arXiv:hep-th/0611160 v1 14 Nov 2006

Canonical Quantization, Space-Time Noncommutativity

and Deformed Symmetries in Field Theory

Marcos Rosenbaum^a, J. David Vergara^b and L. Roman Juarez^c

Instituto de Ciencias Nucleares, Universidad Nacional Autónoma de México, A. Postal 70-543 , México D.F., México a)mrosen@nucleares.unam.mx, b)vergara@nucleares.unam.mx, c)roman.juarez@nucleares.unam.mx

ABSTRACT

Within the spirit of Dirac’s canonical quantization, noncommutative spacetime field theories are introduced by making use of the reparametrization invariance of the action and of an arbitrary non-canonical symplectic structure. This construction implies that the constraints need to be deformed, resulting in an automatic Drinfeld twisting of the generators of the symmetries associated with the reparametrized theory. We illustrate our procedure for the case of a scalar field in 1+1- spacetime dimensions, but it can be readily generalized to arbitrary dimensions and arbitrary types of fields.

1

1. Introduction

It has been considered as common wisdom among practitioners of noncommutative field theory that at the first quantization level, fields are elements of an algebra where multiplication is deformed by means of the Moyal ⋆-product [1]. This anzatz, which originated in a basically heuristic fashion from some results in string theory [2], is based on an analogy with the Weyl-Wigner-Groenewold-Moyal (WWGM) formalism of Quantum Mechanics. But in Quantum Mechanics time is a parameter of the theory and, in order for spacetime to have a truly noncommutativity physical meaning we need to consider both space and time as observables represented by noncommutative operators and include them as dynamical variables in an extended Heisenberg algebra.

Moreover, as we have shown elsewhere [3], the ⋆-product deformation of functions of spacetime then results naturally in the WWGM formalism when considering in this extended context the algebra of the Weyl-equivalent functions corresponding to operator functions of the Heisenberg space and time operators.

Other approaches for constructing a noncommutative spacetime Quantum Mechanics have been based on the idea of promoting the time parameter to the rank of a coordinate by means of a reparametrization, whereby time becomes a function t(τ) of a new parameter τ and thus becomes a coordinate on the same level as the spatial coordinates x^i(τ), either by fixing the gauge degrees of freedom [4], [5], [6] or by deforming the symplectic structure of the theory [7].

An important feature of these formulations is that, because additional degrees of freedom are added to the original theory, first class constraints appear in the reparametrized theory. In order to eliminate these additional degrees of freedom one can apply gauge conditions or follow Dirac’s quantization method and operate with the constraints on the state vectors in order to obtain the physical states of the system.

Now, when going on to field theory both the time and space coordinates play the role of parameters of the field, so applying commutation relations to them is, to say the least, even more unclear; as it is the relation of this procedure to the operator spacetime noncommutativity in Quantum Mechanics, particularly when we view the latter as a minisuperspace of the former and in the light of what we have just said above.

In order to shed some additional insight on some of these issues, we explore in the present work how the above refereed reparametrization formalism can be extended to the case of field theory on a noncommutative space-time. However, since we are now dealing with a system with an infinite number of degrees of freedom, the basic idea here is to promote the coordinates of the space-time, that are the parameters on which the field depends, to new fields in the ensuing reparametrized theory. This idea in not new in the case of commutative spacetime. For example in [8] such a construction of a field theory was used as a model when considering the canonical quantization of gravity. Making use of the results in that work, it is possible to construct the reparametrized theory for any field theory, with as many constraints as the number of coordinate fields being added. In addition, as it occurs in the case of General Relativity, the parametrized field theory is also invariant under diffeomorphisms, so such a construction provides an ideal arena for studying these symmetries at the quantum level there. It is interesting to note that this idea was also used in the context of string theory as a means for constructing a theory which would be independent of the background [9].

Once the spacetime coordinates are promoted to the rank of fields, it does make sense to impose commutation relations among them. This can be achieved by deforming the symplectic structure in the original theory and thus arriving at a noncommutative field theory. Such a theory is already at the first quantization level radically different from the usual one, because - since the coordinate fields do not commute - we can not use their eigenstates as configuration space bases to construct amplitudes of the state vector, which will then necessarily have to be either functions of both the eigenvalues of the momenta field operators as well as of some of the coordinate fields (those that commute among themselves), or only of the eigenvalues of the commuting momenta fields.

Another important point that we analyze in this paper is the deformed symmetries that appear in the noncommutative theory. According to our procedure, the nature of these deformed symmetries appears automatically since, when deforming the symplectic structure the algebra of the constraints is broken and, in order to preserve it, it is necessary to deform the generators of the symmetry by means of what turns out to be a Drinfeld twist. The algorithm suggested by our procedure for this twist is quite straightforward to implement and can be readily generalized to other types of ⋆-products as well as to situations where noncommutativity involves both spacetime and momenta variables.

2. Spacetime Noncommutativity in Field Theory

In a previous paper [7] noncommutative space-time quantum mechanical theories were constructed by using a reparametrization invariant action where the time parameter is elevated to the rank of a dynamical variable. Furthermore, in order to consider the noncommutativity between the spacetime coordinates, an arbitrary non-canonical symplectic structure was introduced that, together with Dirac’s Hamiltonian method, leads to Dirac brackets for the space-time dynamical variables, which when quantized may be interpreted as noncommutative. As mentioned in the Introduction, we shall apply this procedure to the case of fields in order to investigate the implications of noncommutativity of spacetime as field variables on the algebra of the reparametrized fields.

2.1. Reparametrization of the scalar field. To illustrate the procedure, consider for simplicity the case of a scalar field in a D + 1−dimensional Minkowski spacetime with signature (1, −1, . . . , −1) and with a potential V (ϕ). The corresponding action is then

(2.1) S = ∫ dxdt ( 1 2 η^{μν} ∂_μϕ∂_ν ϕ − V (ϕ) ) . In order to parameterize the full spacetime, let us write

(2.2) t = t(τ, σ), x^i = x^i (τ, σ) , so that the new action in terms of the new parameters τ, σ reads

(2.3) S = ∫ dτd^D σ √ −g ( 1 2 g^{μν} ∂_μϕ∂_ν ϕ − V (ϕ) ) , with the inverse metric g^{αβ} given by

(2.4) g^{αβ} = ∂σ^α ∂x^μ ∂σ^β ∂x_μ and g := det(g_{μν} ) where √ −g = J is the Jacobian of the transformation. Also, in (2.3) we are making the identification ∂_0 ≡ ∂_τ and ∂_i = ∂_{σi} .

