arXiv:hep-th/0611174v3 14 Aug 2007

HU-EP-06/21

hep-th/0611174

Emergent Gravity from Noncommutative Spacetime

Hyun Seok Yang^∗

Institut für Physik, Humboldt Universität zu Berlin Newtonstraße 15, D-12489 Berlin, Germany

ABSTRACT

We showed before that self-dual electromagnetism in noncommutative (NC) spacetime is equivalent to self-dual Einstein gravity. This result implies a striking picture about gravity: Gravity can emerge from electromagnetism in NC spacetime. Gravity is then a collective phenomenon emerging from gauge fields living in fuzzy spacetime. We elucidate in some detail why electromagnetism in NC spacetime should be a theory of gravity. In particular, we show that NC electromagnetism is realized through the Darboux theorem as a diffeomorphism symmetry G which is spontaneously broken to symplectomorphism H due to a background symplectic two-form B_{μν} = (1/θ)_{μν} , giving rise to NC spacetime. This leads to a natural speculation that the emergent gravity from NC electromagnetism corresponds to a nonlinear realization G/H of the diffeomorphism group, more generally its NC deformation. We also find some evidences that the emergent gravity contains the structures of generalized complex geometry and NC gravity. To illuminate the emergent gravity, we illustrate how self-dual NC electromagnetism nicely fits with the twistor space describing curved self-dual spacetime. We also discuss derivative corrections of Seiberg-Witten map which give rise to higher order gravity.

PACS numbers: 11.10.Nx, 02.40.Gh, 04.50.+h

August 15, 2007

∗hsyang@physik.hu-berlin.de

1 Introduction and Symplectic Geometry

Recently we showed in [1] that self-dual electromagnetism in noncommutative (NC) spacetime is equivalent to self-dual Einstein gravity. For example, U(1) instantons in NC spacetime are actually gravitational instantons [2, 3]. This result implies a striking picture about gravity: Gravity can emerge from electromagnetism if the spacetime, at microscopic level, is noncommutative like the quantum mechanical world. Gravity is then a collective phenomenon emerging from gauge fields living in fuzzy spacetime. Similar ideas have been described in [4] and in a recent review [5] that NC gauge theory can naturally induce a gauge theory of gravitation.

In this paper we will show that the “emergent gravity” from NC spacetime is very generic in NC field theories, not only restricted to the self-dual sectors. Since this picture about gravity is rather unfamiliar, though marked evidences from recent developments in string and M theories are ubiquitous, it would be desirable to have an intuitive picture for the emergent gravity. This remarkable physics turns out to be deeply related to symplectic geometry in sharp contrast to Riemannian geometry. Thus we first provide conceptual insights, based on intrinsic properties of the symplectic geometry, on why a field theory formulated on NC spacetime could be a theory of gravity. We will discuss more concrete realizations in the coming sections. We refer [6] for rigorous details about the symplectic geometry.

Symplectic manifold: A symplectic structure on a smooth manifold M is a non-degenerate, closed 2-form ω ∈ Λ^2(M). The pair (M, ω) is called a symplectic manifold. In classical mechanics, a basic symplectic manifold is the phase space of N-particle system with ω = ∑ dq^i ∧ dp_i. A NC spacetime is obtained by introducing a symplectic structure B =^1_2 B_{μν} dy^μ ∧ dy^ν and then by quantizing the spacetime with its Poisson structure θ^{μν} ≡ (B^{−1})^{μν} , treating it as a quantum phase space. That is, for f, g ∈ C^∞(M), {f, g} = θ^{μν} ( ∂f ∂y^μ ∂g ∂y^ν − ∂f ∂y^ν ∂g ∂y^μ ) ⇒ − i ℏ [ ^f, ^g], (1.1) where ℏ is a formal parameter and we sometimes set ℏ = 1 by absorbing it in θ.

According to the Weyl-Moyal map [7], the NC algebra of operators is equivalent to the deformed algebra of functions defined by the Moyal ⋆-product, i.e., ^f · ^g ∼= (f ⋆ g)(y) = exp ( iℏ 2 θ^{μν} ∂^y_μ∂^z_ν ) f(y)g(z) | | | y=z . (1.2)

Symplectomorphism: Let (M, ω) be a symplectic manifold. Then a diffeomorphism ϕ : M → M satisfying ω = ϕ^∗(ω) is a symplectomorphism. In classical mechanics, symplectomorphisms are called canonical transformations. A vector field X on M is said to be symplectic if L_X ω = 0. The Lie derivative along a vector field X satisfies the Cartan’s homotopy formula L_X = ι_X d + dι_X , where ι_X is the inner product with X, e.g., ι_X ω(Y ) = ω(X, Y ). Since dω = 0, X is a symplectic vector field if and only if ι_X ω is closed. If ι_X ω is exact, i.e., ι_X ω = dH for any H ∈ C^∞(M), X is called the Hamiltonian vector field. So the first cohomology group H^1(M) measures the obstruction for a symplectic vector field to be Hamiltonian. Since we are interested in simply connected manifolds, e.g., M = IR^4, every symplectic vector field would be Hamiltonian.

Through the quantization rule (1.1) and (1.2), one can define NC IR^4 by the following commutation relation [y^μ, y^ν]_⋆ = iθ^{μν} . (1.3)

An important point is that the set of diffeomorphisms generated by Hamiltonian vector fields, denoted as Ham(M), preserves the NC algebra (1.3) since L_X B = 0 with B = θ^{−1} provided ι_X B = dλ where λ is an arbitrary function [8, 9]. The symmetry Ham(M) is infinite-dimensional as well as non-Abelian and can be identified with NC U(1) gauge group [8] upon quantization in the sense of Eq.(1.1). The NC gauge symmetry then acts as unitary transformations on an infinite-dimensional, separable Hilbert space H which is the representation space of the Heisenberg algebra (1.3). This NC gauge symmetry U_{cpt}(H) is so large that U_{cpt}(H) ⊃ U(N) (N → ∞) [10]. In this sense the NC gauge theory is essentially a large N gauge theory. It becomes more explicit on a NC torus through the Morita equivalence where NC U(1) gauge theory with rational θ = M/N is equivalent to an ordinary U(N) gauge theory [11, 12]. Therefore it is not so surprising that NC electromagnetism shares essential properties appearing in a large N gauge theory such as SU(N → ∞) Yang-Mills theory or matrix models.

The symplectic manifolds accompany an important property, the so-called Darboux theorem, stating that every symplectic manifold is locally symplectomorphic.

Darboux theorem: Locally, (M, ω) ∼= ( IC^n, ∑ dq^i ∧ dp_i). That is, every 2n-dimensional symplectic manifold can always be made to look locally like the linear symplectic space IC^n with its canonical symplectic form - Darboux coordinates. More precisely, we will use the Moser lemma [13] describing a cohomological condition for two symplectic structures to be equivalent: Let M be a symplectic manifold of compact support. Given two-forms ω and ω^′ such that [ω] = [ω^′] ∈ H^2(M) and ω_t = ω + t(ω^′ − ω) is symplectic ∀t ∈ [0, 1], then there exists a diffeomorphism ϕ : M → M such that ϕ^∗(ω^′) = ω. This implies that all ω_t are related by coordinate transformations generated by a vector field X satisfying ι_X ω_t +A = 0 where ω^′ −ω = dA. In particular we have ϕ^∗(ω^′) = ω where ϕ is the flow of X. In terms of local coordinates, there always exists a coordinate transformation ϕ whose pullback maps ω^′ = ω + dA to ω, i.e., ϕ : y → x = x(y) so that ∂x^α ∂y^μ ∂x^β ∂y^ν ω^′_{αβ}(x) = ω_{μν} (y). (1.4)

The Darboux theorem leads to an important consequence on the low energy effective dynamics of D-branes in the presence of a background B-field. The dynamics of D-branes is described by open string field theory whose low energy effective action is obtained by integrating out all the massive modes, keeping only massless fields which are slowly varying at the string scale. The resulting low energy dynamics is described by the Dirac-Born-Infeld (DBI) action [14]. For a Dp-brane in arbitrary background fields, the DBI action is given by S = 2π (2πκ)^{p+1}2 ∫ d^{p+1}σe^{−Φ} √ det(g + κ(B + F )) + O( √ κ∂F, · · · ), (1.5) where κ ≡ 2πα^′, the size of a string, is a unique expansion parameter to control derivative corrections. But the string coupling constant g_s ≡ e^{⟨Φ⟩} will be assumed to be constant.

The DBI action (1.5) respects several symmetries.^1 The most important symmetry for us is the so-called Λ-symmetry given by B → B − dΛ, A → A + Λ (1.6) for any one-form Λ. Thus the DBI action depends on B and F only in the gauge invariant combination F ≡ B + F as shown in (1.5). Note that ordinary U(1) gauge symmetry is a special case where the gauge parameters Λ are exact, namely, Λ = dλ, so that B → B, A → A + dλ.

Suppose that the two-form B is closed, i.e. dB = 0, and non-degenerate on the D-brane worldvolume M. The pair (M, B) then defines a symplectic manifold.^2 But the Λ-transformation (1.6) changes (locally) the symplectic structure from ω = B to ω^′ = B − dΛ. According to the Darboux theorem and the Moser lemma stated above, there must be a coordinate transformation such as Eq.(1.4). Thus the local change of symplectic structure due to the Λ-symmetry can always be translated into worldvolume diffeomorphisms as in Eq.(1.4). For some reason to be clarified later, we prefer to interpret the symmetry (1.6) as a worldvolume diffeomorphism, denoted as G ≡ Diff(M), in the sense of Eq.(1.4). Note that the number of gauge parameters in the Λ-symmetry is exactly the same as Diff(M). We will see that the Darboux theorem in symplectic geometry plays the same role as the equivalence principle in general relativity.

The coordinate transformation in Eq.(1.4) is not unique since the symplectic structure remains intact if it is generated by a vector field X satisfying L_X B = 0. Since we are interested in a simply connected manifold M, i.e. π_1(M) = 0, the condition is equivalent to ι_X B + dλ = 0, in other words, X ∈ Ham(M).^3 Thus the symplectomorphism H ≡ Ham(M) corresponds to the Λ-symmetry

1The action (1.5) has a worldvolume reparameterization invariance: σ^μ → σ^{′μ} = f^μ(σ) for μ = 0, 1, · · · , p. But, this diffeomorphism symmetry is usually gauge-fixed to identify worldvolume coordinates σ^μ with spacetime ones, i.e., x^A(σ) = σ^A for A = 0, 1, · · · , p. In this static gauge which will be adopted throughout the paper, the induced metric g_{μν} (x(σ)) on the brane reduces to a background spacetime metric, e.g., g_{μν} (σ) = δ_{μν} . So we will never refer to this symmetry in our discussion.

2 Note that the ‘D-manifold’ M also carries a non-degenerate, symmetric, bilinear form g which is a Riemannian metric. The pair (M, g) thus defines a Riemannian manifold. If we consider a general pair (M, g + κB), it describes a generalized geometry [15] which continuously interpolates between a symplectic geometry (|κBg^{−1}| ≫ 1) and a Riemannian geometry (|κBg^{−1}| ≪ 1). The decoupling limit considered in [11] corresponds to the former.

3If we consider NC gauge theories on M = T^4 in which π_1(M) ≠ 0, a symplectic vector field X, i.e. L_X B = 0, is not necessarily Hamiltonian but takes the form X^μ = θ^{μν} ∂_ν λ + ξ^μ where ξ^μ is a harmonic one-form, i.e., it cannot be written as a derivative of a scalar globally. This harmonic one-form introduces a twisting of vector bundle or projective module on M = T^4 such that the gauge bundle is periodic only up to gauge transformations [16].

where Λ = dλ and so Ham(M) can be identified with the ordinary U(1) gauge symmetry [8, 17]. As is well-known, if a vector field X_λ is Hamiltonian satisfying ι_{Xλ} B + dλ = 0, the action of X_λ on a smooth function f is given by X_λ(f) = {λ, f}, which is infinite dimensional as well as non-Abelian and, after quantization (1.1), gives rise to NC gauge symmetry.

Using the Λ-symmetry, gauge fields can always be shifted to B by choosing the parameters as Λ_μ = −A_μ, and the dynamics of gauge fields in the new symplectic form B + dA is interpreted as a local fluctuation of symplectic structures. This fluctuating symplectic structure can then be translated into a fluctuating geometry through the coordinate transformation in G = Diff(M) modulo H = Ham(M), the U(1) gauge transformation. We thus see that the ‘physical’ change of symplectic structures at a point in M takes values in Diff_F (M) ≡ G/H = Diff(M)/Ham(M).

We need an explanation about the meaning of the ‘physical’. The Λ-symmetry (1.6) is spontaneously broken to the symplectomorphism H = Ham(M) since the vacuum manifold defined by the NC spacetime (1.3) picks up a particular symplectic structure, i.e.,

⟨B_{μν} (x)⟩_{vac} = (θ^{−1})_{μν} . (1.7)

This should be the case since we expect only the ordinary U(1) gauge symmetry in large distance (commutative) regimes, corresponding to |κBg^{−1}| ≪ 1 in the footnote 2 where |θ|^2 ≡ G_{μλ}G_{νσ}θ^{μν} θ^{λσ} = κ^2|κBg^{−1}|^2 ≪ κ^2 with the open string metric G_{μν} defined by Eq.(3.21) in [11]. The fluctuation of gauge fields around the background (1.7) induces a deformation of the vacuum manifold, e.g. IR^4 in the case of constant θ’s. According to the Goldstone’s theorem [18], massless particles, the so-called Goldstone bosons, should appear which can be regarded as dynamical variables taking values in the quotient space G/H = Diff_F (M).

