arXiv:hep-th/0611151 v1 14 Nov 2006

HYPER VERSION

Pure Spinor Strings in TsT Deformed Background

P. A. Grassi† and J. Klusoň††^{∗†}

† DISTA, Università del Piemonte Orientale, Via Bellini 25/g 15100 Alessandria, Italy, I.N.F.N. Sez. di Torino, Italy, & Centro Studi e Ricerche E. Fermi, Compendio Viminale, I-00184, Roma, Italy †† Dipartimento di Fisica & Sezione I.N.F.N. Università di Roma “Tor Vergata” Via della Ricerca Scientifica, 1 00133 Roma ITALY

Abstract: We consider pure spinor strings that propagate in the background generated by a sequence of TsT transformations. We use the fact that U(1) isometry variables of TsT-transformed background are related to the isometry variables of the initial background in the universal way that is independent of the details of the background. We will argue that after redefinitions of pure spinors and the fermionic variables we can construct pure spinor action with manifest U(1) isometry. This fact implies that the pure spinor string in TsT-transformed background is described by pure spinor string in the original background where world-volume modes are subject to twisted boundary conditions. We will argue that these twisted boundary conditions generally prevent to prove the quantum conformal invariance of the pure spinor string in AdS_5 × S^5 background. We determine the conditions under which this quantum conformal invariance can be proved. We also determine the Lax pair for pure spinor strings in the TsT-transformed background.

Keywords: string theory, pure spinors.

∗On leave from Masaryk University, Brno †~Josef.Kluson@roma2.infn.it

Contents

1 Introduction and summary 1

2 Review of the γ-deformed action 3

3 Pure spinor action in AdS_5 × S^5 and explicit coset representation 9

4 Equation of motions and BRST invariance 17

5 Fermions and pure spinors twisting 19

6 TsT transformation on the five sphere 22

7 Lax Pair for twisted pure spinor string 27

1 Introduction and summary

It was noticed recently in [1] that in situation when the initial geometry contains a twotorus, a regular background can be generated by using a combination of T-duality transformation on one angle variable followed a shift of the second isometry variable and finally performing the second T-duality along the first isometry variable. This chain of duality transformations that produces family of one-parameter deformation of initial background is known as TsT transformation. The work [1] can be generalised to construct regular multi-parameter deformations of gravity background if they contain a higher dimensional torus and it is possible to perform many chains of TsT transformations [2].

Remarkable fact considering TsT transformations is that they are very powerful for searching of new less supersymmetric examples of AdS/CFT correspondence. In particular, it was used in [1] to obtain a deformation of AdS_5 × S^5 geometry that is conjectured to be dual to supersymmetric marginal deformation of N = 4 SYM. This deformation is called as a β deformation.

Some aspects of more general three-parameter deformed AdS_5 × S^5 and the dual nonsupersymmetric deformations of N = 4 SYM have been studied in papers [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36]. It is unclear, however, if the non-supersymmetric string background is stable. For example, it is known that the spectrum of string theory in the TsT-transformed flat space contains tachyon [28]. However it does not imply that string theory on the deformed AdS_5 × S^5 is unstable because the TsT-transformed flat space is singular at space infinity while the deformed AdS_5 × S^5 is regular everywhere. As was shown in [2, 3] the TsT transformation has very nice property that it can be implemented on the string sigma model leading to the simple relations between string coordinates of the initial and TsT dual-transformed background. These relations allow to prove that the classical solutions of string theory equations of motion in a deformed background are in one-to one correspondence with those in the initial background with twisted boundary conditions imposed on the U(1) isometry fields that parametrise the torus.

The analysis performed in [2] was restricted to the bosonic part of type IIB Green- Schwarz superstring action on the deformed AdS_5 × S^5. This work was generalised to the full Green-Schwarz superstring action in the remarkable paper [3]. The problem with superstring extension is how to define the TsT transformation for fermion variables since they are not neutral under T-duality transformations [72, 73]. The key idea that was presented in [3] and that solves this problem is to redefine the original fermions in such a way that they become neutral under the isometries of the torus.

The goal of this paper is to see that the same analysis can be performed in case of pure spinor string proposed by Berkovits [37, 38, 39, 40, 41]^1. In a recent paper [48], quantum consistency was argued by means of algebraic renormalization arguments. The one-loop conformal invariance of pure spinor string was also demonstrated in [50]^2. Vertex operators for massless excitations have been proposed some time ago [47] and checked to be classically BRST invariant [55]. Algebra of currents was also classically calculated in [56] and the first attempt to calculate their operator product expansion was performed in [57].

All these results, especially proof of the quantum consistency of the pure spinor string in AdS_5 × S^5 suggest that pure spinor string could be the correct way to study the string theory on the γ-deformed background. The goal of this paper is to demonstrate this fact. Let us outline its content.

We will show that we can formulate the pure spinor string in the deformed background using the TsT transformations from the original AdS_5 × S^5 background. As in the case of GS superstring [3] we redefine both fermions and pure spinors variables in order that they become neutral under isometry transformations. Then we argue that the pure spinor string in γ-deformed AdS_5 × S^5 background is equivalent to the pure spinor string in the original AdS_5 × S^5 background where the world-sheet fields obey twisted boundary conditions. We will also argue that the existence of these twisted boundary conditions is crucial for the proof of the quantum consistency of the pure spinor string in γ deformed background. More precisely, the proof of the quantum consistency of pure spinor string in AdS_5 × S^5 presented in [48] was based on the explicit gauge invariance of the pure spinor string in AdS_5 × S^5 background. On the other hand the twisted boundary conditions for

1For review of pure spinor formalism in superstring theory, see [42, 43, 44, 45, 46]. 2Check of the one-loop conformal invariance of pure spinor string in general background was performed in [51, 49].

world-sheet fields are naturally related to the particular coset representative that however breaks the explicit gauge invariance of the theory. Then we will show that in order to restore this gauge invariance we have to restrict to the case when the world-sheet fields obey periodic boundary conditions.

Let us be more explicit. We will see that the configuration of the pure spinor string in AdS_5 × S^5 background is labelled in general by 3 conserved angular momenta (J_1, J_2, J_3). These angular momenta depend on the deformation parameters γ_i through

ν_i ≡ ϵ_{ijk}γ_j J_k . (1.1)

These combinations are the twists that appear in the relations between the angle variables of S^5 and the γ_i-deformed sphere. We will argue that for ν_i equal to integer the currents of the pure spinor string in the AdS_5 ×S^5 background obey the periodic boundary conditions and hence the gauge invariance of the theory can be restored. This result implies that the states of the pure spinor string in the γ deformed background that obey the condition ν_i is integer correspond to the string theory in AdS_5 × S^5 background that pose the gauge invariance of the coset and that, according to the arguments by N. Berkovits given [48] has exact conformal invariance. This result confirms the analysis performed in [25]. We hope that the arguments given in this paper suggests that states with ν_i equal to integer in γ_i-deformed background have exact conformal field theory description.

Let us outline the structure of the paper. In next section (2) we review how the TsT transformation is defined in the context of the non-linear sigma model. In section (3) we introduce the action for pure spinor string in AdS_5 × S^5 background. Then we determine its form using the explicit parametrisation of the coset introduced in [61]. In section (4) we study the equations of motions for pure spinor string in the coset representation. We prove the conservation of the BRST currents. In section (5) we perform the redefinition of the fermions and pure spinor variables following [3].

Then in section (6) we apply TsT transformation to the five sphere and we find the relation between the pure spinor string action in γ-deformed action and in the original AdS_5 × S^5 action. Finally, in section (7) we argue for an existence of the Lax connection for pure spinor string in the γ deformed background again following the approach given in [3].

2 Review of the γ-deformed action

We start with the sigma model action that describes the propagation of closed string on the background with several U(1) isometries S = − √ λ 4π ∫ dτdσ √ −h[h^{μν} ∂_μϕ^i∂_ν ϕ^jG^0_{ij} − ϵ^{μν} ∂_μϕ^i∂_ν ϕ^jB^0_{ij} +

+ 2∂_μϕ^i(h^{μν} U^0_{ν,i} − ϵ^{μν} V^0_{ν,i}) + L^0_{rest}] . (2.1)

As usual we have introduced the effective string tension^{√λ}_{2π} that is identified with the ’t Hooft coupling in the AdS/CFT correspondence, h_{μν} is worldsheet metric with Minkowski signature that in conformal gauge is h^{μν} = (−1, 1) and ϵ^{μν} =^{eμν√}_{−h} , e^{01} = −e^{10} = e^{τ σ} = 1. Next we assume that the action is invariant under the U(1) isometry transformations that are geometrically realised as shifts of the angle variables ϕ_i , i = 1, 2, . . . , d. In other words the string background contains the d-dimensional torus T^d. The action (2.1) explicitly shows the dependence on ϕ^i and their coupling to the background fields G^0_{ij} , B^0_{ij} and U^0_{ν,i}, V^0_{ν,i}. These background fields are independent on ϕ^i but can depend on other bosonic and fermionic string coordinates which are neutral under the U(1) isometry transformations. Finally L^0_{rest} denotes the part of the Lagrangian that depends on other fields of the theory.

As previous discussion suggests the action (2.1) is invariant under the constant shift of ϕ^i ϕ^{′i}(τ, σ) = ϕ^i(τ, σ) + ϵ^i . (2.2) The corresponding Noether currents have the form

J^μ_i = − √ λ 2π √ −h(h^{μν} ∂_ν ϕ^jG^0_{ji} − ϵ^{μν} ∂_ν ϕ^jB^0_{ij} + h^{μν} U^0_{ν,i} − ϵ^{μν} V^0_{ν,i}) (2.3)

and obeys the equation ∂_μJ^μ_i = 0 (2.4) as a consequence of the equations of motion.

Now we are ready to study TsT duality of the angle variables. Let us consider twotorus that is generated by ϕ_1 and ϕ_2. The TsT transformation consists T-dualizing the variable ϕ_1 with the further shift ϕ_2 → ϕ_2 + γ̃ϕ_1 and dualizing ϕ_1 back. The TST transformation can be symbolically expressed as

(ϕ_1, ϕ_2)^{TsT}→ (ϕ̃_1, ϕ̃_2) . (2.5)

In order to find the TsT transformation of the non-linear sigma model action we proceed following the classical works [70, 71].