The canonical momentum associated to the field ϕ is

P_ϕ = J ∂τ ∂x^μ ∂σ^α ∂x_μ ∂ϕ ∂σ^α , σ^0 = τ, σ^i ≡ σ^i, , (2.5) and, following [8], we define the canonical momenta associated to the spacetime coordinates as p_ν ≡ −J ∂τ ∂x^μ T^μ_ν , (2.6)

where T^μ_ν = ∂^μϕ∂_ν ϕ − δ^μ_ν (^1_2 ∂^ρϕ∂_ρϕ − V (ϕ)) is the unparametrized energy-momentum tensor of the field. In terms of this momenta the Hamiltonian action becomes

(2.7) S = ∫ dτd^D σ ( P_ϕϕ̇ + p_μẋ^μ − λ^ν ( p_ν + J ∂τ ∂x^μ T^μ_ν )) , where we have introduced the definition of the momenta (2.6) as Hamiltonian constraints due to the fact that the right hand side of (2.6) is independent of the velocities when the energy-momentum tensor is expressed as a function of the canonical variables ϕ, P_ϕ [8].

We can write an alternate expression for the action (2.7), based on the ADM-type decomposition of spacetime Σ × R, where R is the temporal direction and Σ is a space-like hypersurface of constant τ, by introducing the vectors s_i with components s^μ_i = ∂_σi x^μ tangent to Σ and the unit vector n̂, normal to this hypersurface, with components

(2.8) n^μ = ( √ g^{00}ẋ^μ + g^{0i} √ g^{00} ∂x^μ ∂σ^i ) , i = 1, . . . , d. Furthermore, constructing from s^μ_i the orthonormal basis û_i = α^j_i s_j , we can write the (D+1)-vector constraint Π, with components Π_ν ≡ p_ν + J^{∂τ}_{∂xμ} T^μ_ν , as

(2.9) Π ≡ (n̂n̂ + γ^{ij}û_iû_j ) · Π = n̂Φ_0 + γ^{ij}û_iΦ_j ,

where

(2.10) I := (n̂n̂ + γ^{ij}û_iû_j ),

is the unit dyadic, multiplication is with the Lorentzian metric,

(2.11) Φ_0 := n̂ · Π = n^μ(p_μ + J ∂τ ∂x^ν T^ν_μ) = 1 2 √ −γ ( P^2_ϕ + γγ^{ij} ∂_σi ϕ∂_σj ϕ ) + n^μp_μ + √ −γ V (ϕ) ,

(2.12) Φ_j := s_j · Π = (∂_σj x^μ)(p_μ + J ∂τ ∂x^ν T^ν_μ) = P_ϕ∂_σj ϕ + p_μ∂_σj x^μ,

and where γ_{ij} ≡ g_{ij} is the D-metric of the Σ-hypersurface, γ^{ij} is the inverse matrix to γ_{ij} and γ is the determinant of γ_{ij} . Inserting now (2.9) into (2.7) we can write

(2.13) S = ∫ dτd^D σ ( P_ϕϕ̇ + p_μẋ^μ − NH_⊥ − N^iH_i ) , after identifying the proyections (−γ)^{− 12} (λ · n̂), γ^{jk}α^i_kλ · û_j of the Lagrange multipliers with the lapse and shift functions N and N^i, respectively, so that H_⊥ = √ −γΦ_0 is the super-Hamiltonian and H_i = Φ_i are the super-momenta for the system.

The Poisson brackets of these super- Hamiltonian and super-momenta are given by [10] {H_⊥(σ, τ), H_⊥(σ^′, τ} = D∑ i=1 (H_i(σ, τ) + H_i(σ^′, τ))∂_σi δ(σ − σ^′), {H_i(σ, τ), H_k (σ^′, τ)} = (H_k(σ, τ)∂_σi δ(σ − σ^′) + H_i(σ^′, τ))∂_σk δ(σ − σ^′), (2.14) {H_⊥(σ, τ), H_i(σ^′, τ)} = (H_⊥(σ, τ) + H_⊥(σ^′, τ))∂_σi δ(σ − σ^′), from where we see that the constraints are first class.

Let us now further simplify the calculations and the basic steps leading to a noncommutative field theory by consider first our scalar field to be propagating in a flat space-time with Minkowskian coordinates (t, x) and signature (1, −1). In this case

(2.15) g^{μν} = g^{−1} ( t^{′2} − x^{′ 2} −(t^′ṫ − x^′ẋ) −(t^′ṫ − x^′ẋ) ṫ^2 − ẋ^2 ) , and (2.16) g := det(g_{μν} ) = −(ṫx^′ − ẋt^′)^2,

where the primes denote partials with respect to σ while the dots are partials with respect to τ. Explicit expressions for the momenta canonical to t, x and ϕ can be derived from (2.5) and (2.6) or, even simpler, directly from (2.3), (2.15) and (2.16). They are given by:

p_t = − 1 √ −g (ṫϕ^{′2} − t^′ϕ^′ϕ̇) − x^′V (ϕ) − x^′ 2g [(t^{′2} − x^{′2})ϕ̇^2 − 2(t^′ṫ − x^′ẋ)ϕ^′ϕ̇ + (ṫ^2 − ẋ^2)ϕ^{′2}],

p_x = 1 √ −g (ẋϕ^{′2} − x^′ϕ^′ϕ̇) + t^′V (ϕ) + t^′ 2g [(t^{′2} − x^{′2})ϕ̇^2 − 2(t^′ṫ − x^′ẋ)ϕ^′ϕ̇ + (ṫ^2 − ẋ^2)ϕ^{′2}],

(2.17)

P_ϕ = − 1 √ −g [(t^{′2} − x^{′2})ϕ̇ − (t^′ṫ − x^′ẋ)ϕ^′].

From these expressions it can be readily verified that

(2.18) p_tṫ + p_xẋ + P_ϕϕ̇ = L = √ −g ( 1 2 g^{μν} ∂_μϕ∂_ν ϕ − V (ϕ) ) . Furthermore, because we are introducing the fields t(τ, σ) and x(τ, σ) as new degrees of freedom, the theory must have constraints in the Hamiltonian formalism. Specifically, since instead of our two original phase space degrees of freedom we now have six, we thus need four relations which we can get by two primary first class constraints, and two gauge conditions.

The primary constraints follow from specializing (2.11) and (2.12) to the case D = 1 and are explicitly given by

(2.19)

H_⊥ = 1 2 ( P^2_ϕ + ϕ^{′2} ) + p_tx^′ + p_xt^′ + ( x^{′ 2} − t^{′ 2} ) V (ϕ) ≈ 0, H_1 = p_xx^′ + p_tt^′ + P_ϕϕ^′ ≈ 0.

