arXiv:hep-th/0610317v2 26 Jan 2007

Bosonized supersymmetry of anyons and supersymmetric exotic particle on the non-commutative plane

Peter A. Horváthy^{a∗}, Mikhail S. Plyushchay^{b†}, Mauricio Valenzuela^{b‡}

aLaboratoire de Mathématiques et de Physique Théorique, Université de Tours, Parc de Grandmont, F-37200 Tours, France

bDepartamento de Física, Universidad de Santiago de Chile, Casilla 307, Santiago 2, Chile

Abstract

A covariant set of linear differential field equations, describing an N = 1 supersymmetric anyon system in (2+1)D, is proposed in terms of Wigner’s deformation of the bosonic Heisenberg algebra. The non-relativistic “Jackiw-Nair” limit extracts the ordinary bosonic and fermionic degrees of freedom from the Heisenberg-Wigner algebra. It yields first-order, non-relativistic wave equations for a spinning particle on the non-commutative plane that admits a Galilean exotic planar N = 1 supersymmetry.

1 Introduction

Low dimensional quantum field theories may behave in a remarkable way : bosons and fermions can be equivalent [1]. Similarly, non-relativistic planar (or (2+1)D relativistic) systems may exhibit a boson-fermion (or, more generally, a boson-anyon) transmutation mechanism [2].

Yet another strange behaviour has been found recently, when it was shown that, owing to these low dimensional peculiarities, some purely bosonic quantum mechanical systems may be supersymmetric [3, 4]. It appears that bosonization is related to hidden nonlocal structure. In bosonic systems with hidden supersymmetry, in particular, a nonlocal operator, namely reflection, plays the rôle of a grading operator.

Quantum mechanics can be viewed as field theory in 0 + 1 dimensions. Then it is natural to ask whether the bosonization can be extended to genuine field theories which would be hence super-Poincaré symmetric. The present paper shows that this is indeed possible, namely in 2 + 1 dimensions.

∗E-mails: horvathy@univ-tours.fr †mplyushc@lauca.usach.cl ‡mauricio.valenzuela@correo.usach.cl

We start with observing that the Fock space of the Heisenberg algebra [a^−, a^+] = 1 can be viewed as a direct sum of two irreducible infinite-dimensional unitary representations of the Lorentz algebra so(1, 2), generated by operators which are quadratic in a^±. The two irreducible so(1, 2) representations are labeled by the Lorentz spin 1/4 and 3/4 (or −1/4 and −3/4) and are realized in even and odd subspaces of the Fock space. The latter are distinguished by the reflection operator R = (−1)^N = cos πN, N = a^+a^−. Note that R is a nonlocal operator (as it follows, e. g., from its infinite-series expansion). These two so(1, 2) representations form an irreducible representation of the osp(1|2) superalgebra, generated by the even (in the sense of Lie superalgebra) so(1, 2) generators and by the odd generators a^+, a^−. They form an so(1, 2) spinor. R plays the rôle of a grading operator of the superalgebra.

Since the spins in the two sectors differ by 1/2, we have a priori all ingredients needed to extend the construction to a (2+1)D super-Poincaré symmetry. This can be done by treating a^± as describing internal (translation-invariant) spin degrees of freedom of a supersymmetric system, which lives in configuration space with cooordinates x^μ. We introduce the fields

Ψ(x) = ∞∑ n=0 ψ_n(x)|n⟩, N|n⟩ = n|n⟩, (1.1) and then postulate, “à la Dirac”, a covariant (vector) set of linear differential equations, which imply the Klein-Gordon equation and Majorana-like equation as integrability (consistency) conditions. These latters fix the two Casimir operators of the (2+1)D Poincaré superalgebra, namely the mass and the superspin, which fixes in turn the “Poincaré spins” whose values, 1/4 and 3/4, are shifted by one half.

Physical states are eigenstates with opposite ±1 eigenvalues of the reflection operator [playing, again, the rôle of a grading operator of the Poincaré superalgebra], and will obey therefore a relative Fermi statistics.

This construction provides us with a bosonized (2+1)D supersymmetry: relative Fermi statistics is obtained without introducing any fermionic degrees of freedom. Everything is realized in terms of bosonic degrees of freedom alone.

It is worth noting that Heisenberg structures leading to “quartions” (particles with 1/4 spin) have been considered before [5, 6]. Infinite component Majorana-type anyon equations were proposed in [7, 8].

Generalizing the ordinary Heisenberg algebra to the deformed Heisenberg-Wigner algebra [a^−, a^+] = 1 + νR, where ν > −1 is a deformation parameter cf. (2.1) below, allows us to extend the construction to a pair of two anyon fields with spins s =^1_4 (1 + ν) > 0 and s + 1/2 > 0 cf. (2.6) (or, s < 0, s − 1/2 < 0 for the alternative realization of the Lorentz generators), respectively.

For the special values ν = −(2k + 1) the algebra has finite-dimensional non-unitary representations [9], see the Discussion, Section 6. This algebra appeared implicitly in Wigner’s (1950) work [10]; its infinite-mode generalization lead to the theoretical discovery of parastatistics [11, 12].

Below we mostly focus our attention to the unitary case ν > −1. Then the generators of the deformed Heisenberg-Wigner algebra can be reinterpreted as “entangled” bosonic and fermionic degrees of freedom. Taking the special nonrelativistic limit considered by Jackiw and Nair [13] (s → ∞, c → ∞, s/c^2 = κ = const) “extracts” these degrees of freedom, and produces a spinning particle on the noncommutative plane. It carries an N = 1 superextension of the “exotic” [i.e. two-parameter centrally extended] Galilean symmetry.

Our investigations here generalize a previous attempt [14], based on a similar construction [15]. In [14] a wave equation has indeed been proposed using a spinor operator, Q_α in (2.7) of [14]. When restricted to the +1 eigenspace of the reflection operator R, the Klein-Gordon and the Majorana equations were implied as consistency conditions. Our wave equation could, therefore, be considered as an infinite-component Majorana-type system, analogous to those proposed before [7, 8], which would describe a relativistic anyon.