Since G = Diff(M) is generated by the set of Λ_μ = −A_μ, so the space of gauge field configurations on NC IR^4 and H = Ham(M) by the set of gauge transformations, G/H can be identified with the gauge orbit space of NC gauge fields, in other words, the ‘physical’ configuration space of NC gauge theory. Thus the moduli space of all possible symplectic structures is equivalent to the ‘physical’ configuration space of NC electromagnetism.

The Goldstone bosons for the spontaneous symmetry breaking G → H turn out to be spin-2 gravitons [19], which might be elaborated by the following argument. Using the coordinate transformation (1.4) where ω^′ = B + F (x) and ω = B, one can get the following identity [8] for the DBI action (1.5) ∫ d^{p+1}x √ det(g + κ(B + F (x))) = ∫ d^{p+1}y √ det(κB + h(y)), (1.8)

where fluctuations of gauge fields now appear as an induced metric on the brane given by

h_{μν} (y) = ∂x^α ∂y^μ ∂x^β ∂y^ν g_{αβ}. (1.9)

The dynamics of gauge fields is then encoded into the fluctuations of geometry through the embedding functions x^μ(y). The fluctuation of gauge fields around the background (1.7) can be manifest by representing the embedding function as follows

x^μ(y) ≡ y^μ + θ^{μν} ^A_ν (y). (1.10)

Given a gauge transformation A → A + dλ, the corresponding coordinate transformation generated by a vector field X_λ ∈ Ham(M) is given by δx^μ(y) ≡ X_λ(x^μ) = −{λ, x^μ} = θ^{μν} (∂_ν λ + { ^A_ν , λ}). (1.11)

As we discussed already, this coordinate change can be identified with a NC gauge transformation after the quantization (1.1). So ^A_μ(y) are NC U(1) gauge fields and the coordinates x^μ(y) in (1.10) will play a special role since they are gauge covariant [20] as well as background independent [21].

It is straightforward to get the relation between ordinary and NC field strengths from the identity (1.4): ( 1 B + F (x) )_{μν} = ( θ − θ ^F (y)θ )_{μν} ⇔ ^F_{μν} (y) = ( 1 1 + F θ F ) μν (x), (1.12)

where NC electromagnetic fields are defined by ^F_{μν} = ∂_μ ^A_ν − ∂_ν ^A_μ + { ^A_μ, ^A_ν }. (1.13) The Jacobian of the coordinate transformation y → x = x(y) is obtained by taking the determinant on both sides of Eq.(1.4) d^{p+1}y = d^{p+1}x √ det(1 + F θ)(x). (1.14)

In addition one can show [8] that the DBI action (1.8) turns into the NC gauge theory with the semiclassical field strength (1.13) by expanding the right-hand side with respect to h/κB around the background B.

The above argument clarifies why the dynamics of NC gauge fields can be interpreted as the fluctuations of geometry described by the metric (1.9). One may identify ∂x^α/∂y^μ ≡ e^α_μ (y) with vielbeins on some manifold M by regarding h_{μν} (y) = e^α_μ(y)e^β_ν (y)g_{αβ} as a Riemannian metric on M. The embedding functions x^μ(y) in (1.10), which are now dynamical fields, subject to the equivalence relation, x^μ ∼ x^μ + δx^μ, defined by the gauge transformation (1.11), coordinatize the quotient space G/H = Diff_F (M). As usual, y^μ are vacuum expectation values of x^μ specifying the background (1.7) and ^A_μ(y) are fluctuating (dynamical) coordinates (fields). In this context, the gravitational fields e^α_μ (y) or h_{μν} (y) correspond to the Goldstone bosons for the spontaneous symmetry breaking (1.7). This is a rough picture showing how gravity can emerge from NC electromagnetism.

So far we are mostly confined to semi-classical limit, say O(ℏ) in Eq.(1.2). The semi-classical means here slowly varying fields, √ κ|^{∂F}_F | ≪ 1, in the sense keeping field strengths (without restriction on their size) but not their derivatives. We will consider derivative corrections in the coming sections. This paper is organized as follows.

In section 2, we will revisit the equivalence between ordinary and NC DBI actions shown by Seiberg and Witten [11]. We will show that the exact Seiberg-Witten (SW) map in Eqs.(1.12) and (1.14) are a direct consequence of the equivalence after a simple change of variables between open and closed strings as was shown in [22, 23]. This argument illuminates why higher order terms in Eq.(1.2) correspond to derivative corrections O( √ κ∂F ) in the DBI action (1.5). The leading fourderivative corrections were completely determined by Wyllard [24]. We will argue that the SW map with derivative corrections should be obtained from the Wyllard’s result by the same change of variables between open and closed string parameters. Since our main goal in this paper is to elucidate the relation between NC gauge theory and gravity, we will not explicitly check the identities so naturally emerging from well-established relations. Rather they could be regarded as our predictions. According to the correspondence between NC gauge theory and gravity, it is natural to expect that the derivative corrections give rise to higher order gravity, e.g., R^2 gravity.

In section 3, we will newly derive the SW map for the derivative corrections in the context of deformation quantization [25, 26]. The deformation quantization provides a noble approach to reify the Darboux theorem beyond the semiclassical, i.e. O(θ), limit. For example, the SW maps, Eq.(1.12) and Eq.(1.14), result from the equivalence in the O(θ) approximation between the star products ⋆_ω′ and ⋆_ω defined by the symplectic forms ω^′ = B + F (x) and ω = B, respectively [17, 27]. In a seminal paper, M. Kontsevich proved [26] that every finite-dimensional Poisson manifold M admits a canonical deformation quantization. Furthermore he proved that, changing coordinates in a star product, one obtains another gauge equivalent star product. This was explicitly checked in [28] by making an arbitrary change of coordinates, y^μ → x^μ(y), in the Moyal ⋆-product (1.2) and obtaining the deformation quantization formula up to the third order. This result is consistent with the SW map in section 2 about derivative corrections. After inspecting the basic principle of deformation quantization, we put forward a conjecture that the emergent gravity from NC electromagnetism corresponds to a nonlinear realization G/H of the diffeomorphism group or more generally its NC deformation, so meeting a framework of NC gravity [29, 30]. (See also a review [5].)

In section 4, we will explore the equivalence between NC U(1) instantons and gravitational instantons found in [2, 3] to illustrate the correspondence of NC gauge theory with gravity. The emergent gravity reveals a remarkable feature that self-dual NC electromagnetism nicely fits with the twistor space describing curved self-dual spacetime [31, 32]. This construction, which closely follows the results on N = 2 strings [33, 34], will also clarify how the deformation of symplectic (or Kähler) structure on IR^4 due to the fluctuation of gauge fields appears as that of complex structure of the twistor space [1]. We observe that our construction is remarkably in parallel with topological D-branes on NC manifolds [35], suggesting a possible connection with the generalized complex geometry [15].

In section 5, we will generalize the equivalence in section 4 using the background independent formulation of NC gauge theories [11, 21] and show that self-dual electromagnetism in NC spacetime is equivalent to self-dual Einstein gravity [1]. This section will also serve to uncover many details in [1]. In the course of the construction, it becomes obvious that a framework of NC gravity is in general needed in order to incorporate the full quantum deformation of diffeomorphism symmetry. We will also discuss in detail the twistor space structure inherent in the self-dual NC electromagnetism.

Finally, in section 6, we will raise several open issues in the emergent gravity from NC spacetime and speculate possible implications for the correspondence between NC gauge theory and gravity.

2 Derivative Corrections and Exact SW Map

We revisit here the equivalence between NC and ordinary gauge theories discussed in [11]. First let us briefly recall how NC gauge theory arises in string theory. The coupling of an open string attached on a Dp-brane to massless backgrounds is described by a sigma model of the form S = 1 2κ ∫ Σ d^2σ(g_{μν} (x)∂_ax^μ∂^ax^ν − iκε^{ab}B_{μν} (x)∂_ax^μ∂_bx^ν ) − i ∫ ∂Σ dτA_μ(x)∂_τ x^μ, (2.1)

where string worldsheet Σ is the upper half plane parameterized by −∞ ≤ τ ≤ ∞ and 0 ≤ σ ≤ π and ∂Σ is its boundary. The Λ-symmetry (1.6), which underlies the emergent gravity, is obvious by rewriting relevant terms into form language, ∫ Σ B+ ∫ ∂Σ A, as a simple application of Stokes’ theorem.

We leave the geometry of closed string backgrounds fixed and concentrate, instead, on the dynamics of open string sector. To be specific, we consider flat spacetime with the constant Neveu-Schwarz B-field. Here we regard the last term in Eq.(2.1) as an interaction with background gauge fields and define the propagator in terms of free fields y^μ(τ, σ) subject to the boundary conditions

g_{μν} ∂_σy^ν + iκB_{μν} ∂_τ y^ν|_{∂Σ} = 0, (2.2)

where the worldsheet fields x^μ(τ, σ) were simply renamed y^μ(τ, σ) to compare them with another free fields satisfying different boundary conditions, e.g., g_{μν} ∂_σ x^ν |_{∂Σ} = 0. The propagator evaluated at boundary points [11] is ⟨y^μ(τ)y^ν(τ^′)⟩ = − κ 2π ( 1 G )_{μν} log(τ − τ^′)^2 + i 2 θ^{μν} ϵ(τ − τ^′) (2.3)

where ϵ(τ) is the step function. Here

G_{μν} = g_{μν} − κ^2(Bg^{−1}B)_{μν} , (2.4) ( 1 G )_{μν} = ( 1 g + κB g 1 g − κB )_{μν} , (2.5) θ^{μν} = −κ^2 ( 1 g + κB B 1 g − κB )_{μν} . (2.6)

They are related via the following relation 1 G + θ κ = 1 g + κB . (2.7)

The metric G_{μν} has a simple interpretation as an effective metric seen by open strings while g_{μν} is the closed string metric. Furthermore the parameter θ^{μν} can be interpreted as the noncommutativity in a space where embedding coordinates on a Dp-brane describe the NC coordinates (1.3).

For a moment we will work in the approximation of slowly varying fields relative to the string scale, in the sense of neglecting derivative terms, i.e., √ κ|^{∂F}_F | ≪ 1, but of no restriction on the size of field strengths. Nevertheless, the field strengths F need not be constant. Indeed the field strength can vary rapidly in the sense of low energy field theory as long as a typical length scale of the varying F is much larger than the string scale. In this limit the open string effective action on a D-brane is given by the DBI action [14]. Seiberg and Witten, however, showed [11] that an explicit form of the effective action depends on the regularization scheme of two dimensional field theory defined by the worldsheet action (2.1). The difference due to different regularizations is always in a choice of contact terms, leading to the redefinition of coupling constants which are spacetime fields. So theories defined with different regularizations are related each other by the field redefinitions in spacetime.

The usual infinities in quantum field theory also arise in the worldsheet path integral defined by the action (2.1) and the theory has to be regularized. Using the propagator (2.3) with a point-splitting regularization [11] where different operators are never at the same point, the spacetime effective action is expressed in terms of NC gauge fields and has the NC gauge symmetry on the NC spacetime (1.3). In this description, the analog of Eq.(1.5) is ^S(G_s, G, ^A, θ) = 2π G_s(2πκ)^{p+1}2 ∫ d^{p+1}y √ det(G + κ ^F ) + O( √ κ ^D ^F ). (2.8) The action depends only on the open string variables G_{μν} , θ_{μν} and G_s, where the θ-dependence is entirely in the ⋆-product in the NC field strength ^F_{μν} = ∂_μ ^A_ν − ∂_ν ^A_μ − i[ ^A_μ, ^A_ν ]_⋆. (2.9) The DBI action (2.8) is invariant under ^δ_{^λ} ^A_μ = ^D_μ^λ = ∂_μ^λ − i[ ^A_μ, ^λ]_⋆. (2.10) The NC field strength (2.9) and the NC gauge transformation (2.10) are the quantum version of Eq.(1.13) and Eq.(1.11), respectively, in the sense of Eq.(1.1).

Since the sigma model (2.1) respects the Λ-symmetry (1.6), one can absorb the constant B-field completely into gauge fields by choosing the gauge parameter Λ_μ = −^1_2 B_{μν} x^ν . The worldsheet action is then given by S = 1 2κ ∫ Σ d^2σg_{μν} ∂_ax^μ∂^ax^ν − i ∫ ∂Σ dτ ( A_μ(x) − 1 2 B_{μν} x^ν ) ∂_τ x^μ. (2.11)

Now we regard the second part as the boundary interaction and define the propagator with the first part with the boundary condition g_{μν} ∂_σ x^ν |_{∂Σ} = 0, resulting in the usual Neumann propagator.

The sigma model path integral using the Neumann propagator with Pauli-Villars regularization, for example, preserves the ordinary gauge symmetry of open string gauge fields [11]. In this case, the spacetime low energy effective action on a single Dp-brane, which is denoted as S(g_s, g, A, B) to emphasize the background dependence, is given by the DBI action (1.5). Note that the effective action is now expressed in terms of closed string variables g_{μν} , B_{μν} and g_s.

