arXiv:hep-th/0610085 v1 8 Oct 2006

Thermodynamics of black holes in (n + 1)-dimensional Einstein-Born-Infeld-dilaton gravity

A. Sheykhi^{1,2∗} and N. Riazi^{1 †} 1. Physics Department and Biruni Observatory, Shiraz University, Shiraz 71454, Iran 2. Physics Department, Shahid Bahonar University, Kerman, Iran

We construct a new class of (n + 1)-dimensional (n ≥ 3) black hole solutions in Einstein- Born-Infeld-dilaton gravity with Liouville-type potential for the dilaton field and investigate their properties. These solutions are neither asymptotically flat nor (anti)-de Sitter. We find that these solutions can represent black holes, with inner and outer event horizons, an extreme black hole or a naked singularity provided the parameters of the solutions are chosen suitably. We compute the thermodynamic quantities of the black hole solutions and find that these quantities satisfy the first law of thermodynamics. We also perform stability analysis and investigate the effect of dilaton on the stability of the solutions.

I. INTRODUCTION

Born-Infeld electrodynamics was first introduced in 1934 in order to obtain a classical theory of charged particles with finite self-energy [1]. In this regard the theory was successful. However, they did not remove all of the singularities associated with a point charge and nonlinear electrodynamics became less popular with the introduction of QED which provided much better agreement with experiment. In recent years, there has been great interest in the Born-Infeld type generalizations of Abelian and non-Abelian gauge theories. Such generalizations arise naturally in open superstrings and in D-branes [2]. The low energy effective action for an open superstring in loop calculations leads to Born-Infeld type actions [3]. It has also been observed that the Born-Infeld action arises as an effective action governing the dynamics of vector-fields on D-branes [4]. The nonlinearity of the electromagnetic field brings remarkable properties to avoid the black hole singularity problem which may contradict the strong version of the Penrose cosmic censorship conjecture in some cases. Actually a new nonlinear electromagnetism was proposed, which produces a nonsingular exact black hole solution satisfying the weak energy condition [5], and has distinct properties from Bardeen black holes [6]. Unfortunately, the Born-Infeld model is not of this type. The Born-Infeld action including a dilaton and an axion field, appears in the coupling of an open

∗ email address: asheykhi@mail.uk.ac.ir † email: riazi@physics.susc.ac.ir

superstring and an Abelian gauge field theory. This action, describing a Born-Infeld-dilaton-axion system coupled to Einstein gravity, can be considered as a non-linear extension in the Abelian field of Einstein-Maxwell-dilaton-axion gravity. Some efforts have been done to construct exact solutions of Einstein-Born-Infeld (EBI) gravity. Exact solutions of Born-Infeld systems with zero cosmological constant has been studied by many authors [7, 8]. Thermodynamics of Born-Infeld black holes have been discussed in [9]. The exact five-dimensional charged black hole solution in Lovelock gravity coupled to Born-Infeld electrodynamics was presented in [10]. Black hole solutions to the theory with derivative corrections to the Born-Infeld action were derived in [11]. A class of slowly rotating black hole solutions in Born-Infeld theory has been obtained in [12]. In the presence of cosmological constant, black hole solutions of Einstein-Born-Infeld (EBI) theory with positive [13, 14], zero or negative constant curvature horizons have also been constructed [15]. Recently, the thermodynamical properties of these black hole solutions in (A)dS spacetime have been studied [16]. Unfortunately, exact solutions to the Einstein-Born-Infeld equation coupled to matter fields are too complicated to find except in a limited number of cases. Indeed, exact solutions to the Einstein Born-Infeld dilaton (EBId) gravity are known only in three dimensions [17]. Numerical studies of the EBId system in four dimensional static and spherically symmetric spacetime have been done in [18]. Some limited classes (factorized solutions) of four dimensional black hole in EBId theory with magnetic or electric charge have also been constructed [19, 20]. Till now, exact black hole solutions of EBId gravity in more than four dimensions have not been constructed. Our aim in this paper is to construct a new class of exact, spherically symmetric solution in (n+1)-dimensional Einstein-Born-Infeld-dilaton gravity for an arbitrary value of coupling constant with one and two Liouville-type potentials and investigate their properties. Specially, we want to perform a stability analysis and investigate the effect of dilaton on the stability of the solutions.

The organization of this paper is as follows: In Sec. II, we construct a class of (n + 1)- dimensional black hole solutions in EBId theory with one and two liouville type potentials and general dilaton coupling and investigate their properties. In Sec. III, we obtain the conserved and thermodynamical quantities of the (n + 1)-dimensional black hole solutions and show that these quantities satisfy the first law of thermodynamics. In Sec. IV, we perform a stability analysis and show that the dilaton creates an unstable phase for the solutions. We finish our paper with some concluding remarks.