Let us start with the T-duality on a circle parametrised by ϕ_1. As the next step we gauge the shift symmetry ϕ^{′1} = ϕ^1 + ϵ^1 so that ϵ^1 is now function of τ, σ. If we require that the action is invariant under the non-constant transformation we have to introduce the appropriate gauge field A_μ in such a way that

∂_μϕ^1 → (∂_μϕ^1 + A_μ) ≡ D_μϕ^1 . (2.6)

At the same time we add to the action the term ϕ̃^1ϵ^{μν} F_{μν} in order to assure that the gauge field has trivial dynamics. Then we obtain the gauge invariant action S = − √ λ 4π ∫ dτdσ √ −h[h^{μν} D_μϕ^1D_ν ϕ^1G^0_{11} + 2h^{μν} D_μϕ^1∂_ν ϕ^aG^0_{1a} + h^{μν} ∂_μϕ^a∂_ν ϕ^bG^0_{ab} −

− ϵ^{μν} ∂_μϕ^a∂_ν ϕ^bB^0_{ab} − 2ϵ^{μν} D_μϕ^1∂_ν ϕ^bB^0_{1b} + + 2D_μϕ^1(h^{μν} U^0_{ν,1} − ϵ^{μν} V^0_{ν,1}) + 2∂_μϕ^a(h^{μν} U^0_{ν,a} − ϵ^{μν} V^0_{ν,a}) + ϕ̃^1ϵ^{μν} F_{μν} + L^0_{rest}] , (2.7) where a, b = 2, . . . , d. Now thanks to the gauge invariance we can fix the gauge ϕ^1 = 0 so that the action above takes the form S = − √ λ 4π ∫ dτdσ √ −h[h^{μν} A_μA_ν G^0_{11} + 2h^{μν} A_μ∂_ν ϕ^aG^0_{1a} + h^{μν} ∂_μϕ^a∂_ν ϕ^bG^0_{ab} − − ϵ^{μν} ∂_μϕ^a∂_ν ϕ^bB^0_{ab} − 2ϵ^{μν} A_μ∂_ν ϕ^bB^0_{1b} + + 2A_μ(h^{μν} U^0_{ν,1} − ϵ^{μν} V^0_{ν,1}) + 2∂_μϕ^a(h^{μν} U^0_{ν,a} − ϵ^{μν} V^0_{ν,a}) + ϕ̃^1ϵ^{μν} F_{μν} + L^0_{rest}] . (2.8)

If we now integrate ϕ̃^1 we obtain that F_{μν} = 0 and hence A_μ = ∂_μθ. Inserting back to the action (2.8) we obtain the original action (2.1) after identification θ = ϕ^1. On the other hand if we integrate out A_μ we obtain

2h^{μν} A_ν G^0_{11} + 2h^{μν} ∂_ν ϕ^aG^0_{1a} − 2ϵ^{μν} ∂_ν ϕ^aB^0_{1a} + 2(h^{μν} U^0_{ν,1} − ϵ^{μν} V_{ν,1}) − 2∂_ν [ϵ^{νμ}ϕ̃^1] = 0 (2.9)

that implies

A_μ = 1 G^0_{11}

(−∂_μϕ^aG^0_{1a} + h_{μν} ϵ^{νρ}∂_ρϕ^aB^0_{1a} − (U^0_{μ,1} − h_{μν} ϵ^{νρ}V^0_{ρ,1}) − h_{μν} ϵ^{νρ}∂_ρϕ̃) . (2.10)

Since we have argued that A_μ can be related to the original coordinate ϕ^1 as A_μ = ∂_μϕ^1 the relation (2.10) implies following relation between ϕ^1 and ϕ̃^1

ϵ^{νρ}∂_ρϕ̃^1 = −h^{νρ}G^0_{11}∂_ρϕ^1 − h^{νρ}∂_ρϕ^aG^0_{1a} + ϵ^{νρ}∂_ρϕ^aB^0_{1a} − h^{νρ}U^0_{ρ,1} + ϵ^{νρ}V^0_{ρ,1} , ϕ̃^a = ϕ^a . (2.11)

Now plugging the result (2.10) into the action above we obtain the action equivalent to (2.1) S = − √ λ 4π ∫ dτdσ √ −h[h^{μν} ∂_μϕ̃^i∂_νϕ̃^jG̃_{ij} − ϵ^{μν} ∂_μϕ̃^i∂_νϕ̃^jB̃_{ij} + + 2∂_μϕ^i(h^{μν}Ũ_{ν,i} − ϵ^{μν}Ṽ_{ν,i}) + L̃_{rest}] , (2.12)

where now

G̃_{11} = 1

G^0_{11} , G̃_{ab} = G^0_{ab} − G^0_{a1}G^0_{1b} − B^0_{1a}B^0_{1b} G^0_{11}

, G̃_{1a} =

B^0_{1a} G^0_{11} , B̃_{ab} = B^0_{ab} − G^{01a}B^{01b} − B^{01a}G^{01b} G^0_{11}

, B̃_{1a} =

G^0_{1a} G^0_{11}

, B̃_{a1} = −

G^0_{1a} G^0_{11} , Ũ_{μ,1} = V^{0μ,1}

G^0_{11} , Ṽ_{μ,1} = U^0_{μ,1} G^0_{11} , Ũ_{μ,a} = U^0_{μ,a} − G^{01,a}U^{0ν,1} − B^{01a}V^{0μ,1} G^0_{11} ,

Ṽ_{μ,a} = V^0_{μ,a} − G^{01a}V^{0μ,1} − B^{01a}U^{0μ,1} G^0_{11} , L̃_{rest} = L^0_{rest} − h^{μν} U^{0μ,1}U^{0ν,1} − V^{0μ,1}V^{0ν,1} G^0_{11} + ϵ^{μν} U^0_{μ,1}V^0_{ν,1} − V^0_{μ,1}U^0_{ν,1} G^0_{11} . (2.13)

Clearly the action (2.12) has the same number of symmetries as the original one.

The next step in the definition of the TsT transformation is the the shift of the variables ϕ̃^a that is defined as

ϕ̃^2 = ϕ̃^2_s + γ̂ϕ̃^1_s, ϕ̃^1_s = ϕ̃^1 , ϕ̃^a_s = ϕ̃^a , a = 3, . . . , d . (2.14)

If we now insert (2.14) into the action (2.12) we get S = − √ λ 4π ∫ dτdσ √ −h[h^{μν} ∂_μϕ̃^i_s∂_νϕ̃^j_sG̃^s_{ij} − ϵ^{μν} ∂_μϕ̃^i_s∂_νϕ̃^j_sB̃^s_{ij} + + 2∂_μϕ̃^i_s(h^{μν}Ũ^s_{ν,i} − ϵ^{μν}Ṽ^s_{ν,i}) + L̃_{rest}] , (2.15)

where the forms of the background fields G̃^s_{ij} , B̃^s_{ij} , Ũ^s_{ν,i} and Ṽ^s_{ν,i} can be easily determined from the action (2.12) and the shift transformation (2.14). Finally we perform the last T-duality transformation along the direction labelled with ϕ̃^1_s. After this transformation we get the action in the final form S = − √ λ 4π ∫ dτdσ √ −h[h^{μν} ∂_μϕ^i_F ∂_ν ϕ^j_F G_{ij} − ϵ^{μν} ∂_μϕ^i_F ∂_ν ϕ^j_F B_{ij} + + 2∂_μϕ^i_F (h^{μν} U_{ν,i} − ϵ^{μν} V_{ν,i}) + L_{rest}] , (2.16)

where now G_{ij} = G^0_{ij} D , G_{ia} = G_{ai} = G^0_{ia} D + γ̂ B^0_{2a}G^0_{1i} − B^0_{1a}G^0_{2i} + B^0_{12}G^0_{ia} D ,

G_{ab} = G^0_{ab} + γ̂ + γ̂^2B^0_{12} D 2(B^0_{23}G^0_{13} − B^0_{13}G^0_{23}) + + γ̂^2 D ( G^0_{11}(B^0_{2a}B^0_{2b} − G^0_{2a}G^0_{2b} + G^0_{22}(B^0_{1a}B^0_{1b} − G^0_{1a}G^0_{1b}) + 2G^0_{12}(G^0_{2a}G^0_{1b} − B^0_{1a}B^0_{2b}) ) (2.17) and B_{12} = −B_{21} =

B^0_{12} D + γ̂ D (G^0_{11}G^0_{22} − (G^0_{12})^2 + (B^0_{12})^2) ,

B_{ia} = −B_{ai} = B^0_{ia} D + γ̂ D (G^0_{2a}G^0_{i1} − G^0_{i2}G^0_{1a} + B^0_{12}B^0_{ia}) , U_{μ,i} = U^0_{μ,i} D + γ̂ D (G^0_{11}V^0_{μ,2} − G^0_{2i}V^0_{μ,1} + B^0_{12}U^0_{μ,i}) , V_{μ,i} = V^0_{μ,i} D + γ̂ D (B^0_{12}V^0_{μ,i} + G^0_{1i}U^0_{μ,2} − G^0_{2i}U^0_{μ,1}) ,

U_{μ,a} = U^0_{μ,a} +

(γ̂ + γ̂^2B^0_{12}) D (ϵ^{ij} G^0_{ia}V^0_{μ,j} − ϵ^{ij}B^0_{ia}U^0_{μ,j} ) + + γ̂^2 D (ϵ^{ij} U^0_{μ,i}(G^0_{2a}G^0_{1j} − G^0_{1a}G^0_{2j} ) + ϵ^{ij} V^0_{μ,i}(−B^0_{2a}G^0_{1j} + B^0_{1a}G^0_{2j})) ,

V_{μ,a} = V^0_{μ,a} +

(γ̂ + γ̂^2B^0_{12}) D (ϵ^{ij} G^0_{i3}U^0_{μ,j} − ϵ^{ij} B^0_{ia}V^0_{μ,j}) + + γ̂^2 D (ϵ^{ij} V^0_{μ,i}(G^0_{2a}G^0_{1j} − G^0_{1a}G^0_{2j} ) + ϵ^{ij} U^0_{μ,i}(−B^0_{2a}G^0_{1j} + B^0_{1a}G^0_{2j})) , L_{rest} = L^0_{rest} + (γ̂ + γ̂^2B^0_{12}) D (2ϵ^{ij} (V^0_{0,i}V^0_{1,j} − U^0_{0,i}U^0_{1,j} + h^{μν} U^0_{μ,i}V^0_{ν,j})) + + γ̂^2 D (G^0_{ij}ϵ^{ii}ϵ^{jj}h^{μν} (V^0_{μ,i}V^0_{ν,j} − U^0_{μ,i}U^0_{ν,j} ) + G^0_{ij}ϵ^{ii}ϵ^{jj}ϵ^{μν} U^0_{μi}V^0_{νj} ) , (2.18)

where i, j = 1, 2 define the directions of a two-torus and the index a runs over 3, . . . , d. The element D is given by

D = 1 + 2γ̂G^0_{12} + γ̂^2(G^0_{11}G^0_{22} − (G^0_{12})^2 + (B^0_{12})^2) , γ̂ = √ λγ . (2.19)

Repeating the arguments given below the first T-duality transformation we can find the relation between between ϕ_F and ϕ in the form

∂_μϕ^1_F = ∂_1ϕ^1 − γ̂ϵ_{μν} h^{νρ}∂_ρϕ^iG_{i2} + γ̂∂_μϕ^iB_{i2} − γ̂ϵ_{μν} h^{νρ}U_{ρ2} − γ̂V_{μ2} , ∂_μϕ^2_F = ∂_μϕ^2 + γ̂ϵ_{μν} h^{νρ}∂_ρϕ^iG_{i1} − γ̂∂_μϕ^iB_{i1} + γ̂ϵ_{μν} h^{νρ}U_{ρ1} + γ̂V_{μ1} , i, j = 1, . . . d , ∂_μϕ^a_F = ∂_μϕ^a , a = 3, . . . , d . (2.20)

In what follows we rename ϕ^F as ϕ̃ in order to have contact with [3]. Clearly the action (2.16) has the same number of symmetries as related to the the constant shifts of the variables ϕ̃. The conserved Noether currents have the form

J̃^μ_i = − √ λ 2π √ −h(h^{μν} ∂_νϕ̃^j G_{ji} − ϵ^{μν} ∂_νϕ̃^jB_{ij} + h^{μν} U_{ν,i} − ϵ^{μν} V_{ν,i}) . (2.21) It is important to stress that following relations holds [2, 3] J̃^μ_i (ϕ̃) = J^μ_i (ϕ) . (2.22)

Now using (2.20), (2.22) together with (2.3) and (2.21) we obtain

∂_1ϕ̃^1 − ∂_1ϕ^1 = −γJ^τ_2 ,

∂_1ϕ̃^2 − ∂_1ϕ^1 = γJ^τ_1 , ∂_1ϕ̃^i − ∂_1ϕ^i = 0 , i > 2 . (2.23)

Since we consider the closed string on the γ-deformed background the angle variables ϕ̃^i have to have following periodicity conditions

ϕ̃^i(2π) − ϕ̃^i(0) = 2πn_i , n_i ∈ Z . (2.24)

Then integrating (2.23) we obtain the relation between the original variables

ϕ^1(2π) − ϕ^1(0) = 2π(n_1 + γJ_2) , ϕ^2(2π) − ϕ^2(0) = 2π(n_2 − γJ_1) , (2.25)

where J_i = 1 2π ∫_{2π} 0 dσJ^τ_i (σ) , (2.26)

and where J_i are constant as follows from (2.4).

