arXiv:hep-th/0610333 v2 6 Nov 2006

October, 2006 UMDEPP 06–055 Bicocca–FT–06–17 hep-th/0610333

New massive supergravity multiplets

S. James Gates, Jr.^{†1}, Sergei M. Kuzenko^{‡2} and Gabriele Tartaglino-Mazzucchelli^{⋆3}

†Center for String and Particle Theory Department of Physics, University of Maryland College Park, MD 20742-4111 USA

‡School of Physics M013, The University of Western Australia 35 Stirling Highway, Crawley W.A. 6009, Australia

⋆Dipartimento di Fisica, Università degli studi Milano-Bicocca and INFN, Sezione di Milano-Bicocca, piazza della Scienza 3, I-20126 Milano, Italy

Abstract We present new off-shell formulations for the massive superspin-3/2 multiplet. In the massless limit, they reduce respectively to the old minimal (n = −1/3) and non-minimal (n ≠ −1/3, 0) linearized formulations for 4D N = 1 supergravity. Duality transformations, which relate the models constructed, are derived.

1E-mail address: gatess@wam.umd.edu 2E-mail address: kuzenko@cyllene.uwa.edu.au 3E-mail address: gabriele.tartaglino@mib.infn.it Address after November 15, 2006: School of Physics M013, The University of Western Australia, 35 Stirling Highway, Crawley W.A. 6009, Australia.

1 Introduction

Four-dimensional N = 1 supergravity exists in several off-shell incarnations. They differ in the structure of their auxiliary fields and, as a consequence, in their matter couplings to supersymmetric matter. It is an ancient tradition^4 to label the off-shell N = 1 supergravity formulations by a parameter n, with its different values corresponding to the following supergravity versions: (i) non-minimal (n ≠ −1/3, 0) [3, 2, 4]; (ii) old minimal (n = −1/3) [5, 6]; (iii) new minimal (n = 0) [7]. Comprehensive reviews of these formulations can be found in [8, 9]. At the linearized level, there also exists a third minimal realization for the massless (3/2, 2) supermultiplet [10], which is reminiscent of the new minimal formulation. The three minimal formulations and the non-minimal series turn out to comprise all possible ways to realize the irreducible massless superspin-3/2 multiplet as a gauge theory of a real axial vector H_a (gravitational superfield) and special compensator(s) [11]. Somewhat unexpectedly, a proliferation of off-shell formulations emerges in the massive case.

On the mass shell, there is a unique way to realize the massive superspin-3/2 multiplet (or massive graviton multiplet) in terms of a real (axial) vector superfield H_a. The corresponding equations [12, 9, 10] are:

(□ − m^2)H_{αα̇} = 0 , D^αH_{αα̇} = 0 , D^{α̇}H_{αα̇} = 0 =⇒ ∂^{αα̇}H_{αα̇} = 0 . (1.1)

It turns out that no action functional exists to generate these equations if H_{αα̇} is the only dynamical variable [10]. However, such an action can be constructed if one allows for auxiliary superfields φ with the property that the full mass shell is equivalent to the equations (1.1) together with φ = 0. Several supersymmetric models with the required properties have been proposed [10, 13, 14]. In particular, for each of the three minimal formulations for linearized supergravity, massive extensions have been derived [13, 14]. By applying superfield duality transformations to these theories, one generates three more models [14] two of which originally appeared in [10].

The present paper continues the research initiated in [10, 13, 14]. We propose new off-shell formulations for the massive superspin-3/2 multiplet. In particular, we derive two new massive extensions of old minimal supergravity, which possess quite interesting properties, as well as a massive extension of non-minimal supergravity.

4It goes back to 1977 when the prepotential formulation for N = 1 superfield supergravity was first developed [1, 2].

2 Minimal supergravity multiplets and their massive extensions

In this section, we review the linearized actions for the three minimal supergravity formulations, and recall their massive extensions proposed in [13, 14]. These massive actions possess nontrivial duals [10, 14], which are collected in the Appendix.

2.1 Minimal supergravity multiplets

Throughout this paper, we use a reduced set [11] of the superprojectors [15] for the gravitational superfield H_{αα̇}:

Π^L_0 H_{αα̇} = − 1 32 ∂_{αα̇} □^2

{D^2, D^2}∂^{ββ̇} H_β˙_β , (2.1)

Π^L1_2 H_{αα̇} = 1 16 ∂_{αα̇} □^2

D^γ D^2D_γ ∂^{ββ̇} H_β˙_β , (2.2)

Π^T1_2 H_{αα̇} = 1 48 ∂^β_{α̇} □^2 [ D_βD^2D^γ ∂^{β̇}_{(α} H_{γ)}˙_β + D_αD^2D^γ ∂^{β̇}_{(β} H_{γ)}˙_β ] , (2.3)

Π^T_1 H_{αα̇} = 1 32 ∂^β_{α̇} □^2

{D^2, D^2}∂^{β̇}_{(α} H_{β)}˙_β , (2.4)

Π^T3_2 H_{αα̇} = − 1 48 ∂^β_{α̇} □^2

D^γ D^2D_{(γ} ∂^{β̇}_α H_{β)}˙_β . (2.5)

Here the superscripts L and T denote longitudinal and transverse projectors, while the subscripts 0, 1/2, 1, 3/2 stand for superspin. Given a local linearized action functional of H_{αα̇}, it can be expressed in terms of superprojectors using the following identities:

D^γ D^2D_γ H_{αα̇} = −8□ ( Π^L1_2 + Π^T1_2 + Π^T3_2 ) H_{αα̇} , (2.6)

