arXiv:hep-th/0610293v2 6 Mar 2008

Electrified Dp-Branes Intersections

Jamila Douari^∗

LTP, Hay Saâda, Ain Taoujdate, Morocco

March 7, 2008

Abstract

In this review, we introduce the electrified Dp-branes intersections in the low energy effective theory. We focus on D1-D3, D1-D5 and D0-D2 branes. We give the solutions configurations in the low energy effective theory in the absence and the presence of electric field by exciting one, two and three scalars in D3 system. The solutions from D3 point of view in the last two cases are given as a spike which is interpreted as an attached bundle of a superposition of coordinates of another brane given as a collective coordinate a long which the brane extends away from the D3-brane. The lowest energy in both cases is higher than the energy found in the case of D1⊥D3 branes. We also find space-time dependent solutions in D1-D3 system that are a natural generalization of those found without the electric field. Then, we show that, in the flat background, the D1-D3 and D1-D5 branes obey Neumann boundary conditions by discussing the fluctuations of fuzzy funnel solutions in both systems. Also, we give the broken duality in D1-D3 system and the unbroken duality in D1-D5 system. In D0-D2 system, we consider generalized Maxwell theory by introducing a generalized connection put at the origin of the spherical D2-brane to describe anyons instead of Chern-Simons term. The D2-brane got a higher energy and the static potential for two opposite charged exotic particles is found to have a screening nature on a fuzzy two-sphere instead of confinement which is a special property of the system on the plane.

PACS: 11.25.-w; 11.25.Uv; 11.27.qd; 11.15.Kc; 71.10.Pm

Keywords: Intersecting Branes; Dyons, Duality; Boundary Conditions; Generalized connection; Exotic particles; Fuzzy two-sphere.

∗jdouari@gmail.com

Contents

1 Introduction 3

2 Intersecting Dp-Branes 4 2.1 Electrified D1⊥D3 System . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.2 Electrified D1⊥D5 Branes . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

3 Exciting Two and Three Scalars 8 3.1 Absence of Electric Field . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 3.2 Addition of Electric Field . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

4 Dyonic and Non-Static D1⊥D3 Funnels 13 4.1 Space-Time dependent Solution . . . . . . . . . . . . . . . . . . . . . . . . 13 4.2 Automorphisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

5 Dyonic Fluctuations 16 5.1 Overall Transverse Fluctuations in D1⊥D3 System . . . . . . . . . . . . . 16 5.1.1 Zero Mode . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 5.1.2 Non-Zero Modes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 5.2 Relative Transverse Fluctuations in D1⊥D3 System . . . . . . . . . . . . . 20 5.2.1 Zero Mode . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 5.2.2 Non-Zero Modes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 5.3 Overall Transverse Fluctuations in D1⊥D5 System . . . . . . . . . . . . . 23 5.3.1 Small σ Limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 5.3.2 Large σ Limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

6 Duality in Electrified D1⊥D3 and D1⊥D5 Systems 27 6.1 Duality in D1⊥D3 Branes . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 6.2 Duality in D1⊥D5 Branes . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

7 D2-Brane and Generalized Maxwell Theory 30 7.1 Generalized Connection and Anyons . . . . . . . . . . . . . . . . . . . . . . 31 7.2 Anyons and Fuzzy Two-Sphere . . . . . . . . . . . . . . . . . . . . . . . . 32 7.2.1 Connection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 7.2.2 Generalized Maxwell Theory . . . . . . . . . . . . . . . . . . . . . . 33 7.2.3 Realization of Fuzzy Two-Sphere . . . . . . . . . . . . . . . . . . . 34 7.2.4 Energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 7.2.5 Potential . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

8 Discussion and Conclusion 37

1 Introduction

D-branes have brought about significant advances in string theory. They are known as extended objects on which string endpoints can live. Various brane configurations have attracted much attention over recent years and several papers have been devoted to the study of the relationship between noncommutative geometry [1] and string theory [2] and the relationship between D-branes with different dimensions as well [3, 4, 5, 6, 7, 8, 9, 10, 11, 12]. The appearance of noncommutative geometry in string theory can be understood from a different point of view. For example, in type IIA theory, a D2-brane can be constructed from multiple D0-branes by imposing a noncommutative relation on their coordinates in matrix theory or under the strong magnetic field the world volume coordinates of a D2-brane become noncommutative by considering the quantum Hall system [11] and the magnetic field charge is interpreted as the number of D0-branes. On other hand, in type IIB theory, much of the progress has come about by directly studying the low energy dynamics of the D-branes world volume which is known to be governed by the Born-Infeld (BI) action [4, 8, 13, 14] which has many fascinating features. Among these there is the possibility for D-branes to morph into other D-branes of different dimensions by exciting some of the scalar fields [5, 6]. The subject of intersecting branes in string theory is very rich and has been studied for a long time [15, 16]. The dynamics of their solutions (bion spike [5, 16, 14, 17] and fuzzy funnel [18, 14]) were studied by considering linearized fluctuations around the static solutions [19, 20].

Among the goals of this review is to show that, in the presence of a world volume electric field, space-time dependent solutions can be generalised nicely and for certain condition we observe brane collapses with a speed less than that of light. We have also obtained a generalisation of the BPS solution. Another goal is to give the lowest energy in D3-brane theory by exciting two and three scalars [7] and also to determine the boundary conditions of D1⊥D3 and D1⊥D5 branes in solving the equations of motion of the fuzzy funnel’s fluctuations and discussing the associated potentials [20, 21]. We remark that the variation of the potential V in terms of electric field E and the spatial coordinate σ in non-zero modes for both overall and relative transverse fluctuations in D1⊥D3 system and in zero mode of overall transverse fluctuations in D1⊥D5 system shows a singularity at some stage of σ. This is more clearly seen at the presence of electric field which leads to separate the system into two regions; small and large σ depending on electric field. This implies that these intersecting branes obey Neumann boundary conditions and the end of open string can move freely on the brane. Consequently, the idea that the end of a string ending on a Dp-brane can be seen as an electrically charged particle is supported by this result. The obtained result in D1⊥D3 system is agree with its dual discussed in [17] considering Born-Infeld action dealing with the fluctuation of the bion spike in D3⊥D1 branes case. The dual case of D1⊥D5 branes is not yet discussed.

Another interesting subject we discuss, in this work, concerns the duality of D1⊥D5 branes in the presence of electric field [7]. By considering the energy of our system from D1 and D5 branes descriptions we find that the energies obtained from the two theories match and the presence of an electric field doesn’t spoil this duality. By contrary, in the case of D1⊥D3 branes showed in [22], the duality is broken because of the presence of electric field.

Then, another important point we deal with in this review concerns the spherical D2-brane [10]. We consider exotic particles described by generalized Maxwell theory in which we introduce a generalized connection on a fuzzy two-sphere which has a dual description in terms of an abelian gauge field on a spherical D2-brane and is interpreted as a bound state of a spherical D2-brane and D0-branes. The exotic particles are known as excitations and quasi-particles or anyons; i.e. fermions (bosons) carrying odd (even) number of elementary magnetic flux quanta [23]. They are living in two-dimensional space as composite particles having arbitrary spin, and they are characterized by fractional statistics which are interpolating between bosonic statistics and fermionic one [23, 24]. Among the main results in this section is the change of the potential’s nature; there is no confinement any more, and the disappearance of the confinement in the two-sphere case for the exotic system is very interesting result. We also find that the energy of the gauge field dominates when the radius of the fuzzy two-sphere goes to infinity, then the energy of flat D2-brane which is a dual of the fuzzy two-sphere becomes high which is different from the case of the quantum Hall effect (QHE) where the energy of the flat D2-brane goes to zero. An important remark is that our system could be identified with the QHE in higher dimensions only if the radius r and the number of charges N go to zero. Also, what makes the model very different and very special is that the potential loses the confining nature in the fuzzy two-sphere case.

This review is organized as follows. We begin in section 2 with a brief review on D1⊥D3 and D1⊥D5 branes in dyonic case by using the abelian and non-abelian BI actions. In section 3, we investigate the two and three excited scalars in D3-brane theory. In section 4, we give the generalization space-time dependent solutions in the presence of a world volume electric field. In section 5, we study the electrified fluctuations of fuzzy funnel solutions corresponding to D3 and D5 branes. In the first subsection, we review the zero and non-zero modes of the overall transverse electrified fluctuations of fuzzy funnel solutions given in [20]. Then we discuss the zero and non-zero modes of the relative transverse fluctuations in the second subsection. In the third subsection, we treat the electrified fluctuations of the fuzzy funnel in D1⊥D5 system. We study the solutions of the linearized equations of motion of the overall transverse fluctuations in zero mode and we discuss its associated potential at the extremities of σ. In section 6, we review in brief the broken duality of D1⊥D3 in the dyonic case and the unbroken duality of intersecting D1-D5 branes in the presence of an electric field. The section 7, the fuzzy two-sphere is realized as one of D2-brane descriptions with special properties because of the generalized Maxwell theory. The conclusion is presented in section 8.

2 Intersecting Dp-Branes

In this section, we review in brief the intersection of D1 branes with D3 and D5 branes. We focus our study on the presence of electric field and its influence on the potentials and the fluctuations of the fuzzy funnels.

2.1 Electrified D1⊥D3 System

We start by giving in brief the known solutions of intersecting D1-D3 branes. From the point of view of D3 brane description the configuration is described by a monopole on its world volume. We use the abelian BI action and one excited transverse scalar in dyonic case to give the bion solution [8, 26]. The system is described by the following action S = ∫ dtL = −T_3 ∫ d^4σ √ −det(η_{ab} + λ^2∂_aϕ^i∂_bϕ^i + λF_{ab}) = −T_3 ∫ d^4σ [ 1 + λ^2 ( | ∇ϕ |^2 +^→B^2 +^→E^2 )

+λ^4 ( (^→B .∇ϕ)^2 + (^→E .^→B)^2+ |^→E ∧∇ϕ |^2

)] 1_2 (1)

in which F_{ab} (a, b = 0, ..., 3) is the field strength and the electric field is denoted as F_{0a} = E_a. σ^a denote the world volume coordinates while ϕ^i (i = 4, ..., 9) are the scalars describing transverse fluctuations of the brane and λ = 2πℓ^2_s with ℓ_s is the string length. In our case we excite just one scalar so ϕ^i = ϕ^9 ≡ ϕ. Following the same process used in the reference [8] by considering static gauge, we look for the lowest energy of the system. Accordingly to (1) the energy of dyonic system is given as

Ξ = T_3 ∫ d^3σ [ λ^2 | ∇ϕ+^→B +^→E|^2 +(1 − λ^2∇ϕ.^→B)^2 − 2λ^{2 →}E .(^→B +∇ϕ)

+λ^4 ( (^→E .^→B)^2+ |^→E ∧∇ϕ |^2 )]_{1/2} . (2)

Then if we require ∇ϕ+^→B +^→E= 0, Ξ reduces to

Ξ_0 = T_3 ∫ d^3σ [ (1 − λ^2(∇ϕ).^→B)^2 + 2λ^{2 →}E .^→E)

+λ^4((^→E .^→B)^2 + |^→EΛ∇ϕ |^2)

]_{1/2} (3)

as minimum energy. By using the Bianchi identity ∇.^→B= 0 and the fact that the gauge field is static, the bion solution is then ϕ = N_m + N_e 2r , (4)

with N_m is magnetic charge and N_e electric charge.

Now we consider the dual description of the D1⊥D3 branes from D1 branes point of view. To get D3-branes from D-strings, we use the non-abelian BI action. The natural definition of this action suggested in [35] is based on replacing the field strength in the BI action by a non-abelian field strength and adding the symmetrized trace ST r(. . .) in front of the √ det action. The precise prescription proposed in [35] was that inside the trace one takes a symmetrized average over orderings of the field strength. We refer the reader to [35] for more details on this action.

The non-abelian BI action describing D-string opening up into a D3-brane is given by S = −T_1 ∫ d^2σST r [ − det(η_{ab} + λ^2∂_aϕ^iQ^{−1}_{ij} ∂_bϕ^j )detQ^{ij} ] 1_2 (5) where Q_{ij} = δ_{ij} + iλ[ϕ_i, ϕ_j]. Expanding this action to leading order in λ yields the usual non-abelian scalar action S ∼= −T_1 ∫ d^2σ [ N + λ^2T r(∂_aϕ^i + 1 2 [ϕ_i, ϕ_j][ϕ_j, ϕ_i]) + ... ] 1_2 .

We deal with the leading order in N when we expand the symmetrized trace and we consider large N limit. The solutions of the equation of motion of the scalar fields ϕ_i, i = 1, 2, 3 represent the D-string expanding into a D3-brane analogous to the bion solution of the D3-brane theory [5, 6]. The solutions are ϕ_i = ±^{αi}_{2σ} , [α_i, α_j] = 2iϵ^{ijk}α_k, with the corresponding geometry is a long funnel where the cross-section at fixed σ has the topology of a fuzzy two-sphere.

