arXiv:hep-th/0611119v2 14 Dec 2006

Derivative F-Terms from Heterotic M-Theory Five-brane Instantons

Evgeny I. Buchbinder

Perimeter Institute for Theoretical Physics Waterloo, Ontario, N2L 2Y5, Canada

Abstract

We study non-perturbative effects due to a heterotic M-theory five-brane wrapped on Calabi-Yau threefold. We show that such instantons contribute to derivative Fterms described recently by Beasley and Witten rather than to the superpotential.

1 Introduction

In [1] and [2] Beasley and Witten described a new class of instanton effects in N = 1 supersymmetric field theory and string theory. These effects are generating of derivative, or multi-fermion, F-terms. In superfields, the corresponding contributions to the effective action are F -terms containing spinor covariant derivatives. In components, this corresponds to four- and higher-fermionic terms. The simplest non-trivial example of such terms is twoderivative, or four-fermion, F-terms. They correspond to non-perturbative deformation of the classical moduli space. A field theory example where such effects take place is N = 1 supersymmetric QCD with N_f = N_c [3, 4]. In general, as was shown in [1], for N_f ≥ N_c instantons contribute to interactions of 2(N_f − N_c) + 4 fermions. In the case of string theory, it was shown in [2] that derivative F-terms arise, in particular, from wrapping heterotic strings on non-isolated genus zero or higher genus curves. It is worth pointing out that, just like superpotential, derivative F-terms have a certain holomorphic signature.

In this note, we present an explicit example of a string instanton that contributes to four-fermion terms in the low-energy effective action. The instanton is a heterotic M-theory five-brane wrapped on Calabi-Yau threefold. Being a bulk instanton, a five-brane wrapping Calabi-Yau threefold has four fermionic zero modes. As the result it cannot contribute to the superpotential. Instead, we show that it contributes to derivative F-terms. This situation is different from the case of string or open membrane instantons [5, 6, 7, 8, 9, 10, 11]. These instantons are located on the boundary of the interval and, thus, have less fermionic zero modes. In fact, they have only two zero modes and contribute to the superpotential for various moduli.

This note is organized as follows. In section 2, we give a brief review of the structure of derivative F-terms. In section 3, we study the action of a bulk five-brane instanton wrapping Calabi-Yau manifold. We show that this instanton contributes to four-fermion F-terms. In section 4, we discuss some additional features of five-brane instantons.

2 Review of Derivative F-terms

In this section, we give a brief review of the derivative F-terms following [1, 2]. These terms have the following superfield structure δS = ∫ d^4x d^4θ ω¯_i¯_j (Φ, Φ̄)D̄_{α̇}Φ̄^īD̄^{α̇}Φ̄^{j̄}, (2.1) where Φ^i and Φ̄^ī are chiral and anti-chiral superfields whose lowest components ϕ^i and ϕ̄^ī parametrize the classical moduli space M_{cl}. Furthermore, ω¯_i¯_j is defined as

ω¯_i¯_j = 1 2 ( g_i¯_i ω^i_{j̄} + g_i¯_j ω^i_ī ) , (2.2)

where g_i¯_i is the Kahler metric on M_{cl} and ω^i_{j̄} represents an element in the Dolbeault cohomology group H^1_{¯∂} (M_{cl}, T M_{cl}). Thus, ω^i_{j̄} is independent of the metric and parametrizes infinitesimal deformations of the complex structure of M_{cl}. Let us note that it is possible to choose a coordinate system on M_{cl} in which the antiholomorphic components of the Christoffel symbols, Γ^{k̄}_{īj̄} vanish. In this coordinate system, ω¯_i¯_j becomes holomorphic, that is a function of Φ^i only. The operator ω¯_i¯_jD̄_{α̇}Φ̄^īD̄^{α̇}Φ̄^{j̄} is not manifestly chiral. Its chirality follows from the equations of motion of the unperturbed sigma-model with the metric g_i¯_i and holomorphy of ω^i_{j̄} . Being an element of H^1_{¯∂} (M_{cl}, T M_{cl}) rather than a function, ω^i_{j̄} is locally exact. Therefore, locally, one can always rewrite δS as an integral over the whole superspace. However, if the cohomology class represented by ω^i_{j̄} is non-trivial, we cannot write δS globally as a D-term. In this sense, δS represents an F-term. The expression in (2.1) can be generalized to higher derivative F-terms δS = ∫ d^4x d^4θ ω¯_{i1...}¯_{ip}¯_{j1...}¯_{jp} ( D̄_{α̇}Φ̄^ī1D̄^{α̇}Φ̄^{j̄}1 ) . . . ( D̄_{α̇}Φ̄^īpD̄^{α̇}Φ̄^{j̄}p ) . (2.3)

