arXiv:hep-th/0610321v3 28 Dec 2006

Preprint typeset in JHEP style - HYPER VERSION MIFP-06-29

Cosmology of the Tachyon in Brane Inflation

Louis Leblond^1 and Sarah Shandera^2

1 George P. & Cynthia W. Mitchell Institute for Fundamental Physics Texas A&M University, College Station, TX 77843-4242

2Institute of Strings, Cosmology and Astroparticle Physics Physics Department, Columbia University, New York, NY 10027

Emails: lleblond@physics.tamu.edu, sarah@phys.columbia.edu

Abstract: In certain implementations of the brane inflationary paradigm, the exit from inflation occurs when the branes annihilate through tachyon condensation. We investigate various cosmological effects produced by this tachyonic era. We find that only a very small region of the parameter space (corresponding to slow-roll with tiny inflaton mass) allows for the tachyon to contribute some e-folds to inflation. In addition, non-adiabatic density perturbations are generated at the end of inflation. When the brane is moving relativistically this contribution can be of the same order as fluctuations produced 55 e-folds before the end of inflation. The additional contribution is very nearly scale-invariant and enhances the tensor/scalar ratio. Additional non-gaussianities will also be generated, sharpening current constraints on DBI-type models which already predict a significantly non-gaussian signal.

Keywords: String Cosmology, Tachyon, Brane Inflation.

Contents

1. Introduction 1

2. The Inflaton and the Tachyon 4 2.1 The DD Scenario 4 2.2 Cosmological Parameters 6 2.3 The Tachyon and the Exit of Inflation. 8 2.4 Warped Tachyon Cosmology 9

3. Tachyon Cosmology 10 3.1 The Sudden End Approximation 10 3.2 Estimating Tachyon E-folds 11

4. Density Perturbations at the End of Brane Inflation 12 4.1 Multiple Fields in Brane Inflation 12 4.2 The δN Formalism 14 4.3 Numerical Values 16

5. Discussion 18

A. Joining the Tachyonic Era to the Inflationary Era 19 A.1 Effective Action 19 A.2 Action in the KS Background and Comparison to Inflaton Potential 21 A.3 Small φ Action 23 A.4 The Potential 25

1. Introduction

The search for a fundamental realization of inflation, which is a paradigm now well supported by observational data, is most natural in the context of string theory. A particularly attractive idea is brane inflation, where the inflaton is an open string mode describing the brane position in the extra dimensions [1]. DD inflation in type IIB string theory is a realistic implementation of this scenario [2, 3]. There, a mobile D-brane moves down a throat toward a D̄-brane. The potential comes from the brane interaction and a mass term, and the brane dynamics are given by the DBI action [4, 5]. This model has been particularly interesting because it

– 1 – can be embedded in the flux compactification picture, it is relatively calculable, its predictions can be compared in detail with observations and it has features which distinguish it from many other proposed models [6]. Since most observable quantities in simple single-field inflation models depend only on details 50-60 e-folds before the end of inflation, most work has concentrated on model features relevant to this earliest (observable) part of inflation. But one of the attractive features of the DD model is that inflation has a natural and interesting end. When the branes approach within a string length the tachyon develops and the branes annihilate. This endpoint provides a mechanism for reheating [7] and a possible source for cosmic strings [8]. In general it has been assumed that the details of the annihilation do not have much impact on possible observables other than cosmic string tension. However, previous authors have shown that the tachyon itself may provide an additional period of inflation [9–11] and that the interactions of the tachyon, the original inflaton and other light degrees of freedom may generate an important contribution to the density perturbation and non-gaussianity [12]. Each of these issues has received previous attention in various related contexts, as we will review below. However, here we would like to treat these questions in light of what we have learned about a successful (that is, consistent with known string theory and observational constraints) implementation of the DD scenario.

Our primary tool in examining the end of inflation is an action which consistently combines the tachyon T and the primary inflaton ϕ, related to the brane position. The action for the tachyon itself is a conjecture based on achieving the expected dust behavior when the branes have completely annihilated [13]. However, there is good evidence that this conjectured form is a useful one, and so we will require it as the limit of the combined action when the brane separation is small compared to the red-shifted string scale. We also require the expected DBI action for the brane and anti-brane when the tachyon is very massive, and that the correct mass of the tachyon is recovered. We discuss in detail in the appendix how one goes smoothly between the two potentials, including details of the Coulombic brane interaction. Here we simply note a few important features. First, both fields have non-standard square root kinetic terms that lead to non-trivial sound speeds [4,5]. For the tachyon action, the potential multiplies the kinetic term, which leads to very different inflationary dynamics compared to that of the brane position ϕ (where the potential is added). Finally, the terms coupling the tachyon and the brane position are important for generating additional density perturbations.

With the full action in hand, we address the question of whether a significant number of e-folds may be generated by the tachyon, in addition to those obtained from the usual inflaton. Naively, one might think that the warped throat and square root in the action will lead to a flattening of the potential and to a speed limit for the tachyon, which would enhance the number of e-foldings (as in the brane position case). However, the tachyon only has an inflationary equation of state when it is

– 2 – non-relativistic, and the warping actually makes it more difficult to get inflation from the tachyon. We find very strong constraints on the parameter space in order for the tachyon dynamics to be important for producing inflation. First, one needs to be in the slow roll regime, which is already arguably fine-tuned because it requires a small inflaton mass. Second, the string coupling g_s must be quite small. This is easy to understand since the height of the tachyon potential is determined by the tension of the D3-branes, which is inversely proportional to g_s. Making g_s very small increases the number of e-folds obtained from the tachyon. On the other hand, a very small g_s also increases the tension of every brane in the model, including the D1-branes that will appear as cosmic strings. Assuming that these cosmic strings are stable (which requires a mechanism to give a mass to their 2-form coupling [14] as well as the absence of monopoles to break upon [15]), we get a lower bound on g_s from the current experimental bound on the cosmic string tension. In summary, the tachyon will contribute to the inflationary dynamics in terms of e-folds in a very small (arguably fine-tuned) region of parameter space, with g_s bounded from below and from above.

From this one might be tempted to say, as was assumed in the past literature, that the tachyonic era is unimportant as far as observable quantities are concerned. Not only are very few e-folds (if any) generated by the tachyon, but they would also be the last e-folds of inflation. The end of inflation is usually considered unobservable since the scales exiting the horizon then are small and re-enter soon after inflation. While this is true for single-field models, there has been much recent work on scenarios that can lead to significant observable, scale invariant density perturbations generated at the end of inflation. These models generically involve the presence of new light scalar degrees of freedom, which lead to non-adiabatic fluctuations that are relevant even for scales that have already left the horizon. A currently popular example is the curvaton model [16] where an extra light scalar field dominates the energy density at the end of inflation and generates perturbations. Inhomogeneous reheating [17] can have the same effect and related work on tachyonic preheating can be found in [18]. In this paper, we examine a related mechanism introduced separately by [19] and [20]. Here inflation ends suddenly due to a previously irrelevant light field that controls the final value of the inflaton, which in turn controls the density. Because this extra field fluctuates, inflation ends with different densities at different places, which contributes to the density perturbations even on large scales. In a recent paper, Lyth and Riotto [12] argue that this mechanism actually happens in brane inflation where the end of inflation is triggered by the tachyon rolling. Taking the end of inflation to occur suddenly at the transition between positive and negative mass for the tachyon, they find that the value of ϕ at the end of inflation is a function of other scalar fields and that density perturbations are generated. They argue that this contribution can be important for certain choice of parameters but they use the standard quadratic derivative for the inflaton which is only good for

– 3 – very small ϕ̇ (slow-roll).

In this paper, we show that density perturbations are indeed generated at the end of brane/anti-brane inflation. In the relativistic regime, they can account for at most half the total density perturbations. On the other hand, these density perturbations are negligible in the slow roll regime (contrary to [12]). This mechanism also contributes to the amount of non-gaussianity, as discussed for the slow-roll case in [21]. Since DBI inflation can saturate the current bounds on non-gaussianity from the CMB, any additional contribution further limits the acceptable string theory parameter space. The distinctive shape of the bispectrum [22] may also be affected, although a full calculation is not our goal here.

This paper is divided as follows. We first review relevant aspects of the DD scenario and the simplest actions for the tachyon and inflaton in §2. In §3 we will show that it is generically quite difficult to get significant additional inflation from the tachyon, and the warping of the throat hinders rather than helps the case. §4 deals with the generation of an extra contribution to the density perturbations at the end of inflation, which is particularly interesting when the brane is relativistic at the end. In §5 we discuss the impact of these results on the string theory parameter space and on the expectations for non-gaussianities and we conclude. We leave the details of the geometry and the full action for the inflaton and tachyon to the appendix. Although these details are not necessary to understand our main results, any further calculations of multiple-field effects in brane inflation will need this complete description to achieve the accuracy now found in the data.

