arXiv:hep-th/0610336v2 9 Jan 2007

KU-TP 009 hep-th/0610336

Realizing Scale-invariant Density Perturbations in Low-energy Effective String Theory

Zong-Kuan Guo,^{1, ∗} Nobuyoshi Ohta,^{1, †} and Shinji Tsujikawa^{2, ‡} 1Department of Physics, Kinki University, Higashi-Osaka, Osaka 577-8502, Japan 2Department of Physics, Gunma National College of Technology, Gunma 371-8530, Japan (Dated: January 9, 2007)

We discuss the realization of inflation and resulting cosmological perturbations in the low-energy effective string theory. In order to obtain nearly scale-invariant spectra of density perturbations and a suppressed tensor-to-scalar ratio, it is generally necessary that the dilaton field ϕ is effectively decoupled from gravity together with the existence of a slowly varying dilaton potential. We also study the effect of second-order corrections to the tree-level action which are the sum of a Gauss-Bonnet term coupled to ϕ and a kinetic term (∇ϕ)^4. We find that it is possible to realize observationally supported spectra of scalar and tensor perturbations provided that the correction is dominated by the (∇ϕ)^4 term even in the absence of the dilaton potential. When the Gauss-Bonnet term is dominant, tensor perturbations exhibit violent negative instabilities on small-scales about a de Sitter background in spite of the fact that scale-invariant scalar perturbations can be achieved.

PACS numbers: 98.80.Cq, 98.80.Jk, 04.62.+v

I. INTRODUCTION

The constantly accumulating observational data including WMAP [1, 2], SDSS [3] and 2dF [4] have continued to confirm that primordial density perturbations are adiabatic and nearly scale-invariant. This is consistent with the prediction of inflationary paradigm which is based upon a scalar field with a slowly varying potential (see Refs. [5, 6, 7] for review).

So far there are many attempts to try to explain the origin of density perturbations in the context of string theory. For example, in the low-energy effective string theory, a dilaton field ϕ coupled to a scalar curvature R leads to a so-called Pre-Big-Bang phase during which superinflation occurs in the string frame [8]. In the Einstein frame, this corresponds to a contracting universe driven by the kinetic energy of the dilaton. In this case the spectrum of curvature perturbations is highly blue-tilted (n_R = 4) [9], thus incompatible with observations unless another scalar field such as axion works as a curvaton [10].

The ekpyrotic/cyclic scenarios [11] also lead to a contracting universe driven by a negative exponential potential. The perturbation spectra generated in these scenarios have been discussed by many authors (see e.g., [12]). In order for a pre-bounce growing mode of a scaleinvariant Bardeen potential Φ to survive long after the bounce, it is necessary that the pressure perturbation is directly proportional to a Bardeen potential, but this mode is not present for any known form of an ordinary matter [13]. Hence it is still a challenging task to realize scale-invariant density perturbations in bouncing cosmologies.

∗Electronic address: guozk@phys.kindai.ac.jp †Electronic address: ohtan@phys.kindai.ac.jp ‡Electronic address: shinji@nat.gunma-ct.ac.jp

Recently a number of authors have discussed the spectra of density perturbations in string-gas cosmology [14]. The authors in Refs. [14, 15] argued that a nearly scaleinvariant perturbation may be obtained in the Hagedorn regime seeded by a gas of strings in thermal equilibrium. In recent papers it was realized that the original models in Refs. [14] lead to a highly blue-tilted spectrum (n_R = 5) unless the dilaton is fixed in the Hagedorn phase [16, 17]. The coupling of the dilaton to gravity nontrivially changes the cosmological evolution and resulting density perturbations.

The above examples show that it is generally difficult to obtain nearly scale-invariant cosmological perturbations without using slow-roll inflation driven by a potential energy of a scalar field minimally coupled to gravity. In the low-energy effective string theory, the potential of the dilaton field is absent at the tree level, thus posing a difficulty to get slow-roll inflation. Moreover when the dilaton is coupled to a Ricci scalar, this has a significant effect on the spectrum of density perturbations as it happens in Pre-Big-Bang and string-gas cosmologies. It is known that in string theories there are higher-order quantum corrections, which can alter these results. However, the inflationary solutions and the resulting cosmological perturbations have not been studied much when these higher-order effects are present. It is thus important to examine what is the physical significance of these quantum corrections.

In this paper we study the possibility to achieve observationally supported cosmological perturbations in the low-energy string effective action with a dilaton coupling F (ϕ)R. Since both curvature and tensor metric perturbations are invariant under a conformal transformation in the absence of higher-order corrections, the demand for realizing scale-invariant spectra in the string frame and a suppressed tensor-to-scalar ratio corresponds to obtaining slow-roll inflation in the Einstein frame. This then requires the presence of a dilaton potential together with the condition that the dilaton is effectively decoupled from gravity when the perturbations on cosmologically relevant scales are generated.

We also take into account the higher-order corrections which are the sum of the contributions of a Gauss-Bonnet (GB) term and a kinetic term (∇ϕ)^4. When the (∇ϕ)^4 term is dominant, we find that it is in fact possible to realize observationally supported density perturbations even if the dilaton potential is absent. The reason why this “kinetic inflation” [18] can be successful is that inflation of a slow-roll type is realized in the Einstein frame, unlike the Pre-Big-Bang and ekpyrotic/cyclic models.

Inflation can be also realized when the GB term is present. However this does not necessarily mean that the models are compatible with observations. In fact, with several different choices of the coupling F (ϕ), we show that either of the following two cases occurs when the GB term is dominant:

(i) The power spectra of curvature and tensor perturbations are far from scale-invariant ones, or

(ii) While the spectra of scalar perturbations can be nearly scale-invariant, tensor perturbations exhibit negative instabilities on small scales which invalidates the assumption of linear perturbations.

Thus the GB-dominated inflation is generally problematic to generate observationally supported density perturbations from quantum fluctuations. However, we find that if the GB term is subdominant compared with the higher-order kinetic term, it is possible to obtain the density perturbations compatible with observations.

This paper is organized as follows. In Sec. II the formulae for the spectra of scalar and tensor metric perturbations are presented for the low-energy string effective action with higher-order correction terms. In Sec. III we discuss the transformation of the action to the Einstein frame and show the equivalence of perturbation spectra in both the string and Einstein frames. In Sec. IV we study the possibility to obtain scale-invariant cosmological perturbations in dilaton gravity without higherorder corrections. We consider general models without restricting the Pre-Big-Bang cosmology in the latter half of Sec. IV. We then investigate cosmological perturbations in the theories with higher-order kinetic terms (∇ϕ)^4 in Sec. V. Models with higher-order corrections which are the sum of the GB term and the (∇ϕ)^4 term are discussed in Sec. VI. Our new findings are the results presented in Sec. V and Sec. VI together with the latter half of Sec. IV. Sec. VII is devoted to conclusions.

II. COSMOLOGICAL PERTURBATIONS FOR A GENERAL ACTION

In this section, we first develop the formalism for analysing the density perturbations for a system with higher-order corrections. Specifically we consider the following general action S = ∫ d^4x √ −g [ 1 2 F (ϕ)R − 1 2 ω(ϕ)(∇ϕ)^2

−V (ϕ) + L_c ] , (1)

where ϕ is a scalar field with a potential V (ϕ), R is a Ricci scalar, F (ϕ) and ω(ϕ) are the functions of ϕ. In what follows, we use the unit κ^2 ≡ 8πG = 1 with G being gravitational constant. The Lagrangian L_c represents the contribution of higher-order corrections to be specified shortly.

In the weak coupling limit of the low-energy effective string theory, where the string coupling g^2_s ≡ e^ϕ is much smaller than unity, the action corresponds to F (ϕ) = e^{−ϕ}, ω(ϕ) = −e^{−ϕ}, and V (ϕ) = 0 [8, 19]. We only consider a dilaton field ϕ by assuming that other modulus fields corresponding to the size of extra dimensions are fixed through some mechanism.^1 The higherorder corrections L_c are the infinite sums of the series expansion with an expansion parameter α^′ = l^2_s , where l_s is the string length. We pick up lowest-order terms with which the equations of motion are second-order in fields [21, 22]:

L_c = − 1 2 α^′ξ(ϕ) [ c_1R^2_{GB} + c_2(∇ϕ)^4 ] , (2)

where R^2_{GB} = R^2 − 4R_{μν} R^{μν} + R_{αβμν} R^{αβμν} is the GB term. At the tree level, the coupling ξ(ϕ) and the coefficients c_1 and c_2 are

ξ(ϕ) = λe^{−ϕ} , c_1 = 1 , c_2 = −1 , (3)

where λ = −1/4, −1/8, 0 correspond to bosonic, heterotic and Type II superstrings, respectively. In what follows, we work in a unit α^′ = 1.