The dyonic case is presented by considering (N, N_f )-strings. We introduce a background U(1) electric field on the N D-strings, corresponding to N_f fundamental strings dissolved on the world sheet [14]. The theory is described by the action S = −T_1 ∫ d^2σST r [ − det(η_{ab} + λ^2∂_aϕ^iQ^{−1}_{ij} ∂_bϕ^j + λF_{ab})detQ^{ij} ] 1_2

. (6)

The action can be rewritten as S = −T_1 ∫ d^2σST r [ − det ( η_{ab} + λF_{ab} λ∂_aϕ^j −λ∂_bϕ^i Q^{ij} ) ]_{12}

. (7)

By computing the determinant, the action becomes S = −T_1 ∫ d^2σST r [ (1 − λ^2E^2 + α_iα_iR̂^{′2})(1 + 4λ^2α_jα_jR̂^4)

] 1_2

, (8)

in which we replaced the field strength F_{τ σ} by EI_N (I_N is N ×N-matrix) and the following ansatz were inserted ϕ_i = R̂α_i. (9)

Hence, we get the funnel solution for dyonic string by solving the equation of variation of R̂ as follows ϕ_i = α_i 2σ √ 1 − λ^2E^2

. (10)

2.2 Electrified D1⊥D5 Branes

The fuzzy funnel configuration in which the D-strings expand into orthogonal D5- branes shares many common features with the D3-brane funnel. The action describing the static configurations involving five nontrivial scalars is S = −T_1 ∫ d^2σST r [ 1 + λ^2(∂_σΦ_i)^2 + 2λ^2Φ_{ij} Φ_{ji} + 2λ^4(Φ_{ij} Φ_{ji})^2 − 4λ^4Φ_{ij} Φ_{jk}Φ_{kl}Φ_{li}

+ 2λ^4(∂_σΦ_{ij} )^2Φ_{jk}Φ_{kj} − 4λ^4∂_σΦ_iΦ_{ij} Φ_{jk}∂_σ Φ_k +^{λ6}_4 (ϵ_{ijklm}∂_σ Φ_iΦ_{jk}Φ_{lm})^2

] 1_2 , (11) where Φ_{ij} ≡^1_2 [Φ_i, Φ_j ] and the funnel solution is given by suggesting the following ansatz

Φ_i(σ) = ∓R̂(σ)G_i, (12)

i = 1, ..., 5, where R̂(σ) is the (positive) radial profile and G_i are the matrices constructed in [27, 28]. We note that G_i are given by the totally symmetric n-fold tensor product of

4×4 gamma matrices, and that the dimension of the matrices is related to the integer n by N =^{(n+1)(n+2)(n+3)}_6 . The Funnel solution (12) has the following physical radius R(σ) = λ N √ (T r(Φ_i)^2) = √ cλR̂(σ), (13) with c is the Casimir associated with the G_i matrices, given by c = n(n + 4) and the resulting action for the radial profile R(σ) is S = −NT_1 ∫ d^2σ √ 1 + (R^′)^2(1 + 4

R^4 cλ^2 ). (14)

We note that this result only captures the leading large N contribution at each order in the expansion of the square root.

To extend the discussion to dyonic strings we consider (N, N_f )-strings. Thus, the electric field is on and the system dyonic is described by the action S = −T_1 ∫ d^2σST r [ − det(η_{ab} + λ^2∂_aΦ^iQ^{−1}_{ij} ∂_bΦ^j + λF_{ab})detQ^{ij} ] 1_2

. (15)

The action can be rewritten as S = −T_1 ∫ d^2σST r [ − det ( η_{ab} + λF_{ab} λ∂_aΦ^j −λ∂_bΦ^i Q^{ij} ) ]_{12}

, (15^′)

with Q_{ij} = δ_{ij} + iλ[Φ_i, Φ_j] and i, j = 1, ..., 5, a, b = τ, σ. We insert the ansatz (12) and F_{τ σ} = EI_N (I_N is N × N-matrix) in the action (15). Then we compute the determinant and we obtain S = −NT_1 ∫ d^2σ √ 1 − λ^2E^2 + (R^′)^2(1 + 4

R^4 cλ^2 ). (15^{′′})

The funnel solution is Φ_i(σ) = ∓ R(σ) λ √ c G_i. (16)

From (15^{′′}) We can derive the lowest energy E = NT_1 ∫ dσ √(√ 1 − λ^2E^2 ± R^′

√_{8R4}

cλ^2 +

16R^8 c^2λ^4

)_2 + ( R^′ ∓ √ 1 − λ^2E^2

√_{8R4}

cλ^2 +

16R^8 c^2λ^4

)_2 ≥ NT_1 ∫ dσ (√ 1 − λ^2E^2 ± R^′

√_{8R4}

cλ^2 +

16R^8 c^2λ^4 ) . This is obtained when R^′ = ∓ √ 1 − λ^2E^2 √ 8R^4 cλ^2 + 16R^8 c^2λ^4 . This equation can be explicitly solved in terms of elliptic functions. For small R, the R^4 term under the square root dominates, and we find the funnel solution. Then the physical radius of the fuzzy funnel solution (16) is found to be R ≈ λ √ c 2 √ 2 √ 1 − λ^2E^2σ

. (17)

In the dual point of view of the D5-brane world volume theory, the action describing the system is the Born-Infeld action S = −T_5 ∫ d^6σST r √ −det(G_{ab} + λ^2∂_aϕ∂_bϕ + λF_{ab}), with a, b = 0, 1, ..., 5 and ϕ the excited transverse scalar. To get a spike solution with electric field switched on from D5-brane theory we follow the analogous method of bion spike in D3-brane theory as discussed in [8, 12, 28]. We use spherical polar coordinates and the metric is ds^2 = G_{ab}dσ^adσ^b = −dt^2 + dr^2 + r^2g_{ij}dα^idα^j,

with r the radius and α^i, i = 1, ..., 4, Euler angles. g_{ij} is the diagonal metric on a foursphere with unit radius

g_{ij} = 1 sin^2(α^1)

sin^2(α^1)sin^2(α^2) sin^2(α^1)sin^2(α^2)sin^2(α^3) .

In this theory, we add the electric field E as a static radial field in the U(1) sector. The scalar ϕ is only a function of the radius by considering bion spike solutions with a ”nearly spherically symmetric” ansatz. In the same time to compare with the radial profile obtained in D1-brane theory we identify the physical transverse distance as σ = λϕ, and the radius r = R which fixes the coefficients. Thus the scalar is found to be ϕ(r) = ± ∫ dr λ(1 − α^2) ( (^{r4}_{λ2} + 1)^2 − 1 ),

where α =^{gsNf}

√_{N 2+g2s N 2f} .

3 Exciting Two and Three Scalars

By following the same mechanism used for D1⊥D3 branes, this section is devoted to finding the funnel solutions when two and three excited scalars are involved. Thus, we restrict ourselves to using BPS arguments to find some solutions which have the interpretation of a D2-brane ending on D3-brane and D3-brane ending on other D3- brane. In these studies we consider the absence and the presence of an electric field. We found that the investigation of excited D3-brane in each case leads to the fact that by exciting 2 and 3 of its transverse directions in the absence or the presence of electric field, the brane develops a spike which is interpreted as an attached bundle of a superposition of coordinates of another brane given as a collective coordinate a long which the brane extends away from the D3-brane. Then, by considering the lowest energy states of our system we remark that the lowest energy in the intersecting branes case is obtained by the D1-D3 branes intersection and the energy is higher if we excite more scalar fields and even more in the presence of an electric field.

Thus, we use the abelian Born-Infeld action for the world volume gauge field and transverse displacement scalars to explore some aspects of D3-brane structure and dynamics. We deal with magnetic and dyonic cases [7].

3.1 Absence of Electric Field

We consider the case where D3-brane has more than one scalar describing transverse fluctuations. We denote the world volume coordinates by σ^a, a = 0, 1, 2, 3, and the transverse directions by the scalars ϕ^i, i = 4, ..., 9. In D3-brane theory construction, the low energy dynamics of a single D3-brane is described by the BI action by using static gauge S_{BI} = ∫ L = −T_3 ∫ d^4σ √ −det(η_{ab} + λ^2∂_aϕ^i∂_bϕ^i + λF_{ab}) (18)

with F_{ab} is the field strength of the U(1) gauge field on the brane. By exciting two scalar fields and setting to zero the other scalars, the energy is evaluated for the fluctuations through two directions and for static configurations as follows

ζ = −L = T_3 ∫ d^3σ [ 1 + λ^2 ( | ∇ϕ_4 |^2 + | ∇ϕ_5 |^2 +^→B^2 ) + λ^4 ( (^→B .∇ϕ_4)^2 + (^→B .∇ϕ_5)^2 )

+λ^4 | ∇ϕ_4 ∧ ∇ϕ_5 |^2

] 1_2 . (19) If we introduce a complex scalar field C = ϕ_4 + iϕ_5, we can rewrite the energy as

ζ = T_3 ∫ d^3σ [ λ^2(∇C+^→B)(∇C+^→B)^∗ + (1 − λ^2(∇C.^→B))(1 − λ^2(∇C.^→B))^∗

+^1_4 λ^4 | ∇C ∧ ∇C^∗ |^2

] 1_2 . (20)

In this case, we observe that to get minimum energy we can set the first term to zero and this will lead to ∇C = −^→B= ∇ϕ_4 + i∇ϕ_5. (21)

We know that^→B is real, then ∇ϕ_5 = 0 and thus in the ”bi-excited scalar” system the lowest energy is identified to D3⊥D1 system. This suggests that to study the minimum energy configuration of the D3-brane system it is only worthwhile to excite just one scalar.

Now, requiring ∇ϕ_5 ≠ 0 we get different energy bound. The energy (20) can be rewritten as follows

ζ = T_3 ∫ d^3σ [ λ^2 | ∇ϕ_4 + ∇ϕ_5∓^→B|^2 +(1 ± λ^{2 →}B .(∇ϕ_4 + ∇ϕ_5))^2

±2λ^2∇ϕ_4.∇ϕ_5 + λ^4 | ∇ϕ_4 ∧ ∇ϕ_5 |^2

] 1_2 . (22)

The new bound is now found with the following constraint

∇ϕ_4 + ∇ϕ_5 = ±^→B, (23)

and ±2λ^2∇ϕ_4.∇ϕ_5 ≥ 0 should also be satisfied. Then the energy is

ζ̃ = T_3 ∫ d^3σ [ (1 ± λ^{2 →}B .(∇ϕ_4 + ∇ϕ_5))^2 + λ^4 | ∇ϕ_4 ∧ ∇ϕ_5 |^2 ±2λ^2∇ϕ_4.∇ϕ_5

] 1_2

. (24)

We choose without loss of generality ∇ϕ_4 ⊥ ∇ϕ_5.

Thus we get ∇^2ϕ_4 + ∇^2ϕ_5 = 0 (by using the Bianchi identity), and the solution is

ϕ_4 + ϕ_5 = ± N_m 2r . (25)

This solution could be generalized by considering three excited scalars. The energy is then found to be

ζ_3 = T_3 ∫ d^3σ [ 1 + λ^2

(_6∑ i=4 | ∇ϕ_i |^2 +^→B^2 ) + λ^4

(_6∑ i=4 |^→B .∇ϕ_i |^2 +^1_2^6 ∑ i,j=4 | ∇ϕ_i ∧ ∇ϕ_j |^2 )] 1_2

≥ T_3 ∫ d^3σ [ (1 ± λ^{2 →}B .^6 ∑ i=4 ∇ϕ_i)^2 +^1_2^6 ∑ i,j=4 | ∇ϕ_i ∧ ∇ϕ_j |^2 ±^{λ2}_2^6 ∑ i,j=4 ∇ϕ_i.∇ϕ_j ] 1_2 . (26) We should also consider ±λ^{2 6} ∑ i,j=4 ∇ϕ_i.∇ϕ_j ≥ 0 to get the lowest energy configuration.

This should be found by canceling some of the terms in the second line of the expression given in (26). The simplest way is to require the orthogonality of ∇ϕ_i and ∇ϕ_j. Then the lowest energy in the static gauge is

ζ̃_3 = T_3 ∫ d^3σ [ (1 ± λ^{2 →}B . 6∑ i=4 ∇ϕ_i)^2 + 1 2 6∑ i,j=4 | ∇ϕ_i ∧ ∇ϕ_j |^2 ] 1_2

, (27)

with the constraints_6 ∑ i=4 ∇ϕ_i = ±^→B, (28)

and the solution is similar to the ”bi-excited system”, we find 6∑ i=4 ϕ_i = ± N_m 2r . (29)

The solution obtained for each excited scalar field has one collective coordinate in the D3-brane world volume theory. This is the direction along which the brane extends away from the D3-brane. Thus, this collective coordinate represents a ”ridge” solution in the D3-brane theory.

Now, we will look at another case in which the electric field is present, and to see how the energy of the system could be minimized and what kind of solutions we could obtain.