Since the commutative and NC descriptions arise from the same open string theory depending on different regularizations and the physics should not depend on the regularization scheme, one may expect that ^S(G_s, G, ^A, θ) = S(g_s, g, A, B) + O(√κ∂F ). (2.12) If so, the two descriptions should be related each other by a spacetime field redefinition. Indeed, Seiberg and Witten showed the identity (2.12) and also found the transformation, the so-called SW map, between ordinary and NC gauge fields in such a way that preserves the gauge equivalence relation of ordinary and NC gauge symmetries [11]. The equivalence (2.12) can also be understood as resulting from different path integral prescriptions [36, 37] based on the Λ-symmetry as we discussed above. First of all, the equivalence (2.12) determines the relation between open and closed string coupling constants from the fact that for F = ^F = 0 the constant terms in the actions using the two set of variables are the same:

G_s = g_s √ detG det(g + κB)

. (2.13)

As was explained in [11], there is a general description with an arbitrary θ associated with a suitable regularization that interpolates between Pauli-Villars and point-splitting. This freedom is basically coming from the Λ-symmetry that imposes the gauge invariant combination of B and F in the open string theory as F = B + F . Thus there is a symmetry of shift in B keeping B + F fixed. Given such a symmetry, we may split the B-field into two parts and put one in the kinetic part and the rest in the boundary interaction part. By taking the background to be B or B^′, we should get a NC description with appropriate θ or θ^′, and different ^F ’s. Hence we can write down a differential equation that describes how ^A(θ) and ^F (θ) should change, when θ is varied, to describe equivalent physics [11]: δ ^A_μ(θ) = − 1 4 δθ^{αβ} ( ^A_α ⋆ (∂_β ^A_μ + ^F_{βμ}) + (∂_β ^A_μ + ^F_{βμ}) ⋆ ^A_α ) , (2.14) δ ^F_{μν} (θ) = 1 4 δθ^{αβ} ( 2 ^F_{μα} ⋆ ^F_{νβ} + 2 ^F_{νβ} ⋆ ^F_{μα} − ^A_α ⋆ ( ^D_β ^F_{μν} + ∂_β ^F_{μν} ) −( ^D_β ^F_{μν} + ∂_β ^F_{μν} ) ⋆ ^A_α ) . (2.15)

An exact solution of the differential equation (2.15) in the Abelian case was found in [27, 38].

The freedom in the description just explained above is parameterized by a two-form Φ from the viewpoint of NC geometry on D-brane worldvolume. The change of variables for the general case is given by 1 G + κΦ + θ κ = 1 g + κB , (2.16)

G_s = g_s √ det(G + κΦ) det(g + κB)

. (2.17)

The effective action with these variables are modified to ^S_Φ(G_s, G, ^A, θ) = 2π G_s(2πκ)^{p+1}2 ∫ d^{p+1}y √ det(G + κ( ^F + Φ)). (2.18)

For every background characterized by B, g_{μν} and g_s, we thus have a continuum of descriptions labeled by a choice of Φ. So we end up with the most general form of the equivalence for slowly varying fields, i.e., √ κ|^{∂F}_F | ≪ 1: ^S_Φ(G_s, G, ^A, θ) = S(g_s, g, A, B) + O(√κ∂F ), (2.19) which was proved in [11] using the differential equation (2.15) and the change of variables, (2.16) and (2.17).

The above change of variables between open and closed string parameters is independent of dynamical gauge fields and so one can freely use them independently of local dynamics to express two different descriptions with the same string variables [22]. For example, we get from Eq.(2.16)

G ≡ g + κ(B + F ) = (1 + F θ) ( G + κ(Φ + F) ) 1 1 +^θ_κ (G + κΦ)

(2.20)

where F(x) = ( 1 1 + F θ F ) (x). (2.21)

The equivalence (2.19), using the identity (2.20), immediately leads to the dual description of the NC DBI action via the exact SW map [22, 23] ∫ d^{p+1}y √ det(G + κ(Φ + ^F )) = ∫ d^{p+1}x √ det(1 + F θ) √ det(G + κ(Φ + F)) + O( √ κ∂F ). (2.22)

Note that the commutative action in Eq.(2.22) is exactly the same as the DBI action obtained from the worldsheet sigma model using ζ-function regularization scheme [37]. The equivalence (2.22) was also proved in [39] in the framework of deformation quantization.

One can expand both sides of Eq.(2.22) in powers of κ. O(1) implies that there is a measure change between NC and commutative descriptions, which is exactly the same as Eq.(1.14). In other words, the coordinate transformation, y^μ → x^μ(y), between commutative and NC descriptions depends on the dynamical gauge fields. Since the identity (2.22) must be true for arbitrary small κ, substituting Eq.(1.14) into Eq.(2.22) leads to the relation (1.12), but now for the NC field strength (2.9). We thus see that the embedding coordinates x^μ(y) are always defined by (1.10) independently of the choice Φ. This is consistent with the fact [21] that the covariant coordinates x^μ(y) are background independent.

So far we have ignored derivative terms containing ∂^nF . However the left hand side of Eq.(2.22) contains infinitely many derivatives from the star commutator in ^F which have to generate such derivative terms, though we had taken the ordinary product neglecting a potential NC ordering. So we need to carefully look into the identity (2.22) to what extent the equivalence holds. In fact it is easily inferred from the SW map in [40] that the left hand side of Eq.(2.22) contains infinitely many higher order derivative terms. The derivative corrections are coming from F^{(n,m)}μν for n < m with the notation in [40] (see the figure 1 and section 3.2). This can also be inferred from the previous argument related to the SW map (1.12) which does not incorporate any derivative corrections and precisely corresponds to F^{(n,n)}μν in [40]. As we discussed there, Eq.(1.12) is the SW map for the semiclassical field strength (1.13) and the DBI action (1.8) is equivalent to the semi-classical DBI action [8] where field strengths are given by (1.13) rather than (2.9). It is thus obvious that the equivalence (2.22) is still true with the field strength (1.13) in the approximation of slowly varying fields.

So there must be more terms with derivative corrections on the right hand side of Eq.(2.22) if one insists to keep the NC field strength (2.9). To find the derivative corrections systematically, however, one has to notice that there are another sources giving rise to them. The NC description has two dimensionful parameters, θ and κ, which control derivative corrections. The parameter κ takes into account stringy effects coming from massive modes in worldsheet conformal field theory, as indicated in Eq.(2.8), while the noncommutativity parameter θ does the effects of NC spacetime in worldvolume field theory. Which one becomes more important depends on a scale we are probing.

We are interested in the Seiberg-Witten limit [11], κ → 0, keeping all open string variables fixed. In this limit, |θ|^2 ≡ G_{μλ}G_{νσ}θ^{μν} θ^{λσ} = κ^2|κBg^{−1}|^2 ≫ κ^2, using the metric G_{μν} in the background independent scheme, i.e., Φ = −B in Eq.(2.16). This implies that the noncommutativity effects in the SW limit are predominant compared to stringy effects. So we will neglect the stringy effects such as O( √ κ ^D ^F ) in Eq.(2.8) [41]. But we have to keep κ ^F since ^F could be arbitrarily large. The stringy corrections in NC gauge theory have been discussed in several papers [42] based on the SW equivalence between ordinary and NC gauge theories.

An ordering problem in NC spacetime has to be taken into account. A unique feature is that translations in NC directions are basically gauge transformations, i.e., e^{ik·y} ⋆f(y)⋆e^{−ik·y} = f(y+k·θ). This immediately implies that there are no local gauge-invariant observables in NC gauge theory [43]. It turns out that NC gauge theories allow a new type of gauge invariant objects, the so-called open Wilson lines, which are localized in momentum space [44]. Attaching local operators which transform in the adjoint representation of gauge transformations to an open Wilson line also yields gauge invariant operators [43]. For example, the NC DBI action carrying a definite momentum k is given by ^S^k_Φ(G_s, G, ^A, θ) = 2π G_s(2πκ)^{p+1}2 ∫ d^{p+1}yL_⋆ [√ det(G + κ( ^F + Φ))W (y, C_k) ] ⋆ e^{ik·y}, (2.23) where W (y, C_k) is a straight Wilson line with momentum k with path C_k and L_⋆ is defined as smearing the operators along the Wilson line and taking the path ordering with respect to ⋆-product. We refer [27] for more informations useful for Eq.(2.23). The DBI action (2.18) corresponds to ^S^{k=0}_Φ without regard to the NC ordering.

Let us now turn to the commutative description. Unlike the NC case, there is only one dimensionful parameter, κ, to control derivative corrections. So the derivative corrections due to θ and κ in NC gauge theory all appear as stringy corrections from the viewpoint of commutative description and they are intricately entangled. The derivative correction to the DBI action (1.5) has been calculated by Wyllard [24] using the boundary state formalism and it is given by S_W (g_s, g, A, B) = 2π g_s(2πκ)^{p+1}2 ∫ d^{p+1}x √ detG ( 1 + κ^4 96 (−G^{μ4 μ1} G^{μ2μ3} G^{ρ4ρ1} G^{ρ2ρ3} S_{ρ1ρ2μ1μ2} S_{ρ3ρ4μ3μ4} + 1 2 G^{ρ4ρ1} G^{ρ2ρ3} S_{ρ1ρ2} S_{ρ3ρ4} ) + · · · ) , (2.24)

where G_{μν} is a non-symmetric metric defined by (2.20) and G^{μν} is its inverse, i.e., G^{μλ}G_{λν} = δ^μ_ν . The tensor S_{ρ1ρ2μ1μ2} = ∂_{ρ1} ∂_{ρ2} F_{μ1 μ2} + κG^{ν1ν2} ( ∂_{ρ1} F_{μ1ν1} ∂_{ρ2} F_{μ2ν2} − ∂_{ρ1} F_{μ2ν1} ∂_{ρ2} F_{μ1ν2} ) (2.25)

may be interpreted as the Riemann tensor for the nonsymmetric metric G_{μν} and S_{ρ1ρ2} = G^{μ1μ2} S_{ρ1ρ2μ1μ2} as the Ricci tensor [24].

As we reasoned before, the SW equivalence between ordinary and NC gauge theories has to be general regardless of a specific limit under our consideration. So this should be the case even after including derivative corrections in ordinary and NC theories. Let us denote these corrections by ΔS_{DBI} and Δ ^S_{DBI} , respectively. The SW equivalence in general means that S_{DBI} + ΔS_{DBI} = ^S_{DBI} + Δ ^S_{DBI} . (2.26) We already argued that we will neglect the NC correction Δ ^S_{DBI} in the SW limit. We will discuss later to what extent we can do it. The equivalence (2.26) in this limit then reduces to [41] S_{DBI} |_{SW} + ΔS_{DBI} |_{SW} = ^S_{DBI} |_{SW} . (2.27) Recall that the exact SW map (2.22) was obtained by the equivalence (2.19) with the simple change of variables between open and closed string parameters defined by Eqs.(2.16) and (2.17). This change of variables should be true even with derivative corrections since they are independent of local dynamics. As illustrated in Eq.(2.22), the description of both DBI actions in terms of the same string variables has provided a great simplification to identify SW maps. Thus we will equally use the open string variables for the derivative corrections in Eq.(2.24), where the metric G_{μν} will be replaced by Eq.(2.20). Since we are commonly using the open string variables for both descriptions, the SW limit in (2.27) simply means the zero slope limit, i.e. κ → 0. So it is straightforward to extract the SW maps with derivative corrections by expanding both sides of Eq.(2.27) in powers of κ.

Though the general case with Φ does not introduce any complication, we will work in the background independent scheme where Φ = −B = −1/θ, for definiteness. In this case, the metric G_{μν} has a simple expression G_{μν} = κ ( gθ^{−1} − κ θGθ ) μν , G^{μν} = 1 κ ( θg^{−1} ( 1 − κ gGθ )_{−1})μν , (2.28)

where we have introduced an effective metric g_{μν} induced by dynamical gauge fields

g_{μν} = δ_{μν} + (F θ)_{μν} , (g^{−1})^{μν} ≡ g^{μν} = ( 1 1 + F θ )_{μν} , (2.29)

which will play a role in our later discussions. (Unfortunately we have abused many metrics, (g, G, h, G, g). We hope it does not cause many confusions in discriminating them.) Noting that gθ^{−1} = B + F , Eq.(1.4) implies that the effective metric g_{μν} is not independent of the induced metric h_{μν} in Eq.(1.9) but related as follows:

h_{μν} (y) = e^α_μ(y)e^β_ν (y)g_{αβ}, (θg^{−1})^{αβ} (y) = θ^{μν} e^α_μ(y)e^β_ν (y). (2.30)

Identifying e^α_μ(y) ≡ ∂x^α/∂y^μ with vielbeins on some emergent manifold M, it is suggestive that the Darboux theorem can be interpreted as the equivalence principle in symplectic geometry.