As the system enters a large coupling region characterized by g^2_s >∼ 1, it is expected that the forms of the functions F (ϕ), ω(ϕ) and ξ(ϕ) become more complicated than those given above. Moreover the potential of the dilaton may appear in order to stabilize the field. Hence we work on the general action (1) without restricting ourselves to the tree-level case.

In a flat Friedmann-Robertson-Walker (FRW) metric with a scale factor a, we obtain the following background equations [23, 24, 25]:

H^2 = 1 6F ( ωϕ̇^2 + 2V − 6HḞ + 2ρ_c ) , (4)

Ḣ = 1 2F ( −ωϕ̇^2 + HḞ − F̈ − ρ_c − p_c ) , (5)

ϕ̈ + 3Hϕ̇ + 1 2ω ( ω_{,ϕ}ϕ̇^2 − F_{,ϕ}R + 2V_{,ϕ} + T_c ) = 0 , (6)

1 See Refs. [20] for the the cosmological evolution in the presence of modulus fields.

where a dot represents the time derivative, ω_{,ϕ} ≡ dω/dϕ, H ≡ ȧ/a, and the correction terms are

ρ_c = 12c_1ξ̇H^3 − 3 2 c_2ξϕ̇^4, (7)

p_c = −4c_1[ξ̈H^2 + 2ξ̇H(Ḣ + H^2)] − 1 2 c_2ξϕ̇^4, (8)

T_c = 24c_1ξ_{,ϕ}(Ḣ + H^2)H^2

−c_2ϕ̇^2(3ξ̇ϕ̇ + 12ξϕ̈ + 12ξϕ̇H). (9)

Let us consider the following perturbed metric about a FRW background [26]:

ds^2 = −(1 + 2A)dt^2 + 2a∂_iBdx^idt +a^2 [(1 + 2ψ)δ_{ij} + 2∂_{ij} E + 2h_{ij} ] dx^idx^j ,(10)

where ∂_i represents the spatial partial derivative ∂/∂x^i and ∂_{ij} = ∇_i∇_j − (1/3)δ_{ij} ∇^2. We use lower case latin indices running over the 3 spatial coordinates. We note that A, B, ψ and E denote scalar metric perturbations, whereas h_{ij} represents tensor perturbations. We define the so-called comoving perturbation [27] R ≡ ψ − H ϕ̇ δϕ , (11) which is invariant under a gauge transformation. The Fourier modes of curvature perturbations satisfy [23, 24] 1 az^2 (az^2Ṙ)^· + c^2_R k^2 a^2

R = 0 , (12)

where k is a comoving wavenumber and

z^2 = a^2 ( ωϕ̇^2 +^{3(Ḟ +Q1 )2}

2F +Q_2 + Q3 ) ( H +^{Ḟ +Q1}

2F +Q_2

)_2 , (13)

c^2_R = 1 +

Q_4 +^{Ḟ +Q1}

2F +Q_2 Q5 + (_{Ḟ +Q1} 2F +Q_2

)_2

Q_6

ωϕ̇^2 +^{3(Ḟ +Q1 )2}

2F +Q_2 + Q3

, (14)

with

Q_1 = −4c_1ξ̇H^2, Q_2 = −8c_1ξ̇H, Q_3 = −6c_2ξϕ̇^4, Q_4 = 4c_2ξϕ̇^4, Q_5 = −16c_1ξ̇Ḣ, Q_6 = 8c_1(ξ̈ − ξ̇H). (15)

Introducing a new variable, v = zR, we find that Eq. (12) can be rewritten as v^{′′} + ( c^2_Rk^2 − z^{′′} z ) v = 0 , (16)

where a prime represents a derivative with respect to a conformal time τ = ∫ a^{−1}dt. When the evolution of z is given by z ∝ |τ|^q , one has z^{′′}/z = γ_R/τ^2 with γ_R = q(q−

1). In this case, if c^2_R is a positive constant, the solution for Eq. (16) can be written by using Hankel functions: v = √ π|τ| 2 [ c_1(k)H^{(1)}_{νR} (c_Rk|τ|) + c_2(k)H^{(2)}_{νR} (c_Rk|τ|) ] , (17)

where ν_R = √ γ_R + 1/4 = |q − 1/2|. We choose the coefficients to be c_1 = 0 and c_2 = 1, so that positive frequency solutions in a Minkowski vacuum are recovered in an asymptotic past. Since H^{(2)}_{νR} (c_Rk|τ|) → (i/π)Γ(ν_R)(c_Rk|τ|/2)^{−νR} for long wavelength perturbations (c_Rk|τ| ≪ 1), the curvature perturbation after the Hubble radius crossing is given by R = i √ |τ| 4z Γ(ν_R) Γ(3/2) ( c_Rk|τ| 2 )_{−νR} . (18)

The spectrum of the curvature perturbation is defined by P_R = k^3|R|^2/2π^2. Then we find

P_R = c^{−2νR} R Q_R ( H 2π )_2 ( 1 aH|τ| )_2 (

Γ(ν_R) Γ(3/2)

)_2 ( k|τ| 2 )_{3−2νR}

≡ A^2_R ( k|τ| 2 )_{3−2νR} , (19)

where Q_R ≡ ωϕ̇^2 +^{3(Ḟ +Q1)2}

2F +Q_2 + Q3 ( H +^{Ḟ +Q1}

2F +Q_2

)_2 . (20)

When ν_R = 0, we have an additional ln (k|τ|) factor. From Eq. (19) the spectral index of the power spectrum is n_R − 1 = 3 − 2ν_R = 3 − √ 4γ_R + 1 . (21)

Note that the scale-invariant spectrum (n_R = 1) corresponds to γ_R = 2 (or ν_R = 3/2).

We decompose tensor perturbations into eigenmodes of the spatial Lagrangian, ∇^2e_{ij} = −k^2e_{ij} , with scalar amplitude h(t), i.e., h_{ij} = h(t)e_{ij} , where e_{ij} have two polarization states. The Fourier modes of tensor perturbations satisfy [23, 24] 1 a^3Q_T

(a^3Q_T ḣ)^· + c^2_T k^2 a^2 h = 0 , (22)

where

Q_T = F +

Q_2 2 , c^2_T = 1 −

4c_1(ξ̈ − ξ̇H) F − 4c_1ξ̇H . (23)

Introducing new variables z_T = a √ Q_T and v_T = z_T h/2, Eq. (22) can be rewritten as v^{′′}_T + ( c^2_T k^2 − z^{′′}_T z_T ) v_T = 0 . (24)

The power spectrum of tensor perturbations is defined by P_T = 2 k^3|h|^2/2π^2 because of two polarization states of the graviton. If c^2_T is a positive constant and the evolution of z_T is given by z_T ∝ |τ|^{qT} , we obtain

P_T = 8c^{−2νT}_T Q_T ( H 2π )_2 ( 1 aH|τ| )_2 ( Γ(ν_T ) Γ(3/2)

)_2 ( k|τ| 2 )_{3−2νT}

≡ A^2_T ( k|τ| 2 )_{3−2νT} , (25)

where ν_T = √ γ_T + 1/4 with γ_T = q_T (q_T − 1). The spectral index of the power spectrum is

n_T = 3 − 2ν_T = 3 − √ 4γ_T + 1 . (26)

The tensor-to-scalar ratio is given by r ≡ A^2_T A^2_R = 8 ωϕ̇^2 +^{3(Ḟ +Q1)2}

2F +Q_2 + Q3 ( H +^{Ḟ +Q1}

2F +Q_2

)_2 (

F +^{Q2}_2 ) c^{2νR}_R c^{2νT}_T ( Γ(ν_T ) Γ(ν_R)

)_2 . (27)

We introduce the following quantities

ϵ_1 = − Ḣ H^2

, ϵ_2 = ϕ̈ Hϕ̇ , ϵ_3 = Ḟ 2HF , ϵ_4 = Ė 2HE , ϵ_5 =

Ḟ + Q_1 H(2F + Q_2)

, ϵ_6 = Q̇_T 2HQ_T , (28)

where E ≡ F ϕ̇2 [ ωϕ̇^2 +

3(Ḟ + Q_1)^2 2F + Q_2

+ Q_3 ] . (29)

Then the variable z^2 in Eq. (13) is given by

z^2 = ( aϕ̇ H(1 + ϵ_5)

)_2 E F . (30)

In what follows, we specialize to the case in which ϵ̇_i and ϵ̈_i terms vanish or the case in which they can be neglected compared to other terms (like slow-roll inflation). Since the conformal time is given by τ = −1/(aH(1 − ϵ_1)) in this case, we get z^{′′}/z = γ_R/τ^2 with

γ_R =

(1 + ϵ_1 + ϵ_2 − ϵ_3 + ϵ_4)(2 + ϵ_2 − ϵ_3 + ϵ_4) (1 − ϵ_1)^2

. (31)