2. The Inflaton and the Tachyon

Although there are many scalar fields in string theory that may give rise to inflation, most models do not easily achieve enough e-folds (effectively the supergravity “η-problem”) and do not provide a simple mechanism to end inflation and reheat. In contrast, DD brane inflation easily provides at least 60 e-folds, agrees with current observations, and the brane collision ends inflation and transfers the inflationary energy to other fields. In this section we will briefly review the key features of brane inflation and the regions of string theory parameter space that fit the cosmological data. The details of the brane collision (described by a tachyon) are usually treated as irrelevant for inflation, but crucial for reheating. However, our goal here is to investigate that assumption, so we also review a few basic features of tachyon cosmology. We will combine the two descriptions in §3.

2.1 The DD Scenario In brane inflation, we take as much input as possible from known, consistent IIB string theory compactifications and examine the brane interaction in that background. The choice of the brane position, an open string mode, as the inflaton

– 4 – specifies that the dynamics are given by the DBI action. The potential for the brane position is a result of the background geometry and effects coming from moduli stabilization. The geometry is taken to be the simplest calculable example of a smooth warped space - the warped deformed conifold.

With these choices, we have a model with 4 fundamental background parameters: the string scale m_s = 1/ √ α^′ and string coupling g_s, and the size and cutoff of the warped throat characterized by N_A (the D3 charge) and h_A (the maximum warping) respectively. The brane position has six components, so that the potential has a term^1_2

∑_6 i=1 m^2_i (ϕ^{(i)})^2. The mass is in principal calculable, but in practice we take it as another (6) parameter(s) which ultimately depends on details of the bulk compactification. In general, we do not expect all of the m_i to be equal and some may be nearly zero thanks to symmetries. We will discuss this point in some detail in §4 and the appendix, but for now we can summarize the relevant equations. We first consider the simple case where only one component of ϕ has a significant mass and where the background fields are trivial (except for the contribution of C_4 to the Chern-Simons term). Then the action is: S = − ∫ d^4x a^3(t) [ T √ 1 − ϕ̇^2/T + V (ϕ) − T ] , (2.1)

where T (ϕ) = τ_3h^4(ϕ) is the warped D3-brane tension at ϕ (τ_3 =^{m4s}_{(2π)3 gs} ). The numerical results we will quote for the observational constraints on the string parameter space have used

ds^2 = h^2(r)η_{μν} dx^μdx^ν + h^{−2}(r)(dr^2 + r^2ds^2_5) , (2.2)

with h(r) ∼ r/R and ϕ = √ τ_3r. This is the AdS approximation to the conifold, valid in the large r limit, where the scale of the throat is R^4 = 27πg_sα^{′2}N_A/4 and the cutoff is at h(ϕ_A) = h_A. An investigation of the importance of the full metric was done in [23, 24]. The anti-brane sits at ϕ_A. In this scenario the potential is

V (ϕ) = 1 2 m^2ϕ^2 + 2T ( 1 − 1 N_A ϕ^4_A ϕ^4 ) + . . . (2.3)

The interaction term comes from the attraction between the mobile D3-brane and an anti-D3-brane, and this expression is valid when the D3 is not too close to the tip. In principle it is modified for rapidly moving branes, but in practice that correction is not numerically very significant. Generically, we expect m ∼ H during inflation [3].

For small m/M_p above, which may be considered a fine-tuning, the scenario is the usual slow-roll inflation. For larger m/M_p, the DBI action still allows for many efolds thanks to the square root in the kinetic term [4,5]. This defines a local speed of light and so a local speed limit that varies strongly with ϕ. The speed limit prevents the inflaton from rolling too quickly even along a steep potential. (Note that we will

– 5 – still require the potential energy to dominate the kinetic energy, generically easy for large m/M_p.) The importance of this effect can be characterized by a Lorentz-type parameter γ, where γ = 1 √ 1 − ϕ̇^2/T (ϕ)

⇒ ϕ̇^2 < T (ϕ) . (2.4)

Defining pressure and energy density in the usual way, and using the Friedmann equations and the continuity equation gives several useful relations:

V (ϕ) = 3M^2_p H(ϕ)^2 − T (γ(ϕ) − 1) , (2.5) γ(ϕ) = √ 1 + 4M^4_p T^{−1}H^′(ϕ)^2 ,

ϕ̇(ϕ) = −2M^{2p} H^′(ϕ) γ(ϕ) . The first two may be used to solve numerically for the Hubble parameter for any value of the input parameters. The third equation is not independent, but will be most useful for us in this paper.

2.2 Cosmological Parameters

Here we review the basic numerical picture found in [6]. These results provide an important starting point for our discussion of the relevance of the tachyon. All cosmological parameters may be expressed in terms of the expansion (flow) parameters ϵ_D ≡ 2M^2_p γ ( H^′(ϕ) H(ϕ) )_2 , (2.6) η_D ≡ 2M^2_p γ ( H^{′′}(ϕ) H(ϕ) ) , κ_D ≡ 2M^2_p γ ( H^′ H γ^′ γ ) . These are small without the requirement of a flat potential, and ϵ = 1 defines the end of inflation since ä a = H^2(1 − ϵ) . (2.7)

To first order in these parameters, the scalar spectral index is n_s − 1 ≡ d ln P_ζ d ln k , (2.8) ≈ −4ϵ + 2η − 2κ 1 − ϵ − κ .

– 6 –

This becomes exactly zero in the large γ (ultra-relativistic) limit. The tensor index is n_t ≡ d ln P_h d ln k , (2.9) ≈ −2ϵ 1 − ϵ − κ , which is non-vanishing even in the ultra-relativistic case. The ratio of power in tensor modes versus scalar modes is r = 16ϵ γ . (2.10)

The non-gaussianity parameter f_{NL} is simply proportional to γ^2, and the detailed bispectrum has been worked out in [22].

There are essentially three different regimes of parameter space that fit the data for this model, meaning that they achieve n_s − 1 ∼ 0.95, r < 0.3, |f_{NL}| ≲ 100 and match the COBE normalization at 55 e-folds. For the analysis below, two parameters were fixed to simplify searching the parameter space, g_s = 1/10, m_s/M_p ∼ 10^{−2}, and all 55 e-folds were obtained in the throat. For the purposes of our results, only order of magnitude estimates of the parameter values will be needed. The reader interested in more precise results should refer to [6, 25].

• Slow roll If m/M_p ≲ 10^{−10}, the model behaves exactly as a slow-roll model throughout inflation, with the addition of cosmic strings. This means that γ = 1 to a very good approximation even when the brane is in the bottom of the throat. The dependence on the background parameters simplifies in this case, as discussed in detail in [26]. Typical values of the throat parameters are 10^3 < N_A < 10^6, 10^{−4} < h_A < 10^{−2}.

• Intermediate For m/M_p ∼ 10^{−5}, the scenario may have γ = 1 at 55 e-folds, so that the predictions for the power spectrum look like slow-roll, but the DBI effect is important for obtaining enough e-folds. In this case the bound on r may be saturated and γ at the end of inflation can be as large as 10^3. In this case N_A ∼ 10^{14} and h_A ∼ 10^{−2}. For large N_A, it can be difficult to meet the requirement that the throat be smaller than the bulk [40]. We do not worry about that issue here.

• Ultra-relativistic For m/M_p ∼ 10^{−5}, γ may be large even at 55 e-folds. In this case r is small but the non-gaussianity is large. This is a small shift in background parameters from the previous case, still roughly N_A ∼ 10^{14}, h_A ∼ 10^{−2}.

There is an alternative, related scenario where a brane may provide inflation while moving out of the throat [27]. This scenario may end when the brane subsequently falls down a different throat to annihilate with an anti-brane, in which case our results would apply. Many of these scenarios are reviewed in [28].

– 7 –

2.3 The Tachyon and the Exit of Inflation.

The exit of inflation in the brane inflationary paradigm is usually triggered by the appearance of a tachyonic mode in the spectrum that signals an instability in the vacuum. A phase transition follows that ends inflation and starts the Standard Big-Bang cosmology. This is analogous to hybrid inflation where a “waterfall” field accomplishes a similar role. Nevertheless, tachyon condensation in string theory is qualitatively different than usual tachyon condensation in quantum field theory and it is important to remember these differences (there are many reviews on the subject of tachyon condensation in string theory, for example [29, 30]).

First, the tachyon potential has a gaussian shape with its VEV at infinity. The tachyon never reaches its VEV, instead it keeps rolling at the (local) speed of light [31]. The final state describes an isotropic fluid with vanishing pressure and constant energy density dubbed “Tachyon matter” [13].