Now we can also look on this problem from another point of view using the fact that the momentum conjugate to ϕ^i coincides with J^τ_i . Therefore we can rewrite the time component of (2.23) in the form

p̃_i = p_i , ∂_σϕ̃^i − ∂_σ ϕ^i = −γ_{ij}p^j , i, j = 1, . . . , d , (2.27)

where γ_{ij} = −γ_{ji} with one nonzero component γ_{12} ≡ γ. It is clear that (2.27) up to twisted boundary conditions a TsT transformation is just a simple linear canonical transformation of the U(1) isometry variables. Then the twist is the origin of the nonequivalence of the original and transformed theories. It is also clear that the most general multi-parameter TsT transformed background obtained by applying TsT transformations successively, many times when each time we pick up a new torus and a new deformation parameter is completely parametrised by the relation (2.27) with arbitrary matrix γ_{ij}. Therefore background that contains d dimensional torus admits d(d − 1)/2 -parameter TsT transformation. In case of AdS_5 the most general TsT transformation applies to the five sphere S^5 (In order to preserve an isometry of AdS_5) has three independent parameters. The twisted boundary conditions for the original angles ϕ^i in the case of the most general deformation take the form

ϕ^i(2π) − ϕ^i(0) = 2π(n^i − ν^i) , ν_i = −γ_{ik}J_k . (2.28)

The general three-parameter γ-deformed background is obtained by applying the TsT transformation three times. Following [3] we express the corresponding procedure as

(ϕ_1, ϕ_2, ϕ_3)^{γ3}→ (ϕ̃_1, ϕ̃_2, ϕ̃_3)^{γ1}→ (~ϕ̃_1, ~ϕ̃_2, ~ϕ̃_3)^{γ2}→ (ϕ̌_1, ϕ̌_2, ϕ̌_3) . (2.29)

Since under every step the corresponding Noether currents remain the same we can write ϕ̃′_1 − ϕ′_1 = −γ_3J τ_2 ~ϕ̃^′_1 − ϕ̃′_1 = 0 ϕ̌_1 − ~ϕ̃^′_1 = γ_2J τ_3 ϕ̃′_2 − ϕ′_2 = γ_3J τ_1 ~ϕ̃^′_2 − ϕ̃′_2 = −γ_1J τ_3 ϕ̌′_2 − ~ϕ̃^′_2 = 0 ϕ̃′_3 − ϕ′_3 = 0 ~ϕ̃^′_3 − ϕ̃′_3 = γ_1J τ_2 ϕ̌′_3 − ~ϕ̃^′_3 = −γ_2J τ_1

(2.30)

From these formula’s we can find the relation between ϕ^i and ϕ̃^i in the form ∂_σϕ̃^i − ∂_σ ϕ^i = ϵ_{ijk}γ_jJ^τ_k , γ_{ik} = −ϵ_{ijk}γ_j . (2.31) Integrating this equation and using the fact that ϕ̃^i(2π) − ϕ̃^i(0) = 2πn^i we obtain the twisted boundary conditions for the original angles ϕ^i(2π) − ϕ^i(0) = 2π(n^i − ν^i) , ν^i = ϵ_{ijk}γ_jJ_k . (2.32)

3 Pure spinor action in AdS_5×S^5 and explicit coset representation

The pure spinor action in AdS_5 × S^5 was introduced in [47, 48] and further studied in [55, 58]. In the covariant worldsheet description the pure spinor string action on AdS_5 ×S^5 takes the form S = − √ λ 2π ∫ dτdσ √ −ηStr[ 1 2 η^{μν} ( J^{(2)}_μ J^{(2)}_ν + J^{(1)}_μ J^{(3)}_ν + J^{(3)}_μ J^{(1)}_ν ) + + ϵ^{μν} 4 ( J^{(1)}_μ J^{(3)}_ν − J^{(3)}_μ J^{(1)}_ν ) ] + S_{ghost} , S_{ghost} = − √ λ 2π ∫ dτdσ √ −ηStr[w_μP^{μν} ∂_ν λ + ŵ_μP̃^{μν} ∂_νλ̂ +

+ N_μP^{μν} J^{(0)}_ν + N̂_μP̃^{μν} J^{(0)}_ν − 1 2 N_μP^{μν}N̂_ν − 1 2 N̂_μP̃^{μν} N_ν ] , (3.1) where we have introduced the notation J^{(0)}_μ = (g^{−1}∂_μg)^{[cd]}T_{[cd]} , J^{(1)}_μ = (g^{−1}∂_μg)^αT_α , J^{(2)}_μ = (g^{−1}∂_μg)^cT_c , J^{(3)}_μ = (g^{−1}∂_μg)^{α̂}T_{α̂} , w_μ = w_{μα}T_{α̂}δ^{αα̂} , λ = λ^αT_α , N_μ = − {w_μ, λ} = −N^{cd}_μ T_{[cd]} + N^{c′d′}_μ T_{[c}′_d′_] , ŵ_μ = ŵ_{μα̂}T_αδ^{α̂α} , λ̂ = λ̂^{α̂}T_{α̂} , N̂_μ = − { ŵ_μ, λ̂ } = −N̂^{cd}_μ T_{[cd]} + N̂^{c′d′}_μ T_{[c}′_d′_] . (3.2) We also work with the flat worldsheet metric where h_{μν} = η_{μν} = diag(−1, 1) and where we have also defined

P^{μν} = (η^{μν} − ϵ^{μν} ) , P̃^{μν} = (η^{μν} + ϵ^{μν} ) , ϵ^{μν} = e^{μν} √ −η , e^{01} = −e^{10} = 1 . (3.3)

In what follows we work in coordinates x^0 = τ, x^1 = σ where σ ∈ (0, 2π).

An element M of the superalgebra su(2, 2|4) is given by a 8 × 8 matrix that can be written in terms of 4 × 4 blocks as M = ( A X Y D ) . (3.4)

The superalgebra su(2, 2|4) is singled out by requiring that M has to have zero supertrace StrM = TrA − TrD = 0 and to satisfy the following reality condition

HM + M^†H = 0 . (3.5)

The choice of the hermitian matrix H is not unique and we choose H to be of the diagonal form H = ( Σ 0 0 1 ) . (3.6)

Then (3.5) and (3.6) imply

D = −D^† , ΣA = −A^†Σ , Y = −X^†Σ , (3.7)

where Σ = 1 0 0 0 0 1 0 0 0 0 −1 0 0 0 0 −1

. (3.8)

The algebra su(2, 2|4) also contains the u(1) generator iI where I is identity matrix of the corresponding dimension. The superalgebra psu(2, 2|4) is defined as the quotient algebra of su(2, 2|4) over this u(1) factor; it has no realisation in terms of 8 × 8 matrices.

The essential feature of the superalgebra su(2, 2|4) is that it admits a Z_4 automorphism Ω such that the condition Ω(H) = H determines the maximal subgroup to be SO(4, 1) × SO(5) that leads to the definition of the coset for the sigma model. The Z_4 automorphism Ω takes an element of psu(2, 2|4) to another G → Ω(G) such that

Ω(G) = ( KA^T K −KY^T K KX^T K KB^T K ) , K = 0 1 0 0 −1 0 0 0 0 0 0 1 0 0 −1 0

. (3.9)

Since Ω^4 = 1 the eigenvalues of Ω are i^p , p = 0, 1, 2, 3. Therefore we can decompose the superalgebra G as G = H_0 ⊕ H_1 ⊕ H_2 ⊕ H_3 , (3.10)

where H_p denotes the eigenspace of Ω such that if H ∈ H_p then

Ω(H) = i^pH . (3.11)

Explicitly, any matrix M of su(2, 2|4) can be decomposed into the sum

M = M^{(0)} + M^{(1)} + M^{(2)} + M^{(3)} , (3.12)

where

M^{(0)} = 1 4 (M + Ω(M) + Ω^2(M) + Ω^3(M)) = 1 2 ( A + KA^T K 0 0 D + KD^T K ) , M^{(2)} = 1 4 (M − Ω(M) + Ω^2(M) − Ω^3(M)) = 1 2 ( A − KA^T K 0 0 D − KD^T K ) , M^{(1)} = 1 4 (M − iΩ(M) − Ω^2(M) + iΩ^3(M)) = 1 2 ( 0 X + iKY^T K Y − iKX^T K 0 ) , M^{(3)} = 1 4 (M + iΩ(M) − Ω^2(M) − iΩ^3(M)) = 1 2 ( 0 X − iKY^T K Y + iKX^T K 0 ) , (3.13)

and where Ω(M^{(p)}) = i^pM^{(p)}. We see that M^{(0)} form so(4, 1) × so(5) subalgebra which we wish to mod out in the coset. We also see that the matrices M^{(1,3)} contain the odd matrices. Splitting M into Grassman even and odd parts M = M_{even} + M_{odd} , M_{even} = ( A 0 0 D ) , M_{odd} = ( 0 X Y 0 ) , (3.14)

we can rewrite the expressions for M^{(p)} in the following form

M^{(0)} = 1 2 (M_{even} + K_8M^T_{even}K_8) , M^{(2)} = 1 2 (M_{even} − K_8M^T_{even}K_8) , M^{(1)} = 1 2 (M_{odd} + iK̃_8M^T_{odd}K_8) , M^{(3)} = 1 2 (M_{odd} − iK̃_8M^T_{odd}K_8) , (3.15)

where K_8 and K̃_8 are defined as

K_8 = ( K 0 0 K ) , K̃_8 = ( K 0 0 −K ) . (3.16)

The next step is to explicit choose the coset representative g. Following [3] we take the coset parametrisation in the form

g = g(θ)g(z) . (3.17)

Here g(θ) = exp(θ), where θ is an element of psu(2, 2|4) that contains 32 fermionic degrees of freedom. The element g(z) belongs to SU(2, 2) × SU(4) and takes following form [61] g(z) = ( g̃_a(x) 0 0 g̃_s(y) ) , (3.18) where g̃_a(x) = exp 1 2 (x_aγ_a) , g̃_s(y) = exp i 2 (y_aΓ_a) , (3.19)

where z ≡ (x_a, y_a) and x_a parametrise the AdS_5 space while y_a stand for the five-sphere. The matrices Γ_a, γ_a , a = 1, . . . , 5 are Dirac matrices for SO(5) and SO(4, 1) respectively. These matrices obey the relations

KΓ^T_a K = −Γ_a , Kγ^T_a K = −γ_a . (3.20)

Using this property of the Dirac matrices it can be easily shown that they span the orthogonal complements to the Lie algebras so(5) and so(4, 1) respectively^3. Now with the choice of the coset representative given in (3.17) the current takes the form

J = g^{−1}dg = g^{−1}(z)g^{−1}(θ)dg(θ)g(z) + g^{−1}(z)dg(z) . (3.21)

Since

g(θ) = cosh θ + sinh θ , g^{−1}(θ) = cosh θ − sinh θ (3.22)

we get g^{−1}(θ)dg(θ) = (cosh θ − sinh θ)(d cosh θ + d sinh θ) = F + B , (3.23) where

B ≡ cosh θd cosh θ − sinh θd sinh θ , F ≡ cosh θd sinh θ − sinh θd cosh θ (3.24)

are even (contain even number of θ’s) and odd (contain odd number of θ’s) element respectively. With the help (3.21) and (3.23) we find that the even component of J takes the form J_{even} = g^{−1}(z)Bg(z) + g^{−1}(z)dg(z) (3.25) while the odd element is equal to

J_{odd} = g^{−1}(z)F g(z) . (3.26)

As the next step we find components of the current J^{(i)} that belongs to appropriate subspaces H^{(i)}. To do this we use the relation (3.15). To present further result we define

G = g(z)K_8g^t(z) = ( g_a 0 0 g_s ) , G̃ = g(z)K̃_8g^t(z) = ( g_a 0 0 −g_s ) . (3.27)

3For very nice discussion, see [63].