Then the spectral index of scalar perturbations is given by n_R − 1 = 3 − | | | 3 + ϵ^1 + 2ϵ^2 − 2ϵ^3 + 2ϵ^4 1 − ϵ_1 | | | . (32)

The variable z_T for tensor perturbations satisfies the relation z^{′′}_T /z_T = γ_T /τ^2 with

γ_T =

(2 − ϵ_1 + ϵ_6)(1 + ϵ_6) (1 − ϵ_1)^2

. (33)

Hence the spectral index of tensor perturbations is

n_T = 3 − | | | 3 − ϵ^1 + 2ϵ^6

1 − ϵ_1 | | | . (34) When the conditions |ϵ_i| ≪ 1 hold, the above spectral indices are approximately given by

n_R − 1 = −2(2ϵ_1 + ϵ_2 − ϵ_3 + ϵ_4) , (35) n_T = −2(ϵ_1 + ϵ_6) . (36)

Since ν_R ≃ 3/2 ≃ ν_T in this case, the tensor-to-scalar ratio (27) reads

r = 8 ωϕ̇^2 +^{3(Ḟ +Q1 )2}

2F +Q_2 + Q3 ( H +^{Ḟ +Q1}

2F +Q_2

)_2 (

F +^{Q2}_2 ) ( c_R c_T )_3

. (37)

Let us consider the case in which the GB term is absent (c_1 = 0). Since Q_T = F and ϵ_6 = ϵ_3, one has n_T = −2(ϵ_1 + ϵ_3). From Eq. (5) we obtain the relation ωϕ̇^2/H^2F − 2c_2ξϕ̇^4/H^2F ≃ 2(ϵ_1 + ϵ_3). Then with the use of Eq. (14) the tensor-to-scalar ratio (37) is simply given by r = 16(ϵ_1 + ϵ_3)c_R. Hence we find

r = −8c_Rn_T (for c_1 = 0). (38)

When the c_2(∇ϕ)^4 term is absent, one has c_R = 1, thereby reducing to the standard consistency relation: r = −8n_T [7]. Provided that L_c = 0, this standard consistency relation holds even for scalar-tensor models characterized by the action (1) [24, 28].

III. EINSTEIN FRAME

The action (1) is transformed to the one in the Einstein frame by a conformal transformation [29]:

ĝ_{μν} = Ωg_{μν} , Ω = F , (39)

where a hat represents quantities in the Einstein frame. For later convenience, we write the correction term L_c as L_c = L_{GB} − (1/2)c_2ξ(ϕ)(∇ϕ)^4 , where L_{GB} is the contribution of the GB term. Then the action in the Einstein frame is

S_E = ∫ d^4x̂ √ −ĝ [ R̂ 2 + K(ϕ)X + L(ϕ)X^2

−V̂ (ϕ) + L̂_{GB} ] , (40) where X = −(1/2)( ^∇ϕ)^2 = (1/2)(dϕ/dt̂)^2 and K(ϕ) = 3 2 ( F_{,ϕ} F )_2 + ω F , (41)

L(ϕ) = −2c_2ξ(ϕ) , (42)

V̂ (ϕ) = V (ϕ)

F^2

. (43)

Let us introduce a perturbed metric in the Einstein frame:

dŝ^2 = Ωds^2

= −(1 + 2Â)dt̂^2 + 2â∂_iB̂dx̂^idt̂

+â^2 [ (1 + 2ψ̂)δ_{ij} + 2∂_{ij}Ê + 2ĥ_{ij} ] dx̂^idx̂^j . (44)

We decompose the conformal factor into the background and the perturbed part as

Ω(x, t) = Ω̄(t) ( 1 + δΩ(x, t) Ω̄(t) ) . (45)

Then the following relations are derived: â = a √ Ω, dt̂ = √ Ωdt, Ĥ = 1 √ Ω ( H + Ω̇ 2Ω ) , Â = A + δΩ 2Ω , ψ̂ = ψ + δΩ 2Ω , (46)

where a “bar” is dropped from the expression of Ω̄(t).

From these relations, one can show that the curvature perturbation in the Einstein frame coincides with that in the Jordan frame: R̂ ≡ ψ̂ − Ĥ dϕ̂/dt̂ δϕ̂ = ψ − H ϕ̇ δϕ = R . (47)

Since tensor perturbations are also invariant under a conformal transformation, the power spectra of scalar and tensor perturbations satisfy

P̂_R = P_R , P̂_T = P_T . (48)

We also note that the comoving wavenumber, k^2, is invariant under a conformal transformation (since in the Fourier space Δ = −k^2 is invariant). Hence the amplitudes and the spectral indices of power spectra based upon R and h_{ij} in the string frame coincide with those in the Einstein frame.

A. Models without the GB term (c1 = 0)

In this section, we investigate a situation in which the contribution of the GB term is absent [L̂_{GB} = 0 in Eq. (40)]. In order to derive n_R and other physical quantities for the action (40) without the GB term, it is sufficient to use the formula obtained in the previous section by replacing F (ϕ) → 1, ω(ϕ) → K(ϕ), c_1 → 0 and c_2ξ(ϕ) → −(1/2)L(ϕ). Introducing the following parameters

ϵ̂_1 = − dĤ/dt̂ Ĥ 2 , ϵ̂^2 = d^2ϕ/dt̂^2 Ĥ(dϕ/dt̂) , ϵ̂^4 = dÊ/dt̂ 2ĤÊ , (49)

where E = K + 6LX, the spectral index n_R of curvature perturbations is

n_R − 1 = 3 − | | | | 3 + ϵ̂_1 + 2ϵ̂_2 + 2ϵ̂_4

1 − ϵ̂_1 | | | | (50)

≃ −2(2ϵ̂_1 + ϵ̂_2 + ϵ̂_4) . (51)

The first equality is valid under the condition that the derivative terms of ϵ_i vanish or they are negligible compared to other terms, whereas the second approximate equality is valid under the slow-roll approximation. Similarly the spectral index of tensor perturbations is

n_T = 3 − | | | 3 − ϵ̂_1 1 − ϵ̂_1 | | | (52)

≃ −2ϵ̂_1 . (53)

When |ϵ_i| ≪ 1 the tensor-to-scalar ratio r satisfies the consistency relation (38) with c_R given by [30]

c^2_R = K + 2LX K + 6LX . (54)

B. Models without the correction term (c1 = c2 = 0)

Let us next consider the case in which the correction term L_c is absent (c_1 = c_2 = 0). When K(ϕ) is positive, we introduce a new scalar field φ as φ = ∫ √ K(ϕ) dϕ . (55)

Then the action (40) can be written in a canonical form

S_E = ∫ d^4x̂ √ −ĝ [ R̂ 2 − 1 2 ( ^∇φ)^2 − V̂ (φ(ϕ)) ] . (56)

If K(ϕ) is negative, we just need to define φ = ∫ √ −K(ϕ) dϕ with the change of sign of the kinetic term in Eq. (56).

Introducing the parameters

ϵ̂_1 = − dĤ/dt̂ Ĥ 2 , ϵ̂^2 = d^2φ/dt̂^2 Ĥ(dφ/dt̂) , (57)

the spectral indices n_R and n_T are given by Eqs. (50)- (53) with ϵ̂_4 = 0. From Eq. (27), the tensor-to-scalar ratio r is

r = 16ϵ̂_1 ( Γ(ν̂_T ) Γ(ν̂_R)

)_2

, (58) where we have used dĤ/dt̂ = −(dφ/dt̂)^2/2. Note that this relation is obtained without using the slow-roll approximation. In order to satisfy the condition r ≪ 1, which is supported from observations, we should have ϵ̂_1 ≪ 1 provided that Γ(ν̂_T )/Γ(ν̂_R) is of order 1. The condition to obtain a nearly scale-invariant scalar perturbation (n_R ≃ 1) then gives two cases: (i) ϵ̂_2 ≃ 0 or (ii) ϵ̂_2 ≃ −3. The former corresponds to the standard slow-roll inflation. The latter corresponds to a constant scalar-field potential (V̂_{,φ} = 0). In both cases, we have r ≃ 16ϵ_1 since ν_R ≃ ν_T ≃ 3/2.