II. FIELD EQUATIONS AND SOLUTIONS

We consider the (n + 1)-dimensional (n ≥ 3) action in which gravity is coupled to dilaton and Born-Infeld fields S = ∫ d^{n+1}x √ −g ( R − 4 n − 1 (∇Φ)^2 − V (Φ) + L(F, Φ) ) , (1)

where R is the Ricci scalar curvature, Φ is the dilaton field and V (Φ) is a potential for Φ. The Born-Infeld L(F, Φ) part of the action is given by

L(F, Φ) = 2γe^{4αΦn−1} 1 − √ 1 + e^{− 8αΦn−1} F^2 γ , (2)

Here, α is a constant determining the strength of coupling of the scalar and electromagnetic field and F^2 = F_{μν} F^{μν} , where F_{μν} = ∂_μA_ν − ∂_ν A_μ is the electromagnetic field tensor and A_μ is the electromagnetic vector potential. γ is called the Born-Infeld parameter with dimension of mass. In the limit γ → ∞, L(F, Φ) reduces to the standard Maxwell field coupled to a dilaton field L(F, Φ) = −e^{− 4αΦn−1} F_{μν} F^{μν} . (3) On the other hand, L(F, Φ) → 0 as γ → 0. It is convenient to set

L(F, Φ) = 2γe^{4αΦn−1} L(Y ), (4)

where

L(Y ) = 1 − √ 1 + Y , (5) Y = e^{− 8αΦn−1} F^2 γ . (6)

The equations of motion can be obtained by varying the action (1) with respect to the gravitational field g_{μν} , the dilaton field Φ and the gauge field A_μ which yields the following field equations R_{μν} = 4 n − 1 ( ∂_μΦ∂_ν Φ + 1 4 g_{μν} V (Φ) ) −4e^{−4αΦn−1} ∂_Y L(Y )F_{μη}F^η_ν + 2γ n − 1 e^{4αΦn−1} [2Y ∂_Y L(Y ) − L(Y )] g_{μν} , (7) ∇^2Φ = n − 1 8 ∂V ∂Φ + γαe^{4αΦn−1} [2Y ∂_Y L(Y ) − L(Y )] , (8)

∂_μ (√ −ge^{−4αΦn−1} ∂_Y L(Y )F^{μν} ) = 0. (9)

In particular, in the case of the linear electrodynamics with L(Y ) = −^1_2 Y , the system of equations (7)-(9) reduce to the well-known equations of Einstein-Maxwell dilaton gravity [21].

We wish to find static and spherically symmetric solutions of the above field equations. The most general such metric can be written in the form

ds^2 = −f(r)dt^2 + dr^2 f(r) + r^2R^2(r)dΩ^2_{n−1}, (10)

where, dΩ^2_{n−1} denotes the metric of an unit (n − 1) sphere. The functions f(r) and R(r) should be determined. The electromagnetic fields equation can be integrated immediately, where all the components of F_{μν} are zero except F_{tr}:

F_{tr} = qe^{4αΦn−1} (rR)^{n−1} √ 1 +^{2q2} γ(rR)^{2n−2} , (11)

where q is an integration constant related to the electric charge of the black hole. It is interesting to consider three limits of (11). First, for large γ (where the BI action reduces to Maxwell case) we have F_{tr} =^{qe2αΦ}_{(rR)n−1} as presented in [21]. On the other hand, if γ → 0 we get F_{tr} = 0. Finally, in the absence of the dilaton field (α = 0), it reduces to the case of (n + 1)-dimensional Einstein- Born-Infeld theory (see for example [14, 15]).

A. Black hole solutions with a Liouville type potential

First, we consider the action (1) with a Liouville type potential,

V (Φ) = 2Λe^{2ζΦ}, (12)

where Λ and ζ are constants. One may refer to Λ as the cosmological constant, since in the absence of the dilaton field the action reduces to the action of EBI gravity with cosmological constant[14, 15]. Here, we have redefined the cosmological constant as Λ = −n(n − 1)/2l^2. In order to solve the system of equations (7) and (8) for three unknown functions f(r), R(r) and Φ(r), we make the ansatz

R(r) = e^{2αΦ/(n−1)}. (13)

Using (13), the electromagnetic fields (11) and the metric (10), one can easily show that equations (7) and (8) have solutions of the form f(r) = − (n − 2) ( α^2 + 1

)_2 b^{−2β}r^{2β} (α^2 − 1) (n + α^2 − 2) − m r^{(n−1)(1−β)−1} + 2γ(α^2 + 1)^2b^{2β}r^{2(1−β)} (n − 1)(n − α^2) − 2(α^2 + 1)b^{(3−n)β} n − 1 r^{(n−1)(β−1)+1} ∫ Γr^{−2β} dr, (14)