As was argued in [3] the 4 × 4 matrices g_a ∈ SU(2, 2) and g_s ∈ SU(4) provide another parametrisation of the five-sphere and the AdS space. On coordinates z the global symmetry algebra is realised non-linearly. In opposite, g_a and g_s carry a linear representation of the superconformal algebra.

Now using (3.15) and (3.27) we obtain

2J^{(0)} = J_{even} + K_8J^T_{even}K_8 = 2g^{−1}dg + g^{−1}(B − GB^T G^{−1} − dGG^{−1})g (3.28)

using the fact that K^{−1}_8 = −K_8 , K̃^{−1}_8 = −K̃^{−1}_8 . In (3.28) g means g(z) and in the following we use this notation. In the same way we obtain

2J^{(2)} = J_{even} − K_8J^T_{even}K_8 = g^{−1}(B + GB^T G^{−1} + dGG^{−1})g (3.29) and 2J^{(1)} = J_{odd} + iK̃_8J^T_{odd}K_8 = g^{−1}(F − iG̃F^T G^{−1})g , 2J^{(3)} = J_{odd} − iK̃_8J^T_{odd}K_8 = g^{−1}(F + iG̃F^T G^{−1})g . (3.30)

With the help of (3.28), (3.29) and (3.30) we can write the pure spinor Lagrangian density in the form L = − √ λ 8π Str[ 1 2 η^{μν} (B_μ + GB^T_μ G^{−1} + ∂_μGG^{−1})(B_ν + GB^T_ν G^{−1} + ∂_ν GG^{−1}) +

+ η^{μν} (F_μ − iG̃F^T_μ G^{−1})(F_ν + iG̃F^T_ν G^{−1}) + ϵ^{μν} 2 (F_μ − iG̃F^T_μ G^{−1})(F_ν + iG̃F^T_ν G^{−1})] − √ λ 2π Str(w_μP^{μν} ∂_ν λ + ŵ_μP̃^{μν} ∂_νλ̂ − N_μP^{μν}N̂_ν + + 1 2 N_μP^{μν} (2g^{−1}∂_ν g + g^{−1}(B_ν − GB^T_ν G^{−1} − ∂_ν GG^{−1})g) + + 1 2 N̂_μP̃^{μν} (2g^{−1}∂_ν g + g^{−1}(B_ν − GB^T_ν G^{−1} − ∂_ν GG^{−1})g)) . (3.31)

By using the cyclic property of the supertrace the action can be further simplified using the fact that

StrG̃F^T_μ G^{−1}G̃F^T_ν G^{−1} = StrF^T_μ ( 1 0 0 −1 ) F^T_ν ( 1 0 0 −1 ) = StrF_μF_ν ,

(3.32)

where we have used G^{−1}G̃ = ( 1 0 0 −1 ) (3.33) and also the fact that that F is off-diagonal matrix. Then we can simplify the action (3.31) as L = − √ λ 8π Str[ 1 2 η^{μν} (B_μ + GB^T_μ G^{−1} + ∂_μGG^{−1})(B_ν + GB^T_ν G^{−1} + ∂_ν GG^{−1}) + + 2η^{μν} (F_μF_ν − iG̃F^T_μ G^{−1}F_ν ) + ϵ^{μν} (F_μF_ν − iG̃F^T_μ G^{−1}F_ν )] − − √ λ 2π Str[w_μP^{μν} ∂_ν λ + ŵ_μP̃^{μν} ∂_νλ̂ − N_μP^{μν}N̂_ν + + 1 2 N_μP^{μν} (2g^{−1}∂_ν g + g^{−1}(B_ν − GB^T_ν G^{−1} − ∂_ν GG^{−1})g) + + 1 2 N̂_μP̃^{μν} (2g^{−1}∂_ν g + g^{−1}(B_ν − GB^T_ν G^{−1} − ∂_ν GG^{−1})g)] . (3.34)

We see that the pure spinor parts of the action is rather complicated. In fact, the presence of the matrix g makes the analysis difficult since the symmetries do not act on it linearly. To resolve this problem we begin with the observation that

Str (N_μP^{μν} J^{(0)}_ν ) = −Str({w_μ, λ} P^{μν} J^{(0)}_ν ) = = −P^{μν} Str(w_μ(λJ^{(0)}_ν − J^{(0)}_ν λ)) = Strw_μP^{μν} [ J^{(0)}_ν , λ ] , (3.35)

where we have used the fact that the off-diagonal blocks of the matrices w, λ contain Grassman even elements. In the same we can proceed with N̂ and then we can rewrite the pure spinor Lagrangian into the form L_{pure} = − √ λ 2π Str(w_μP^{μν} ∇_ν λ + ŵ_μP̃^{μν} ∇_νλ̂ − N_μP^{μν}N̂_ν ) , (3.36)

where ∇_μX = ∂_μX + [J^{(0)}_μ , X] . (3.37) The form of the current J^{(0)} given in (3.28) suggests the following field redefinition of the ghost variables λ = g^{−1}λg , λ̂ = g^{−1}λ̂g , w_μ = g^{−1}w_μg , ŵ_μ = g^{−1}ŵ_μg . (3.38)

First of all we have to check that the new pure spinors matrices λ , λ̂ still belong to M^{(1)}, M^{(3)} respectively. To do this we use the fact that λ has schematically following form λ = ( 0 X_λ Y_λ 0 ) (3.39) and hence λ = gλg^{−1} = ( 0 g̃^{−1}_a X_λg̃_s g̃^{−1}_s Y_λg̃_a 0 ) , (3.40)

where we have used the explicit form of the coset element given in (3.18). Then using the definition of Ω given in (3.9) we get

Ω(λ) = ( 0 −K(g̃^{−1}_s Y_λg̃_a)^T K K(g̃^{−1}_a X_λg̃_s)^T K 0 )

= ( g̃_a 0 0 g̃_s ) ( 0 −KY^T_λ K KX^T_λ K 0 ) ( g̃^{−1}_a 0 0 g̃^{−1}_s ) = gΩ(λ)g^{−1} . (3.41)

Since Ω(λ) = iλ the equation above implies

Ω(λ) = igλg^{−1} = iλ (3.42)

and hence λ belongs to M^{(1)} as well. In the same way we can show that λ̂ belongs to M^{(3)} and hence the field redefinition (3.40) is well defined.

It is easy to see that if the original pure spinors λ, λ̂ obey the pure spinor conditions then λ, λ̂ obey these conditions as well. More precisely, note that the pure spinor condition for λ can be written as

{λ, λ} = λ^αλ^β {T_α, T_β} = λ^αλ^βf^c_{αβ}T_c ∼ λ^αγ^c_{αβ} λ^βT_c = 0 . (3.43)

Then if we insert (3.38) into (3.43) we easily get { g^{−1}λg, g^{−1}λg } = g^{−1} { λ, λ } g = 0 ⇒ { λ, λ } = 0 (3.44)

so that λ obey the pure spinor constraint as well. It is clear that the same analysis can be performed for λ̂ as well and we obtain that λ̂ obey the pure spinor conditions. Now with the help of (3.38) we obtain

w_μP^{μν} ∇_ν λ = g^{−1}w_μP^{μν} (∂_ν λ + 1 2 [ (B − GB^T G^{−1} − dGG^{−1}), λ ] )g ŵ_μP̃^{μν} ∇_νλ̂ = g^{−1}ŵ_μP̃^{μν} (∂_νλ̂ + 1 2 [ (B − GB^T G^{−1} − dGG^{−1}), λ̂ ] )g N_μ = g^{−1}N_μg , N̂_μ = g^{−1}N̂_μg . (3.45)

To simplify further analysis we introduce following notation

J^{(0)} = g^{−1}dg + 1 2 [g^{−1}(B − GB^T G^{−1} − dGG^{−1})g] = g^{−1}dg + g^{−1}J^{(0)}g ,

J^{(2)} = 1 2 [g^{−1}(B + GB^T G^{−1} + dGG^{−1})g] = g^{−1}J^{(2)}g ,

J^{(1)} = 1 2 g^{−1}(F − iG̃F^T G^{−1})g = g^{−1}J^{(1)}g ,

J^{(3)} = 1 2 g^{−1}(F + iG̃F^T G^{−1})g = g^{−1}J^{(3)}g . (3.46)

The we can write the pure spinor action in the same form as in (3.1) S = − √ λ 2π ∫ dτdσ √ −ηStr[ 1 2 η^{μν} ( J^{(2)}_μ J^{(2)}_ν + J^{(1)}_μ J^{(3)}_ν + J^{(3)}_μ J^{(1)}_ν ) + + ϵ^{μν} 4 ( J^{(1)}_μ J^{(3)}_ν − J^{(3)}_μ J^{(1)}_ν ) ] + S_{ghost} , S_{ghost} = − √ λ 2π ∫ dτdσ √ −ηStr[w_μP^{μν} ∂_ν λ + ŵ_μP̃^{μν} ∂_νλ̂ +

+ N_μP^{μν} J^{(0)}_ν + N̂_μP̃^{μν} J^{(0)}_ν − 1 2 N_μP^{μν}N̂_ν − 1 2 N̂_μP̃^{μν} N_ν ] .

(3.47)

However there is one crucial difference between the action (3.47) and (3.1). Due to the explicit form of the coset representative (3.17) it is clear that the currents J^{(i)} do not transform under the gauge transformations as the original one J^{(i)}. More precisely, the original action (3.1) was invariant under the gauge transformations

J^′ = h^{−1}Jh + h^{−1}dh , λ^′ = h^{−1}λh , λ̂^′ = h^{−1}λ̂h , w^′_μ = h^{−1}w_μh , ŵ^′_μ = h^{−1}ŵ_μh , (3.48)

where h belongs to SO(4, 1)×SO(5). Clearly the redefined currents J and ghost variables do not transform in the same way as (3.48). This follows from the fact that the choice of given coset representative effectively fixes given gauge symmetry. For that reason the action (3.47) does not possess the gauge symmetry of the original action.

We conclude this section with the brief discussion of the properties of the matrix G. With the certain choice of the matrix K the matrix g_s parameterising S^5 can be written as follows

g_s =

0 u_3 u_1 u_2 −u_3 0 u^∗_2 −u^∗_1 −u_1 −u^∗_2 0 u^∗_3 −u_2 u^∗_1 −u^∗_3 0

. (3.49)

This is unitary matrix g^†_sg_s = 1 on the condition that the three complex coordinates u_i obey the constraint |u_1|^2 + |u_2|^2 + |u_3|^2 = 1. A similar parameterisation of the AdS_5 space is given by

g_a =

0 v_3 v_1 v_2 −v_3 0 −v^∗_2 v^∗_1 −v_1 v^∗_2 0 v^∗_3 −v_2 −v^∗_1 −v^∗_3 0

, (3.50) where now g_a ∈ SU(2, 2) so that it obeys g^†_aEg_a = E where E = diag(1, 1, −1, −1) provided the complex numbers v_i satisfy the constraint |v_1|^2 + |v_2|^2 − |v_3|^2 = −1.