Defining

(2.20) H_{⊥,1}[f] := ∫ dσf(σ)H_{⊥,1}(σ, τ), it can then be shown that {H_⊥[f], H_⊥[g]} = H_1[fg^′ − gf^′], {H_1[f], H_1[g]} = H_1[fg^′ − gf^′],

(2.21) {H_⊥[f], H_1[g]} = H_⊥[fg^′ − gf^′]. Moreover, since the test functions f and g are arbitrary, we can take the functional derivatives of (2.21) relative to them to arrive at {H_⊥(σ, τ), H_⊥(σ^′, τ} = (H_1(σ, τ) + H_1(σ^′, τ))δ^′(σ − σ^′), {H_1(σ, τ), H_1(σ^′, τ)} = (H_1(σ, τ) + H_1(σ^′, τ))δ^′(σ − σ^′),

(2.22) {H_⊥(σ, τ), H_1(σ^′, τ)} = (H_⊥(σ, τ) + H_⊥(σ^′, τ))δ^′(σ − σ^′), where δ^′(σ − σ^′) := ∂_σ δ(σ − σ^′), which reproduce (2.14) for the case D = 1. Note that these constraints close in the constant τ Poisson brackets according to the Virasoro algebra without a central charge and they are first-class, as we already know. But first class constraints are generically associated with gauge invariance, which in this case is the invariance of the action (2.3) under two-dimensional reparametrizations, with its generators satisfying the algebra (2.22).

Moreover since H = ∫ dσ(NH_⊥ + N^1H_1) is the Hamiltonian of the theory, it clearly follows that (2.23) Ḣ_{⊥,1} = {H_{⊥,1}, H} ≈ 0, so the constraints are preserved by the “time” τ evolution.

Next, in order to introduce space-time noncommutativity in the Dirac quantization procedure for the above theory, we need to implement an additional general symplectic structure into our formalism.

2.2. Symplectic structure. For this purpose consider the following general first order action:

(2.24) S = ∫ dτdσ ( A_a(z)ż^a − NH̃_⊥ − N^1H̃_1 ) , with symplectic variables z^a = (t, x, ϕ, p_t, p_x, P_ϕ). Here H̃_⊥ and H̃_1 are weakly zero and appropriately modified first-class constraints to be specified below. The six potentials A_a play the role of momenta canonically conjugate to the z^a. The action (2.24) allows us to generate an arbitrary symplectic structure associated to the Poisson brackets in the Hamiltonian formulation, but in order that it be equivalent to the action (2.13) for D = 1, we need six additional second-class primary constraints (these, together with the two first-class constraints and their corresponding two compatibility conditions, give the relations needed to eliminate ten of the twelve degrees of freedom in the z^a’s).

The additional second-class constraints follow by noting that the canonical momenta conjugate to z^a are given by

(2.25) π_{za} = ∂_ża ( A_a(z)ż^a − NH̃_⊥ − N^1H̃_1 ) = A_a(z), and since they are independent of the velocities they lead to the constraints

(2.26) χ_a = π_{za} − A_a ≈ 0.

Hence the action of our constrained system is now given by

(2.27) S = ∫ dτdσ (A_a(z)ż^a − H_T ) , with

(2.28) H_T = NH̃_⊥ + N^1H̃_1 + μ^aχ_a.

Note that from (2.26) we have

(2.29) {χ_a, χ_b} = ∂A_b ∂z_a − ∂A_a ∂z_b := ω_{ab}, so the constraints χ_a are indeed second-class (note that the Poisson brackets here are to be evaluated in the extended phase-space (z^a, π_a) ).

Moreover, in order that the consistency conditions

(2.30) χ̇_a = {χ_a, ∫ dσH_T } = −N ∂H̃_⊥ ∂z^a − N^1 ∂H̃_1 ∂z^a + μ^bω_{ab} ≈ 0,

(2.31) ˙H̃_{⊥,1} = {H̃_{⊥,1}, ∫ dσH_T } = μ^a{H̃_{⊥,1}, ∫ dσχ_a} ≈ 0, be satisfied, we need, solving (2.30) for μ^a, that

(2.32) μ^a = ω^{ab} ( N ∂H̃_⊥ ∂z^b + N^1 ∂H̃_1 ∂z^b ) , and also that

(2.33) ω^{ab} ( ∂H̃_⊥ ∂z^a ∂H̃_1 ∂z^b ) ≈ 0, which results from inserting (2.32) into (2.31) and using the arbitrariness of the Lagrange multipliers. Introducing now the Dirac brackets (2.34) {ξ, ρ}^∗ := {ξ, ρ} − {ξ, χ_a}ω^{ab}{χ_b, ρ}, it readily follows that

(2.35) {H̃_⊥, H̃_1}^∗ = ω^{ab} ( ∂H̃_⊥ ∂z^a ∂H̃_1 ∂z^b ) . Hence, in order to satisfy the compatibility condition (2.31) we need to chose our modified constraints H̃_⊥, H̃_1 such that their Dirac bracket is weakly zero. We shall defer the proof that such a choice indeed exist for later on, and note at this point that

(2.36) {χ_a, χ_b}^∗ = 0.

We can therefore treat the χ_a as strongly zero in our formalism, after replacing the Poisson brackets by the Dirac brackets. Note also that (2.34) implies

(2.37) {z^a, z^b}^∗ = ω^{ab},

and by assuming further that the symplectic structure is determined by

(2.38) ω_{ab} =

0 0 0 −1 0 0 0 0 0 0 −1 0 0 0 0 0 0 −1 1 0 0 0 θ 0 0 1 0 −θ 0 0 0 0 1 0 0 0

, ω^{ab} =

0 θ 0 1 0 0 −θ 0 0 0 1 0 0 0 0 0 0 1 −1 0 0 0 0 0 0 −1 0 0 0 0 0 0 −1 0 0 0

,

we find that (2.38), incorporates spacetime noncommutativity into the formalism. In particular upon quantization, the strong equations χ_a = 0 need to be promoted to a relation between quantum operators:

(2.39) π̂_{za} − Â_a = 0,

and we have from (2.37) that at equal τ

(2.40)

[ t̂ (τ, σ) , x̂ (τ, σ̃) ] = iθδ (σ − σ̃) , [ t̂ (τ, σ) , p̂_t (τ, σ̃) ] = iδ (σ − σ̃) , [x̂ (τ, σ) , p̂_x (τ, σ̃)] = iδ (σ − σ̃) , [ ϕ̂ (τ, σ) , P̂_ϕ (τ, σ̃) ] = iδ (σ − σ̃) .