This unusual behavior can be described by effective field theories and there are two actions that have been proposed in the literature to describe this phenomena. First, Sen has proposed a DBI type of action [13] for the tachyon with the potential multiplying the square root terms as follows S = − ∫ d^4x a^3(t)AV (T ) √ 1 − BṪ^2 , (2.11)

V (T ) = 1 cosh(

√_1

2α^′ T ) ,

where A and B are some (geometry dependent) constants and AV (T ) is the tachyon potential, so A has dimension four and B is dimensionless. The tachyon T is taken to be real in the equation above and this action is technically valid only for non- BPS branes. However, as shown in the appendix, the full brane/anti-brane action has exactly the same form. This action correctly reproduces the tachyon matter equation of state at late time. The fact that the potential multiplies the kinetic term is a crucial difference compared to usual DBI inflation as we will see later.

Another action can be obtained using Boundary String Field Theory [32–34]. This action gives the same physical answer that the tachyon at late time reaches a constant velocity with a constant energy. There are a few differences [35], most importantly that with the BSFT action the pressure goes from negative to positive and then back to zero. In DBI case the pressure is always ≤ 0. This difference could be important for inflation and it is an interesting question to study both actions to see how much their cosmological behavior differs. We leave this problem for future work and in the rest of this paper we will use Sen’s effective action because it is simpler.

Now, the tachyon might be able to give inflation, and many authors have investigated the question of how many e-folds can be obtained in various scenarios.

– 8 –

Usually, the potential for the tachyon is too steep for slow-roll inflation. Assisted inflation [9] can fix this problem if there are multiple tachyon fields: the large Hubble friction effectively slows down the tachyons irrespective of the steepness of their potential. Here, there is a single tachyon field and so no help from Hubble friction. Nevertheless, tachyon condensation happens at the bottom of a warped throat and one may wonder if the speed limit can lead to a DBI type of inflation for the tachyon. We will show that this is not the case.

2.4 Warped Tachyon Cosmology

Here we review a few basic expressions for tachyon cosmology in a warped geometry [11, 36]. We start with a simple action, assuming that only the tachyon field is relevant. This model demonstrates a few properties of the tachyon action that we will use later. S = − ∫ d^4x a^3(t)AV (T ) √ 1 − BṪ^2 , (2.12)

where A and B are some (geometry dependent) constants and AV (T ) is the tachyon potential. At the bottom of the throat (at ϕ_A), where the D3-brane and the anti D3-brane meets, A = 2τ_3h^4_A and B = h^{−2}_A . Then the pressure ρ_T and density p_T are given by

ρ_T = AV (T )γ_T , (2.13)

p_T = − AV (T ) γ_T , where we have defined the tachyon Lorentz factor γ_T by

γ_T = 1 √ 1 − BṪ^2

. (2.14)

From the continuity equation

Ṫ = −2M^{2p} H^′ γ_T √ ABV , (2.15)

where primes denote derivatives with respect to the canonical field. Notice that for the tachyon to be the source of inflation, we need

ρ_T + 3p_T < 0 , (2.16)

⇒ Ṫ^2 < 2 3B . The speed limit coming from the square root in the action only requires

Ṫ^2 < 1 B , (2.17)

– 9 – so if the tachyon is moving too fast (large γ_T ), there is no inflationary phase. If the tachyon does contribute, one must use the canonical field

ϕ_T = √ AB ∫ √ V (T )dT (2.18)

Observables can be computed using the relationship between derivatives: d dϕ_T = 1 √ ABV (T ) d dT . (2.19)

3. Tachyon Cosmology

3.1 The Sudden End Approximation

We will assume that the time during which neither the original inflaton nor the tachyon dominates the dynamics is short. We will find that this is justified by examining the value of T when the tachyon dominates energetically. To examine the effect of the tachyon, we require energy conservation, so that all of the energy density in the inflaton when the tachyon develops (when the brane separation is the warped string length) must be in the tachyon field when ϕ is negligible. The energy densities for the separate fields are, using (2.1, 2.16),

ρ_ϕ = τ_3h^4_A(γ_A − 1) + V (ϕ_A) , (3.1) ρ_T = 2τ_3h^4_AV (T )γ_T .

There are two cases, corresponding to relativistic and non-relativistic brane motion. In either case, it is reasonable to assume the energy transfer happens quickly. Then the tachyon is a significant fraction of the energy density at T ≈ 0 and V (T ) ≈ 1. One may check directly that in the slow-roll case this makes sense: the height of the tachyon potential is V_0, so as soon as it starts rolling it has an energy density comparable to that in the inflaton. The same is true in the DBI case in the AdS approximation. In inflation with the original inflaton it is assumed that the potential energy dominates the kinetic energy. This is reasonable because the slow-roll case has γ ≈ 1 and V (ϕ) ≈ 2τ_3h^4_A = V_0, while the DBI case has large γ but V (ϕ) ≈ m^2ϕ^2/2 ≫ V_0. From Eq.(3.1), if the inflaton is rolling slowly at the end of inflation then ρ_T = 2τ_3h^4_A, so that γ_T ≈ 1. On the other hand, if V (ϕ_A) ≫ V_0 then γ_T must be large. Since Ṫ must be small to get inflation, the tachyon can only contribute to inflation in the slow roll regime where γ ∼ 1. Of course, it could be that the inflaton itself continues to generate a significant number of e-folds after the tachyon starts rolling. However, one can check that even ignoring the tachyon, the number of e-folds from the inflaton between ϕ_e = h_Al_s + ϕ_A and ϕ_A is less than one. That calculation assumes the AdS metric and parameter values that already match the COBE normalization. It may need to be re-evaluated using the full metric.

– 10 –

3.2 Estimating Tachyon E-folds

Based on the discussion in the previous section, we may use the standard slow-roll analysis to determine the number of e-folds from the tachyon, assuming γ_T starts out very close to 1. This gives N_{e,T} = − AB M^2_p ∫_{Tf} T_i V^2 V_{,T} dT , (3.2) = 2τ_3h^2_A M^2_p ∫_{Tf} T_i 1 √_1

2α^′ sinh (√_1 2α^′ T )dT

The final value of T can be determined using the condition for inflation, Eq.(2.16), and Eq.(2.15). Then [ sinh (√_1 2α^′ Tf )]_2

cosh (√_1 2α^′ Tf ) = 4τ_3h^2_A (^1_{2α′} )M^2_p

. (3.3)

The right hand side is generically less than 1, so that the solution for the expression above is at

√_1

2α^′ Tf < 1, and we may expand the left hand side. Doing so gives T_f ≈ 4h_A (2π)^{3/2}g^{1/2}s 1 M_p . (3.4)

Conservation of energy can be used to determine the initial value of T , as described in the previous subsection:

2τ_3h^4_A + 1 2 m^2ϕ^2_A = 2τ_3h^4_AV (T_i)γ_{Ti} . (3.5)

Expanding both V (T ) and γ(T ) for small T , small Ṫ and keeping only the most important terms gives

Ṫ_i^2 ≈ m^2ϕ^{2A} 2τ_3h^2_A

, (3.6) ⇒ T_i ≈ m m_s (27πg_sN)^{1/4} √ 3 4π^3g_s 1 M_p , where we have used Eq.(2.15) and the slow-roll relationship between H(ϕ) and V (ϕ). Then, the condition that the tachyon does not initially move too quickly to provide inflation is the condition T_i < T_f . This translates to a fairly strong condition on the background parameters: m M_p < ( m_s M_p ) 4h_A ( √ 6) 1 (27πg_sN_A)^{1/4}

. (3.7)

– 11 –

This condition can only be met for typical values of the parameters in the slow roll regime, because of the tension between N_A and m. This is consistent with our assumption that γ is small.

Returning to the calculation of the number of e-folds due to the tachyon and performing the integral in Eq.(3.2) (expanding for small T ) gives N_{e,T} = 4h^2_A (2π)^3g_s ( m_s M_p )_2 ln [ T_f T_i ] . (3.8)

This can only be large if g_s is small, or if T_f ≫ T_i which requires m/M_p to be extremely small. Decreasing g_s drives the brane tension up, which also increases the cosmic string tension. In fact, there is effectively a bound on g_s from the string tension using the slow-roll expression derived in [26]: Gμ = ( 3 × 5^6 × π^2 2^{21} )_{1/4} g^{−1/2}_s δ^{3/2}_H N^{−5/4}_e f(β) , (3.9)

where δ_H is the COBE normalization and β = (3/2)(2π)^3h^{−4}_A (M_p/m_s)^4(m/M_p)^2g_s. The function f(β) → 1 for β → 0, which happens for small mass and small g_s. Using N_e = 55 and δ_H = 10^{−5}, the bound on the cosmic string tension Gμ ≲ 10^{−7} [37] implies 10^{−6} ≲ g_s. These calculations show that generically it is very difficult to generate a significant number of e-folds with the tachyon. It is interesting that the warping of the throat actually makes it more difficult to get inflation here (Eq.(3.8) is suppressed by h^2_A) in contrast with brane inflaton, because of the very different equation of state for the tachyon.