4 Equation of motions and BRST invariance

Our goal is to express the equations of motion that follow from the action (3.1) in terms of redefined ghost fields (3.38) and of the currents J^{(i)} defined in (3.46). We firstly write the equations of motion that arise from (3.1). These equations of motion were determined previously in [47] and their covariant formulation was also given in [55] P̃^{μν} ∇_μJ^{(3)}_ν + [J^{(3)}_ν , N_μ]P^{μν} + [J^{(3)}_ν , N̂_μ]P̃^{μν} = 0 , P^{μν} ∇_μJ^{(1)}_ν + [J^{(1)}_ν , N_μ]P^{μν} + [J^{(1)}_ν , N̂_μ]P̃^{μν} = 0 , P^{μν} ∇_μJ^{(2)}_ν − ϵ^{μν} [J^{(1)}_μ , J^{(1)}_ν ] + [J^{(2)}_ν , N_μ]P^{μν} + [J^{(2)}_ν , N̂_μ]P̃^{μν} = 0 , P̃^{μν} ∇_μJ^{(2)}_ν + ϵ^{μν} [J^{(3)}_μ , J^{(3)}_ν ] + [J^{(2)}_ν , N_μ]P^{μν} + [J^{(2)}_ν , N̂_μ]P̃^{μν} = 0 , P^{μν} ∇_ν λ + P^{μν} [λ, N̂_ν ] = 0 , P̃^{μν} ∇_νλ̂ + P̃^{μν} [λ̂, N_ν ] = 0 , (4.1) where ∇_ν J^{(i)}_μ = ∂_ν J^{(i)}_μ + [J^{(0)}_ν , J^{(i)}_μ ] , ∇_μλ = ∂_μλ + [ J^{(0)}_μ , λ ] . (4.2) Now we rewrite these equations of motion using the form of the currents given in (3.46) and we obtain

∇_μJ^{(i)}_ν = g^{−1}(∂_μJ^{(i)}_ν + [ J^{(0)}_μ , J^{(i)}_ν ] )g ≡ g^{−1}∇_ν J^{(i)}_μ g , i = 1, 2, 3 , ∇_μλ = g^{−1}∇_μλg , ∇_μλ̂ = g^{−1}∇_μλ̂g . (4.3) Then it is easy to see that the equations of motion given above take the form P̃^{μν} ∇_μJ^{(3)}_ν + [J^{(3)}_ν , N_μ]P^{μν} + [J^{(3)}_ν , N̂_μ]P̃^{μν} = 0 , (4.4)

P^{μν} ∇_μJ^{(1)}_ν + [J^{(1)}_ν , N_μ]P^{μν} + [J^{(1)}_ν , N̂_μ]P̃^{μν} = 0 , (4.5) P^{μν} ∇_μJ^{(2)}_ν − ϵ^{μν} [J^{(1)}_μ , J^{(1)}_ν ] + [J^{(2)}_ν , N_μ]P^{μν} + [J^{(2)}_ν , N̂_μ]P̃^{μν} = 0 , (4.6) P̃^{μν} ∇_μJ^{(2)}_ν + ϵ^{μν} [J^{(3)}_μ , J^{(3)}_ν ] + [J^{(2)}_ν , N_μ]P^{μν} + [J^{(2)}_ν , N̂_μ]P̃^{μν} = 0 , (4.7) P^{μν} ∇_ν λ + P^{μν} [λ, N̂_ν ] = 0 , (4.8) P̃^{μν} ∇_νλ̂ + P̃^{μν} [λ̂, N_ν ] = 0 . (4.9)

The fact that in the new variables the equations of motion have the same form as the equations given in (4.1) has an important consequence for the conservation of the BRST currents. These currents are defined as [47]

j^μ_R = Str(λ̂J^{(1)}_ν P̃^{νμ}) , j^μ_L = Str(λJ^{(3)}_ν P^{νμ}) (4.10)

and they are conserved ∂_μj^μ_{R,L} = 0 . (4.11)

With the help of (3.38) and (3.46) we can rewrite (4.10) into the form

j^μ_R = Str(λ̂J^{(1)}_ν P̃^{νμ}) , j^μ_L = Str(λJ^{(3)}_ν P^{νμ}) . (4.12)

Now we will show that these currents are conserved as well. To do this we will calculate ∂_μj^μ_L using the equations of motion (4.4) and (4.8)

∂_μj^μ_L = Str(P^{νμ}∂_μλJ^{(3)}_ν ) + Str(λP̃^{μν} ∂_μJ^{(3)}_ν ) = Str((−P^{νμ}[λ̂, N̂_μ] − P^{μν} [J^{(0)}_μ , λ])J^{(3)}_ν ) + + Str(λ(−P̃^{μν} [J^{(0)}_μ , J^{(3)}_ν ] − [J^{(3)}_ν , N_μ]P^{μν} − [J^{(3)}_ν , N̂_μ]P̃^{μν} ) = −Str(J^{(3)}_ν [ N_μ, λ ] )P^{μν} (4.13)

that vanishes thanks to the pure spinor constraint. In the same way we can prove the conservation of j^μ_R. The existence of two conserved BRST currents (4.12) imply that we can define two BRST charges

Q_L = 1 2π ∫_{2π} 0 dσj^0_L , Q_R = 1 2π ∫_{2π} 0 dσj^0_R . (4.14)

Let us now calculate their time derivative dQ_L dτ = − 1 2π ∫_{2π} 0 dσ∂_σj^1_L = − 1 2π (j^1_L(2π) − j^1_L(0)) , dQ_R dτ = − 1 2π ∫_{2π} 0 dσ∂_σj^1_R = − 1 2π (j^1_R(2π) − j^1_R(0)) , (4.15)

where we have used (4.11). For ordinary closed string we demand that the world-sheet fields are periodic j^1_{L,R}(τ, σ + 2π) = j^1_{L,R}(τ, σ) . (4.16)

Then (4.15) implies that Q_L, Q_R are time-independent. Even if these results are well known we reviewed here since as we will see in the next section the world-volume modes do not have to be periodic and hence the existence of the conserved BRST charges is not generally obvious.

5 Fermions and pure spinors twisting

The original fermions and pure spinors transform under isometries of the five sphere. To apply the approach presented in section (2) we need to redefine the fermions and pure spinor in such a way that they become neutral under the isometries. The twisted boundary conditions for the original angles of AdS_5 × S^5 will induce twisted boundary conditions for the original charged fermions and pure spinors of AdS_5 × S^5.

To proceed we will closely follow [61] since it turns out that the approach presented here can be easily extended to the pure spinor string as well. We begin with the study of the invariance of the Lagrangian under the abelian subalgebra of the superconformal group. The bosonic symmetry algebra SO(4, 2) × SO(6) has six Cartan generators: three for SO(4, 2) and three for SO(6). If we introduce the polar representation

u_i = r_ie^{iϕi} , v_i = ρ_ie^{iψi} , (5.1)

where r_i, ρ_i are real, then the six commuting isometries are realised as constant shift of the angle variables ϕ^′_i = ϕ_i + ϵ_i , ψ^′_i = ψ_i + ϵ̃_i . (5.2)

It is remarkable that matrices g_s and g_a enjoy the following factorisation property [2, 65, 66] g_s(r, ϕ) = M(ϕ)ĝ_s(r)M(ϕ) , g_a(r, ψ) = M(ψ)ĝ_a(ρ)M(ψ) , (5.3)

where

ĝ_s(r) =

0 r_3 r_1 r_2 −r_3 0 r_2 −r_1 −r_1 −r_2 0 −r_3 −r_2 r_1 r_3 0

, ĝ_a(r) =

0 ρ_3 ρ_1 ρ_2 −ρ_3 0 ρ_2 −ρ_1 −ρ_1 −ρ_2 0 ρ_3 −ρ_2 ρ_1 −ρ_3 0

, (5.4)

and where M(ϕ) = e^i2^Φ with Φ = diag(Φ_1, . . . , Φ_4) where Φ_i are equal to

Φ_1 = ϕ_1 + ϕ_2 + ϕ_3 , Φ_2 = −ϕ_1 − ϕ_2 + ϕ_3 , Φ_3 = ϕ_1 − ϕ_2 − ϕ_3 , Φ_4 = −ϕ_1 + ϕ_2 − ϕ_3 . (5.5)

Note that in this case the matrix G, G̃ can be written as G = MĜM , Ĝ = ( ĝ_a 0 0 ĝ_s ) , (5.6)

G̃ = M ^̃GM , ^̃G = ( ĝ_a 0 0 −ĝ_s ) , (5.7)

where M = ( M(ψ) 0 0 M(ϕ) ) . (5.8)

If we insert (5.6) and (5.7) to the action (3.47) we obtain that the action explicitly depends on Φ. This fact precludes to perform the analysis given in section (2). In order to obtain the sigma model when the fermions and pure spinors are spectators we have to perform their redefinition.

In order to find the fermionic and pure spinor redefinition note that fermions and pure spinor matrices can be written as θ = ( 0 X_θ Y_θ 0 ) , λ = ( 0 X_λ Y_λ 0 ) , λ̂ = ( 0 X_{λ̂} Y_{λ̂} 0 ) , (5.9)

where in the case of λ, λ̂ the off-diagonal matrices X_λ, Y_λ, X_{λ̂}, Y_{λ̂} are bosonic. We must however stress that λ, λ̂ are not odd matrices of su(2, 2|4) superalgebra. This follows from the fact that they are defined as λ = λ^αT_α where crucially λ^α is complex number while for an element from su(2, 2|4) this parameter should be real. In fact it can be easily seen that if λ^α were real the solution of the pure spinor constraint would be trivial.

In case of fermions we perform following rescaling

X_θ = M(ψ)X̂M(ϕ)^{−1} , Y_θ = M(ϕ)X̂M(ψ)^{−1} . (5.10)

Then it follows that g(θ) = Mĝ(θ̂)M^{−1} , (5.11) where we have defined M ≡ ( M(ψ) 0 0 M(ϕ) ) , (5.12)

and where the fermions θ̂ are uncharged under all U(1)s. Using this redefinition the currents (3.46) take the form

J^{(0)} = 1 2 M(B̂ − ĜB̂^T Ĝ^{−1} − dĜĜ^{−1} − i 2 dΦ − i 2 ĜdΦĜ^{−1})M^{−1} ≡ MJ̃^{(0)}M^{−1} ,

J^{(2)} = 1 2 M(B̂ + ĜB̂^T Ĝ^{−1} + i 2 dΦ + i 2 ĜdΦĜ^{−1})M^{−1} ≡ MJ̃^{(2)}M^{−1} ,

J^{(1)} = 1 2 M[F̂ − ^̃GF̂^T Ĝ]M^{−1} ≡ MJ̃^{(1)}M^{−1} ,

J^{(3)} = M[F̂ + i ^̃GF̂^T Ĝ^{−1}]M^{−1} ≡ MJ̃^{(3)}M^{−1} (5.13)

and consequently the matter part of the pure spinor action takes the form S = − √ λ 2π ∫ dτdσ √ −ηStr[ 1 2 η^{μν} ( J̃^{(2)}_μ J̃^{(2)}_ν + J̃^{(1)}_μ J̃^{(3)}_ν + J̃^{(3)}_μ J̃^{(1)}_ν ) +

+ ϵ^{μν} 4 ( J̃^{(1)}_μ J̃^{(3)}_ν − J̃^{(3)}_μ J̃^{(1)}_ν ) ] . (5.14)

It is important that the action (5.14) depends on Φ through the expression of dΦ only and hence it is invariant under the shift Φ^′ = Φ + ϵ. In other words matter part of the pure spinor string in the AdS_5 × S^5 background takes the form of the sigma model action studied in the section (2) and consequently the TsT transformation can be performed.

In the similar way as in case of fermions we propose the following redefinition of the ghost variables λ = Mλ̃M^{−1} , λ̂ = M ^̃λM^{−1} (5.15) and w̃_μ = Mw_μM^{−1} , ^̃w_μ = Mŵ_μM^{−1} , (5.16)

where λ̃, ^̃λ, w̃_μ, ^̃w_μ are not charged under U(1)’s isometries. Note that (5.15) and (5.16) imply that Ñ_μ, ^̃N_μ are neutral under U(1)^′s isometries as well. Further, if we insert (5.15) into the pure spinor constraint we obtain { Mλ̃M^{−1}, Mλ̃M^{−1} } = M { λ̃, λ̃ } M^{−1} = 0 (5.17)

and hence λ̃ obeys the pure spinor constraints. It is also clear that this analysis holds for ^̃λ as well. Finally we determine the form of ∇_μλ

∇_μλ = ∂_μλ + [ J^{(0)}_μ , λ ] = M(∂_μλ̃ + i 2 [∂_μΦ, λ̃] + [J̃^{(0)}_μ , λ̃])M^{−1} ≡ M ~∇_μλ̃M^{−1} (5.18)

using dλ = M ( dλ̃ + i 2 dΦλ̃ − i 2 λ̃dΦ ) M^{−1} . (5.19)

Clearly the same equation holds for λ̂, ŵ_μ. In summary we obtain following form of the pure spinor Lagrangian from (3.47) L_{pure} = − √ λ 2 Str[w̃_μP^{μν} ~∇_νλ̃ + ^̃w_μP̃^{μν} ~∇_ν ^̃λ − Ñ_μP̃^{μν} ^̃N_ν ] . (5.20)

We see that (5.20) depends on Φ through dΦ only and hence the analysis performed in section (2) can be applied for pure spinor action as well.