Let us start with O(1) terms from both sides in Eq.(2.27). Note that the factor κ^4 in front of the derivative corrections in Eq.(2.24) is precisely cancelled by the factors from the metric G^{−1} in Eq.(2.28), and thus they already give rise to the O(1) contribution. Taking this into account, we get the following SW map^4 ∫ d^{p+1}yL_⋆ [ W (y, C_k) ] ⋆ e^{ik·y} = ∫ d^{p+1}x √ detg ( 1 − 1 96 g^{μ4μ1} g^{μ2μ3} (θg^{−1})^{ρ4ρ1} (θg^{−1})^{ρ2ρ3} S_{ρ1ρ2μ1μ2} S_{ρ3ρ4μ3μ4} + 1 192 (θg^{−1})^{ρ4ρ1} (θg^{−1})^{ρ2ρ3} S_{ρ1ρ2} S_{ρ3ρ4} + · · · ) , (2.31)

where S_{ρ1ρ2μ1μ2} = ∂_{ρ1} ∂_{ρ2} g_{μ1μ2} − g^{ν1ν2} ( ∂_{ρ1} g_{μ1ν1} ∂_{ρ2} g_{ν2μ2} + ∂_{ρ2} g_{μ1ν1} ∂_{ρ1} g_{ν2μ2} ) (2.32)

and S_{ρ1ρ2} ≡ (g^{−1})^{μ2μ1} S_{ρ1ρ2μ1μ2} . Note that S_{ρ1ρ2μ1μ2} and S_{ρ1ρ2} are symmetric with respect to ρ_1 ↔ ρ_2. This map constitutes a generalization of the previous measure transformation (1.14). Our result is an

4Although we use the momentum space representation for the manifest gauge invariance, the actual comparison with the commutative description is understood to be made in coordinate space using the formula (2.16) in [27].

exact map for the case with fourth-order derivatives since it includes all powers of gauge fields and the parameter θ. This identity has been perturbatively checked up to some nontrivial orders in [41, 45, 46] with perfect agreements.^5

Let us consider the next order SW map. Before going to O(κ) corrections, we have to check to what extent the approximation (2.27) could be valid, in other words, what order the leading derivative corrections, Δ ^S_{DBI} , start with. Since the commutative and NC descriptions arise from the same open string theory depending on different regularizations, it is natural to expect that both descriptions share the same structure, namely, the form invariance [49]. It is then obvious that the leading correction, Δ ^S_{DBI} , in the NC gauge theory starts with O(κ^4) as the commutative one. So we can safely believe the approximation (2.27) up to O(κ^3). Beyond that, we have to take into account Δ ^S_{DBI} [42]. In order to find higher order SW map, it is thus enough to expand the metric G^{−1} in powers of κ: G^{μν} = ( 1 κ θg^{−1} + θ 1 gGg^tθ + · · · )_{μν} (2.33)

with g^t = (1 + θF ). We keep θ in the second term without cancelation with the denominator since it will be combined with F_{μν} in the Riemann tensor to make g_{μν} . After straightforward calculation, we get ∫ d^{p+1}yL_⋆ [ Tr G^{−1} ^F (y)W (y, C_k) ] ⋆ e^{ik·y} = ∫ d^{p+1}x √ detg [ Tr G^{−1}(g^{−1}F ) ( 1 − 1 96 g^{μ4μ1} g^{μ2 μ3} (θg^{−1})^{ρ4ρ1} (θg^{−1})^{ρ2ρ3} S_{ρ1ρ2μ1μ2} S_{ρ3ρ4μ3μ4} + 1 192 (θg^{−1})^{ρ4ρ1} (θg^{−1})^{ρ2ρ3} S_{ρ1ρ2} S_{ρ3ρ4} )

− 1 24 g^{μ2μ3} (θg^{−1})^{ρ2ρ3} {( 1 gGg^tθ )_{μ4μ1} (θg^{−1})^{ρ4ρ1} + g^{μ4μ1} ( 1 gGg^t )_{ρ4ρ1} } S_{ρ1ρ2μ1μ2} S_{ρ3ρ4μ3μ4} + 1 48 (θg^{−1})^{ρ2ρ3} {( 1 gGg^tθ )_{μ2μ1} (θg^{−1})^{ρ4ρ1} + g^{μ2μ1} ( 1 gGg^t )_{ρ4ρ1} } S_{ρ1ρ2μ1μ2} S_{ρ3ρ4} (2.34) + 1 24 g^{μ4μ1} g^{μ2 μ3} (θg^{−1})^{ρ4ρ1} (θg^{−1})^{ρ2ρ3} ( 1 gGg^tθ )_{ν1ν2} ( ∂_{ρ1} g_{μ1ν1} ∂_{ρ2} g_{ν2μ2} − ∂_{ρ2} g_{μ1ν1} ∂_{ρ1} g_{ν2μ2} ) S_{ρ3ρ4μ3μ4} − 1 48 g^{μ2μ1} (θg^{−1})^{ρ4ρ1} (θg^{−1})^{ρ2ρ3} ( 1 gGg^tθ )_{ν1ν2} ( ∂_{ρ1} g_{μ1ν1} ∂_{ρ2} g_{ν2μ2} − ∂_{ρ2} g_{μ1ν1} ∂_{ρ1} g_{ν2μ2} ) S_{ρ3ρ4} ] . 5 Here we would like to put forward an interesting observation. It was well-known [47] that the leading derivative corrections in bosonic string theory start with two-derivatives, whose exact result including all orders in F was recently obtained in [48]. Thus, if we were adopted the bosonic result with an assumption that the NC part (2.23) were common for bosonic string and superstring theories (that would be wrong), we would definitely be on a wrong way. So the perfect agreement in the identity (2.31) is quite surprising since Eq.(2.23) already singles out the superstring result prior to the bosonic one, though that was a priori not clear. It was also shown in [46] that the result in [48] for the bosonic string is not invariant under the SW map. All these seem to imply that the bosonic string needs to incorporate an effect of tachyons from the outset both in commutative and in NC descriptions, as suggested in [46]. See Mukhi and Suryanarayana in [38] for a relevant discussion.

We see that the left hand side (and also the first term on the right hand side) of Eq.(2.34) identically vanishes since Tr G^{−1} ^F = 0. Thus the identity (2.34) implies that the right hand side must be a total derivative. We will not check it but leave it as our prediction. We note that the commutative description in terms of open string variables can be solely expressed in terms of g_{μν} (after rewriting g^{−1}F = (1 − g^{−1})θ^{−1}).

More important consequence of Eq.(2.34) is the following. Let us take the metric G^{μν} out from the integration on both sides. Since Eq.(2.34) is an identity valid for any arbitrary G^{μν} , the coefficients of G^{μν} must be equal too. Then the left hand side has the form ∫ d^{p+1}yL_⋆ [ ^F_{μν} (y)W (y, C_k) ] ⋆ e^{ik·y}. (2.35) We can thus derive the exact SW map of Eq.(2.35) from the coefficient of G^{μν} on the right hand side of Eq.(2.34), up to fourth-order derivative. We will not give the explicit form since it is rather lengthy but directly readable from Eq.(2.34). This map has to correspond to the inverse of the exact (inverse) SW map F_{μν} (k) = ∫ d^{p+1}yL_⋆ [√ det(1 − θ ^F ) ( 1 1 − ^F θ ^F ) (y)W (y, C_k) ] ⋆ e^{ik·y} (2.36) which was conjectured in [27] and immediately proved in [38].

As we argued above, we can continue this procedure using the expansion (2.33) up to O(κ^3) without including Δ ^S_{DBI} . At each step, we get exact SW maps including all powers of gauge fields and θ_{μν} . Up to our best knowledge, this was never achieved even for the O(1) result (2.31). (But see [39] for a formal solution based on the Kontsevich’s formality map.) Such a great simplification is due to the use of the same string variables using the formula (2.20), originally suggested in [22]. So let us ponder upon possible sources to ruin the conversion relations (2.16) and (2.17). If quantum corrections are included, the effect of renormalization group flow of coupling constants might be incorporated into Eq.(2.17). But this is only true for asymmetric running of a dilaton field in commutative and NC theories, which seems not to be the case. Another source may be a possibility that gauge field dynamics modifies either g_{μν} , G_{μν} or θ_{μν} , themselves. As was explained in the previous section and will be shown later, the dynamics of gauge fields induces the deformation of background geometry, but this kind of modification is entirely encoded in g_{μν} or h_{μν} , as indicated in Eq.(2.30). Then the variables in Eqs.(2.16) and (2.17) in general appear as non-dynamical parameters. Thus the change of variable (2.20) seems to be quite general independently of gauge field dynamics. If this is so, we may go much further using the conjectured higher-order derivative corrections in [46].

3 Deformation Quantization and Emergent Geometry

In classical mechanics, the set of possible states of a system forms a Poisson manifold.^6 The observables that we want to measure are the smooth functions in C^∞(M), forming a commutative (Poisson) algebra. In quantum mechanics, the set of possible states is a projective Hilbert space H. The observables are self-adjoint operators, forming a NC C*-algebra. The change from a Poisson manifold to a Hilbert space is a pretty big one.

A natural question is whether the quantization such as Eq.(1.1) for general Poisson manifolds is always possible with a radical change in the nature of the observables. The problem is how to construct the Hilbert space for a general Poisson manifold, which is in general highly nontrivial. Deformation quantization was proposed in [25] as an alternative, where the quantization is understood as a deformation of the algebra of classical observables. Instead of building a Hilbert space from a Poisson manifold and associating an algebra of operators to it, we are only concerned with the algebra A to deform the commutative product in C^∞(M) to a NC, associative product. In flat phase space such as the case we have considered up to now, it is easy to show that the two approaches have one to one correspondence (1.2) through the Weyl-Moyal map [7].

Recently M. Kontsevich answered the above question in the context of deformation quantization [26]. He proved that every finite-dimensional Poisson manifold M admits a canonical deformation quantization and that changing coordinates leads to gauge equivalent star products. We briefly recapitulate his results which will be crucially used in our discussion.

Let A be the algebra over IR of smooth functions on a finite-dimensional C^∞-manifold M. A star product on A is an associative IR[[ℏ]]–bilinear product on the algebra A[[ℏ]], a formal power series in ℏ with coefficients in C^∞(M) = A, given by the following formula for f, g ∈ A ⊂ A[[ℏ]]:

(f, g) → f ⋆ g = fg + ℏB_1(f, g) + ℏ^2B_2(f, g) + · · · ∈ A[[ℏ]] (3.1)

where B_i(f, g) are bidifferential operators. There is a natural gauge group which acts on star products. This group consists of automorphisms of A[[ℏ]] considered as an IR[[ℏ]]–module (i.e. linear transformations A → A parameterized by ℏ). If D(ℏ) = 1 + ∑ n≥1 ℏ^nD_n is such an automorphism where D_n : A → A are differential operators, it acts on the set of star products as ⋆ → ⋆^′, f(ℏ) ⋆^′ g(ℏ) = D(ℏ) ( D(ℏ)^{−1}(f(ℏ)) ⋆ D(ℏ)^{−1}(g(ℏ)) ) (3.2)

6 A Poisson manifold is a differentiable manifold M with skew-symmetric, contravariant 2-tensor (not necessarily nondegenerate) θ = θ^{μν} ∂_μ ∧ ∂_ν ∈ Λ^2T M such that {f, g} = ⟨θ, df ⊗ dg⟩ = θ^{μν} ∂_μf∂_ν g is a Poisson bracket, i.e., the bracket {·, ·} : C^∞(M) × C^∞(M) → C^∞(M) is a skew-symmetric bilinear map satisfying 1) Jacobi identity: {f, {g, h}} + {g, {h, f}} + {h, {f, g}} = 0 and 2) Leibniz rule: {f, gh} = g{f, h} + {f, g}h, ∀f, g, h ∈ C^∞(M). Poisson manifolds appear as a natural generalization of symplectic manifolds where the Poisson structure reduces to a symplectic structure if θ is nongenerate.

for f(ℏ), g(ℏ) ∈ A[[ℏ]]. This is evident from the commutativity of the diagram

A[[ℏ]] × A[[ℏ]]^⋆ � D(ℏ)×D(ℏ) �

A[[ℏ]] D(ℏ) � A[[ℏ]] × A[[ℏ]]^{⋆′} � A[[ℏ]]

We are interested in star products up to gauge equivalence. This equivalence relation is closely related to the cohomological Hochschild complex of algebra A [26], i.e. the algebra of smooth polyvector fields on M. For example, it follows from the associativity of the product (3.1) that the symmetric part of B_1 can be killed by a gauge transformation which is a coboundary in the Hochschild complex, and that the antisymmetric part of B_1, denoted as B^−_1 , comes from a bivector field α ∈ Γ(M, Λ^2T M) on M: B^−_1 (f, g) = ⟨α, df ⊗ dg⟩. (3.3) In fact, any Hochschild coboundary can be removed by a gauge transformation D(ℏ), so leading to the gauge equivalent star product (3.2). The associativity at O(ℏ^2) further constrains that α must be a Poisson structure on M, in other words, [α, α]_{SN} = 0, where the bracket is the Schouten-Nijenhuis bracket on polyvector fields (see [26] for the definition of this bracket and the Hochschild cohomology). Thus, gauge equivalence classes of star products modulo O(ℏ^2) are classified by Poisson structures on M. It was shown [26] that there are no other obstructions to deforming the algebra A up to arbitrary higher orders in ℏ.

For an equivalence class of star products for any Poisson manifold, Kontsevich arrived at the following general results.

Theorem 1.1 in [26]: The set of gauge equivalence classes of star products on a smooth manifold M can be naturally identified with the set of equivalence classes of Poisson structures depending formally on ℏ

α = α(ℏ) = α_1ℏ + α_2ℏ^2 + · · · ∈ Γ(M, Λ^2T M)[[ℏ]], [α, α]_{SN} = 0 ∈ Γ(M, Λ^3T M)[[ℏ]] (3.4)

modulo the action of the group of formal paths in the diffeomorphism group of M, starting at the identity diffeomorphism.

Theorem 2.3 in [26]: Let α be a Poisson bi-vector field in a domain of IR^d. The formula f ⋆ g = ∞∑ n=0 ℏ^n ∑ Γ∈G_n w_ΓB_{Γ,α}(f, g) (3.5)

defines an associative product. If we change coordinates, we obtain a gauge equivalent star product.

The formula (3.5) has a natural interpretation in terms of Feynman diagrams for the path integral of a topological sigma model [50].