One may define standard slow-roll parameters in terms of the slope of the potential

ϵ̂ = 1 2 ( V̂_{,φ} V̂ )_2 , η̂ = V̂_{,φφ} V̂ . (59)

Under a slow-roll approximation (|ϵ_i| ≪ 1) one has ϵ̂_1 ≃ ϵ̂ and ϵ̂_2 ≃ ϵ̂−η̂. Hence we get the following usual formulae [6, 7]:

n_R − 1 ≃ −6ϵ̂ + 2η̂ , n_T ≃ −2ϵ̂ , r ≃ 16ϵ̂ . (60)

IV. DILATON GRAVITY WITHOUT THE CORRECTION TERM (Lc = 0)

Let us first consider dilaton gravity without the correction term L_c and study the possibility to obtain scaleinvariant cosmological perturbations. The low-energy string effective action corresponds to F (ϕ) = e^{−ϕ}, ω(ϕ) = −e^{−ϕ}, V (ϕ) = 0 at the tree level. In the Einstein frame the system is described by a minimally coupled field φ without a potential, thus giving the following solution [8]: â ∝ |t̂|^{1/3} , Ĥ = 1 3t̂ , ( dφ dt̂ )_2 = 2 3t̂^2

. (61)

When t̂ < 0, this solution corresponds to a collapsing universe. In the Pre-Big-Bang cosmology, the universe contracts in the Einstein frame for t̂ < 0, which is followed by the bounce around t̂ = 0 because of the effect of higher-order loop and derivative corrections [22, 31]. Note that a causal mechanism for perturbations works in the collapsing universe as in the case of standard inflation. If we consider a growing field φ for t̂ < 0, we have dφ/dt̂ = − √ 2/3(1/t̂) .

We find from Eq. (61) that ϵ̂_1 and ϵ̂_2 defined in Eq. (49) are constants, i.e.,

ϵ̂_1 = 3 , ϵ̂_2 = −3 . (62)

In this case one can use the formula (50), (52) and (58) with ϵ̂_4 = 0, which gives

n_R = 4 , n_T = 3 , r = 48 . (63)

This is a highly blue-tilted spectrum and a large tensorto-scalar ratio incompatible with observations. Although these perturbations correspond to the ones which are generated before the bounce, it was shown that these spectra are preserved even long after the bounce if α^′ curvature and derivative corrections are taken into account [32].

The reason why the spectrum is highly blue-tilted is that the system is dominated by the kinetic energy of the scalar field. In order to obtain nearly scale-invariant spectra, we should require that ϵ̂_1 and ϵ̂_2 are much smaller than 1. This situation is not realized unless a slowly varying potential is present in the Einstein frame. In order to investigate the possibility of obtaining nearly scale-invariant perturbation spectra, in what follows, we study models with general forms of F (ϕ) and ω(ϕ) together with the dilaton potential V (ϕ). Note that the results given in Eq. (63) for the Pre-Big-Bang model were already derived in past works (e.g. Ref. [9]), but the results we present below in more general models are new.

It follows from Eq. (58) that we must have ϵ̂ ≪ 1 to realize the condition r ≪ 1 unless the (Γ(ν̂_T )/Γ(ν̂_R))^2 term is much smaller than unity. Let us clarify whether or not this condition can be satisfied in dilaton gravity. For the coupling F (ϕ) = e^{−ϕ} and ω(ϕ) = −e^{−ϕ}, the dilaton potential in the Einstein frame is given by

V̂ = e^{2ϕ}V (ϕ) = e^{2√2φ}V ( √ 2φ) , (64)

where we have used Eqs. (43) and (55). Since φ = ϕ/ √ 2, the parameter ϵ̂ defined in Eq. (59) is given by

ϵ̂ = ( 2 + V_{,ϕ} V )_2 . (65)

Even when a slowly varying potential is present in the string frame (|V_{,ϕ}/V | ≪ 1), we get ϵ̂ ≃ 4, thus leading to a large tensor-to-scalar ratio. The potential which gives ϵ̂ = 0 is characterized by

V (ϕ) = V_0e^{−2ϕ} , (66)

where V_0 is a constant. In fact in this case the potential in the Einstein frame is exactly constant, thus giving n_R = 1 and r = 0 because ϵ̂_1 = 0 and ϵ̂_2 = −3. Hence for the coupling F (ϕ) = e^{−ϕ} and ω(ϕ) = −e^{−ϕ}, it is required that the dilaton potential in the string frame (approximately) takes the form (66) to realize n_R ≃ 1 and r ≪ 1. We note however that the potential of the dilaton is absent in the perturbative regime we considered above.

Let us consider more general functions of F (ϕ) and ω(ϕ) with a dilaton potential V (ϕ). Then the slow-roll parameter ϵ̂ is given by

ϵ̂ = 1 3F^2_{,ϕ}/F^2 + 2ω/F ( V_{,ϕ} V − 2 F_{,ϕ} F )_2 . (67)

This shows that there are three cases in which the condition ϵ̂ ≪ 1 is satisfied: (i) V_{,ϕ}/V ≃ 2F_{,ϕ}/F , (ii) 1 ≫ |V_{,ϕ}/V | ≫ |2F_{,ϕ}/F |, (iii) 1 ≫ |2F_{,ϕ}/F | ≫ |V_{,ϕ}/V |.

Note that we are considering the situation where the |ω/F | term is of order unity. In a special case with |ω/F | ≫ 1, the condition ϵ̂ ≪ 1 can be satisfied even for |ω/F | ≫ (V_{,ϕ}/V )^2 ≫ (F_{,ϕ}/F )^2 ≫ 1. One may also think that the slow-roll condition can be fulfilled even for V = 0 provided |F_{,ϕ}/F | ≪ 1, but the definition of ϵ̂ itself is not meaningful in this case because of the absence of the potential.

The case (i) is equivalent to the condition

V (ϕ) ∝ F^2(ϕ) , (68)

which, in the Einstein frame, corresponds to a cosmological constant from Eq. (43).

The cases (ii) and (iii) are difficult to realize if the dilaton coupling F (ϕ) changes rapidly as in the treelevel action. For the coupling F (ϕ) ∼ e^{λϕ} we require the condition |λ| ≪ 1, but it is generally difficult to take a control of the rapid evolution of the dilaton in the nonperturbative regime. However one may consider so-called a runaway dilaton scenario [33] in which the field is gradually decoupled from gravity in the regime e^ϕ ≫ 1 (after the field passes the non-perturbative region). In this scenario the functions F (ϕ) and ω(ϕ) are assumed to take the following forms for e^ϕ ≫ 1:

F (ϕ) = C_1 + D_1e^{−ϕ} + O(e^{−2ϕ}) , (69) ω(ϕ) = C_2 + D_2e^{−ϕ} + O(e^{−2ϕ}) . (70)

Let us study the case in which the potential of the dilaton is present in this region. Then the slow-roll parameter ϵ̂ is approximately given by ϵ̂ ≃ C_1 2C_2 ( V_{,ϕ} V + 2 D_1 C_1 e^{−ϕ} )_2 . (71)

In the cases (ii) and (iii) we have |V_{,ϕ}/V | ≫ |2(D_1/C_1)e^{−ϕ}| and |V_{,ϕ}/V | ≪ |2(D_1/C_1)e^{−ϕ}|, respectively. One may consider a potential in which the field has a minimum at ϕ = ϕ_0, i.e., V (ϕ) = λ_n(ϕ − ϕ_0)^n. When 1 ≫ |V_{,ϕ}/V | ≫ |2(D_1/C_1)e^{−ϕ}|, we obtain n_R and r as in the case of standard chaotic inflation [7]. In other words, it is necessary that the dilaton is effectively decoupled from gravity in order to realize standard slow-roll inflation in the Einstein frame. Note that inflation is also realized for |V_{,ϕ}/V | ≪ |2(D_1/C_1)e^{−ϕ}| ≪ 1 except for the case in which the potential of the dilaton vanishes.

The above discussion shows how the coupling of dilaton to gravity alters the spectra of density perturbations. Except for the specific case given in Eq. (68), the dilaton needs to be almost decoupled from gravity before perturbations on cosmologically relevant scales are generated.

V. KINETIC INFLATION (c1 = 0, c2 ≠ 0, V = 0)

When c_1 = 0 and c_2 ≠ 0, it is known that kinetic inflation can be realized in the Einstein frame even in the absence of the dilaton potential [18]. This corresponds to the action (40) with V̂ = 0 and L̂_{GB} = 0. Then the background equations in the Einstein frame are given by

3Ĥ^2 = ρ̂ , (72)

2 ^̇H = −(ρ̂ + p̂) , (73)

where

p̂ = K(ϕ)X + L(ϕ)X^2 , (74) ρ̂ = K(ϕ)X + 3L(ϕ)X^2 . (75)

In the weak coupling regime characterized by e^ϕ ≪ 1, one has F (ϕ) = e^{−ϕ}, ω(ϕ) = −e^{−ϕ}, ξ(ϕ) = λe^{−ϕ} and c_2 = −1. Hence the functions K(ϕ) and L(ϕ) are given by K(ϕ) = 1/2 and L(ϕ) = 2λe^{−ϕ}. Since λ = −1/4, −1/8 for bosonic and heterotic strings, respectively, the function L(ϕ) is negative at the tree level. In the strong coupling regime (e^ϕ >∼ 1), the forms of the functions K(ϕ) and L(ϕ) are expected to be modified by higher-order quantum effects.