The subtle “Jackiw-Nair” non-relativistic limit [13] has been designed by these authors to derive “exotic particles” (i.e., such that Galilean boosts don’t commute) from anyons. When applied to the R = +1 sector of the model in [14], non-relativistic infinite-component Dirac-Majorana-type equations are obtained with analogous properties. In particular, the suitably defined Galilean boost operators K_i satisfy the “exotic” commutation relation

[K_i, K_j] = iκϵ_{ij} . (1.2)

These K_i take, furthermore, a natural form [(6.5) in [14]] in terms of some Foldy-Wouthuysen-type coordinates X_i [(6.2) of [14]], and the “exotic” relation (1.2) is reflected by their noncommutativity [X_i, X_j] = iθϵ_{ij} , θ = κ m^2

. (1.3)

In other words, the theory yields a noncommutative plane.

It has been puzzling whether the negative subspace R = −1 could yield a supersymmetric partner of the bosonic model in [14]. Easy calculation shows, however, that the restriction of the wave equation of [14] to the subspace R = −1 is trivial. One of the sectors is hence lost.

In the present paper, this obstruction is overcome, though. Our clue is to introduce another operator, namely (3.20) below, which, on the one hand, allows a nontrivial R = −1 sector so that the R = ±1 sectors become superpartners; on the other hand, the restriction of the new operator to the R = +1 sector yields a theory equivalent to the one in [14].

The paper is organized as follows. In Section 2, on the basis of infinite-dimensional unitary representations of Heisenberg-Wigner algebra, we construct the anyon system admitting a bosonized (2+1)D N = 1 supersymmetry. In Section 3 a covariant set of linear differential equations for this system is identified and their general solution is discussed. In Section 4 we apply the Jackiw-Nair non-relativistic limit and discuss the resulting system of first order wave equations and its associated supersymmetry. In Section 5 we discuss the appearance of noncommutative coordinates in the theory. The last Section includes concluding remarks, where, in particular, we briefly discuss finite-dimensional representations of the deformed Heisenberg-Wigner algebra.

2 (2+1)D bosonized supersymmetry

Consider the deformed Heisenberg algebra [9]

[a^−, a^+] = 1 + νR, R^2 = 1, {a^±, R} = 0, (2.1) where ν is a real deformation parameter. The usual Heisenberg algebra [a^−, a^+] = 1 is included as a particular case ν = 0. The operator N = 1 2 {a^+, a^−} − 1 2 (ν + 1), [N, a^±] = ±a^±, (2.2)

is a number operator. Then, as in a non-deformed case, R = (−1)^N = cos πN.

The a^± satisfying the deformed Heisenberg algebra, satisfy also trilinear commutation relations [{a^+, a^−}, a^±] = ±2a^±, see Eq. (2.2), and vice versa [16]. For ν = p − 1, p = 1, 2, . . ., the a^± are creation-annihilation operators of a single-mode paraboson of order p, characterized by the additional relation a^−a^+|0⟩ = p|0⟩, where |0⟩ is a vacuum state, a^−|0⟩ = 0. In what follows we refer to (2.1) as to Heisenberg-Wigner (HW) algebra.

For any ν > −1, the algebra admits an infinite-dimensional unitary representation realized on a Fock space; this is our main interest here. The Fock space is spanned by the states |n⟩, ⟨n^′|n⟩ = δ_n′_n, N|n⟩ = n|n⟩, R|n⟩ = (−1)^n|n⟩, |n⟩ = C_n(a^+)^n|0⟩, n = 0, 1, . . . , (2.3) where C_n is a normalization coefficient.

The Fock space (as well as any finite-dimensional representation of the HW algebra) is decomposed into even and odd subspaces defined by R|ψ⟩_± = ±|ψ⟩_±, which correspond to n being even or odd. Both for finite and infinite-dimensional representations, these subspaces carry irreducible representations of the Lorentz algebra so(1, 2). The generators are realized as quadratic operators,

J_0 = 1 4 {a^+, a^−}, J_± ≡ J_1 ± iJ_2 = 1 2 (a^±)^2, (2.4)

[J_μ, J_ν ] = −iϵ_{μνλ}J^λ. (2.5)

[The antisymmetric tensor is normalized by ϵ^{012} = 1; the metric is η_{μν} = diag(−1, 1, 1).] In the even and odd subspaces the so(1, 2) Casimir operator J_μJ^μ takes the values J_μJ^μ = −α_+(α_+ − 1) and J_μJ^μ = −α_−(α_− − 1), where

α_+ = 1 4 (1 + ν), α_− = α_+ + 1 2 . (2.6)

In the unitary (infinite dimensional) case α_+ > 0, and the states |n⟩ satisfy the relations

J_0|2k⟩ = (α_+ + k)|2k⟩, J_0|2k + 1⟩ = (α_− + k)|2k + 1⟩, k = 0, 1, . . . , (2.7)

Every infinite-dimensional unitary representation of the deformed Heisenberg algebra is therefore the direct sum of two, bounded-from-below, infinite-dimensional unitary representations of the so(1, 2), D^+_{α+} ⊕ D^+_{α−} [17] being (2+1)D analogs of the infinite-dimensional unitary representations of so(1, 3) discovered by Majorana (1932) [18]. The infinite-dimensional unitary representations D^−_{α+} and D^−_{α−} bounded from above (necessary to describe the states with negative spin values, see below) are obtained via a simple sign change in (2.4)

J_0 → − 1 4 {a^−, a^+}, J_± → − 1 2 (a^∓)^2. (2.8)

The linear operators

L_1 = 1 √ 2 (a^+ + a^−), L_2 = i √ 2 (a^+ − a^−), (2.9)

extend the Lorentz algebra (2.5) to an osp(1|2) superalgebra, in which J_μ and L_α are even and odd generators, respectively, and the grading operator is R, [R, J_μ] = 0, {R, L_α} = 0, R^2 = 1. This superalgebra is characterized, in addition to (2.5), by the (anti)commutation relations {L_α, L_β} = 4i(Jγ)_{αβ} , [J_μ, L_α] = 1 2 (γ_μ)^β_α L_β. (2.10)

Here the gamma-matrices are in the Majorana representation,

(γ^0)^β_α = −(σ^2)^β_α , (γ^1)^β_α = i(σ^1)^β_α , (γ^2)^β_α = i(σ^3)^β_α ,

where they satisfy relations (γ_μ)_α^ρ(γ_ν )_ρ^β = −η_{μν} ϵ_α^β + iϵ_{μνλ}(γ^λ)_α^β, γ^μ_{αβ} = γ^μ_{βα}, γ^{μ†}_{αβ} = −γ^μ_{αβ}. The antisymmetric tensor ϵ^{αβ} = −ϵ^{βα} (ϵ^{12} = 1), provides us with a metric for the spinor indices, A^α = ϵ^{αβ} A_β, A_α = A^βϵ_{βα}. Note that A^αB_α = −A_αB^α for any A_α and B_α.