The simplest example of a deformation quantization is the Moyal product (1.2) for the Poisson structure on IR^d with constant coefficients α^{μν} = iθ^{μν} /2. If α^{μν} are not constant, a global formula is not yet available but can be perturbatively computed by the prescription given in [26]. Up to the second order, this formula can be written as follows f ⋆ g = fg + ℏα^{ab}∂_af∂_bg + ℏ^2 2 α^{a1b1} α^{a2b2} ∂_{a1} ∂_{a2} f∂_{b1} ∂_{b2} g + ℏ^2 3 α^{a1b1} ∂_{b1} α^{a2b2} (∂_{a1} ∂_{a2} f∂_{b2} g + ∂_{a1} ∂_{a2} g∂_{b2} f) + O(ℏ^3). (3.6)

Now we are ready to promote the properties such as the Darboux theorem discussed in section 1 to the framework of deformation quantization. Since ω and ω^′ in Eq.(1.4) are related by diffeomorphisms, according to the Theorem 1.1, the two star products ⋆_ω and ⋆_ω′ defined by the Poisson structures ω^{−1} and ω^{′−1}, respectively, should be gauge equivalent. Conversely, if we make an arbitrary change of coordinates, y^μ → x^a(y), in the Moyal ⋆-product (1.2), which is nothing but Kontsevich’s star product (3.5) with the constant Poisson bi-vector, we get a new star product defined by a Poisson bi-vector α(ℏ). But the resulting star product has to be gauge equivalent to the Moyal product (1.2) and α(ℏ) should be determined by the original Poisson bi-vector θ^{μν} . This is the general statement of the Theorem 2.3, which was explicitly checked by Zotov in [28] where he obtained the deformation quantization formula up to the third order.

We copy the result in [28] for completeness and for our later use. f ⋆_M g = fg + ℏα^{ab}∂_af∂_bg +ℏ^2 [ 1 2 α^{a1b1} α^{a2b2} ∂_{a1} ∂_{a2} f∂_{b1} ∂_{b2} g + 1 3 α^{a1b1} ∂_{b1} α^{a2b2} (∂_{a1} ∂_{a2} f∂_{b2} g + ∂_{a1} ∂_{a2} g∂_{b2} f) ]

+ℏ^3 [ 1 6 α^{a1b1} α^{a2b2} α^{a3b3} ∂_{a1} ∂_{a2} ∂_{a3} f∂_{b1} ∂_{b2} ∂_{b3} g (3.7) + 1 3 α^{a1b1} ∂_{b1} α^{a2b2} ∂_{b2} ∂_{a1} α^{a3b3} (∂_{a2} ∂_{b3} f∂_{a3} g − ∂_{a2} ∂_{b3} g∂_{a3} f) + (2 3 α^{a1b1} ∂_{b1} α^{a2b2} ∂_{b2} α^{a3b3} + 1 3 α^{a2b2} ∂_{b2} α^{a1b1} ∂_{b1} α^{b3a3} ) ∂_{a2} ∂_{b3} f∂_{a3} ∂_{a1} g + 1 6 α^{a1b1} α^{a2b2} ∂_{b1} ∂_{b2} α^{a3b3} (∂_{a1} ∂_{a2} ∂_{a3} f∂_{b3} g − ∂_{a1} ∂_{a2} ∂_{a3} g∂_{b3} f) + 1 3 α^{a1b1} ∂_{b1} α^{a2b2} α^{a3b3} (∂_{a1} ∂_{a2} ∂_{a3} f∂_{b2} ∂_{b3} g − ∂_{a1} ∂_{a2} ∂_{a3} g∂_{b2} ∂_{b3} f) ] + O(ℏ^4)

where^7 α^{ab} = i 2 θ^{μν} ∂x^a ∂y^μ ∂x^b ∂y^ν + ℏ^2 16 [ − i 3 θ^{μ1 ν1} θ^{μ2ν2} θ^{μ3ν3}

∂^3x^a ∂y^{μ1} ∂y^{μ2} ∂y^{μ3} ∂^3x^b ∂y^{ν1} ∂y^{ν2} ∂y^{ν3} + 2 9 S^{a1a2a3} ∂_{a1} ∂_{a2} ∂_{a3} α^{ab} + θ^{μ1ν1} θ^{μ2ν2}

∂^2x^{a1} ∂y^{μ1} ∂y^{μ2} ∂^2x^{b1} ∂y^{ν1} ∂y^{ν2} ∂_{a1} ∂_{b1} α^{ab} ] + O(ℏ^3) (3.8)

7We scale ϑ^{ij} →^i_2 θ^{μν} in [28] to be compatible with the definition (1.2) and we denote ∂_a ≡^∂_{∂xa} .

and S^{abc} is given by S^{abc} = θ^{μ1ν1} θ^{μ2ν2} ( ∂^2x^a ∂y^{μ1} ∂y^{μ2} ∂x^b ∂y^{ν1} ∂x^c ∂y^{ν2} + ∂^2x^c ∂y^{μ1} ∂y^{μ2} ∂x^a ∂y^{ν1} ∂x^b ∂y^{ν2} + ∂^2x^b ∂y^{μ1} ∂y^{μ2} ∂x^c ∂y^{ν1} ∂x^a ∂y^{ν2} ) . (3.9)

The differential operator in the automorphism (3.2) necessary for obtaining Eqs.(3.7) and (3.8) is the following

D(ℏ) = 1 + ℏ^2 16 [ θ^{μ1ν1} θ^{μ2ν2} ∂^2x^a ∂y^{μ1} ∂y^{μ2} ∂^2x^b ∂y^{ν1} ∂y^{ν2} ∂_a∂_b + 2 9 S^{abc}∂_a∂_b∂_c ] + O(ℏ^3). (3.10)

Note that f ⋆_M g ≡ D(ℏ) ( D(ℏ)^{−1}(f) ⋆ D(ℏ)^{−1}(g) ) in Eq.(3.7) is the Moyal star product (1.2) but after a change of coordinates it becomes equivalent to the general Kontsevich star product (3.6) up to the gauge equivalence map (3.10), thus checking the Theorem 2.3. Also notice that [f, g]_⋆ ≡ f ⋆ g − g ⋆ f = 2ℏα^{ab}∂_af∂_bg + O(ℏ^3) (3.11)

since O(ℏ^2) is symmetric with respect to f ↔ g.

Since the map (3.10) is explicitly known, we can now solve the gauge equivalence (3.2). First let us represent the coordinates x^μ(y) as in Eq.(1.10) to study its consequence from gauge theory point of view. The equivalence (3.7) immediately leads to [17, 39, 51]^8

[x^μ, x^ν ]_⋆ = i(θ − θ ^F (y)θ)^{μν} = 2D(ℏ)^{−1}(α^{μν} ) (3.12)

where the left hand side is the Moyal product (1.2). As a check, one can easily see that Eq.(3.12) is trivially satisfied if Eqs.(3.8) and (3.10) are substituted for the right hand side with ℏ = 1. Note that Eq.(3.12) is an exact result since the higher order terms in Eq.(3.11) identically vanish.

By our construction, the new Poisson structure

α^{μν} (x) = i 2 ( 1 B + F )_{μν} (x) = i 2 (θg^{−1})^{μν} (x) (3.13)

belongs to the same equivalence class as constant θ^{μν} = (1/B)^{μν} , but now depends on dynamical gauge fields. Thus, if it is determined how the map D(ℏ) depends on the coordinate transformations as in Eq.(3.10), one can in principle calculate exact SW maps from Eq.(3.12) up to a desired order. As it should be, Eq.(3.12) reduces to Eq.(1.12) at the leading order where D(ℏ) ≈ 1. In general, it definitely contains derivative corrections coming from the higher-order terms in D(ℏ).^9 Thus the

8For a comparison with these literatures, D(ℏ)^{−1} : A_x[[ℏ]] → A_y [[ℏ]] is understood as D ≡ D(ℏ) ∘ ρ^∗ and x^μ(y) = Dy^μ in their notation since Eq.(3.10) is already including the coordinate transformation ρ^∗.

9The leading derivative corrections calculated from Eq.(3.12) are four derivative terms consistently with Eqs.(2.34) and (2.35) which are based on superstring theory. As was mentioned in the footnote 5, the bosonic string case starts with two derivative terms. It is not so clear how to reproduce the bosonic string result [48] within the deformation quantization scheme by incorporating tachyons. It would be an interesting future work.

identity (3.12) defines the exact SW map with derivative corrections and corresponds to a quantum deformation of Eq.(1.4) or equivalently Eq.(1.12). Incidentally, we can also get the inverse SW map from Eq.(3.13) by solving Eq.(3.8) (at least perturbatively) which is of the form α^{μν} =^1_2 [x^μ, x^ν ]_⋆+ terms with derivatives of α^{μν} . Thus, getting a full quantum deformation reduces to the calculation of α(ℏ) or D(ℏ), as done up to O(ℏ^2) in (3.8) and (3.10).

The above construction definitely shows that the deformation quantization is a NC deformation of the diffeomorphism symmetry (1.4). Since NC gravity is based on a NC deformation of the diffeomorphism group [29, 5], we expect the emergent gravity may be a NC gravity in general. We will find further evidences for this connection.

As was shown in [27, 39], using the exact SW map (3.12) together with (2.16) and (2.17), it is possible to prove the SW equivalence (2.19), or more generally, Eq.(2.26). Conversely, we showed in section 2 that the SW map (3.12) at the leading order directly results from the SW equivalence (2.22). As we checked above, Eq.(3.12) is a direct consequence of the gauge equivalence (3.2) between the star products ⋆_ω′ and ⋆_ω defined by the symplectic forms ω^′ = B + F (x) and ω = B, respectively. One might thus claim that the SW equivalence (2.26) is just the statement of the gauge equivalence (3.2) between star products.

We would like to point out some beautiful picture working in these arguments. First note that symplectic (or more generally Poisson) structures in a gauge equivalence class are related to each other by the diffeomorphism symmetry, which is realized as the gauge equivalence (3.2) after deformation as illustrated in Eq.(3.7). This is precisely the statement of Theorem 1.1. We realize from the argument in section 1 that the gauge equivalence (3.2) is also related to the Λ-symmetry (1.6) where the local deformation of symplectic structure is due to the dynamics of gauge fields who live in NC spacetime (1.3), as shown in (3.13). Thus the dynamics of gauge fields appears as the local deformation of symplectic structures which always belong to the same gauge equivalence class, so it can entirely be translated into the diffeomorphism symmetry according to the Theorem 2.3.

But notice that not all diffeomorphism does deform the symplectic structure. For example, if the diffeomorphism is generated by a vector field X_λ satisfying L_{Xλ} B = 0, i.e. X_λ ∈ Ham(M), it does not change the symplectic structure ω = B. Let us recall the argument about the Moser lemma in section 1. For ω^′ = ω + dA, there is a flow ϕ generated by a vector field X such that ϕ^∗(ω^′) = ω. But the gauge transformation A → A + dλ only affects the vector field as X → X + X_λ where ι_{Xλ} ω + dλ = 0. The action of X_λ on a smooth function f is given by X_λ(f) = {λ, f} and, upon quantization (1.1), X_{^λ}( ^f) = −i[^λ, ^f]_⋆, which is exactly the NC U(1) gauge transformation.

Also note that the gauge equivalence (3.2) is defined up to the following inner automorphism [17]

f(ℏ) → λ(ℏ) ⋆ f(ℏ) ⋆ λ(ℏ)^{−1} (3.14)

or its infinitesimal version is δf(ℏ) = i[λ, f]_⋆. (3.15)

The above similarity transformation definitely does not change star products. For f(ℏ) = x^μ(y),

Eq.(3.15) is equal to the NC gauge transformation (2.10) with the definition λ(ℏ) ≡ ^λ since [y^μ, ^λ]_⋆ = iθ^{μν} ∂_ν ^λ. This is a quantum deformation of Eq.(1.11).

In consequence, the U(1) gauge symmetry is realized as the symplectomorphism Ham(M) on a symplectic manifold M and, upon quantization (3.1), it appears as the inner automorphism (3.14), which is the NC U(1) gauge symmetry [8, 17, 39, 51].

If the Λ-symmetry (1.6) happens to be an exact gauge symmetry, a puzzle arises. If this is the case, two symplectic structures ω^′ = B + F (x) and ω = B are related by the local gauge symmetry (1.6) and thus the gauge fields should be physically unobservable. But we know well that the physical configuration space of (NC) gauge theory is nontrivial. The puzzle can be resolved by noticing that the NC spacetime (1.3) is a background induced by a (homogeneous) condensation of gauge fields. Consequently, the Λ-symmetry is spontaneously broken to the ordinary U(1) gauge symmetry since the background (1.7) preserves only the latter. The spontaneous symmetry breaking (1.7) thus allows us to differentiate gauge fields fluctuating around the background (1.7) up to the U(1) gauge symmetry. This is a usual spontaneous symmetry breaking in quantum field theory, but for the infinite-dimensional diffeomorphism symmetry [19], since, as we discussed before, the Λsymmetry is realized as the diffeomorphism symmetry Diff(M) via the Darboux theorem while the U(1) gauge symmetry appears as the symplectomorphism Ham(M). The symmetry breaking (1.7) therefore explains why gravity is physically observable in spite of the gauge symmetry (1.6).

Now we are fairly ready to speculate a whole picture about the emergent gravity from NC spacetime. The U(1) gauge theory defined by (1.5) respects the Λ-symmetry (1.6) since the underlying sigma model (2.1) clearly respects this symmetry. The Λ-symmetry is mapped to G = Diff(M) via the Darboux theorem and is realized as the gauge equivalence (3.2) after NC deformation. The ordinary U(1) gauge symmetry appears as the symplectomorphism H = Ham(M) ⊂ Diff(M), which is realized as the NC U(1) gauge symmetry. But the vacuum spacetime (1.3) preserves only the symplectomorphism H, so the diffeomorphism symmetry G is spontaneously broken to H. Therefore the physical deformation of symplectic structures takes values in G/H or more precisely the quantum deformation of G/H, which is equivalent to the gauge orbit space of NC gauge fields or the physical configuration space of NC gauge theory. (In general, there can be a large variety of G/H with different topology for the gauge equivalence class defined by Eq.(3.2), which might be detected by the Hochschild (or Chevally) cohomology [26].) According to the symmetry breaking G → H, the dynamical fields x^μ(y) in (1.10) define a quantum deformation from y^μ, vacuum expectation values specifying the background (1.7), along a vector field X ∈ LDiff(M), Lie algebra of Diff(M). But the gauge symmetry (3.14) introduces an equivalence relation between the dynamical coordinates x^μ(y). Thus the embedding functions x^μ(y) subject to the equivalence relation x^μ ∼ x^μ + δx^μ coordinatize the quotient space G/H.