We turn now to the derivation of the explicit form for the modified first-class constraints H̃_⊥ and H̃_1, by observing that the formalism requires that their algebra should now close relative to the Diracbrackets. This can be achieved by further noting that

(2.41) {t̃, x̃}^∗ = 0,

where

(2.42) t̃ = t + θ 2 p_x, x̃ = x − θ 2 p_t. This selection of the t̃, x̃, variables is not unique, since there exist an infinite number of possible choices all of which are related by canonical transformations that leave invariant the symplectic structure (2.38). At the quantum level, however, only those theories which are related by linear canonical transformations will be equivalent. Now, taking into account that the Dirac-bracket algebra of the variables (t̃, x̃, ϕ, p_t, p_x, P_ϕ) is the same as the Poisson algebra of (t, x, ϕ, p_t, p_x, P_ϕ), it therefore follows that by setting H̃_{⊥,1}(z^a) = H_{⊥,1}(z̃^a) we immediately have

{H̃_⊥(τ, σ), H̃_⊥(τ, σ^′}^∗ = (H̃_1(τ, σ) + H̃_1(τ, σ^′))δ^′(σ − σ^′), {H̃_1(τ, σ), H̃_1(τ, σ^′)}^∗ = (H̃_1(τ, σ) + H̃_1(τ, σ^′))δ^′(σ − σ^′),

(2.43) {H_0(τ, σ), H_1(τ, σ^′)}^∗ = (H̃_⊥(τ, σ) + H̃_⊥(τ, σ^′))δ^′(σ − σ^′),

with

(2.44)

H̃_⊥ = 1 2 (P^2_ϕ + ϕ^{′ 2}) + p_t(x − θ 2 p_t)^′ + p_x(t + θ 2 p_x)^′ + ( (x − θ 2 p_t)^{′ 2} − (t + θ 2 p_x)^{′2} ) V (ϕ) ≈ 0, H̃_1 = p_x(x − θ 2 p_t)^′ + p_t(t + θ 2 p_x)^′ + P_ϕϕ^′ ≈ 0.

When quantizing, the constraints H̃_{⊥,1} are promoted to the rank of operators satisfying the subsidiary conditions ^̃H_⊥|Ψ⟩ = 0, ^̃H_1|Ψ⟩ = 0.

(2.45)

Also for consistency we need that at the quantum level the additional condition

(2.46) [ ^̃H_⊥, ^̃H_1]|Ψ⟩ = 0,

be satisfied. This implies that the commutator of the first class constraint operators has to be of the form

(2.47) [ ^̃H_⊥(τ, σ), ^̃H_1(τ, σ^′)] = ĉ_⊥(σ, σ^′) ^̃H_⊥ + ĉ_1(σ, σ^′) ^̃H_1,

where, in general, the ĉ_{⊥,1} are functions of the field operators that need to appear to the left of the ^̃H_{⊥,1}. This, in turn, involves finding the operator ordering needed to achieve this requirement in order to have an appropriate quantum theory. In the present case this does not constitute an important issue, since ordering for the super-Hamiltonian is immaterial and the difference in placing the momenta to the right or to the left of the coordinates in the super-momentum leads to a term which in the basis |t(σ), p_x(σ), ϕ(σ)⟩ (see paragraph following Eq.(2.51) below) is of the form ∂_σ δ(σ − σ^′)|_{σ=σ}′ Ψ(t(σ), p_x(σ), ϕ(x(σ), t(σ)), τ) and which, because of the antisymmetry of the delta function derivative, can be put equal to zero. We therefore choose the following ordering for the ^̃H_{⊥,1}:

(2.48)

^̃H_⊥ = 1 2 ( P̂_ϕ^2 + ϕ̂^{′ 2} ) + p̂_t(x̂ − θ 2 p̂_t)^′ + p̂_x(t̂ + θ 2 p̂_x)^′ − ( (t̂ + θ 2 p̂_x)^{′2} − (x̂ − θ 2 p̂_t)^{′ 2} ) V ( ϕ̂ ) ≈ 0, ^̃H_1 = p̂_x(x̂ − θ 2 p̂_t)^′ + p̂_t(t̂ + θ 2 p̂_x)^′ + P̂_ϕϕ̂^′ ≈ 0.

Making repeated use of the identity

(2.49) f(σ^′)δ^′(σ − σ^′) = f^′(σ)δ(σ − σ^′) + f(σ)δ^′(σ − σ^′)

in the evaluation of the commutator of these two operators, we get

2P̂_ϕ(σ)P̂_ϕ(σ^′)δ^′(σ − σ^′) = (P̂^2_ϕ (σ) + P̂^2_ϕ (σ^′))δ^′(σ − σ^′),

2^̃x^′(σ)^̃x^′(σ^′)δ^′(σ − σ^′) = (^̃x^{′2}(σ) + ^̃x^{′2}(σ^′))δ^′(σ − σ^′),

2^̃t^′(σ)^̃t^′(σ^′)δ^′(σ − σ^′) = (^̃t^{′2}(σ) + ^̃t^{′2}(σ^′))δ^′(σ − σ^′), ( p̂_t(σ)^̃x^′(σ^′) + p̂_t(σ^′)^̃x^′(σ) ) δ^′(σ − σ^′) = ( p̂_t(σ)^̃x^′(σ) + p̂_t(σ^′)^̃x^′(σ^′) ) δ^′(σ − σ^′), ( p̂_x(σ)^̃t^′(σ^′) + p̂_x(σ^′)^̃t^′(σ) ) δ^′(σ − σ^′) = ( p̂_x(σ)^̃t^′(σ) + p̂_x(σ^′)^̃t^′(σ^′) ) δ^′(σ − σ^′), (^̃x^{′2}(σ) + ^̃t^{′2}(σ))[V (ϕ̂(σ)), P̂_ϕ(σ^′)]ϕ^′(σ^′) = i(^̃x^{′2}(σ^′) + ^̃t^{′2}(σ^′))∂_σ V (ϕ̂(σ))δ(σ − σ^′)

= i(^̃x^{′2}(σ^′) + ^̃t^{′2}(σ^′)) ( V (ϕ̂(σ^′)) − V (ϕ̂(σ)) ) δ^′(σ − σ^′).