It will be useful to express the equations of motion for J and ghosts λ, λ̂, w, ŵ that were given in (4.4),(4.5), (4.6),(4.7), (4.8) and (4.9) in terms of the variables defined in

(5.13),(5.15) and (5.16). As the first step we express the covariant derivative ∇J^{(i)} using the redefined currents (5.13)

∇J^{(i)} = M(dJ̃^{(i)} + i 2 [ dΦ, J̃^{(i)} ] + [ J̃^{(0)}, J̃^{(i)} ] )M^{−1} ≡ M ~∇J̃^{(i)}M^{−1} , (5.21)

where we have introduced the derivative ~∇ that by definition depends on J̃^{(0)} and on the derivative of Φ. Then with the help of (5.13),(5.15),(5.16) and (5.21) we can determine from (4.4),(4.5), (4.6),(4.7), (4.8) and (4.9) the equations of motion for J̃, λ̃, ^̃λ, w̃_μ and ^̃w_μ in the form P̃^{μν} ~∇_μJ̃^{(3)}_ν + [J̃^{(3)}_ν , Ñ_μ]P^{μν} + [J̃^{(3)}_ν , ^̃N_μ]P̃^{μν} = 0 , P^{μν} ~∇_μJ̃^{(1)}_ν + [J̃^{(1)}_ν , Ñ_μ]P^{μν} + [J̃^{(1)}_ν , ^̃N_μ]P̃^{μν} = 0 , P^{μν} ~∇_μJ̃^{(2)}_ν − ϵ^{μν} [J̃^{(1)}_μ , J̃^{(1)}_ν ] + [J̃^{(2)}_ν , Ñ_μ]P^{μν} + [J̃^{(2)}_ν , ^̃N_μ]P̃^{μν} = 0 , P̃^{μν} ~∇_μJ̃^{(2)}_ν + ϵ^{μν} [J̃^{(3)}_μ , J̃^{(3)}_ν ] + [J̃^{(2)}_ν , Ñ_μ]P^{μν} + [J̃^{(2)}_ν , ^̃N_μ]P̃^{μν} = 0 ,

P^{μν} ~∇_νλ̃ + P^{μν} [λ̃, ^̃N_ν ] = 0 , P̃^{μν} ~∇_ν ^̃λ + P̃^{μν} [^̃λ, Ñ_ν ] = 0 . (5.22)

Finally we will discuss the conservation of the BRST currents given in (4.12). With the help of (5.13) and (5.15) it is easy to see that they are equal to

j̃^μ_R = Str(^̃λJ̃^{(1)}_ν P̃^{νμ}) , j̃^μ_L = Str(λ̃J̃^{(3)}_ν P^{νμ}) (5.23)

and that they are again conserved as a consequence of the equations of motion (5.22). Consequently the time derivative of the BRST charges is equal to dQ_L dτ = − 1 2π (j̃^1_L(2π) − j̃^1_L(0)) , dQ_R dτ = − 1 2π (j̃^1_R(2π) − j̃^1_R(0)) . (5.24)

6 TsT transformation on the five sphere

Even if the general analysis performed above is valid for the TsT transformation in the AdS_5 space as well we restrict to the TsT transformation applied to the five-sphere, following [61]. This restriction implies that we do need to impose that fermions and pure spinors are neutral under isometries of AdS_5. Then we can take M(ψ) = 1 and hence we obtain that the matrix M takes the form M = ( 1 0 0 M(ϕ) ) . (6.1)

In order to determine the twisted boundary conditions for fermions and pure spinors we have to take into account that the redefined fermions and the pure spinors do not transform under the TsT transformations. Therefore the original charged fermions in AdS_5×S^5 and pure spinors satisfy the twisted boundary conditions. We find these boundary conditions using the relation between θ̂ and θ and the twisted boundary condition for angle ϕ_i that has impact on the matrix M since

ϕ_i(2π) = ϕ_i(0) + 2π(n_i − ν_i) , ν_i = ϵ_{ijk}γ_jJ_k (6.2)

or equivalently

Φ_1(2π) = Φ_1(0) + 2π(n_1 + n_2 + n_3 − ν_1 − ν_2 − ν_3) ≡ Φ_1(0) − 2πΛ_1 , Φ_2(2π) = Φ_2(0) + 2π(−n_1 − n_2 + n_3 + ν_1 + ν_2 − ν_3) ≡ Φ_2(0) − 2πΛ_2 , Φ_3(2π) = Φ_3(0) + 2π(n_1 − n_2 − n_3 − ν_1 + ν_2 + ν_3) ≡ Φ_3(0) − 2πΛ_3 , Φ_4(2π) = Φ_4(0) + 2π(−n_1 + n_2 − n_3 + ν_1 − ν_2 + ν_3) ≡ Φ_4(0) − 2πΛ_4 . (6.3)

Using (6.3) we easily obtain

M(Φ(2π)) = e^{−iπΛ1} 0 0 0 0 e^{−iπΛ2} 0 0 0 0 e^{−iπΛ3} 0 0 0 0 e^{−iπΛ4} e^{iΦ1(0)} 0 0 0 0 e^{iΦ2(0)} 0 0 0 0 e^{iΦ3(0)} 0 0 0 0 e^{iΦ4(0)} (6.4)

or in compact notation M(Φ(2π)) = e^{−iπΛ}M(Φ(0)) , (6.5)

where Λ = diag(Λ_1, Λ_2, Λ_3, Λ_4). Then we have

g(θ)(2π) = M(2π)g(θ̂)(2π)M^{−1}(2π) = ( 1 0 0 e^{−iπΛ} ) M(Φ(0))g(θ̂(0))M^{−1}(Φ(0)) ( 1 0 0 e^{iπΛ} )

= ( 1 0 0 e^{−iπΛ} ) g(θ)(0) ( 1 0 0 e^{iπΛ} )

(6.6)

using the fact that θ̂ do not transform under TsT duality and hence they are the same in TsT dual background with standard periodicity θ̂(2π) = θ̂(0).

Now we would like to explain carefully our calculations. We have derived the pure spinor action in the AdS_5 ×S^5 given in (5.14) and (5.20) that by construction is manifestly invariant under the isometry of the background parametrised by Φ. Now let us suppose that we have pure spinor action that describes closed string in the γ-deformed background. Since the γ-deformed background can be derived from the original AdS_5 ×S^5 by sequence of the TsT transformations the analysis performed in section (2) suggests that this action has the same functional form as the action given in (5.14) and (5.20). Let us denote the corresponding Lagrangian as L(J̃^0, λ̃, ^̃λ) where superscripts on J̃ mean that these currents explicitly depend on the γ-deformed background. According to the arguments given in the section (2) this Lagrangian can be mapped by sequence of TsT transformations to the Lagrangian L(J̃, λ̃, ^̃λ) where now the angle variables obey twisted boundary conditions according to (6.5). On the other hand the fermionic θ̂ and ghost variables λ̃, ^̃λ, w̃, ^̃w have periodic boundary conditions since they are neutral under U(1)^′s isometries. Then the form of the currents J̃ given in (5.13) imply that they are periodic since they depend on r, ρ and θ̂ and as we argued above these modes are periodic. It is also easy to see that dΦ(2π) = dΦ(0). Explicitly, we have

J̃^{(i)}(2π) = J̃^{(i)}(0) , i = 0, 1, 2, 3 , λ̃(2π) = λ̃(0) , ^̃λ(2π) = ^̃λ(0) ,

w̃_μ(2π) = w̃_μ(0) , ^̃w_μ(2π) = ^̃w_μ(0) . (6.7)

These boundary conditions immediately show that the conserved BRST currents given in (5.23) imply the existence of the time-independent BRST charges as follows from (5.24).

On the other hand we can take one step further and study the pure spinor action expressed with the variables J, λ, λ̂. These variables now obey twisted boundary conditions as follows from (5.13),(5.15) and (5.16)

J^{(i)}(2π) = ( 1 0 0 e^{−iπΛ} ) J^{(i)}(0) ( 1 0 0 e^{iπΛ} ) , i = 0, 1, 2, 3

λ(2π) = ( 1 0 0 e^{−iπΛ} ) λ(0) ( 1 0 0 e^{iπΛ} ) , λ̂(2π) = ( 1 0 0 e^{−iπΛ} ) λ̂(0) ( 1 0 0 e^{iπΛ} ) , w_μ(2π) = ( 1 0 0 e^{−iπΛ} ) w_μ(0) ( 1 0 0 e^{iπΛ} ) , ŵ_μ(2π) = ( 1 0 0 e^{−iπΛ} ) ŵ_μ(0) ( 1 0 0 e^{iπΛ} ) . (6.8)

We again see that these boundary conditions immediately show that the conserved BRST currents (4.12) are periodic and hence they are two time-independent BRST charges as follows from (4.15). In other words we have shown that classically the pure spinor string is well defined even in the case when the world-volume fields obey the twisted boundary conditions. On one hand the power of pure spinor formalism is that it allows to prove exact conformal invariance of the pure spinor string in AdS_5 × S^5 background [48] and arguments given there crucially depend on the gauge invariance of the pure spinor string with respect to subgroup SO(4, 1) × SO(5). On the other hand the form of the action (3.47) explicitly depends on the coset representative that corresponds to the fixing of the gauge SO(4, 1) × SO(5). Consequently the action (3.47) is not suitable for the analysis of the general properties of the pure spinor sigma model with twisted boundary conditions.

To find such a formulation we would like to express the theory where the fundamental fields obey the twisted boundary conditions in terms of the original currents J and ghost variables that appear in the action (3.1) and that obey some form of the twisted boundary conditions:

J(2π) = N(Λ)J(0)N^{−1}(Λ) , λ(2π) = N(Λ)λ(0)N^{−1}(Λ) , λ̂(2π) = N(Λ)λ̂(0)N^{−1}(Λ) , w_μ(2π) = N(Λ)w_μ(0)N^{−1}(Λ) , ŵ_μ(2π) = N(Λ)ŵ_μ(0)N^{−1}(Λ) , (6.9)

for some matrix N that depends on Λ only. If we were able to find such a formulation then we would get the original action (3.1) with the explicit gauge invariance but where now the world-volume fields obey the twisted boundary conditions (6.9). Since the algebraic renormalisation arguments given [48] (see also [54] are sensitive to the UV properties of the theory we could then argue that (3.1) with fields obeying the twisted boundary conditions (6.9) defines exact quantum field theory. It turns out however that it is not possible to find such a form of the boundary conditions.