See [1, 2] for details.

In components, the action (2.1) becomes δS = −4 ∫ d^4x ω¯_i¯_j ∂_μϕ̄^ī∂^μϕ̄^{j̄} − 1 4 ∫ d^4x ▽_k▽_l ω¯_i¯_j ψ^{kα}ψ^l_αψ̄^ī_{α̇}ψ̄^{j̄α̇} + . . . , (2.4)

where ψ^i_α is the fermionic superpartner of ϕ^i.

The most convenient way to see if an instanton contributes to δS is to look at the correlation function of four fermions

< ψ^{kα}(x_1)ψ^l_α(x_2)ψ̄^ī_{α̇}(x_3)ψ̄^{j̄α̇}(x_4) > . (2.5)

In order for this correlation function to be non-zero, the action of the instanton has to be multiplied by four fermions. This implies that the instanton has to have four fermionic zero modes. In the next section, we will present an example of such an instanton, a heterotic M-theory five-brane wrapped on a Calabi-Yau manifold. The general expression for the correlation function that we want to consider is

< ψ^{kα}(x_1)ψ^l_α(x_2)ψ̄^ī_{α̇}(x_3)ψ̄^{j̄α̇}(x_4) >= ∫ DΦD̄Φ̄e^{−S4D} ψ^{kα}(x_1)ψ^l_α(x_2)ψ̄^ī_{α̇}(x_3)ψ̄^{j̄α̇}(x_4) ∫ DZe^{−S5} , (2.6) where by S_{4D} we denote the four-dimensional action and ∫ DZe^{−S5} is the partition function of the five-brane wrapped on Calabi-Yau manifold.

3 Five-brane Instantons

We consider a (Euclidean) five-brane wrapped on a Calabi-Yau manifold and located at an arbitrary point in the interval away from any of the orbifold fixed planes. The relevant part of the five-brane action [12] is

S_5 = T ∫ d^6σ √ detg_{ij} + iT ∫ C^{(6)} . (3.1)

Here σ^i, i = 1, . . . , 6 are the coordinates along the five-brane worldvolume, T is the fivebrane tension, g_{ij} is the pullback of the metric superfield to the worldvolume and C^{(6)} is the superfield whose lowest component is the dual six-form potential C_{M1...M6} . More precisely. g_{ij} is defined as g_{ij} = η_{AB}E^A_M E^B_N ∂_iZ^M ∂_j Z^N = g_{M N} ∂_iZ^M ∂_j Z^N. (3.2) Our index convention is the following. The indices A, B are flat and run from 0 to 10. The superindex M is split into the space-time index M, M = 0, . . . 10 and the spinor index m, m = 1, . . . 32. The index M itself splits into the four-dimensional index μ, μ = 0, 1, 2, 3, the indices along the Calabi-Yau threefold U, U = 4, . . . , 10 and the eleventh direction. The supercoordinates Z^M split into the space-time coordinates X^M and fermionic coordinates Θ^m. To proceed we have to expand the superfields E^A_M and C^{(6)} in powers in the fermionic coordinates Θ. For our purposes it is enough to expand to the linear order in the gravitino Ψ_M similarly to the case of membrane instantons in [8, 9]. We have [13]

E^A_M = E^A_M + 2Θ̄Γ^AΨ_M + . . . , E^A_m = 0, C^{(6)}_{M1 M2M3M4M5M6} = C_{M1M2M3M4M5M6} − Θ̄Γ_{[M1M2M3M4M5} Ψ_{M6]} + . . . . (3.3)