Every irreducible representation of the HW algebra is an irreducible representation of the osp(1|2) superalgebra, for which its Casimir operator

C = J_μJ^μ − i 8 L^αL_α (2.11)

takes the fixed value C =^1_{16} (1 − ν^2).

Since the so(1, 2) spin has a relative shift of one-half between the even and odd subspaces, it would be natural to try to realize a (2+1)D supersymmetry (in the sense of supersymmetric extension of the Poincaré symmetry) using the HW algebra and its irreducible representations. For the purpose, we treat a^± as internal, translation invariant variables, augmented with independent space-time coordinates x^μ and conjugate momenta p_μ, [x_μ, p_ν ] = iη_{μν} , [x^μ, a^±] = [p_μ, a^±] = 0, and introduce a field (1.1). Translations and complete Lorentz generators are identified as P_μ = p_μ and

J_μ = −ϵ_{μνλ}x^ν p^λ + J_μ. (2.12)

In accordance with Eqs. (2.12), (2.10), the L_α, α = 1, 2, form a (2+1)D spinor. In its terms we define an operator

Q_α = i √ 2m(1 + ν) ( (pγ)_α^β − mRϵ_α^β ) L_β. (2.13)

With the normalization depending on the mass parameter m, the spinor operator Q_α has the dimension of a square root of the space-time translation generator P_μ, and can be considered as a candidate for a supercharge operator of a superextended (2+1)D Poincaré algebra, for which the operator R will play the rôle of a grading operator, [R, P_μ] = [R, J ] = 0, {R, Q_α} = 0.

The space-time translation and Lorentz generators, together with the operator Q_α satisfy the (anti)commutation relations

[P_μ, P_ν ] = 0, [J_μ, P_ν ] = −iϵ_{μνλ}P^λ, [J_μ, J_ν ] = −iϵ_{μνλ}J^λ, (2.14)

[P_μ, Q_α] = 0, [J_μ, Q_α] = 1 2 (γ_μ)_α^βQ_β, (2.15) {Q_α, Q_β} = −2i(P γ)_{αβ} + 2i m(1 + ν) [ (Jγ)_{αβ}(p^2 + m^2) − 2(pγ)_{αβ} ((pJ − mα_+)Π_+ + (pJ − mα_−)Π_−) ] , (2.16)

where Π_+ =^1_2 (1 + R) and Π_− =^1_2 (1 − R) are projectors on the even and odd subspaces of the Fock space of the HW algebra, respectively. Decomposing our field as

Ψ = Ψ_+ + Ψ_−, Ψ_± = Π_±Ψ, (2.17)

it is clear from Eq. (2.16) that if the components satisfy the Klein-Gordon and Majorana-like equations [18, 19],

(p^2 + m^2)Ψ_± = 0, (pJ − mα_+)Ψ_+ = 0, (pJ − mα_−)Ψ_− = 0, (2.18)

then, on shell, the relation (2.16) takes the form {Q_α, Q_β} = −2i(P γ)_{αβ}. (2.19) As a result, we obtain that the N = 1 Poincaré superalgebra, (2.14), (2.15), (2.19), is a symmetry of the field system (2.18), realized without incorporating fermionic degrees of freedom. Since RΨ_± = ±Ψ_± and R is the grading operator of the Poincaré superalgebra, the fields Ψ_+ and Ψ_− describe massive anyon states with spins s_+ = α_+ and s_− = s_+ +^1_2 and positive energy (see Eq. (2.7)), which carry relative Fermi statistics.

The operator C = P^μJ_μ + i 8 Q^αQ_α (2.20)

is the Casimir operator of the superalgebra (2.14), (2.15), (2.19). Then we find that on states satisfying equations (2.18) the superspin S =^1_m C takes the value S = 1 2 (α_+ + α_−). (2.21)

This means that the field system (2.18) realizes an irreducible representation of the (2+1)D N = 1 supersymmetry.

Note that in order to describe an N = 1 supermultiplet with negative spins s_+ = −α_+ and s_− = −s_+ +^1_2 and positive energies, it is sufficient to change a realization of the ‘internal space’ Lorentz generators J_μ according to Eq. (2.8) and change m → −m in all relations except for the normalization factor in the definition of the supercharge.

3 Linear differential supersymmetric field equations

Following Dirac’s idea [20, 19], let us find linear differential field equations for which the Klein-Gordon and Majorana-like equations (2.18) appear as integrability (consistency) conditions. This will provide us then with wave equations for a spinning particle on the noncommutative plane, which carries an irreducible representation of the N = 1 superextended exotic Galilean symmetry. Consider indeed the vector set of equations [21],

V^{(α)}_μ Ψ^{(α)} = 0, V^{(α)}_μ = αp_μ − iϵ_{μνλ}p^ν J^λ + mJ_μ, (3.1)

where we assume that the field Ψ^{(α)} carries an irreducible representation of the so(1, 2) Lorentz group generated by the translationally invariant operators J_μ, and characterized by the relations J_μJ^μΨ = −α(α − 1)Ψ^{(α)}, J_0Ψ^{(α)} = (α + n)Ψ^{(α)}.

Our representations can be unitary infinite-dimensional half-bounded representations D^+_α realized on the even or odd subspaces of the deformed Heisenberg algebra with parameter ν > −1, as described above. Alternatively, they can be finite-dimensional non-unitary representations, realized by the same algebra with parameter ν = −(2k + 1).

