arXiv:hep-th/0610146 v3 16 Oct 2006

Casimir Effect in Hyperbolic Polygons

H. Ahmedov^1

Feza Gursey Institute, P.O. Box 6, 81220, Çengelköy, Istanbul, Turkey.

Abstract

We derive a trace formula for the spectra of quantum mechanical systems in hyperbolic polygons which are the fundamental domains of discrete isometry groups acting in the two dimensional hyperboloid. Using this trace formula and the point splitting regularization method we calculate the Casimir energy for a scalar fields in such domains. The dependence of the vacuum energy on the number of vertexes is established.

1. Introduction

Sign of the Casimir energy is known to be dependent on the dimension, topology, metric properties of manifolds and on the shape of boundaries where fields under consideration vanishes [1]. For example the vacuum energy in the three dimensional ball is positive [2] whereas in the original parallel plane configuration it is negative [3]. No general approach is known to investigate the dependence of the Casimir energy on the geometry of boundaries for compact domains. Technical difficulties related to the solving of the Dirichlet problem restrict the number of cavities for which explicit results can be obtained. It seems that only those cavities which have additional symmetries ( such as the rotational symmetry for the ball ) are treatable. Cavities which are the fundamental domains of discrete isometry groups give us another class of solvable physical system: Symmetries of isometry discrete groups can be used to find spectra of such systems. However the Euclidean spaces admits only finite number of crystallographic groups and consequently only special cavities with fixed shapes can be treated by the reflection method [4].

Hyperbolic spaces in contrast to the Euclidean ones admit infinite number different cavities which can be treated by the reflection method [7]. This may give us the possibility to find the analytic expression for the Casimir energy as a function of the boundary configuration. We restrict our consideration on the two dimensional hyperbolic space H^2. We consider polygons bounded by an arbitrary number geodesics ( the analogue of polygons in the flat case ). Duality between the configuration and momentum spaces are not well known for hyperbolic spaces: No individuals formulas for eigenvalues of the Laplace- Beltrami operator on such domains are known. The Selberg’s trace formula is

1E-mail: hagi@gursey.gov.tr

currently the only available tool to analyze the sums over the spectra of quantum mechanical systems on hyperbolic manifolds. This formula manifests the duality between spectra of compact manifolds and geodesics - elements of discrete hyperbolic groups which are the fundamental groups for these manifolds [5]. The Selberg’s trace formula for hyperbolic groups ( no points in H^2 fixed under the action of the group ) in the two dimensional hyperboloid H^2 is given in [6] and describe the spectra of oriented two dimensional manifolds without boundaries. Fundamental groups of the hyperbolic polygons which we consider are not hyperbolic. To our knowledge no explicit construction of a trace formula for such groups is known.

The purpose of this paper is to establish the dependence of the Casimir energy on the boundary configuration for M-polygons X in H^2 ( polygons with M vertexes ). We derive the trace formula for the spectra of the Laplace-Beltrami operator in X. The trace formula we obtain is the generalization of the Selberg’s trace formula which includes also boundary effects. Using this trace formula and the point splitting regularization method we calculate the Casimir energy for a minimally coupled massless scalar field. The explicit formula which defines the dependence of the Casimir energy on the number of vertices is established. Namely at M → ∞ we have E = C_0 R M ln M (1)

where C_0 is the positive number given by (70).

This paper is arranged as follows. In Section 2 we construct a Selberg’s trace formula for M-polygons in the hyperboloid H^2. Section 3 is devoted to the calculation of the Casimir energy for a massless scalar field in M-polygons. In Appendix we give an integral transformation which we use to calculate the Selberg’s trace formula.

2. The Selberg’s trace for hyperbolic polygons

The two dimensional hyperboloid H^2 in the Lobachevski realization is the upper half plane Im(z) > 0 equipped with the metric

ds^2 =

(dx)^2 + (dy)^2 y^2 , z = x + iy. (2) Geodesics in H^2 are circles centered at the real axis and lines parallel to the imaginary axis. We may parameterize a geodesic by two points on the extended real line which is the boundary of H^2. By (x, x^′) we denote the circle centered at the real line and passing through the points x and x^′. By (x, ∞) we denote the line parallel to the imaginary axis and passing through the points x on the real line.

Consider a polygon X between M geodesics L_1, L_2, . . . , L_M . Let q_j be the reflection with respect to the geodesic L_j and Γ be the group generated by the reflections q_1, q_2, . . . , q_M . We require that X is the fundamental domain of the discrete group Γ.