From the above equations, we find that a de Sitter solution ( ^̇H = 0) is present when the condition

K + 2LX = 0 , (76)

is satisfied. In this case one gets 3Ĥ^2 = K^2/(4L), thereby requiring L > 0. Then from Eq. (76), the function K is negative for the existence of the de Sitter solution. In what follows, we concentrate on the case where K < 0 and L > 0. Note that ghost condensate model proposed in Ref. [34] corresponds to K = −1 and L = 1.

While K(ϕ) is positive at the tree level, it can change sign in the strongly coupled regime. In fact taking into account two-derivative perturbative loop corrections to the Kahler potential derived from heterotic string theory compactified on a Z_N orbifold, the function ω(ϕ) is subject to change [31] ω(ϕ) = −e^{−ϕ} [ 1 + 3 2 be^ϕ(6 + be^ϕ) (3 + be^ϕ)^2 ] , (77)

where b is a positive constant of order unity. Then from Eq. (41) with F (ϕ) = e^{−ϕ}, the function K(ϕ) is given by K(ϕ) = 1 2 − 3 2 be^ϕ(6 + be^ϕ) (3 + be^ϕ)^2

, (78)

which is negative for be^ϕ > 3( √ 6 − 2)/2. This function has the asymptotic behaviors K(ϕ) ≃ −1+27e^{−2ϕ}/2b^2 → −1 for e^ϕ ≫ 1 and K(ϕ) ≃ 1/2 − be^ϕ → 1/2 for e^ϕ ≪ 1. Note that the above corrections are obtained perturbatively, so they may not be valid in a full non-perturbative regime. But this example is instructive to show the possibility to obtain negative values of K(ϕ) after the system enters the strongly coupled region.

When K(ϕ) is negative, it is possible to realize kinetic inflation provided that L(ϕ) > 0. At the tree level, L(ϕ) is negative for bosonic and heterotic strings, but it can be positive in the strongly coupled region. One may write ξ(ϕ) in terms of the sums of the tree-level and n-loop corrections in the form ξ(ϕ) = ∑ n=0 C_ne^{(n−1)ϕ} , (79)

where n = 0 corresponds to the tree-level term with C_0 = 1. Unfortunately all the coefficients C_n have not been determined so far. So in what follows, we discuss the theory with the couplings given in (79) with various C_n. This is at least useful to clarify the condition under which kinetic inflation generates nearly scale-invariant density perturbations.

It follows from Eq. (54) that c^2_R ≃ 0 along the de Sitter point (76) and c^2_T = 1 from Eq. (23). By using the formula given in Eqs. (51), (53) and (38), we obtain

n_R − 1 = −2 [ 6(K + 2LX) K + 3LX + Ẋ 2ĤX + (K_{,ϕ} + 6XL_{,ϕ})ϕ̇ + 6LẊ 2Ĥ(K + 6LX) ] , (80)

n_T = −

6(K + 2LX) K + 3LX , (81) r = −8 √ K + 2LX K + 6LX n_T . (82)

Then along the de Sitter fixed point (X ≃ −K/2L), one has n_T ≃ 0 , r ≃ 0 . (83)

Meanwhile the spectrum of curvature perturbations is given by

n_R − 1 = ( − 2K_{,ϕ} ĤK + L_{,ϕ} ĤL ) ϕ̇ . (84)

By using Ĥ = √ −K/12|ϕ̇| along the de Sitter solution, this is written as

n_R − 1 = sign(ϕ̇) √ −K/12 ( − 2K_{,ϕ} K + L_{,ϕ} L ) . (85)

Let us first investigate the case in which L(ϕ) is a constant. We are interested in the evolution of dilaton from a strongly coupled region (e^ϕ ≫ 1 and K < 0) to a weakly coupled region (e^ϕ ≪ 1 and K > 0), which means that ϕ̇ < 0 and K_{,ϕ} < 0. Alternatively it is possible to con-

sider the case with ϕ̇ > 0 and K_{,ϕ} > 0 in which the system gradually decouples from gravity in the region e^ϕ ≫ 1 as in the runaway dilaton scenario. In both cases, we obtain a blue-tilted spectrum n_R > 1.

We next study a situation in which one of the terms in Eq. (79), say e^{λϕ}, dominates over other terms in the strongly coupled region (as in the dilatonic ghost condensate model proposed in Ref. [35]). This then gives

n_R − 1 = sign(ϕ̇) √ −K/12 ( λ − 2K_{,ϕ} K ) . (86)

If the terms higher than the one-loop corrections are dominant, i.e., λ ≥ 1, the power spectrum strongly departs from the scale-invariant one. Thus in order to be compatible with observations, we must require that the function ξ(ϕ) be nearly constant in the regime e^ϕ ≫ 1. Taking the terms up to the first order in Eq. (79), we have L_{,ϕ}/L ≃ −e^{−ϕ}/C_1 > 0 (because C_1 is negative for the positivity of L). If L_{,ϕ}/L is larger than 2K_{,ϕ}/K, the red-tilted spectrum follows for ϕ̇ < 0. For example, if the function K(ϕ) is given by Eq. (78), we find n_R − 1 ≃ sign(ϕ̇) √ −K/12 ( − 54 b^2 e^{−2ϕ} + 1 |C_1| e^{−ϕ} ) , (87)

where the second term in the square bracket dominates over the first one. Hence in this case one gets a redtilted spectrum for ϕ̇ < 0. Of course if the function K(ϕ) takes a different form such as K(ϕ) = −tanh (λϕ), it can happen that the spectrum is blue-tilted.

Thus the spectral index of curvature perturbations depends upon the forms of K(ϕ) and L(ϕ) in the case of de Sitter solutions. Let us estimate n_R on the cosmologically relevant scales observed in Cosmic Microwave Background anisotropies. For simplicity, we choose the function K(ϕ) given in Eq. (78) with constant L(ϕ). Along the de Sitter solution (76) one has ϕ̇ = σ √ −K/L and Ĥ = −K/2 √ 3L where σ = ±1. This then gives the number of e-foldings: N ≡ ∫_{tf} t Ĥdt̂ = σ 2 √ 3 ∫_{ϕf} ϕ √ −Kdϕ , (88) where the subscript “f” represents the values at the end of inflation. If inflation occurs in the region be^ϕ ≫ 1, we get N ≃ (ϕ − ϕ_f )/2 √ 3 (here negative σ is chosen).

Considering homogeneous perturbations δX around X [18], we find that p_{,X} = 2LδX and ρ̇ = −2 √ 3ρXp_{,X} . Then one has δX/X = −(σ/ √ 3)(−K)_{,ϕ}/(−K)^{3/2}. Inflation ends when the δX/X term grows of order unity. Taking the criterion (−K)_{,ϕ}/(−K)^{3/2} = √ 3 for the end of inflation, we obtain be^{ϕf} ∼ 1.75 for the model (78). This gives be^ϕ = 1.75e^{2√3N} . Then we finally get the spectral index in terms of the function of N:

n_R − 1 = 4 √ 3 (−K)_{,ϕ} (−K)^{3/2} ≃ 60e^{−4√3N} . (89)

For the cosmologically relevant scales (N ∼ 60), the spectrum is extremely close to scale-invariant one. This situation does not change provided that K(ϕ) and L(ϕ) are nearly constants with an exponentially suppressed factor. These models, which give n_R ≃ 1 and r ≃ 0, are interesting to confront with future high-precision observations, since recent WMAP3 data do not favor an exact scale-invariant scalar perturbation with a vanishing tensor-to-scalar ratio [2].

We note that there are some cases in which the spectrum is tilted from the scale-invariant one. As an example, let us consider the realization of power-law kinetic inflation which is characterized by â ∝ t̂^{1/γ} , Ĥ = 1 γt̂ , (90)

where 0 < γ < 1. For the choice L(ϕ) = −K(ϕ), we find from Eqs. (72) and (73) that X = 3 − γ 3(2 − γ) , K(ϕ) = − 6(2 − γ) γ^2(ϕ − ϕ_0)^2

, (91)

where ϕ_0 is the initial value of the field. Hence from Eqs. (50), (52) and (27) with ϵ̂_1 = −ϵ̂_4 = γ, ϵ̂_2 = 0 and c^2_R = γ/(3(4 − γ)) > 0, we obtain

n_R − 1 = n_T = − 2γ 1 − γ , (92)

r = 16γ [ γ 3(4 − γ)

]^{1+γ}_{2(1−γ)}

. (93)

This indicates that the spectra of scalar and tensor perturbations are red-tilted (n_R < 1 and n_T < 0). The parameter γ is a measure of the departure from the Harrison-Zeldvich scale-invariant spectra (n_R −1 = n_T = 0 and r = 0). The recent WMAP3 data [2] give the constraints n_R = 0.987^{+0.019}_{−0.037} and r < 0.55 at the 2σ level for the ΛCDM model without the running of scalar perturbations. The constraint (92) then requires that γ should be γ < 0.024. This in turn gives r < 0.0148 which is much smaller than 0.55. This shows that the constraint from n_R gives a severer bound on γ. Finally we note that in order to end the power-law inflation the functions K(ϕ) and L(ϕ) need to be modified in a suitable way.