Substituting eq. (3.3) back in the action and expanding to the linear order in gravitino yields

S_5 = T ∫ d^6σ √ detg_{MN} ∂_iX^M ∂_j X^N + iT 6! ∫ d^6σϵ^{i1...i6} ∂_{i1} X^{M1} . . . ∂_{i6} X^{M6} C_{M1...M6} + T ∫ d^6σ √ detg_{MN} ∂_iX^M ∂_j X^N V^N Ψ_N , (3.4)

where the vertex operator for the gravitino is given by

V^N = g^{ij}∂_iX^M ∂_j X^N (Θ̄Γ_M ) − ϵ^{i1...i5i} 6!√g_{ij} ∂_{i1} X^{M1} . . . ∂_{i5} X^{M5} ∂_iX^N (Θ̄Γ_{M1...M5} ). (3.5) 3

Now let us recall that we are considering a five-brane wrapped on a Calabi-Yau threefold. From the four-dimensional point of view this configuration looks like an instanton. We can choose the static gauge where the Calabi-Yau coordinates X^U are identified with the worldvolume coordinates σ^i. The action S_5 in this gauge simplifies and becomes

S_5 = T ∫ d^6σ( √ detg_{ij} + iC_{123456}) + T ∫ d^6σ √ detg_{ij} V^iΨ_i, (3.6)

where g_{ij} is now the Calabi-Yau metric and the vertex operator V^i is given by

V^i = g^{ij}Θ̄Γ_j − ϵ^{i1...i5i} 6!√g_{ij} Θ̄Γ_{i1...i5} . (3.7)

Now let us discuss the zero modes. This instantons has five bosonic zero modes, four along four-dimensional Minkowski space and one additional zero mode along the interval. In the low-energy limit, the fields g_{ij} and Ψ_i do not depend on the interval and this additional zero mode can be integrated out to produce an irrelevant constant. The integral over the remaining bosonic zero modes is just the integral over four-dimensional Minkowski space. Now let us move on to the fermionic zero modes. We start by recalling that Θ is a Majorana spinor in eleven dimensions. Thus, it has thirty two real components. The Calabi-Yau background breaks a quarter of supersymmetry. A five-brane reduces the number of surviving supersymmetries by a factor of two. Thus, we find that Θ has four zero modes in the background of the five-brane instanton. The equation that these zero modes is the equation for the supersymmetries preserved by a five-brane. It reads 1 6! Γ^{i1i2i3i4i5i6} ϵ_{i1i2i3i4i5i6} Θ = Θ. (3.8)

Equivalently, this equation can be understood as the kappa supersymmetry fixing condition in the world-volume action (3.1). Equation (3.8) is just the condition that Θ has to be a chiral spinor on Calabi-Yau manifold. This means that Θ can be written as

Θ = θ_α ⊗ ξ_+ ⊕ θ̄_{α̇} ⊗ ξ_+, (3.9)

where ξ_+ is the covariantly constant spinor of positive chirality on Calabi-Yau manifold. The spinors θ_α and θ̄_{α̇} are the four-dimensional spinors representing the fermionic zero modes of the five-brane instanton. Of course, one can come to the same conclusion analyzing the fermionic equations of motion derived from the action (3.1). The equation of motion for Θ is the Dirac equation [14] Γ^i(∂_i + ω^{AB}_i Γ_{AB})Θ = 0, (3.10) where ω^{AB}_i is the spin connection. Since a Calabi-Yau background breaks a quarter of suppersymetry, a solution to (3.10) has eight independent components. This solution involves fermions of both chirality. A supersymmetric five-brane instanton corresponds to a solution of positive chirality (similarly an anti-five-brane instanton corresponds to a solution of negative chirality) and we obtain a solution for Θ given by equation (3.9). The five-brane partition function can now be written as ∫ d^4xd^2θd^2θ̄e^{−S5} , (3.11)

where S_5 is given by (3.6) and Θ is given by eq. (3.9). The existence of four fermionic zero modes makes a five-brane instanton different from string or open membrane instantons studied in [7, 8, 9]. String and open membrane instantons are boundary instantons. They have only two fermionic zero modes because the boundary in heterotic M-theory reduces the number of preserved supercharges by two.