To be more precise we try to find the boundary conditions of the original currents J^{(i)} , i = 1, 2, 3 and ghosts λ, λ̂ using the relations (3.38) and (3.46). These relations imply that J, λ, λ̂ explicitly depend on g that has the form g = ( g̃_a 0 0 g̃_s ) (6.10)

where g̃_a(2π) = g̃(0) as follows from the fact that g_a parametrises AdS_5. More difficult problem is to find the boundary condition for g_s. Recall that this group element has the form g̃_s = exp ( i 2 y_aΓ_a ) , (6.11)

where y_a parametrise the five-sphere and Γ_a, a = 1, . . . , 5 are the Dirac matrices for SO(5). The variables y_a are related to ρ, ϕ given in (5.4) as

y_1 = 1 2 |y| sin |y| (u_1 − u^∗_1) , y_2 = − 1 2 |y| sin |y| (u_2 + u^∗_2) ,

y_3 = 1 2 |y| sin |y| (u_2 − u^∗_2) , y_4 = − 1 2 |y| sin |y| (u_1 + u^∗_1) ,

y_5 = 1 2 |y| sin |y| (u_3 − u^∗_3) , |y| = − sin^{−1}

( u_3 + u^∗_3 2 ) , |y|^2 = y^2_1 + y^2 + y^2_3 + y^2_4 + y^2_5 . (6.12)

Then using the fact that g_s obeys following boundary conditions

g_s(2π) = e^{−iπΛ}g_s(0)e^{−iπΛ} (6.13)

we easily find the twisted boundary conditions for u_i

u_1(2π) = e^{−iπ(Λ1+Λ3)}u_1(0) , u_2(2π) = e^{−iπ(Λ1+Λ4)}u_2(0) , u_3(2π) = e^{−iπ(Λ1+Λ2)}u_3(0) . (6.14) Using the boundary conditions for u_i given above we can easily determine the boundary condition for |y| given in (6.12)

|y|(2π) = sin^{−1} [ 2 sin |y|(0) cos(π(Λ_1 + Λ_2) + 2i sin(π(Λ_1 + Λ_2) y_5(0) |y|(0) ] . (6.15)

This result clearly demonstrates that it is not possible to find the appropriate N matrix introduced in (6.9) for general values of Λ. This is a consequence of the fact that the global symmetries of the coset are realised non-linearly on coordinates y.

Since we have shown that is not possible find the matrix N for general Λ it turns out that the arguments in [48] that were based on the existence of local gauge symmetry cannot be applied to the currents that obey twisted boundary conditions. However, looking at the above equations we see that for ν_i ∈ Z, where ν_i is defined as ν_i = ϵ_{ijk}γ_jJ_k (6.16) the world-sheet fields in the original AdS_5 × S^5 background obey the periodic boundary conditions as well. In fact this requirement is in agreement with the analysis performed in [25] where the importance of the solution with integer ν_i was stressed. We are not going to perform the same analysis since we have not studied the classical solutions of the pure spinor string in the original AdS_5 × S^5 background however we would like to stress some interesting points considering the condition that ν_i is an integer. For ν_i ≠ 0 we have consistent string dynamics if γ_i are rational since J_i take integer values in quantum theory. Secondly, the condition ν_i = 0 has the general solution ν_i = 0 : J_i = cγ_i . (6.17) Since again J_i have to be integer in quantum theory these solutions exist for special values of γ_i.

Returning back to (6.12) we see that the matrix g_s is periodic. Then using also the fact that J^{(i)} are periodic as well we obtain that the currents J given in (3.1) obey the standard boundary conditions. In other words we can formulate the dynamics of the theory in terms of the original currents J and the action (3.1) is manifestly gauge invariant. According to the analysis given in [48] the pure spinor string action in AdS_5×S^5 possesses quantum BRST invariance and also exact conformal invariance. Then using the TsT transformations we can map the configurations of the pure spinor string in AdS_5 ×S^5 to the states in the γ_i-deformed background that obey the condition ν_i is an integer and we can expect that these states are exact states even in the quantum theory of the pure spinor string in the γ-deformed background.

Since we found that the proof of the conformal invariance of [48] strictly depends on the manifest isometries of the background, in other – more realistic – situations (for instance, N=1 supersymmetries backgrounds) another way of proving the conformal invariance has to be developed.

7 Lax Pair for twisted pure spinor string

Our goal is to find, using the relations (2.23) the Lax pair for string in TsT transformed background if an isometry invariant Lax pair for pure spinor string in flat background is known. An existence of Lax pair in deformed theory strongly supports classical integrability of the theory [53, 58, 59, 60, 61, 62, 68, 69].

We begin with the recalling the structure of Lax pair for pure spinor string in AdS_5 × S^5. In the covariant pure spinor formalism the problem has been studied in [58]. It was shown here that there exists set of left-invariant currents Ĵ(u)^4

Ĵ_μ(u) = J_μ + (η_{μν} (cosh u − 1) + ϵ_{μν} sinh u)J^{ν(2)} +

+ (η_{μν} (cosh ue^{u/2} − 1) + ϵ_{μν} sinh ue^{u/2})J^{ν(1)} + + (η_{μν} (cosh ue^{−u/2} − 1) + ϵ_{μν} sinh ue^{−u/2})J^{ν(3)} + + sinh ue^uP̃_{μν} N^ν − sinh ue^{−u}P_{μν}N̂^ν (7.1)

that satisfy the flatness condition

dĴ + Ĵ ∧ Ĵ = 0 (7.2)

that is a consequence of the equations of motion for J and ghost fields and also of the flatness of J. Note also that Ĵ obeys the the ’initial’ condition Ĵ(0) = J.

The Lax connection given above cannot be used to derive the Lax connection in deformed background since J^{(i)}_μ given there explicitly depend on ϕ and consequently Ĵ_μ is not isometry invariant. Moreover, if we express J^{(0)} using (3.28) it turns out that it explicitly depends on g(z) and it is not clear how to related the original Lax connection in the AdS_5 × S^5 background to the Lax connection in TsT transformed one. To resolve this problem we will proceed in the similar way as in [2, 3, 61, 64]. Let us write the flat current Ĵ as Ĵ = g^{−1}(z)dg(z) + g^{−1}(z)Ĵ^′g(z) . (7.3)

Then the flatness of Ĵ implies

dĴ + Ĵ ∧ Ĵ = g^{−1}(dĴ^′ + Ĵ^′ ∧ Ĵ^′)g = 0 (7.4)

and hence dĴ^′ + Ĵ^′ ∧ Ĵ^′ = 0. Now (7.1) implies

Ĵ^′_μ(u) = g(z)Ĵ_μg^{−1}(z) − ∂_μg(z)g^{−1}(z)

= J_μ + [(η_{μρ}(cosh u − 1) + ϵ_{μρ} sinh u)η^{ρσ}J^{(2)}_σ +

4Our spectral parameter u is related to the spectral parameter μ of [58] by μ = e^u. Note also that we have chosen one particular solution from the ones found in [58] in order to obey the initial condition Ĵ_μ(0) = J_μ. It is remarkable that the classical theory admits the same two one-parameter families of flat currents if one sets the contribution of the pure spinor ghost N to zero.

+ (η_{μρ}(cosh ue^{u/2} − 1) + ϵ_{μρ} sinh ue^{u/2})η^{ρσ}J^{(1)}_σ + + (η_{μρ}(cosh ue^{−u/2} − 1) + ϵ_{μρ} sinh ue^{−u/2})η^{ρσ}J^{(3)}_σ + + sinh ue^uP̃_{μν} N^ν − sinh ue^{−u}P_{μν}N̂^ν ] , (7.5)

where we have also used (3.38) and (3.46). The Lax connection Ĵ^′ (7.5) still has explicit dependence on ϕ^i but this can be easily eliminated using the factorisation property of G and redefinition of the fermions and pure spinors. Explicitly, using the relations (5.13), (5.15) and (5.16)) we can write (7.5) as

Ĵ^′_μ = MJ̃_μM^{−1} + M[(η_{μρ}(cosh u − 1) + ϵ_{μρ} sinh u)η^{ρσ}J̃^{(2)}_σ + + (η_{μρ}(cosh ue^{u/2} − 1) + ϵ_{μρ} sinh ue^{u/2})η^{ρσ}J̃^{(1)}_σ + + (η_{μρ}(cosh ue^{−u/2} − 1) + ϵ_{μρ} sinh ue^{−u/2})η^{ρσ}J̃^{(3)}_σ + + sinh ue^uP̃_{μν}Ñ^ν − sinh ue^{−u}P_{μν} ^̃N^ν ]M^{−1} ≡ M(Ĵ_μ − i 2 ∂_μΦ)M^{−1} . (7.6)

Then the flatness condition for Ĵ^′ implies

dĴ^′ + Ĵ^′ ∧ Ĵ^′ = M(dĴ + Ĵ ∧ Ĵ)M^{−1} = 0 (7.7)

and consequently we obtain the flatness condition for Ĵ

dĴ + Ĵ ∧ Ĵ = 0 . (7.8)

We see, following the arguments given in section (5) that the Lax connection Ĵ depends on the derivatives of Φ only. Then following the arguments given in [2] we can determine the Lax connection for pure spinor strings in the γ-deformed AdS_5 ×S^5 when we express ∂_μϕ_i in terms of ∂_μϕ̃_i with the help of the relations (2.23) and also using the fact that Ĵ depends on variables that are neutral under U(1) only. By construction the Lax connection Ĵ is flat, it is invariant under U(1) isometries and it also obeys the periodic boundary conditions. It can be used to compute the monodromy matrix T (u) that is defined as the path-ordered exponential of the spatial component of Ĵ_σ

T (u) = P exp ∫_{2π} 0 dσĴ_σ(u) . (7.9)

On the other hand we have argued that in order to study the quantum properties of the string theory in TsT-deformed background it is necessary that the world-sheet modes in the original AdS_5 × S^5 background obey the periodic boundary conditions. This results also implies that Ĵ^′ and Ĵ are periodic as well and their analysis can be performed as in [48, 53].

Acknowledgements

J.K. would like to thank DISTA, Università del Piemonte Orientale for hospitality where this work was initiated. This work was supported in part by the Czech Ministry of Education under Contract No. MSM 0021622409, by INFN, by the MIUR-COFIN contract 2003-023852 and 2005-023102, by the EU contracts MRTN-CT-2004-503369 and MRTN-CT-2004-512194, by the INTAS contract 03-516346 and by the NATO grant PST.CLG.978785.

References

[1] O. Lunin and J. M. Maldacena, “Deforming field theories with U(1) x U(1) global symmetry and their gravity duals,” JHEP 0505, 033 (2005) [arXiv:hep-th/0502086].

[2] S. Frolov, “Lax pair for strings in Lunin-Maldacena background,” JHEP 0505, 069 (2005) [arXiv:hep-th/0503201].

[3] L. F. Alday, G. Arutyunov and S. Frolov, “Green-Schwarz strings in TsT-transformed backgrounds,” JHEP 0606 (2006) 018 [arXiv:hep-th/0512253].

[4] D. Berenstein, V. Jejjala and R. G. Leigh, “Marginal and relevant deformations of N = 4 field theories and non-commutative moduli spaces of vacua,” Nucl. Phys. B 589, 196 (2000) [arXiv:hep-th/0005087].

[5] O. Aharony and S. S. Razamat, “Exactly marginal deformations of N = 4 SYM and of its supersymmetric orbifold descendants,” JHEP 0205, 029 (2002) [arXiv:hepth/0204045].

[6] O. Aharony, B. Kol and S. Yankielowicz, “On exactly marginal deformations of N = 4 SYM and type IIB supergravity on AdS(5) x S**5,” JHEP 0206, 039 (2002) [arXiv:hep-th/0205090].

[7] N. Dorey, T. J. Hollowood and S. P. Kumar, “S-duality of the Leigh-Strassler deformation via matrix models,” JHEP 0212, 003 (2002) [arXiv:hep-th/0210239].

[8] N. Dorey, “S-duality, deconstruction and confinement for a marginal deformation of N = 4 SUSY Yang-Mills,” JHEP 0408, 043 (2004) [arXiv:hep-th/0310117].

[9] V. Niarchos and N. Prezas, “BMN operators for N = 1 superconformal Yang-Mills theories and associated string backgrounds,” JHEP 0306, 015 (2003) [arXiv:hepth/0212111].

[10] R. Roiban, “On spin chains and field theories,” JHEP 0409, 023 (2004) [arXiv:hepth/0312218].

[11] D. Berenstein and S. A. Cherkis, “Deformations of N = 4 SYM and integrable spin chain models,” Nucl. Phys. B 702, 49 (2004) [arXiv:hep-th/0405215].

[12] S. A. Frolov, R. Roiban and A. A. Tseytlin, “Gauge - string duality for superconformal deformations of N = 4 super Yang-Mills theory,” JHEP 0507, 045 (2005) [arXiv:hep-th/0503192].