(2.50)

From these relations it follows that

(2.51) [ ^̃H_⊥(τ, σ), ^̃H_1(τ, σ^′)] = i ( ^̃H_⊥(τ, σ) + ^̃H_⊥(τ, σ′) ) δ^′(σ − σ^′). Hence our choice (2.48) is indeed of the form (2.47) and results in an appropriate Dirac quantization of the theory. In this parametrized quantization all the dynamics is hidden in the constraints although, because of the noncommutativity of the coordinate field operators t(τ, σ), x(τ, σ), we can not construct configuration space state functionals of the form Ψ[t(σ), x(σ), ϕ(σ), τ] = ⟨t(σ), x(σ), ϕ(σ)|Ψ(τ)⟩ with the usual interpretation of a probability amplitude that the scalar field ϕ have a definite distribution ϕ(σ) on a curved spacelike hypersurface defined by t = t(σ), x = x(σ) at time τ. (Note that in the Schrödinger picture the dynamical variables do not depend on τ). We can, however, construct state amplitudes from mixed momenta and reduced configuration space eigenkets such as |t(σ), p_x(σ), ϕ(σ)⟩. In this basis x̂ and p̂_t are represented by x̂ = i ( δ δp_x(σ) − θ δ δt(σ) ) , (2.52) p̂_t = −i δ δt(σ) , (2.53)

so that from (2.48) we get: ( θ 2 ∂ ∂σ δ^2 δt(σ)δt(σ) − ∂ ∂σ δ δt(σ) δ δp_x(σ) ) Ψ[t(σ), p_x(σ), ϕ(σ), τ] = [ 1 2 ( − δ^2 δϕ(σ)δϕ(σ) + ϕ^{′2} ) + p_x(t^′ + θ 2 p^′_x) − ( (t^′ + θ 2 p^′_x)^2 +

∂^2 ∂σ^2 ( δ δp_x(σ) − θ 2 δ δt(σ) )_2) V (ϕ) ] Ψ,

(2.54)

and (2.55) [ p_x ∂ ∂σ ( δ δp_x(σ) − θ 2 δ δt(σ) ) − ( t^′ − θ 2 p^′_x ) δ δt(σ) − ϕ^′ δ δϕ ] Ψ[t(σ), p_x(σ), ϕ(σ)] = 0.

Thus, introducing noncommutativity by parametrizing the action in the Dirac first quantization of the scalar field scheme leads us necessarily to the above twofold infinity of coupled equations. The equations (2.54) and (2.55) are the analogous of the Wheeler-De Witt equations for our noncommutative scalar field, and they can not be reduced to a Schrödinger-like equation as in the commutative case, because here we can not solve explicitly the super-Hamiltonian and super-momentum constraints for the momenta p_t and p_x. It is not our objective here to investigate this system any further or the issue of second quantization. We shall consider instead in the following section the deformed symmetries which result from the deformed constraints of the theory, which in turn result from the space-time noncommutativity, and derive a general anzatz for constructing these deformed symmetries for any field theory.

3. spacetime noncommutativity and deformed symmetries

We have seen that the Dirac-bracket algebra (2.43) together with (2.44) provides an algorithm for constructing the deformed gauge symmetries associated with the reparametrization invariance of the action (2.3), where a symplectic structure was introduced in order to allow for the appearance of spacetime noncommutativity when applying Dirac’s procedure for canonical quantization to the original action. In fact, making use of (2.37) one can show that (3.56) {t^n(τ, σ), x^m(τ, σ^′)}^∗ = nmθt^{n−1}(τ, σ)x^{m−1}(τ, σ^′)δ(σ − σ^′). On the other hand, evaluating the Moyal product (x^μ)^n ⋆_θ (x^ν )^m with the bidifferential

(3.57) ⋆_θ := exp [ i 2 θ^{μν} ∫ dσ^{′′} ←− δ δx^μ(τ, σ^{′′}) −→ δ δx^ν (τ, σ^{′′}) ] ,

and comparing with (3.56), we have that (3.58) {t^n(τ, σ), x^m(τ, σ^′)}^∗ ∼= [t^n(τ, σ), x^m(τ, σ^′)]_{⋆θ} := t^n(τ, σ) ⋆_θ x^m(τ, σ^′) − x^m(τ, σ^′) ⋆_θ t^n(τ, σ). More generally, for Dirac- brackets of arbitrary A(τ, σ), B(τ, σ) functionals of t(τ, σ), p_t(τ, σ), x(τ, σ), p_x(τ, σ), ϕ(τ, σ) and P_ϕ(τ, σ) we get (3.59) {A(τ, σ), B(τ, σ^′)}^∗ ∼= [A(τ, σ), B(τ, σ^′)]_{⋆θ} , after identifying the momenta in the left side of the above equation with their corresponding differential operators on the right side. We thus have a morphism from the Poisson-Dirac algebra of functionals of t, x, ϕ, p_t, p_x and P_ϕ, to the algebra of differential operators obtained from these functionals (after making the maps p_t → −iδ/δ_t, p_x → −iδ/δ_x P_ϕ → −iδ/δ_ϕ) with multiplication given by the ⋆_θ-product commutator. As a parenthetical remark we find it interesting to recall here that in the process of reparametrization the space-time parameters of the original action were elevated to the rank of dynamical variables and, as we have shown elsewhere [3], when considering quantum mechanical deformations from the point of view of the Weyl-Wigner-Groenewold-Moyal formalism, the multiplication of elements of the algebra of functions of the space-time dynamical variables had to be modified precisely with the ⋆-operator (3.57).

Applying now the above described algebra morphism to (2.43) results in [ H̃^⋆_⊥(τ, σ), H̃^⋆_⊥(τ, σ^′) ] ⋆θ = ( H̃^⋆_1(τ, σ) + H̃^⋆_1(τ, σ^′) ) δ^′(σ − σ^′), [ H̃^⋆_1(τ, σ), H̃^⋆_1 (τ, σ^′) ] ⋆θ = ( H̃^⋆_1(τ, σ) + H̃^⋆_1(τ, σ^′) ) δ^′(σ − σ^′), (3.60) [ H̃^⋆_⊥(τ, σ), H̃^⋆_1 (τ, σ^′) ] ⋆θ = ( H̃^⋆_⊥(τ, σ) + H̃^⋆_⊥(τ, σ^′) ) δ^′(σ − σ^′). Here the notation H̃^⋆_{⊥,1} stands for the differential operators

(3.61) H̃^⋆_{⊥,1}(τ, σ) := H_{⊥,1}(τ, σ) exp [ − i 2 θ^{μν} ∫ dσ^{′′} ←− δ δx^μ(τ, σ^{′′}) −→ δ δx^ν (τ, σ^{′′}) ] , and their algebra multiplication μ_θ is given by

(3.62) μ_θ(H̃^⋆_i ⊗ H̃^⋆_j ) = H̃^⋆_i ⋆ H̃^⋆_j , i, j =⊥, 1.