∂_{αα̇}∂^{ββ̇} H_β˙_β = −2□(Π^L_0 + Π^L1_2 )H_{αα̇} , (2.7) ⌊⌈D_α, D_{α̇}⌋⌉⌊⌈D^β , D^{β̇}⌋⌉H_β˙_β = 8□ ( Π^L_0 − 3 Π^T1_2 ) H_{αα̇} , (2.8) □H_{αα̇} = □ ( Π^L_0 + Π^L1_2 + Π^T1_2 + Π^T_1 + Π^T3_2 ) H_{αα̇} , (2.9)

The linearized action for old minimal (type I) supergravity is

S^{(I)}[H, σ] = ∫ d^8z { H^{αα̇}□ (1 2 Π^T3_2 − 1 3 Π^L_0 ) H_{αα̇} − i(σ − σ)∂^{αα̇}H_{αα̇} − 3σσ } . (2.10)

Here σ is the chiral compensator, D_{α̇}σ = 0.

The linearized action for new minimal (type II) supergravity is

S^{(II)}[H, U] = ∫ d^8z { H^{αα̇}□ (1 2 Π^T3_2 − Π^T1_2 ) H_{αα̇} + 1 2 U[D_α, D_{α̇}]H^{αα̇} + 3 2 U^2 } . (2.11) 3

Here U is the real linear compensator, D^2U = 0.

Type III supergravity is known at the linearized level [10] only. The corresponding action is

S^{(III)}[H, U] = ∫ d^8z { H^{αα̇}□ (1 2 Π^T3_2 + 1 3 Π^L1_2 ) H_{αα̇} + U∂_{αα̇}H^{αα̇} + 3 2 U^2 } . (2.12)

Similarly to (2.11), here U the real linear compensator, D^2U = 0.

2.2 Massive extensions

As demonstrated in [13, 14], consistent massive extensions of the supersymmetric theories (2.10), (2.11) and (2.12) can be obtained simply by adding mass terms for the gravitational superfield and for a gauge potential associated with the compensator, with the latter being treated as a gauge-invariant field strength.

Consider first the off-shell massive supergravity multiplet derived in [13]. The chirality constraint on the compensator σ in (2.10) can always be solved in terms an unconstrained real superfield [16]: σ = − 1 4 D^2P , σ = − 1 4 D^2P , P = P . (2.13)

Then, the massive extension of (2.10), which was proposed in [13], is

S^{(I)}_{mass}[H, P ] = S^{(I)}[H, σ] − 1 2 m^2 ∫ d^8z { H^{αα̇}H_{αα̇} − 9 2 P^2 } . (2.14)

The supergravity formulations (2.11) and (2.12) involve the real linear compensator U. The constraint on U can be solved as follows [17]:

U = D^αχ_α + D_{α̇}χ^{α̇} , D_{α̇}χ_α = 0 ,

with χ_α an unconstrained chiral spinor. Adopting χ_α and χ̄_{α̇} as independent dynamical variables to describe the compensator, the new minimal model (2.11) possesses the massive extension [14]

S^{(II)}_{mass}[H, χ] = S^{(II)}[H, U] − 1 2 m^2 ∫ d^8z H^{αα̇}H_{αα̇} + 3m^2 { ∫ d^6z χ^2 + c.c. } . (2.15)

Similarly, the type III model (2.12) possesses the following massive extension [14]

S^{(III)}_{mass}[H, χ] = S^{(III)}[H, U] − 1 2 m^2 ∫ d^8z H^{αα̇}H_{αα̇} − 9m^2 { ∫ d^6z χ^2 + c.c. } . (2.16)

3 New massive supergravity multiplets

In the previous section we have reviewed several known formulations for the massive superspin-3/2 multiplet. They constitute massive extensions of the minimal supergravity formulations with 12 + 12 off-shell degrees of freedom. Now, we are going to obtain a massive extension of the non-minimal supergravity formulation with 20 + 20 off-shell degrees of freedom. In the notation of [9], the linearized action for nonminimal supergravity [2] is as follows:

S^{NM}[H, Σ] = ∫ d^8z [ − 1 16 H^{αα̇}D^βD^2D_βH_{αα̇} + n + 1 8n (∂_{αα̇}H^{αα̇})^2 + n + 1 32 ([D_α, D_{α̇}]H^{αα̇})^2 −

(n + 1)(3n + 1) 4n iH^{αα̇}∂_{αα̇}(Σ − Σ) − 3n + 1 4 H^{αα̇}(D_αD_{α̇}Σ − D_{α̇}D_αΣ) + (3n + 1)^2 4n ΣΣ +

9n^2 − 1 8n (Σ^2 + Σ^2) ] =

= ∫ d^8z [ 1 2 H^{αα̇}□ ( Π^T3_2 +

(n + 1)^2 2n Π^L_0 +

3n + 1 2n Π^L1_2 −

3n + 1 2 Π^T1_2 ) H_{αα̇} − (n + 1)(3n + 1) 4n iH^{αα̇}∂_{αα̇}(Σ − Σ) +

(3n + 1)^2 4n ΣΣ − 3n + 1 4 H^{αα̇}(D_αD_{α̇}Σ − D_{α̇}D_αΣ) +

9n^2 − 1 8n (Σ^2 + Σ^2) ] , (3.1)

Here n ≠ −1/3, 0, and the compensator Σ is a complex linear superfield obeying the only constraint D^2Σ = 0. For simplicity, the parameter n is chosen in (3.1) to be real, see [2, 4] for the general case of complex n.

