arXiv:hep-th/0611036v2 18 Jan 2007

Preprint typeset in JHEP style - HYPER VERSION hep-th/0611036

UG-06-08 IFT-UAM/CSIC-06-50 KCL-MTH-06-11

SL(2, R )–invariant IIB Brane Actions

Eric A. Bergshoeff, Mees de Roo, Sven F. Kerstan

Centre for Theoretical Physics, University of Groningen, Nijenborgh 4, 9747 AG Groningen, The Netherlands

E.A.Bergshoeff@rug.nl, M.de.Roo@rug.nl, s.f.kerstan.99@cantab.net

Tomás Ortín

Instituto de Física Teórica UAM/CSIC, Facultad de Ciencias C-XVI, C.U. Cantoblanco, E-28049-Madrid, Spain

Tomas.Ortin@cern.ch

Fabio Riccioni

Department of Mathematics, King’s College, London WC2R 2LS, UK

F.Riccioni@damtp.cam.ac.uk

Abstract: We give a universal SL(2, R)–invariant expression for all IIB p–brane actions with p = −1, 1, 3, 5, 7, 9. The Wess-Zumino terms in the brane actions are determined by requiring (i) target space gauge invariance and (ii) the presence of a single Born-Infeld vector. We find that for p = 7 (p = 9) brane actions with these properties only exist for orbits that contain the standard D7–brane (D9–brane). We comment about the actions for the other orbits.

Keywords: D-branes, p-branes, Supersymmetric Effective Theories.

Contents

1. Introduction 1

2. SL(2, R)–invariant IIB Brane Actions 3 2.1 Wess–Zumino Terms 4 2.2 Kinetic terms 7

3. Special cases 8 3.1 (–1)–branes 8 3.2 1–branes 9 3.3 3-branes 9 3.4 5-branes 9 3.5 7-branes 10 3.6 9-branes 11

4. Conclusion 11

A. Conventions 13

B. The p–Form Gauge Fields of IIB Supergravity 14

1. Introduction

It is well–known that the duality group of the classical IIB string theory is SL(2, R) and that this group of duality transformations gets broken to SL(2, Z) at the quantum level. At the level of the low energy limit of IIB string theory the SL(2, R)

– 1 – symmetry manifests itself as a (non–linear) symmetry that acts on the fields of the IIB supergravity multiplet [1, 2, 3]. In particular, the two scalars ( the dilaton and the axion) parametrize the coset SL(2, R)/SO(2) ≡ SU(1, 1)/U(1).

When the Dp–branes of IIB supergravity were discovered [4] a somewhat unsatisfactory situation arose: the formulations of the worldvolume actions for the Dp–branes broke the SL(2, R) symmetry of the theory. This applies for instance to the actions of [5, 6, 7]. For special cases there have been attempts to rectify this situation. For instance, an SL(2, R)–invariant formulation of (p, q)–strings [8] has been given [9] even including kappa–symmetry [10]. This formulation made use of the fact that in two spacetime dimensions the Born-Infeld vector is equivalent to an integration constant describing the tension of a string. Similarly, the case of 3–branes has been discussed [16]. In this case one makes use of the fact that in 4 spacetime dimensions the electric–magnetic dual of a Born–Infeld vector is again a vector. Such special properties do not occur for the branes with p > 3 and indeed constructing an SL(2, R)–invariant formulation of 5–branes turns out to be problematic [17].

In this paper we will fill this gap and provide an SL(2, R)–invariant expression for all the branes of IIB string theory. In doing this we make crucial use of the fact that only recently the supersymmetry and gauge transformations for all p–form fields compatible with the IIB algebra have been derived [18]^1. These fields are a doublet of 2–forms, a singlet 4–form, a doublet of 6–forms, a triplet of 8–forms, a quadruplet of 10–forms and a doublet of 10–forms:

A^α_{(2)} , A_{(4)} , A^α_{(6)} , A^{αβ}_{(8)} , A^{αβγ}_{(10)} , A^α_{(10)} . (1.1)

Here we have used the SU(1, 1) notation with α = 1, 2^2. In [19] the gauge transformations and supersymmetries of these p–form fields were given in a manifestly SU(1, 1)-invariant form.

These results opened up the possibility of formulating, for all p, p-brane actions in an SL(2, R)-invariant way. A first step in this direction was taken in [20], where all possible branes for IIB were classified and their tensions determined in an SL(2, R)- covariant way. In particular, it was found that the D7–brane and D9–brane belong to a nonlinear doublet of SL(2, R). This is unlike the (p, q)–strings that form a linear doublet [8].

In this paper we continue the construction of the brane actions by including the Born-Infeld worldvolume vector. This vector is part of a doublet of vectors:

V^α_{(1)} , (1.2)

1The same has been done for the IIA case [19].

2We use both (complex) SU(1, 1) and (real) SL(2, R) notation. The connection between the two is explained in Appendix A which also contains our further conventions.