3.2 Addition of Electric Field

First we start by exciting two transverse directions (ϕ_4 and ϕ_5) with the electric field → E switched on. We consider as previous that ∇ϕ4⊥∇ϕ5. Then the energy of our system is E_3 = T_3 ∫ d^3σ [ 1 + λ^2 ( | ∇ϕ_4 |^2 + | ∇ϕ_5 |^2 +^→B^2 +^→E^2 )

+λ^4 [ (^→B .∇ϕ_4)^2 + (^→B .∇ϕ_5)^2 + (^→E .^→B)^2+ | ∇ϕ_4 ∧ ∇ϕ_5 |^2 + |^→E ∧∇ϕ_4 |^2 + |^→E ∧∇ϕ_5 |^2 ]

+λ^6 |^→E .(∇ϕ_4 ∧ ∇ϕ_5) |^2

] 1_2

= T_3 ∫ d^3σ ( λ^2 | ∇ϕ_4 + ∇ϕ_5 ± (^→B +^→E) |^2 +[1 ∓ λ^2(∇ϕ_4 + ∇ϕ_5).(^→B +^→E)]^2

−2λ^2B.E + λ^4(^→E .^→B)^2

+λ^4 [ | ∇ϕ_4 ∧ ∇ϕ_5 |^2 + |^→E ∧∇ϕ_4 |^2 + |^→E ∧∇ϕ_5 |^2 −(^→E .∇ϕ_4)^2 − (^→E .∇ϕ_5)^2 −2 ( ∇ϕ_4.(^→E +^→B)∇ϕ_5.(^→E +^→B) + (∇ϕ_4.^→B)(∇ϕ_4.^→E) + (∇ϕ_5.^→B)(∇ϕ_5.^→E) )]

+λ^6 |^→E .(∇ϕ_4 ∧ ∇ϕ_5) |^2

) 1_2 . (30) By taking into consideration the previous analysis in the absence of an electric field, the energy E_3 becomes

E_3 ≥ T_3 ∫ d^3σ ( [1 ± λ^2(∇ϕ_4 + ∇ϕ_5).(^→B +^→E)]^2 − 2λ^{2 →}B .^→E +λ^4(^→E .^→B)^2

+λ^4 [_→ E^2| ∇ϕ4 |^2 +^→E^2| ∇ϕ5 |^2 ] + λ^6 |^→E .(∇ϕ_4 ∧ ∇ϕ_5) |^2

) 1_2 , (31)

This expression is consistent with the fact that ∇ϕ_4 + ∇ϕ_5 ± (^→B +^→E) = 0 (32) and − 2λ^{2 →}B .^→E +λ^4(^→E .^→B)^2 ≥ 0. (33) We also used the following expression |^→E ∧∇ϕ_5 |^2=^→E^2| ∇ϕ_5 |^2 −(^→E .∇ϕ_5)^2. (34) Then to get the lowest energy in the presence of an electric field we require −2λ^{2 →}B .^→E +λ^4(^→E .^→B)^2 = 0; i.e.^→E .^→B=^2_{λ2} or^→E ⊥^→B. With these simplifications, the energy becomes

Ẽ_3 = T_3 ∫ d3σ ([ 1 ± λ^2(∇ϕ_4 + ∇ϕ_5).(^→B +^→E)

]_2

+ λ^{4 →}E^2 [ | ∇ϕ_4 |^2 + | ∇ϕ_5 |^2 ]

+λ^6 |^→E .(∇ϕ_4 ∧ ∇ϕ_5) |^2

) 1_2 . (35)

In the following we consider^→E .^→B=^2_{λ2} . We remark that the energy of D2⊥D3 brane is increased by the presence of the electric field and by switching it off we obtain the lowest energy configuration obtained previously.

By solving (32) in the static gauge, using the Bianchi identity, we obtain the solution

ϕ_4 + ϕ_5 = ∓

N_m + N_e 2r , (36)

with r^2 =^3 ∑ a=1 (σ^a)^2, N_m and N_e the magnetic and the electric charges respectively.

Now, by exciting three scalars, the energy is generalized to the following

ξ_3 = T_3 ∫ d^3σ [ 1 + λ^2(^6 ∑ i=4 | ∇ϕ_i |^2 +^→B^2 +^→E^2)

+λ^4 ( (^→E .^→B)^2 +^6 ∑ i=4 |^→B .∇ϕ_i |^2 +^6 ∑ i=4 |^→E ∧∇ϕ_i |^2 +^1_2^6 ∑ i,j=4 | ∇ϕ_i ∧ ∇ϕ_j |^2 )

+λ^{6 1}_2 |^→E .(^6 ∑ i,j=4 ∇ϕ_i ∧ ∇ϕ_j) |^2 ] 1_2

(37)

We also consider as before ∇Φ_i⊥∇Φ_j and^→E .^→B=^2_{λ2} with i, j = 4, 5, 6. Then the energy will be reduced to the lowest energy for three excited directions

ξ̃_3 = T_3 ∫ d3σ ( [1 ± λ^{2 6} ∑ i=4 ∇ϕ_i.(^→B +^→E)]^2 + λ^{4 p} ∑ i,j=4 → E^2 (| ∇ϕi |^2 + | ∇ϕj |^2)

+λ^6 |^→E .(^6 ∑ i,j=4 ∇ϕ_i ∧ ∇ϕ_j ) |^2 ) 1_2 , (38)

with i < j in the summations and where we assume the following condition 6∑ i=4 ∇ϕ_i ± (^→B +^→E) = 0. (39)

The last equation is easily solved to give the solution 6∑ i=4 ϕ_i = ∓

N_m + N_e 2r . (40)

Again if we require that^→E is parallel to one of ∇ϕ_i the energy will be minimized as the last term in the expression (38) of the energy vanishes. Then, accordingly to (38) and (40) with |^→B | = | | | N_m 2r^2 | | | , |^→E | = | | | N_e 2r^2 | | | the energy becomes

ξ̃_3 = T_3 ∫ d3σ ( [1 + λ^{2 (Nm+Ne)2}_{4r4} ]^2 + λ^{4 N 2e (Nm +Ne)2}_{8r6}

) 1_2

(41)

This is the lowest energy for both cases where two or three transverse scalars are excited since the solution is a superposition of the scalars.

4 Dyonic and Non-Static D1⊥D3 Funnels

In the D1 worldvolume point of view, the intersection of D1 and D3-brane is described as a funnel of increasing radius as we approach the D3 brane, where the D-strings expand into a fuzzy two-sphere. In the D3-picture the worldvolume solution includes a BPS magnetic monopole and the Higgs field is interpreted as a transverse spike. To enlarge the discussion of this subject, we lift the static condition and we keep the electric field on.

4.1 Space-Time dependent Solution

We start by D1-picture. The action is given by the non-abelian BI action of (N − N_f ) strings. By considering again the ansatz (9) the action (6) became S = −T_1 ∫ d^2σST r √ 1 + λ^2cR̂^{′2} − λ^2c ^̇R^2 − λ^2E^2 √ 1 + 4λ^2cR̂^4, (42)

with the notations R̂^′ = ∂_σR̂ and ^̇R = ∂_τ R̂. By varying this with respect to R̂ we recover the full equations of motion given by

2λ^2c ^̇RR̂^′ ^̇R^′R̂^{′′}(1 − λ^2c ^̇R^2) − ^̈R(1 + λ^2cR̂^{′2}) = 8R̂^3(

1 + λ^2cR̂^{′2} − λ^2c ^̇R^2 − λ^2E^2 1 + 4λ^2cR̂^4

). (43)

To get these equations in terms of dimensionless variables we consider the following rescalings r = √ 2λ √ cR̂ τ̃ = √ 2 λ √ c τ σ̃ = √ 2 λ √ c σ. Then the above equations of motion can be written in a Lorentz-invariant form

∂_μ∂^μr + (∂_μ∂^μr)(∂_ν r)(∂^ν r) − (∂_μ∂^ν r)(∂_ν r)(∂^μr) = 2r^3

1 + (∂_μr)(∂^μr) − λ^2E^2 1 + r^4

, (44)

where μ and ν can take the values τ̃ and σ̃. The re-scaled action and energy density of the configuration are S̃ = −T_1 ∫ d^2σST r √ 1 + r^{′2} − ṙ^2 − λ^2E^2 √ 1 + r^4, (45)

T_{τ τ} = E = (1 + r^{′2} − λ^2E^2) √ 1 + r^4 1 + r^{′2} − ṙ^2 − λ^2E^2

, (46)

and the pressure is given by

T_{σσ} = (1 − ṙ^2 − λ^2E^2) √ 1 + r^4 1 + r^{′2} − ṙ^2 − λ^2E^2

, (47)

with dots and primes implying differentiation with respect to the re-scaled time and space respectively.

Now if we consider r_0 is the initial radius of the collapsing configuration where ṙ = 0, the energy is E = (1 + r^{′2}_0 − λ^2E^2)

√_{1+r4} 0 1+r^{′2}_0 −λ^2E^2 . The conserved energy density leads then

at large N to the following equation

ṙ^2 = (1 + r^{′2} − λ^2E^2) −

1 + r^4 1 + r^4_0

(1 + r^{′2} − λ^2E^2 1 + r^{′2}_0 − λ^2E^2

)_2

(1 + r^{′2}_0 − λ^2E^2). (48)

In purely time dependence, we get

ṙ^2 = (1 − λ^2E^2) r^4_0 − r^4 1 + r^4_0

. (49)

Then we can write_t ∫ 0 dt = √ 1 + r^4_0 1 − λ^2E^2 r∫ r_0 dr √ r^4_0 − r^4

. (50)

Now if we consider the initial radius at t = 0 is r_1 at ṙ = u, the equation (48) becomes

ṙ^2 = r^4_1(1 − λ^2E^2) − r^4(1 − u^2 − λ^2E^2) + u^2 1 + r^4_1

, (51)

and we can solve the following equality t∫ 0 dt = √ 1 + r^4_1 1 − u^2 − λ^2E^2 r∫ r_1 dr √ r^4_1 − r^4

. (52)

we get it √ 1 − u^2 − λ^2E^2 1 + r^4_1 = r_2∫

r_1 dr √ r^4 − r^4_1 + r∫ r_2 dr √ r^4 − r^4_1

. (53)

Then this leads to it̃ = it √ 2 √ 1 − u^2 − λ^2E^2

1 + r^4_1 r_2 = cn^{−1}( r_1 r_2 , 1 √ 2 ) + cn^{−1}( r_2 r_1 , 1 √ 2 ). (54)

Let T = cn^{−1}(^{r1}_{r2} ,^{1√}_2 ) the the solution is r(t) = r_2cn(t̃ + T, 1 √ 2 ). (55)

If u = 0 we find it √ 2 √ 1 − λ^2E^2 1 + r^4_1 r_1 = cn^{−1}( r_1 r , 1 √ 2 ). (56)

Then if E = 0 we get ṙ^2 = r^4_1 − r^4(1 − u^2) 1 + r^4_1

, (57) and it √ 2 √ 1 − λ^2E^2 1 + r^4_1 r_2 = cn^{−1}( r_1 r_2 , 1 √ 2 ) + cn^{−1}( r_2 r_1 , 1 √ 2 ). (58)

The last case is E = 0 and u = 0 and this was discussed in the reference [3]. For the first and the second cases, we remark that if r_1 → ∞ we get ṙ^2 = 1 − λ^2E^2 but for the third and the forth cases we have ṙ^2 = 1, so for at the presence of electric field the brane collapses lesser that the speed of light. For the both cases E = 0 and E ≠ 0 a collapsing speed does not depend on the initial speed.

In the purely spatial independence we follow the same way as time dependence. Let’s consider at t = 0, r^′ = v and ṙ = 0 and the initial radius is r_1 and the purely spatial solution for T_{σσ} is gotten by solving the following, first we have

r^{′2} = r^4(1 + v^2 − λ^2E^2) − r^4_1(−λ^2E^2) + v^2 1 + r^4_1

, (59)

and_σ ∫ 0 dσ = √ 1 + r^4_1 1 − v^2 − λ^2E^2 r∫ r_1 dr √ r^4 − r^{′4}_1

, (60)

where r^{′4}_1 = r^4_1 −^{v2(1+r41 )}

1+v^2−λ^2E^2 and r∫ r_1

=^r ∫ r^′_1 −^{r1} ∫ r^′_1

so we find

σ √ 1 + v^2 − λ^2E^2 √ 1 + r^4_1 = r∫ r^′_1 dr √ r^4 − r^{′4}_1 − r_1∫

r^′_1 dr √ r^4 − r^{′4}_1

, (61)

then we get_{σ√2r′} 1 √ 1+v^2 −λ^2E^2

√_{1+r41} = cn^{−1}(^{r′1}_r ,^1√_2 ) − cn^{−1}(^{r′1}_{r1} ,^1√_2 ),

= cn^{−1} (^{r′2}1_{rr1 +} 1_2 √ (1−(^r ′ 1 r )^4)(1−(^r ′ 1 r1 )^4)

1+(1−r^{′2}_1 )(1−r^2_1 ) , 1√ 2 ) (62)

For v^2 = r^4_1(1 − λ^2E^2) we get r^{′2} = r^4(1 − λ^2E^2)

which leads to the following ∓ r = 1 σ(1 − λ^2E^2) ∓^1_r

. (63)

Thus for particular initial conditions of r^′ and r, we do not find the infinite periodic braneanti-brane array, but rather a solution with a decaying r. In the presence of an electric field it is attenuated by the factor of 1/ √ 1 − λ^2E^2. The equation r^2_0 = r^4(1 − λ^2E^2) provides a generalization of the BPS equation in presence of an electric field. Note that for E = 0 we get the usual BPS equation r^2_0 = r^4. The BPS equation can be obtained by studying the condition to have an unbroken supersymmetry, which amounts to the condition for the vanishing of the variation of gaugino on the world volume of the intersection [30].