4. Density Perturbations at the End of Brane Inflation

4.1 Multiple Fields in Brane Inflation

Brane inflation has so far been treated as a model with a single scalar field. For most of the inflationary period, this works. Although the brane position is always a six-component field, we generally take the inflaton to be the linear combination that actually controls inflation. For slow-roll, where the mass term is small, that direction is the one perpendicular to the branes. When the mass term is large, the important field is whichever combination appears in the Kähler potential and superpotential. This is arguably the less fine-tuned scenario. However, it is reasonable to expect that there will be some (approximate) symmetries that protect some components of the inflaton from getting a large mass. The essential point for our results below is simply that the potential generically depends differently on different components of the inflaton, while the condition for the development of the tachyon depends on the separation between the branes. We give further justification for this in the appendix.

– 12 –

As an example, we can look at the DD action at the bottom of the throat including the tachyon T , the inflaton ϕ (taken to be the radial position of the D3 brane) and an extra scalar field σ taken to be the position of the brane on a circle S^1 (see the appendix for a complete analysis). This is a simplified picture since, at the bottom of the throat, the geometry is really that of an S^3 and one should have three angles. S = − ∫ d^4xV (T )V^′(T, ϕ, σ)τ_3h^4_Aa^3 (√ 1 − ϕ̇^2h^{−4}_A τ^{−1}_3 − σ̇^2h^{−4}_A τ^{−1}_3 − h^{−2}_A Ṫ^2 (4.1) + √ 1 − h^{−2}_A Ṫ^2 ) + V (ϕ, σ) , where the potential V (T )V^′(T, ϕ, σ) is

V (T )V^′(T, ϕ, σ) = 1 cosh(

√_1

2α^′ T )

√ 1 + ((ϕ − ϕ_A)^2 + σ^2)h^{−2}_A τ^{−1}_3 T^2

(2πα^′)^2

≈ 1 +

T^2 2 ( − 1 2α^′ + ((ϕ − ϕ_A)^2 + σ^2)τ^{−1}_3 h^{−2}_A 4π^2α^{′2} ) + O(T^4) , (4.2)

and V (ϕ, σ) contains the coulombic and quadratic terms. Note that as the brane separation goes to zero the coulombic part should disappear from the potential and one should only be left with the mass term and the tachyon potential (see appendix for details). Since here we consider the action for separations close to the warped string scale (and slightly greater) we keep the coulombic piece.

The constant piece of the potential in (2.3) (V_0 = 2τ_3h^4_A) is coming from the second square root (with Ṫ ∼ 0) as well as from the factor of one in the first kinetic term when we expand for small ϕ̇. For small ϕ, the Chern-Simon part of the action (4.1) is essentially zero due to the exact cancellation between the D3 and D3, but for large ϕ there are two terms and the anti-D3 brane part contributes to the constant part of the potential. All in all, it is quite intricate and interesting how one can write a general action that incorporates both the tachyon and the inflaton in a consistent manner.

The quadratic part of the potential is V (ϕ, σ) =^1_2 m^2_ϕϕ^2 +^1_2 m^2_σσ^2 + · · · and under the assumption that the σ direction represents an approximate isometry of the Calabi-Yau, we have that m_σ ≪ m_ϕ. We then take ϕ to be the inflaton and σ to be a spectator field. The end of inflation happens when the tachyon starts rolling^1. In the spirit of the sudden end approximation used in the previous sections, we can consider that this happens suddenly when the mass of the tachyon goes from

1It is possible for inflation to end before that through tunneling (see [34] for example), in this work we neglect this aspect as it is exponentially suppressed and in most regions of spacetime, inflation ends through tachyon rolling.

– 13 – positive to negative in (4.2). The value of ϕ at the end of inflation is ϕ_e(σ) = ϕ_A + √ 2π^2α^′τ_3h^2_A − σ^2.

Because of the presence of the σ term, inflation will not end on a constant-density surface and perturbations on all scales, even those already outside the horizon, will receive a second contribution proportional to that density difference. In the DBI scenarios the non-standard kinetic term generates a large γ factor and allows the inflaton to generate many e-folds in spite of a steep potential. This same sensitivity to position will exaggerate the difference in number of e-folds obtained for regions with slightly different field values, making this second source of perturbations substantial. In other words, DBI inflation generates density perturbations with a size that is independent of ϕ since the growth in γ exactly cancels the shrinking Hubble scale. So contributions generated at any point during inflation can potentially be important. The answer is general in the sense that even if the brane is moving slowly at 55 e-fold, it can move quickly at the end of inflation and the large γ (DBI) limit can be used to calculate this contribution. It is only in the case where the brane is still moving slowly at the end that one finds a different answer. This would arguably be the most fine tuned scenario and so we can consider the DBI limit as the generic case.

4.2 The δN Formalism

To examine the production of density perturbation at the end of brane inflation in detail, we use the δN formalism for calculating perturbations due to multiple fields [38, 39]. In the δN formalism one writes the power spectrum as a sum of contributions from each field. We take the standard definition for the number of e-folds, N_e, as N_e = ∫ Hdt . (4.3) From the continuity equation, it is easy to see that uniform density hypersurfaces are separated by uniform expansion for adiabatic perturbations: dρ dN_e = −3(ρ + p) , (4.4)

where p is a unique function of ρ, so that this expression could be solved for N_e(ρ). Figure (1) illustrates that once the perturbation exits the horizon, it does not evolve until the second field becomes important, at surface A. Surfaces A, B, and C are uniform density, but they are not separated by uniform expansion because inflation ends at different times between them. From Eq.(4.4) then, we are dealing with nonadiabatic modes, as expected when multiple fields are involved and the superhorizon perturbation may evolve. We may evaluate the amount it evolves by calculating how many e-folds each region undergoes between A and C, due to the additional field, δN_e. The result can be carried forward from the time just after inflation to today, remaining fixed until it reenters the horizon.

– 14 –

Figure 1: To calculate the density perturbation, we must add the contribution from the end of inflation. The dashed lines represent surfaces of uniform density while the curved line is the surface inflation ends on. The arrow indicates the direction of time. Between horizon exit and A, the superhorizon modes do not evolve. However, to calculate the size of the perturbation that will remain after inflation (line C), we must calculate the contribution from the shaded region.

We will be interested in the perturbation on constant-density hypersurfaces, ζ, which in the single field (or adiabatic) case becomes constant after exiting the horizon. The power spectrum is defined by the Fourier components ζ_k as ⟨ζ_kζ_{k′}⟩ = 2π^2 k^3

P_ζ δ^3(k − k^′) . (4.5)

For a generic set of fields ϕ^a, δN will depend on all of them^2 ζ = ∑ a ∂N ∂ϕ^a δϕ^a + ∑ ab ∂^2N ∂ϕ^a∂ϕ^b δϕ^aδϕ^b + . . . (4.6)

where ∂N ∂ϕ^a = − H ϕ̇a , (4.7) and the perturbations δϕ^a must be solutions to the equation of motion for the perturbed scalar fields. The first term clearly recovers the standard slow-roll result for a single field where we take ⟨δϕ_kδϕ_k⟩ ∼^H_{2π} . Hence the first term reproduces the correct power spectrum to zero order in the slow-roll parameters (or DBI parameters). One can easily check that n_s − 1 calculated from this will have exactly the right first order dependence on the DBI parameters (including the κ factor in DBI coming

2δN is also a function of ϕ̇^a. In the slow roll regime we can neglect these terms in the expansion. But even if one does not use slow roll, one can use the equation of motion for ϕ^a (2.5) to eliminate any dependence on ϕ̇^a in favor of ϕ^a.

– 15 – from derivative of γ [6]). Higher order terms in (4.6) will give among other things the bispectrum [39].

In the case at hand, inflation does not end on a constant-density hypersurface, and so we must patch on that contribution as follows

P_ζ = [( ∂N ∂ϕ )_2 + ( ∂N ∂σ )_2] ( H 2π )_2 , (4.8)

= ( H^2 2πϕ̇ )_2| | | |_{k=aHγ} + ( ∂N ∂ϕ )_2 ( H 2π )_2| | | |_{ϕend} ( dϕ_{end} dσ )_2 ,

where ∂N ∂ϕ = H ϕ̇ = Hγ 2M^2_p H^′ = 1 √ ϵ √ γ 2M^2_p

. (4.9)

The second term can be thought of as coming from the shaded region in Fig. 1. Even if γ is relatively small at 55 e-folds (∼ 2, say), it may grow several orders of magnitude by the end of inflation since the warp factor (speed limit) depends so strongly on position. On the other hand H/H^′ is constant for large γ and so^{∂N}_{∂ϕ} grows towards the end of inflation. We expect dϕ_{end}/dσ ∼ 1 since the size of the S^3 at the bottom of the throat is roughly √ g_sMh_Al_s. That is, the angular direction is as important as the radial direction for determining the end of inflation. This is illustrated for the warped throat in the appendix. So even if the DBI behavior has only a moderate effect on predictions based on the analysis near 55 e-folds, it may require a recalculation of the size of density perturbations due to effects at the end of inflation. Note that even though the variation of the number of e-folds grows with respect to ϕ, the density perturbation P_ζ also contains an extra factor of H^2 which decreases in the DBI limit.