– 2 – where the existence of the two different worldvolume vectors corresponds to the fact that either an F-string or a D-string (or, more generally, a (p, q)–string) can end on the brane. The challenge is now to construct a WZ term that at the same time involves a single worldvolume vector and p–form fields that are in non-trivial representations of SU(1, 1). In particular, at first sight the triplet of 8–forms and the quadruplet of 10–forms suggest that we introduce corresponding charges that transform as a triplet q_{αβ} and quadruplet q_{αβγ} of SU(1, 1), respectively. Assuming that the worldvolume vector that occurs on the brane is given by the combination q_αV^α_{(1)} for certain constants q_α we will show in this paper that, given certain requirements, a Wess–Zumino (WZ) term can only be constructed for the restricted charges given by q_{αβ} = q_αq_β , q_{αβγ} = q_αq_βq_γ . (1.3) These charges include those of the standard D7–brane and D9–brane. Note that, in the case of the D7–brane, the above restriction is equivalent to the condition that

det q_{αβ} = 0 . (1.4)

For charges that belong to the other conjugacy classes of SL(2, R), with det (q_{αβ} ) ≠ 0, it is not possible to construct a brane action of the required form.

In this paper we will derive a universal formula for the WZ term valid for all branes. Furthermore, given the above restrictions on the charges we will show that the brane tension that occurs in the kinetic terms of all brane actions can also be given by an elegant universal formula. In this way we obtain a unified expression of all p– brane actions. These brane actions are SU(1, 1)–invariant provided we also rotate the constants q_α at the same time we rotate the worldvolume and target space fields. In other words, we propose an SU(1, 1)-covariant family of actions.

This paper is organized as follows. In section 2 we derive the general SU(1, 1)– invariant expression for all IIB brane actions. We will do this first for the Wess- Zumino terms and, next, for the kinetic terms. Special cases will be discussed in section 3 where we will compare with other results in the literature. We give our conclusions in section 4. In appendix A we give some of our conventions and in appendix B we list the gauge transformations and invariant field strengths of the different IIB p–form gauge potentials.

2. SL(2, R)–invariant IIB Brane Actions

The standard branes of IIB string theory, that is a doublet of strings, a singlet of three-branes, a doublet of five-branes, a nonlinear doublet of 7-branes and a nonlinear doublet of 9-branes [20], all carry a world-volume vector-field. The need for

– 3 – this can easily be seen by counting (bosonic and fermionic) worldvolume degrees of freedom and requiring supersymmetry. The fact that only one vector field is involved is related to the fact that only one type of string can end on these branes. Since this string belongs to a doublet of strings it is natural to introduce an SU(1, 1) doublet of worldvolume vectors V^α_{(1)}, see eq. (1.2), and next require that only a particular combination occurs on the brane. Motivated by the case of D–branes we define a gauge–invariant field strength F^α_{(2)} as follows^3:

F^α_{(2)} = F^α_{(2)} + A^α_{(2)} , F^α_{(2)} = 2∂V^α_{(1)} , (2.1)

where A^α_{(2)} denotes the pull-back of the target space 2–form field. Whenever that does not cause confusion we will use the same symbol for the target space fields and their pull-backs. In particular, we do not indicate the worldvolume scalars that are involved in the pull-backs. The worldvolume curvature (2.1) is invariant under the gauge transformations

δ_gV^α_{(1)} = ∂Σ^α − Λ^α_{(1)} , δ_gA^α_{(2)} = 2∂Λ^α_{(1)} , (2.2)

where Σ^α is the worldvolume gauge parameter and Λ^α_{(1)} is the (pull-back of the) gauge parameter of the target space two form A^α_{(2)}.

To characterize which type of string ends on the brane we require that only the combination q_αV^α_{(1)} occurs on the brane. In the following two subsections we will derive expressions for the WZ terms and for the kinetic terms.

2.1 Wess–Zumino Terms

The WZ-term of the brane actions are determined by writing down the most general Ansatz for a WZ-term and then demanding^4

1. Target Space Gauge invariance

2. A single worldvolume vector field (p ≠ 1)

The second requirement is needed to have worldvolume supersymmetry. As we already discussed the requirement of a single worldvolume vector is satisfied by requiring that only the combination q_αV^α_{(1)} occurs on the brane. By convention we

3In this paper we use the notation of [19], denoting n-forms F_{μ1 ...μn} by F_{(n)}. Antisymmetrization (with weight one) of the indices is always understood.

4Note that the case p = 1 is special since in 2 spacetime dimensions a vector does not carry any worldvolume degree of freedom. Instead, it can be integrated out to yield an integration constant. Indeed, the action of [9], for instance, contains two worldvolume vectors. The p = 1 case will be treated separately, see below.