For equations (51) and (59), consider the Wick rotation τ → iσ. This provides interesting results in the cases where E, u and v are all zero. Here we find (51) → (59) for τ → iσ and u → iv. Thus in the presence of the electric field, the space time dependent solutions generalize nicely.

4.2 Automorphisms

Another interesting feature of these solutions is the r ↔ 1/r duality, which arises as the consequence of the invariance of the complex curve under an r ↔ 1/r automorphism. More precisely, in the absence of any worldvolume electric field and with u = 0, we find (51) reduces to the equation of a complex curve s^2 =^{r40 −r4}_{1+r4} where we have defined ṙ = s and r and s are interpreted as complex variables. For this curve the relevant automorphisms have been studied in [30] and a connection to the τ → iσ duality has been made. Here we find a similar duality. Towards this end, we study an automorphism of the curve (51) for E ≠ 0 and v ≠ 0. After defining s = ṙ we find

s^2 = r^4_1(1 − λ^2E^2) − r^4(1 − u^2 − λ^2E^2) + u^2 1 + r^4_1

. (64)

The automorphism acts as r → R = 1/r , r_0 → R_0 = 1/r_0, s →= s̃ = is/r^2, u → u^′ = −iuR^2. This automrphism acts at fixed E. For u = 0, r → R = r^2_0/r, s →= s̃ = isr^2_0/r^2, is still a good automorphism of (64).

5 Dyonic Fluctuations

In this section, we give an examination of the propagation of the fluctuations on the fuzzy funnel. The setup is similar to both D1⊥D5 and D1⊥D3 systems. We notice that there are two basic types of funnel’s fluctuations, the overall transverse ones in the directions perpendicular to both the Dp-brane (p=3,5) and the string (i.e., X^{p+1,..,8}), and the relative transverse ones which are transverse to the string, but parallel to the Dp-brane world volume (i.e., along X^{1,..,p}).

Thus, we treat the dynamics of the funnel solutions. We solve the linearized equations of motion for small and time-dependent fluctuations of the transverse scalars around the exact background in dyonic case.

5.1 Overall Transverse Fluctuations in D1⊥D3 System

5.1.1 Zero Mode

We deal with the fluctuations of the funnel (10) discussed in the previous section. By plugging into the full (N, N_f )-string action (6,7) the ”overall transverse” δϕ^m(σ, t) = f^m(σ, t)I_N , m = 4, ..., 8 which is the simplest type of fluctuation with I_N the identity matrix, together with the funnel solution, we get S = −T_1 ∫ d^2σST r [ (1 + λE)(1 +^{λ2αiαi} 4(1−λ^2 E^2)^2σ^4 ) ( (1 +^{λ2αiαi} 4(1−λ^2 E^2)^2σ^4 )(1 − (1 − λE)λ

2(∂_tδϕ^m)^2) + λ^2(∂_σ δϕ^m)^2

)] 1_2

≈ −NT_1 ∫ d^2σH [ (1 + λE) − (1 − λ^2E^2)^{λ2}_2 (ḟ^m)^2 +^{(1+λE)λ2}_{2H} (∂_σf^m)^2 + ... ] (65)

where H = 1 + λ^2C 4(1 − λ^2E^2)^2σ^4 and C = T rα^iα^i. For the irreducible N × N representation we have C = N^2 − 1. In the last line we have only kept the terms quadratic in the fluctuations as this is sufficient to determine the linearized equations of motion ( (1 − λE)(1 + λ^2

N^2 − 1 4(1 − λ^2E^2)^2σ^4

)∂^2_t − ∂^2_σ ) f^m = 0. (66)

In the overall case, all the points of the fuzzy funnel move or fluctuate in the same direction of the dyonic string by an equal distance δx^m. Thus, the fluctuations f^m could be rewritten as follows f^m(σ, t) = Φ(σ)e^{−iwt}δx^m, (67) where Φ is a function of the spatial coordinate. With this ansatz the equation of motion (66) becomes ( (1 − λE)(1 + λ^2

N^2 − 1 4(1 − λ^2E^2)^2σ^4

)w^2 + ∂^2_σ ) Φ(σ) = 0. (68)

Then, the problem is reduced to finding the solution of a single scalar equation.

We consider the physical phenomenon which is defined by the fact that the electric field E is in the interval [0,^1_λ [ (contrary to what was treated in [31], such that E was tending to ∞).

The equation (68) is an analog one-dimensional Schrödinger equation. Let’s rewrite it as ( 1 w^2(1 − λE)

∂^2_σ + 1 + λ^2N^2 4(1 − λ^2E^2)^2σ^4 ) Φ(σ) = 0, (69)

for large N. If we suggest σ̃ = w √ 1 − λEσ, (70) the equation (69) becomes ( ∂^2_{σ̃} + 1 + κ^2 σ̃^4 ) Φ(σ̃) = 0, (71)

with the potential is V (σ̃) = κ^2 σ̃^4

, (72) and κ = λNw^2 2(1 + λE)

. (73)

The equation (71) is a Schrödinger equation for an attractive singular potential ∝ σ̃^{−4} and depends on the single coupling parameter κ with constant positive Schrödinger energy. The solution is then known by making the following coordinate change

χ(σ̃) = σ̃∫ √ κ dy √ 1 + κ^2 y^4

, (74)

and Φ = (1 + κ^2 σ̃^4

)^{− 14} Φ̃. (75)

Thus, the equation (71) becomes ( − ∂^2_χ + V (χ) ) Φ̃ = 0, (76)

with V (χ) =

5κ^2 (σ̃^2 +^{κ2}_{σ̃2} )^3

. (77)

Accordingly to the variation of this potential (Fig.1), the system looks like separated into two regions depending on σ. In small σ region V is close to 0 with a constant value for all E. In large σ region, specially when σ reaches 0.7, V increases too fast as we jump to a new region and gets a maximum value when E ≈ 0.5.

Then, the fluctuation is found to be

Φ = (1 + κ^2 σ̃^4

)^{− 14} e^{±iχ(σ̃)}. (78)

This fluctuation has the following limits; at large σ, Φ ∼ e^{±iχ(σ̃)} and if σ is small Φ = σ̃√ κ e^{±iχ(σ̃)}. These are the asymptotic wave function in the regions χ → ±∞, while around χ ∼ 0; i.e. σ̃ ∼ √ κ, Φ ∼ 2^{− 1}4 . Also we find that Φ has different expressions in small and large σ regions.

5.1.2 Non-Zero Modes The fluctuations discussed above could be called the zero mode ℓ = 0 and for non-zero modes ℓ ≥ 0, the fluctuations are δϕ^m(σ, t) =^{N−1} ∑ ℓ=0 ψ^m_{i1...iℓ} α^{i1} ...α^{iℓ} with ψ^m_{i1...iℓ} are completely symmetric and traceless in the lower indices.

The action describing this system is S ≈ −NT_1 ∫ d^2σ [ (1 + λE)H − (1 − λ^2E^2)H^{λ2}_2 (∂_tδϕ^m)^2)

+^{(1+λE)λ2}_{2H} (∂_σδϕ^m)^2 − (1 − λ^2E^2)^{λ2}_2 [ϕ^i, δϕ^m]^2

−^{λ4}_{12} [∂_σϕ^i, ∂_tδϕ^m]^2 + ... ] (79)

Now the linearized equations of motion are [ (1 + λE)H∂^2_t − ∂^2_σ ] δϕ^m + (1 − λ^2E^2)[ϕ^i, [ϕ^i, δϕ^m]] − λ^2 6 [∂_σϕ^i, [∂_σϕ^i, ∂^2_t δϕ^m]] = 0, (80)

with H = 1 + λ^{2 N 2−1}_{4(1−λ2E2)2σ4} . Since the background solution is ϕ^i ∝ α^i and we have [α^i, α^j] = 2iϵ_{ijk}α^k, we get [α^i, [α^i, δϕ^m] = ∑ ℓ<N ψ^m_{i1...iℓ} [α^i, [α^i, α^{i1} ...α^{iℓ} ] = ∑ ℓ<N 4ℓ(ℓ + 1)ψ^m_{i1...iℓ} α^{i1} ...α^{iℓ} (81)

To obtain a specific spherical harmonic on 2-sphere, we have

[ϕ^i, [ϕ^i, δϕ^m_ℓ ]] = ℓ(ℓ + 1) (1 − λ^2E^2)σ^2 δϕ^m_ℓ , [∂_σϕ^i, [∂_σϕ^i, ∂^2_t δϕ^m]] = ℓ(ℓ + 1) (1 − λ^2E^2)^2σ^4

∂^2_t δϕ^m_ℓ .

(82) Then for each mode the equations of motion are [( (1 + λE)(1 + λ^2

N^2 − 1 4(1 − λ^2E^2)^2σ^4 ) − λ^2ℓ(ℓ + 1) 6(1 − λ^2E^2)^2σ^4 ) ∂^2_t − ∂^2_σ + ℓ(ℓ + 1) σ^2 ] δϕ^m_ℓ = 0. (83)

The solution of the equation of motion can be found by taking the following proposal. Let’s consider ϕ^m_ℓ = f^m_ℓ (σ)e^{−iwt}δx^m in direction m with f^m_ℓ (σ) is some function of σ for each mode ℓ.

The last equation can be rewritten as [ − ∂^2_σ + V (σ) ] f^m_ℓ (σ) = w^2(1 + λE)f^m_ℓ (σ), (84)

with

V (σ) = −w^2 ( (1 + λE) λ^2N^2 4(1 − λ^2E^2)^2σ^4 − λ^2ℓ(ℓ + 1) 6(1 − λ^2E^2)^2σ^4 ) + ℓ(ℓ + 1) σ^2 . In small σ region, this potential is reduced to

V (σ) =

−w^2λ^2 (1 − λ^2E^2)^2σ^4

((1 + λE)N^2 4 − ℓ(ℓ + 1) 6 ) . This potential (Fig.2(a)) is close to 0 for almost of σ and E until that E ≈ 0.87 we remark that V changes at σ ≈ 0.04 and then goes up too fast to be close to 0 again for the other values of σ.

In small σ limit, we reduce the equation (84) to the following form [ w^2 ( (1 + λE)(1 + λ^2

N^2 − 1 4(1 − λ^2E^2)^2σ^4 ) − λ^2ℓ(ℓ + 1) 6(1 − λ^2E^2)^2σ^4 ) + ∂^2_σ ] f^m_ℓ (σ) = 0. (85)

and again as [ 1 + 1 (1 − λ^2E^2)^2σ^4 ( λ^2

N^2 − 1 4 − λ^2ℓ(ℓ + 1) 6(1 + λE) ) + 1 w^2(1 + λE)

∂^2_σ ] f^m_ℓ (σ) = 0. (86)

We define new coordinate σ̃ = w √ 1 + λEσ and the latter equation becomes [ ∂^2_{σ̃} + 1 + κ^2 σ̃^4 ] f^m_ℓ (σ) = 0, (87)

where κ^2 = w^2(1 + λE) (1 − λ^2E^2)^2 ( λ^2

N^2 − 1 4 − λ^2ℓ(ℓ + 1) 6(1 + λE)

) 1_2

such that N > 2ℓ(ℓ + 1) 3(1 + λE)

+ 1.

By following the same setup of zero mode, we get the solution by using the steps (74-78) with new κ. Since we considered small σ we get

V (χ) =

5σ̃^6 κ^4

, (88)

and the fluctuation is found to be

f^m_ℓ = σ̃ √ κ e^{±iχ(σ̃)}. (89) in small σ region.

Now, let’s check the case of large σ. In this case, the equation of motion (84) of the fluctuation can be rewritten in the following form [ − ∂^2_σ + V (σ) ] f^m_ℓ (σ) = w^2(1 + λE)f^m_ℓ (σ), (90) with V (σ) = ℓ(ℓ + 1)

σ^2 . We remark that, in large σ limit (Fig.2(b)), the potential V is independent of E and going down as σ is going up. The figures 2(a) and 2(b) show that the system in non-zero modes is separated to two totally different regions and the main remark is that the potential gets a singularity at some level of σ which is considered the intersection of small and large σ regions. In our calculations we took small σ from zero until the half of the unit of λ = 1 and the large σ region from 0.5 until 1 with w = 1, l = 1 and N = 10.

The f^m_ℓ is now a Sturm-Liouville eigenvalue problem. The fluctuation is found to be

f^m_ℓ (σ) = α √ σBesselJ (_1 2 √ 1 + 4ℓ(ℓ + 1), wσ √ 1 + λE ) +β √ σBesselY (_1 2 √ 1 + 4ℓ(ℓ + 1), wσ √ 1 + λE ) , (91)

with α, β are constants. Again, it’s clear that the fluctuation solution in this case is totally different from the one gotten in small σ limit (89) supporting the idea that the system is divided to two regions. In the following, we continue the study of D1⊥D3 branes by dealing with the relative transverse fluctuations.

