arXiv:hep-th/0611134v4 14 Jan 2007

Effective Potential for Uniform Magnetic Fields through Pauli Interaction

Hyun Kyu Lee^∗ and Yongsung Yoon^† Department of Physics, Hanyang University, Seoul 133-791, Korea

Abstract

We have calculated the explicit form of the real and imaginary parts of the effective potential for uniform magnetic fields which interact with spin-1/2 fermions through the Pauli interaction. It is found that the non-vanishing imaginary part develops for a magnetic field stronger than a critical field, whose strength is the ratio of the fermion mass to its magnetic moment. This implies the instability of the uniform magnetic field beyond the critical field strength to produce fermion pairs with the production rate density w(x) =^{m4}_{24π} (^{|μB|}_m − 1)^3(^{|μB|}_m + 3) in the presence of Pauli interaction.

PACS numbers: 82.20.Xr, 13.40.-f, 12.20.Ds Keywords: Electromagnetic Processes and Properties, Non-perturbative Effects

∗ hyunkyulee@hanyang.ac.kr † cem@hanyang.ac.kr

I. INTRODUCTION

The interaction of charged spin-1/2 fermions with electromagnetic fields is described by the minimal coupling in the form of Dirac equation. One of the interesting phenomena with strong electromagnetic fields is particle production. A well known example is the Schwinger process, in which minimally interacting charged particles are created in pairs in strong electric fields [1]. In a purely magnetic field configuration, however, it has been shown that the production of minimally interacting fermion is not possible even with a spatial inhomogeneity [2]. Therefore, the pair production of minimally interacting particles is considered to be a purely electric effect.

Pauli introduced a non-minimal coupling of spin-1/2 particles with electromagnetic fields, which can be interpreted as an effective interaction of fermions with an anomalous magnetic moment [3, 4, 5]. For the neutral fermions with non-vanishing magnetic moments, it is the Pauli interaction through which the electromagnetic interaction can be probed. It is interesting to note that the inhomogeneity of the magnetic field, which couples directly to the magnetic dipole moment through the Pauli interaction, plays a similar role analogous to the electric field for a charged particles with the minimal coupling. The possibility of production of the neutral fermions in a purely magnetic field configuration with spatial inhomogeneity has been demonstrated in 2+1 dimension [6], and recently the production rate in 3+1 dimension has been calculated explicitly for the magnetic fields with a spatial inhomogeneity of a critical value [7].

The purpose of this paper is to discuss further the possibility of the fermion production under a uniform magnetic field when it becomes stronger than the critical field whose strength is the ratio of the fermion mass to its magnetic moment. We consider a neutral fermion but with a magnetic moment μ with Pauli interaction. The energy eigenvalues of the fermion is given by E = ± √ p^2_l + ( √ m^2 + p^2_t ± μB)^2, (1) where p_l and p_t are respectively the longitudinal and the transversal momentum to the magnetic field direction. One can see that, for a critical magnetic field B_c =^m_μ , the energy gap between the positive and the negative energy states disappears. This indicates the possible instability of magnetic field configurations even in uniform magnetic fields. We have calculated the effective potential of uniform magnetic fields which interact with spin-

1/2 fermions through the Pauli interaction. For a magnetic field weaker than the critical field, the effective potential is real as expected. However, for a magnetic field stronger than the critical field, it is found that the imaginary part of the effective potential does not vanish. This implies that a uniform magnetic field becomes unstable to produce the fermion pairs in vacuum when it is stronger than the critical field. It should be noted that the pair production in uniform magnetic fields is not due to the tunneling process as in Schwinger process overcoming the energy gap, 2m, but due to the disappearance of the energy gap in Eq.(1) for the critical field strength. The difference is also manifested in different functional forms of the pair production rates. It is found that the production rate takes a quartic form which is quite different from the exponential form of Schwinger process.

The calculation of the effective potential for uniform magnetic fields induced by a neutral fermion, which is assumed to be interacting with background electromagnetic field through Pauli coupling, is discussed in Section II and the results are summarized in Section III.