– 4 – assume that the case of D–branes, i.e., an F–string ending on the brane, is covered by taking q_α′ = (0, −1) where we work in the SL(2, R)–basis^5 , see appendix A. All the other cases, i.e., a general (p, q)–string ending on the brane, are then covered by an SL(2, R) transformation of the D–brane case and are obtained by taking a general q–vector.

Our aim is to find a unified and SU(1, 1)–invariant WZ term for all IIB p-branes. In order to do this it is useful to recall the universal formula for WZ terms in the case of the (non SU(1, 1)–invariant) D–branes:

L_{WZ}(Dp-brane) = C e^{F(2)} , (2.3)

where C is defined as the formal sum^6 C = ∑ n C_{(n)} = C_{(0)} + C_{(2)} + C_{(4)} + C_{(6)} + C_{(8)} + C_{(10)} , (2.4)

and C_{(n)} are the usual RR n–forms. It is understood here that after expanding the exponential in eq. (2.3) in each term that particular C_{(n)} is chosen such that the product of forms adds up to a (p + 1)–form. Using this notation one can check that the WZ term is invariant under the gauge transformations

δC = dλ + F_{(3)} λ , (2.5)

where F_{(3)} is the curl of the NS-NS 2-form field B and λ is the formal sum λ = ∑ n λ_{(n)} = λ_{(1)} + λ_{(3)} + λ_{(5)} + λ_{(7)} + λ_{(9)} . (2.6)

The λ_{(n)} are the different RR gauge parameters. To prove that the WZ term is gauge–invariant requires a one line calculation where one uses that dF_{(2)} = F_{(3)}. For this to work it is important that the gauge transformation of C is of the above form, i.e., it contains the usual dΛ term and terms that are all proportional to F_{(3)}. This is not the case for the SU(1, 1)–covariant gauge potentials we have introduced in [18]. Their gauge transformations are listed in Appendix B and it can be seen that they contain dΛ terms, terms proportional to F^α_{(3)} but also additional terms proportional to Λ^α_{(1)}.

5To distinguish we use α = 1, 2 in the SU(1, 1) basis and α^′ = 1, 2 in the SL(2, R) basis. 6Note that this sum also contains a term involving C_{(0)} ≡ ℓ which is not required by gauge invariance.

– 5 –

Inspired by the case of D–branes we make the following field redefinitions to remove the extra terms from the gauge transformations:

C^α_{(2)} = A^α_{(2)} , (2.7) C_{(4)} = A_{(4)} −^3_8q̃_αq_βA^α_{(2)}A^β_{(2)} , (2.8) C^α_{(6)} = A^α_{(6)} + 20A_{(4)}A^α_{(2)} −^{15}_2 q_βq̃_γ A^α_{(2)}A^β_{(2)}A^γ_{(2)} , (2.9) C^{αβ}_{(8)} = A^{αβ}_{(8)} +^7_4 A^{(α}_{(6)}A^{β)}_{(2)} + 35A_{(4)}A^α_{(2)}A^β_{(2)} −^{105}_8 q_γq̃_δA^α_{(2)}A^β_{(2)}A^γ_{(2)}A^δ_{(2)} , (2.10) C^{αβγ}_{(10)} = A^{αβγ}_{(10)} − 3A^{(αβ}_{(8)} A^{γ)}_{(2)} −^{21}_4 A^{(α}_{(6)}A^β_{(2)}A^{γ)}_{(2)} − 105A_{(4)}A^α_{(2)}A^β_{(2)}A^γ_{(2)} +^{315}_8 q_δq̃_ϵA^α_{(2)}A^β_{(2)}A^γ_{(2)}A^δ_{(2)}A^ϵ_{(2)} , (2.11) where q̃_α is another doublet that satisfies q̃_{[α}q_{β]} =^i_2 ϵ_{αβ} . (2.12) We choose a basis such that for the case of D–branes we have q̃_α′ = (1, 0) and q_α′ = (0, −1). Note that in this case q̃ is the S-dual of q, see appendix A. We have not included the doublet of 10–forms since they do not seem to fit in this family of potentials and require a separate discussion, see below. After these redefinitions we end up with the desired form of the gauge transformations: δ_gC = dΛ + F_{(3)} Λ , (2.13) where F_{(3)} = 3∂C_{(2)} and C, Λ are defined by the formal sums^7 C = ∑ n,α C^{(α)}_{(n)} = C_{(0)} + C^α_{(2)} + C_{(4)} + C^α_{(6)} + C^{αβ}_{(8)} + C^{αβγ}_{(10)} , (2.14) Λ = ∑ n,α Λ^{(α)}_{(n)} = Λ^α_{(1)} + Λ_{(3)} + Λ^α_{(5)} + Λ^{αβ}_{(7)} + Λ^{αβγ}_{(9)} . (2.15)

Eq. (2.13) applies to all the forms of rank higher than 4, while for C_{(4)} it has to be replaced by δC_{(4)} = 4∂Λ_{(3)} +^1_2 q_αF^α_{(3)}q̃_βΛ^β_{(1)} . (2.16) The notation in (2.13) indicates that all SU(1, 1) indices in the second Λ term are symmetrised with the α index of F , and all the terms have the same rank and the same number of SU(1, 1) indices. Special cases are worked out in detail in Section 3. We find that in the new basis the WZ term can be cast into the following universal form L_{WZ}(p-brane) = q · C e^{qF(2)} , (2.17)

7Note that in the expression for C the first term in the sum, which will be discussed at the end of this subsection, is not required by gauge–invariance of the WZ term.