From the point of view of massive supergravity, the non-minimal formulation appears to be quite special. It turns out that there is no consistent massive extension of the theory (3.1) obtained by adding mass terms for the gravitational superfield and for the gauge spinor potential Ψ_α associated with the non-minimal compensator Σ = D^αΨ_α.^5 This fact is in obvious contrast with the minimal supergravity formulations discussed in the previous section. We will come back to a discussion of these points in section 4.

5Note that, of course, the unconstrained superfield prepotential superfield Ψ^α is not chiral, unlike χ_α in the new minimal case.

3.1 Massive extensions of old minimal supergravity

To derive a massive extension of (3.1), one can try to employ the idea that the old minimal and non-minimal supergravity formulations are dually equivalent, see e.g. [8, 9] for reviews. In order to apply duality considerations in the massive case, however, it is necessary to have an appropriate massive extension of the action (2.10). It turns out that the formulation (2.14) is not well suited.

Therefore, as a first step, let us actually derive a new massive extension of the old minimal supergravity formulation (2.10). As compared with (2.14), such an extension appears to be more natural, for the chiral compensator is defined through an unconstrained complex superfields F : σ = − 1 4 D^2F , σ = − 1 4 D^2F . (3.2)

We choose the simplest ansatz for the massive action:

S̃^{(I)}_{mass}[H, F ] = S^{(I)}[H, σ] − m^2 ∫ d^8z {1 2 H^{αα̇}H_{αα̇} − aF F } , (3.3)

with a ≠ 0 a real constant.

To prove that (3.3) indeed describes a massive superspin-3/2 multiplet, for a special value of the parameter a, we study the corresponding equations of motion:

0 = □ ( − 2 3 Π^L_0 + Π^T3_2 ) H_{αα̇} + i∂_{αα̇}(σ − σ) − m^2H_{αα̇} , (3.4)

0 = i 4 D^2∂^{αα̇}H_{αα̇} − 3 16 D^2D^2F + a m^2F , (3.5)

0 = − i 4 D^2∂^{αα̇}H_{αα̇} − 3 16 D^2D^2F + a m^2F . (3.6)

Since a ≠ 0 and m ≠ 0, the equations (3.5) and (3.6) imply D_{α̇}F = D_αF = 0. Now, we can use the identity^1_{16} D^2D^2 +^1_{16} D^2D^2 +^1_8 D_αD^2D^α = □, in order to rewrite eqs. (3.5) and (3.6) as 0 = i 4 D^2∂^{αα̇}H_{αα̇} − 3□F + a m^2F , (3.7)

0 = − i 4 D^2∂^{αα̇}H_{αα̇} − 3□F + a m^2F . (3.8)

Next, by applying^i_4 D^2∂^{αα̇} to eq. (3.4) and making use of eq. (3.7), we arrive at □ (2a 3 − 3 ) F + a m^2F = 0 . (3.9) 6

Choosing a ≡^9_2 gives F = 0 = F on the mass shell. After that, eqs. (3.7) and (3.8) give Π^L_0 H_{αα̇} = 0. Finally, by applying to equation (3.4) respectively the projectors Π^L1_2 , Π^T1_2 and Π^T_1 we find

Π^L1_2 H_{αα̇} = Π^T1_2 H_{αα̇} = Π^T_1 H_{αα̇} = 0 . (3.10)

The only non-zero projected component is Π^T_{32} H_{αα̇} which is now equal to H_{αα̇} and, once simplified equation (3.4), results to satisfy the Klein-Gordon equation. All the previous relations imply that on-shell H_{αα̇}, satisfy equations (1.1), and it describes the irreducible massive superspin-3/2 multiplet. The final action is:

S̃^{(I)}_{mass}[H, F ] = S^{(I)}[H, σ] − 1 2 m^2 ∫ d^8z { H^{αα̇}H_{αα̇} − 9F F } , (3.11)

with σ expressed via F according to (3.2).

The model constructed, eq. (3.11), can be related to that given in (2.14). Indeed, let us consider the following nonlocal field redefinition (compare with [9]): F = − 1 4 D^2 □ σ + φ + 1 √ 2 (U + i V) . (3.12)

Here σ and φ are chiral scalars, D_{α̇}σ = D_{α̇}φ = 0, while U and V are real linear superfields,

D^2U = D^2V = 0 , U = U , V = V . (3.13)

We then have ∫ d^8z F F = 1 2 ∫ d^8z (P^2 + V^2) , (3.14)

where P = − 1 4 D^2 □ σ − 1 4 D^2 □ σ + U , V = φ + φ + V (3.15)

are unconstrained real superfields. It is obvious that σ = −^1_4 D^2F = −^1_4 D^2P . Let us implement the field redefinition (3.12) in the action (3.11). This gives

S̃^{(I)}_{mass}[H, F ] = S^{(I)}_{mass}[H, P ] + 9 4 m^2 ∫ d^8z V^2 . (3.16)

Since V is unconstrained and appears in the action without derivatives, it can be integrated out. This amounts to setting to zero the second term in (3.16).

It is worth saying a few more words about the two solutions, eqs. (2.13) and (3.2), to the chirality constraint in terms of unconstrained superfields. Parametrization

(3.2) for the chiral compensator is known to lead to the standard auxiliary fields of minimal supergravity (S, P, A_a). If one instead parametrizes σ according to (2.13), the set of auxiliary fields becomes (S, C_{abc}, A_a). This set includes a gauge threeform C_{abc}, instead of the scalar P . The latter actually occurs as a gauge-invariant field strength associated with C_{abc}. It perhaps is worth noting that this three-form in four dimensions though non-dynamical may be regarded as the truncation of the well-known similar dynamical field that occurs in 11D supergravity and M-theory.

