/0009182].

[9] U. H. Danielsson, A. Guijosa and M. Kruczenski, “Newtonian gravitons and D-brane collective coordinates in wound string theory,” JHEP 0103, 041 (2001) [arXiv:hepth/0012183].

[10] J. Brugues, T. Curtright, J. Gomis and L. Mezincescu, “Non-relativistic strings and branes as non-linear realizations of Galilei groups,” Phys. Lett. B 594 (2004) 227 [arXiv:hep-th/0404175].

[11] J. Gomis, K. Kamimura and P. K. Townsend, “Non-relativistic superbranes,” JHEP 0411 (2004) 051 [arXiv:hep-th/0409219].

[12] J. Gomis, J. Gomis and K. Kamimura, “Non-relativistic superstrings: A new soluble sector of AdS(5) x S**5,” JHEP 0512 (2005) 024 [arXiv:hep-th/0507036].

[13] J. Gomis, F. Passerini, T. Ramirez and A. Van Proeyen, “Non relativistic Dp branes,” JHEP 0510 (2005) 007 [arXiv:hep-th/0507135].

[14] M. Sakaguchi and K. Yoshida, “Non-relativistic AdS branes and Newton-Hooke superalgebra,” arXiv:hep-th/0605124.

[15] K. Kamimura and T. Ramirez, “Brane dualities in non-relativistic limit,” JHEP 0603 (2006) 058 [arXiv:hep-th/0512146].

[16] E. Witten, “D-branes and K-theory,” JHEP 9812 (1998) 019 [arXiv:hep-th/9810188]. [17] P. Horava, “Type IIA D-branes, K-theory, and matrix theory,” Adv. Theor. Math.

Phys. 2, 1373 (1999) [arXiv:hep-th/9812135].

[18] A. Sen, “Non-BPS states and branes in string theory,” arXiv:hep-th/9904207. [19] A. Sen, “Tachyon dynamics in open string theory,” Int. J. Mod. Phys. A 20 (2005) 5513 [arXiv:hep-th/0410103].

[20] A. Sen, “Supersymmetric world-volume action for non-BPS D-branes,” JHEP 9910 (1999) 008 [arXiv:hep-th/9909062].

[21] E. A. Bergshoeff, M. de Roo, T. C. de Wit, E. Eyras and S. Panda, “T-duality and actions for non-BPS D-branes,” JHEP 0005 (2000) 009 [arXiv:hep-th/0003221].

[22] M. R. Garousi, “Tachyon couplings on non-BPS D-branes and Dirac-Born-Infeld action,” Nucl. Phys. B 584 (2000) 284 [arXiv:hep-th/0003122].

[23] J. Kluson, “Proposal for non-BPS D-brane action,” Phys. Rev. D 62 (2000) 126003 [arXiv:hep-th/0004106]. HEP-TH 0004106;

[24] A. Sen, “Time and tachyon,” Int. J. Mod. Phys. A 18 (2003) 4869 [arXiv:hepth/0209122].

[25] A. Fotopoulos and A. A. Tseytlin, “On open superstring partition function in inhomogeneous rolling tachyon background,” JHEP 0312, 025 (2003) [arXiv:hep-th/0310253].

[26] A. Sen, “Open and closed strings from unstable D-branes,” Phys. Rev. D 68, 106003 (2003) [arXiv:hep-th/0305011].

[27] D. Kutasov and V. Niarchos, “Tachyon effective actions in open string theory,” Nucl.

Phys. B 666, 56 (2003) [arXiv:hep-th/0304045].

[28] V. Niarchos, “Notes on tachyon effective actions and Veneziano amplitudes,” Phys.

Rev. D 69, 106009 (2004) [arXiv:hep-th/0401066].

[29] K. Okuyama, “Wess-Zumino term in tachyon effective action,” JHEP 0305 (2003) 005 [arXiv:hep-th/0304108].

[30] P. Kraus and F. Larsen, “Boundary string field theory of the DD-bar system,” Phys.

Rev. D 63 (2001) 106004 [arXiv:hep-th/0012198].

[31] C. Kennedy and A. Wilkins, “Ramond-Ramond couplings on brane-antibrane systems,” Phys. Lett. B 464 (1999) 206 [arXiv:hep-th/9905195].

[32] M. Billo, B. Craps and F. Roose, “Ramond-Ramond couplings of non-BPS D-branes,” JHEP 9906 (1999) 033 [arXiv:hep-th/9905157].

[33] T. Takayanagi, S. Terashima and T. Uesugi, “Brane-antibrane action from boundary string field theory,” JHEP 0103 (2001) 019 [arXiv:hep-th/0012210].

[34] A. Sen, “Dirac-Born-Infeld action on the tachyon kink and vortex,” Phys. Rev. D 68 (2003) 066008 [arXiv:hep-th/0303057].

[35] J. Kluson, “Tachyon kink on non-BPS Dp-brane in the general background,” JHEP 0510 (2005) 076 [arXiv:hep-th/0508239].

[36] J. Kluson, “Note about tachyon kink in nontrivial background,” JHEP 0508 (2005) 032 [arXiv:hep-th/0506250].

[37] M. Cederwall, A. von Gussich, B. E. W. Nilsson and A. Westerberg, “The Dirichlet super-three-brane in ten-dimensional type IIB supergravity,” Nucl. Phys. B 490, 163 (1997) [arXiv:hep-th/9610148].

[38] M. Aganagic, C. Popescu and J. H. Schwarz, “D-brane actions with local kappa symmetry,” Phys. Lett. B 393, 311 (1997) [arXiv:hep-th/9610249].

[39] M. Cederwall, A. von Gussich, B. E. W. Nilsson, P. Sundell and A. Westerberg, “The Dirichlet super-p-branes in ten-dimensional type IIA and IIB supergravity,” Nucl. Phys. B 490, 179 (1997) [arXiv:hep-th/9611159].

[40] E. Bergshoeff and P. K. Townsend, “Super D-branes,” Nucl. Phys. B 490, 145 (1997) [arXiv:hep-th/9611173].