The next step is to evaluate the action S_5. Let us start with the first term which is purely bosonic. Upon the dimensional reduction, the Calabi-Yau metric g_{ij} is written as follows [15]

g_{ij} = V^{1/3}Ω_{ij} , (3.12)

where Ω_{ij} is the reference metric and V is the volume modulus. The field C_{123456} is related to the axion. This can be shown as follows. Take the three-form potential C_{MNP} and consider the components C_{μν11}. To obtain the axion σ, we dualize the field strength G_{μνλ11} G_{μνλ11} = ϵ_{μνλρ}∂^ρσ. (3.13) On the other hand, by definition of C_{123456}, we have G_{μνλ11} = 1 6! ϵ_{μνλρi1...i6} ∂^ρC^{i1...i6} = ϵ_{μνλρ}∂^ρC_{123456}. (3.14) Comparing (3.13) and (3.14), we obtain

C_{123456} = σ. (3.15)

Thus, the first term in (3.6) gives T vS, (3.16) where S = V + iσ (3.17) and v is the Calabi-Yau reference volume. Now let us consider the term V^iΨ_i in eq (3.6). We split the index i into holomorphic and antiholomorphic indices u, ū. Then the dimensional reduction of the gravitino Ψ_u is

Ψ_u = ψ_α ⊗ Γ_uξ_+ ⊕ ψ̄_{α̇} ⊗ Γ_uξ_+. (3.18)

Substituting (3.9) and (3.18) in (3.6) and using the following relations for the covariantly constant spinors Γ_ūξ_+ = 0, ξ^†_+ξ_+ = 1, (3.19)

we find that the five-brane partition function is ∫ d^4xd^2θd^2θ̄e^{−T vS} e^{−θαψα−θ̄α̇ψ̄α̇} . (3.20) To perform the integral over the fermionic zero modes, we expand the second factor in (3.20) to the fourth order. This gives the following expression for the partition function ∫ d^4xe^{−T vS} (ψ^αψ_α)(ψ̄_{α̇}ψ̄^{α̇}). (3.21)

This partition function is interpreted as the four-fermionic term in the action δS given by eq. (2.4) (or, equivalently, (2.1)) with the holomorphic section ω given by

ω^S_{S̄} = e^{−T vS} . (3.22)

Of course, this function ω has to be multiplied by the complex structure dependent bosonic and fermionic one-loop determinants. Analysis of fluctuations around the zero modes and their one-loop determinants is rather complicated. In the static gauge, the fluctuations involve five scalars δX^μ, μ = 0, . . . , 3, δX^{11}, four chiral fermions δΘ_+ (the fermions of opposite chirality are projected out by the condition (3.8), or, equivalently, by fixing the kappa supersymmetry) and also the anti-self-dual two-form, whose coupling to the world-volume we have been ignoring. Note that the fluctuations form the tensor multiplet propagating on the five-brane worldvolume. Various issues about the partition function of the five-brane world-volume fields, including anomaly cancellations, were studied by Witten in [16]. We will not discuss them in this paper. Because of the one-loop determinants, there is a nontrivial non-perturbative mixing of the moduli spaces of the volume and complex structure multiplets. So, to be precise, eq. (3.22) defines only the SS̄ component of ω.