VI. MODELS WITH THE CORRECTION TERM

In this section we investigate models in which the correction term L_c is present. We are interested in the realization of inflation without using a dilaton potential.^2 Basically one may consider the following two situations: (i) F (ϕ) asymptotically approaches a constant value (as in the runaway dilaton scenario), or (ii) F (ϕ) is the sum of exponential terms. In the case (i), we set F (ϕ) = 1 by assuming that the time-derivatives of F (ϕ) in Eqs. (4) and (5) are negligible relative to others. In the case (ii), we study models in which one of the exponential terms dominates over others, i.e., F (ϕ) = e^{μϕ}.

A. Models with F (ϕ) ∼ constant

In order to understand the effect of the GB term to realize inflation, we first study the case c_2 = 0 and

2 Recently there are a number of works which aim to explain latetime acceleration with the presence of the potential V (ϕ) [36]. For example, in the case of an exponential potential, a de Sitter fixed point appears because of the effect of the GB term [37].

F (ϕ) = 1. Then Eqs. (4) and (5) yield

6H^2 = ωϕ̇^2 + 24c_1ξ̇H^3 , (94)

2Ḣ = −ωϕ̇^2 + 4c_1 [ H^2ξ̈ + (2HḢ − H^3)ξ̇ ] . (95)

We search for power-law solutions given by a ∝ t^{1/γ} , H = 1 γt . (96)

At the end of this subsection we also discuss the case of de Sitter solutions (H = const.). Eliminating the ωϕ̇^2 term from Eqs. (94) and (95), we find that in order to get the solution (96), we must have

c_1ξ̇ = αt , (97)

where α is a constant. To realize a positive energy density ρ_c for t > 0 we require α is positive, which is assumed hereafter. The relation between α and γ is given by γ = 2α + 3 ± √ 4α^2 − 28α + 9 2 . (98)

An inflationary solution is obtained for γ < 1. We thus choose the lower sign in (98) and get the constraint on α: 0 < α < 1/4 . (99)

It follows from Eqs. (94), (97) and (98) that

ρ_c =

6(3 − γ) 5 − γ H^2 > 3H^2 . (100)

This implies that in order for Eq. (94) to have an inflationary solution we must have ω < 0, i.e., a phantomtype scalar field. For simplicity, we choose ω = −1. But this does not necessarily mean that the weak energy condition is violated when the correction term L_c is present. In fact from Eq. (95) or (96), we find Ḣ = −1/(γt^2) < 0 with 0 < γ < 1. Taking the positive sign of ϕ̇, we obtain ϕ = 1 γ √ 6 ( 4α γ − 1 ) ln t , (101)

ξ(ϕ) = α 2c_1 exp ( 2γϕ √ 6(4α/γ − 1) ) . (102)

Let us next derive the spectral indices of scalar and tensor perturbations. From Eq. (14) we find

c^2_R =

(2 − γ)(7 − 6γ + γ^2)

5 − 4γ + γ^2

, (103)

which is positive for 0 < γ < 1. Since ϵ_1 = −ϵ_2 = γ, ϵ_3 = 0 and ϵ_4 = 0 in Eq. (28), we obtain

n_R − 1 = 3 − | | |3 − γ 1 − γ | | | . (104)

When 0 < γ ≪ 1 this reduces to n_R ≃ 1 − 2γ, thereby giving a nearly scale-invariant curvature perturbation.

Meanwhile the variable c^2_T for the tensor perturbation is given by

c^2_T = 2γ − 5 , (105)

which is negative for 0 < γ < 1. This leads to strong negative instabilities for small-scale tensor perturbations invalidating the assumption of linear perturbations. Note that this type of instabilities has been also found in Ref. [38] (see also Ref. [39]). Unless the system is initially in a Minkowski vacuum state (in which c^2_T is positive) before the GB term becomes important, a problem arises when we quantize tensor modes. It is interesting to note that the graviton is subject to this severe ultraviolet instability when we impose the condition to realize inflation.

Instead of the power-law solution (96), one may search for de Sitter solutions where H is a constant. From Eqs. (94) and (95), we get

ξ̇ = 3

10c_1H

+ Ae^{−5Ht} , (106)

ωϕ̇^2 = −6H^2 ( 1/5 + 4c_1HAe^{−5Ht} ) , (107)

where A is an integration constant. Considering the asymptotic regime e^{−5Ht} → 0, ω is required to be negative. We also find

c^2_R = 14/5 , c^2_T = −5 . (108)

These are obtained by taking the limit γ → 0 in Eqs. (103) and (105). Thus the de Sitter solution can be regarded as the special case of the power-law solution corresponding to the limit γ → 0.

B. Models with F (ϕ) ∼ e^{μϕ}

We now consider the case in which one of the exponential terms dominates in the function F (ϕ), i.e., F (ϕ) = e^{μϕ}. For the tree-level action with F (ϕ) = −ω(ϕ) = e^{−ϕ} and ξ(ϕ) = λe^{−ϕ}, it is known that there exists a de Sitter solution characterized by constant H and ϕ̇ [22, 23]. In what follows, we search for de Sitter solutions for the more general coupling F (ϕ) = e^{μϕ} and evaluate the spectral indices of scalar and tensor perturbations.

Since H^2 is a constant in Eq. (4), it is natural to find solutions in which each term on the r.h.s. of Eq. (4) is also a constant. This then requires that ϕ̇ should be a constant and that ω(ϕ), ξ(ϕ) have the same dependence as F (ϕ), i.e., ω(ϕ) = ω_0e^{μϕ} and ξ(ϕ) = λe^{μϕ}. Hence from Eqs. (4) and (5) we obtain the following equations:

−ω_0ϕ̇^2 + μHϕ̇ − μ^2ϕ̇^2 +2λ [ 2c_1μH^2ϕ̇(μϕ̇ − H) + c_2ϕ̇^4 ] = 0 , (109)

6H^2 − ω_0ϕ̇^2 + 6Hμϕ̇ −3λ(8c_1μH^3ϕ̇ − c_2ϕ̇^4) = 0 . (110)

These have a trivial solution (ϕ̇, H) = (0, 0). However there exist a number of de Sitter fixed points with constant ϕ̇ and H depending on the model parameters ω_0, λ, c_1, c_2 and μ. In this case, we have ϵ_1 = ϵ_2 = 0, ϵ_3 = ϵ_4/2 = ϵ_6 = μϕ̇/2H in Eq. (28). Moreover since c^2_R and c^2_T are constants, one can use the formula given in Eqs. (32), (34) and (27), namely

n_R − 1 = n_T = 3 − | | | | 3 + μϕ̇ H | | | | , (111)

r = 8 ωϕ̇^2 +^{3(Ḟ +Q1)2}

2F +Q_2 + Q3 ( H +^{Ḟ +Q1}

2F +Q_2

)_2 ( F +^{Q2}_2 ) ( c^2_R c^2_T )_{νR} , (112)

where we have used ν_R = ν_T = |ϵ_3 + 3/2|. This result is valid if both c^2_R and c^2_T are positive. If either c^2_R or c^2_T is negative, we confront with ultraviolet instabilities for small-scale perturbations. Note also that the tensor-to-scalar ratio becomes complex. Equation (111) shows that when |μϕ̇/H| ≪ 1 one can obtain nearly scale-invariant spectra of curvature perturbations.

At the tree level, one has μ = −1, ω_0 = −1, λ = −1/4 (for bosonic strings), c_1 = 1 and c_2 = −1. Then we get the fixed point (ϕ̇, H) = (1.404, 0.616), which agrees with the result in Ref. [22]. In this case the spectral indices of scalar and tensor perturbations are highly bluetilted, i.e., n_R − 1 = n_T = 2.28. Moreover we have c^2_R = −7.56 whereas c^2_T = 22.2, which means that the scalar perturbation exhibits violent negative instabilities on small scales.

In Table I we show de Sitter fixed points (ϕ̇, H) together with n_R, n_T , c^2_R, c^2_T and r for a number of different model parameters. Since Eqs. (109) and (110) are invariant under the simultaneous sign changes of μ and ϕ̇, it is sufficient to investigate the case of positive μ. Generally if we choose the values of μ larger than order unity, the spectral indices deviate from scale-invariant ones and are incompatible with observations. When μ ≪ 1 it is possible to get n_R ≃ 1 because |μϕ̇| can be much smaller than H. However in such a situation the quantity c^2_T typically becomes negative as we see in the cases (c), (d) and (i) in Table I. This is consistent with the results of constant F (ϕ) obtained in the previous subsection.