Φ(r) = (n − 1)α 2(1 + α^2) ln( b r ), (15)

where Γ ≡ √ γ ( 2q^2 + γb^{2β(n−1)}r^{2(n−1)(1−β)} ) . (16)

The integral can be done in terms of hypergeometric functions and can be written in a compact form. The result is f(r) = − (n − 2) ( α^2 + 1

)_2 b^{−2β}r^{2β} (α^2 − 1) (n + α^2 − 2) − m r^{(n−1)(1−β)−1} − 2 γ(α^2 + 1)^2b^{2β}r^{2(1−β)}

(n − 1)(α^2 − n) × ( 1 −_2F_1 ([ − 1 2 , α^2 − n 2n − 2 ] , [ α^2 + n − 2 2n − 2 ] , −2q^2 γb^{2β(n−1)}r^{2(n−1)(1−β)} )) , (17)

Here b is a arbitrary constant and β = α^2/(α^2 + 1). In the above expression, m appears as an integration constant and is related to the ADM mass of the black hole. In order to fully satisfy the system of equations, we must have ζ = 2 α(n − 1) , Λ = (n − 1)(n − 2)α^2 2b^2(α^2 − 1)

. (18)

One may note that as γ −→ ∞ these solutions reduce to the (n + 1)-dimensional charged dilaton black hole solutions given in Ref. [21]. In the absence of a non-trivial dilaton (α = β = 0), the above solutions reproduce correctly the asymptotically flat Born-Infeld black hole (see for example [9]). Using the fact that_2F_1(a, b, c, z) has a convergent series expansion for |z| < 1, we can find the behavior of the metric for large r. This is given by f(r) = − (n − 2) ( α^2 + 1

)_2 b^{−2β}r^{2β} (α^2 − 1) (n + α^2 − 2) − m r^{(n−1)(1−β)−1} + 2(α^2 + 1)^2b^{−2(n−2)β}q^2 (n − 1)(α^2 + n − 2)r^{2(n−2)(1−β)} − (α^2 + 1)^2b^{−2(2n−3)β}q^4 γ(n − 1)(α^2 + 3n − 4)r^{2(2n−3)(1−β)}

. (19)

Note that in the limit γ → ∞ and α = β = 0, it has the form of Reissner-Nördstrom black hole. The last term in the right hand side of the above expression is the leading Born-Infeld correction to the RN black hole with dilaton field in the large γ limit.

B. Black hole solutions with two Liouville type potential

Second, we present exact, (n + 1)-dimensional solutions to the EBId gravity equations with an arbitrary dilaton coupling parameter α and dilaton potential

V (Φ) = 2Λ_0e^{2ζ0Φ} + 2Λe^{2ζΦ}. (20) where Λ_0, Λ, ζ_0 and ζ are constants. This kind of potential was previously investigated by a number of authors both in the context of F RW scalar field cosmologies [22] and EMd black holes [21, 23, 24]. This generalizes further the potential (12). If ζ_0 = ζ, then (20) reduces to (12), so we will not repeat these solutions, thus we require ζ_0 ≠ ζ. Again, using (13), the electromagnetic fields (11) and the metric (10), one can easily show that equations (7) and (8) have solutions of the form f(r) = − (n − 2) ( α^2 + 1

)_2 b^{−2β} r^{2β} (α^2 − 1) (n + α^2 − 2) − m r^{(n−1)(1−β)−1} + 2Λ ( α^2 + 1

)_2 b^{2β}r^{2(1−β)} (n − 1)(α^2 − n) + 2γ ( α^2 + 1

)_2

b^{2 β} r^{2(1−β)} (n − 1)(n − α^2) − 2(α^2 + 1)b^{(3−n)β} n − 1 r^{(n−1)(β−1)+1} ∫ Γr^{−2β} dr, (21) where b is a arbitrary constant and m the mass parameter. Φ(r) and Γ are given by Eqs. (15)-(16). Setting Λ = 0 in (21) one recover (14). In order to fully satisfy the system of equations, we should have ζ = 2α/(n − 1), and a similar relation to Eq. (18) for ζ_0 and Λ_0. We can also turn out the integration and express the solution in terms of hypergeometric function f(r) = − (n − 2) ( α^2 + 1

)_2 b^{−2β} (α^2 − 1) (n + α^2 − 2) r^{2β} − m r^{(n−1)(1−β)−1} + 2Λ ( α^2 + 1

)_2 b^{2β} (n − 1)(α^2 − n) r^{2(1−β)} −

2γ(α^2 + 1)^2b^{2β}r^{2(1−β)} (n − 1)(α^2 − n) × ( 1 −_2F_1 ([ − 1 2 , α^2 − n 2n − 2 ] , [ α^2 + n − 2 2n − 2 ] , −2q^2 γb^{2β(n−1)}r^{2(n−1)(1−β)} )) (22)