Since the vector operator V^{(α)}_μ satisfies the commutation relation

[V^{(α)}_μ , V^{(α)}_ν ] = −iϵ_{μνλ} ( η^{λρ} + (α − 1)^{−1}m^{−1}p^λJ^ρ ) V^{(α)}_ρ , (3.2)

the three equations (3.1) form a consistent set. On the other hand, this operator satisfies the relations

J^μV^{(α)}_μ = (α − 1)(pJ − αm), (3.3)

p^μV^{(α)}_μ = α(p^2 + m^2) + m(pJ − αm), (3.4)

iϵ^{μνλ}p_ν J_λV^{(α)}_μ = α(α − 1)(p^2 + m^2) + (pJ + (α − 1)m)(pJ − αm). (3.5)

Eq. (3.3) implies, in particular, that there is no singularity in (3.2) at α = 1. From relations (3.3)-(3.5) we conclude that a field Ψ^{(α)} which satisfies the system of vector equations (3.1) satisfies also the equations (p^2 + m^2)Ψ^{(α)} = 0, (pJ − mα)Ψ^{(α)} = 0. Hence Ψ^{(α)} carries an irreducible representation of the (2+1)D Poincaré group, characterized by the mass m, spin s = α, and has positive energy p^0 > 0 if the unitary representation D^+_α is chosen.

The operator V^{(α)}_μ satisfies the identity

W^μV^{(α)}_μ ≡ 0, W_μ = (α − 1)^2p_μ − i(α − 1)ϵ_{μνλ}p^ν J^λ + (pJ)J_μ. (3.6)

Only two components of the vector operator V^{(α)}_μ are therefore independent. All three components are necessary, however, to have a manifestly covariant set of equations (3.1) that guarantees the relativistic invariance of the theory [3].

In terms of J_± = J_1 ± iJ_2, the so(1, 2) commutation relations take a form [J_0, J_±] = ±J_±, [J_−, J_+] = 2J_0. For the bounded from below unitary representation D^+_α we have therefore

J_0|n) = (α + n)|n), J_+|n) = C^α_n |n + 1), J_−|n) = C^α_{n−1}|n − 1), (3.7)

C^α_n = √ (2α + n)(n + 1). (3.8)

Decomposing the field Ψ^{(α)}(x) into eigenstates of the operator J_0, Ψ^{(α)}(x) = ∑_∞ n=0 ψ_n|n), provides us with an equivalent, component form of the system (3.1),

[α(p^0 − m) − nm]ψ_n + 1 2 [ C^α_n p_+ψ_{n+1} − C^α_{n−1}p_−ψ_{n−1} ] = 0, (3.9)

− np_+ψ_n + C^α_{n−1}(m − p^0)ψ_{n−1} = 0, (3.10)

(2α + n)p_−ψ_n + C^α_n (m + p^0)ψ_{n+1} = 0. (3.11)

The dependence of the equations can also be seen by noting that a suitable linear combination of (3.10) and (3.11), reproduces the first equation (3.9). In the same way, suitable linear combinations of any two equations from (3.9)–(3.11) show that every component satisfies the Klein-Gordon equation. On the other hand, it also imply the Majorana equation presented in component form,

[p^0(α + n) − αm]ψ_n + 1 2 [C^α_n p_+ψ_{n+1} + C^α_{n−1}p_−ψ_{n−1}] = 0.

In the representation D^+_α , Eq. (3.11) allows us to express the component ψ_{n+1} in terms of ψ_n, ψ_{n+1} = − 2α + n C^α_n p_− p^0 + m ψ_n. (3.12)

Then substituting the relation (3.12) into Eq. (3.10) shows that every component satisfies the Klein-Gordon equation, and repeated application of relation (3.11) allows us to represent all higher field components in terms of the lowest one,

ψ_n(p) = (−1)^n Γ(2α + n) Γ(n + 1)Γ(2α) ( p_− p^0 + m )_n ψ_0(p), (3.13)

ψ_0(p) = δ ( p^0 − √ p^2_i + m^2 ) f(p_i), (3.14)

where it is implied that we switched to momentum representation. Then some manipulations allow us to derive the equivalent set of independent equations √ n + 2α (m + p_0)ψ_n − √ n + 1 p_+ψ_{n+1} = 0, (3.15) √ n + 2α p_−ψ_n + √ n + 1 (m − p_0)ψ_{n+1} = 0, (3.16)

which will be convenient for taking a special non-relativistic limit to the system, see below.

Returning to our supersymmetric system, let us introduce a notation for the even and odd states of the Fock space of the HW algebra, |n)_+ = |2n⟩, |n)_− = |2n + 1⟩, R|n)_± = ±|n)_±, n = 0, 1, . . . , (3.17) and rewrite decomposition (1.1), (2.17) in the form

Ψ(x) = Ψ_+(x) + Ψ_−(x) = ∞∑ n=0 ( ψ^+_n |n)_+ + ψ^−_n |n)_− ) . (3.18)

Now, for every field Ψ_+ and Ψ_−, we postulate the vector set of linear differential equations (3.1) with the parameter α chosen to be α_+ and α_−, respectively. Taking the so(1, 2) generators J_μ as in Eq. (2.4), these fields carry the so(1, 2) irreducible representations D^+_{α+} and D^+_{α−} , realized on even and odd subspaces of the Fock space, respectively. It is clear that, consistently with Eq. (2.18), we reproduce our supersymmetric system. Therefore, the covariant system of linear differential equations for the field (3.18) we were looking for is

V_μΨ = 0, (3.19)

V_μ = V^{(α+)}_μ Π_+ + V^{(α−)}_μ Π_− = 1 4 (2 + ν − R) p_μ − iϵ_{μνλ}p^ν J^λ + mJ_μ. (3.20)

As independent equations we can choose, again, the pair V_+Ψ = 0, V_−Ψ = 0, whose component form can be reduced to Eqs. (3.15) and (3.16), in which the parameter α takes the values α_+ and α_− for ψ^+_n and ψ^−_n , respectively. The solutions of these equations for both fields ψ^+_n and ψ^−_n are given by Eqs. (3.13), (3.14) with correspondingly chosen value of α. Note that in the rest frame the solutions Ψ_+ and Ψ_− are proportional to the Fock states |0)_+ = |0⟩ and |0)_− = |1⟩, i.e., the physical state with p_i = 0 in the odd subspace is the first exited state of the Fock space.

Direct calculation shows that the spinor supercharge operator (2.13) satisfies with the vector operator (3.20) the relation

[V_μ, Q_α] = (D_μ^ν )_αV_ν , (3.21)

where (D_μ^ν )_α is some operator, whose explicit form is not needed for us here. Relation (3.21) means that the supercharge (as well as the even generators of the (2+1)D superalgebra) is a symmetry generator: acting on a physical state satisfying Eq. (3.19), it produces another physical state.