4 Additional Remarks

In this section, we will discuss some additional features of five-brane instantons. First, a generic supersymmetric heterotic M-theory background contains some amount of the G-flux. The non-vanishing componets are G_{(2,1,1)}, G_{(1,2,1)} and G_{(2,2,0)}. Here we are using notation from [17]. The first two indices represent the holomorphic and anti-holomorphic directions along the Calabi-Yau manifold and the last index is the index along the interval. The fact that these components of the fluxes are consistent with supersymmetry means that the Dirac operator on the deformed compactification manifold still has solutions. To be consistent with Poincare symmetry in five dimensions, the variation of the eleven-dimensional gravitino has to have eight zero modes as in the absence of fluxes. This immediately implies that a five-brane wrapped on the deformed manifold will have four fermionic zero modes since it breaks one half of supersymmtery. Thus a five-brane instanton still has four zero modes and constibutes to the function ω as e^{−T v(V +iσ)} times the one-loop determinants. However, the flux G_{(2,2,0)} is more subtle. It provides a deformation of the Calabi-Yau metric along the interval [17, 18, 19]

ds^2 = e^{−f(x11 )}η_{μν} dx^μdx^ν + e^{f(x11 )}(g_{ij} dX^idX^j + dx^{11}dx^{11}), (4.1)

where the warp factor e^{f(x11 )} is given by

e^{f(x11 )} = (1 + x^{11}Q)^{2/3} (4.2)

and Q is the amount of the flux. For example, in the absence of five-brane wrapping holomorphic curves, Q is given by [17, 18, 19] Q = ℓ^3_{11} 32π^2v ∫ ω ∧ ( trF ∧ F − 1 2 trR ∧ R ) , (4.3)

where l_{11} is the eleven-dimensional Planck length and ω is the Kahler form of the undeformed Calabi-Yau metric. Then it follows from eq. (4.1) that the tension of the five-brane wrapping the Calabi-Yau manifold is x^{11} dependent and, thus, such an instanton is not BPS. The wrapped five-brane has to move along the interval to minimize its tension until it collides with the boundary. Therefore, strictly speaking, the analysis in the previous section is valid only if a five-brane instanton is placed in the region where the flux is zero. The existence of such regions was discussed in detail in [20] and we will not repeat it here.

As the second remark, let us discuss what happens when the five-brane is placed on top of one of the orbifold fixed planes. This system is different than a five-brane in the bulk.

The boundary breaks one half of the bulk supersymmetry. The supercharges preserved by the boundary are given by Q = Q_α ⊗ ξ_+ ⊕ Q̄_{α̇} ⊗ ξ_−. (4.4) Comparing this with (3.9) we find that the zero mode of the boundary five-brane are given by Θ = θ_α ⊗ ξ_+. (4.5) This means that a five-brane instanton will now have only two zero modes, θ_α just like an open membrane [8, 9]. Then, one can imagine that such a configuration might contribute to two-fermion terms, that is to the superpotential for the Calabi-Yau volume multiplet. This would have have interesting effects on moduli stabilization [21]. Unfortunately, it is not clear how to prove (or disprove) it quantitatively. The world-volume of a five-brane instanton coincident with an orbifold fixed plane interacts with a tensionless string propagating on the Calabi-Yau manifold. It is not known how to describe this interaction.

As the last remark, we will recall that a five-brane can dissolve in the orbifold plane through a small instanton transition [22, 23, 24]. The resulting configuration is a gauge instanton. If the five-brane is wrapping the entire Calabi-Yau manifold, the dissolved instanton configuration is an instanton on R^4. Thus, the effects of this dissolved five-brane are the standard gauge instanton effects in field theory.

5 Acknowledgments

The author is very grateful to Amihay Hanany and Burt Ovrut for helpful discussions. Research at Perimeter Institute is supported in part by the Government of Canada through NSERC and by the Province of Ontario through MEDT.

References

[1] C. Beasley and E. Witten, “New Instanton Effects In Supersymmetric QCD,” JHEP 0501 (2005) 056 [hep-th/0409149].

[2] C. Beasley and E. Witten, “New Instanton Effects in String Theory,” JHEP 0602 (2006) 060 [hep-th/0512039].

[3] N. Seiberg, “Exact Results on the Space of Vacua of Four Dimensional SUSY Gauge Theories,” Phys.Rev. D49 (1994) 6857-6863 [hep-th/9402044].

[4] N. Seiberg, “Electric-Magnetic Duality in Supersymmetric Non-Abelian Gauge Theories,” Nucl.Phys. B435 (1995) 129-146 [hep-th/9411149].