From the Green function G_ρ(z, w) = − 1 2π √ 2 ∫_∞ d dy e^{−iρy} √ cosh y − cosh d (3) on the two dimensional hyperboloid [8] we construct the one on X which satisfies the Dirichlet boundary conditions. Here d = d(z, w) is the invariant distance given by cosh d(z.w) = 1 + | z − w |^2 2ImzImw . (4)

The desired Green function is Ḡ_ρ(z, w) = ∑ γ∈Γ χ(γ)G_ρ(γz, w) (5) where χ(q_j) = −1 (6) is the one dimensional representation of Γ. It satisfies the equation

[L + ρ^2 + 1 4 ]Ḡ_ρ(z, w) = y^2δ(x − x^′)δ(y − y^′) (7)

where L = y^2(∂^2_x + ∂^2_y ) (8) is the Laplace-Beltrami operator on H^2. From (5) we observe the property Ḡ_ρ(q_jz, w) = −Ḡ_ρ(z, w). (9) From the other side the reflection q_j leaves the geodesic L_j fixed. Thus the Green function vanishes on the boundary of X.

Consider a two point function K̄(z.w) = 1 iπ ∫_∞ −∞ dρρh(ρ)Ḡ_ρ (z, w) (10) where h(ρ) is a function such that the integral is well defined. The spectral representation Ḡ_ρ(z, w) = ∞∑ n=0 Ψ_n(z)Ψ_n(w)

ρ^2 − ρ^2_n

(11) for the Green function gives the trace formula Z[h] = ∞∑ n=0 h(ρ_n) = ∫ X dμK̄(z.w). (12) From the other side the geodesic representation (5) for the Green function implies Z[h] = ∑ γ∈Γ χ(γ) ∫ X dμK(γz, w) (13) The Selberg’s trace formula manifests the equality between the sum over spectra and the sum over geodesics. Here {ρ^2_n +^1_4 }^∞_{n=0} and {Ψ_k(⃗x)}^∞_{n=0} are the set of eigenvalues and eigenfunctions of the Laplacian −L, dμ = dxdy y^2

(14)

is the invariant measure on the hyperboloid H^2 and K(z.w) = 1 iπ ∫_∞ −∞ dρρh(ρ)G_ρ (z, w) (15) with G_ρ(z, w) being the free Green function (5).

Let H be the set of equivalent classes in Γ defined by the relation: one identifies γ and γ^′ if there exist γ̃ ∈ Γ such that γ^′ = γ̃γγ̃^{−1}. (16) The summation over Γ can be replaced by the summation over the conjugacy classes H Z[h] = ∑ γ∈H χ(γ) ∫ X/Σ_γ dμK(γz, w) (17) where Σ_γ = {γ̃ ∈ Γ : γγ̃ = γ̃γ} (18) is the stability group of γ ∈ H. The construction of the trace formula is reduced to the problem of the classification of conjugacy classes and their stability groups.

The stability group of the unit element is the whole group Γ and the contribution to the trace formula is [9]

Z_0[h] = S 4π ∫_∞ −∞ dρρ tanh πρh(ρ) (19) where S is the area of X.

Let the intersection point V_j of geodesics L_j and L_{j+1} has the period P_j, that is the angle between these geodesics is^{2π}_{Pj} . We assume that P_j is an even number. The reflections q_j and q_{j+1} generate a finite group G which lives the vertex V_j fixed. Every geodesic in H^2 can be obtained from the imaginary axis

L_0 = (0, ∞) (20)

by a conformal transformation γz = az + b cz + d , ad − bc = 1 (21) where a, b, c, d are real numbers. By transforming the geodesic L_j into L_0 and the vertex V_j into the point z = i the reflections q_j and q_{j+1} take the following form q_j = q_0, q_{j+1} = kq_0 (22) where q_0z = −z̄ (23) is the reflection with respect to the geodesic L_0 and k = ( cos^{2π}_{Pj} sin^{2π}_{Pj} − sin^{2π}_{Pj} cos^{2π}_{Pj} ) (24)

is the rotation around the point z = i of the order^{Pj}_2 . Note that since we are dealing with projective transformations we have k^{Pj2} = −1 ≡ 1. G is the Dihedral group of the order P_j. The conjugacy classes in G are