II. EFFECTIVE POTENTIAL FOR UNIFORM MAGNETIC FIELDS INDUCED BY FERMIONS WITH PAULI INTERACTION

The Dirac Lagrangian of a neutral fermion with Pauli interaction is given by L = ψ̄(p/ + μ 2 σ^{μν} F_{μν} − m)ψ, (2) where σ^{μν} =^i_2 [γ^μ, γ^ν ], g_{μν} = (+, −, −, −). μ in the Pauli term measures the magnitude of the magnetic moment of the neutral fermion. The corresponding Hamiltonian is given by H = ⃗α · (⃗p − iμβ ⃗E) + β(m − μ⃗σ · ⃗B), (3) where σ^i =^1_2 ϵ^{ijk}σ^{jk}. The energy eigenvalues of the Hamiltonian Eq.(3) are given by Eq.(1). One can see that, for a magnetic field stronger than the critical field B_c =^m_μ , the energy gap between the positive and the negative energy states disappears. This indicates the possible instability of magnetic field configuration. On the other hand, the energy eigenvalues of minimally interacting charged fermions without an anomalous magnetic moment are E = ± √ p^2_l + m^2 + |e|B(2n + 1 − sgn(e)ŝ), (4)

where n = 0, 1, 2, . . ., and ŝ = ±1 are spin projections along the magnetic field [8]. It should be pointed out that zero energy states do not exist even for a strong magnetic field and no particle production of minimally interacting fermions in pure magnetic fields can be attributed to this finite energy gap [9].

The effective potential V_{eff} (A) for a background electromagnetic vector potential A_μ can be obtained by integrating out the fermions: − i ∫ d^4xV_{eff} (A[x]) = ∫ d^4x < x|tr ln[(p/ + μ 2 σ^{μν} F_{μν} − m) 1 p/ − m ]|x >, (5) where F_{μν} = ∂_μA_ν −∂_ν A_μ, and tr denotes the trace over Dirac algebra. The decay probability of the background magnetic field into the neutral fermions is related to the imaginary part of the effective potential V_{eff} (A), P = 1 − |e^{i ∫ d4xVeff (A[x])}|^2 = 1 − e^{−2ℑ ∫ d3xdtVeff (A[x])}. (6) That is, the twice of the imaginary part of the effective potential V_{eff} (A[x]) is the fermion production rate per unit volume [10]: w(x) = 2ℑ(V_{eff} (A[x])) for small probabilities.

For a uniform magnetic field configuration such that ⃗B = Bẑ, the integral form of the effective potential Eq.(5) is obtained as [7]

V_{eff} = −

(μB)^2 4π^2 ∫_∞ 0 ds s^2 [i ∫_1 0 dξ(1 − ξ)e^{i(μB)2 ξ2s} − i 2 + (μB)^2s 12 ]e^{−im2 s}. (7) The integration Eq.(7) can be done explicitly. Introducing dimensionless parameters, t = m^2s and β =^{|μB|}_m , the imaginary part of the effective potential Eq.(7) can be written as

ℑ(V_{eff} ) = − m^4β^2 4π^2

∫_1 0 dξ(1 − ξ) ∫_∞ 0 dt t^2

[cos(β^2ξ^2 − 1)t − cos(t) − β^2ξ^2t sin(t)] = − m^4β^2 8π ∫_1 0 dξ(1 − ξ)[1 − β^2ξ^2 − |1 − β^2ξ^2|]. (8)

For a magnetic field weaker than the critical field, β ≤ 1, the integration Eq.(8) vanishes. It can be also verified by a contour integration. For the magnetic fields weaker than the critical field B_c = m/μ, using a contour integration in the fourth quadrant, the integration can be done along the negative imaginary axis giving the finite real effective action as

V_{eff} = −

(μB)^2 4π^2 ∫_∞ 0 ds s^2 [ 1 2 + (μB)^2s 12 − ∫_1 0 dξ(1 − ξ)e^{(μB)2 ξ2s}]e^{−m2 s}. (9) Therefore, one can see that the uniform magnetic fields weaker than the critical field are stable as expected.

However, for a magnetic field stronger than the critical field, β > 1, the imaginary part of the effective potential does not vanish, but takes a quartic form:

ℑ(V_{eff} ) = 1 48π (|μB| − m)^3(|μB| + 3m), (10) which is the half of the particle production rate density w for a magnetic field stronger than the critical field B_c = m/μ. Therefore, the uniform magnetic fields stronger than the critical field are unstable, and reduce the field strengths producing the fermion pairs due to the disappearance of the energy gap.