One may note that as γ −→ ∞ these solutions reduce to the (n+1)-dimensional charged dilaton black hole solutions given in Ref. [21]. In the absence of a non-trivial dilaton (α = β = 0), the above solutions reduce to the Born-Infeld black hole in (A)dS space presented in [14, 15]. Again, we can find the behavior of the metric for large r. This is given by f(r) = − (n − 2) ( α^2 + 1

)_2 b^{−2β} (α^2 − 1) (n + α^2 − 2) r^{2β} − m r^{(n−1)(1−β)−1} + 2Λ ( α^2 + 1

)_2 b^{2β} (n − 1)(α^2 − n) r^{2(1−β)} + 2(α^2 + 1)^2b^{−2(n−2)β}q^2 (n − 1)(α^2 + n − 2)r^{2(n−2)(1−β)} − (1 + α^2)^2b^{−2(2n−3)β}q^4 γ(n − 1)(α^2 + 3n − 4)r^{2(2n−3)(1−β)}

(23)

Note that in the limit γ → ∞ and α = β = 0, it has the form of Reissner-Nordstrom (A)dS black hole [25]. The last term in the right hand side of the above expression is the leading Born-Infeld correction to the RN(A)dS black hole with dilaton field in the large γ limit [21].

Properties of the solutions

Since the solution (14) can be obtained from (21) by setting Λ = 0, in the remains part of paper we focus on (21). In order to study the general structure of these solutions, we first look for the

FIG. 1: The function f(r) versus r for α = 0.5, q = 1 and n = 4. m = 1 (bold), m = 1.6 (continuous) and m = 2 (dashed).

FIG. 2: The function f(r) versus r for q = 1, m = 2 and n = 4. α = 0 (bold), α = 0.5 (continuous) and α = 0.7 (dashed).

FIG. 3: The function f(r) versus r for m = 1 and α = 0.5 and n = 4. q = 0.55 (bold), q = 0.66 (continuous) and q = 1 (dashed).

FIG. 4: The function m(r_h) versus r_h for γ = 2 and n = 4. α = 0 (bold), α = 0.5 (continuous) and α = 0.8 (dashed).

FIG. 5: The function m(r_h) versus r_h for α = 0.5 and n = 4. γ = 0.1 (bold), γ = 1 (continuous) and γ = 10 (dashed).

curvature singularities in the presence of dilaton gravity. It is easy to show that in the presence of dilaton field, the Kretschmann scalar R_{μνλκ}R^{μνλκ} diverges at r = 0, it is finite for r ≠ 0 and goes to zero as r → ∞. Thus, there is an essential singularity located at r = 0. The spacetime is neither asymptotically flat nor (A)dS. It is notable to mention that these solutions do not exist for the string case where α = 1. As one can see from Eq. (14) and (21), the solutions are ill-defined for α = √ n. The cases with α > √ n and α < √ n should be considered separately. In the first case where α > √ n, the spacetime has a cosmological horizon for positive values of the mass parameter, despite the sign of the cosmological constant Λ. In the second case where α < √ n, there exist a cosmological horizon for Λ > 0, while there is no cosmological horizons if Λ < 0 . Indeed, in the latter case (α < √ n and Λ < 0) the spacetimes associated with these solutions exhibit a variety of possible casual structures depending on the values of the metric parameters α, γ, m, q, and

Λ. One can obtain the casual structure by finding the roots of f(r) = 0. Unfortunately, because of the nature of the (21), it is not possible to find analytically the location of the horizons. To achieve understanding of the nature of the horizons, we first plot in figures (1)-(3), the function f(r) for some different values of mass parameter m and dilaton coupling α. For simplicity we have kept fixed the other parameters l = 1, b = 1, γ = 1. We find from these figures that our solutions can represent black hole, with inner and outer event horizons, an extreme black hole or a naked singularity provided the parameters of the solutions are chosen suitably. Then, we plot in figures (4) and (5), the mass parameter m as a function of the horizon radius r_h for some different values of Born-Infeld parameter γ and dilaton coupling α. Again we fixed l = 1, b = 1 and q = 1, for simplicity. It is easy to show that the mass parameter of the black hole can be expressed in terms of the horizon radius as

m(r_h) = −

(n − 2) ( α^2 + 1

)_2 b^{−2β} r_h^{n−2+β(3−n)} (α^2 − 1) (n + α^2 − 2) + 2Λ ( α^2 + 1

)_2 b^{2β}r^{n(1−β)−β} h (n − 1)(α^2 − n) − 2γ(α^2 + 1)^2b^{2β}r^{n(1−β)−β} h (n − 1)(α^2 − n) × ( 1 −_2F_1 ([ − 1 2 , α^2 − n 2n − 2 ] , [ α^2 + n − 2 2n − 2 ] , −2q^2 γb^{2β(n−1)}r^{2(n−1)(1−β)} h )) . (24)