According to the Goldstone’s theorem [18] for the symmetry breaking G → H, massless particles, the so-called Goldstone bosons should appear which are dynamical variables taking values in the quotient space G/H. Since G is the diffeomorphism symmetry, we assert that the order parameter emerging from a nonlinear realization G/H should be in general spin-2 gravitons [19]. According to the conjecture, the gravitational fields e^α_μ (y) in Eq.(2.30) might be identified with the Goldstone bosons for the spontaneous symmetry breaking (1.7). We already gave a supporting argument in section 1 that the dynamics of NC gauge fields appears as the fluctuation of geometry through general coordinate transformations in G = Diff(M). We will see that a NC gauge theory describes an emergent geometry in the way that the fluctuation of gauge fields in NC spacetime (1.3) induces a deformation of the vacuum manifold, e.g. IR^d for constant θ^{μν} .

It should be very important to completely determine the structure of emergent gravity based on the framework of the nonlinear realization G/H [19] (including a full quantum deformation). Unfortunately this goes beyond the present scope. Instead we will confirm the conjecture by considering the self-dual sectors for ordinary and NC gauge theories. We will see that so beautiful structures about gravity, e.g. the twistor space [31], naturally emerge from this construction. Since the emergent gravity seems to be very generic if the conjecture is true anyway, we believe that the correspondence between self-dual NC electromagnetism and self-dual Einstein gravity is enough to strongly guarantee the conjecture.

4 NC Instantons and Gravitational Instantons

To illustrate the correspondence of NC gauge theory with gravity, we will explore in this section the equivalence found in [2, 3] between NC U(1) instantons and gravitational instantons. To make the essence of emergent gravity clear as much as possible, we will neglect the derivative corrections and consider the usual NC description with Φ = 0. The semi-classical approximation, or slowly varying fields, means that the Moyal star product (1.2) is approximated only to the first order, O(θ), in which the NC field strength (2.9) is replaced by Eq.(1.13). In next section we will consider the effect of derivative corrections using the background independent formalism of NC gauge theory [11, 21], namely, with Φ = −B. This section will be mostly a mild extension of the previous works [2, 3] with more focus on the emergent gravity and the relation to the twistor space.

Let us consider electromagnetism in the NC spacetime (1.3). The action for the NC U(1) gauge theory in flat Euclidean IR^4 is given by

^S_{NC} = 1 4 ∫ d^4y ^F_{μν} ⋆ ^F^{μν} . (4.1) Contrary to ordinary electromagnetism, the NC U(1) gauge theory admits non-singular instanton solutions satisfying the NC self-duality equation [52], ^F_{μν} (y) = ±1 2 ε_{μνλσ} ^F_{λσ}(y). (4.2) When we consider NC instantons, the ADHM construction depends only on the combination μ^a = θ^{μν} η^{(±)a}μν [11, 53] for anti-self-dual (ASD) (with + sign) and self-dual (SD) (with - sign) instantons where η^{(+)a}μν = η^a_{μν} and η^{(−)a}μν = η̄^a_{μν} are three 4 × 4 SD and ASD ’t Hooft matrices [2]. If the instanton is ASD in the NC spacetime satisfying θ^{μν} η^{(−)a}μν = 0, the ADHM equation then gets a nonvanishing deformation, which puts a non-zero minimum size of NC instantons. In this case, the small instanton singularities are eliminated and the instanton moduli space is thus non-singular [52]. However, if the instanton is SD, the deformation is vanishing. Thus the small instanton singularity is not eliminated and the instanton moduli space is still singular. The so-called localized instantons in this case are generated by shift operators [54].

As was explained in section 2, the NC gauge theory (4.1) has an equivalent dual description through the SW map in terms of ordinary gauge theory on commutative spacetime [11]. Applying the maps (1.12) and (1.14) to the action (4.1), one can get the commutative nonlinear electrodynamics [22, 23] equivalent to Eq.(4.1) in the semi-classical approximation,^{10}

S_C = 1 4 ∫ d^4x √ detg g^{μλ}g^{σν} F_{μν} F_{λσ}, (4.3)

where the effective metric g_{μν} [55] was defined in Eq.(2.29). It was shown in [2] that the self-duality equation for the action S_C is given by

F_{μν} (x) = ± 1 2 ε_{μνλσ}F_{λσ} (x), (4.4) with the definition (2.21). Note that Eq.(4.4) is nothing but the exact SW map (1.12) of the NC self-duality equation (4.2).

A general strategy was suggested in [2] to solve the self-duality equation (4.4). To be specific, consider self-dual NC IR^4, i.e., θ^{μν}η̄^a_{μν} = 0, with the canonical form θ^{μν} =^ζ_2 η^3_{μν} . Take a general ansatz for the SD F^+_{μν} and the ASD F^−_{μν} as follows

F^±_{μν} (x) = f^a(x)η^{(±)a}_{μν} , (4.5)

10Here we would like to correct an incorrect statement, Proposition 3.1 in [56], to remove a disagreement with existing literatures, especially, with [40]. See the comments in page 11. The Proposition 3.1 states that the terms of order n in θ in the NC Maxwell action (4.1) via SW map form a homogeneous polynomial of degree n + 2 in F without derivatives of F . The proposition is also inconsistent with our general result about derivative corrections in section 2 and 3. This disagreement was recently pointed out in [57].

The proposition was based on a wrong observation that the derivation acting on the θ’s appearing in star products always gives rise to total derivatives. That is not true in general. For example, let us consider the following derivation with respect to θ^{μν} : δ δθ^{μν} (f ⋆ g ⋆ h)(y) = i ( ∂_{[μ}f ⋆ ∂_{ν]}g ⋆ h + ∂_{[μ}f ⋆ g ⋆ ∂_{ν]}h + f ⋆ ∂_{[μ}g ⋆ ∂_{ν]}h ) (y), where f, g, h ∈ C^∞(M) are rapidly decaying functions at infinity and are assumed to be θ-independent. The above derivation cannot be rewritten as a total derivative. If it were the case, it would definitely imply a wrong result: ∫ d^4y(f ⋆ g ⋆ h)(y) = ∫ d^4y(f g h)(y). This is not true for the triple or higher multiple star product.

where f^a’s are arbitrary functions. Then the equation (4.4) is automatically satisfied. Next, solve the field strength F_{μν} in terms of F^±_{μν} :

F_{μν} (x) = ( 1 1 − F^±θ

F^± ) μν (x). (4.6)

Substituting the ansatz (4.5) into Eq.(4.6), we get F_{μν} = 1 1 − ϕ f^aη^a_{μν} + 2ϕ ζ(1 − ϕ) η^3_{μν} , for SD case, (4.7) F_{μν} = 1 1 − ϕ f^aη̄^a_{μν} − 2ϕ ζ(1 − ϕ) η^3_{μν} , for ASD case, (4.8)

where ϕ ≡^{ζ2}_4

∑_3 a=1 f^a(x)f^a(x).^{11} For the ASD case (4.8), we get the instanton equation in [11] (see also [60])

F^+_{μν} ≡ 1 2 (F_{μν} + 1 2 ε_{μνρσ} F_{ρσ}) = 1 4 (F ~F )θ^+_{μν} (4.9)

since F ~F ≡ 1 2 ε^{μνρσ}F_{μν} F_{ρσ} = − 16ϕ ζ^2(1 − ϕ)

, (4.10)

while, for the SD case (4.7), F_{μν} (x) = 1 2 ε_{μνρσ} F_{ρσ}(x). (4.11) Interestingly, using the inverse metric

(g^{−1})^{μν} = 1 √ detg (1 2 g_{λλ}δ_{μν} − g_{μν} ) , Eq.(4.9) can be rewritten as the self-duality in a curved space described by the metric g_{μν} F_{μν} (x) = − 1 2 ε^{λσρτ} √ detg g_{μλ}g_{νσ}F_{ρτ} (x). (4.12)

It is interesting to compare this with the SD case (4.11). It should be remarked, however, that the selfduality in (4.12) cannot be interpreted as a usual self-duality equation in a fixed background since the four-dimensional metric used to define Eq.(4.12) depends in turn on the U(1) gauge fields.

It is well-known that there is no nontrivial solution to (A)SD equation in ordinary U(1) gauge theory. Since the SD instanton satisfies Eq.(4.11), the exact SW map of localized instantons is thus

11 One can rigorously show that the smooth function ϕ for the ASD case (4.8) satisfies the inequality, 0 ≤ ϕ < 1. The proof is done by noticing that 1 2 ε^{μναβ} √ detg(g^{−1}F )_{μν} (g^{−1}F )_{αβ} = − 16ϕ ζ^2(1 − ϕ)

since the left-hand side is negative definite unless zero and ϕ is definitely non-negative.

either trivial or very singular. This result is consistent with [61]. Fron now on, we thus focus on the ASD instantons.

Since the field strength (4.8) is given by a (locally) exact two-form, i.e., F = dA, we impose the Bianchi identity for F_{μν} , ε_{μνρσ}∂_ν F_{ρσ} = 0. (4.13) In the end Eq.(4.13) leads to general differential equations governing U(1) instantons [2]. The equation (4.13) was explicitly solved in [2, 11] for the single instanton case. It was found in [2] that the effective metric (2.29) for the single U(1) instanton is related to the Eguchi-Hanson (EH) metric [58], the simplest asymptotically locally Euclidean (ALE) space, given by

ds^2 = ( 1 − t^4 ϱ^4 )_{−1} dϱ^2 + ϱ^2(σ^2_x + σ^2_y ) + ϱ^2 ( 1 − t^4 ϱ^4 ) σ^2_z (4.14)

where σ_i are the SU(2) left-invariant 1-forms satisfying dσ_i + ε_{ijk}σ_j ∧ σ_k = 0. The metric (4.14) can be transformed to the Kähler metric form (4.2) in [2] by the following coordinate transformation [59]:

r^2(σ^2_x + σ^2_y ) = |dz_1|^2 + |dz_2|^2 − r^{−2}|z̄_1dz_1 + z̄_2dz_2|^2,

r^2σ^2_z = − 1 4r^2

(z̄_1dz_1 + z̄_2dz_2 − z_1dz̄_1 − z_2dz̄_2)^2, (4.15)

where ϱ^4 = r^4 + t^4 (4.16) and r^2 = |z_1|^2 + |z_2|^2 is the embedding coordinate in field theory.

The EH metric (4.14) has a curvature that reaches a maximum at the ‘origin’ ϱ = t, falling away to zero in all four directions as the radius ϱ increases. The apparent singularity in Eq.(4.14) at ϱ = t (which is the same singularity appearing at r = 0 in the instanton solution constructed in [2, 11]) is only a coordinate singularity, provided that ψ is assigned the period 2π rather than 4π (where σ_z =^1_2 (dψ + cos θdϕ)). Since the radial coordinate runs down only as far as ϱ = t, there is a minimal 2-sphere S^2 of radius t described by the metric t^2(σ^2_x + σ^2_y ). This degeneration of the generic three dimensional orbits to the two dimensional sphere is known as a ‘bolt’ [62]. As we mentioned above, the NC parameter ζ in the gauge theory settles the size of NC U(1) instantons and removes the singularity of instanton moduli space coming from small instantons. The parameter ζ is related to the parameter t^2 in the EH metric (4.14) as t^2 = ζ~t^2 with a dimensionless constant ~t and so to the size of the ‘bolt’ in the gravitational instantons [2]. Unfortunately, since ϱ = t corresponds to the origin r = 0 of the embedding coordinates, this nontrivial topology is not visible in the gauge theory description, as was pointed out in [63]. However, we see that the dynamical approach where a manifold is emerging from dynamical gauge fields, as in Eq.(1.9), reveals the nontrivial topology of the D-brane submanifold.

It would be useful to briefly summarize the work [63] since it seems to be very related to ours although explicit solutions are different from each other (see section 4.2 in [63]). Braden and Nekrasov constructed U(1) instantons using the deformed ADHM equation defined on a commutative space X. They showed that the resulting gauge fields are singular unless one changes the topology of the spacetime and that the U(1) gauge field can have a non-trivial instanton charge if the spacetime contains non-contractible two-spheres. They thus argued that U(1) instantons on NC IR^4 correspond to non-singular U(1) gauge fields on a commutative Kähler manifold X which is a blowup of IC^2 at a finite number of points. Also they speculated that the manifold X for instanton charge k can be viewed as a spacetime foam with b_2 ∼ k.

Now let us show the equivalence between U(1) instantons in NC spacetime and gravitational instantons [3]. In other words, Eq.(4.2) or Eq.(4.4) describes gravitational instantons obeying the SD equations [64] R_{abcd} = ± 1 2 ε_{abef} R^{ef}_{cd}, (4.17) where R_{abcd} is a curvature tensor. The instanton equation (4.9) can be rewritten using the metric (2.29) as follows

g_{13} = g_{24}, g_{14} = −g_{23}, g_{μμ} = 4 √ detg_{μν} (4.18)

with √ detg_{μν} = g_{11}g_{33} − (g^2_{13} + g^2_{14}) and g_{12} = g_{34} = 0 identically. We will show that Eq.(4.18) reduces to the so-called complex Monge-Ampère equation [65] or the Plebañski equation [66], which is the Einstein field equation for a Kähler metric [3].