– 6 – where qF_{(2)} stands for q_αF^α_{(2)} and q · C denotes contraction of all SU(1, 1) indices of the C_{(n)} with as many q’s as are required, except for C_{(2)} that must be contracted with q̃. Therefore, all terms in the WZ term (2.17) are either independent of q̃ or at most linear in q̃ where q̃ always occurs in the combination q̃_αC^α_{(2)}. Note that the formula (2.17) implies, as anticipated in the introduction, that in the leading term of the WZ terms the restrictions on the charges given in (1.3) hold. We will show in subsection (3.4) that without these restrictions on the charges it is not possible to construct a WZ term that satisfies the criteria given in (2.1).

We close this subsection with two comments. First, we have not yet specified the first term C_{(0)} in the formal sum C. This term leads to an expression in the WZ term that is gauge–invariant by itself. For Dp-branes with p odd this expression is given by ℓ F^{(p+1)/2}

(2) . To reproduce this expression we must take

C_{(0)} = − q_αq̃_β M^{αβ} q_γ q_δM^{γδ} , (2.18)

where the matrix M is given, in the SL(2, R) basis, in (A.9). Secondly, the doublet of 10–forms A^α_{(10)} is not included by the universal formula (2.17). The reason is that the construction of a WZ term for these 10–forms does not require the introduction of a worldvolume vector field. This is due to the fact that their gauge transformations only contain the leading term δA^α_{(10)} = dΛ^α_{(10)} and therefore a WZ term of the form

q_αA^α_{(10)} (2.19)

is already gauge–invariant by itself. However, without a worldvolume vector it is not clear how to obtain an equal number of bosonic and fermionic worldvolume degrees of freedom and establish worldvolume supersymmetry. We will not consider this case further in this paper.

2.2 Kinetic terms

We next discuss the construction of the kinetic terms. It is convenient to work in Einstein frame, since the metric g_E is SU(1, 1)–invariant. The action for a p-brane in Einstein frame can be written as

L_{kinetic}( p–brane) = τ_{p,E} √ det (g_E + s qF) , (2.20)

where τ_{p,E} is the brane tension for the p-brane in Einstein frame and s is a scalar function of the scalar fields. Using the expressions for the tensions, already obtained in [20] from supersymmetry, together with our universal formula for the WZ term

– 7 –

(2.17) we find the following general formula for the p–brane tensions^8: τ_{p,E} = ( qqM )^{p−3}_4 p ≠ 1 , (2.21)

τ_{1,E} = ( q̃q̃M )^1_2 p = 1 , (2.22)

where qqM stands for q_αq_β M^{αβ}.

Further, we find we can write the kinetic terms as

L_{kinetic}( p–brane) = τ_{p,E} √ det ( g_E + qF (qqM)^{1/2} ) . (2.23)

Summarizing, we find that the SU(1,1)–invariant Lagrangian for general IIB p–branes is given by (p ≠ 1)

L( p–brane) = τ_{p,E} √ det ( g_E + qF (qqM)^{1/2} ) + q · C e^{qF(2)} , (2.24)

with the tension given by eq. (2.21), the scalar matrix M given by (A.9) and the formal sum C defined in (2.14). The case p = 1 is special in the sense that in that case the worldvolume vectors can be integrated away, see subsection (3.2).

Note that all factors of q_α, q̃_α in (2.24) are such that, if we assign a dimension Δ = 1, Δ = −1 to q_α and q̃_α, respectively, all terms in a given p–brane action have dimension Δ =^1_2 (p − 3).

3. Special cases

In this section we give explicit details for special cases and compare with the literature.

3.1 (–1)–branes

This case corresponds to the orbit of D-instantons and is special in the sense that we now work with Euclidean IIB supergravity. The SU(1, 1)–invariant instanton action is given by L_{(-1)–brane} = (qqM)^{−1} − qq̃M qqM . (3.1)

For q_α′ = (0, −1) and q̃_α′ = (1, 0) we recover the standard D-instanton Lagrangian L_{D–instanton} ∼ e^{−ϕ} + ℓ.

8For the p = 1 case, see subsection (3.2).