Figures (4) and (5), show that for a given value of α or γ, the number of horizons depend on the choice of the value of the mass parameter m. We see from these figures that up to certain value of the mass parameter m, there are two horizons, and as we decrease the m further, the two horizons meet. In this case we get extremal black hole. Numerical calculations show that when this condition is satisfied, the temperature of the black hole vanishes. To see this better we obtain the temperature of the black hole on the horizon. The Hawking temperature of the black hole on the outer horizon r_+ can be calculated using the relation

T_+ = κ 2π = f^′ (r_+) 4π , (25)

where κ is the surface gravity. Then, one can easily show that

T_+ = −

(α^2 + 1)b^{2β}r^{1−2β}_+ 2π(n − 1) ( (n − 2)(n − 1)b^{−4β} 2(α^2 − 1) r^{4β−2}_+ + (Λ − γ) + Γb^{(1−n)β}r^{(1−n)(1−β)} + )

= (n − α^2)m 4π(α^2 + 1) r_+^{(n−1)(β−1)} −

(n − 2)(α^2 + 1)b^{−2β} 2π(α^2 + n − 2) r^{2β−1}_+ − q^2(α^2 + 1)b^{2(2−n)β} π(α^2 + n − 2) r^{2(2−n)(1−β)−1} + ×_2F_1 ([ 1 2 , n + α^2−2 2n − 2 ] , [ 3n + α^2−4 2n − 2 ] , − 2q^2b^{2β(1−n)}r^{2(n−1)(β−1)} + γ ) . (26)

There is also an extreme value for the mass parameter in which the temperature of the black hole is zero. It is a matter of calculation to show that

m_{ext} =

2(n − 2)(α^2 + 1)^2b^{−2β} (n − α^2)(α^2 + n − 2) r^{(2−n)(β−1)+β} ext +

4q^2(α^2 + 1)^2b^{2(2−n)β} (n − α^2)(α^2 + n − 2) r^{(3−n)(1−β)−1} ext ×_2F_1 ([ 1 2 , n + α^2−2 2n − 2 ] , [ 3n + α^2−4 2n − 2 ] , − 2q^2b^{2β(1−n)}r^{2(n−1)(β−1)} ext γ ) . (27)

Indeed the metric of Eqs. (10) and (21) has two inner and outer horizons located at r_− and r_+, provided the mass parameter m is greater than m_{ext}, an extreme black hole in the case of m = m_{ext}, and a naked singularity if m < m_{ext}. Notice that as we increase α or γ, the extremal value of the mass, m_{ext}, increases too(see figs. 4-5).

III. THERMODYNAMICS OF BLACK HOLE

In this section we want to compute the conserved and thermodynamics quantities of the EBId black hole. The metric presented in this paper is not be asymptotically flat, therefore we must use the quasilocal formalism to define the mass of the solutions (see [26, 27] for details). If we write the metric of spherically symmetric spacetime in the form

ds^2 = −V (r)dt^2 + dr^2 V (r) + r^2dΩ^2_{n−1}, (28)

and the matter action contains no derivatives of the metric, then the quasilocal mass is given by M = n − 1 2 r^{n−2}V (r)^{1/2} ( V_0(r)^{1/2} − V (r)^{1/2} ) . (29)

Here V_0(r) is an arbitrary function which determines the zero of the energy for a background spacetime and r is the radius of the spacelike hypersurface boundary. When the spacetime is asymptotically flat, the ADM mass M is the M determined in (29) in the limit r → ∞. If no cosmological horizon is present, the large r limit of (29), is used to determine the mass. If a cosmological horizon is present one can not take the large r limit to identify the quasilocal mass. However, one can still identify the small mass parameter in the solution [26, 27]. For the solution under consideration, there is no cosmological horizon and if we transform the metric in the form (28), then we obtain the mass of the black hole M = b^{(n−1)β}(n − 1)ω_{n−1}m 16π(α^2 + 1)

, (30)

where ω_{n−1} is the volume of the unit (n − 1) sphere. Black hole entropy typically satisfies the so called area law of the entropy [28]. This near universal law applies to almost all kinds of black holes and black holes in Einstein gravity [29]. It is a matter of calculation to show that the entropy of the black hole is S = b^{(n−1)β}ω_{n−1}r^{(n−1)(1−β)} + 4 , (31)

which shows that the area law holds for the black hole solutions in dilaton gravity. Next, we calculate the electric charge of the solutions. To determine the electric field we should consider the projections of the electromagnetic field tensor on spacial hypersurfaces. The normal to such hypersurfaces is

u^0 = 1 N , u^r = 0, u^i = − V^i N , (32)

where N and V^i are the lapse function and shift vector. Then the electric field is E^μ = g^{μρ}e^{−4αϕn−1} F_{ρν} u^ν , and the electric charge can be found by calculating the flux of the electric field at infinity, yielding Q = qω_{n−1} 4π . (33)