The real part of the effective potential Eq.(7) can be calculated explicitly as well,

ℜ(V_{eff} ) = − m^4β^2 4π^2

∫_1 0 dξ(1 − ξ) ∫_∞ 0 dt t^2

[sin(1 − β^2ξ^2)t − sin(t) + β^2ξ^2t cos(t)] (11)

= m^4 288π^2 [13β

4 − 78β^2 + 96β tanh^{−1}(β) − 6(β^4 − 6β^2 − 3) ln(1 − β^2)], for β ≤ 1

m^4 288π^2 [13β

4 − 78β^2 + 96β coth^{−1}(β) − 6(β^4 − 6β^2 − 3) ln(β^2 − 1)], for β ≥ 1.

For a weak field, β ≪ 1, Eq.(11) approximates to^{(μB)6}_{240π2 m2} , and for the critical field, β = 1, ℜ(V_{eff} ) = (96 ln 2 − 65)^{m4}_{288π2} . The real and imaginary parts of the effective potential with respect to the magnetic field strength are shown in FIG.1 in the unit of^{m4}_{48π2} .

FIG. 1: Effective potential of the uniform magnetic field B induced by neutral fermions with a magnetic moment: vertical axis is V_{eff} in the unit of^{m4}_{48π2} (the dashed line is for the imaginary part and the solid line is for the real part), horizontal axis is β(= |μB|/m).

So far, we have considered only the neutral fermions with a magnetic dipole moment. It is also interesting to see how the instability due to the Pauli interaction is affected when the minimal coupling is turned on in addition to the Pauli interaction. Let us consider an effective Lagrangian, which might describe a fermion endowed with a non-vanishing electric charge e and as well as with a magnetic dipole moment μ, given by L = ψ̄(p/ − eA/ + μ 2 σ^{μν} F_{μν} − m)ψ. (12) In QED, μ could be identified as the Schwinger’s anomalous magnetic moment μ_a =^α_{2π}^e_{2m} , which comes from the 1-loop radiative corrections [10]. However the full calculation of the QED radiative correction for strong magnetic fields [11] shows that the Pauli term description of the Schwinger’s anomalous magnetic moment is valid only for weak magnetic fields such that B ≪ m^2/e, which is much smaller than the critical field for the anomalous magnetic moment defined by B_c = m/μ_a.

In this work, however, we consider a model in which the electric charge e and the magnetic dipole moment μ are two independent couplings such that the Pauli term description of the magnetic moment is valid up to the critical magnetic field. Physically it corresponds to the condition that the radiative corrections due to the minimal coupling does not dominate over the Pauli term up to the critical magnetic field. Then, the effective potential for a fermion described by Eq.(12) is calculated as [12]

V_{eff} = − 1 8π^2 ∫_∞ 0 ds s^2 [|eB| coth(|eB|s) − 1 s − (eB)^2s 3 ]e^{−m2s} (13) − (μB)^2 4π^2 ∫_∞ 0 ds s^2 [i|eB|s cot(|eB|s) ∫_1 0 dξ(1 − ξ)e^{i(μB)2 ξ2s} − i 2 + (μB)^2s 12 ]e^{−im2 s}, where the first integral is the effective potential for a minimally interacting charged fermion in a uniform magnetic field [2], and the second integral is the contribution from the magnetic moment μ.

For a magnetic field weaker than the critical field B_c = m/μ, the effective potential Eq.(13) is real as expected because the s integration of the second integral can be done along the negative imaginary axis in the fourth quadrant,

V_{eff} = − 1 8π^2 ∫_∞ 0 ds s^2 [|eB| coth(|eB|s) − 1 s − (eB)^2s 3 ]e^{−m2s} (14) − (μB)^2 4π^2 ∫_∞ 0 ds s^2 [ 1 2 + (μB)^2s 12 − |eB| coth(|eB|s) ∫_1 0 dξ(1 − ξ)e^{(μB)2 ξ2s}]e^{−m2s}. For a magnetic field stronger than the critical field, isolating singularities at s = 0 in the second integral of Eq.(13), we can rewrite the effective potential as

V_{eff} = − 1 8π^2 ∫_∞ 0 ds s^2 [|eB| coth(|eB|s) − 1 s − (eB)^2s 3 ]e^{−m2s}

− (μB)^2 4π^2 ∫_∞ 0 ds s^2 [i ∫_1 0 dξ(1 − ξ)e^{i(μB)2 ξ2s} − i 2 + (μB)^2s 12 ]e^{−im2s} + (μB)^2 4π^2 ∫_∞ 0 ds{|eB|s coth(|eB|s) − 1} [ ∫_{ξ0} 0 dξ(1 − ξ)e^{−(m2−(μB)2 ξ2)s} − ∫_1

ξ_0 dξ(1 − ξ)e^{−((μB)2 ξ2−m2)s}], (15) and ξ_0 ≡ |^m_{μB} | < 1. In Eq.(15), the first integral is known to be real, and it is straightforward to verify that the third integral is real. The second integral in Eq.(15) is exactly the effective potential Eq.(7) for neutral fermions. Thus, the imaginary part of the effective potential comes only from the contributions of the magnetic moment, and the production rate density Eq.(10) calculated for neutral fermions is also valid for charged fermions with the magnetic moment μ. Hence there is no effect of the electric charge with the minimal coupling on the instability due to the magnetic moment through the Pauli interaction for a fermion described by Eq.(12).