– 8 –

3.2 1–branes

The brane action for strings is [8] L_{1–brane} = (q̃q̃M)^{1/2} √ det g_E + q̃_αC^α_{(2)}. (3.2) We use here a form of the Lagrangian where there are no Born-Infeld vectors. Unlike all other branes, we use q̃_α instead of q_α for the leading term in the WZ terms. This fits with the fact that the dimension of the Lagrangian for strings is given by Δ = −1. The constants q_α are absent. Note that the construction of a p = 1 gauge–invariant WZ term does not require the introduction of a worldvolume vector, unlike the p > 1 branes. The p = 1 Lagrangian is equivalent to the one given in [9] if we identify q̃_α′ = (p, q) with the two integration constants that follow from integrating out the two worldvolume vectors that occur in the formulation of [9].

3.3 3-branes

The brane action for the p = 3 case is given by

L_{3–brane} = √ det ( g_E + qF (qqM)^{1/2} ) + C_{(4)} +^3_4q̃_αq_βC^α_{(2)}F^β_{(2)} + C_{(0)}(qF_{(2)})^2 , (3.3)

with C_{(0)} defined in (2.18). This is precisely the action that one obtains by dimensional reduction of the PST action [11, 12] for a self-dual tensor in six dimensions [13, 14, 15]. It is interesting to apply an electric–magnetic duality transformation to the worldvolume vector q_αV^α_{(1)} and to compare with [16]. We find that after an electric–magnetic duality transformation we end up with the same action but with the electric potential q_αV^α_{(1)} replaced by a magnetic one, say M_{(1)}, and with everywhere else q_α replaced by q̃_α. On the other hand, in our basis (A.7) the effect of an S–duality transformation is to replace q_α by q̃_α everywhere, including the term q_αV^α_{(1)}. Identifying M_{(1)} = q̃_αV^α_{(1)} (3.4) we see that the two operations coincide, i.e., an S–duality acts on the worldvolume vector like an electric–magnetic (Hodge) duality transformation. This agrees with [16].

3.4 5-branes

The action for 5–branes is given by

L_{5–brane} = (qqM)^{1/2} √ det ( g_E + qF (qqM)^{1/2} ) (3.5) + q_α ( C^α_{(6)} − 60C_{(4)}F^α_{(2)} −^{45}_2 q̃_βq_γ C^β_{(2)}F^γ_{(2)}F^α_{(2)} ) + C_{(0)}(qF_{(2)})^3 .

– 9 –

Gauge invariance of the WZ term implies that the 6-form transforms as

δ_gC^α_{(6)} = 6∂Λ^α_{(5)} − 80F^α_{(3)}Λ_{(3)} , (3.6)

which is indeed like in eq. (2.13).

A different attempt to construct an SU(1, 1)–invariant 5–brane action was undertaken in [17]. Although the formula of [17] is not complete, it would be interesting to see whether there is any relation between the result of [17] and (3.5).

3.5 7-branes

The case of 7-branes is more subtle due to two reasons. First of all there are different conjugacy classes of 7-branes solutions which are distinguished by the value of det (q_{αβ} ). Secondly, to define 7–branes globally, one needs to consider other 7– branes at different positions in space^9. The det (q_{αβ}) = 0 conjugacy class contains the D7–brane. Ignoring global properties, i.e., restricting to the dynamics of small fluctuations, this class has the following brane action:

L_{7–brane} = qqM √ det ( g_E + qF (qqM)^{1/2} ) (3.7) + q_αq_β [ C^{αβ}_{(8)} − 7C^α_{(6)}F^β_{(2)} + 210C_{(4)}F^α_{(2)}F^β_{(2)} +^{105}_2 q̃_γ q_δC^γ_{(2)}F^δ_{(2)}F^α_{(2)}F^β_{(2)} ] + C_{(0)}(qF_{(2)})^4 .

The gauge transformation of the 8-form is

δC^{αβ}_{(8)} = 8∂Λ^{αβ}_{(7)} − 14F^{(α}_{(3)}Λ^{β)}_{(5)} , (3.8)

which again is of the form (2.13).

The above WZ-term has a 7-brane “charge” matrix q_{αβ} = q_αq_β. The determinant of this matrix is, by construction, zero (the matrix has two linearly dependent columns). It is natural to ask whether brane actions for the other conjugacy classes, i.e., with det (q_{αβ}) ≠ 0 can also be constructed. Assuming such a charge matrix we write down the first few terms for the most general ansatz for a WZ-term:

W Z_{(8)} = q_{αβ} [ A^{αβ}_{(8)} + a_1A^α_{(6)}A^β_{(2)} + a_2A^α_{(6)}F^β_{(2)} + . . . ] (3.9)

where a_1, a_2 are to be determined. Demanding that there be only one vector field on the brane requires a_2 = 0. This can be seen by assuming a_2 ≠ 0. Then the second

9For a careful discussion of the global properties and the role of the three different conjugacy classes, see [21].