The electric potential U, measured at infinity with respect to the horizon, is defined by

U = A_μχ^μ |_{r→∞} − A_μχ^μ|_{r=r+} , (34)

where χ = ∂_t is the null generator of the horizon. One can easily show that the gauge potential A_t corresponding to the electromagnetic field (11) can be written as

A_t = qb^{(3−n)β} Υr^{Υ 2}

F_1 ([ 1 2 , n + α^2−2 2n − 2 ] , [ 3n + α^2−4 2n − 2 ] , − 2q^2 γb^{2β(n−1)}r^{2(n−1)(1−β)} ) , (35)

where Υ = (n − 3)(1 − β) + 1. Therefore, the electric potential may be obtained as U = qb^{(3−n)β} Υr_+^{Υ 2}

F_1 ([ 1 2 , n + α^2−2 2(n − 1) ] , [ 3n + α^2−4 2(n − 1) ] , − 2q^2 γb^{2β(n−1)}r^{2(n−1)(1−β)} + ) . (36)

Then, we consider the first law of thermodynamics for the black hole. In order to do this, we obtain the mass M as a function of extensive quantities S, and Q. Using the expression for the mass, the entropy and the charge given in Eqs. (30), (31) and (33) and the fact that f(r_+) = 0, one can obtain a Smarr-type formula as

M(S, Q) = −(n − 1)(n − 2)(α^2 + 1)b^{−α2} (4S)^{α2+n−2n−1} 16π(α^2 − 1)(α^2 + n − 2) + (α^2 + 1)(Λ − γ)b^{α2}(4S)^{n−α2n−1}

8π(α^2 − n) + (n − 1)(α^2 + 1)b^{α2} (4S)^{n−α} 2 n−1 8π(α^2 − n)^2

F_1 ([ − 1 2 , α^2 − n 2n − 2 ] , [ α^2 + n − 2 2n − 2 ] , −2π^2Q^2 γS^2 ) (37)

FIG. 6: (∂^2M/∂S^2)_Q versus α for q = 1, γ = 1 and n = 5. q = 0.5 (bold), q = 1 (continuous) and q = 1.5 (dashed).

FIG. 7: (∂^2M/∂S^2)_Q versus α for q = 1 and γ = 1. n = 4 (bold), n = 5 (continuous) and n = 6 (dashed).

One may then regard the parameters S, and Q as a complete set of extensive parameters for the mass M(S, Q) and define the intensive parameters conjugate to S and Q. These quantities are the temperature and the electric potential T = ( ∂M ∂S ) Q , U = ( ∂M ∂Q ) S . (38)

Numerical calculations show that the intensive quantities calculated by Eq. (38) coincide with Eqs. (26) and (36). Thus, these thermodynamics quantities satisfy the first law of thermodynamics dM = T dS + UdQ. (39)

IV. STABILITY IN THE CANONICAL ENSEMBLE ‘

FIG. 8: (∂^2M/∂S^2 )_Q versus α for n = 5 and q = 1. γ = 0.2 (bold), γ = 2 (continuous) and γ = 12 (dashed).

FIG. 9: (∂^2M/∂S^2)_Q versus q for , n = 5 and γ = 2. α = 0.8 (bold), α = 1.2 (continuous) and α = √ 2 (dashed).

Finally, we would like to study the stability of the EBId black hole we have just found. Specially, we want to investigate the effect of dilaton on the stability of the solutions. The stability of a thermodynamic system with respect to small variations of the thermodynamic coordinates is usually performed by analyzing the behavior of the entropy S(M, Q) around the equilibrium. The local stability in any ensemble requires that S(M, Q) be a convex function of the extensive variables or its Legendre transformation must be a concave function of the intensive variables. The stability can also be studied by the behavior of the energy M(S, Q) which should be a convex function of its extensive variable. Thus, the local stability can in principle be carried out by finding the determinant of the Hessian matrix of M(S, Q) with respect to its extensive variables X_i, H^M_{XiXj} = [∂^2M/∂X_i∂X_j] [30, 31]. In our case the mass M is a function of entropy and charge. The number of thermodynamic variables depends on the ensemble that is used. In the canonical ensemble, the charge is a fixed parameter and therefore the positivity of the (∂^2M/∂S^2)_Q

FIG. 10: (∂^2M/∂S^2)_Q versus q for γ = 2 and α = √ 2. n = 4 (bold), n = 5 (continuous) and n = 6 (dashed).