5.2 Relative Transverse Fluctuations in D1⊥D3 System

5.2.1 Zero Mode

In this subsection, we consider the ”relative transverse” fluctuations δϕ^i(σ, t) = f^i(σ, t)I_N , i = 1, 2, 3, and the action describing the system has the expression S = −T_1 ∫ d^2σST r [ − det ( η_{ab} + λF_{ab} λ∂_a(ϕ^j + δϕ^j) −λ∂_b(ϕ^i + δϕ^i) Q^{ij}_∗ ) ]_{12}

, (92)

with Q^{ij}_∗ = Q^{ij} + iλ([ϕ_i, δϕ_j] + [δϕ_i, ϕ_j] + [δϕ_i, δϕ_j]). As done above, we keep only the terms quadratic in the fluctuations and the action becomes S ≈ −NT_1 ∫ d^2σ [ (1 − λ^2E^2)H − (1 − λE) λ^2 2 (ḟ^i)^2 +

(1 + λE)λ^2 2H (∂_σ f^i)^2 + ... ] , (93)

with H = (1 + λ^{2 N 2−1}

4(1−λ^2E^2)^2 σ^4 ).

Then we define the relative transverse fluctuation as f^i = Φ^i(σ)e^{−iwt}δx^i in the direction of x^i, with Φ is a function of σ, and the equations of motion of the fluctuations are found to be ( − ∂^2_σ − w^2λ^2(1 − λE)(N^2 − 1) 4(1 + λE)(1 − λ^2E^2)^2σ^4 ) Φ^i = w^2 1 − λE 1 + λE Φ^i, (94)

where the potential is V (σ) = − w^2λ^2(1 − λE)(N^2 − 1) 4(1 + λE)(1 − λ^2E^2)^2σ^4 . We remark that the presence of E is quickly increasing the potential from −∞ to zero. Then, when E is close to the inverse of λ the potential is close to zero for all σ;

• E ∼ 0, V (σ) ∼ −λ^{2 N 2−1}_{4σ4} w^2

• E ∼^1_λ , V (σ) ∼ −^{1−λE}_2 λ^{2 N 2−1}_{4(1−λ2 E2)2σ4} w^2.

This case is seen as a zero mode of what is following so we will focus on its general case known as non-zero modes.

5.2.2 Non-Zero Modes

Let’s give the equation of motion of relative transverse fluctuations of non-zero ℓ modes with (N, N_f )-strings intersecting D3-branes. The fluctuation is given by δϕ^i(σ, t) = N−1∑ ℓ=1 ψ^i_{1...iℓ} α^{i1} ...α^{iℓ} with ψ^i_{1...iℓ} are completely symmetric and traceless in the lower indices. The action describing this system is S ≈ −NT_1 ∫ d^2σ [ (1 − λ^2E^2)H − (1 − λE)H^{λ2}_2 (∂_tδϕ^i)^2)

+^{(1+λE)λ2}_{2H} (∂_σδϕ^i)^2 − (1 − λE)^{λ2}_2 [ϕ^i, δϕ^i]^2

−^{λ4}_{12} [∂_σϕ^i, ∂_tδϕ^i]^2 + ... ] . (95)

The equation of motion for relative transverse fluctuations in non-zero modes is [ 1 − λE 1 + λE H∂^2_t − ∂^2_σ ] δϕ^i + (1 − λE)[ϕ^i, [ϕ^i, δϕ^i]] − λ^2 6 [∂_σ ϕ^i, [∂_σϕ^i, ∂^2_t δϕ^i]] = 0. (96)

By the same way followed in overall case the equation of motion for each mode ℓ is found to be [ −∂^2_σ + (1 − λE 1 + λE (1+λ^2

N^2 − 1 4(1 − λ^2E^2)^2σ^4 )− λ^2ℓ(ℓ + 1) 6(1 − λ^2E^2)^2σ^4 ) ∂^2_t + ℓ(ℓ + 1) (1 + λE)σ^2 ] δϕ^i_ℓ = 0. (97)

We write δϕ^i_ℓ = f^i_ℓ e^{−iwt}δx^i in the direction of x^i, then the equation (97) becomes [ −∂^2_σ − ( 1 − λE 1 + λE (1+λ^2

N^2 − 1 4(1 − λ^2E^2)^2σ^4 )− λ^2ℓ(ℓ + 1) 6(1 − λ^2E^2)^2σ^4 ) w^2 + ℓ(ℓ + 1) (1 + λE)σ^2 ] f^i_ℓ = 0. (98)

To solve this equation we start, for simplicity, by considering small σ. The equation (98) is reduced to [ − ∂^2_σ − λ^2w^2 (1 − λ^2E^2)^2σ^4 (1 − λE 1 + λE N^2 − 1 4 − ℓ(ℓ + 1) 6 )] f^i_ℓ = 1 − λE 1 + λE w^2f^i_ℓ , (99)

with the potential V = −λ^2w^2 (1 − λ^2E^2)^2σ^4 ( 1 − λE 1 + λE N^2 − 1 4 − ℓ(ℓ + 1) 6 ) . The potential V is quite zero for all E and only at σ ≈ 0.02 that we see V varies in terms of E and goes up too fast to be close to zero as a constant function (Fig.4(a)).

The equation of motion (99) can be rewritten as follows [ − 1 + λE 1 − λE ∂^2_σ − ( (1 + λ^2

N^2 − 1 4(1 − λ^2E^2)^2σ^4 ) − 1 + λE 1 − λE λ^2ℓ(ℓ + 1) 6(1 − λ^2E^2)^2σ^4 ) w^2 ] f^i_ℓ = 0. (100)

We change the coordinate to σ̃ = √_{1−λE} 1+λE wσ and the equation (100) is rewritten as [ ∂^2_{σ̃} + 1 + κ^2 σ̃^4 ] f^i_ℓ (σ̃) = 0, (101)

with κ^2 = w^4λ^2

3(1 − λE)^2(N^2 − 1) − 2(1 − λ^2E^2)ℓ(ℓ + 1) 12(1 + λE)^2(1 − λ^2E^2)^2 . Then we follow the suggestions of WKB by making a coordinate change;

β(σ̃) = σ̃∫ √ κ dy √ 1 + κ^2 y^4

, (102) and f^i_ℓ (σ̃) = (1 + κ^2 σ̃^4

)^{− 14} f̃^i_ℓ (σ̃). (103)

Thus, the equation (101) becomes ( − ∂^2_β + V (β) ) f̃ i = 0, (104)

with V (β) =

5κ^2 (σ̃^2 +^{κ2}_{σ̃2} )^3

. (105)

Then f^i_ℓ = (1 + κ^2 σ̃^4

)^{− 14} e^{±iβ(σ̃)}. (106)

Since we are dealing with small σ case the obtained fluctuation becomes

f^i_ℓ = σ̃ √ κ e^{±iβ(σ̃)}. This is the asymptotic wave function in the regions β → −∞, while around β ∼ 0; i.e. σ̃ ∼ √ κ, f^i_ℓ ∼ 2^{− 1}4 . The variation of this fluctuation in terms of small σ and the electric field is well shown in Fig.3(a) by considering the real part of the function. The variation of f^i_ℓ in terms of σ has positive values and goes up as σ goes up for all E in general. The influence of E on f^i_ℓ appears at σ ≈ 0.2.

Now, if σ is too large the equation of motion (98) becomes [ − ∂^2_σ + ℓ(ℓ + 1) (1 + λE)σ^2 ] f^i_ℓ = 1 − λE 1 + λE w^2f^i_ℓ . (107)

The fluctuation solution of this equation is

f^i_ℓ (σ) = α √ σBesselJ (_1 2 √ 1 + 4^{ℓ(ℓ+1)}_{1+λE} , wσ √_{1−λE} 1+λE ) +β √ σBesselY (_1 2 √ 1 + 4^{ℓ(ℓ+1)}_{1+λE} , wσ √_{1−λE} 1+λE ) , (108)

with α, β are constants. The variation of this fluctuation in terms of large σ and E is given by Fig.3(b). The values of f^i_ℓ are negative and they are going down as E going up.

By dealing with the fluctuations (106) (Fig.3(a)) and (108) (Fig.3(b)) in small and large σ regions respectively, we remark that is clear that we get different fluctuations from small to large σ with a singularity at some stage of σ and consequently the system is separated into two regions depending on the electric field.

The potential associated to (108) is

V (σ) = ℓ(ℓ + 1) (1 + λE)σ^2 . Accordingly to Fig.4(b) describing the variation of V , we remark that, V goes down as σ goes up and more down as E goes up; i.e. the potential becomes more small as the electric field appears between zero and E ∼^1_λ . The potentials represented by the two figures Fig.4(a) and Fig.4(b) don’t have an intersecting point at some stage of σ. This leads the system to get a singularity which supports the idea that the system is separated into two regions in non-zero modes of relative transverse fluctuations.

Consequently, the D1⊥D3 system has Neumann boundary conditions and this is more clear at the presence of electric field. This is proved through this section by discussing different modes and different directions of the fluctuations of the funnel solution and their associated potentials. In the figures representing these variations we set w, ℓ equals to the unit of λ = 1 in all the treated equations and N = 10.

5.3 Overall Transverse Fluctuations in D1⊥D5 System

We extend this study to discuss the electrified fluctuations in D1⊥D5 system. we give the equations of motion of the fluctuations and their solutions. Then, we discuss the variation of the potential and the fluctuations in terms of electric field and the spatial coordinate.

We start by considering overall transverse fluctuations in zero mode. This type of fluctuations is given as δϕ^m(σ, t) = f^m(σ, t)I_N , m = 6, 7, 8. Plugging this fluctuation into the full (N, N_f )-string action (15’), together with the funnel (16) the action is found to be S = −NT_1 ∫ d^2σ ( (1 + λE)A − 1 2 (1 − λ^2E^2)λ^2A(ḟ^m)^2 + 1 2 (1 + λE)λ^2(∂_σf^m)^2 + ... ) . (109)

where A = (1 +

4R(σ)^4 cλ^2 )^2, (110)

with the quadratic terms in f^m were the only terms retained in the action. The linearized equation of motion of the fluctuation is then [ (1 − λE) ( 1 + 4R(σ)^4 cλ^2 )_2

∂^2_t − ∂^2_σ ] f^m = 0. (111)

We consider small R which is given by (17) in the second section. We insert its expression in the last equation and the equation of motion becomes [ (1 − λE) ( 1 + n^2λ^2 16(1 − λ^2E^2)^2σ^4

)_2

∂^2_t − ∂^2_σ ] f^m = 0 (112)

for large n.

Let’s consider the fluctuation in the following form f^m = ϕ(σ)e^{−iwt}δx^m, (113) with δx^m, m = 6, 7, 8, the direction of the fluctuation. The equation (112) becomes [ − ∂^2_σ − w^2(1 − λE)( n^2λ^2 8(1 − λ^2E^2)^2σ^4 + n^4λ^4 16^2(1 − λ^2E^2)^4σ^8 ) ] ϕ = w^2(1 − λE)ϕ. (114)

The potential of this system is

V = −w^2(1 − λE)( n^2λ^2 8(1 − λ^2E^2)^2σ^4 + n^4λ^4 16^2(1 − λ^2E^2)^4σ^8

) (115)

depending on the electric field E with E ∈ [0,^1_λ [.

5.3.1 Small σ Limit

The equation (114) is complicated and to simplify the calculations we start by considering the small σ and^1_{σ8} dominates in (114) and (115). We then discuss the equation [ − ∂^2_σ − w^2(1 − λE) n^4λ^4 16^2(1 − λ^2E^2)^4σ^8 ] ϕ = w^2(1 − λE)ϕ, (116)

and the potential is reduced to

V = −w^2(1 − λE) n^4λ^4 16^2(1 − λ^2E^2)^4σ^8

. (117)

As shown in Fig.5(a), the potential V tends to −∞ until some values of E when E and σ are close to zero, and once E is close to the inverse of λ the potential is zero for all small σ. We consider in this case σ ∈]0, 0.5] in the unit of λ with λ = 1, w = 1, n = 10 and E ∈ [0, 1[.

To solve the differential equation (116), we consider the total differential on the fluctuation. Let’s denote ∂_σϕ ≡ ϕ^′. Since ϕ depends only on σ we find^{dϕ}_{dσ} = ∂_σ ϕ. We rewrite the equation (116) in this form 1 ϕ dϕ^′ dσ = −w^2(1 − λE)[ n^4λ^4 16^2(1 − λ^2E^2)^4σ^8

+ 1]. (118)

An integral formula can be written as follows ϕ^′∫

0 dϕ^′ ϕ = − σ∫ 0 w^2(1 − λE)[ n^4λ^4 16^2(1 − λ^2E^2)^4σ^8

+ 1]dσ, (119)

which gives ϕ^′ ϕ = −w^2(1 − λE)[− n^4λ^4 16^2(1 − λ^2E^2)^4 × 7σ^7

+ σ] + α. (120)

We integrate again the following ϕ∫ 0 dϕ ϕ = − σ∫ 0 (w^2(1 − λE)[− n^4λ^4 16^2 × 7(1 − λ^2E^2)^4σ^7

+ σ] + α)dσ. (121)

We get ln ϕ = −w^2(1 − λE)[− n^4λ^4 16^2 × 42(1 − λ^2E^2)^4σ^6 + 2 σ^2

] + ασ + β, (122)

and the fluctuation in small σ region is found to be ϕ(σ) = βe^{−w2(1−λE)[− n} 4λ4 162 ×42(1−λ2E2)4σ6 + σ2 2 ]+ασ, (123)

with β and α are constants.