– 10 – column of the matrix q_{αβ} must be zero, because otherwise we would introduce two gauge fields in the a_2-term. But the second column being trivial implies det (q_{αβ} ) = 0, in contradiction to our assumption, and so we must have a_2 = 0. We now take a look at the gauge transformation of (3.9). The terms of the type ∂A^α_{(6)}Λ^β_{(1)} and of the type ∂A^α_{(2)}Λ^β_{(5)}, both of which are produced by the A^{αβ}_{(8)} and the A^α_{(6)}A^β_{(2)}–terms in our ansatz (remember that we already have eliminated the last term in (3.9), which would also have been a source of such terms), cannot be canceled at the same time for any choice of a_1. This shows that it is not possible to construct a brane action containg a single Born-Infeld vector, for any 7-brane with det (q_{αβ}) ≠ 0.

Of course, the above analysis does not exclude non-standard brane actions. For instance, recalling that the monodromy of a det (q_{αβ} ) > 0 brane can be obtained as the product of monodromies corresponding to two det (q_{αβ}) = 0 branes one could view a det (q_{αβ}) > 0 brane as a bound state of two det (q_{αβ} ) = 0 branes. This suggests that we might consider a (non-Abelian) brane action containing two vector fields^{10}.

3.6 9-branes

Finally, we consider the case of 9-branes. The 9-branes related to the D9-brane (the nonlinear doublet of 9-branes) have the following brane action

L_{9–brane} = (qqM)^{3/2} √ det ( g_E + qF (qqM)^{1/2} )

+ q_αq_βq_γ [ C^{αβγ}_{(10)} + 15C^{αβ}_{(8)} F^γ_{(2)} −^{105}_2 C^α_{(6)}F^β_{(2)}F^γ_{(2)}

+ 1050C_{(4)}F^α_{(2)}F^β_{(2)}F^γ_{(2)} +^{1575}_8 q̃_δq_ϵC^δ_{(2)}F^ϵ_{(2)}F^α_{(2)}F^β_{(2)}F^γ_{(2)} ] + C_{(0)}(qF_{(2)})^5 . (3.10)

The WZ term is gauge invariant provided that

δC^{αβγ}_{(10)} = 10∂Λ^{αβγ}_{(9)} + 40F^{(α}_{(3)}Λ^{βγ)}_{(7)} , (3.11)

which is of the form (2.13). Note that, unlike the case of 7–branes, the other conjugacy classes, not containing the D9–brane, are not supersymmetric [20].

4. Conclusion

In this paper we have presented an elegant SU(1, 1)–invariant expression for all p– brane actions of the IIB theory, see eq. (2.24). We only considered the bosonic

10We thank Jelle Hartong for a discussion on this possibility.

– 11 – terms in the action. It is natural to also consider the fermionic terms and require kappa–symmetry. This requires a SU(1, 1)–covariant superspace formulation of IIB supergravity.

Concerning the 7–branes, it would be interesting to perform a zero mode analysis on the 7–brane solutions for all conjugacy classes and from that point understand why only the 7–brane solution belonging to the det (q_{αβ} ) = 0 conjugacy class has a single vector field zero mode. Furthermore, one could then determine what the zero modes are, if any, for the other conjugacy classes.

As far as the 9–branes are concerned, it remains unclear what the interpretation is of the doublet of 10–form potentials. We have seen that a gauge–invariant WZ term does not contain a worldvolume vector field. One would therefore expect that also the kinetic term does not contain such a vector field. Nevertheless, if kappa–symmetry is going to work we expect to have 8 fermionic worldvolume degrees of freedom like all the other branes and they need to be matched by 8 bosonic degrees of freedom. In ten dimensions such bosonic degrees of freedom can only be described by a vector belonging to a vector multiplet.

Finally, to construct our central formula (2.24) it was crucial to perform the field redefinitions (2.7). These field redefinitions involve the vectors q_α and q̃_α. It would be interesting to obtain a better understanding of these redefinitions and of the role of the SU(1, 1)–covariant C–potentials in IIB string theory.

Acknowledgements

We thank Jelle Hartong for useful discussions. T.O. and F.R. would like to thank the University of Groningen for hospitality. E.B., S.K., T.O. and M. de R. are supported by the European Commission FP6 program MRTN-CT-2004-005104 in which E.B., S.K. and M. de R. are associated to Utrecht university and T.O. is associated to the IFT-UAM/CSIC in Madrid. The work of E.B. and T.O. is partially supported by the Spanish grant BFM2003-01090. The work of T.O. has been partially supported by the Comunidad de Madrid grant HEPHACOS P-ESP-00346. The work of F.R. is supported by the EU contract MRTN-CT-2004-512194 and by the PPARC grant PP/C507145/1.