In the preceding discussion, we have supposed that all the inflationary dynamics are dominated by the inflaton ϕ. But the conclusion is essentially unchanged if the tachyon or σ are important since different regions will still have different densities at the end of inflation.

4.3 Numerical Values

So we have found that brane inflation will receive an additional contribution to the density perturbation at the end of inflation of the order of

P_ζ ≈ ( ∂N ∂σ )_2 ( H 2π )_2 ≈ H^2γ 8π^2M^2_p ϵ

. (4.10)

This effect depends on the competition between H, γ and ϵ. In the DBI regime where

– 16 – γ ≫ 1, we have that H(ϕ) ∼ m M_p ϕ √ 6 , (4.11) γ(ϕ) ∼ mM_p ϕ^2 √ 2λ 3 , (4.12) ϵ = √ 6 λ M_p m , (4.13)

where λ = τ_3R^4 =^{27NA}_{32π2} . These expressions are derived using a warp factor h ∝ ϕ. In the full solution h is approximately constant at the bottom of the throat. This should lead to a leveling of γ rather than a continued 1/ϕ^2 behavior, so the relations above give an upper bound on the density perturbation at the bottom of the throat. The actual value will be smaller once the deformed metric is accounted for. So if γ is large at the end of inflation the additional contribution will be

P^{end}_ζ ∼ ( m M_p )_4 λ 18 ∼ 10^{−3} ( m M_p )_4 N_A , (4.14)

which is independent of the warp factor and ϕ. For the DBI regime, this is exactly the same size contribution as the usual one obtained 55-efolds before the end of inflation. Assuming the parameters m and N_A have already been adjusted to match the COBE normalization, P^{end}_ζ ∼ 10^{−10}. In the intermediate regime the brane is moving relativistically at the end of inflation, so the size of the contribution depends only on the parameters m and N_A using the DBI expression above. Since the parameter values are quite similar to those for DBI, we again expect P^{end}_ζ ≈ 10^{−10}.

For the case where γ = 1 to a good approximation at the end of inflation, the result (4.14) does not apply. A similar calculation yields the density perturbation at the end of inflation for the slow-roll regime, where the coulombic term is important 3 (V ∼ V_0 + m^2ϕ^2 −^{V0ϕ4A}_{NA(ϕ−ϕA)4} ):

P^{end}_ζ ∼ ( V V^′ )_2

H^2 (2π)^2 1 M^4_p | | | | |_{ϕ−ϕA=hAms} (4.15)

∼ 1 12(27)^2g^4_s h^6_A ( m_s M_p )_6 (4.16)

where m_s = 10^{−2}M_p is the string scale and h_A the warp factor at the bottom of the throat. We have replaced ϕ_A by its dependence on the warp factor, and since the warp factor is approximately constant at the bottom of the throat we are justified to use h(ϕ_A) instead of h(ϕ_e). For the range of parameters appropriate for slow-roll, we find a negligible amount of density perturbations at the end of inflation (∼ 10^{−23}).

3As discussed in more detail in the appendix, the coulombic potential is actually modified for small ϕ. We are using it for simplicity but one can in principle calculate the full potential [34].

– 17 –

Note that we are justified to consider σ as a spectator field since the m^2ϕ^2 term is still the important non-constant piece. Indeed in slow-roll, the potential is approximately V ≈ V_0 but the m^2ϕ^2 is still bigger that the coulombic piece (for most values of ϕ) and it determines the inflaton direction. On the other hand, in the derivative of the potential the coulombic contribution dominates over the mass term. Even though m^2 does not appear in (4.15), it is important in the potential and we are justified to consider ϕ as the primary inflaton. However, the fact that the potential is nearly constant already leads us to expect that the effect of the extra fields cannot be large. That is, the energy density at the end of inflation is relatively insensitive to the inflaton direction.

In summary, the density perturbations generated at the end of inflation are negligible for the slow-roll regime but they can account for up to 50% of the total density perturbation for the intermediate or DBI regime.

5. Discussion

In this paper, we have shown that there are effects from the tachyon at the end of brane inflation that may significantly affect the calculation of the observables. We have found that while it is generically very difficult to get much inflation from the tachyon, additional density perturbations will be generated. These are negligible in the slow-roll regime but important when the brane is relativistic at the end of inflation, where they can contribute up to 50% of the total power. This extra contribution is very nearly scale invariant, since in the DBI limit (with the AdS metric) n_s = 1 to first order in ϵ. Fortunately, we do not find that this contribution dominates, which would make it difficult to obtain a scalar tilt much different from n_s ≈ 1 (now disfavored by observation).

Adding this contribution will not change the order of magnitude of the background parameters needed to fit the data. However, it will change the prediction for the magnitude of the tensor/scalar ratio given in Eq.(2.10). To see how, note that the addition of the extra piece above means that the background parameters must be adjusted slightly relative to the results of [6] to match the measured amplitude of fluctuations. This means decreasing either m or N_A by a small factor. From Eq.(4.12), either of these choices decreases γ(ϕ). The number of e-folds benefits by a factor of γ as

N_e = − 1 2M^2_p ∫_{ϕe} ϕ_i H(ϕ)γ(ϕ) H^′(ϕ) dϕ (5.1)

so that decreasing γ(ϕ) means that inflation must begin at a larger value of ϕ to still obtain enough e-folds. The power in tensor modes, which is not altered by the tachyon dynamics, is P_h =

2H^2 M^2_p π^2

+ O(ϵ^2) (5.2)

– 18 –

Since H ∼ ϕ, increasing the value of ϕ at 55 e-folds (ϕ_{55}) will increase H(ϕ_{55}) and so increase the power in tensor modes. Since the power in scalar modes is fixed by the COBE normalization, the ratio r is enhanced. This may loosen the bounds on the DBI parameter space found in [40].

DBI inflation already has quite enhanced non-gaussianty. Since the sound speed (c_s ∼ 1/γ) can be much smaller at the end of inflation than at the beginning, any additional contribution may be quite significant. Even an additional factor of 2 in f_{NL} is quite significant because it further limits the value of γ allowed at 55 e-folds, which in turn alters the range of other predictions. In [12], the non-gaussianities are calculated assuming a negligible primordial bispectrum and the usual sound speed (c_s = 1). This assumption is probably not valid in the relativistic regime where the primordial contribution to the density perturbations is expected to be quite important [5, 22, 41]. In addition, it may be worthwhile to compare the shape of bispectrum generated at the end. Interestingly, [42] shows that the most important shape for non-gaussianities generated this way are the squeezed limits, where one momenta is much smaller than the others. This is also the interesting shape for single field DBI non-gaussianity [22].

Finally, the analysis in this paper assumes that inflation ends due to brane annihilation - an aspect of the scenario that naturally gives rise to reheating and cosmic strings. However, a D3 brane can experience a potential even in the absence of the anti-brane and we may still consider its position to be the inflaton [43]. In this kind of scenario it is less clear how inflation ends and in particular there is no apparent reason for the end of inflation to depend on extra scalar fields.

As this paper was being finished, some related work on generating density perturbations at the end of brane inflation was worked out in [44, 45]

Acknowledgment

We wish to thank Melanie Becker, Aaron Bergman, Lam Hui, Justin Khoury, Gary Shiu, Henry Tye, Justin F. Vazquez-Poritz, Bret Underwood and Mark Wyman for valuable discussions. We would like to thank the organizers of the Simons Workshop in Mathematics and Physics 2006 where this work was started. L.L. is also grateful to the Perimeter Institute for its hospitality while this work was being finished. The work of L.L. has been supported by the National Science Foundation under grant PHY-0555575 and the University of Texas A&M. The work of S.S. is supported by the DOE under DE-FG02-92ER40699.