Note that from (3.61) it follows that

(3.63) [ H̃^⋆_i (τ, σ), H̃^⋆_j (τ, σ^′) ] ⋆θ = [H_i(τ, σ), H_j (τ, σ^′)] e [ −^i_2 θ^{μν} ∫ dσ^{′′ ←−δ} δxμ (τ,σ′′ ) −→ δ δxν (τ,σ′′ ) ] , i, j =⊥, 1 and substituting (3.61) and (3.63) into (3.60) we get

[H_⊥(τ, σ), H_⊥(τ, σ^′)] = (H_1(τ, σ) + H_1(τ, σ^′)) δ^′(σ − σ^′), [H_1(τ, σ), H_1(τ, σ^′)] = (H_1(τ, σ) + H_1(τ, σ^′)) δ^′(σ − σ^′),

(3.64) [H_⊥(τ, σ), H_1(τ, σ^′)] = (H_⊥(τ, σ) + H_⊥(τ, σ^′)) δ^′(σ − σ^′),

which is the algebra of differential operator generators isomorphic to the non-deformed algebra (2.22).

Furthermore, since by (2.19)

(3.65) {ϕ, H_⊥} = (x^{′2} − t^{′2}) √ −g ϕ̇ + (t^′ ṫ − x^′ẋ) √ −g ϕ^′, {ϕ, H_1} = ϕ^′, the generators H_i of (2.22) - the Virasoro algebra V - can be viewed as derivations acting on elements ϕ(t(τ, σ), x(τ, σ)) of the algebra of functions A, with point multiplication μ. That is, {ϕ, H_⊥} ∼=Ĥ_⊥ ▷ ϕ = ( (x^{′2} − t^{′2}) √ −g ∂_τ + (t^′ṫ − x^′ẋ) √ −g ∂_σ ) ▷ ϕ {ϕ, Ĥ_1} ∼=Ĥ_1 ▷ ϕ = ∂_σ ▷ ϕ, (3.66)

In addition, since Ĥ_i ∈ V̂ is a (infinite dimensional) Lie algebra, its universal envelope U(V̂) can be given the structure of a Hopf algebra with coproduct

(3.67) Δ(Ĥ_i) = Ĥ_i ⊗ 1 + 1 ⊗ Ĥ_i, i =⊥, 1

and antipode

(3.68) S(Ĥ_i) = −Ĥ_i, i =⊥, 1,

so A is a left module-algebra over U(V̂). In parallel, for the symplectic structure (2.38) we have the algebra V̂^⋆ of derivation operators ^̃H^⋆_i , defined in analogy to (3.61) by

(3.69) ^̃H^⋆_{⊥,1}(τ, σ) := Ĥ_{⊥,1}(τ, σ) exp [ − i 2 θ^{μν} ∫ dσ^{′′} ←− δ δx^μ(τ, σ^{′′}) −→ δ δx^ν (τ, σ^{′′}) ] , with multiplication μ_θ generated by (3.59), and the corresponding left module algebra A_θ over U(V̂^⋆), whose elements are now functions ϕ(t(τ, σ), x(τ, σ)) with multiplication μ_θ inherited from (3.58). From (3.69) it immediately follows that (3.70) ^̃H^⋆_i ⋆_θ ϕ(t, x) = Ĥ_i ▷ ϕ(t, x), so the action of elements of the twisted algebra V̂^⋆ on elements of A_θ is equal to the action of the corresponding elements of the untwisted algebra on the corresponding elements of the ordinary algebra A of functions of commuting variables. Thus the morphism from V̂ to V̂^⋆ by (3.71) Ĥ_i → ^̃H^⋆_i induces the morphism from A to A_θ by (3.72) μ(f(t, x) ⊗ g(t, x)) → μ_θ(f(t, x) ⊗ g(t, x)). Let us next consider the symmetries associated with the canonical transformation (3.73) H_τ [ξ] = ∫ dσ ( ξ^0(τ, σ)H_⊥(τ, σ) + ξ^1(τ, σ)H_1(τ, σ) ) , in order to make contact with some related results appearing in the literature. We thus have δϕ = {ϕ, H_τ [ξ]} ∼= Ĥ_τ [ξ] ▷ ϕ = ξ^0 (x^{′2} − t^{′2}) √ −g ϕ̇ + ( ξ^0 (t^′ṫ − x^′ẋ) √ −g + ξ^1 ) ϕ^′ δt = {t, H_τ [ξ]} = ξ^0x^′ + ξ^1t^′

(3.74) δx = {x, H_τ [ξ]} = ξ^0t^′ + ξ^1x^′.

On the other hand, it is evident that the Lagrangian in (2.3) is invariant under the infinitesimal general coordinate transformations τ → τ + ρ^0(τ, σ) σ → σ + ρ^1(τ, σ), (3.75)

from where it follows that δ_ρϕ = −ρ^0∂_τ ϕ − ρ^1∂_σϕ, δ_ρt = −ρ^0∂_τ t − ρ^1∂_σ t,

(3.76) δ_ρx = −ρ^0∂_τ x − ρ^1∂_σx. We can relate the generator (3.73) to the diffeomorphism (3.76) by equating the last two equations in (3.74) to the last two equations in (3.76) and solving for ξ^0 and ξ^1. We thus get

ξ^0 = (t^′ẋ − x^′ṫ) (x^{′2} − t^{′2}) ρ^0,

ξ^1 = (t^′ṫ − x^′ẋ) (x^{′2} − t^{′2}) ρ^0 − ρ^1.

(3.77)

The consistency of this solution can be checked by substituting it into the first equation in (3.74) and verifying that it yields the first equation in (3.76). Consequently (3.78) δ_ρϕ = Ĥ_τ [ξ(ρ)] ▷ ϕ ∼= {ϕ, H_τ [ξ(ρ)]}, with the components of ξ(ρ) given by (3.77). Hence (3.79) δ_ρ = Ĥ_τ [ξ(ρ)] = −(ρ^0ṫ + ρ^1t^′)∂_t − (ρ^0ẋ + ρ^1x^′)∂_x = −(ρ^t∂_t + ρ^x∂_x), where we have re-expressed the vector field δ_ρ in terms of the spacetime basis components {ρ^t := (ρ^0ṫ + ρ^1t^′), ρ^x := (ρ^0ẋ + ρ^1x^′)}.