The theory with action (3.11) can be used to construct a dual formulation, in a manner similar to the approach advocated in [14]. Instead of imposing eq. (3.2) as a kinematic constraint, one can generate it as an equation of motion by means of the introduction of an unconstrained complex Lagrange multiplier Y . Consider the following auxiliary action:

S = S^{(I)}[H, σ] + ∫ d^8z [ − 1 2 m^2H^{αα̇}H_{αα̇} + 9 2 m^2F F +3m Y (1 4 D^2F + σ ) + 3m Y (1 4 D^2F + σ )] . (3.17)

Here σ is a chiral superfield unrelated to F . Varying Y and Y enforces the constraints (3.2), and then we are clearly back to (3.11). On the other hand, if we integrate out F and F using their equations of motions 3 2 mF + 1 4 D^2Y = 0 , 3 2 mF + 1 4 D^2Y = 0 , (3.18)

and introduce the chiral superfield χ = −^1_4 D^2Y and its conjugate χ = −^1_4 D^2Y , we arrive at the following dual action S = ∫ d^8z [ H^{αα̇}□ (1 2 Π^T3_2 − 1 3 Π^L_0 ) H_{αα̇} − i(σ − σ)∂^{αα̇}H_{αα̇} − 3σσ − 1 2 m^2H^{αα̇}H_{αα̇} − 2 χχ ] + 3m ∫ d^6z χ σ + 3m ∫ d^6z̄ χ σ . (3.19)

This dynamical system is quite interesting in its own rights. Unlike the massive models (2.14) and (3.11), the above formulation involves only the chiral compensator of old minimal supergravity, and not its gauge potential. The mass generation becomes possible due to the presence of a second chiral superfield. In a sense, one can also interpret (3.19) as a coupling of the gravitational superfield to a massive N = 2 hypermultiplet.

The explicit structure of action (3.19) explains why all attempts have failed to construct a Lagrangian formulation for the massive superspin-3/2 multiplet solely in terms of the old minimal supergravity prepotentials H_a, σ and σ.

3.2 Massive extension of non-minimal supergravity

Up to now we have considered massive extensions of old minimal and new minimal supergravity. Here we would like to address the problem of deriving a massive extension of linearized non-minimal supergravity [2, 4, 8, 9]. This goal can be achieved by performing a different duality transformation starting from (3.11).

In the action (3.17), the superfield σ is chiral by construction. Enforcing the equation of motion for Y constrains F to be related to σ according to (3.2). Clearly, in analogy with the action (A.1), we can actually remove the chirality constraint imposed on σ and choose this superfield to be unconstrained complex off the mass shell. Note also that, in such a setting, we can write a more general action that should reduce to (3.17) once σ is constrained to be chiral, namely^6 S = ∫ d^8z [ H^{αα̇}□ (1 2 Π^T3_2 − 1 3 Π^L_0 ) H_{αα̇} + (2a − 1)(S − S)i∂^{αα̇}H_{αα̇} + aS D^αD^{α̇}H_{αα̇} − aS D^{α̇}D^αH_{αα̇} − 3SS − b 3 2 (S^2 + S^2) − 1 2 m^2H^{αα̇}H_{αα̇} + 9 2 m^2F F + 3m Y (1 4 D^2F + S ) + 3m Y (1 4 D^2F + S )] . (3.20)

Clearly, varying Y and Y gives S = σ = −^1_4 D^2F and the conjugate relation, and then we are still back to (3.3). Instead if we integrate out S, F and their conjugates, using their equations of motion F = − 1 6m D^2Y , 0 = −S − bS − (2a − 1) 3 i∂_{αα̇}H^{αα̇} − a 3 D_{α̇}D_αH^{αα̇} + mY , (3.21)

which imply S = a 6(b + 1)

[D_α, D_{α̇}]H^{αα̇} +

(a − 1) 3(b − 1) i∂_{αα̇}H^{αα̇} + m b^2 − 1

(b Y − Y ) , (3.22)

we arrive at the following action (defining Σ = mY and χ = −^1_4 D^2Y ): S = ∫ d^8z { 1 2 H^{αα̇}□ [ Π^T3_2 + ( 4a2 3(b + 1) − 4(a − 1)^2 3(b − 1) − 2 3 ) Π^L_0

6One can actually consider even more general action by letting the parameter a and b to be complex, a(S D^αD^{α̇}H_{αα̇} − S D^{α̇}D^αH_{αα̇}) → (aS D^αD^{α̇}H_{αα̇} − aS D^{α̇}D^αH_{αα̇}) and b(S^2 + S^2) → (bS^2 + b S̄^2). For simplicity, we restrict our consideration to the case a = a and b = b.

− 4(a − 1)^2 3(b − 1)

Π^L1_2 −

4a^2 b + 1

Π^T1_2 ] H_{αα̇} − 1 2 m^2H^{αα̇}H_{αα̇} + (2a − b − 1 b^2 − 1 ) (Σ − Σ)i∂^{αα̇}H_{αα̇} + a b + 1

H^{αα̇}(D_αD_{α̇}Σ − D_{α̇}D_αΣ) + 3b 2(b^2 − 1)

(Σ^2 + Σ^2) − 3 b^2 − 1 ΣΣ − 2χχ } , (3.23)

with the dynamical variables χ and Σ constrained as follows:

D_{α̇}χ = 0 , − 1 4 D^2Σ = m χ . (3.24)

These constraints describe a chiral–non-minimal (CNM) doublet [18] (see also [19] for recent results on the quantum beahviour of CNM multiplets). We have thus constructed a CNM formulation for massive supergravity. In particular, it is easy to see that the choice a = − 1 2 , b = − 3n − 1 3n + 1