– 12 –

A. Conventions

We raise and lower SU(1, 1) indices with the two–dimensional Levi–Civita tensor ϵ: q^α = ϵ^{αβ} q_β , q_β = q^αϵ_{αβ} . (A.1) A SU(1, 1)–doublet q_α satisfies the following reality condition: (q_1)^⋆ = q_2 . (A.2) Instead of using the SU(1, 1)–basis, with complex components q_α, it is sometimes convenient to use the SL(2, R)–notation with real components q_α′ . The two bases are related via the following transformation:

q_1′ =^{1√}_2 (q_1 + q_2) , q_2′ =^{i√}_2 (q_1 − q_2) . (A.3) With these conventions we have that ϵ^{αβ} q_αr_β = ϵ^{α′ β′} q_α′ r_β′ with ϵ^{12} = 1 and ϵ^{1′2′} = i. Note that under S–duality we have q_1^S→ −iq_1 , q_1′^S→ −q_2′ , (A.4) q_2^S→ +iq_2 , q_2′^S→ +q_1′ . (A.5) In the text we have also defined a doublet q̃_α that satisfies the relation q̃_{[α}q_{β]} =^i_2 ϵ_{αβ} . (A.6)

We use an SL(2, R)–basis where the case of D–branes is recovered by making the choices: q̃_α′ = ( 1 0 ) , q_α′ = ( 0 −1 ) . (A.7) Then we have under S-duality q_α′^S→ q̃_α′ . (A.8) In our basis the 2 × 2 scalar matrix M is given by M^{α′β′} = e^ϕ ( ℓ^2 + e^{−2ϕ} ℓ ℓ 1 ) . (A.9)

For the convenience of the reader we give the value of some general SU(1, 1)–invariant expressions for the choices (A.7):

q̃_αA^α_{(2)} → C_{(2)} , q_αA^α_{(2)} → B_{(2)} , (A.10) q̃_αA^α_{(n)} → B_{(n)} , q_αA^α_{(n)} → C_{(n)} , n ≠ 2 . (A.11)

– 13 –

B. The p–Form Gauge Fields of IIB Supergravity

For convenience, we provide the gauge transformations and field strengths for all IIB p–form gauge fields as they were determined in [18].

The p–form gauge fields of IIB supergravity are a singlet 4–form, a doublet of 2– forms, 6–forms and 10–forms, a triplet of 8–forms and a quadruplet of 10–forms. The gauge transformations of these gauge fields are:

δA^α_{μ1μ2} = 2∂_{[μ1} Λ^α_{μ2]} , (B.1) δA_{μ1...μ4} = 4∂_{[μ1} Λ_{μ2μ3μ4]} −^i_4 ϵ_{γδ} Λ^γ_{[μ1} F^δ_{μ2μ3μ4]} , (B.2) δA^α_{μ1...μ6} = 6∂_{[μ1} Λ^α_{μ2...μ6]} − 8Λ^α_{[μ1} F_{μ2...μ6]} −^{160}_3 F^α_{[μ1μ2μ3} Λ_{μ4μ5μ6]} , (B.3) δA^{αβ}_{μ1...μ8} = 8∂_{[μ1} Λ^{αβ}_{μ2...μ8]} +^1_2 F^{(α}_{[μ1...μ7} Λ^{β)}_{μ8]} −^{21}_2 F^{(α}_{[μ1μ2μ3} Λ^{β)}_{μ4...μ8]} , (B.4) δA^α_{μ1...μ10} = 10∂_{[μ1} Λ^α_{μ2...μ10]} , (B.5) δA^{αβγ}_{μ1...μ10} = 10∂_{[μ1} Λ^{αβγ}_{μ2...μ10]} −^2_3 F^{(αβ}_{[μ1...μ9} Λ^{γ)}_{μ10]} + 32F^{(α}_{[μ1μ2μ3} Λ^{βγ)}_{μ4...μ10 ]} . (B.6) The expressions for the corresponding field strengths are given by:

F^α_{μ1μ2μ3} = 3∂_{[μ1} A^α_{μ2μ3]} , (B.7) F_{μ1...μ5} = 5∂_{[μ1} A_{μ2...μ5]} +^{5i}_8 ϵ_{αβ} A^α_{[μ1μ2} F^β_{μ3μ4μ5]} , (B.8) F^α_{μ1...μ7} = 7∂_{[μ1} A^α_{μ2...μ7]} + 28A^α_{[μ1μ2} F_{μ3...μ7]} −^{280}_3 F^α_{[μ1μ2μ3} A_{μ4 ...μ7 ]} , (B.9) F^{αβ}_{μ1...μ9} = 9∂_{[μ1} A^{αβ}_{μ2...μ9]} +^9_4 F^{(α}_{[μ1...μ7} A^{β)}_{μ8μ9]} −^{63}_4 F^{(α}_{[μ1μ2μ3} A^{β)}_{μ4...μ9]} , (B.10) F^α_{μ1...μ11} = 11∂_{[μ1} A^α_{μ2 ...μ11 ]} = 0 , (B.11) F^{αβγ}_{μ1...μ11} = 11(∂_{[μ1} A^{αβγ}_{μ2 ...μ11 ]} −^1_3 F^{(αβ}_{[μ1...μ9} A^{γ)}_{μ10 μ11]} + 4F^{(α}_{[μ1μ2μ3} A^{βγ)}_{μ4...μ11 ]}) = 0 .(B.12) Note that all curvature terms that occur at the right-hand-side of the above equations (both the gauge transformations and the expressions for the curvatures) are related to the doublet of 2–form gauge fields, i.e. they are proportional to Λ^α_μ , A^α_{μν} or F^α_{μνρ}.