FIG. 11: (∂^2M/∂S^2)_Q versus q for n = 5 and α = √ 2. γ = 0.5 (bold), γ = 2 (continuous) and γ = 12 (dashed).

is sufficient to ensure local stability. Numerical calculations show that the black hole solutions are stable independent of the value of the charge and Born-Infeld parameters q and γ, in any dimensions if α < α_{max}, while for α > α_{max} the system has an unstable phase (see figs. 6-8). Notice that again we have kept fixed the other parameters l = 1, b = 1, r_+ = .08 in the figures 6-15. On the other hand, figures 9-11 show that there is always a low limit for electric charge q_{min} for which the system is thermally stable provided q > q_{min}. It is worth noting that α_{max} and q_{min} depend on the Born-Infeld parameter γ, and the dimensionality of space time. In figures 12-14 we plot (∂^2M/∂S^2)_Q versus Born-Infeld parameter γ for different values of the parameters q, α and n. These figures show that, there is always a low limit for Born-Infeld parameter γ_{min}, for which (∂^2M/∂S^2)_Q is positive provided γ > γ_{min}. It is notable to mention that γ_{min} decreases with increasing q and increases with increasing α and n. Finally, in figure 15 we show more explicitly the thermal stability of the black hole solutions for small value of dilaton coupling α, in any dimensions

FIG. 12: (∂^2M/∂S^2)_Q versus γ for n = 5, q = 1. α = 0.5 (bold), α = 1.1 (continuous) and α = 1.4 (dashed).

FIG. 13: (∂^2M/∂S^2)_Q versus γ for n = 5 and α = √ 2. q = 0.8 (bold), q = 1.2 (continuous) and q = 1.5 (dashed).

for a fixed value of the charge parameter q and arbitrary Born-Infeld parameter γ.

V. CLOSING REMARKS

To sum up, we presented the (n + 1)-dimensional Einstein-Born-Infeld action coupled to a dilaton field and obtained the equations of motion by varying this action with respect to the gravitational field g_{μν} , the dilaton field Φ and the gauge field A_μ. Then, we constructed a new class of charged, black hole solutions to (n + 1)-dimensional (n ≥ 3) Einstein-Born-Infeld-dilaton theory with one and two Liouville-type potentials and investigated their properties. These solutions are neither asymptotically flat nor (anti)-de Sitter. These solutions do not exist for the string case where α = 1. In the presence of Liouville-type potential, we obtained exact solutions provided α ≠ √ n. In the particular case γ −→ ∞, these solutions reduce to the (n + 1)-dimensional Einstein-Maxwell-dilaton black hole solutions given in Ref. [21], while in the absence of a non-

FIG. 14: (∂^2M/∂S^2)_Q versus γ for q = 1.5 and α = √ 2. n = 4(bold), n = 5 (continues) and n = 6 (dashed).

FIG. 15: (∂^2M/∂S^2)_Q versus γ for q = 1 and α = 0.2. n = 4(bold), n = 5 (continuous) and n = 6 (dashed).

trivial dilaton (α = β = 0), the above solutions reduce to the (n + 1)-dimensional Born-Infeld black hole in the presence of a cosmological constant presented in [14, 15]. We found that these solutions can represent black holes, with inner and outer event horizons, an extreme black hole or a naked singularity provided the parameters of the solutions are chosen suitably. We also computed temperature, mass, entropy, charge and electric potential of the black hole solutions and found that these quantities satisfy the first law of thermodynamics. We showed that these thermodynamic quantities are independent of the Born-Infeld parameter γ. We found a Smarr-type formula and performed a stability analysis in canonical ensemble by considering (∂^2M/∂S^2)_Q for the charged black hole solutions in (n + 1) dimensions and showed that there is no Hawking-Page phase transition in spite of charge of the black hole provided α ≤ α_{max}, independent of the values of the charge and Born-Infeld parameter, q, γ and the dimensionality of the space time, while the solutions have an unstable phase for α ≤ α_{max}. We found that there is always a low limit for electric charge q_{min} for which (∂^2M/∂S^2)_Q is positive, provided q > q_{min}. It is worth to note that α_{max} and q_{min} depend on the Born-Infeld parameter γ, and the dimensionality of space time. On the other hand, we found a lower limit for the Born-Infeld parameter γ_{min}, for which (∂^2M/∂S^2)_Q is positive provided γ > γ_{min}. It is notable to mention that γ_{min} decreases with increasing q and increases with increasing α and n. Note that the (n + 1)-dimensional black hole solutions obtained here are static. Thus, it would be interesting if one could construct rotating black hole solutions in (n + 1) dimensions in the presence of dilaton and Born-Infeld fields.