(3.25)

corresponds to

S^{NM}_{mass} = ∫ d^8z [ − 1 16 H^{αα̇}D^βD^2D_βH_{αα̇} + n + 1 8n (∂_{αα̇}H^{αα̇})^2 + n + 1 32 ([D_α, D_{α̇}]H^{αα̇})^2 −

(n + 1)(3n + 1) 4n iH^{αα̇}∂_{αα̇}(Σ − Σ) − 3n + 1 4 H^{αα̇}(D_αD_{α̇}Σ − D_{α̇}D_αΣ) +

(3n + 1)^2 4n ΣΣ + 9n^2 − 1 8n (Σ^2 + Σ^2) − 1 2 m^2H^{αα̇}H_{αα̇} − 2 χχ ] , (3.26)

with χ and Σ constrained as in (3.24). This model can be recognized to be the desired massive extension of non-minimal supergravity (3.1). Since we have derived (3.26) by applying a superfield duality transformation to (3.11), the two theories are equivalent and describe the massive superspin-3/2 multiplet.

One can also obtain the non-minimal formulation (3.26), (3.24) using a slightly different path. The linearized supergravity actions (2.10) and (3.1) are known to be dual to each other. The duality proceeds, say, by making use of the auxiliary action

S[H, Σ, σ] = S^{NM}[H, Σ] − 3 ∫ d^8z [ σΣ + σΣ ] , (3.27)

where σ is chiral and Σ is unconstrained. Varying σ in (3.27) makes Σ linear and then we are back to linearized non-minimal supergravity described by (3.1). Instead, integrating out Σ and Σ leads to the old minimal supergravity action (2.14).

Now, in order to find a massive extension of (3.1), we can start directly from the above action (3.27) extended in the following way

S_m[H, Σ, σ, χ] = S^{NM}[H, Σ] + ∫ d^8z [ − 3(σΣ + σΣ) − 1 2 m^2H^{αα̇}H_{αα̇} − 2 χχ ]

+ 3m ∫ d^6z χ σ + 3m ∫ d^6z χ σ , (3.28)

where χ is chiral. Integrating out Σ and Σ, we arrive at the action (3.19) which is known to be dual to linearized old minimal supergravity (2.14). Instead, integrating out σ and σ leads to the massive non-minimal formulation (3.26), (3.24).

Let us analyse the compensator sector of (3.26) which is obtained by setting H_a = 0. Up to a sign, it corresponds to a massive chiral–non-minimal (CNM) multiplet [18]. Such a multiplet can be viewed as the mechanism to generate a mass for the complex linear superfield Σ in the presence of a chiral superfield χ by means of a consistent deformation of the off-shell constraint: D^2Σ = 0 → D^2Σ = −4mχ. The CNM multiplet is know to be dual to a pair of chiral superfields having a Dirac mass term of the form (m ∫ d^6z σχ + c.c.); this multiplet is sometimes called chiral-chiral (CC). The compensator sector of (3.19) is clearly described by a CC multiplet. It is worth pointing out that CNM multiplets are ubiquitous in N = 2 supersymmetry in the framework of projective superspace; see [20, 21, 22, 23] for references on 4D projective superspace and also [24] for extensions to 5 and 6 dimensions.

We close the section by observing that in the CC and CNM massive supergravity formulations developed, see eqs. (3.19) and (3.23)–(3.26) respectively, the mass parameter m can be easily promoted to become complex. This is different from the previously known formulation described in the Appendix, and could be a relevant property when trying to extend these multiplets to extra-dimensions in particular for the D > 5 case.

4 Discussion

In this work, we have continued (and hopefully completed) a program of the exploration of the structure of massive linearized 4D N = 1 superfield supergravity models. One of the points of this continued effort is to establish a number of benchmarks for other purposes.

First, it is known that closed superstring theories and M-theory, when truncated to four dimensions, must possess massive spin-2 (and higher) multiplets in a low-energy effective action. Thus our effort is part of the long-term program begun in references [10, 11] to gain a systematic understanding first of the massive superspin-3/2 system and later all of arbitrary 4D N = 1 higher spin multiplets.

Second, massive theories are also interesting to study as a step toward the realization of higher values of D as shown in the work of [25, 26]. There a successful approach was given in the case of 5D supergravity. However, to date no successful extension of this construction is known for higher values of D. Thus, this present effort also is a probe for furthering this program of constructing (at least) linearized versions of all higher D supergravity theories in terms of 4D, N = 1 superfields.

We have presented the first successful description of the massive version of linearized non-minimal 4D N = 1 superfield supergravity. As well we have obtained results that show signs of N = 2 supermultiplet being very relevant to this course of study. This result is important in a way that may also open a new view of the five-dimensional theory. The version of the 5D theory constructed in [25] only possesses 5D Lorentz invariance on-shell. This is manifest in the fact that though the physical spinors in the work by Linch, Luty and Phillips [25] are proper 5D spinors, the auxiliary spinors in the work are not. The supergravity multiplet in this work is described by the old minimal supergravity theory given in [16]. This possesses no auxiliary spinors. A distinguishing point of our present work is that by describing the supergravity multiplet in terms of non-minimal supergravity, there opens the possibility to contruct a 5D extension where the auxiliary spinors also describe off-shell 5D spinors.