We plot the progress of the obtained fluctuation in (Fig.6(a)). First we consider the constants β = 1 = α, then the small spatial coordinate in the interval [0, 0.5] with the unit of λ = 1, w = 1 and n = 4. As above the electric field is in [0, 1[. We see that at the absence of the electric field there is no fluctuations at all and this phenomenon continues for the small values of E. When E ≈ 0.5 the fluctuation appears from σ = 0.15 and goes down as σ and E go up.

5.3.2 Large σ Limit

In the large σ case, the equation (114) becomes [ − ∂^2_σ − w^2(1 − λE) n^2λ^2 8(1 − λ^2E^2)^2σ^4 ] ϕ = w^2(1 − λE)ϕ (124)

and the potential is V = −w^2(1 − λE) n^2λ^2 8(1 − λ^2E^2)^2σ^4

. (125)

By plotting the progress of this potential (Fig.5(b)) we consider the large spatial coordinate in the interval [0.5, 1] and E ∈ [0, 1[ in the unit of λ = 1, w = 1 with n = 10. The obtained figure shows that V has in general higher values than the ones obtained in small σ case (Fig.5(a) describing (117)). Specially, for the first values of σ, V goes up from negative values to be close to zero for almost values of E until E is close to^1_λ , approximately from E = 0.8 where V ≈ −0.02, we remark that V has small variation in [0.8,1] region of σ. By contrary, in figure 5(a), when σ = 0.5 which is the last value of σ in that case we find V is already zero for all E. Consequently, these two potentials (117) and (125) show a big gap to go from one system to other that they describe, meaning that our system is separated into two regions; small and large σ depending on E.

Now, we should solve the equation of motion of the relative transverse fluctuations (124), in the case of large σ. We start by defining a new coordinate

σ̃^2 = w^2(1 − λE)σ^2

and (124) becomes ( 1 + n^2λ^2w^4(1 − λE)^2 8(1 − λ^2E^2)^2σ̃^4

+ ∂^2_{σ̃} ) ϕ(σ̃) = 0, (126)

with the potential is V (σ̃) = κ^2 σ̃^4

, (127) and κ^2 = n^2λ^2w^4(1 − λE)^2 8(1 − λ^2E^2)^2 . The equation (126) is a Schrödinger equation for an attractive singular potential ∝ σ̃^{−4} and depends on the single coupling parameter κ with constant positive Schrödinger energy. The solution is then known by making the following coordinate change

χ(σ̃) = σ̃∫ √ κ dy √ 1 + κ^2 y^4

, (128)

and Φ = (1 + κ^2 σ̃^4

)^{− 14} Φ̃. (129)

Thus, the equation (126) becomes ( − ∂^2_χ + V (χ) ) Φ̃ = 0, (130)

with V (χ) =

5κ^2 (σ̃^2 +^{κ2}_{σ̃2} )^3

. (131)

Then, the fluctuation is found to be

Φ = (1 + κ^2 σ̃^4

)^{− 14} e^{±iχ(σ̃)}. (132)

This fluctuation has the following limit; since we are in large σ region Φ ∼ e^{±iχ(σ̃)}. This is the asymptotic wave function in the regions χ → +∞, while around χ ∼ 0; i.e. σ̃ ∼ √ κ,

Φ ∼ 2^{− 1}4 . Owing to the plotting of the progress of this fluctuation given by Fig.6(b), by considering the real part of the function, we remark that Φ goes down fast as E goes up for all σ. When σ = 0.5 the fluctuation gets different values for all E compared to the values gotten in small σ region by (123) (Fig.6(a)). These tow figures show that the fluctuations of fuzzy funnel of D1⊥D5 branes have a singularity at some stage of σ separating the system into two regions; small and large σ.

6 Duality in Electrified D1⊥D3 and D1⊥D5 Systems

6.1 Duality in D1⊥D3 Branes

Now, we see if D1 and D3 descriptions [26] in D1⊥D3 system discussed in section 2 match or not. As we showed in [22], the two descriptions D1 and D3 don’t have a complete agreement in the presence of a world volume electric field since the energies don’t match as we will see in the following, even if their profiles match very well.

The energy is easily derived from the action (8) for the static solution (10). The minimum energy condition is dϕ_i dσ = ± i 2 ϵ_{ijk}[ϕ_j, ϕ_k], which can be identified as the Nahm equations [37]. We insert the ansatz (9) and this implies R̂^′ = ±2 √ 1 − λ^2E^2R̂^2. (133) Using this condition and evaluating the Hamiltonian, ∫ dσ(DE −L), for the dyonic funnel solutions (L is the Lagrangian), the energy is expressed as

E_1 = T_1 ∫ dσST r [ λ^2E^2 √ 1 − λ^2E^2 + √ 1 − λ^2E^2|1 + 4λ^2α_jα_jR̂^4| ] .

We can manipulate this result by introducing the physical radius R = λ √ C|R̂| and using T_1 = 4π^2ℓ_sT_3. It’s also useful to D ≡ 1 N_m δS δE = λ^2T_1E √ 1 − λ^2E^2 = N_e N_m . consider the electric displacement D Consequently, the energy from the D1 brane theory is found to be

E_1 = T_1 ∫ dσ √ N^2_m + g_sN^2_e + T_3(1 − 1 N^2_m

)^{−12} ∫ dR4πR^2, (134)

with g_s is the string coupling with T_1 = (λg_s)^{−1}. The first term comes from collecting the contributions independent of R̂. The second term gotten from the terms containing R̂ and is used to put these in the form R̂2|R̂′|. Then we have repeatedly applied (133) in producing the second term.

If we consider large N_m the energy is reduced to the following

E_1 = T_1N_m ∫ dσ, (135) which can be rewritten in terms of physical radius R as

E_1 = T_3N_m ∫ 4πR^2dR, (136)

with T_3 =^{T1}_{4π2ℓ2s} . In D3-brane description the energy (3) becomes

E_3 = T_3 ∫ d^3σ √ 1 + λ^4

N^2_m[(N_m + N_e)^2 + N^2_e ] 16r^8

+ 2λ^2

N_m(N_m + N_e)

4r^4

+ 2λ^2

N^2_e 4r^4

, (137)

such that the magnetic and the electric fields are given by → B= N_m 2r^2 → r ,^→E= N_e 2r^2 → r . (138)

In the large N_m limit and fixed N_e, the energy (137) of the spherically symmetric BPS configuration is reduced to

E_3 = T_3 N_m √ (N_m + N_e)^2 + N^2_e N_m + N_e ∫ 4πr^2dr. (139)

Again we consider large N_m limit and fixed N_e and we get √ (N_m + N_e)^2 + N^2_e N_m + N_e −→ 1. Consequently, for fixed N_e and large N_m limit we have agreement from both sides (D1 and D3 descriptions) and the energy is

E_3 = T_3N_m ∫ 4πr^2dr, (140) in which we identify the physical radius R from D1 description and r from D3 description.

Now, if we take large N_m limit keeping N_e/N_m = K fixed at any arbitrary K > 0 the result will be different. Thus, from D1 description the energy becomes

E_1 = T_3N_m √ 1 + g_sK^2 ∫ 4πR^2dR, (141)

and from D3 description the energy is

E_3 = T_3 N_m √ (1 + K)^2 + K^2 1 + K ∫ 4πR^2dR. (142)

Then we have disagreement. Consequently, the presence of electric field spoils the duality between D1 and D3 descriptions of intersecting D1-D3 branes.

6.2 Duality in D1⊥D5 Branes

Although D1⊥D5 branes system [8, 12] is not supersymmetric, the fuzzy funnel configuration in which the D-strings expand into orthogonal D5-branes shares many common features with the D3-brane funnel. Thus, we are interested in establishing whether a similar result holds also in the case of D1⊥D5 branes meaning the presence of a world volume electric field leads to broken duality or not.

From the D1 description the system is described by the action (15”). We consider static configurations involving five (rather than three) nontrivial scalars, ϕ_i with i = 1, ..., 5 with the proposed ansatz (16).

The electric field is fixed by the quantization condition on the displacement field, D =^{Nf}_N , where D = 1 N δS δE = λ^2T_1E √ 1 − λ^2E^2

(143)

after using the equations of motion, the energy (Ẽ_1 = ∫ dσ(DE − L)) of the system is evaluated to be

Ẽ_1 = √ N^2 + g^2_s N^2_f T_1 ∫ dσ + 6N c T_5 ∫ Ω_4R^4dR + NT_1 ∫ dR + ΔE, (144)

with T_5 =^{T1}_{(2πℓs)4} and the first and the second terms correspond to the energies of N semi-infinite strings stretching from σ = 0 to infinity and of 6N/c D5-branes respectively. The contribution of the last terms to the energy indicates that the configuration is not supersymmetric. The last contribution is a finite binding energy ΔE = 1.0102Nc^{1/4}T_1ℓ_s.

The energy of the D1-D5 system from D5 description (subsection 2.2) is evaluated to be Ẽ_5 = NT^1 √ 1 − (_{gsNf} √_{N 2+g2s N 2f} )_2 ∫ dσ + 6N c T_5 ∫ Ω_4R^4dR + NT_1 ∫ dR + ΔE, (145)

with ΔE is the same one found above from D1 description. In the absence of electric field, it’s clear that by identifying the profiles of D1 and D5 descriptions in the limit of N we could get complete agreement for the geometry and the energy determined by the two dual approaches. Now, in the presence of an electric field it seems there is also agreement. We compare the energy from the D1 description (144) and the energy from the D5 description (145). If we consider the large N limit and fixed N_f the first term of Ẽ_1 becomes √ N^2 + g^2_s N^2_f T_1 ∫ dσ −→ NT_1 ∫ dσ, (146) and the first term of Ẽ_5 goes to the following value NT_1 √ 1 − (_{gsNf} √_{N 2+g2s N 2f} )_2 ∫ dσ −→ NT_1 ∫ dσ, (147)

which proves the agreement at large N.

Now, let’s fix the value^{gsNf}_N to be one value M which can’t be neglected at large limit of N. Thus, if N is large the last two limits (146) and (147) become √ N^2 + g^2_s N^2_f T_1 ∫ dσ −→ NT_1 √ 1 + M^2 ∫ dσ (148) and NT_1 √ 1 − (_{gsNf} √_{N 2+g2s N 2f} )_2 ∫ dσ −→ NT_1 √ 1 −^{M 2}_{1+M 2} ∫ dσ. (149)

The right hand term of (149) is equal to the right hand term of (148) NT_1 1 √ 1+M^2 √ 1 + M^2 − M^2

= NT_1 √ 1 + M^2.

Then, this implies agreement of the two duals at the level of energy of the two descriptions. Consequently, the duality in D1⊥D5 branes is unbroken by switching on the electric field.

7 D2-Brane and Generalized Maxwell Theory

One of the field-theories describing anyons is the model where the matter is interacting with the Chern-Simons (CS) gauge field [25]. In reference [32], Stern has introduced another approach to treat anyons that does not require the CS term, but introduces a generalized connection to which the conserved U(1) current is coupled in a gauge invariant way [33]. In this model the gauge field is dynamical and the potential has the confining nature which makes the model different [34].

In this section, we treat the same system but on the two-sphere. Among the main results in this work is the change of the potential’s nature; there is no confinement any more, and the disappearance of the confinement in the two-sphere case for the exotic system is very interesting result. It was shown in [38] that compact Maxwell theory in (2+1)-dimensions confines permanently electric test charges and the usual twodimensional Coulomb potential is V (R) ∼ lnR. Since the electrostatic potential has the form V (R) ∼ R and holds for all values of the gauge coupling, the compact (2+1)- dimensional Maxwell theory does not exhibit any phase transition, i.e., the confinement is permanent. In the present paper, things are changed by treating the exotic system in higher dimensions and V (R) ∼^1_R with R is the distance between two opposite charged exotic particles. Another important result we get is at the level of energy; D2-brane gets a higher energy if the radius r of the two-sphere goes to infinity and it is higher if the number of charges is large which makes the system very special.

7.1 Generalized Connection and Anyons

The simplest way to realize fractional statistics characterizing anyons in (2+1) dimensional space-time is usually by adding a Chern-Simons term to the action. Recently, a novel way was introduced in [32] to describe anyons without a Chern-Simons term. Thus, a generalized connection was considered in (2+1)-dimensions denoted A^θ_μ, μ = 0, 1, 2. The gauge theory is defined by the following Lagrangian

L_θ = − 1 4 F_{μν} F^{μν} + J^μA^θ_μ (150)

with A^θ_μ ≡ A_μ +^θ_2 ϵ_{μνρ}F^{νρ} and θ is real parameter in Minkowski space. The Lagrangian L_θ describes Maxwell theory that couples to the current via the generalized connection rather than the usual one. This coupling is gauge invariant as long as J^μ is a conserved external current. In this theory, the gauge fields are dynamical and the canonical momenta are π^μ = F^{μ0} + θϵ^{0μν} J_ν which results in the usual primary constraint π^0 = 0 and π^i = F^{i0} + θϵ^{0ij} J_j (i, j = 1, 2). Thus the magnetic field is B = ϵ_{ij} ∂^iA^j and the electric field is E^i = π^i − θϵ^{ij} J_j .