Now the complex linear combinations

Q_± = Q_1 ∓ iQ_2 (3.22)

are eigenstates of the rotation operator,

[J_0, Q_±] = ± 1 2 Q_±. (3.23)

In terms of generators of the HW algebra, their explicit form is

Q_− = i √ m(1 + ν) [ a^−(mR + p_0) − a^+p_− ] , (3.24)

Q_+ = i √ m(1 + ν) [ a^+(mR − p_0) + a^−p_+ ] . (3.25)

In the rest frame system (where p^0 = m for physical states), these reduce to

Q_−(p_i = 0) ≈ −2i √ m 1 + ν a^− Π_−, Q_+(p_i = 0) ≈ 2i √ m 1 + ν a^+ Π_+. (3.26)

From Eq. (3.26) it is clear that the operator Q_− transforms the rest frame physical state |0)_− = |1⟩ into the the physical state |0)_+ = |0⟩ and annihilates the latter, while the operator Q_+ acts in the opposite way. In other words, the action of the mutually conjugate operators Q_+ and Q_− corresponds to the action of ordinary nilpotent supercharges in the system with N = 1 supersymmetry.

In conclusion of this section we note that in [14] instead of vector set of dependent equations, the spinor set of independent equations [15]

Q̃_αΨ = 0, Q̃_α = ( R(pγ)_α^β + mϵ_α^β ) L_β (3.27)

was used [in [14], the spinor operator is denoted by Q_α] . The relation between vector and spinor operators is given by

L_α(γ_μ)^{αβ} RQ̃_β = −4i ( V^{(α+)}_μ Π_+ − ( V^{(α−)}_μ + 2iϵ_{μνλ}p^ν J^λ − p_μ ) Π_− ) . (3.28)

This relation shows that both systems are closely related. In the even subspace the two systems are indeed equivalent. This is readily seen using the component forms (3.9), (3.10), (3.11) and (3.15)–(3.16), respectively.

In the odd subspace, the spinor set of equations (3.27) has only trivial solution Ψ_− = 0. The new, vector set of equations (3.19), (3.20), however, does have a nontrivial solution (3.13), (3.14) with shifted value of spin α = α_− = α_+ +^1_2 .

4 Jackiw-Nair nonrelativistic limit

Let us now consider the special non-relativistic “Jackiw-Nair” (JN) limit [13] of our relativistic supersymmetric system, c → ∞, s → ∞, s c^2

= κ. (4.1)

For the purpose we need some details on the Fock representations of the HW algebra [9]. In the unitary case ν > −1 the normalization coefficients in Eq. (2.3) are

C_n = ([n]_ν !)^{−1/2}, [n]_ν ! = n∏ l=1 [l]_ν , [l]_ν = l + 1 2 ( 1 − (l)^l ) ν. Then, consistently with these relations and also with Eq. (2.1), we have a^+|n⟩ = √ [n + 1]_ν |n + 1⟩, a^−|n⟩ = √ [n]_ν |n − 1⟩. (4.2)

Eq. (4.2) and definition (3.17) yield the relations

a^+|n)_+ = √ 2(n + 2α_+) |n)_−, a^+|n)_− = √ 2(n + 1) |n + 1)_+ , (4.3)

a^−|n)_+ = √ 2n |n − 1)_−, a^−|n)_− = √ 2(n + 2α_+) |n)_+ . (4.4)

Let us introduce the ordinary bosonic operators b^±,

[b^−, b^+] = 1, N_b|n⟩_b = n|n⟩_b, N_b = b^+b^−.

and represent the states of the even and odd subspaces as

|n)_+ = ( 1 0 ) ⊗ |n >_b, |n)_− = ( 0 1 ) ⊗ |n >_b . (4.5)

Then R = τ_3 ⊗ 1, where, in order to distinguish it from that in the gamma-matrices, the diagonal Pauli matrix is denoted by τ_3. By (4.3) and (4.4), in the representation (4.5), the operators a^± are

a^+ = √ 2 ( τ_+ ⊗ b^+ + τ_− ⊗ √ N_b + 2α_+ ) , a^− = √ 2 ( τ_− ⊗ b^− + τ_+ ⊗ √ N_b + 2α_+ ) , (4.6)

where τ_± =^1_2 (τ_1 ± iτ_2). Using {τ_+, τ_−} = 1, [τ_+, τ_−] = τ_3, we have here [a^−, a^+] = 1 + ντ_3 ⊗ 1.

In this representation, the Lorentz generators (2.4) are

J_0 = 1 ⊗ (N_b + α_+) + 1 4 (1 − τ_3) ⊗ 1, (4.7)

J_+ = 1 2 (1 + τ_3) ⊗ b^+ √ N_b + 2α_+ + 1 2 (1 − τ_3) ⊗ b^+ √ N_b + 2α_+ + 1 , (4.8)

J_− = 1 2 (1 + τ_3) ⊗ √ N_b + 2α_+ b^− + 1 2 (1 − τ_3) ⊗ √ N_b + 2α_+ + 1 b^− . (4.9)

Omitting the direct product symbol, (4.8) and (4.9) can be written alternatively

J_+ = b^+ √ N_b + 2α_+ + 1 2 (1 − τ_3) , J_− = √ N_b + 2α_+ + 1 2 (1 − τ_3) b^− . (4.10)

Restoring the dependence on the velocity of light, c, via the change m → mc, the linear differential equations (3.15), (3.16) for both fields Ψ_+ and Ψ_− are represented in operator form as ( (mc + p_0) √ 2J_0 − N_b − p_+b^− ) Ψ = 0, (4.11) ( p_− √ 2J_0 − N_b + (mc − p_0)b^− ) Ψ = 0. (4.12)

These two equations are nothing else as the two independent equations V_+Ψ = 0 and V_−Ψ = 0 from the covariant set (3.19).

Now let us consider a JN limit (4.1) with s = α_+ =^1_4 (1 + ν). Then, from (4.6), we find that a^+ ν^{1/2} → τ_− ⊗ 1, a^− ν^{1/2} → τ_+ ⊗ 1, (4.13)

i.e., the appropriately rescaled creation-annihilation operators are transformed, in the limit ν → ∞, into fermion operators (see also [9]). We have also J_± c → √ 2κ b^±. (4.14)

On the other hand, in the JN limit, the energy and angular momentum diverge. The “renormalized” angular momentum^1, J_0 − α_+, becomes, in the JN limit, the operator N_b + 1 4 (1 − τ_3). Following [14], we define the ‘velocity’ operators

v_± = − √ 2 κ b^±, [v_−, v_+] = 2κ^{−1}.