{q_0, kq_0} (25) and {k, k^2, . . . k^{Pj4} } (26) if^{Pj}_2 is even and {k, k^2, . . . k^{Pj −24} } (27) if^{Pj}_2 is odd. For the latter case Σ_km is the cyclic subgroup G_0 of G generated by k. For the even case we have Σ_km = G_0 if m ≠^{Pj}_4 and Σ_km = G if m =^{Pj}_4 . The contribution from the vertex V_j to the trace formula is ( see (88 ))

Z_{Vj} [h] = 1 P_j Pj 2 −1∑

n=1 ∫_∞ 0 dyg(y) cosh y sinh^2 y + sin^{2 2πn}_{Pj}

(28)

where g(y) = 1 2π ∫_∞ −∞ dρh(ρ)e^{−iρy}. (29)

The total contribution to Z[h] from the vertexes of X is

Z_V [h] = M∑ j=1 Z_{Vj} (s). (30)

Let Λ be the set of all geodesic on H^2 which can be obtained from the geodesics L_j , j = 1, . . ., M which form the boundary of X by the action of the group Γ. We consider a class of fundamental domains X with the following property: for any nonintersecting pair of geodesics L and L^′ in Λ there exist a geodesic L̃ in Λ which intersects L and L^′ at the right angles.^2 If q and q^′ are the reflections with respect to the geodesics L and L^′ then γ = qq^′ is the translation along the geodesic L̃, that is γ transforms this geodesic into itself. Thus for any geodesic in Λ there exists a translation along this geodesic.

Now we are ready to consider the reflections (25). Σ_{q0} is generated by the reflection q_0 and by the translation γ = ( e^{lγ2} 0 0 e^{− lγ2} ) (31)

along the imaginary axis. Here l_γ is the length of γ. The fundamental domain Ω of Σ_{q0} is the half of the strip between two circles of radii 1 and e^{lγ} centered at z = 0: Ω = {z ∈ H^2 : 1 <| z |< e^{lγ} , Rez > 0}. (32) All other edges of X can be treated in a similar fashion. The contribution to the trace formula from the geodesic which form the boundary of X is ( see (98))

Z_L[h] = g(0) 4 M∑ j=1 l_{γj} (33)

where γ_j is the length of the translation along the geodesic L_j .

Now we consider hyperbolic elements in H. Let H̄ be the set of elements in H which have no fixed points on H^2. We decompose H̄ into an even H_+ and an odd H_− pieces defined by the condition

H_± = (γ ∈ H̄ : χ(γ) = ±1}. (34)

Elements of H_+ are translations γ which are conformal transformations (21) with the property a + d > 2. For any translation γ there exist a geodesic L in Λ which is preserved by this translation. The reflection q with respect to L commutes with γ. Thus Σ_γ is generated by γ and q which fundamental domain

2It seems that this property is valid for any discrete group Γ generated by reflections and having nonzero compact fundamental domain in H^2, but the proof for general case appears to be difficult

is (32). The contribution from even hyperbolic transformations to the trace formula is ( see (94) )

Z_+[h] = 1 4 ∑ γ∈H_+ l_γ g(^{lγ}_2 ) sinh^{lγ}_2

. (35)

Translations γ^n for positive integers n have the same stability group Σ_γ . Let A_+ be the set of primite elements in H_+ ( all elements in H_+ can be obtained by multiplications of elements in A_+ ). The even trace formula can be rewritten as Z_+[h] = 1 4 ∑ γ∈A_+ ∞∑ n=1 l_γ g(^{nlγ}_2 ) sinh^{nlγ}_2

. (36)

Let now γ ∈ H_−. A transformation γ^2 is a translation. Therefore there exist a geodesic L which is preserved by it. Let q be the reflection with respect to L and γ = qγ_0. If we transport L into the imaginary axis L_0 the translation γ^2 will be of the diagonal form (31) with the length l_γ2 and the reflection q transforms into q_0 given by (23). Let

γ_0 = ( a b c d ) . (37)

The action of q_0 in the matrix form is

q_0 ( a b c d ) q_0 = ( a −b −c d ) . (38)

The condition

γ^2 = e l γ2 2 0 0 e^{− lγ22} (39)

implies that γ_0 is of the diagonal form with l_{γ0} =^1_2 l_γ2 . Thus Σ_γ is generated by γ_0 and q with the fundamental domain (32) where now l_γ is defined to be the half of the length of the translation γ^2. The contribution from odd hyperbolic transformations to the trace formula is

Z_−[h] = 1 4 ∑ γ∈H_− l_γ g(^{lγ}_2 ) cosh^{lγ}_2

. (40)

Transformations γ^{2n+1} for positive integers n have the same stability group. The odd trace formula takes the form

Z_−[h] = 1 4 ∑ γ∈A_− ∞∑ n=1 l_γ g((n +^1_2 )l_γ ) cosh(n +^1_2 )l_γ )

(41) where A_− is the set of primite elements in H_−.