Conceptually, the structure of the massive non-minimal action (3.26) differs considerably from the massive minimal models (2.14), (2.15) and (2.16), in the sense that (3.26) does not involve any mass term for the gauge spinor potential Ψ_α associated with the non-minimal compensator Σ = D^αΨ_α. To explain this feature, let us consider the massive extensions of old minimal supergravity (2.14), (3.11) and (3.19). These three actions look identical in the sector involving the gravitational superfield. Their parts involving the compensators only, obtained by setting H_a = 0, look quite different. Nevertheless, they all share one important common feature: on the mass shell, they describe two free massive superspin-0 multiplets. The same property holds for the compensator sector of the non-minimal action (3.26). That is, it describes a free massive N = 2 hypermultiplet, or two free massive N = 1 superspin-0 multiplets. Let us now introduce a massive extension for the compensator part of (3.1). This is as follows [9]: S = − ∫ d^8z [ Σ Σ + ζ 2 (Σ^2 + Σ^2) + 2m(Ψ^αΨ_α + Ψ_{α̇}Ψ^{α̇}) ] , (4.1) 12 with ζ a parameter. Unlike the compensator sector of (3.26), this action describes a single superspin-0 multiplet, since the equations of motion imply − 1 4 D^2Σ + mΣ = 0 . (4.2)

As a result, the action (4.1) can not be used for generating a massive extension of linearized non-minimal supergravity. It is worth pointing out that in the massless case, the parameter ζ can take arbitrary values except ±1 [18]. In the massive case, no restriction on ζ occurs, since the corresponding term in (4.1) can be completely removed by a field redefinition Ψ_α → Ψ_α + (λ/m)D^2Ψ_α, with λ a parameter.

To conclude this paper, we would like to comment upon a subtle property of the massless action (3.1) in respect to the classification of linearized supergravity models given in [11]. The linearized action for non-minimal supergravity is defined for n ≠ −1/3, 0. Looking at the second form for the action (3.1), in terms of the superprojectors, one clearly sees that the case n = −1 is very special. In this and only this case, the action involves only three superprojectors. The latter feature appears to be in a seeming contradiction with the theorem in [11] that there are no irreducible supergravity multiplets with three superprojectors in the action. Fortunately, this contradiction can be readily resolved if one recalls the structure of the linearized gauge transformations in non-minimal supergravity [9]:

δH_{αα̇} = D_{α̇}L_α − D_αL_{α̇} , δΣ = − 1 4 n + 1 3n + 1

D^2D^αL_α − 1 4 D_{α̇}D^2L^{α̇} , (4.3)

with L_α an unconstrained gauge parameter. As may be seen, the gauge freedom allows one to completely gauge away the complex linear compensator Σ provided n ≠ −1. This is no longer true for n ≠ −1 (in which case the compensator can be gauged away on the mass shell only).^7 On the other hand, the classification given in [11] applies to those off–shell realizations for the massless superspin-3/2 multiplet, which can be formulated solely in terms of the gravitational superfield upon gauging away the compensator(s).

We hope that the present work has brought the topic of massive off-shell superspin- 3/2 multiplets to the same level of completeness as that existing for the massive gravitino multiplets [14, 28].

7This property of n = −1 supergravity is generic within the so-called gauge transversal formulation for massless multiplets of half-integer superspin Y ≥ 3/2 [27]. The transversal series terminates at Y = 3/2 at the n = −1 formulation for non-minimal supergravity.

Acknowledgements:

The work of S.J.G. is support by the U.S. National Science Foundation under grant PHY-0353301, the endowment of the John S. Toll Professorship and the CSPT. The work of S.M.K. is supported by the Australian Research Council and by a UWA research grant. G.T.-M. is partially supported by INFN, PRIN prot. 2005-024045- 004 and the European Commision RTN program MRTN-CT-2004-005104.

A Dual actions

In this appendix, we collect the dual formulations for the massive minimal models given subsection 2.2 following [14].

The theory with action S^{(I)}mass[H, P ], eq, (2.14), possesses a dual formulation. Let us introduce the “first-order” action S_{Aux} = ∫ d^8z { H^{αα̇}□ (1 2 Π^T3_2 − 1 3 Π^L_0 ) H_{αα̇} − 1 2 m^2H^{αα̇}H_{αα̇} − U∂^{αα̇}H_{αα̇} − 3 2 U^2 + 9 4 m^2P^2 + 3mV ( U + i 4 D^2P − i 4 D^2P )} , (A.1)

where U and V are real unconstrained superfields. Varying V brings us back to (2.14). On the other hand, we can eliminate U and P using their equations of motion. With the aid of (2.7), this gives

S^{(IB)}[H, P ] = ∫ d^8z { H^{αα̇}□ (1 2 Π^T3_2 + 1 3 Π^L1_2 ) H_{αα̇} − 1 2 m^2H^{αα̇}H_{αα̇} − 1 16 V {D^2, D^2}V − mV ∂^{αα̇}H_{αα̇} + 3 2 m^2V^2 } . (A.2)

This is one of the two formulations for the massive superspin-3/2 multiplet constructed in [10].

The theory (2.15) also admits a dual formulation. Let us consider the following “first-order” action S_{Aux} = ∫ d^8z { H^{αα̇}□ (1 2 Π^T3_2 − Π^T1_2 ) H_{αα̇} − 1 2 m^2H^{αα̇}H_{αα̇} + 1 2 U[D_α, D_{α̇}]H^{αα̇} + 3 2 U^2 −6mV ( U − D^αχ_α − D_{α̇}χ^{α̇} )} + 3m^2 { ∫ d^6z χ^αχ_α + c.c. } , (A.3)

in which U and V are real unconstrained superfields. Varying V gives the original action (2.15). On the other hand, we can eliminate the independent scalar U and chiral spinor χ_α variables using their equations of motion. With the aid of (2.8) this gives

S^{(IIB)}[H, V ] = ∫ d^8z { H^{αα̇}□ (1 2 Π^T3_2 − 1 3 Π^L_0 ) H_{αα̇} − 1 2 m^2H^{αα̇}H_{αα̇} +mV [D_α, D_{α̇}]H^{αα̇} − 6m^2V^2 } − 6 ∫ d^6z W^αW_α , (A.4)

where W_α = −^1_4 D^2D_αV is the vector multiplet field strength. The theory with action (A.4) was constructed in [14].