Acknowledgments

This work has been supported in part by Shiraz University.

[1] M. Born and L. Infeld, Proc. R. Soc. London A143, 410 (1934). [2] R. G. Leigh, Mod. Phys. Lett A4, 2767 (1989). [3] E. Fradkin, A. Tseytlin, Phys.Lett. B163, 123 (1985). [4] A. Tseytlin, Nucl.Phys. B276, 391 (1986).

[5] H. Salazar, A. Garcia and J. Plebanski, J. Math. Phys. 28, 2171 (1987); E. Ayon-Beato and A. Garcia, Phys. Rev. Lett. 80, 5056 (1998); ibid., Gen. Rel. Grav. 31, 629 (1999); ibid., Phys. Lett. B 464, 25 (1999).

[6] A. Borde, Phys. Rev. D 55, 7615 (1997).

[7] Garcia, H. Salazar and J.F. Plebanski, Nuovo.Cim 84, 65 (1984) ; M. Demianski, Found. of Physics, 16 (1986) 187; N. Breton, gr-qc/0109022; N. Breton, Phys.Rev. D 67, 124004 (2003); G. W. Gibbons and C. A. R. Herdeiro, Class. Quant. Grav. 18, 1677 (2001).

[8] D. L. Wiltshire, Phys. Rev. D 38, 2445 (1988); H. d Oliveira, Class. Quant. Grav. 11, 1469 (1994). [9] D. A. Rasheed, [arXiv:hep-th/9702087].

[10] M. Aiello, R. Ferraro and G. Giribet, [arXiv:gr-qc/0408078]. [11] Tamaki, JCAP 0405 (2004) 004.

[12] Diego J. C. Lombardo, [arXiv:gr-qc/0603066].

[13] S. Fernando and D. Krug, Gen. Rel. Grav. 35, 129 (2003) [arXiv:hep-th/0306120]; M. Cataldo and A.

Garcia, Phys. Lett. B456, 28 (1999)[arXiv:hep-th/9903257]. [14] T. K. Dey, Phys. Lett. B595, 484 (2004) [arXiv:hep-th/0406169]. [15] R. G. Cai, D. W. Pang, A. Wang, Phys.Rev. D 70, 124034 (2004). [16] S. Fernando, [arXiv:hep-th/0608040].

[17] R. Yamazaki and D.Ida, Phys. Rev. D 64, 024009 (2001).

[18] T. Tamaki and T. Torii, Phys. Rev. D 62, 061501 (2000); T. Tamaki and T. Torii, Phys.Rev. D 64, 024027 (2001) 024027[arXiv:gr-qc/0101083] G. Celement and D. Gal’ tsov, Phys. Rev. D 62, 124013

(2000); S. S. Yazadjiev, P. P. Fiziev, T. L. Boyadjiev, M. D. Todorov, Mod. Phys.Lett. A16, 2143 (2001).

[19] S. S. Yazadjiev,Phys.Rev. D 72, 044006 (2005).

[20] A. Sheykhi, N. Riazi and M. H. Mahzoon, Phys. Rev. D 74, 044025 (2006). [21] K. C. K. Chan, J. H. Horne and R. B. Mann, Nucl. Phys. B447, 441 (1995). [22] M. Özer and M.O. Taha, Phys. Rev. D 45 (1992) 997; R. Easther, Class. Quant. Grav. 10, 2203 (1993). [23] S. S. Yazadjiev, Class.Quant. Grav. 22, 3875(2005).

[24] A. Sheykhi and N. Riazi, Int. J. Theor. Phys. to be published, [arXiv:hep-th/0605072]. [25] A. Chamblin, R. Emparan, C. Johnson and R. Myers, Phys. Rev. D 60 (1999) 064018, [arXiv:hep-th/9902170].

[26] J. Brown and J. York, Phys. Rev. D 47, 1407 (1993). [27] Jolien D. E. Creighton and Robert B. Mann, [arXiv:gr-qc/9511012] .

[28] J. D. Beckenstein, Phys. Rev. D 7, 2333 (1973); S. W. Hawking, Nature (London) 248, 30 (1974); G.

W. Gibbons and S. W. Hawking, Phys. Rev. D 15, 2738 (1977).

[29] C. J. Hunter, Phys. Rev. D 59, 024009 (1999); S. W. Hawking, C. J Hunter and D. N. Page, ibid. 59, 044033 (1999); R. B. Mann ibid. 60, 104047 (1999);ibid. 61, 084013 (2000).

[30] M. Cvetic and S. S. Gubser, J. High Energy Phys. 04, 024 (1999); M. M. Caldarelli, G. Cognola and D. Klemm, Class. Quant. Grav. 17, 399 (2000).

[31] S. S. Gubser and I. Mitra, J. High Energy Phys., 08, 018 (2001).