To proceed with the Kähler geometry, let us introduce the complex coordinates and the complex gauge fields

z_1 = x^2 + ix^1, z_2 = x^4 + ix^3, (4.19)

A_{z1} = A^2 − iA^1, A_{z2} = A^4 − iA^3. (4.20)

In terms of these variables, Eq.(4.9) are written as

F_{z1z2} = 0 = F_{z̄1z̄2} , (4.21)

F_{z1z̄1} + F_{z2z̄2} = − iζ 4 F ~F , (4.22)

where F ~F = −4(F_{z1z̄1} F_{z2z̄2} + F_{z1z̄2} F_{z̄1z2} ). Note that Eq.(4.21) is the condition for a holomorphic vector bundle, but the so-called stability condition (4.22) is deformed by noncommutativity. (See Chap.15 in [67].)

One can easily see that the metric g_{μν} is a Hermitian metric [3]. That is,

ds^2 = g_{μν} dx^μdx^ν = g_i¯_j dz_idz̄_j, i, j = 1, 2. (4.23)

If we let ϖ = i 2 g_i¯_jdz_i ∧ dz̄_j (4.24) be the Kähler form, then the Kähler condition is dϖ = 0, or, for all i, j, k, ∂g_i¯_j ∂z^k = ∂g_k¯_j ∂z^i . (4.25)

The Kähler condition (4.25) is then equivalent to the Bianchi identity (4.13) since

ϖ = −(dx^1 ∧ dx^2 + dx^3 ∧ dx^4) + ζ 2 F. (4.26)

Thus the metric g_i¯_j is a Kähler metric and thus we can introduce a Kähler potential K defined by

g_i¯_j =

∂^2K ∂z^i∂z̄^j . (4.27)

The Kähler potential K is related to the integrability condition of Eq.(4.21) (defining a holomorphic vector bundle):

A_{zi} = 0, A_{z̄i} = 2i∂_{z̄i} (K − z̄_kz_k). (4.28) Let us rewrite g_{μν} as g_{μν} = 1 2 (δ_{μν} + ~g_{μν} ). (4.29) Then, from Eq.(4.18), one can easily see that √ det~g_{μν} = 1. (4.30)

Note that the metric ~g_{μν} is also a Kähler metric:

~g_i¯_j = ∂^2 ~K ∂z^i∂z̄^j . (4.31)

The relation det~g_{μν} = (det~g_i¯_j)^2 definitely leads to the Ricci-flat condition

det~g_i¯_j = 1. (4.32)

Therefore the metric ~g_{μν} is both Ricci-flat and Kähler, which is the case of gravitational instantons [3]. For example, if one assumes that ~K in Eq.(4.31) is a function solely of r^2 = |z_1|^2 + |z_2|^2, Eq.(4.32) can be integrated to give [59] ~K = √ r^4 + t^4 + t^2 log r^2 √ r^4 + t^4 + t^2

. (4.33)

This leads precisely to the EH metric (4.14) after the coordinate transformation (4.15). We thus confirmed that the instanton equation (4.9) is equivalent to the Einstein field equation for Kähler metrics.

The above arguments can be elegantly summarized as the hyper-Kähler condition in the following way [3]. Let us consider the line element defined by the metric ~g_{μν}

ds^2 = ~g_{μν} dx^μdx^ν ≡ ~σ_μ ⊗ ~σ_μ. (4.34)

It is easy to check that ~σ_1 ∧ ~σ_2 ∧ ~σ_3 ∧ ~σ_4 = d^4x, in other words, √ det~g_{μν} = 1. We then introduce the triple of Kähler forms as follows, ~ω^a = 1 2 η^a_{μν} ~σ^μ ∧ ~σ^ν , a = 1, 2, 3. (4.35)

One can easily see that

ω ≡ ~ω^2 + i~ω^1 = dz_1 ∧ dz_2, ω̄ ≡ ~ω^2 − i~ω^1 = dz̄_1 ∧ dz̄_2,

Ω ≡ −~ω^3 = i 2 (dz_1 ∧ dz̄_1 + dz_2 ∧ dz̄_2) + ζF. (4.36)

It is obvious that d~ω^a = 0, ∀a. This means that the metric ~g_{μν} is hyper-Kähler [3], which is an equivalent statement as Ricci-flat Kähler in four dimensions.

Eq.(4.36) shows how dynamical gauge fields living in NC spacetime induce a deformation of background geometry through gravitational instantons, thus realizing the emergent geometry we claimed before. We see that, if we turn off either gauge fields or noncommutativity (to be precise, a commutative limit ζ → 0), we simply arrive at flat IR^4. But, if we turn on both gauge fields and noncommutativity, the background geometry, say flat IR^4, is nontrivially deformed and we arrive at a curved manifold. For instance, hyper-Kähler manifolds emerge from NC instantons. Actually this picture also implies that the flat IR^4 has to be interpreted as emergent from the homogeneous gauge field condensation (1.7) [1].

IR^4 is the simplest hyper-Kähler manifold, viewed as the quaternions IH ≃ IC^2. Hyper-Kähler manifold is a manifold equipped with infinitely many (S^2-family) of Kähler structures. This S^2-family corresponds to the number of inequivalent choices of local complex structures on IR^4. Since there is no preferred complex structure, it is democratic to consider IR^4 ≃ IC^2 with the set of all possible local complex structures simultaneously at each point, in other words, a IP^1 = S^2 bundle over IR^4. The total space of this IP^1 bundle is the twistor space Z [31]. Since gravitational instantons are also hyper- Kähler manifolds, they also carry a IP^1-family of Kähler structures. So one can similarly construct the corresponding twistor space Z describing curved self-dual spacetime as a IP^1 bundle over a hyper- Kähler manifold M [31, 32]. The twistor space Z may also be viewed as a fiber bundle over IP^1 with a fiber being M.

Now we will show that the equivalence of NC instantons with gravitational instantons perfectly fits with the geometry of the twistor space describing curved self-dual spacetime. This construction, which closely follows the results on N = 2 strings [33, 34], will clarify how the deformation of symplectic (or Kähler) structure on IR^4 due to the fluctuation of gauge fields appears as that of complex structure of the twistor space Z [1].

Consider a deformation of the holomorphic (2,0)-form ω = dz_1 ∧ dz_2 as follows

Ψ(t) = ω + itΩ + t^2 4 ω̄ (4.37) where the parameter t takes values in IP^1. Note that Ω is a (1,1) form because of Eq.(4.21). One can easily see that dΨ(t) = 0 due to the Bianchi identity dF = 0 and

Ψ(t) ∧ Ψ(t) = 0 (4.38)

since Eq.(4.38) is equivalent to Eq.(4.9). Since the two-form Ψ(t) is closed and degenerate, the Darboux theorem asserts that one can find a t-dependent map (z_1, z_2) → (Z_1(t; z_i, z̄_i), Z_2(t; z_i, z̄_i)) such that Ψ(t) = dZ_1(t; z_i, z̄_i) ∧ dZ_2(t; z_i, z̄_i). (4.39)

When t is small, one can solve (4.39) by expanding Z_i(t; z, z̄) in powers of t as

Z_i(t; z, z̄) = z_i + ∞∑ n=1 t^n n p^i_n(z, z̄). (4.40)

By substituting this into Eq.(4.37), one gets at O(t)

∂_{zi} p^i_1 = 0, (4.41)

ϵ_{ik}∂_{z̄j} p^k_1 dz^i ∧ dz̄^j = iΩ. (4.42)

Eq.(4.41) can be solved by setting p^i_1 = 1/2ϵ^{ij}∂_{zj} ~K and then Ω = i/2∂_i ¯∂_j ~Kdz^i ∧dz̄^j . The real-valued smooth function ~K is the Kähler potential of U(1) instantons in Eq.(4.31). In terms of this Kähler two-form Ω, Eq.(4.38) leads to the complex Monge-Ampère or the Plebański equation, Eq.(4.32),

Ω ∧ Ω = 1 2 ω ∧ ω̄, (4.43)

that is, det(∂_i ¯∂_j ~K) = 1.

When t is large, one can introduce another Darboux coordinates ~Z_i(t; z_i, z̄_i) such that

Ψ(t) = t^2d ~Z_1(t; z_i, z̄_i) ∧ d ~Z_2(t; z_i, z̄_i) (4.44)

with expansion ~Z_i(t; z, z̄) = z̄_i + ∞∑ n=1 t^{−n} n ~p^i_n(z, z̄). (4.45) One can get the solution (4.37) with ~p^i_1 = −1/2ϵ^{ij}∂_{z̄j} K and Ω = i/2∂_i ¯∂_j Kdz^i ∧ dz̄^j .

The t-dependent Darboux coordinates Z_i(t; z, z̄) and ~Z_i(t; z, z̄) correspond to holomorphic coordinates on two local charts, where the 2-form Ψ(t) becomes the holomorphic (2,0)-form, of the dual projective twistor space Z as a fiber bundle over S^2 with a fiber M, a hyper-Kähler manifold. Here we regard t as a parameter of deformation of complex structure on M. The coordinate charts can be consistently glued together along the equator on IP^1 as (Z^′, t^′) = (t^{−1}f(t; Z), −t^{−1}) [31] and so the complex structure is extended over Z. Therefore the Darboux coordintates are related by a t-dependent symplectic transformation on an overlapping coordinate chart as f_i(t; Z(t)) = t ~Z_i(t)

[34]. In this way, the complex geometry of the twistor space Z encodes all the information about the Kähler geometry of self-dual 4-manifolds M emerging from NC gauge fields.

This twistor construction clarifies the nature of emergent gravity; the gauge fields act as a deformation of the complex structure of twistor space or the Kähler structure of self-dual 4-manifold. In this way gauge fields in NC spacetime manifest themselves as a deformation of background geometry, which is consistent with the picture observed below Eq.(4.36). Thus we should think of the twistor space as already incorporating the backreaction of NC instantons. This picture is remarkably similar to that in [68] where placing D1-branes (as instantons in gauge theory) in twistor space is interpreted as blowing up points in four dimensions dubbed as spacetime foams and the Kähler blowups in four dimensions are encoded in the twistor space as the backreaction of the D1-branes. Under the twistor correspondence, each IP^1 in Z corresponds to a point on M. In particular, D1-branes which wrap IP^1s correspond to Kähler blowups in four dimensions via the Penrose transform [68]. This can be interpreted as the back-reaction of the D1-branes in the twistor space, which is precisely our picture if the D1-branes are identified with NC U(1) instantons, which are in turn gravitational instantons.

The above construction is also very similar to topological D-branes on NC manifolds in [35] which can be understood in terms of generalized complex geometry [15]. Especially, see section 6 of the first paper in [35] where Eq.(6) corresponds to our (4.9) or (4.43). This coincidence might be expected at the outset since the generalized complex geometry incorporates symplectic structures as well as usual complex structures (see the footnote 2) and the emergent gravity is essentially based on a NC deformation of symplectic structures. We will more exploit this relation in [69].

5 NC Self-duality and Twistor Space

In section 4, we ignored derivative corrections whose explicit forms are given in section 2 and 3. Furthermore we used the usual NC description with Φ = 0, which is not background independent, i.e., θ-dependent [21]. As a result, we separately considered two kinds of NC instantons; Nekrasov- Schwarz instantons [52] and localized instantons [54]. In particular, the SW map of localized instantons generated by shift operators was shown to be trivial, i.e., F^±_{μν} = 0 [61], not to probe the geometry by localized instantons. (This may be an artifact of the semi-classical approximation.) Therefore the background independent formulation of NC gauge theory [11, 21] might be more effective to have a unified description for all possible backgrounds and to implement a possible effect of derivative corrections.

In this section, we will generalize the equivalence in section 4 using the background independent formulation of NC gauge theories and show that self-dual electromagnetism in NC spacetime is equivalent to self-dual Einstein gravity, uncovering many details in [1]. In particular, we will discuss in detail the twistor space structure inherent in the self-dual NC electromagnetism. As a great bonus, the background independent formulation clearly reveals a picture that the NC gauge theory and gravity correspondence may be understood as a large N duality.

To see this picture, consider the SW map (2.22) at O(κ^2) for the background independent case with Φ = −B where B_{μν} = (1/θ)_{μν} : 1 4G_s ∫ d^4y( ^F − B)^2 = 1 4G_s ∫ d^4x √ detg g^{μλ}g^{σν} B_{μν} B_{λσ}. (5.1)

Although the right hand side is neglecting derivative corrections, we will now use the full NC field strength (2.9) to examine the derivative corrections. Later on, we will use only the left hand side which can be rewritten in terms of closed string variables only as follows 1 4G_s ∫ d^4y( ^F − B)_{μν} ⋆ ( ^F − B)^{μν} = − π^2 g_sκ^2 g_{μλ}g_{νσ}Tr_H[x^μ, x^ν ][x^λ, x^σ] (5.2)

where we made a replacement^1_{(2π)2} ∫_{d4y} Pfθ ↔ Tr_H using the Weyl-Moyal map [7]. The covariant, background-independent coordinates x^μ are defined by (1.10) and they are now operators on an infinite-dimensional, separable Hilbert space H, which is the representation space of the Heisenberg algebra (1.3). The NC gauge symmetry in Eq.(5.2) then acts as unitary transformations on H, i.e., x^μ → x^{′μ} = Ux^μU^†. (5.3)

This NC gauge symmetry U_{cpt}(H) is so large that U_{cpt}(H) ⊃ U(N) (N → ∞) [10]. In this sense the NC gauge theory in Eq.(5.2) is essentially a large N gauge theory. Note that the second expression in Eq.(5.2) is a large N version of the IKKT matrix model which describes the nonperturbative dynamics of type IIB string theory [70].