Now, accordingly to (150), the equations of motion for A_μ is

∂^ν ∂_ν A_μ = J_μ + θϵ_{μνρ}∂^ν J^ρ. (151)

Then, we consider the simplest case of a static pointlike particle located at the origin which is described by J^0 = eδ^{(2)}(x). By solving (151) for the gauge field one finds

A_0 = ln r 2π , A_1 = θx_2 2πr^2 , A_2 = θx_1 2πr^2 , with r^2 = x^2_1 + x^2. This background describes one unit of an electrically charged particle and an infinitely thin magnetic flux with total flux θ both located at the origin and the shift in the statistics of the particle is fixed by the Aharonov-Bohm effect to be

Δϕ = θ. (152)

with ϕ = ∫ P A_idx_i the phase acquired by the pointlike particle traveling along some path

P . Δϕ is the phase difference between any two paths at the same endpoints. We note that in the case of Chern-Simons theory, the phase is two times θ and this is due to the fact that the charged particle is winding around a magnetic flux while in the present theory we also have the contribution of a flux tube winding around the charged particle. Another reason is that with the A^θ_μ construction a long range electric field is also generated which couples to the current and gives exactly the same phase.

For a static charged particle located at the origin and J^i = 0, the static electromagnetic fields are B(x) = eθδ^{(2)}(x) E_i(x) = −^e_{2π}^{xi}_{r2}

(153) and the total magnetic flux attached to N charged particles is Φ = ∫ V d^2xB(x) = eθN. (154) We note that the both L_{CS} (the lagrangian in Chern-Simons theory) and L_θ lead to fractional statistics by the same mechanism of attaching a magnetic flux to the charged particles but the physics they describe is quite different. We remark, for example, that in this theory the interaction potential is an object of considerable interest [34]. The potential has confining nature; it grows to infinity when the natural separation of the physical degrees of freedom grow, but in the Maxwell-Chern-Simons theory, the Chern- Simons term turns the electric and magnetic fields massive leading to a screening potential between static charges.

7.2 Anyons and Fuzzy Two-Sphere

Now, let us consider exotic particle moving on a two-sphere instead of a plane in the background of a monopole put at the origin. First, the two-sphere is S^2 ∼ CP^1 =^{SU(2)}_{U(1)} and the representations of SU(2) are given by the standard angular momentum theory.

The coordinates of fuzzy two-sphere are given by the SU(2) algebra

[X_i, X_j ] = iαϵ_{ijk}X_k, X_i = αL_i, (155)

L_i is the total angular momentum with the representation to be the spin ℓ and α is a dimensionful constant. We note that around the north pole of S^2 labeled by L_3 = ℓ, the fuzzy two-sphere algebra becomes a noncommutative plane if ℓ → ∞,

[X_i, X_j ] = iα^2ℓϵ_{ij} I, (156)

with I is the identity.

7.2.1 Connection

To construct the connection which goes to the generalized connection given above when the radius of fuzzy two-sphere goes to infinity we use the first Hopf map as known in the literature which is a map from S^3 to S^2 and naturally introduces a U(1) bundle on S^2. Then, the two-sphere can be parameterized by two complex coordinates u_α such that u^⋆_αu_α = 1 with u^⋆_α is the complex conjugate of u_α. A spatial coordinate x_i on S^2 with radius r is written in terms of u_α’s as

x_i = ru^†σ_iu (157)

with σ_i are Pauli matrices. The vector potential on S^2 is A_idx_i = −iγu^⋆_αdu_α, (158) with γ is integer due to the Dirac quantization rule.

Thus, the Hopf spinor satisfying (157) is given by u = ( u_1 u_2 ) = 1 √ 2r(r + x_3)

( r + x_3 x_1 + ix_2 ) e^{iχ}, (159) e^{iχ} is a U(1) phase. The connection is defined as A_idx_i = −i h̄ e u^⋆_αdu_α = h̄ 2er(r + x_3) ϵ_{ij3}x_j dx_i. (160) By considering the motion of an exotic particle (charged particle-magnetic flux composite) on two-sphere, the monopole charge is^{h̄}_{2e} =^θ_{4π} which is identified with the connection in two dimensional space for r → ∞ discussed in section 2. By generalizing the spinor to (2S + 1)-components spinor u_{(S)}, the monopole charge becomes^θ_{4π} =^{h̄S}_e and x_i = 1 S ru^†_{(S)}σ_{(S)i} u_{(S)}, x_ix_i = r^2, where σ_{(S)i} is the spin S representation of SU(2).

Now, for simplicity we consider a static particle at x^′. The magnetic and electric fields are given in (135) and the charge-magnetic dipole is defined by the current J_0 = eδ^{(3)}(x − x^′) J_i =^{μm}_e ϵ_{im}∂_mJ_0, (161) μ_m is the dipole’s moment.

7.2.2 Generalized Maxwell Theory

The Hamiltonian of this system is written as follows H = 1 2mr^2 M_iM_i + ∫ d^3x(− 1 2 F_{i0}F^{i0} + 1 4 F_{ij} F^{ij} − θ 2 ϵ_{ij} J^0F^{ij}) (162) such that for a static point like particle J_i = 0 and the primary constraint is π^0 = 0 which leads to the secondary constraint ∂_iπ^i − J^0 = 0 with π^μ is the canonical momentum of gauge field A^μ. M_i is the orbital angular momentum of the charged particle M_i = ϵ_{ijk}x_j (−ih̄∂_k + eA^θ_k) = ϵ_{ijk}x_j (−ih̄∂_k + eA_k +^{eθ}_2 ϵ_{knm}F^{nm} +^{eθ}_2 ϵ_{kn0}F^{n0})

(163)

where i, j, k, n, m = 1, 2, 3 and A^θ_k is the generalized connection. The strength field F^{μν} is F^{nm} = −^θ_{4π} ϵ_{nml}^{xl}_{r3} F^{n0} =^θ_{4πr(r+x3)} ϵ_{nl3}(ẋ_l − ṙx_l^{2r+x3}_{r(r+x3)} ),

(164)

we note that ϵ_{kn0}F^{n0} = 0 since ϵ_{nl3}ϵ_{kn0} = 0 because l ≠ 0. Then M_i = ϵ_{ijk}x_j (−ih̄∂_k + eA_k − eθ^2 4π x_k r^3

). (165)

Thus the Hamiltonian (162) of this system is reduced to H = 1 2mr^2 M_iM_i + 1 2 ∫ d^3x(E^2_i + B^2), (166)

with ϵ_{oij} J^0F^{ij} =^{−θ}_{4π} ϵ_{oij} ϵ^{ijk}J^{0 xk}_{r3} =^{−θ}_{2π} δ_{0k}J^{0 xk}_{r3} = 0 in (13) since k = 1, 2, 3. Accordingly to (153,154), we calculate the second term of H in three-dimensional space and the Hamiltonian is H = H_0 + e^2θ^2N + e^2r 3π , (167)

with H_0 = 1 2mr^2 M_iM_i. (168)

The conclusion we get from this subsection is that the Hamiltonian is different from the one describing the QHE and they are identified (H ∼ H_0) only if N, r −→ 0.

7.2.3 Realization of Fuzzy Two-Sphere

First, we remark that the orbital angular momentum of the particle M_i given by (165) satisfy the following deformed commutation relations

[M_i, M_j ] = ih̄ϵ_{ijk}(M_k + eθ 2πr x_k). (169)

This means that the total angular momentum generalizing the SU(2) algebra should be defined as L_i = M_i − eθ 2πr x_i (170)

and we get [L_i, L_j] = ih̄ϵ_{ijk}L_k [L_i, M_j] = ih̄ϵ_{ijk}M_k [L_i, x_j ] = ih̄ϵ_{ijk}x_k. (171)

Consequently, by simple calculation we find that

[L_i, H] = 0,

then SU(2) symmetry is generated by L_i. We also see that

M_iM_i = L_iL_i − (^{eθ}_{2π} )^2

= h̄^2(l(l + 1) − 4S^2),

(172)

with ℓ is the eigenvalue of L_3. We set, in what follows, ℓ = n + 2S (n = 0, 1, 2...) with n plays the role of the level index which could be identified with the Landau level index in the Chern-Simons theory and n = 0 corresponds to the lowest level.

The noncommutative Geometry known as fuzzy two-sphere is described by the coordinates X_i defined as X_i = 2πr eθ L_i, (173) and they are related to the commutative coordinates x_i by

X_i = 2πr eθ M_i − x_i. (174)

They satisfy the following commutation relations [X_i, X_j] = ih̄ϵ_{ijk} 2πr eθ X_k, (175)

and the fuzzy two-sphere is realized for the motion of exotic particle on a two-sphere. Its radius is given by the quadratic Casimir of SU(2)

r^2 = h̄^2( 2πr eθ )^2ℓ(ℓ + 1). (176)

The exotic particles obey the cyclotron motion as well-known in the planar system, in which the magnetic field causes them to follow a circular path or cyclotron orbit. According to (172,173), we get the radius of the cyclotron motion r^c_n in the n-th level

r^c_n = 2πr eθ h̄ √ 2S(2n + 1) + n(n + 1), (177)

which is given by (r^c_n)^2 = (^{2πr}_{eθ} )^2M_iM_i. Owing to (174), this radius is related to the coordinates X_i and x_i and it is given by (r^c_n)^2 = (X_i + x_i)(X_i + x_i).

For the lowest level we get r^c_0 = r √ 2S , (178)

which is identified with the one obtained in the lowest Landau Level discussed in [11]. Also we remark that r^c_0 is much smaller than r in the lowest level n = 0 and in a strong magnetic field limit, and x_i are identified with X_i.

7.2.4 Energy

Owing to (172), the energy eigenvalue of H (167) is

E_n = h̄^2 2mr^2 (2S(2n + 1) + n(n + 1)) + e^2θ^2N + e^2r 3π . (179)

Then we notice that this model could be identified with the one treated in references [11] only in the following case: If both of the radius of fuzzy two-sphere and the number of charges N are vanishingly small; i.e. r, N −→ 0. Also, we note that n in (179) indicates the level index which could be identified with the Landau level index in the Chern-Simons theory only for small r and N. The variance energy between the lowest level n = 0 and the first level is ΔE = h̄^2(2S + 1) mr^2 . As a remark, the lowest level in our system may be identified with the Lowest Landau level phenomena if the number of charges is small and r −→ 0 with^S_{mr} ≫ 1 and the energy induced by the dynamical gauge field is ignored. Otherwise, if the above case is not satisfied; i.e. r ≫ 1 or N ≫ 1, the model is now totally different. Thus the variance energy of the system is ΔE = 0, and the energy is dominated by one of the two last terms of (177) or both. Then the energy is

E_n = e^2θ^2N + e^2r 3π , ∀n. (180) We notice here that the variance energy of the system will depend only on the variance of the number of particles or the radius.

Consequently, dealing with the case of exotic particles system in which we introduce a generalized connection put at the origin of two-sphere we get a noncommutative geometry. The energy obtained in this model is very special and very different from the one obtained in QHE case since the gauge field in this system is dynamical. We notice that the energy of the gauge field dominates when the radius of the fuzzy two-sphere goes to infinity; i.e. the flat D2-brane which is a dual of the fuzzy two-sphere has higher energy. We remark that this result is definitely different from the one could be obtained in the case of QHE. In this latter case if r −→ ∞ the fuzzy two-sphere goes to flat D2-brane having an energy which goes to zero in this limit.

7.2.5 Potential

We complete this section by making another interesting remark. As known, the potential has a confining nature in two-dimensional space when the generalized connection is introduced instead of adding CS-term; i.e., the potential grows to infinity when the natural separation of the physical degrees of freedom grows.

After giving the energy we may now proceed to discuss the interaction energy between pointlike sources in the model under consideration. This can be done by computing the expectation value of the energy operator H in a physical state |Ω⟩ by following the mechanism used in [39]. We consider the stringy gauge-invariant |Ψ̄(y)Ψ(r)⟩ state,

|Ω⟩ ≡ |Ψ̄(y)Ψ(y^′)⟩ = |ψ̄(y)e −ie y′∫ y dz^iA_i(z) ψ(y^′)|0⟩, (181)

where |0⟩ is the physical vacuum state and the integral is over the linear spacelike path starting at y and ending at y^′, on a fixed time slice. Note that the strings between exotic particles have been introduced to have a gauge-invariant state |Ω⟩, in other terms, this means that the elementary particles (bosons or fermions) are now dressed by a cloud of gauge fields.

From the foregoing Hamiltonian discussion, we first note that

π_i|Ψ̄(y)Ψ(y^′)⟩ = Ψ̄(y)Ψ(y^′)π_i|0⟩ + e y^′∫

y dz_iδ^3(x − z)|Ψ̄(y)Ψ(y^′)⟩. (182)

Owing to (166,180) and the fact that we consider a static pointlike particle; so π_i = F_{0i} = E_i, we get the expectation value of the Hamiltonian as ⟨Ω|H|Ω⟩ = ⟨0|H|0⟩ + e^2 2 ∫ d^3x (^{y′}∫ y dz_iδ^3(x − z) )_2

, (183) with x and z are three-dimensional vectors. Remembering that the integrals over z_i are zero except on the contour of integrations.