[5] K. Becker, M. Becker and A. Strominger, “Fivebranes, Membranes and Non- Perturbative String Theory,” Nucl.Phys. B456 (1995) 130-152 [hep-th/9507158].

[6] E. Witten, “Non-Perturbative Superpotentials In String Theory,” Nucl.Phys. B474 (1996) 343-360 [hep-th/9604030].

[7] E. Witten, “World-Sheet Corrections Via D-Instantons,” JHEP 0002 (2000) 030 [hep-th/9907041].

[8] E. Lima, B. A. Ovrut, J. Park and R. Reinbacher, “Non-Perturbative Superpotentials from Membrane Instantons in Heterotic M-Theory,” Nucl.Phys. B614 (2001) 117-170 [hep-th/0101049].

[9] E. Lima, B. A. Ovrut and J. Park, “Five-Brane Superpotentials in Heterotic M-Theory,” Nucl.Phys. B626 (2002) 113-164 [hep-th/0102046].

[10] E. I. Buchbinder, R. Donagi and B. A. Ovrut, “Superpotentials for Vector Bundle Moduli,” Nucl.Phys. B653 (2003) 400-420 [hep-th/0205190].

[11] E. I. Buchbinder, R. Donagi and B. A. Ovrut, “Vector Bundle Moduli Superpotentials in Heterotic Superstrings and M-Theory,” JHEP 0207 (2002) 066 [hep-th/0206203].

[12] I. Bandos, K. Lechner, A. Nurmagambetov, P. Pasti, D. Sorokin and M. Tonin, “Covariant Action for the Super-Five-Brane of M-Theory,” Phys.Rev.Lett. 78 (1997) 4332-4334 [hep-th/9701149].

[13] B. de Wit, K. Peeters and Jan Plefka, “Superspace Geometry for Supermembrane Backgrounds,” Nucl.Phys. B532 (1998) 99-123 [hep-th/9803209].

[14] R. Kallosh and D. Sorokin, “Dirac Action on M5 and M2 Branes with Bulk Fluxes,” JHEP 0505 (2005) 005 [hep-th/0501081].

[15] A. Lukas, B. A. Ovrut and D. Waldram, “On the Four-Dimensional Effective Action of Strongly Coupled Heterotic String Theory,” Nucl.Phys. B532 (1998) 43-82 [hep-th/9710208].

[16] E. Witten, “Five-Brane Effective Action In M-Theory,” J.Geom.Phys. 22 (1997) 103-133 [hep-th/9610234].

[17] E. Witten, “Strong Coupling Expansion Of Calabi-Yau Compactification,” Nucl.Phys. B471 (1996) 135-158 [hep-th/9602070]. Nucl.Phys. B711 (2005) 314-344 [hep-th/0411062].

[18] G. Curio and A. Krause, “Four-Flux and Warped Heterotic M-Theory Compactifications,” Nucl.Phys. B602 (2001) 172-200 [hep-th/0012152].

[19] G. Curio and A. Krause, “G-Fluxes and Non-Perturbative Stabilisation of Heterotic M-Theory,” Nucl.Phys. B643 (2002) 131-156 [hep-th/0108220].

[20] E. I. Buchbinder, “Stable and Metastable Cosmic Strings in Heterotic M-Theory,” Nucl.Phys. B749 (2006) 225-244 [hep-th/0602070].

[21] G. Curio and A. Krause, “S-Track Stabilization of Heterotic de Sitter Vacua,” hep-th/0606243.

[22] E. Witten, “Small Instantons in String Theory,” Nucl.Phys. B460 (1996) 541-559 [hep-th/9511030].

[23] B. A. Ovrut, T. Pantev and Jaemo Park, “Small Instanton Transitions in Heterotic M-Theory,” JHEP 0005 (2000) 045 [hep-th/0001133].

[24] E. Buchbinder, R. Donagi and B. A. Ovrut, “Vector Bundle Moduli and Small Instanton Transitions,” JHEP 0206 (2002) 054 [hep-th/0202084].