The Galilei boosts are defined as K_i = −^1_c ϵ_{ij} J_j. Then, for the (total) rotation and Galilei boosts, we get, in the JN limit,

J = ϵ_{ij} x_ip_j + 1 2 κv_+v_− + 1 4 (1 − τ_3), K_i = mx_i − tp_i + κϵ_{ij} v_j. (4.15)

These operators will span an “exotic” Galilei algebra, see (4.19), (4.20). Eqs. (4.13) and (4.14) show that the JN limit extracts from the parabosonic-like operators a^± the ordinary bosonic and fermionic degrees of freedom.

In order to identify the Hamiltonian and the wave equations of the JN limit of our supersymmetric system, we put in Eqs. (4.11), (4.12) p_0 = −ic^{−1}∂_t and Ψ = e^{−imc2t}Φ, and apply (4.1). This results in the equations ( i∂_t − 1 2 p_+v_− ) Φ = 0, (p_− − mv_−)Φ = 0, (4.16)

where Φ is a two-component field on which the spin matrices τ act. Every such a component is decomposed in Fock space states of the bosonic operators b^±, Φ_± = ∑_∞ n=0 ϕ^±_n |n⟩_b. The second equation in (4.16) is a constraint, allowing, as in a relativistic case, to present all higher components in terms of the lowest ones,

ϕ^±_n = (−1)^n 1 √ n! (√ κ 2 p_− m )_n ϕ^±_0 .

The substitution of the second equation from (4.16) into the first one shows that every component ϕ^±_n satisfies the Schrödinger equation of a free non-relativistic particle. Adding the first equation to the second one multiplied from the left by −^1_2 v_+ allows us to identify finally the Hermitian operator H = p_iv_i − 1 2 v_+v_−, (4.17)

v_± = v_1 ± iv_2, as a Hamiltonian of the nonrelativistic system. Note that H is linear in the momentum. The wave equations and the Hamiltonian coincide hence with those [14] corresponding to the spinless exotic particle on the non-commutative plane [23].

Now, let us identify the JN limit of the supercharge and corresponding superalgebra. Restoring the light speed in Q_± then defining

Q_± = c^{−1/2}Q_±

1There is an arbitrariness in this procedure up to an additive constant [22]; here the constant is chosen in such a way that non-relativistic spin will take zero value for the state corresponding to relativistic state with spin s = α_+.

and taking into account Eq. (4.13), we find that in the J-N limit the supercharges reduce to Q_− = −2i √ m τ_+, Q_+ = 2i √ m τ_−. (4.18)

The system has a superextended exotic Galilei symmetry, whose bosonic part, [K_i, p_j] = imδ_{ij} , [K_i, K_j] = −iκϵ_{ij} , (4.19) [K_i, H] = ip_i, [J , p_i] = iϵ_{ij} p_j , [J , K_i] = iϵ_{ij} K_j , (4.20)

is augmented by the (anti)commutation relations involving the supercharges,

[J , Q_±] = ± 1 2 Q_±, {Q_+, Q_−} = 4m, (4.21)

[K_i, Q_±] = [P_i, Q_±] = [H, Q_±] = 0, Q^2_± = 0. (4.22)

The Casimir operators of the superextended exotic Galilei symmetry are

C_1 = p^2_i − 2mH, C_2 = J − ϵ_{ij} K_ip_j + κH − 1 16 [Q_+, Q_−], (4.23)

where C_2 is the JN limit of the superspin S = m^{−1}C with C given by Eq. (2.20). On states satisfying equations (4.16), these Casimir operators take the values C_1 = 0 and C_2 =^1_4 .

The N = 1 supersymmetric extension (4.19), (4.20), (4.21), (4.22) of the exotic Galilei symmetry was discussed in [24, 25].

5 Noncommutative coordinates

Here we discuss how noncommutative coordinates appear in the theory.

In the relativistic theory, we start with the usual, commuting space-time coordinates x_μ. The physical subspace of the system is given by the system of equations (2.18). Taking into account the first, Klein-Gordon equation, the two other, Majorana type equations can be unified into a single equation, namely into χ_sΨ ≡ ( pJ √ −p^2 − (α_+Π_+ + α_−Π_−) ) Ψ = 0. (5.1)

The initial space-time coordinates x_μ are not observable with respect to the superspin equation (5.1): since [x_μ, χ_s] ≠ 0, acting on a physical state satisfying Eq. (5.1), the operator x_μ produces a state which does not belong to the physical subspace. Let us define instead [27]

X_μ = x_μ + 1 p^2 ϵ_{μνλ}p^ν J^λ. (5.2)

These modified coordinates satisfy the relation

[X_μ, χ_s] = 0, (5.3) and so, are observable operators. X_μ is a vector operator with respect to the (2+1)D Lorentz transformations generated by (2.12). However, unlike the initial coordinates, the coordinates X_μ are not commuting,

[X_μ, X_ν ] ≈ −i (α_+Π_+ + α_−Π_−) ϵ_{μνλ} p^λ (−p^2)^{3/2}

, (5.4)

where the symbol ≈ means “on the surface defined by equation (5.1)”. Therefore, the physical (observable) coordinates are non-commuting. They are analogous to the Foldy-Wouthuysen coordinates of the Dirac particle [28].

In the non-relativistic Jackiw-Nair limit the space part of the coordinates (5.2) is transformed into [14]

X_i = x_i + κ m ϵ_{ij} V_j + θ 2 ϵ_{ij} p_j, (5.5)

where V_i = v_i − 1 m p_i (5.6)

and θ = κ/m^2. The operator in the second equation in (4.16) is a complex linear combination of the operators V_i, i = 1, 2, that behaves as an annihilation operator (an operator with nontrivial kernel). The coordinates (5.5), like the initial coordinates x_i, form a 2D vector, which is a covariant object with respect to Galilei boosts generated by the K_i from (4.15) (X_i commutes with K_j in the same way as x_i does).