There exist exceptional situations which lead to n_R − 1 ≃ n_T ≃ 0 and r ≪ 1 with positive c^2_R and c^2_T . Such an example is given by the fixed point (f2) in Table I. We find that this is similar to the case in which the GB term is absent, i.e., c_1 = 0 and c_2 = −1. In fact, when λ = 1/4, c_1 = 0, c_2 = −1 and μ = 10^{−2}, we have (ϕ̇, H) = (1.4162, 0.4035), n_R = 0.9649, n_T = −0.0351, c^2_R = 1.44 × 10^{−3}, c^2_T = 1 and r = 9.3 × 10^{−3}, whose values are similar to those given in the case (f2). Hence the model (f2) is not much different from the kinetic inflation we discussed in the previous section. Provided that the GB term is subdominant relative to the c_2(∇ϕ̇)^4 term, it is possible to realize the observationally supported density perturbation with the suppressed tensor-to-scalar ra-

Name Parameters (ϕ̇, H) nR nT c^2_R c^2_T r

(a) λ = −1/4, c1 = 1, c2 = −1, μ = 1 (−1.40, 0.62) 3.28 2.28 −7.56 22.2 – (b) λ = −1/4, c1 = 1, c2 = −1, μ = 10^{−2} (−5.94, 22.3) 1.0027 2.7 × 10^{−3} 1.72 −3.10 – (c) λ = −1/4, c1 = 1, c2 = 0, μ ≥ 1 – – – – – – (d1) λ = −1/4, c1 = 1, c2 = 0, μ = 10^{−2} (−4.56 × 10^4 , 91.3) 2.00 1.00 1.40 −5.00 – (d2) λ = −1/4, c1 = 1, c2 = 0, μ = 10^{−2} (−11.5, 10.4) 1.011 0.011 2.89 −5.29 – (e1) λ = 1/4, c1 = 1, c2 = −1, μ = 1 (1.22, 1.48) 0.174 −0.826 2.32 0.611 46.4 (e2) λ = 1/4, c1 = 1, c2 = −1, μ = 1 (1.46, 1.35) −0.079 −1.079 −0.819 1.162 – (f1) λ = 1/4, c1 = 1, c2 = −1, μ = 10^{−2} (−1.41, 0.41) 1.034 0.034 −1.2 × 10^{−3} 0.994 – (f2) λ = 1/4, c1 = 1, c2 = −1, μ = 10^{−2} (1.4158, 0.4042) 0.9650 −0.0350 1.20 × 10^{−3} 1.006 7.1 × 10^{−3} (g1) λ = 1/4, c1 = 1, c2 = −1, μ = 10 (−1.95, 1.00) −12.4 −13.4 0.19 −18.4 – (g2) λ = 1/4, c1 = 1, c2 = −1, μ = 10 (1.84, 1.00) −17.4 −18.4 0.17 19.3 – (g3) λ = 1/4, c1 = 1, c2 = −1, μ = 10 (0.14, 1.42) 9.7 × 10^{−3} −0.99 1.007 0.98 5.73 (h) λ = 1/4, c1 = 1, c2 = 0, μ = 1 (1.03, 1.64) 0.37 −0.63 1.26 0.095 1.15 × 10^3 (i) λ = 1/4, c1 = 1, c2 = 0, μ = 10^{−2} (11.5, 10.5) 0.99 −0.01 2.72 −4.74 – (j) λ = 1/4, c1 = 1, c2 = 0, μ = 10 (0.14, 1.42) 9.8 × 10^{−3} −0.99 1.007 0.98 5.73

TABLE I: De-Sitter fixed points (ϕ̇, H) for a number of different combinations of λ, c1, c2 and μ with ω0 = −1. In the case (c) there exists no de Sitter fixed point. The tensor-to-scalar ratio becomes a complex number if either c^2_R or c^2_T is negative.

tio. However if the GB term dominates over c_2(∇ϕ̇)^4, we are faced with the ultraviolet instability of tensor perturbations while nearly scale-invariant spectra of scalar perturbations are possible. This is a generic property associated with inflation induced by the GB term. Table I corresponds to the parameter ω_0 = −1, but we have also examined the case ω_0 = 1. We have thus confirmed that it is difficult to satisfy all the conditions n_R ∼ 1, n_T ∼ 0, r ≪ 1 and c^2_R, c^2_T > 0 if the correction term L_c is dominated by the GB term.

VII. CONCLUSIONS

In this paper we have discussed the possibility to obtain inflationary solutions and observationally supported density perturbations for the low-energy string effective action given in (1). The important quantities which are directly linked to observations are the spectral indices n_R and n_T together with the tensor-to-scalar ratio r. Provided that c^2_R and c^2_T are positive constants in perturbation equations, we obtain the power spectra of scalar and tensor metric perturbations in Eqs. (19) and (25), respectively, together with the ratio r given in Eq. (27). The spectral indices of scalar and tensor perturbations are given by Eqs. (32) and (34), respectively. Note that these results are valid not only for slow-roll inflation (|ϵ_i| ≪ 1) but also for the non slow-roll models with constant ϵ_i that often appear in dilaton gravity.

The action (1) is transformed to the Einstein frame action (40) by a conformal transformation (39). Since both the curvature perturbation R and the tensor perturbation h are invariant under the transformation in dilaton gravity, it is sometimes convenient to study perturbation spectra in the Einstein frame in order to confront with observations. For the models without both the dilaton potential V (ϕ) and the higher-order correction L_c, it is not possible to obtain nearly scale-invariant spectra of density perturbations because the system is dominated by the kinetic energy of the field. Even in the presence of the dilaton potential, except for a specific case in which V (ϕ) is proportional to F^2(ϕ), it is required that the dilaton is effectively decoupled from gravity together with the existence of a slowly varying dilaton potential.

This situation changes if the second-order correction L_c given by Eq. (2) is present. When c_1 = 0, kinetic inflation is realized in the Einstein frame if the function K(ϕ) becomes negative. In fact this happens for two-derivative perturbative corrections to the Kahler potential in heterotic string theory, see Eq. (78). Along the de Sitter solution (76), the spectral index n_T and the tensor-to-scalar ratio r vanish whereas n_R − 1 does not. If the function L(ϕ) is constant in Eq. (74), we found that the spectrum of the curvature perturbation is blue-tilted (n_R > 1) in the case where K(ϕ) changes its sign from negative to positive. For general L(ϕ) the spectrum is either red- or blue-tilted, but n_R is very close to scale-invariant one if K(ϕ) and L(ϕ) are described by constants plus exponential terms. Moreover, for power-law solutions in which the scale factor is given by Eq. (90), the spectral index of the curvature perturbation is red-tilted and can be nearly scale-invariant, consistent with the WMAP3 data.

When the Gauss-Bonnet term is present in addition to the (∇ϕ)^4 term, we have found a number of situations in which inflationary solutions are obtained. First we studied the case of constant F (ϕ) in the absence of the (∇ϕ)^4 term and showed that power-law inflation is realized in such a case. Although scale-invariant spectra are generated for curvature perturbations, tensor perturbations are faced with ultraviolet instabilities associated with negative coefficient c^2_T when inflation occurs. We have also studied the case where the function F (ϕ) is given by F (ϕ) = e^{μϕ} and showed the existence of de Sitter solutions characterized by constant H and ϕ̇. If μ is larger than order one, the spectra of density perturbations deviate from scale-invariant ones. When μ ≪ 1 it is possible to generate nearly scale-invariant curvature perturbations, but tensor perturbations again suffer from negative instabilities on small scales if the correction L_c is dominated by the Gauss-Bonnet term. However as long as the (∇ϕ)^4 term dominates over the Gauss-Bonnet correction, one can avoid this problem as it happens in kinetic inflation.

The results in our paper tell us that the condition for inflation, |Ḣ/H^2| ≪ 1, is not enough to generate nearly scale-invariant spectra of density perturbations. In addition we generally require that the parameters ϵ_i defined in Eq. (28) are smaller than order unity and also need to check the signs of c^2_R and c^2_T to avoid ultraviolet instabilities. We have shown that these conditions are satisfied for some of the models as in the kinetic inflation discussed in Sec. V. Other models with higher-order corrections, can also satisfy these conditions, provided that the GB term is not dominant. It is of interest to extend our analysis to more general string models as given, e.g., in the works [40].

Acknowledgments

The work of N. O. and Z.-K. G. was supported in part by the Grant-in-Aid for Scientific Research Fund of the JSPS Nos. 16540250 and 06042. S. T. is supported by JSPS (Grant No. 30318802).