A. Joining the Tachyonic Era to the Inflationary Era

A.1 Effective Action

In this section we work out explicitly the coupling between the tachyon and the

– 19 – inflaton field. We follow the procedure of [46] that consists of writing (via some educated guesses) the action for the tachyon for D9D9 and then applying T-duality to obtain the action for lower dimensional branes. We will also examine the connection between the action usually written down for the inflaton when the branes are far apart and the action appropriate for the tachyon era. In the following we will use the definitions E_{μν} = g_{μν} + B_{μν} , λ = 2πα^′ . Our starting point is therefore the action proposed by Sen [47] (also proposed in [46]) for the brane anti-brane action (for D9D9) S = −τ_9 ∫ d^{10}x V (T ) (√ −det A_1 + √ −det A_2 ) , (A.1)

where

A^{(i)}_{μν} = E_{μν} + λF^{(i)}_{μν} + 1 2 (D_μT D_ν T + D_ν T D_μT ) ,

F^{(i)}_{μν} = ∂_μA^{(i)}_ν − ∂_ν A^{(i)}_μ , D_μT = ( ∂_μ + i(A^1_μ − A^2_μ) ) T , V (T ) = 1 cosh(

√_1

2α^′ T ) .

Note that for a vanishing gauge field and for a real tachyon, this action does reproduces (2.11). This action also reproduces the tachyon matter dust expected from string field theory [47]. It includes consistently the gauge field such that on top of the tachyon potential (at T = 0) the action reduces to a U(1) × U(1) DBI action for brane anti-brane. In this picture, the tachyon is a string that stretches between the brane and the anti-brane. It has charge +1 under the brane gauge field and −1 under the anti-brane gauge field. Hence it really is charged under a linear combination of the two U(1)s that we denote U(1)_− with gauge field A^− = A^1 − A^2.

To get the exact coupling between the tachyon and the inflaton one must apply T-duality to this action. T-duality acts on the worldsheet states by replacing α̃ by −α̃ (and correspondingly for the fermionic modes). One can work out how the spacetime fields behave under such a transformation (for a complete treatment see [48]). The tachyon is inert since it is the ground state and it has no oscillator dependence. The gauge fields on the other hand transform into scalar fields A_I → Φ^I /λ. We use greek letters to denote worldvolume coordinates and capitalized latin letters for the transverse coordinates. The distance between the brane and the anti-brane is a vector φ^I = Φ^{(1)I} −Φ^{(2)I} and it is T-dual to A^− (we also denote Φ^{(1)} = Φ_{D3} and Φ^{(2)} = Φ_{D3}). We use capital Φ here to distinguish between the canonically normalized fields used in the text.

– 20 –

From the form of the tachyon action (A.1), one can easily see that the interesting coupling we are after, φ^2T^2, is coming in the square root term in the covariant derivative of the tachyon. Since T is inert, the potential V(T) remains unchanged as one goes from the D9D9 down to lower dimensional branes. In particular it does not depend on φ. Nevertheless, the determinant splits into two parts after the T-duality transformation, a determinant over wordvolume fields and a determinant over transverse fields [49]. We can factorize the second determinant and incorporate it inside the potential. One can calculate the general expression for the action [50] but for the purpose of this paper we give the answer for a block diagonal E_{μI} = 0, no gauge field A = 0 and a real tachyon T = T̄ . S = −τ_p ∫ d^{p+1}x V (T )V^′(T, φ^I )

(_2 ∑ i=1 √ −det A^{(i)} ) + C.S., (A.2)

where

A^{(i)} = E_{μν} + ∂_μΦ^{(i),K} ∂_ν Φ^{(i),J} E_{KJ} + 1 detQ ∂_μT ∂_ν T , Q^I_J = δ^I_J + φ^I φ^K T^2E_{KJ}

λ^2 , V^′(T, φ^I ) = √ detQ^I_J .

If one expands V (T )V^′(T, φ^I ), one finds the correct mass term as expected from perturbative string theory:

V (T )V^′(T, φ^I ) ≈ 1 +

T^2 2 ( − 1 2α^′ + φ^I φ^J E_{IJ} 4π^2α^{′2} ) (A.3)

The Chern-Simons term can be evaluated, it is

C.S. = −τ_pg_s ∫ V (T )(P [C_{p+1}(Φ_{D3})] − P [C_{p+1}(Φ_{D3})]) (A.4)

where the coupling to lower dimensional forms are zero for a vanishing gauge field, and for a real tachyon.

A.2 Action in the KS Background and Comparison to Inflaton Potential

We use the metric (2.2) and turn on only one scalar field in the radial direction of the AdS. We denote by Φ^{(r)}_{D3} the position of the D3-brane and Φ^{(r)}_{D3} is the position of the anti-brane (φ their difference as before). For this metric (and with B_{rr} = 0),

detQ = 1 + φ^2T^2h^{−2} λ^2

– 21 – and the action reduces to:

S = − τ_3 ∫ d^4xV (T )h^4a^3 √ 1 + φ^2T^2h^{−2} λ^2 √ 1 − Φ̇^{(r)2}_{D3} h^{−4} − λ^2h^{−2}Ṫ^2 λ^2 + φ^2T^2h^{−2}

(A.5)

+ τ_3 ∫ a^3V (T )h^4 + (Φ^{(r)}_{D3} → Φ^{(r)}_{D3})

where the last term is short-hand for the action repeated for the anti-brane. Note that in this expression, the warp factor needs to be evaluated at the position of the D3- brane and the anti-D3-brane respectively, so h = h(Φ_{D3}) ≈ h(r) and h(Φ_{D3}) = h_A. Let us check that this has the correct asymptotic behavior for large φ. Since the anti-brane sits naturally at the bottom of the throat Φ_{D3} = Φ_A and Φ̇_{D3} = 0, and Φ̇_{D3} = φ̇. Both the kinetic and Chern-Simons terms for the anti-brane contribute a constant. Now, far from the tip we can use the metric (2.2) and T = 0 and V (T ) = 1, so that S = −τ_3 ∫ d^4xa^3 ( h^4 √ 1 − φ̇^2h^{−4} + 2h^4_A − h^4 ) (A.6)

Note that the evaluation of the Chern-Simons term relies on the KS-type background, where only C_4 contributes, and the relationship between C_4 and the warp factor is imposed by the supergravity equations. This is similar to (2.1), up to the normalization ϕ̇ = φ̇/ √ τ_3. The other difference comes in the potential where V_0 = 2τ_3h^4_A but the ϕ^2 term and the coulombic part are missing. For φ > √ α^′ we should expect that quantum effects in the open string theory are important. Indeed one can calculate the open string 1-loop diagram (the cylinder amplitude) to find the coulombic piece of the potential. Alternatively one can account for the coulombic part by calculating the tree level exchange of closed strings (also the cylinder amplitude). In both cases the results are the same, and one generates a coulombic potential for φ [34]. A third method [3] is to calculate the perturbation of the background metric due to an extra brane, put the perturbed metric into the brane action, and calculate the potential. This process recovers the coulombic piece and gives the same origin for the constant piece (from the D3 action) as did the reduction that gave Eq.(A.6). The result above is to be expected if we take Sen’s “open-string completeness conjecture” [29, 51] seriously. If we ask what the appropriate action is as the brane moves down the throat, then far from the anti-brane Eq.(2.1) is valid. But as the branes approach within a string length, more and more closed string modes contribute significantly. Rather than calculating all of those contributions, it is much simpler to switch to the action that contains the tachyon field, and which we know correctly reproduces the end point of the brane annihilation. Furthermore, the action gives the expected answer when the branes are far apart, but one must compensate for the disappearance of the tachyon field by including the corrections from closed

– 22 – string exchange. We expect the coulombic potential to be modified around distances of string length (see [52] for a discussion of this) and then smoothly goes to zero.

The quadratic term for V (φ), as was mentioned already, comes from various interactions and quantum effects that are not included in our calculation above. This piece must be added by hand. This is reasonable since the mass term is not related to the brane anti-brane interaction. We expect that this term will depend on the position of the brane, but not the brane anti-brane separation. Therefore the complete correct action is reproduced once quantum corrections are included and the m^2ϕ^2/2 term is added.

At small φ, open string analysis is trustable (for φ) and we do not have a coulombic quantum correction. On the other hand we have a tachyon. One might wonder if the mass term for φ remains unchanged. We do not see any reasons to expect any significant changes but more work is needed here to completely elucidate this question. This is further addressed in the last section of this appendix. Putting the brane separation exactly equal to zero, one gets :

S = −2τ_3 ∫ d^4xV (T )h^4_Aa^3 √ 1 − h^{−2}_A Ṫ^2 (A.7)

This reproduces (2.12).