The initial coordinates x_i do not commute with the operator −mV_− appearing in the second equation from (4.16), and are subject to a Zitterbewegung-like motion under the evolution generated by the first order Hamiltonian (4.17) [14],

ẋ_i = v_i, v̇_i = m κ ϵ_{ij} V_j . (5.7)

Unlike x_i, the coordinates X_i commute with the constraint operator −mV_−, and so are observable operators. They have the usual (Zitterbewegung-free) evolution of the coordinates of a free non-relativistic particle, Ẋ_i = 1 m p_i. (5.8)

However, the components of the coordinate (5.5) do not commute,

[X_i, X_j] = iθϵ_{ij} , (5.9)

and describe therefore a non-commutative plane [29, 14].

6 Concluding remarks

In the non-supersymmetric case, the system of dependent vector equations (3.1) was realized originally on the basis of an irreducible representation of the (2+1)D Lorentz algebra [21]. It can be replaced by an independent covariant spinor set of equations (3.27) constructed in terms of an irreducible Fock space representation of the deformed Heisenberg-Wigner algebra. The corresponding non-supersymmetric anyon system is described by a field with nontrivial even part Ψ_+ alone, living in the even subspace of the Fock representation. In the present, supersymmetric, case, however, no similar substitution of the vector for spinor set of equations seems to exist for both, even and odd, fields Ψ_+ and Ψ_−. This may well explain a failure of a previous attempt to construct a bososonized (2+1)D supersymmetry [26], where minimal, spinor set of equations has been searched for. Here, like in [21], our basic set of equations (3.19), (3.20) is vector, but it is realized on an irreducible Fock space representation of the deformed HW algebra, which is an irreducible representation of the osp(1|2) superalgebra. By using as a grading operator the reflection operator of the deformed HW algebra, we obtained a (2+1)D supersymmetric system avoiding introduction of fermionic Fock space.

The equations which correspond to finite-dimensional non-unitary representations of HW algebra behave similarly to the anyonic case. There is, however, an essential difference in the realization of supersymmetry. Finite-dimensional representations provide us with parafermion-like degrees of freedom described by the a^±, see Ref. [9]. In this case we have ordinary, not bosonized (2+1)D supersymmetry, realized on a system of ordinary integer or half-integer spin fields. For ν = −(2k + 1), k = 2, 3, . . ., the eigenvalues of the operator J_0 can take both signs, yielding two independent solutions of the system of linear differential equations (3.19), namely with either positive or negative energy. For the positive energy solutions the components ψ^+_n , n = 0, 1, . . . , k, of a spin s_+ = −^k_2 field and the components ψ^−_n′ , n^′ = 0, 1, k − 1, of a spin s_− = −^{k−1}_2 field can be expressed in terms of the components ψ^+_0 and ψ^−_0 , via the equation V_−Ψ = 0, by relations similar to (3.13). For negative energy solutions these are represented via V_+Ψ = 0 in terms of ψ^+_k and ψ^−_{k−1}.

For example, ν = −5 yields a spin 1/2 fermion plus an s = 1 (topologically massive gauge) vector field. The case ν = −3 (i.e. k = 1) is a special one. Now s_− = α_− = 0, and the corresponding so(1, 2) Lorentz generators J_μ in the odd subspace are trivial. Hence, the operators V^{(α−)}_μ as well as the spin fixing linear differential operator (P J − α_−m) disappear. For a scalar field Ψ_− our construction breaks down. We still get a supermultiplet of an s = 0 scalar plus a spin 1/2 fermion field; for the spin-zero superpartner, however, the dynamics is quadratic Klein-Gordon equation, rather than a first-order one.

Note that the even generators P_μ and J_μ of the bosonized (2+1)D supersymmetry of the anyon system are local in internal space, associated with the operators a^±. The odd supercharge Q_α is, however, nonlocal due to the presence of the operator R. This is similar to what we have for purely bosonic quantum mechanical systems with hidden supersymmetry [4], where the Hamiltonian is local but odd supercharges are nonlocal operators.

The application of the Jackiw-Nair non-relativistic limit to our theory yields wave equations describing a spinning particle on the noncommutative plane, and that the (2+1)D Poincaré supersymmetry reduces, in this limit, to Galilean exotic N = 1 supersymmetry. The latter is characterized by the supercharges being square roots of one of the central charges, namely of the mass, m. One could expect that if the relativistic supersymmetric anyon proposed here is extended by adding ordinary fermion degrees of freedom (for instance, within the framework of a superfield approach [6]), the resulting system would possess N = 2 supersymmetry, half of which would be bosonized. Then subsequent application of the Jackiw-Nair limit should produce a system possessing a Galilean exotic N = 2 supersymmetry with new supercharges which would be the square roots of a Hamiltonian [24].

In conclusion, we have shown that bosonized supersymmetry can be realized in a (2+1)D system of anyons, constructed on the basis of infinite-dimensional unitary irreducible representations of the Heisenberg-Wigner algebra. Any such a representation carries two irreducible unitary representations of the so(1, 2) Lorentz group, whose spins are shifted relatively by one-half. These infinite-dimensional representations of the (2+1)D Lorentz group are analogs of the infinite-dimensional unitary representations of the (3+1)D Lorentz group, discovered by Majorana in his celebrated 1932 paper [18, 19]. It might be possible to generalize our construction of the bosonized supersymmetry here to (3+1)-dimensional field theory. This problem will be studied elsewhere.

Acknowledgements. MP is indebted to the Laboratoire de Mathématiques et de Physique Théorique of Tours University for a hospitality extended to him. PAH thanks Departamento de Física of Universidad de Santiago de Chile for hospitality during his visit. This work was supported in part by FONDECYT (projects 1050001 and 7060057) and by MECESUP USA0108.

References

[1] S. R. Coleman, “Quantum Sine-Gordon Equation As The Massive Thirring Model,” Phys. Rev. D 11 (1975) 2088; S. Mandelstam, “Soliton Operators For The Quantized Sine-Gordon Equation,” Phys. Rev. D 11 (1975) 3026; E. Witten, “Nonabelian bosonization in two dimensions,” Commun. Math. Phys. 92 (1984) 455; M. Stone (Ed.), Bosonization, Singapore, World Scientific (1994).

[2] F. Wilczek, “Quantum Mechanics Of Fractional Spin Particles,” Phys. Rev. Lett. 49 (1982) 957; F. Wilczek and A. Zee, “Linking Numbers, Spin, And Statistics Of Solitons,” Phys. Rev. Lett. 51 (1983) 2250; A. M. Polyakov, “Fermi-Bose Transmutations Induced By Gauge Fields,” Mod. Phys. Lett. A 3 (1988) 325; G. W. Semenoff, “Canonical Quantum Field Theory With Exotic Statistics,” Phys. Rev. Lett. 61 (1988) 517.