Finally, to construct a dual formulation for the theory (2.16), let us introduce the “first-order” action S_{Aux} = ∫ d^8z { H^{αα̇}□ (1 2 Π^T3_2 + 1 3 Π^L1_2 ) H_{αα̇} − 1 2 m^2H^{αα̇}H_{αα̇} + U∂_{αα̇}H^{αα̇} + 3 2 U^2 +3mV ( U − D^αχ_α − D_{α̇}χ^{α̇} )} − 9m^2 { ∫ d^6z χ^αχ_α + c.c. } , (A.5)

in which U and V are real unconstrained superfields. Varying V gives the original action (2.16). On the other hand, we can eliminate the independent real scalar U and chiral spinor χ_α using their equations of motion. With the aid of (2.7) this gives

S^{(IIIB)}[H, V ] = ∫ d^8z { H^{αα̇}□ (1 2 Π^T3_2 − 1 3 Π^L_0 ) H_{αα̇} − 1 2 m^2H^{αα̇}H_{αα̇} −mV ∂_{αα̇}H^{αα̇} − 3 2 m^2V^2 } + 1 2 ∫ d^6z W^αW_α , (A.6)

with a vector multiplet field strength W_α. This is one of the two formulations for the massive superspin-3/2 multiplet constructed in [10].

References

[1] W. Siegel, “Supergravity superfields without a supermetric,” Harvard preprint HUTP-77/A068; “A polynomial action for a massive, self-interacting chiral superfield coupled to supergravity,” Harvard preprint HUTP-77/A077; “The superfield supergravity action,” Harvard preprint HUTP-77/A080; “A derivation of the supercurrent superfield,” Harvard preprint HUTP-77/A089; “Solution to constraints in Wess-Zumino supergravity formalism,” Nucl. Phys. B 142 (1978) 301; “Superconformal invariance of superspace with nonminimal auxiliary fields,” Phys. Lett. B 80 (1979) 224.

[2] W. Siegel and S. J. Gates Jr., “Superfield supergravity,” Nucl. Phys. B 147 (1979) 77.

[3] P. Breitenlohner, “A geometric interpretation of local supersymmetry,” Phys.

Lett. B 67 (1977) 49; “Some invariant Lagrangians for local supersymmetry,” Nucl. Phys. B 124 (1977) 500.

[4] S. J. Gates Jr. and W. Siegel, “Understanding constraints in superspace formulations of supergravity,” Nucl. Phys. B 163, 519 (1980).

[5] J. Wess and B. Zumino, “Superspace formulation of supergravity,” Phys. Lett. B 66 (1977) 361; R. Grimm, J. Wess and B. Zumino, “Consistency checks on the superspace formulation of supergravity,” Phys. Lett. B 73 (1978) 415; J. Wess and B. Zumino, “Superfield Lagrangian for supergravity,” Phys. Lett. B 74 (1978) 51. [6] K. S. Stelle and P. C. West, “Minimal auxiliary fields for supergravity,” Phys.

Lett. B 74 (1978) 330; S. Ferrara and P. van Nieuwenhuizen, “The auxiliary fields of supergravity,” Phys. Lett. B 74 (1978) 333.

[7] V. P. Akulov, D. V. Volkov and V. A. Soroka, “On general covariant theories of gauge fields on superspace. Theor. Mat. Phys. 31 (1977) 12; M. F. Sohnius and P. C. West, “An alternative minimal off-shell version of N=1 supergravity,” Phys. Lett. B 105 (1981) 353.

[8] S. J. Gates Jr., M. T. Grisaru, M. Roček, and W. Siegel, Superspace, Benjamin/Cummings Publishing Co., Inc. (Reading, MA), 1983 [hep-th/0108200].

[9] I. L. Buchbinder and S. M. Kuzenko, Ideas and Methods of Supersymmetry and Supergravity, IOP, Bristol, 1998.

[10] I. L. Buchbinder, S. J. Gates Jr., W. D. Linch III, J. Phillips, “New 4D, N=1 superfield theory: Model of free massive superspin 3/2 multiplet.” Phys. Lett. B 535 (2002) 280 [hep-th/0201096].

[11] S. J. Gates Jr., S. M. Kuzenko and J. Phillips, “The off-shell (3/2,2) supermultiplets revisited,” Phys. Lett. B 576 (2003) 97 [hep-th/0306288].

[12] E. Sokatchev, “Projection operators and supplementary conditions for superfields with an arbitrary spin,” Nucl. Phys. B 99 (1975) 96.

[13] T. Gregoire, M. D. Schwartz and Y. Shadmi, “Massive supergravity and deconstruction,” JHEP 0407 (2004) 029 [hep-th/0403224].

[14] I. L. Buchbinder, S. J. Gates Jr., S. M. Kuzenko and J. Phillips, “Massive 4D, N = 1 superspin 1 and 3/2 multiplets and dualities,” JHEP 0502 (2005) 056 [hep-th/0501199].

[15] S. J. Gates Jr. and W. Siegel, “Superprojectors,” Nucl. Phys. B 189 (1981) 295.

[16] S. J. Gates Jr. and W. Siegel, “Variant superfield representations,” Nucl. Phys.