References

[1] J. H. Schwarz and P. C. West, “Symmetries And Transformations Of Chiral N=2 D = 10 Supergravity,” Phys. Lett. B 126 (1983) 301.

[2] J. H. Schwarz, “Covariant Field Equations Of Chiral N=2 D = 10 Supergravity,” Nucl. Phys. B 226 (1983) 269.

[3] P. S. Howe and P. C. West, “The Complete N=2, D = 10 Supergravity,” Nucl. Phys.

B 238 (1984) 181.

[4] J. Polchinski, Phys. Rev. Lett. 75 (1995) 4724 [arXiv:hep-th/9510017].

– 14 –

[5] M. Cederwall, A. von Gussich, B. E. W. Nilsson, P. Sundell and A. Westerberg, “The Dirichlet super-p-branes in ten-dimensional type IIA and IIB supergravity,” Nucl. Phys. B 490 (1997) 179 [arXiv:hep-th/9611159].

[6] E. Bergshoeff and P. K. Townsend, “Super D-branes,” Nucl. Phys. B 490 (1997) 145 [arXiv:hep-th/9611173].

[7] M. Aganagic, C. Popescu and J. H. Schwarz, “D–brane Actions with Local Kappa–symmetry”, Phys. Lett. B393 (1997) 311 [arXiv:hep-th/9610249].

[8] J. H. Schwarz, “An SL(2,Z) multiplet of type IIB superstrings,” Phys. Lett. B 360 (1995) 13 [Erratum-ibid. B 364 (1995) 252] [arXiv:hep-th/9508143].

[9] P. K. Townsend, “Membrane tension and manifest IIB S-duality,” Phys. Lett. B 409 (1997) 131 [arXiv:hep-th/9705160].

[10] M. Cederwall and P. K. Townsend, “The manifestly Sl(2, Z)–covariant superstring,” JHEP 9709 (1997) 003 [arXiv:hep-th/9709002].

[11] P. Pasti, D. P. Sorokin and M. Tonin, “Duality symmetric actions with manifest space-time symmetries,” Phys. Rev. D 52 (1995) 4277 [arXiv:hep-th/9506109].

[12] P. Pasti, D. P. Sorokin and M. Tonin, “On Lorentz invariant actions for chiral p-forms,” Phys. Rev. D 55 (1997) 6292 [arXiv:hep-th/9611100].

[13] D. Berman, “SL(2,Z) duality of Born-Infeld theory from non-linear self-dual electrodynamics in 6 dimensions,” Phys. Lett. B 409 (1997) 153 [arXiv:hep-th/9706208].

[14] A. Nurmagambetov, “Duality-symmetric three-brane and its coupling to type IIB supergravity,” Phys. Lett. B 436 (1998) 289 [arXiv:hep-th/9804157].

[15] D. Berman, “The M five brane on a torus,” arXiv:hep-th/9812053.

[16] M. Cederwall and A. Westerberg, “World-volume fields, SL(2,Z) and duality: The type IIB 3-brane,” JHEP 9802 (1998) 004 [arXiv:hep-th/9710007].

[17] A. Westerberg and N. Wyllard, “Towards a manifestly SL(2,Z)-covariant action for the type IIB (p, q) super-five-branes,” JHEP 9906 (1999) 006 [arXiv:hep-th/9905019].

[18] E. A. Bergshoeff, M. de Roo, S. F. Kerstan and F. Riccioni, “IIB Supergravity Revisited,” JHEP 0508 (2005) 098 [arXiv:hep-th/0506013].

[19] E. A. Bergshoeff, M. de Roo, S. F. Kerstan, T. Ortín and F. Riccioni, “IIA ten-forms and the gauge algebras of maximal supergravity theories,” JHEP 0607 (2006) 018 [arXiv:hep-th/0602280].

[20] E. A. Bergshoeff, M. de Roo, S. F. Kerstan, T. Ortín and F. Riccioni, “IIB nine-branes,” JHEP 0606 (2006) 006 [arXiv:hep-th/0601128].

– 15 –

[21] E. A. Bergshoeff, J. Hartong, T. Ortín and D. Roest, in preparation.

– 16 –