[3] M. S. Plyushchay, “Deformed Heisenberg algebra, fractional spin fields and supersymmetry without fermions,” Annals Phys. 245 (1996) 339 [arXiv:hep-th/9601116].

[4] F. Correa and M. S. Plyushchay, “Hidden supersymmetry in quantum bosonic systems,” Annals Phys., in press, arXiv:hep-th/0605104; F. Correa, L. M. Nieto and M. S. Plyushchay, “Hidden nonlinear supersymmetry of finite-gap Lame equation,” Phys. Lett. B 644 (2007) 94 [arXiv:hep-th/0608096].

[5] D. V. Volkov, “Quartions in relativistic field theory,” JETP Lett. 49 (1989) 541 [Pisma Zh. Eksp. Teor. Fiz. 49 (1989) 473];

[6] D. P. Sorokin and D. V. Volkov, “(Anti)commuting spinors and supersymmetric dynamics of semions,” Nucl. Phys. B 409 (1993) 547; “D = (0/2) Dirac-Maxwell-Einstein theory as a way for describing supersymmetric quartions,” Int. J. Mod. Phys. A 9 (1994) 1555 [arXiv:hep-th/9306158].

[7] M. S. Plyushchay, “Relativistic particle with torsion, Majorana equation and fractional spin,” Phys. Lett. B 262 (1991) 71; “The Model of relativistic particle with torsion,” Nucl. Phys. B 362 (1991) 54.

[8] R. Jackiw and V. P. Nair, “Relativistic wave equations for anyons,” Phys. Rev. D 43 (1991) 1933.

[9] M. S. Plyushchay, “Deformed Heisenberg algebra with reflection”. Nucl. Phys. B491 [PM] (1997) 619 [arXiv:hep-th/9701091];

[10] E. P. Wigner, “Do the Equations of Motion Determine the Quantum Mechanical Commutation Relations?”, Phys. Rev. 77 (1950) 711.

[11] H. S. Green, “A Generalized Method of Field Quantization”, Phys. Rev. 90(1953) 270.

[12] Y. Ohnuki and S. Kamefuchi, Quantum Field Theory and Parastatistics, Tokyo: University Press, 1982.

[13] R. Jackiw and V. P. Nair, “Anyon spin and the exotic central extension of the planar Galilei group”, Phys. Lett. B 480, 237 (2000) [arXiv:hep-th/0003130].

[14] P. A. Horvathy and M. S. Plyushchay, “Anyon wave equations and the noncommutative plane,” Phys. Lett. B 595 (2004) 547 [arXiv:hep-th/0404137].

[15] M. S. Plyushchay, “Deformed Heisenberg algebra and fractional spin field in (2+1)- dimensions,” Phys. Lett. B 320 (1994) 91 [arXiv:hep-th/9309148].

[16] M. Plyushchay, “Hidden nonlinear supersymmetries in pure parabosonic systems”, Int.

J. Mod. Phys. A 15 (2000) 3679 [arXiv:hep-th/9903130].

[17] V. Bargmann, “Irreducible unitary representations of the Lorentz group,” Annals Math.

48 (1947) 568. D. P. Zhelobenko and A. I. Stern, “Representations of Lie groups” [in Russian], Nauka, Moscow (1983).

[18] E. Majorana, “Relativistic theory of particles with arbitrary intrinsic momentum,” Nuovo Cim. 9 (1932) 335.

[19] M. S. Plyushchay, “Majorana equation and exotics: Higher derivative models, anyons and noncommutative geometry,” EJTP 3, No. 10 (2006) 17. [arXiv:math-ph/0604022].

[20] P. A. M. Dirac, “A positive-energy relativistic wave equation,” Proc. Roy. Soc. Lond.

A 322 (1971) 435; “A positive-energy relativistic wave equation. 2,” Proc. Roy. Soc. Lond. A 328 (1972) 1.

[21] J. L. Cortes and M. S. Plyushchay, “Linear differential equations for a fractional spin field,” J. Math. Phys. 35 (1994) 6049 [arXiv:hep-th/9405193].

[22] C. Duval and P. A. Horvathy, “Spin and exotic Galilean symmetry,” Phys. Lett. B 547 (2002) 306 [Erratum-ibid. B 588 (2004) 228] [arXiv:hep-th/0209166].

[23] C. Duval and P. A. Horvathy, ‘The ”Peierls substitution” and the exotic Galilei group,” Phys. Lett. B 479 (2000) 284 [arXiv:hep-th/0002233]; “Exotic Galilean symmetry in the non-commutative plane, and the Hall effect,” J. Phys. A 34 (2001) 10097 [arXiv:hepth/0106089].

[24] G. S. Lozano, O. Piguet, F. A. Schaposnik and L. Sourrouille, “Nonrelativistic supersymmetry in noncommutative space,” Phys. Lett. B 630 (2005) 108 [arXiv:hepth/0508009]; “On 1+1 Dimensional Galilean Supersymmetry in Ultracold Quantum Gases,” arXiv:cond-mat/0609553.

[25] J. Lukierski, I. Prochnicka, P. C. Stichel and W. J. Zakrzewski, “Galilean exotic planar supersymmetries and nonrelativistic supersymmetric wave equations,” Phys. Lett. B 639, 389 (2006) [arXiv:hep-th/0602198].

[26] M. S. Plyushchay, “R-deformed Heisenberg algebra, anyons and d = 2+1 supersymmetry,” Mod. Phys. Lett. A 12 (1997) 1153 [arXiv:hep-th/9705034].

[27] J. L. Cortes and M. S. Plyushchay, ‘Anyons as spinning particles,” Int. J. Mod. Phys.

A 11 (1996) 3331 [arXiv:hep-th/9505117].

[28] L. L. Foldy and S. A. Wouthuysen, “On the Dirac theory of spin 1/2 particle and its nonrelativistic limit,” Phys. Rev. 78 (1950) 29.

[29] P. A. Horvathy and M. S. Plyushchay, “Non-relativistic anyons, exotic Galilean symmetry and noncommutative plane,” JHEP 0206 (2002) 033 [arXiv:hep-th/0201228].