Applying now the derivation δ_η := −η^t∂_t −η^x∂_x to (3.78) and subtracting from the result the expression with inverted order of the derivations we get [δ_η, δ_ρ]ϕ ∼= {{ϕ, H_τ [ξ(ρ)]}, H_τ [ξ(η)]} − {{ϕ, H_τ [ξ(η)]}, H_τ [ξ(ρ)]} = {{H_τ [ξ(η)], H_τ [ξ(ρ)]}, ϕ} = −(−η^λ∂_λρ^μ + ρ^λ∂_λη^μ)∂_μϕ = −(η × ρ)^μ∂_μϕ = δ_{η×ρ} ϕ, (3.80) after making use of the Jacobi identity. We therefore have an homomorphism between the algebra of diffeomorphisms in two-dimensions (3.81) [δ_η , δ_ρ] = δ_{η×ρ} and the Poisson algebra H generated by (3.82) {H_τ [ξ(η)], H_τ [ξ(ρ)]} = H_τ [ξ(η × ρ)].

In going on to the noncommutative spacetime case, we proceed according to our previously derived algorithm, i.e. we replace the Poisson-brackets by Dirac-brackets and t → t̃, x → x̃. Hence we can now write (3.83) H ∋ Ĥ_τ [ξ(ρ)] → Ĥ^⋆_τ [ξ̃(ρ)] = δ^⋆_ρ = ∫ dσ(ξ̃^0 ^̃H^⋆_⊥ + ξ̃^1 ^̃H^⋆_1) ∈ H^⋆, and (3.84) {ϕ, H_τ [ξ(ρ)]} ∼= δ_ρ ▷ ϕ → δ^⋆_ρ ⋆ ϕ(t(τ, σ), x(τ, σ)); ϕ ∈ A_θ. Note that equations (3.83) and (3.84) provide an explicit expression for the mapping δ_ρ → δ^⋆_ρ , such that (3.82) becomes (3.85) [ δ^⋆_ρ , δ^⋆_η ] ⋆θ = δ^⋆_{η×ρ}, and (3.86) δ^⋆_ρ ⋆ (f ⋆ g) = δ_ρ(f ⋆ g).

We can now compare some of our results with those obtained in [11]. Thus, we have that our equation (3.69) for the twisted derivations ^̃H^⋆_i corresponds to equation (3.26) in [11], while the algebra (3.85) and the derivation δ^⋆_ρ correspond to equations (5.3) and (5.4) there. Note also that since the universal envelope U(H^⋆) in our formalism can be given the structure of a Hopf algebra, we can obtain an explicit expression for the coproduct by making use of the duality between product and coproduct, followed by the application of equations (3.86) and (3.61). Thus we have μ_θ ∘ Δ(δ^⋆_ρ )(f ⊗ g) = δ^⋆_ρ ⋆ (f ⋆ g) = δ_ρ(f ⋆ g) = μ(δ_ρ ⊗ 1 + 1 ⊗ δ_ρ)(e^{i2 θμν ∂μ ⊗∂ν} f ⊗ g) = μ_θ ∘ [ (δ^⋆_ρ ⊗ 1 + 1 ⊗ δ^⋆_ρ )e^{i2 θμν ∂μ ⊗∂ν} (f ⊗ g) ] = μ_θ ∘ [ e^{− i2 θμν ∂μ ⊗∂ν} (δ_ρ ⊗ 1 + 1 ⊗ δ_ρ)e^{i2 θμν ∂μ ⊗∂ν} ] (f ⊗ g). (3.87)

This result also compares with the Leibnitz rule given by equation (5.9) in [11]. Further note that if we let F = e^{− i2 θμν ∂μ ⊗∂ν} ∈ U(H) ⊗ U(H), and define f ⋆ g = μ_θ(f ⊗ g) := μ(F^{−1} ▷ (f ⊗ g)), we then have δ_ρ(f ⋆ g) = δ_ρ ▷ μ(F^{−1} ▷ (f ⊗ g)) = μ[(Δδ_ρ)F^{−1} ▷ (f ⊗ g)] = μF^{−1}[(F(Δδ_ρ)F^{−1})(f ⊗ g)]

(3.88) = μ_θ[(F(Δδ_ρ)F^{−1})(f ⊗ g)].

Thus, the undeformed coproduct of the symmetry Hopf algebra U(H) is related to the Drinfeld twist Δ^F by the inner endomorphism Δ^F δ_ρ := (F(Δδ_ρ)F^{−1}) and, by (3.88), it preserves the covariance:

δ_ρ ▷ (f · g) = μ ∘ [Δ(δ_ρ)(f ⊗ g)] = (δ_{ρ(1)} ▷ f) · (δ_{ρ(2)} ▷ g)

θ→ δ^⋆_ρ ▷ (f ⋆ g) = (δ^⋆_{ρ(1)} ▷ f) ⋆ (δ^⋆_{ρ(2)}) ▷ g),

(3.89)

where we have used the Sweedler notation for the coproduct. Consequently, the twisting of the coproduct is tied to the deformation μ → μ_θ of the product when the last one is defined by

(3.90) f ⋆ g := (F^{−1}_{(1)} ▷ f)(F^{−1}_{(2)} ▷ g).

A more extensive discussion of the application of some of these algebras to the construction of a deformed differential geometry for gravity theories may be found also in [11] as well as other works cited therein.

If we now assume that the coefficients of the vector fields δ_ξ are linear in the spacetime variables, then the generators δ_ρ in (3.87) become the infinitesimal generators of the Poincaré transformations, and the coproduct defined in this equation reduces to the twisted coproduct considered by e.g. [12].

We would like to stress, however, that while all the above mentioned papers, as well as a large number of others appearing in the literature, start from equating spacetime noncommutativity with the noncommutativity of the parameters of the functions denoting classical fields, and deforming the algebra of these fields via the Moyal ⋆-product (with this anzatz originating in a basically heuristic fashion from some results in string theory), none of the algebras V̂^⋆, H^⋆ and A_θ in our approach are assumed a priori. On the contrary, they appear naturally, as does the spacetime noncommutativity, as a consequence of implementing Dirac’s canonical quantization formalism for constrained systems with an arbitrary symplectic structure. Note, in particular, that in our formalism the space-time variables are dynamical, as would be expected when viewing quantum mechanics as a minisuperspace of field theory, and their noncommutativity results from the quantization of their Dirac-brackets. The deformation of the module-algebra A - in which the fields originally lived - to A_θ ∋ ϕ, so that by (3.71) and (3.72) functions of the field multiply according to μ_θ is, in our formalism, again a consequence of the spacetime noncommutativity resulting from the quantization of the Dirac-brackets, and the concomitant deformation of the constraints associated with the symmetries of the field Lagrangian.