III. DISCUSSION

For charged fermions, which couple to the electromagnetic field through minimal coupling, it has been well known that pair creation is not possible in purely magnetic field configurations [1, 2, 9]. In this work, we discuss the possibility that particles can be created in a strong enough magnetic field as a purely magnetic effect. Introducing the magnetic moment of neutral spin-1/2 fermions through Pauli interaction, it has been shown that production of neutral fermions is possible in a purely magnetic field configuration provided that the gradient of the magnetic field is extremely strong [6, 7]. However, the particle production in uniform magnetic fields has not yet been addressed properly. We calculate explicitly the real and imaginary part of the effective potential for a uniform magnetic field, by integrating out the fermions with a magnetic moment which couples to the magnetic fields through Pauli interaction. We have shown explicitly that the imaginary part of the effective potential develops when the uniform magnetic fields are stronger than the critical field B_c =^m_μ . Hence the magnetic field background stronger than B_c is unstable to produce the fermion pairs. We have calculated the production rate density w of the fermions as w =^{m4}_{24π} (^{|μB|}_m − 1)^3(^{|μB|}_m + 3). One can note that this result is quite different from the exponential form of Schwinger process. The main reason for this difference is that the pair production in uniform magnetic fields is not due to the tunneling process as in Schwinger process overcoming the energy gap, 2m, but due to the disappearance of the energy gap.

One of the immediate application of the particle production mechanism discussed in this work might be a particle creation in the vicinity of the compact objects in the strong explosive astrophysical phenomena, where the extraordinarily strong magnetic fields (> 10^{15}G) are expected and the environment is considered to be magnetically dominant. Of course it depends on whether there is any physical model in which the neutral fermion considered is described by Pauli interaction up to the critical magnetic fields.

This work was supported by grant No. (R01-2006-000-10651-0) from the Basic Research Program of the Korea Science & Engineering Foundation.

[1] J. Schwinger, Phys. Rev. 82, 664(1951).

[2] G. Dunne and T.M. Hall, Phys. Lett. B419, 322(1998); Phys. Rev. D60, 065002(1999). [3] W. Pauli, Rev. Mod. Phys. 13, 203(1941).

[4] P.M. Lavrov, J. Phys. A18, 3455(1985); W. Dittrich and M. Reuter, Lect. Notes Phys. 220, 1(1985).

[5] C-L. Ho and P. Roy, Annals. Phys.(NY) 312, 161(2004); Q.-G. Lin, Phys. Rev. A61, 022101(2000).

[6] Q-G Lin, J. Phys. G. 25, 1793(1999). [7] H.K. Lee and Y. Yoon, JHEP 03, 78(2006). [8] V.R. Khalilov, Phys. Rev. D65, 056001(2002).

[9] M.H. Johnson and B.A. Lippmann, Phys. Rev. 76, 828(1949); Phys. Rev. 77, 702(1950). [10] C. Itzykson and J.B. Zuber, Quantum Field Theory, McGraw-Hill, New York, 1980. [11] B. Jancovici, Phys. Rev. 187, 2275(1969); W.-y. Tsai and A. Yildiz, Phys. Rev. D8, 3446(1973);

R. Geprägs, H. Riffert, H. Herold, H. Ruder, and G. Wunner, Phys. Rev. D49, 5582(1994). [12] H.K. Lee and Y. Yoon, in preparation.

[13] For a recen review, see G.L. Fogli, E. Lisi, A. Marrone, and A. Palazzo, Prog. Part. Nucl.

Phys. 57, 742(2006).

[14] E. K. Akhmedov, Phys. Lett. B213, 64(1988); C.-S. Lim and J. Marciano, Phys. Rev. D37, 1368(1988); A.B. Balantekin and C. Volpe, Phys. Rev. D72, 033008(2005).

[15] A. Goyal, Phys. Rev. D64, 013005(2001).