A.3 Small φ Action

We are interested in the limit where φ is small but not zero. We also want to keep track of at least one of the angular direction. Since φ is small the AdS approximation is no longer sufficient [53]. The full metric close to the tip is just R^{3,1} × R^3 × S^3:

ds^2 = h^2_Ag_{μν} dx^μdx^ν + h^{−2}_A ( ϵ^{4/3} 2^{5/3}3^{1/3} dτ^2 + dΩ^2_3 + τ^2dΩ^2 ) (A.8)

Where ϵ = h^{3/2}_A 2^{1/4}a^{3/8}_0 (g_sMα^′)^{3/4} is the deformation parameter and a_0 = 0.71805. At the tip of the throat, τ = 0 and the S^2 shrinks to zero size. We refer to τ as the radial direction, since it can be related to the usual radial coordinate by:

r − r_0 = 1 2^{5/6}3^{1/6} ϵ^{2/3}τ ( 1 + τ^2 18 + ... ) (A.9)

The basic point can be illustrated by considering only a single component other than τ. Choosing the longitudinal angle ψ of the S^3, the metric is

ds^2 = h^2_Ag_{μν} dx^μdx^ν + h^{−2}_A ϵ^{4/3}(2/3)^{1/3} ( 1 4 dτ^2 + dψ^2 + · · · ) (A.10)

Here ψ is the usual azimuthal coordinate in an S^3 ranging from 0 to π, and one can verify that the radius of the S^3 (R^2_{S3} = ϵ^{4/3}(2/3)^{1/3} = h^2_A2^{2/3}3^{−1/3}a^{1/2}o (g_sMα^′))

– 23 – is larger than the warped string length when g_sM > 1 . Note that τ and ψ are dimensionless. We define fields with dimension of length φ^τ = R_S3 τ/2 and φ^ψ = R_S3 ψ. The factor of two is for convenience.

For small distances the warp factor is essentially constant h ∼ h_A. With Φ̇_{D3} ≈ 0 the action is S = − ∫ d^4xV (T )V^′(T, φ^I )τ_3h^4_Aa^3 (√ 1 − φ̇^Iφ̇^J E_{IJ} h^{−2}_A − h^{−2}_A Ṫ^2 (A.11) + √ 1 − h^{−2}_A Ṫ^2 ) + V (Φ^τ )

where

V^′(T, φ^I ) = √ 1 + φ^I φ^J E_{IJ} T^2

λ^2

. (A.12)

We assume that the quadratic piece in the potential V (Φ^τ ) only depends the radial part of the brane position, while the angular part is protected by symmetry.

The position fields should be canonically normalized (at T = 0, and assuming φ^I ≈ Φ^I_{D3}): ϕ = φ^τ √ τ_3 + ϕ_A (A.13) σ = φ^ψ √ τ_3

Note that we added ϕ_A, which corresponds to r_0 in (A.9). The action is S = − ∫ d^4xV (T )V^′(T, ϕ, σ)τ_3h^4_Aa^3 (√ 1 − ϕ̇^2h^{−4}_A τ^{−1}_3 − σ̇^2h^{−4}_A τ^{−1}_3 − h^{−2}_A Ṫ^2 (A.14) + √ 1 − h^{−2}_A Ṫ^2 ) + V (ϕ, σ) , where

V (T )V^′(T, ϕ, σ) = 1 cosh(

√_1

2α^′ T )

√ 1 + ((ϕ − ϕ_A)^2 + σ^2)h^{−2}_A τ^{−1}_3 T^2

(2πα^′)^2

, (A.15)

and V (ϕ, σ) is the quadratic piece. This is indeed the standard expected form, and examining the expansion of V^′(T, φ^I ) establishes that the brane separation depends essentially on σ (the angular position on the S^3) at the end of the throat. This may be illustrated by picturing the brane moving on a cylinder (the subspace R^1 × S^1 at the bottom of the throat) whose radius is larger than the warped string length. This is shown in Figure 2.

– 24 –

Figure 2: A schematic illustration of the brane position on a simple space R^1 × S^1. The anti-brane prefers energetically to sit at τ = 0, while the brane moves toward it along the surface of the cylinder (along the dashed blue line connecting the branes). In calculating the brane/anti-brane separation the angular position of the brane is at least as important as the radial position, since the radius (and therefore the circumference) of the S^1 is larger than the red-shifted string length.

A.4 The Potential

A key point for the results presented here is that the brane separation is not the primary inflaton. To keep the problem simple, we also assume that some components of the brane position are partially protected by symmetries, making them effectively irrelevant during most of inflation. These claims are based on several technical points, and there is some difficulty in knowing the exact inflaton trajectory in the six-dimensional space, related to the difficulty in determining the mass term exactly. We must address the contributions to the inflaton mass from the Kähler potential and the non-perturbative superpotential, as well as compactification effects.

To begin, suppose that we have simply a D3-brane moving in the conifold. This is a non-compact Calabi-Yau space that has SU(2) × SU(2) isometry. In such a space the D3-brane position is a modulus with a flat potential. Upon embedding this cone in a full flux stabilized compactification, we expect to generate a mass term for the position of the D3-brane [3]. This term comes from mixing between the position of the D3-brane and the Kähler moduli, and from distortions of the background geometry due to the brane position, which feed into non-perturbative contributions to the mass [54]. This last effect was originally computed as quantum corrections to the Kähler potential [55] but was reproduced in a much simpler and

– 25 – enlightening calculation in [54]. Because this picture gives a cleanly geometric view of the effect, it is clear that it is the position of the brane relative to certain 4-cycles, and not relative to the anti-brane, that enters. Also, one expects that the anti-brane in no way cancels the effect, since it provides an energy density that would similarly distort the cycles.

A geometric picture for the Kähler potential is less clear in realistic cases. In general, one might expect some nearly flat directions simply from the fact that fields (certainly the Kähler and complex structure moduli and probably the brane position) naturally enter the Kähler potential as (ϕ − ϕ̄). It is this term that we expect to generate a large mass for the radial direction, but not for the angles. A simple example supporting this picture is considered in [56]. However, it is well known that compact Calabi-Yau spaces do not have exact isometries, so the discussion for simple spaces may be misleading. Discussions of these issues can be found in [57]. This question is also helpfully addressed in the appendix of [58], where the effective masses generated by compactifying and breaking the isometries of the conifold are estimated. The mass term generated for all components in this way is suppressed relative to other effects by the warping at the tip of the throat. This can be intuitively understood since the process of compactification involves more distant, bulk effects, while the fluxes involved in moduli stabilization for the throat (and so the primary mass term) are local and preserve the isometries.

In summary, it is difficult to give a simple expression for the inflationary trajectory in terms of the brane coordinates because there are many contributions to the quadratic piece of the potential. However, it seems quite reasonable that the combination of the brane position moduli that enters into the mass term is different from the DD separation, which is all that is needed for additional density perturbations to be generated. If some directions (e.g. the angles) are not somewhat protected, then the problem may become a true multi-field model which is messier to deal with, and would almost certainly make different predictions than those calculated so far. In that sense, our analysis here may be only the tip of the iceberg.

References

[1] G. R. Dvali and S.-H. H. Tye, Brane inflation, Phys. Lett. B450 (1999) 72, [hep-ph/9812483].

[2] C. P. Burgess, M. Majumdar, D. Nolte, F. Quevedo, G. Rajesh, and R. Zhang, The inflationary brane-antibrane universe, JHEP 07 (2001) 047, [hep-th/0105204].

[3] S. Kachru, R. Kallosh, A. Linde, J. Maldacena, L. McAllister, and S. P. Trivedi, Towards inflation in string theory, JCAP 0310 (2003) 013, [hep-th/0308055].

[4] E. Silverstein and D. Tong, Scalar speed limits and cosmology: Acceleration from dcceleration, Phys. Rev. D70 (2004) 103505, [hep-th/0310221].

– 26 –

[5] M. Alishahiha, E. Silverstein, and D. Tong, Dbi in the sky, Phys. Rev. D70 (2004) 123505, [hep-th/0404084].

[6] S. E. Shandera and S. H. H. Tye, Observing brane inflation, JCAP 0605 (2006) 007, [hep-th/0601099].

[7] N. Barnaby, C. P. Burgess, and J. M. Cline, Warped reheating in brane-antibrane inflation, JCAP 0504 (2005) 007, [hep-th/0412040].

L. Kofman and P. Yi, Reheating the universe after string theory inflation,

hep-th/0507257.

D. Chialva, G. Shiu, and B. Underwood, Warped reheating in multi-throat brane inflation, JHEP 01 (2006) 014, [hep-th/0508229].

L. Leblond, On the production of open strings from brane anti-brane annihilation, JHEP 01 (2006) 033, [hep-th/0510261].

X.-G. Chen and S. H. H. Tye, Heating in brane inflation and hidden dark matter,

hep-th/0602136.

[8] S. Sarangi and S.-H. H. Tye, Cosmic string production towards the end of brane inflation, Phys. Lett. B536 (2002) 185, [hep-th/0204074].

E. J. Copeland, R. C. Myers, and J. Polchinski, Cosmic f- and d-strings, JHEP 06 (2004) 013, [hep-th/0312067].

H. Firouzjahi, L. Leblond, and S. H. Henry Tye, The (p,q) string tension in a warped deformed conifold, hep-th/0603161.

[9] A. Mazumdar, S. Panda, and A. Perez-Lorenzana, Assisted inflation via tachyon condensation, Nucl. Phys. B614 (2001) 101–116, [hep-ph/0107058].