Collecting all above terms we arrive at the Selberg’s trace formula in X

Z[h] = Z_0[h] + Z_V [h] − Z_L[h] + Z_+[h] − Z_−[h] (42)

where Z_0[h] given by (19) is the trace over the spectra of the two dimensional hyperboloid H^2; Z_V [h] and Z_L[h] given by (30) and (33) includes effects of vertexes and edges which form the boundary of X; Z_+[h] and Z_−[h] given by (36) and (41) are contributions from even and odd hyperbolic transformations. The Selberg trace formula for hyperbolic groups which describe the spectra of oriented manifolds without boundaries contains the free Z_0 and even Z_+ terms only [6]. The remaining terms in (42) are related to the boundary effects.

Before closing this Section we give the example of symmetric M- polygon X with equal edges and angles between them. It is bounded by M geodesics

L_j = (tan( ϕ 2 + (j − 1) π M ), tan(− ϕ 2 + (j − 1) π M ), j = 1, 2, . . .M (43) where sin ϕ = sin^π_M cos^π_P

(44)

and P is the period of the vertexes in X. The reflection with respect to L_j is

q_j = k^{j−1}γqk^{−(j−1)} (45)

where γ is the diagonal matrix (31) with the length given by

cosh l = cos^π_P sin^π_M

, (46)

q is the reflection with respect to the geodesic (−1, 1) qz = 1 z̄ (47)

and k is the rotation of the order M . When M ≫ 1 the length of the translation γ becomes much greater than one. For symmetric M -polygon X with sufficiently large number of vertexes we can neglect the even Z_+[h] and the odd Z_−[h] terms in the Selberg’s trace formula. As the result we have

Z[h] ≃ Z_0[h] + Z_V [h] + Z_L[h], M ≫ 1. (48)

For P = 4 that is when the angles between geodesics are right ones we have Z[h] ≃ S 4π ∫_∞ −∞ dρρ tanh πρh(ρ) + M 4 ∫_∞ 0 dyg(y) cosh y + M ln M 4 g(0) (49)

If M is even then one may glue the opposite edges of X to get the sphere with g =^M_2 handles. By the Gauss-Bonnet theorem the area of X is 4π(g − 1).

3. The Casimir energy in polygons We consider a scalar field in the three dimensional Clifford-Klein space-time

ds^2 = dt^2 − R^2

(dx)^2 + (dy)^2 y^2

(50)

By quantizing canonically the scalar field in a polygon X the two point function is given by ( t > t^′ ) formal expression ⟨0|ϕ(x)ϕ(x^′)|0⟩ = ∑ k e^{−iωk(t−t′−iε)} 2ω_k Ψ_k(⃗x)Ψ_k(⃗x^′) (51)

where ω^2_n = 1 R (ρ^2_n + 1 4 ) (52)

and {ρ^2_n +^1_4 }^∞_{n=0} and {Ψ_k(⃗x)}^∞_{n=0} are the set of eigenvalues and eigenfunctions of the Laplacian −L. As long as ε is kept different from zero, the two point function is well defined quantity, which is (for t > t^′ ) related to the positive frequency part of the Feynman propagator. The vacuum energy density E(⃗x) can be obtained from this propagator by applying a bi- differential operator and then by taking a coincidence limit [10] E(⃗x) = 1 2 lim (t^′,x^′,y^′)→(t,x,y) [∂_t∂_t′ + y^2(∂_x∂_x′ + ∂_y∂_y′ )]⟨0|ϕ(x)ϕ(x^′)|0⟩. (53)

Integrating the energy density over X we arrive at

E_ε = − 1 2R ∂ ∂ε ∞∑ n=0 e^{−ε} √_{ρ2n+ 14} (54)

which is the regularization in which we are interested: The Casimir energy is a finite part of E_ε in ε → 0 limit. For static space-times this regularization is equivalent to another regularization techniques [11].