[1] D. N. Spergel et al., Astrophys. J. Suppl. 148, 175 (2003);

H. V. Peiris et al., Astrophys. J. Suppl. 148, 213 (2003). [2] D. N. Spergel et al., arXiv: astro-ph/0603449. [3] M. Tegmark et al., Phys. Rev. D 69, 103501 (2004);

K. Abazajian et al., Astron. J. 128, 502 (2004). [4] W. J. Percival et al., Mon. Not. Roy. Astron. Soc. 327, 1297 (2001); S. Cole et al., Mon. Not. Roy. Astron. Soc. 362, 505 (2005).

[5] A. Linde, Particle Physics and Inflationary Cosmology, Harwood, Chur (1990) [arXiv:hep-th/0503203]; D. H. Lyth and A. Riotto, Phys. Rept. 314, 1 (1999); A. R. Liddle and D. H. Lyth, Cosmological inflation and large-scale structure, Cambridge University Press (2000).

[6] J. E. Lidsey, A. R. Liddle, E. W. Kolb, E. J. Copeland, T. Barreiro and M. Abney, Rev. Mod. Phys. 69, 373 (1997).

[7] B. A. Bassett, S. Tsujikawa and D. Wands, Rev. Mod.

Phys. 78, 537 (2006).

[8] G. Veneziano, Phys. Lett. B 265, 287 (1991);

M. Gasperini and G. Veneziano, Astropart. Phys. 1, 317 (1993); J. E. Lidsey, D. Wands and E. J. Copeland, Phys. Rept. 337, 343 (2000); M. Gasperini and G. Veneziano, Phys. Rept. 373, 1 (2003).

[9] R. Brustein, M. Gasperini, M. Giovannini, V. F. Mukhanov and G. Veneziano, Phys. Rev. D 51, 6744 (1995).

[10] K. Enqvist and M. S. Sloth, Nucl. Phys. B 626, 395 (2002); D. H. Lyth and D. Wands, Phys. Lett. B 524, 5 (2002); T. Moroi and T. Takahashi, Phys. Lett. B 522, 215 (2001).

[11] J. Khoury, B. A. Ovrut, P. J. Steinhardt and N. Turok, Phys. Rev. D 64, 123522 (2001); P. J. Steinhardt and N. Turok, Phys. Rev. D 65, 126003 (2002).

[12] D. H. Lyth, Phys. Lett. B 524, 1 (2002); R. Brandenberger and F. Finelli, JHEP 0111, 056 (2001); J. c. Hwang, Phys. Rev. D 65, 063514 (2002); J. Khoury, B. A. Ovrut, P. J. Steinhardt and N. Turok, Phys. Rev. D 66, 046005 (2002); R. Durrer and F. Vernizzi, Phys. Rev. D 66, 083503 (2002); S. Tsujikawa, Phys. Lett. B

526, 179 (2002).

[13] V. Bozza, JCAP 0602, 009 (2006).

[14] A. Nayeri, R. H. Brandenberger and C. Vafa, Phys.

Rev. Lett. 97, 021302 (2006); R. H. Brandenberger, A. Nayeri, S. P. Patil and C. Vafa, arXiv:hep-th/0604126; arXiv:hep-th/0608121; A. Nayeri, arXiv:hep-th/0607073.

[15] T. Biswas, R. Brandenberger, A. Mazumdar and W. Siegel, arXiv:hep-th/0610274.

[16] R. H. Brandenberger et al., arXiv:hep-th/0608186. [17] N. Kaloper, L. Kofman, A. Linde and V. Mukhanov, arXiv:hep-th/0608200.

[18] C. Armendariz-Picon, T. Damour and V. F. Mukhanov, Phys. Lett. B 458, 209 (1999).

[19] R. Easther, K. Maeda and D. Wands, Phys. Rev. D 53, 4247 (1996).

[20] I. Antoniadis, J. Rizos and K. Tamvakis, Nucl. Phys.

B 415, 497 (1994); R. Easther and K. Maeda, Phys. Rev. D 54, 7252 (1996); P. Kanti, J. Rizos and K. Tamvakis, Phys. Rev. D 59, 083512 (1999); S. Kawai, M. a. Sakagami and J. Soda, Phys. Lett. B 437, 284 (1998); S. Kawai and J. Soda, Phys. Lett. B 460, 41 (1999); H. Yajima, K. Maeda and H. Ohkubo, Phys. Rev. D 62, 024020 (2000); A. Toporensky and S. Tsujikawa, Phys. Rev. D 65, 123509 (2002); I. P. Neupane, arXiv:hep-th/0602097.

[21] D. J. Gross and J. H. Sloan, Nucl. Phys. B 291, 41 (1987);

M. C. Bento and O. Bertolami, Phys. Lett. B 368, 198 (1996) [22] M. Gasperini, M. Maggiore and G. Veneziano, Nucl.

Phys. B 494, 315 (1997); R. Brustein and R. Madden, Phys. Rev. D 57, 712 (1998).

[23] C. Cartier, J. c. Hwang and E. J. Copeland, Phys. Rev.

D 64, 103504 (2001).

[24] J. c. Hwang and H. Noh, Phys. Rev. D 71, 063536 (2005). [25] G. Calcagni, S. Tsujikawa and M. Sami, Class. Quant.

Grav. 22, 3977 (2005).

[26] J. M. Bardeen, Phys. Rev. D 22, 1882 (1980); H. Kodama and M. Sasaki, Prog. Theor. Phys. Suppl. 78, 1 (1984); V. F. Mukhanov, H. A. Feldman and R. H. Brandenberger, Phys. Rept. 215, 203 (1992); A. A. Starobinsky, S. Tsujikawa and J. Yokoyama, Nucl. Phys. B 610, 383 (2001).

[27] V. N. Lukash, Sov. Phys. JETP 52, 807 (1980);

D. H. Lyth, Phys. Rev. D 31, 1792 (1985). C. Cartier, J. c. Hwang and E. J. Copeland, Phys. Rev. D 64, 103504 (2001).

[28] S. Tsujikawa and B. Gumjudpai, Phys. Rev. D 69, 123523 (2004).

[29] K. Maeda, Phys. Rev. D 39, 3159 (1989). [30] J. Garriga and V. F. Mukhanov, Phys. Lett. B 458, 219 (1999).

[31] S. Foffa, M. Maggiore and R. Sturani, Nucl. Phys. B 552, 395 (1999).

[32] S. Tsujikawa, R. Brandenberger and F. Finelli, Phys. Rev. D 66, 083513 (2002); C. Cartier, arXiv:hep-th/0401036.

[33] M. Gasperini, F. Piazza and G. Veneziano, Phys. Rev.

D 65, 023508 (2002); T. Damour, F. Piazza and G. Veneziano, Phys. Rev. Lett. 89, 081601 (2002).

[34] N. Arkani-Hamed, H. C. Cheng, M. A. Luty and S. Mukohyama, JHEP 0405, 074 (2004); N. Arkani-Hamed, P. Creminelli, S. Mukohyama and M. Zaldarriaga, JCAP 0404, 001 (2004).

[35] F. Piazza and S. Tsujikawa, JCAP 0407, 004 (2004). [36] S. Nojiri, S. D. Odintsov and M. Sasaki, Phys. Rev. D 71, 123509 (2005); S. Nojiri, S. D. Odintsov and M. Sami, Phys. Rev. D 74, 046004 (2006); B. M. N. Carter and I. P. Neupane, Phys. Lett. B 638, 94 (2006); JCAP 0606, 004 (2006); A. K. Sanyal, arXiv:astro-ph/0608104.

[37] T. Koivisto and D. F. Mota, arXiv:astro-ph/0606078;

arXiv:hep-th/0609155; S. Tsujikawa and M. Sami, arXiv:hep-th/0608178.

[38] G. Calcagni, B. de Carlos and A. De Felice, Nucl. Phys.

B 752, 404 (2006).

[39] A. De Felice, M. Hindmarsh and M. Trodden, JCAP 0608, 005 (2006).

[40] M. C. Bento and O. Bertolami, Phys. Lett. B 228, 348 (1989); Class. Quant. Grav. 17, 4855 (2000); S. Nojiri and S. D. Odintsov, Phys. Rev. D 68, 123512 (2003); K. Maeda and N. Ohta, Phys. Lett. B 597, 400 (2004); Phys. Rev. D 71, 063520 (2005); N. Ohta, Int. J. Mod. Phys. A 20, 1 (2005); M. Sami, A. Toporensky, P. V. Tretjakov and S. Tsujikawa, Phys. Lett. B 619, 193 (2005); K. Akune, K. Maeda and N. Ohta, Phys. Rev. D 73, 103506 (2006); R. Allahverdi, K. Enqvist, J. Garcia- Bellido and A. Mazumdar, arXiv:hep-ph/0605035.