B 187 (1981) 389.

[17] W. Siegel, “Gauge spinor superfield as a scalar multiplet,” Phys. Lett. B 85 (1979) 333.

[18] B. B. Deo and S. J. Gates Jr. “Comments on nonminimal N=1 scalar multiplets,” Nucl. Phys. B254 (1985) 187.

[19] G. Tartaglino-Mazzucchelli, “Quantization of N = 1 chiral/nonminimal (CNM) scalar multiplets and supersymmetric Yang-Mills theories,” Phys. Lett. B 599 (2004) 324 [hep-th/0404222].

[20] A. Karlhede, U. Lindström and M. Roček, “Self-interacting tensor multiplets in N=2 superspace,” Phys. Lett. 147B (1984) 297; U. Lindström and M. Roček, “New hyperkahler metrics and new supermultiplets,” Commun. Math. Phys. 115 (1988) 21; “N=2 Super Yang-Mills theory in projective superspace,” Commun. Math. Phys. 128 (1990) 191.

[21] S. V. Ketov, “New self-interaction for N = 2 multiplets in 4d and ultraviolet finiteness of two-dimensional N = 4 sigma-models,” in Proceedings of the International Seminar Group Theory Methods in Physics, (Urmala, USSR, May 1985) Nauka, Moscow, Vol. 1, p. 87; S. V. Ketov and B. B. Lokhvitsky, “Some generalizations of N=2 Yang-Mills matter couplings,” Class. Quant. Grav. 4 (1987) L137; S. V. Ketov, B. B. Lokhvitsky and I. V. Tyutin, “Hyperkahler sigma models in extended superspace,” Theor. Math. Phys. 71 (1987) 496 [Teor. Mat. Fiz. 71 (1987) 226].

[22] F. Gonzalez-Rey, M. Roček, S. Wiles, U. Lindstrom and R. von Unge, “Feynman rules in N = 2 projective superspace. I: Massless hypermultiplets,” Nucl. Phys. B516 (1998) 426 [hep-th/9710250]; F. Gonzalez-Rey and R. von Unge, “Feynman rules in N = 2 projective superspace. II: Massive hypermultiplets,” Nucl. Phys. B516 (1998) 449 [hep-th/9711135]; F. Gonzalez-Rey, “Feynman rules in N = 2 projective superspace. III: Yang-Mills multiplet,” hep-th/9712128.

[23] S. M. Kuzenko, “Projective superspace as a double-punctured harmonic superspace,” Int. J. Mod. Phys. A14 (1999) 1737 [hep-th/9806147]; S. J. Gates and S. M. Kuzenko, “The CNM-hypermultiplet nexus”, Nucl. Phys. B543 (1999) 122 [hep-th/9810137]; S. J. Gates, T. Hübsch, S. M. Kuzenko, “CNM models, holomorphic functions and projective superspace c-map”, Nucl.Phys. B557 (1999) 443 [hep-th/9902211]; S. J. Gates and S. M. Kuzenko, “4D N = 2 supersymmetric off-shell sigma models on the cotangent bundles of Kähler manifolds”, Fortsch. Phys. 48 (2000) 115 [hep-th/9903013].

[24] J. Grundberg and U. Lindström, “Actions for linear multiplets in sixdimensions,” Class. Quant. Grav. 2 (1985) L33; S. M. Kuzenko, W. D. Linch III, “On five-dimensional superspaces,” JHEP 0602 (2006) 038 [hep-th/0507176]; S. J. Gates Jr., S. Penati and G. Tartaglino-Mazzucchelli, “6D supersymmetry, projective superspace and 4D, N = 1 superfields,” JHEP 0605 (2006) 051 [hepth/0508187]; S. M. Kuzenko, “On compactified harmonic/projective superspace, 5D superconformal theories, and all that,” Nucl. Phys. B 745 (2006) 176 [hepth/0601177]; “On superpotentials for nonlinear sigma-models with eight supercharges,” Phys. Lett. B 638 (2006) 288 [hep-th/0602050]; S. J. Gates Jr., S. Penati, G. Tartaglino-Mazzucchelli, “6D supersymmetric nonlinear sigma-models in 4D, N=1 superspace” JHEP 0609 (2006) 006 [hep-th/0604042].

[25] W. D. Linch III, M. A. Luty and J. Phillips, “Five dimensional supergravity in N = 1 superspace,” Phys. Rev. D 68 (2003) 025008 [hep-th/0209060].

[26] S. J. Gates Jr., W. D. Linch III and J. Phillips, “Field strengths of linearized 5D, N = 1 superfield supergravity on a 3-brane,” JHEP 0502 (2005) 036 [hepth/0311153].

[27] S. M. Kuzenko, A. G. Sibiryakov and V. V. Postnikov, “Massless gauge superfields of higher half integer superspins,” JETP Lett. 57 (1993) 534.

[28] V. I. Ogievetsky and E. Sokatchev, “Superfield equations of motion,” J. Phys.

A 10 (1977) 2021; R. Altendorfer and J. Bagger, “Dual supersymmetry algebras from partial supersymmetry breaking,” Phys. Lett. B 460 (1999) 127 [hepth/9904213]; I. L. Buchbinder, S. J. Gates Jr., W. D. Linch III, J. Phillips, “Dynamical superfield theory of free massive superspin-1 multiplet,” Phys. Lett. B 549 (2002) 229 [hep-th/0207243]; S. J. Gates Jr. and S. M. Kuzenko, “4D, N = 1 gauge massless higher spin superfields and quantized twistors,” JHEP 0510 (2005) 008 [hep-th/0506255].