The Selberg’s trace formula (42) gives the possibility to calculate the Casimir energy in an arbitrary M -polygon X

E_ε = − 1 2R ∂ ∂ε Z[h] (55)

where h(ρ) = e^{−ε} √_{ρ2 + 14}

. (56)

To establish the dependence of the vacuum energy in X on the boundary configuration explicitly we consider the symmetric M -polygon with sufficiently large number of vertexes which we introduced in the previous Section. The Selberg’s trace formula (49) implies

E ≃ E_0 + E_V + E_L. (57)

The free energy of the Clifford-Klein space time

E_0 = − 1 2R ∂ ∂ε Z_0[h] (58)

is negative [12]

E_0 = − S 2πR ∫_∞ 0 ρdρ √ ρ^2 +^1_4 1 + e^{2πρ} − S 96πR (59)

where S is the area of X.

The effect of vertexes is given by

E_V = − 1 2R ∂ ∂ε Z_V [h] (60) or E_V = − M 8R ∫_∞ 0 dy cosh y ∂ ∂ε g_ε(y) (61)

where g_ε(y) = 1 π ∫_∞ 0 dρ cos yρe^{−ε} √_{ρ2 + 14} . (62)

Using the Taylor expansion for cos yρ and the integral representation

K_m( ε 2 ) = √ π Γ(m +^1_2 ) ε^m ∫_∞ 0 dxx^{2m} e^{−ε} √_{ρ2 + 14} √ ρ^2 +^1_4

(63)

for the modified Bessel function ( see page 959 of [15] ) we arrive at

g_ε(y) = 1 π ∞∑ m=0 (−)^m m! ( y 2 )^{2m} ∂ ∂ε K_m(^ε_2 ) ε^m (64)

The integral ( see page 349 of [15] ) ∫_∞ 0 y^{2m} cosh y = ( π 2 )^{2m+1} | E_{2m} | (65)

allows us to rewrite (61) as

E_V = M 16R ∞∑ m=0 (−)^m | E_{2m} | m! ( π 4 )^{2m}

∂^2 ∂ε^2 K_m(^ε_2 ) ε^m . (66)

Here E_m are the Euler’s numbers which can be defined from the expansion 1 cosh z = ∞∑ n=0 E_n n! z^n, | z |< 1 2 . (67)

From the series representation for the modified Bessel function ( see page 961 of [15])

K_m(z) = 1 2 m−1∑ k=0 (−)^m (m − k − 1)! k! ( z 2 )^{2k−m} +

+ (−)^{m+1} ∞∑ k=0 (^z_2 )^{2k+m} k!(m + k)! [ln z 2 − Ψ(k + 1) + Ψ(m + k + 1) 2 ] (68)

we observe that only the second term at k = 1 has finite part in ε → 0 limit:

∂^2 ∂ε^2 K_m(^ε_2 ) ε^m = (−)^{m+1} C_m 4^{m+2}(m + 1)!

(69)

where

C_m = 2 + 2C + 4 ln 2 − m+1∑ k=1 1 k (70)

and C = 0, 577... is the Euler number. Thus the Casimir effect due to the vertexes is E_V = − M 256R ∞∑ m=0 | E_{2m} | m!(m + 1)! ( π 8 )^{2m}C_m (71)

The coefficient C_m becomes negative for m ≫ 1. Since the terms in the above series decrease fast we conclude that E_V is negative.

The effect of edges which form the boundary of X is given by

E_L = 1 2R ∂ ∂ε Z_L[h] (72) or E_V = M ln M 8R ∫_∞ 0 dy cosh y ∂ ∂ε g_ε(0) (73)

The integral representation (63) implies

E_V = − M ln M 8πR ∫_∞ 0 dy cosh y

∂^2 ∂ε^2 K_0( ε 2 ) (74)

By the virtue of (69) we get the final result

E_V =

C_0 128πR M ln M (75) which is positive. At M → ∞ the contribution to the Casimir energy from the vertexes becomes much greater than the free energy E_0 and effects from the edges of X. In this limit we have E ≃ C_0 128πR M ln M. (76)

The Casimir energy for the symmetric M -polygon with sufficiently large number of vertexes is positive and increases with the number of vertexes. To see the rate of the increasing we divide the above expression on the area of X which is for even M is given by S = 2πM ( when M ≫ 1 the area for any polygon X is a linear function of M ). The vacuum energy per unit area increases as logarithm of M.