[13] R. de Mello Koch, J. Murugan, J. Smolic and M. Smolic, “Deformed PP-waves from the Lunin-Maldacena background,” JHEP 0508, 072 (2005) [arXiv:hep-th/0505227].

[14] T. Mateos, “Marginal deformation of N = 4 SYM and Penrose limits with continuum spectrum,” JHEP 0508, 026 (2005) [arXiv:hep-th/0505243].

[15] S. S. Pal, “beta-deformations, potentials and KK modes,” Phys. Rev. D 72, 065006 (2005) [arXiv:hep-th/0505257].

[16] D. Z. Freedman and U. Gursoy, “Comments on the beta-deformed N = 4 SYM theory,” JHEP 0511, 042 (2005) [arXiv:hep-th/0506128].

[17] S. Penati, A. Santambrogio and D. Zanon, “Two-point correlators in the betadeformed N = 4 SYM at the next-to-leading order,” JHEP 0510, 023 (2005) [arXiv:hep-th/0506150].

[18] G. C. Rossi, E. Sokatchev and Y. S. Stanev, “New results in the deformed N = 4 SYM theory,” Nucl. Phys. B 729, 581 (2005) [arXiv:hep-th/0507113].

[19] A. Mauri, S. Penati, A. Santambrogio and D. Zanon, “Exact results in planar N = 1 superconformal Yang-Mills theory,” JHEP 0511, 024 (2005) [arXiv:hep-th/0507282].

[20] S. M. Kuzenko and A. A. Tseytlin, “Effective action of beta-deformed N = 4 SYM theory and AdS/CFT,” Phys. Rev. D 72, 075005 (2005) [arXiv:hep-th/0508098].

[21] S. Ryang, “Rotating strings with two unequal spins in Lunin-Maldacena background,” JHEP 0511, 006 (2005) [arXiv:hep-th/0509195].

[22] D. Berenstein and D. H. Correa, “Emergent geometry from q-deformations of N = 4 super Yang-Mills,” arXiv:hep-th/0511104.

[23] H. Y. Chen and S. Prem Kumar, “Precision test of AdS/CFT in Lunin-Maldacena background,” JHEP 0603, 051 (2006) [arXiv:hep-th/0511164].

[24] N. Beisert and R. Roiban, “Beauty and the twist: The Bethe ansatz for twisted N = 4 SYM,” JHEP 0508, 039 (2005) [arXiv:hep-th/0505187].

[25] S. A. Frolov, R. Roiban and A. A. Tseytlin, “Gauge-string duality for (non)supersymmetric deformations of N = 4 super Yang-Mills theory,” Nucl. Phys. B 731, 1 (2005) [arXiv:hep-th/0507021].

[26] A. H. Prinsloo, “gamma(i) deformed Lax pair for rotating strings in the fast motion limit,” JHEP 0601, 050 (2006) [arXiv:hep-th/0510095].

[27] L. Freyhult, C. Kristjansen and T. Mansson, “Integrable spin chains with U(1)**3 symmetry and generalized Lunin-Maldacena backgrounds,” JHEP 0512, 008 (2005) [arXiv:hep-th/0510221].

[28] J. G. Russo, “String spectrum of curved string backgrounds obtained by T-duality and shifts of polar angles,” JHEP 0509, 031 (2005) [arXiv:hep-th/0508125].

[29] A. Dymarsky, I. R. Klebanov and R. Roiban, “Perturbative gauge theory and closed string tachyons,” JHEP 0511, 038 (2005) [arXiv:hep-th/0509132].

[30] J. P. Gauntlett, S. Lee, T. Mateos and D. Waldram, “Marginal deformations of field theories with AdS(4) duals,” JHEP 0508, 030 (2005) [arXiv:hep-th/0505207].

[31] R. Hernandez, K. Sfetsos and D. Zoakos, “Gravity duals for the Coulomb branch of marginally deformed N = 4 Yang-Mills,” JHEP 0603, 069 (2006) [arXiv:hepth/0510132].

[32] M. Spradlin, T. Takayanagi and A. Volovich, “String theory in beta deformed spacetimes,” JHEP 0511, 039 (2005) [arXiv:hep-th/0509036].

[33] W. H. Huang, “Multi-spin string solutions in magnetic-flux deformed AdS(n) x S**m spacetime,” JHEP 0512, 013 (2005) [arXiv:hep-th/0510136].

[34] W. H. Huang, “Semiclassical rotating strings in electric and magnetic fields deformed AdS(5) x S**5 spacetimes,” Phys. Rev. D 73, 026007 (2006) [arXiv:hep-th/0512117].

[35] D. Bundzik and T. Mansson, “The general Leigh-Strassler deformation and integrability,” JHEP 0601, 116 (2006) [arXiv:hep-th/0512093].

[36] R. C. Rashkov, K. S. Viswanathan and Y. Yang, “Generalization Of The Lunin- Maldacena Transformation On The Ads(5) X S**5 Background,” Phys. Rev. D 72, 106008 (2005) [arXiv:hep-th/0509058].

[37] N. Berkovits, “A new description of the superstring,” arXiv:hep-th/9604123.

[38] N. Berkovits, “Super-Poincare covariant quantization of the superstring,” JHEP 0004, 018 (2000) [arXiv:hep-th/0001035].

[39] N. Berkovits and B. C. Vallilo, ‘Consistency of super-Poincare covariant superstring tree amplitudes,” JHEP 0007, 015 (2000) [arXiv:hep-th/0004171].

[40] N. Berkovits, “Cohomology in the pure spinor formalism for the superstring,” JHEP 0009, 046 (2000) [arXiv:hep-th/0006003].

[41] N. Berkovits, “Relating the RNS and pure spinor formalisms for the superstring,” JHEP 0108, 026 (2001) [arXiv:hep-th/0104247].

[42] N. Berkovits, “ICTP lectures on covariant quantization of the superstring,” arXiv:hep-th/0209059.

[43] P. A. Grassi, “N = 2 superparticles, RR fields and noncommutative structures of (super)-spacetime,” arXiv:hep-th/0511015.

[44] P. A. Grassi, G. Policastro and P. van Nieuwenhuizen, “An introduction to the covariant quantization of superstrings,” Class. Quant. Grav. 20 (2003) S395 [arXiv:hepth/0302147].

[45] P. A. Grassi, G. Policastro and P. van Nieuwenhuizen, “Yang-Mills theory as an illustration of the covariant quantization of superstrings,” arXiv:hep-th/0211095.

[46] N. A. Nekrasov, “Lectures on curved beta-gamma systems, pure spinors, and anomalies,” arXiv:hep-th/0511008.

[47] N. Berkovits and O. Chandia, “Superstring vertex operators in an AdS(5) x S(5) background,” Nucl. Phys. B 596, 185 (2001) [arXiv:hep-th/0009168].

[48] N. Berkovits, “Quantum consistency of the superstring in AdS(5) x S**5 background,” JHEP 0503, 041 (2005) [arXiv:hep-th/0411170].

[49] O. A. Bedoya and O. Chandia, “One-loop conformal invariance of the type II pure spinor superstring in a curved background,” arXiv:hep-th/0609161.

[50] B. C. Vallilo, “One loop conformal invariance of the superstring in an AdS(5) x S(5) background,” JHEP 0212 (2002) 042 [arXiv:hep-th/0210064].

[51] O. Chandia and B. C. Vallilo, “Conformal invariance of the pure spinor superstring in a curved background,” JHEP 0404 (2004) 041 [arXiv:hep-th/0401226].

[52] N. Berkovits and O. Chandia, “Massive superstring vertex operator in D = 10 superspace,” JHEP 0208, 040 (2002) [arXiv:hep-th/0204121].

[53] N. Berkovits, “BRST cohomology and nonlocal conserved charges,” JHEP 0502 (2005) 060 [arXiv:hep-th/0409159].

[54] C. Becchi and O. Piguet, “”On The Renormalization Of Two-Dimensional Chiral Models,” Nucl. Phys. B 315 (1989) 153.

[55] J. Kluson, “Note about classical dynamics of pure spinor string on AdS(5) x S**5 background,” arXiv:hep-th/0603228.

[56] M. Bianchi and J. Kluson, “Current algebra of the pure spinor superstring in AdS(5) x S(5),” JHEP 0608 (2006) 030 [arXiv:hep-th/0606188].

[57] V. G. M. Puletti, “Operator product expansion for pure spinor superstring on AdS(5) x S**5,” arXiv:hep-th/0607076.

[58] B. C. Vallilo, “Flat currents in the classical AdS(5) x S**5 pure spinor superstring,” JHEP 0403 (2004) 037 [arXiv:hep-th/0307018].

[59] I. Bena, J. Polchinski and R. Roiban, “Hidden symmetries of the AdS(5) x S**5 superstring,” Phys. Rev. D 69, 046002 (2004) [arXiv:hep-th/0305116].

[60] L. F. Alday, “Non-local charges on AdS(5) x S**5 and pp-waves,” JHEP 0312 (2003) 033 [arXiv:hep-th/0310146].

[61] L. F. Alday, G. Arutyunov and A. A. Tseytlin, “On integrability of classical superstrings in AdS(5) x S**5,” JHEP 0507, 002 (2005) [arXiv:hep-th/0502240].

[62] A. Das, J. Maharana, A. Melikyan and M. Sato, “The algebra of transition matrices for the AdS(5) x S**5 superstring,” JHEP 0412 (2004) 055 [arXiv:hep-th/0411200].

[63] S. Frolov, J. Plefka and M. Zamaklar, “The AdS(5) x S**5 superstring in light-cone gauge and its Bethe equations,” arXiv:hep-th/0603008.

[64] N. Beisert, V. A. Kazakov, K. Sakai and K. Zarembo, “The algebraic curve of classical superstrings on AdS(5) x S**5,” Commun. Math. Phys. 263, 659 (2006) [arXiv:hepth/0502226].

[65] G. Arutyunov, S. Frolov, J. Russo and A. A. Tseytlin, “Spinning strings in AdS(5) x S**5 and integrable systems,” Nucl. Phys. B 671, 3 (2003) [arXiv:hep-th/0307191].

[66] G. Arutyunov, J. Russo and A. A. Tseytlin, “Spinning strings in AdS(5) x S**5: New integrable system relations,” Phys. Rev. D 69, 086009 (2004) [arXiv:hep-th/0311004].

[67] G. Arutyunov and S. Frolov, “Uniform light-cone gauge for strings in AdS(5) x S**5: Solving su(1—1) sector,” JHEP 0601, 055 (2006) [arXiv:hep-th/0510208].

[68] V. A. Kazakov, A. Marshakov, J. A. Minahan and K. Zarembo, “Classical / quantum integrability in AdS/CFT,” JHEP 0405, 024 (2004) [arXiv:hep-th/0402207].

[69] G. Arutyunov and S. Frolov, “Integrable Hamiltonian for classical strings on AdS(5) x S**5,” JHEP 0502, 059 (2005) [arXiv:hep-th/0411089].

[70] T. H. Buscher, “A symmetry of the string background field equations,” Phys. Lett.

B 194, 59 (1987).

[71] T. H. Buscher, “Path Integral derivation of the quantum duality in nonlinear sigma models,” Phys. Lett. B 201, 466 (1988).

[72] M. Cvetic, H. Lu, C. N. Pope and K. S. Stelle, “T-duality in the Green-Schwarz formalism, and the massless/massive IIA duality map,” Nucl. Phys. B 573, 149 (2000) [arXiv:hep-th/9907202].

[73] S. F. Hassan, “T-duality, space-time spinors and R-R fields in curved backgrounds,” Nucl. Phys. B 568, 145 (2000) [arXiv:hep-th/9907152].

[74] B. Kulik and R. Roiban, “T-duality of the Green-Schwarz superstring,” JHEP 0209, 007 (2002) [arXiv:hep-th/0012010].