The last term of (183) is nothing but the Coulomb interaction plus an infinite selfenergy term. In order to carry out this calculation we write the path as z = y + α(y − y^′) where α is the parameter describing the contour. By using the spherical coordinates the integral under square becomes y^′∫

y dz_iδ^3(x − z) = y − y^′ |y − y^′|^2 1∫ 0 dα 1 α δ(|y − x|, α|y^′ − y|) ∑ ℓ,m Y^∗_{ℓm}(θ^′, ϕ^′)Y_{ℓm}(θ, ϕ). (184) Using the usual properties for the spherical harmonics and after subtracting the self-energy term, we obtain the potential as V = − e^2 4π 1 |y^′ − y| . (185)

This result lets us to draw attention to the fact that with fuzzy two-sphere the generalized Maxwell theory doesn’t have confining nature any more which was a special property for anyons described by generalized Maxwell theory in two-dimensional space. Thus the problem of confinement could be solved by considering the two-sphere in stead of two-dimensional flat space.

8 Discussion and Conclusion

We considered the abelian and non-abelian BI dynamics of the dyonic string, from section 2 until section 6, such that the electric field E has a limited value. The limit of E attains a maximum value E_{max} = T_1 = 1 λ (186)

(for simplicity we dropped 2π in all the calculations). This limiting value arises because if E >^1_λ the action ceases to make physical sense [36]. The system becomes unstable. Since The string effectively carries electric charges of equal sign at each of its endpoints, as E increases the charges start to repel each other and stretch the string. For E larger than the critical value (186), the string tension T_1 can no longer hold the strings together.

The investigation of excited D3-branes through the two cases of absence or presence of an electric field lead to the fact that by exciting 2 and 3 of its transverse directions the brane develops a spike which is interpreted as an attached bundle of a superposition of coordinates of another brane given as a collective coordinate a long which the brane extends away from the D3-brane. In our study of D3-branes, by exciting 2 and 3 transverse directions we found that a magnetic monopole produces a singularity in the D3-branes transverse displacement which can be interpreted as a superposition of coordinates describing Dp-branes (p = 2, 3) attached to the D3-brane and the same for the dyonic case. We also obtained another important result that the lowest energy in the intersection branes case is obtained at the level of D1⊥D3 branes and the energy is higher if we excite more scalar fields and even more so in the presence of an electric field.

Further in the presence of a world volume electric field, space time dependent solutions can be generalised nicely and for r_0 = 0 we observe brane collapses with a speed less than that of light. We have also obtained a generalisation of the BPS solution. An automorphism of our solutions relevant for the r → 1/r duality has been discussed.

We also showed that certain excitations of D1⊥D3 and D1⊥D5 systems can be shown to obey Neumann boundary conditions. In this context, by considering E ∈ [1,^1_λ [ in D1⊥D3 and D1⊥D5 branes, we treated the fluctuations of the fuzzy funnel solutions and discussed the associated potentials V in terms of the electric field E and the spatial coordinate σ. We considered the unit of λ in all the figures representing the variations. We limited σ to be in the interval [0,0.5] for small σ and [0.5,1] for large σ.

Concerning D1⊥D3 system, we gave the variation of V in zero mode of overall transverse fluctuations in Fig.1; this figure shows that the system is looking like separated into two regions depending on the electric field. The potential is stable for E varies from 0 until 0.7 and then V goes up quickly as E close to^1_λ . Then we dealt with the general case of the overall transverse fluctuations which is the non-zero modes. In this case, the idea that the system is divided into two regions appears more clear. We gave the figure representing the potential in Fig.2; we see that at σ = 0.5 the potential gets a singularity. We continued to treat the other kind of the fluctuations, it’s the relative transverse fluctuations. These fluctuations are represented by Fig.3 and the associated potentials by Fig.4; we obtain the same remark that both fluctuations and potential have a singularity at σ = 0.5. This supported the idea that the system is separated into two regions.

We extended our study to the case of higher dimensions. We treated the electrified fluctuations of D1⊥D5 branes and we studied only the zero mode of overall transverse fluctuations. We notice that when the electric field is going up and down the potential of the system is changing and the appearance of the singularity is more clear (Fig.5) and we have the same remarks for the fluctuations of fuzzy funnel solutions as well (Fig.6) which cause the division of the system into tow regions depending on small and large σ and also on E.

Consequently, the end point of the dyonic strings moves on the brane which means we have Neumann boundary conditions in D1⊥D3 and D1⊥D5 branes. The physical interpretation is that a string attached to the D3 and D5 branes manifests itself as an electric charge, and the waves on the string cause the end point of the string to freely oscillate. Thus, we realize Polchinski’s open string Neumann boundary conditions dynamically by considering non-abelian BI action in D1⊥D3 and D1⊥D5 systems.

The duality between dyonic D1 and D3 descriptions is no longer valid. We have further argued that the D-string description breaks down. This is perhaps not surprising. Indeed, in this limit [13] have argued that the effective tension of the string goes to zero. Thus, excited strings modes will not be very heavy compared to massless string modes and one might question the validity of the Dirac-Born-Infeld action which retains only the massless modes. Our other interest was the fate of the duality of D1⊥D5 branes. We found that the duality between the D1 and D5 descriptions is unbroken in the presence of an electric field. Then, the duality in D1-D5 case is still valid.

In type IIA theory, we have used the generalized Maxwell theory on a two-sphere instead of a flat two-dimensional space. This leads to results totally different from those obtained in the case of QHE in higher dimensions [11]. By considering the exotic particles described by generalized Maxwell theory, the energy produced by the gauge field contributes to the energy of the system (18) depending on the number of charges and the radius of the sphere. We remark that the energy of gauge field dominates when the radius of two-sphere goes to infinity; i.e. the energy of flat D2-brane is generated by the gauge field leading to increasing energy. We also notice that the energy becomes higher if the number of charges is large. Another important remark is that with a fuzzy two-sphere the static potential for two opposite charged exotic particles loses its confining nature without adding the CS-term; i.e. by plunging the generalized Maxwell theory in a higher dimensional theory, the potential has a screening nature.

References

[1] J. Madore, Introduction to Non Commutative Geometry and its Applications, Cambridge University Press 1999; A. Connes, Non Commutative Geometry, Academic Press 1994; A. P. Balachandran, Pramana, 59 (2002) 359, hep-th/0203259; M. Douglas, N. Nekrasov, Rev. Mod. Phys. 73 (2001) 977, hep-th/0106048.

[2] N. Seiberg and E. Witten, JHEP 9909 (1999) 032, hep-th/9908142; C.-S. Chu, Encyclopedia of Mathematical Physics, J.-P. Françoise, G. Naber and T.S. Tsou, eds., Elsevier, 2006, hep-th/0502167.

[3] J. Kluson, JHEP 0011 (2000) 016, hep-th/0009189.

[4] J. Polchinski, Tasi Lectures on D-branes, hep-th/9611050; R. Leigh, Mod. Phys. Lett.

A4 (1989) 2767.

[5] C. G. Callan and J. M. Maldacena, Nucl. Phys. B513 (1998) 198, hep-th/9708147.

[6] P. S. Howe, N. D. Lambert and P. C. West, Nucl. Phys. B515(1998) 203, hep-th/9709014; T. Banks, W. Fischler, S. H. Shenker and L. Susskind, Phys. Rev. D55 (1997) 5112, hep-th/9610043; D. Kabat and W. Taylor, Adv. Theor. Math. Phys. 2 (1998) 181, hep-th/9711078; S. Rey, hep-th/9711081; N. R. Constable, R. C. Myers and O. Tafjord, hep-th/0105035; R. Blumenhagen, M. Cvetic, P. Langacker, and G. Shiu, hep-th/0502005.

[7] J. Douari, Phys. Lett. B656 (2007) 233-242; hep-th/0610156.

[8] N. R. Constable, R.C. Myers, O. Tafjord, JHEP 0106 (2001) 023, hep-th/0102080;

J. Kluson, JHEP 0011 (2000) 016, hep-th/0009189.

[9] Y. Chen, B. Hou, B.-Y. Hou, Nucl. Phys. B 638 (2002) 220, hep-th/0203095;

[10] J. Douari, Phys. Lett. A367 (2007) 52-56.

[11] Y. Chen, B. Hou and B.-Y. Hou, Nucl. Phys. B638 (2002) 220, hep-th/0203095; K.

Hasebe and Y. Kimura, Nucl. Phys. B709 (2005) 94, hep-th/0409230.

[12] N. R. Constable2, R. C. Myers and O. Tafjord, hep-th/0105035.

[13] O. Obregon, hep-th/0505121.

[14] N. R. Constable, R. C. Myers, O. Tafjord, Phys. Rev. D61 (2000) 106009, hep-th/9911136.

[15] J. P. Gauntlett, Branes, calibrations and supergravity, hep-th/0305074; D. J. Smith, Intersecting brane solutions in string and M-theory, Class. Quant. Grav. 20 (2003) R233, hep-th/0210157; J. P. Gauntlett, Intersecting branes, hep-th/9705011.

[16] D. Brecher, Phys. Lett. B 442 (1998) 117, hep-th/9804180; P. Cook, R. de Mello Koch and J. Murugan, Phys. Rev. D 68 (2003) 126007, hep-th/0306250.

[17] K. G. Savvidy and G. K. Savvidy, Nucl. Phys. B561(1999) 117124; hep-th/9902023. [18] R. Bhattacharyya and R. de Mello Koch, hep-th/0508131; C. Papageorgakis , S.

Ramgoolam , N. Toumbas, hep-th/0510144.

[19] S. Lee, A. Peet and L. Thorlacius, Nucl. Phys. B514 (1998) 161, hep-th/9710097; D.

Kastor and J. Traschen, Phys. Rev. D61 (2000) 024034, hep-th/9906237. [20] J. Douari, Phys. Lett. B644 (2007) 83-87; hep-th/0603037. [21] J. Douari, hep-th/0803.0065.

[22] R. Bhattacharyya and J. Douari, JHEP 12 (2005) 012; hep-th/0509023. [23] J. K. Jain, Phys. Rev. Lett. 63 (1989) 199; F. Wilczek, Fractional Statistics and Anyon Superconductivity, World Scientific, Singapore, 1990; G. W. Semenoff and P. Sodano, Nucl. Phys. B328 (1989) 753; I. I. Kogan, Comm. Nucl. Part. Phys. 19 (1990) 305.

[24] J. M. Leinaas and J. Myrheim, Nuovo Cimento B37, 1 (1977); J. M. Leinaas, ”Symmetry and Structural Proporties of Condensed Matter”, Poznan 1992 (World Sci., Singapore, 1993); J. Douari and El H. El Kinani, Ac. Phys. Sv., 51 (2003) 183, hep-th/0108027; J. K. Jain, Phys. Rev. Lett. 63 (1989) 199.

[25] A. Lopez and E. Fradkin, Phys. Rev. B44 (1991) 5246; K. Shizuya and H. Tamura, Phys. Lett. B252 (1990) 412; S. Deser and R. Jackiw, Phys. Lett. B139 (1984) 371; S. Deser, R. Jackiw and S. Templeton, Phys. Rev. Lett. 48 (1982) 975; Ann. Phys. 140 (1982) 372; S. C. Zhang, Int. J. Mod. Phys. B6 (1992) 25.

[26] G. W. Gibbons, Nucl. Phys. B514 (1998) 603-639, hep-th/9709027. [27] H. Grosse, C. Klimcik and P. Presnajder, Commun. Math. Phys. 180, 429 (1996), hep-th/9602115.

[28] J. Castelino, S. Lee and W. Taylor, Nucl. Phys. B526, 334 (1998), hep-th/9712105. [29] S. Gukov, I. R. Klebanov and A. M. Polyakov, Phys. Lett. B423 (1998) 64, hep-th/9711112.

[30] C. Papageorgakis and S. Ramgoolam, hep-th/0504157. [31] J. Douari and A. H. Ali, Prog. in Phys., 3 (2007) 26-32; hep-th/0610288. [32] J. Stern, Phys. Lett. B265 (1991) 119.

[33] S. K. Paul and A. Khare, Phys. Lett. B191 (1987) 389; S. M. Latinsky, Dmitri P.

Sorokin, JETP Lett. 53 (1991) 187, Pisma Zh. Eksp. Teor. Fiz. 53 (1991) 177, Mod. Phys. Lett. A6 (1991) 3525; M. E. Carrington and G. Kunstatter, Phys. Rev. D51 (1995) 1903; F. A. S. Nobre and C. A. S. Almeida, Phys. Lett. B455 (1999) 213; C. R. Hagen, Phys. Lett. B470 (1999) 119.

[34] N. Itzhaki, Phys. Rev. D67 (2003) 65008, hep-th/0211140; P. Gaete, C. Wotzasek, Europhys. Lett. 69 (2005) 341, hep-th/0406027.

[35] A. A. Tseytlin, Nucl. Phys. B501 (1997) 41, hep-th/9701125; A. A. Tseytlin, Imperial/TP/98-99/67, hep-th/9908105; R. C. Myers, JHEP 9912 (1999) 022, hep-th/9910053.

[36] E. S. Fradkin and A. A. Tseytlin, Phys. Lett. B163 (1985) 295; R. J. Szabo, ”An Introduction to String Theory and D-brane Dynamics”, Imperial College Press, London, 2004.

[37] W. Nahm, Phys. Lett. B90 (1980) 413; D.-E. Diaconescu, Nucl. Phys. B503 (1997) 220, hep-th/9608163.

[38] A. M. Polyakov, Nucl. Phys. B 120 (1977) 429.

[39] P. Gaete, Phys. Rev. D59 (1999) 127702; P. Gaete, Mod. Phys. Lett. A19 (2004) 1695 hep-th/0305025.