Before closing this Section we shortly discuss the contribution to the vacuum energy from the even Z_+ and the odd Z_− terms in the Selberg’s trace formula. The Casimir effect from even hyperbolic transformations in Γ is

E_+ = − 1 32πR ∑ γ∈A_+ ∞∑ n=1 K_1(^{nlγ}_4 ) n sinh^{nlγ}_2

(77)

which appears to be negative, as E_0 and E_V . The latter ones are also related to even transformations in Γ ( transformations which do not contain a reflection ). Even elements in the fundamental group give negative contribution to the vacuum energy. If Γ is strictly hyperbolic group then we have only even transformations. As the result the Casimir energy for oriented two dimensional hyperbolic manifolds without boundaries is negative [12, 13].

From the other side the Casimir effect from odd hyperbolic transformations

E_− = 1 32πR ∑ γ∈A_− ∞∑ n=1 K_1(^{(2n+1)nlγ}_4 )

n cosh^{(2n+1)lγ}_2

(78)

is positive. The vacuum energy E_L from edges of X is also due to odd transformations in Γ: Odd transformations give positive contribution to the vacuum energy.

To establish some physical consequences of the above observation we shortly discuss the relation between the group Γ_X which defines X and the spectrum Π_X of the Laplacian (8) on X . Let us assume that there exist some geodesic in X such that the reflection with respect to it is the symmetry transformation of X. Let X^′ be the subspace of X which is obtained by the identification of opposite points in X. The fundamental group of X^′ is ”bigger” than the one of X: Γ_X′ is generated by elements of Γ_X and by the above reflection. From the other side the spectrum Π_X′ of X^′ is ”smaller” than the one of X: One has to impose addition conditions on Π_X to arrive at Π_X′ . We have the following duality Γ_X ⊂ Γ_X′ =⇒ Π_X′ ⊂ Π_X (79) between transformations which defines polygons in H^2 and spectra of the Laplacian on these polygons. Even and odd transformations are responsible for those modes in the spectra which give negative and positive contributions to the vacuum energy. However no explicit formulas for the spectra Σ_X and the above duality is known for hyperbolic polygons.

Acknowledgments: The author thanks Turkish Academy of Sciences (TUBA) for its support.

Appendix

The function (15) can be rewritten as K(z.w) = − 1 π √ 2 ∫_∞ d dy g^′(y) √ cosh y − cosh d

(80) or Φ(ξ) = − 1 π ∫_∞ ξ dηQ^′(η) √ η − ξ . (81)

where we introduced new variables

Ψ(2(cosh d − 1)) = K(z.w) (82) and Q(2(cosh y − 1)) = g(y). (83) Here d is the geodesic distance (4) and g(y) is the function given by (29).

The integral (81) has the inverse Q(η) = ∫_∞ −∞ dξΦ(η + ξ^2). (84)

In the new variable τ^2 = η − ξ the expression (81) reads

Φ(ξ) = − 1 π ∫_∞ −∞ dτ d dξ Q(ξ + τ^2). (85)

Using (84) we have

Φ(ξ) = − 1 π ∫_∞ −∞ dτ dσ d dξ Φ(ξ + τ^2 + σ^2). (86)

which in polar coordinates reads

Φ(ξ) = −2 ∫_∞ 0 rdr d dξ Φ(ξ + r^2) = − ∫_∞ 0 dx d dx Φ(ξ + x) = Φ(ξ). (87)

Thus we have shown that (84) is the inverse transform of (81).

A) Let^P_2 be an odd number. Then the contribution from k^n to the trace formula is

I(k^n) = ∫ H^2/G_0 dμK(k^nw, w) = 2 P ∫ H^2 dμK(k^nw, w) (88) where P is the period of a vertex, G_0 is the rotational group of the order^P_2 . The distance is

cosh d(k^nw, w) = 1 + sin^{2 2πn}_P

2y^2

| 1 + w^2 |^2 (89)

In the polar coordinates w = e^αe^{iψ} we have

I(k^n) = 2 P ∫_∞ −∞ dα ∫_∞ −∞ dzΨ(4 sin^2 2πn P (sinh^2 α + z^2 cosh^2 α)) (90)

where z = cot ψ. By the virtue of (84) we get

I(k^n) = 1 P | sin^{2πn}_P | ∫_∞ −∞ dα cosh α

Q(4 sin^2 2πn P sinh^2 α) (91) or I(k^n) = 1 P ∫_∞ −∞ dt sin^{2 2πn}_P + t^2

Q(4t^2) (92)

where t = sin^{2πn}_P sinh α. If we put t = sinh y then the above formula together with (83) implies I(k^n) = 1 P ∫_∞ −∞ dyg(y) cosh y sin^{2 2πn}_P + sinh^2 y