[10] A. V. Frolov, L. Kofman, and A. A. Starobinsky, Prospects and problems of tachyon matter cosmology, Phys. Lett. B545 (2002) 8–16, [hep-th/0204187]. M. C. Bento, O. Bertolami, and A. A. Sen, Tachyonic inflation in the braneworld scenario, Phys. Rev. D67 (2003) 063511, [hep-th/0208124].

Y.-S. Piao, R.-G. Cai, X.-m. Zhang, and Y.-Z. Zhang, Assisted tachyonic inflation, Phys. Rev. D66 (2002) 121301, [hep-ph/0207143].

[11] D. Cremades, F. Quevedo, and A. Sinha, Warped tachyonic inflation in type iib flux compactifications and the open-string completeness conjecture, JHEP 10 (2005) 106, [hep-th/0505252].

[12] D. H. Lyth and A. Riotto, Generating the curvature perturbation at the end of inflation in string theory, astro-ph/0607326.

[13] A. Sen, Tachyon matter, JHEP 07 (2002) 065, [hep-th/0203265].

[14] L. Leblond and S. H. H. Tye, Stability of d1-strings inside a d3-brane, JHEP 03 (2004) 055, [hep-th/0402072].

[15] J. Polchinski, Open heterotic strings, hep-th/0510033.

– 27 –

[16] A. D. Linde and V. F. Mukhanov, Nongaussian isocurvature perturbations from inflation, Phys. Rev. D56 (1997) 535–539, [astro-ph/9610219].

[17] G. Dvali, A. Gruzinov, and M. Zaldarriaga, A new mechanism for generating density perturbations from inflation, Phys. Rev. D69 (2004) 023505, [astro-ph/0303591].

[18] N. Barnaby and J. M. Cline, Nongaussian and nonscale-invariant perturbations from tachyonic preheating in hybrid inflation, Phys. Rev. D73 (2006) 106012, [astro-ph/0601481].

[19] D. H. Lyth, Generating the curvature perturbation at the end of inflation, JCAP 0511 (2005) 006, [astro-ph/0510443].

[20] F. Bernardeau, L. Kofman, and J.-P. Uzan, Modulated fluctuations from hybrid inflation, Phys. Rev. D70 (2004) 083004, [astro-ph/0403315].

[21] D. H. Lyth and Y. Rodriguez, The inflationary prediction for primordial nongaussianity, Phys. Rev. Lett. 95 (2005) 121302, [astro-ph/0504045].

[22] X. Chen, M.-x. Huang, S. Kachru, and G. Shiu, Observational signatures and non-gaussianities of general single field inflation, hep-th/0605045.

[23] S. Kecskemeti, J. Maiden, G. Shiu, and B. Underwood, Dbi inflation in the tip region of a warped throat, JHEP 09 (2006) 076, [hep-th/0605189].

[24] G. Shiu and B. Underwood, Observing the geometry of warped compactification via cosmic inflation, hep-th/0610151.

[25] R. Bean, S. Shandera, H. Tye, and J. Xu, Work in progress.

[26] H. Firouzjahi and S. H. H. Tye, Brane inflation and cosmic string tension in superstring theory, JCAP 0503 (2005) 009, [hep-th/0501099].

[27] X. Chen, Multi-throat brane inflation, Phys. Rev. D71 (2005) 063506, [hep-th/0408084].

X. Chen, Inflation from warped space, JHEP 08 (2005) 045, [hep-th/0501184].

[28] S. H. H. Tye, Brane inflation: String theory viewed from the cosmos,

hep-th/0610221.

[29] A. Sen, Tachyon dynamics in open string theory, Int. J. Mod. Phys. A20 (2005) 5513–5656, [hep-th/0410103].

[30] K. Ohmori, A review on tachyon condensation in open string field theories,

hep-th/0102085.

[31] A. Sen, Rolling tachyon, JHEP 04 (2002) 048, [hep-th/0203211].

[32] P. Kraus and F. Larsen, Boundary string field theory of the DD-bar system, Phys.

Rev. D63 (2001) 106004, [hep-th/0012198].

– 28 –

[33] T. Takayanagi, S. Terashima, and T. Uesugi, Brane-antibrane action from boundary string field theory, JHEP 03 (2001) 019, [hep-th/0012210].

[34] N. T. Jones and S.-H. H. Tye, An improved brane anti-brane action from boundary superstring field theory and multi-vortex solutions, JHEP 01 (2003) 012, [hep-th/0211180].

[35] J. A. Minahan, Rolling the tachyon in super BSFT, JHEP 07 (2002) 030, [hep-th/0205098].

S. Sugimoto and S. Terashima, Tachyon matter in boundary string field theory, JHEP 07 (2002) 025, [hep-th/0205085].

[36] J. Raeymaekers, Tachyonic inflation in a warped string background, JHEP 10 (2004) 057, [hep-th/0406195].

[37] L. Pogosian, S.-H. H. Tye, I. Wasserman, and M. Wyman, Observational constraints on cosmic string production during brane inflation, Phys. Rev. D68 (2003) 023506, [hep-th/0304188].

[38] D. Wands, K. A. Malik, D. H. Lyth, and A. R. Liddle, A new approach to the evolution of cosmological perturbations on large scales, Phys. Rev. D62 (2000) 043527, [astro-ph/0003278].

[39] M. Sasaki and E. D. Stewart, A general analytic formula for the spectral index of the density perturbations produced during inflation, Prog. Theor. Phys. 95 (1996) 71–78, [astro-ph/9507001].

[40] D. Baumann and L. McAllister, A microscopic limit on gravitational waves from d-brane inflation, hep-th/0610285.

[41] X.-G. Chen, Running non-gaussianities in dbi inflation, astro-ph/0507053.

[42] P. Creminelli, L. Senatore, and M. Zaldarriaga, Estimators for local non-gaussianities, astro-ph/0606001.

[43] A. Dymarsky, I. R. Klebanov, and N. Seiberg, On the moduli space of the cascading su(m+p) x su(p) gauge theory, JHEP 01 (2006) 155, [hep-th/0511254].

[44] T. Matsuda, Generating the curvature perturbation with instant preheating,

hep-th/0610232.

[45] T. Matsuda, Brane inflation without slow-roll, astro-ph/0610402.

[46] M. R. Garousi, Tachyon couplings on non-bps d-branes and dirac-born-infeld action, Nucl. Phys. B584 (2000) 284–299, [hep-th/0003122].

[47] A. Sen, Dirac-born-infeld action on the tachyon kink and vortex, Phys. Rev. D68 (2003) 066008, [hep-th/0303057].

– 29 –

[48] A. Giveon, M. Porrati, and E. Rabinovici, Target space duality in string theory, Phys. Rept. 244 (1994) 77–202, [hep-th/9401139].

[49] R. C. Myers, Dielectric-branes, JHEP 12 (1999) 022, [hep-th/9910053].

[50] M. R. Garousi, D-brane anti-d-brane effective action and brane interaction in open string channel, JHEP 01 (2005) 029, [hep-th/0411222].

[51] A. Sen, Remarks on tachyon driven cosmology, Phys. Scripta T117 (2005) 70–75, [hep-th/0312153].

[52] S. Sarangi and S. H. H. Tye, Inter-brane potential and the decay of a non-bps-d-brane to closed strings, Phys. Lett. B573 (2003) 181–192, [hep-th/0307078].

[53] I. R. Klebanov and M. J. Strassler, Supergravity and a confining gauge theory:

Duality cascades and chisb-resolution of naked singularities, JHEP 08 (2000) 052, [hep-th/0007191].

[54] D. Baumann et. al., On d3-brane potentials in compactifications with fluxes and wrapped d-branes, hep-th/0607050.

[55] M. Berg, M. Haack, and B. Kors, Loop corrections to volume moduli and inflation in string theory, Phys. Rev. D71 (2005) 026005, [hep-th/0404087].

[56] C. Angelantonj, R. D’Auria, S. Ferrara, and M. Trigiante, K3 x t**2/z(2) orientifolds with fluxes, open string moduli and critical points, Phys. Lett. B583 (2004) 331–337, [hep-th/0312019].

[57] S. E. Shandera, Slow roll in brane inflation, JCAP 0504 (2005) 011, [hep-th/0412077].

L. McAllister, An inflaton mass problem in string inflation from threshold corrections to volume stabilization, JCAP 0602 (2006) 010, [hep-th/0502001].

[58] O. DeWolfe, S. Kachru, and H. L. Verlinde, The giant inflaton, JHEP 05 (2004) 017, [hep-th/0403123].

– 30 –