Finally, it should be obvious by mere observation of the notation already introduced, how our algorithm can be readily extended to higher dimensional noncommutative space-times with constant parameters of noncommutativity. Thus, the commutator relations for the spacetime coordinate fields at equal times will now be given by

(3.91) [x^μ(τ, σ), x^ν (τ, σ^′)] = iθ^{μν} δ^D (σ − σ^′),

where θ^{μν} = const. As in the bi-dimensional case, we can also introduce a new set of commuting coordinate fields defined by

(3.92) x̃^μ(σ) = x^μ(σ) + θ^{μν} 2 p_ν (σ), from which new constraints can be constructed having the form

H̃_⊥ = 1 2 ( P^2_ϕ + γ̃γ̃^{ij} ∂_σi ϕ∂_σj ϕ ) + √ −γ̃ ñ^ν p_ν − γ̃V (ϕ) ≈ 0, H̃_i = P_ϕ∂_{σi} ϕ + p_μ∂_{σi}x̃^μ.

(3.93)

Making use the algebra morphism discussed at the beginning of this section we then arrive at the quantum algebra [ H̃^⋆_⊥(τ, σ), H̃^⋆_⊥(τ, σ^′) ] ⋆θ = D∑ i=1 ( H̃^⋆_i (τ, σ) + H̃^⋆_i (τ, σ^′) ) ∂_σi δ(σ − σ^′), [ H̃^⋆_i (τ, σ), H̃^⋆_j (τ, σ^′) ] ⋆θ = ( H̃^⋆_i (τ, σ)∂_{σj} δ(σ − σ^′) + H̃^⋆_j (τ, σ^′)∂_{σi} δ(σ − σ^′) ) , (3.94) [ H̃^⋆_⊥(τ, σ), H̃^⋆_i (τ, σ^′) ] ⋆θ = ( H̃^⋆_⊥(τ, σ) + H̃^⋆_⊥(τ, σ^′) ) ∂_σi δ(σ − σ^′). With the constraints (3.93) it is possible to construct a quantum theory in the Schrödinger representation analogous to (2.54) and (2.55). As in that case, however, since these constraints are no longer linear and algebraic in the momenta (they contain mixed products of the p_μ’s and their derivatives), it is not possible to solve explicitly for the spacial momenta in order to construct a Schrödinger type equation. Nonetheless, it is still possible to show that the action in the reduced configuration space is in agreement with the usually proposed noncommutative field theory for a scalar field.

As for the generalization to (D + 1)-Minkowski spacetime of the symmetries and twisted symmetries elaborated above for the D = 1 case, the results follow through directly by replacing ξ^0, ξ^1 by

ξ^0 = − 1 g^{00} √ −g ρ^0,

(3.95)

ξ^i = g^{0i} g^{00} ρ^0 − ρ^i.

(3.96)

These expressions can be inferred immediately from (3.77).

4. Concluding remarks

We have shown in this paper how, by considering a parametrized field theory, it is possible to introduce spacetime noncommutativity from first principles. We have accomplished this by resorting to an extended phase-space, leading to second class constraints which, in order to remove them according to the Dirac quantization procedure, lead in turn to Dirac-brackets. The latter then result in a deformed symplectic structure for the spacetime coordinates and corresponding canonical momenta, which yield the desired noncommutativity.

An important characteristic of our formulation is the automatic deformation of the symmetry generators when the symplectic structure is deformed. Such a deformation being imposed by the consistency conditions on the constraints (see discussion in subsection 2.2), which have as a result that the algebra of the deformed constraints is maintained in the noncommutative case. This provides us then with a straightforward algorithm for constructing the Drinfeld twist of the Hopf algebras that one can associate with the reparametrization symmetry groups. In addition, our formalism can be readily extended to spacetimes of any dimensions and to the consideration of different possible types of deformed products, of which the Moyal product is just a particular case. Thus the formalism here described may turn out to be also useful for achieving a better understanding of twisted symmetries in Yang-Mills field theories, since in this case, in addition to the constraints associated with the reparametrization, we will also have the constraints associated with invariance under the gauge transformations A_μ(x) → U(x)A_μ(x)U^{−1}(x) + iU(x)∂_μU^{−1}(x), so the full set must then be analyzed in order to see how it is to be twisted when noncommutativity is introduced.

REFERENCES

[1] R.J. Szabo, Physics Reports 378 207-299, (2003). [2] N. Seiberg and E. Witten, JHEP 09 (1999) 032.

[3] M. Rosenbaum, J.D. Vergara and L.R. Juárez, Phys. Lett. A, 354, 389 (2006). [4] A. Pinzul and A. Stern, Phys. Lett. B 593, 279 (2004).

[5] R. Banerjee, B. Chakraborty and S. Gangopadhyay, J. Phys. A 38, 957 (2005). [6] S. Ghosh and P. Pal, Phys.Lett. B 618, 243 (2005).

[7] M. Rosenbaum, J.D. Vergara and L.R. Juárez, [arXiv:hep-th/0610150].

[8] K. Kuchar, “Canonical Quantization of Gravity”, in “Relativity, Astrophysics and Cosmology.”

W. Israel (Ed.), Reidel Pub. Co., Dordrecht, Holland (1973). [9] S. R. Das and M. A. Rubin, Prog. Theor. Phys. Suppl. 86, 143 (1986).

[10] P.A.M. Dirac, “Lectures on Quantum Mechanics”, Belfer Graduate School of Science Monographs Series No.2 (Yeshiva University, New York, 1964); A. J. Hanson, T. Regge and C. Teitelboim, “Constrained Hamiltonian Systems” (Accademia Nazionale dei Lincei, Roma 1976); K. Sundermeyer, Lect. Notes Phys. 169, 1 (1982).

[11] P. Aschieri, C. Blohmann, M. Dimitrijevic, F. Meyer, P. Schupp and J. Wess, Class. Quant. Grav.

22, 3511 (2005).

[12] M. Chaichian, P.P. P. Presnajder and A. Tureanu, Phys. Rev. Lett. 94, 151602 (2005).

M. Chaichian, P.P. Kulish, K. Nishijima and A. Tureanu, Phys. Lett. B 604, 98-102 (2004). J. Wess, [arXiv:hep-th/0408080]. P. Kosinski and P. Maslanka, [arXiv:hep-th/0408100] Ch. Blohmann, “Paris 2002, Physical and Mathematical aspects of symmetries” [arXiv:math.QA/0402199].

R. Oeckl, Nucl. Phys. B 581, 559 (2000).

J. Lukierski and M. Woronowicz, Phys. Lett. B 633, 116 (2006).