. (93)

B) The contribution from γ ∈ H_+ to the trace formula is I(γ) = 1 2 ∫ 1<|z|<e^{lγ} dμK(γw, w) (94) where γ is the translation (31) with the length l_γ . The distance is

cosh d(γw, w) = 1 + 2 sinh^2 l_γ 2 | w |^2 y^2

(95)

In the polar coordinates we have I(γ) = 1 2 ∫_elγ 1 dr r ∫_∞ −∞ dzΨ(4 sinh^2 l_γ 2 (1 + z^2)) (96) or I(γ) = l_γ 4 sinh^{lγ}_2 g( l_γ 2 ). (97)

C) The contribution from γ ∈ H_− to the trace formula is J(γ) = 1 2 ∫ 1<|z|<e^{lγ} dμK(γw, w). (98) Here γ = q_0γ_0 with q_0 and γ_0 being the reflection (23) and the translation (31) with the length l_γ . In the polar coordinates we have

d(q_0γ_0w, w) = 1 + 2(sinh^2 l_γ 2 + cosh^2 l_γ 2 z^2) (99)

The formula (84) implies J = l_γ g(^{lγ}_2 ) 4 cosh^{lγ}_2

(100)

References

[1] For the recent rewiev of the subject see M. Bordag, U. Mohideen and V.

M. Mostepanenko, ” New Developments in the Casimir Energy”, arXiv: quant-ph/0106045 (2001) and references therein.

[2] T. H. Boyer, Phys. Rev. 174, 1764 (1968); B. Davies, J. Math. Phys. , 13, 1324 (1972). R. Balian and B. Duplantier, Ann. Phys., 104, 300 (1978); J Schwinger, L.L. De Raad and K. A. Milton, Ann. Phys., 115, 1 (1978); J Schwinger, L.L. De Raad and K. A. Milton, Ann. Phys. 115, 388 (1978).

[3] H.B.C. Casimir, Proc. Kon, Ned. Akad. Wet. 51, 793 (1948).

[4] H. Ahmedov and I.H. Duru, J. Math. Phys. 46 , 022303 (2005); H. Ahmedov and I.H. Duru, J. Math. Phys. 46 , 022304 (2005).

[5] A. Selberg,J. Ind. Math. Phys. , 20, 47 (1956 )

[6] B. Randol, Transl. Am. Math. Soc. , 201, 241 (1975); D. A. Hejhal, ”The Selberg Trace Formula for PSL(2)”, Vol 1, volume 548 of Lecture Notes in Mathematics, Springer-Verlag, (1976); A. B. Venkov, Russ. Math. Surveys , 34 (1979 ).

[7] For more details conserning discrete group on the Lobachevsky space see B. A. Dubrovin, A, T, Fomenko and S. P. Novikov, ” Modern Geometry. Methods and applications”, Part 2, Springer, (1985).

[8] R. Camporesi, ”Harmonic Analysis and Propagators on Homogeneous Spaces”, Elsever Science Publisher (1990)

[9] See for example J. Marklof, ”Selberg’s trace formula: an introduction”, arXiv: math.SP/0407288 (2004).

[10] See for example N.D. Birrel and P. C. W. Davies, ”Quantum Fields in Curved Spaces”, Cambridge Univ. Press (1982 ).

[11] G, Gognola, L. Vanzo and S. Zerbini, J. Math. Phys., 33, 222 (1992) [12] A. A. Bytsenko and Yu. P. Goncharev, Class. Quantum Grav. 8, 2269, (1991); A. A. Bytsenko and Yu. P. Goncharev, Class. Quantum Grav. 8, L211, (1991). A. A. Bytsenko and S. Zerbini, Class. Quantum Grav. 9, 1365, (1992).

[13] Floyd L. Williams, J. Math. Phys. , 38, 796 (1996). [14] T. H. Boyer, Phys. Rev. 174, 1764 (1968).

[15] I. S. Gradshteyn and I. M. Ryzhik. ” Tables of Intgrals. Series, and Products”, Academik Press, New-York ( 1980 )