Now let us apply the gauge equivalence in Eq.(3.2) or Eq.(3.7) for the adjoint action of x^μ with respect to star product: [x^μ, ^f]_⋆ = 2ℏD(ℏ)^{−1} ( α^{μν} (x) ∂f ∂x^ν ) + O(ℏ^3) ≈ 2ℏα^{μν} (x) ∂f ∂x^ν + O(ℏ^3) (5.4)

where ^f ≡ D(ℏ)^{−1}(f). If ^f = x^ν , we recover Eq.(3.12).

Beyond the semi-classical approximation, Eq.(5.4) is not reduced to usual vector fields since there are infinitely many derivatives as shown in Eqs.(3.7) and (3.10). But it is important to notice the following properties (see the footnote 6), where we use the operator notation using the Weyl-Moyal map (1.2) for definiteness [^x^μ, ^f ^g] = [^x^μ, ^f]^g + ^f[^x^μ, ^g], (5.5) [^x^μ, [^x^ν , ^f]] − [^x^ν , [^x^μ, ^f]] = [[^x^μ, ^x^ν ], ^f]]. (5.6)

These properties show that ad_xμ ≡ [x^μ, · ]_⋆ generally satisfy the property of vector fields or Lie derivatives even after quantum deformation. (Also note that D_μ ≡ −iB_{μν} x^ν is a covariant derivative in NC gauge theory.) Indeed this kind of vector fields was already defined in terms of twisted diffeomorphisms [29, 30, 5], where a vector field on IR^d becomes a higher-order differential operator acting on fields in A. We thus see that Eq.(5.4) defines generalized vector fields according to Eqs.(5.5) and (5.6).

The appearance of NC gravity framework in our context might be anticipated. We observed in section 3 that the emergent gravity is related to a NC deformation of diffeomorphism symmetry (1.4). In other words, the Darboux theorem in symplectic geometry can be regarded as the equivalence principle in general relativity, but in general we need a NC version of the equivalence principle since we now live in the NC phase space (1.3). Actually, this is an underlying principle of NC gravity [29]. We will more clarify in [69] the emergent gravity from the viewpoint of NC gravity.

Let us now return to the semi-classical limit O(ℏ). In this limit, [x^μ, f]_⋆ ≈ iℏθ^{αβ} ∂x^μ ∂y^α ∂f ∂y^β = iℏ{x^μ, f} ≡ V^μ[f]. (5.7) As expected, the adjoint action of x^μ with respect to star product reduces to a vector field V_μ ∈ T M on some emergent four manifold M. This is precisely the limit in section 4 that NC electromagnetism reduces to Einstein gravity for the (A)SD sectors. Note that NC gauge fields ^A_μ(y) are in general arbitrary, so they generate arbitrary vector fields V^μ ∈ T M according to the map (5.7) and [x^μ, f]_⋆ = iθ^{μν} ∂_ν f when ^A_μ = 0. One can easily check that

(ad_xμ ad_xν − ad_xν ad_xμ )[f] = ad_{[x}μ_{,x}ν_{]⋆} [f] = [V^μ, V^ν ][f] (5.8)

where the right-hand side is defined by the Lie bracket between vector fields in T M. Note that the gauge transformation (5.3) naturally induces coordinate transformations of frame fields V^{μα} → V^{′μα} = ∂y^{′α} ∂y^β V^{μβ} . (5.9)

This leads to a consistent result [1] that the gauge equivalence due to (5.3) corresponds to the diffeomorphic equivalence between the frame fields V^μ.

Let us look for an instanton solution of Eq.(5.2). Since the instanton is a Euclidean solution with a finite action, the instanton configuration should approach a pure gauge at infinity. Our boundary condition is ^F_{μν} → 0 at |y| → ∞ for the instanton configuration. Thus one has to remove parts due to backgrounds from the action in Eq.(5.2). One can easily achieve this by defining the self-duality equation as follows [1]

ad_{[x}μ_{,x}ν_{]⋆} = ± 1 2 ε_{μνλσ} ad_{[x}λ_{,x}σ_{]⋆} ⇔ [V_μ, V_ν ] = ± 1 2 ε_{μνλσ}[V_λ, V_σ], (5.10) where we used Eq.(5.8). From the above definition, it is obvious that the constant part in [x^μ, x^ν ]_⋆ = −i(θ( ^F − B)θ)^{μν} , i.e. iθ^{μν} , can be dropped. Note that, for nondegenerate θ^{μν} ’s, the first self-duality equation in Eq.(5.10) reduces to Eq.(4.2). An advantage of background independent formulation is that Eq.(5.10) holds for an arbitrary non-degenerate θ^{μν} and there is no need to specify a background.

It is obvious that the vector fields preserve the volume form ε_4, i.e., L_{Vμ} ε_4 = 0, where L_{Vμ} is the Lie derivative along V_μ since all the vector fields V_μ are divergence free, i.e. ∂_αV^α_μ = 0. Incidentally, this is simply the Liouville theorem in symplectic geometry [6]. In consequence, instanton configurations are mapped to the volume preserving diffeomorphism, SDiff(M), satisfying Eq.(5.10).

So we arrive at the result of Ashtekar et al. [71]. Their result is summarized as follows [72]. Let M be an oriented 4-manifold and let V_μ be vector fields on M forming an oriented basis for T M. Then V_μ define a conformal structure [G] on M. Suppose that V_μ preserve a volume form on M and satisfy the self-duality equation

[V_μ, V_ν ] = ± 1 2 ε_{μνλσ}[V_λ, V_σ]. (5.11) Then [G] defines an (anti-)self-dual and Ricci-flat metric.

The (inverse) metric determined by the vector fields in Eq.(5.7) is then given by [71]

G^{αβ} = detV^{−1}V^α_μ V^β_ν δ^{μν} , (5.12)

where the background spacetime metric was taken as g_{μν} = δ_{μν} for simplicity.

Motivated by the similarity of Eq.(5.11) to the self-duality equation of Yang-Mills theory, Mason and Newman showed [73] that, if we have a reduced Yang-Mills theory where the gauge fields take values in the Lie algebra of SDiff(M), which is exactly the case for the action (5.2) through the map (5.7), Yang-Mills instantons are actually equivalent to gravitational instantons.^{12} We showed that this is the case for NC electromagnetism. See also related works [74, 75].

Since the second expression in Eq.(5.2) is the bosonic part of the IKKT matrix model [70], our current result is consistent with the claim that the IKKT matrix model is a theory of gravity (or type IIB string theory). See also recent works [76] addressing this issue directly from IKKT matrix model. In addition the result in [77] obviously indicates the existence of 4-dimensional massless gravitons in NC gauge theory, which supports our claim about the emergent gravity from NC electromagnetism.^{13} It is a priori not obvious that the self-dual electromagnetism in NC spacetime is equivalent to the self-dual Einstein gravity. Therefore it should be helpful to have explicit nontrivial examples to appreciate how it works. It is not difficult to find them from Eq.(5.11), which was already done for the Gibbons-Hawking metric [78] in [72] and for the real heaven solution [79] in [80].

12In their approach, there exists a tetrad freedom which was referred to as a (metric-preserving) gauge transformation. We also showed that the NC U(1) gauge symmetry (5.3) appears as the diffeomorphic equivalence (5.9) between the metrics on M.

13We are grateful to S. Nagaoka for drawing our attention to their paper.

The Gibbons-Hawking metric [78] is a general class of self-dual, Ricci-flat metrics with the triholomorphic U(1) symmetry which describes a particular class of ALE and asymptotically locally flat (ALF) instantons. Let (a_i, U), i = 1, 2, 3, are smooth real functions on IR^3 and define V_i = −a_i^∂_{∂τ} +^∂_{∂xi} and V_4 = U^∂_{∂τ} , where τ parameterizes circles and the Killing vector ∂/∂τ generates the triholomorphic U(1) symmetry. Eq.(5.11) then becomes the equation ∇U + ∇ × ⃗a = 0 and the metric whose inverse is (5.12) is given by ds^2 = U^{−1}(dτ + ⃗a · d⃗x)^2 + Ud⃗x · d⃗x, (5.13) where ⃗x ∈ IR^3.

The real heaven metric [79] describes four dimensional hyper-Kähler manifolds with a rotational Killing symmetry which is also completely determined by one real scalar field [81]. The vector fields V_μ in this case are given by [80]

V_1 = ∂ ∂x^1 − ∂_2ψ ∂ ∂τ V_2 = ∂ ∂x^2 + ∂_1ψ ∂ ∂τ (5.14)

V_3 = e^{ψ/2} ( sin (τ 2 ) ∂ ∂x^3 + ∂_3ψ cos (τ 2 ) ∂ ∂τ )

V_4 = e^{ψ/2} ( cos (τ 2 ) ∂ ∂x^3 − ∂_3ψ sin (τ 2 ) ∂ ∂τ )

where the rotational Killing vector is given by c_i∂_iψ∂/∂τ with constants c_i (i = 1, 2) and the function ψ is independent of τ. Eq.(5.11) is then equivalent to the three-dimensional continual Toda equation (∂^2_1 + ∂^2 )ψ + ∂^2_3 e^ψ = 0 and the metric is determined by Eq.(5.12) as

ds^2 = (∂_3ψ)^{−1}(dτ + a^idx^i)^2 + (∂_3ψ)(e^ψdx^idx^i + dx^3dx^3) (5.15)

where a^i = ε^{ij}∂_j ψ.

The canonical structures, in particular, complex and Kähler structures, of the self-dual system (5.11), have been fully studied in a beautiful paper [82]. The arguments in [82] are essentially the same as ours leading to Eq.(4.43). It was also shown there how the Plebañski’s heavenly equations [66] can be derived from Eq.(5.11). It should be interesting to recall [83] that Eq.(5.11) can be reduced to the sdiff(Σ_g) chiral field equations in two dimensions, where sdiff(Σ_g) is the area preserving diffeomorphisms of a Riemann surface of genus g.

Now we will study in detail the structure of twistor space inherent in Eq.(5.11). Define holomorphic vector fields V and W locally by

V = V_2 + iV_1 = f_i ∂ ∂z_i , W = V_4 + iV_3 = g_i ∂ ∂z_i , (5.16) where f_i, g_i (i = 1, 2) are complex functions on M. In terms of these vector fields, Eq.(5.11) reduces to the following triple [V, W̄] = 0, [V, V̄] = [W, W̄]. (5.17) Substituting (5.16) into (5.17), we find that the equations are satisfied identically if ∂f_i ∂z̄_j = ∂g_i ∂z̄_j = 0. (5.18)

So we can construct a hypercomplex (or hyper-Kähler) structure on M locally out of four holomorphic functions f_i and g_i, or globally out of two holomorphic vector fields [72].

If we introduce the following IP^1-family of vector fields parameterized by t ∈ IP^1, L = V + tW, N = W̄ − tV̄, (5.19) the self-dual Einstein equations (5.11) are more compactly written as

[L, N ] = 0 (5.20)

with the volume preserving constraint

L_Lε_4 = 0 = L_N ε_4. (5.21)

Eq.(5.20) can be interpreted as a Lax pair form of curved self-dual spacetime.

It is easy to see that Eq.(5.17) defines a hyper-Kähler structure on M. We construct a t-dependent two-form Ψ(t) on M by contracting the volume form ε_4 by L and N

Ψ(t) = ε_4( · , · , L, N ) = ω + itΩ + t^2ω̄ (5.22)

where ω = ε_4( · , · , V, W̄), iΩ = ε_4( · , · , W, W̄) − ε_4( · , · , V, V̄) (5.23) ω̄ = ε_4( · , · , V̄, W). Note that we need the property (5.20) to make sense of Eq.(5.22). The two-form Ψ(t) in (5.22) is an exact analogue of Eq.(4.37) and the resulting consequences are exactly parallel to section 4. Nevertheless it will be useful to understand parallel arguments with section 4 for this purely geometrical setting since it seems to be very powerful for later applications.

It is straightforward to prove (see Eq.(8) in [82]) using the Cartan’s homotopy formula L_X = ι_X d + dι_X that Ψ(t) is closed, i.e., dΨ(t) = 0. We see from the proof that Eq.(5.21) is analogous to the Bianchi identity. We can thus define on M the three non-degenerate symplectic forms

ω^a = ( ω^1 = − i 2 (ω − ω̄), ω^2 = 1 2 (ω + ω̄), ω^3 = −Ω ) . (5.24) ω^a are also three Kähler forms compatible with three complex structures on M (see section IV. A and B in [82]) and thus define the hyper-Kähler structure on M. Therefore any metric defined by Eq.(5.11) with the constraint (5.21) should be hyper-Kähler, as also shown in section 4.

Since the two-form Ψ(t) is closed and degenerate for any t ∈ IP^1, one can introduce holomorphic coordinates in a natural fashion via the Darboux theorem on each coordinate chart on IP^1 such that Ψ(t) is a holomorphic (2,0)-form on the local chart. For example, Eq.(4.39) in a neighborhood of t = 0 (the south pole of IP^1) and Eq.(4.44) in a neighborhood of t = ∞ (the north pole of IP^1). But they can be consistently patched along the equator of IP^1 in such a way that the total space Z, the twistor space, including IP^1 becomes a three-dimensional complex manifold as we explained in section 4.

We know from Eq.(5.23) that Ω is rank 4 while ω and ω̄ are both rank 2. As a direct consequence, we immediately get Eq.(4.43) [82]. In terms of local coordinates, it reduces to the complex Monge- Ampère equation [65] or the Plebañski equation [66]. Since Ω = dx^1 ∧dx^2 +dx^3 ∧dx^4 +ζ(B +F ) in Eq.(5.23) can always serve as a symplectic form on both coordinate charts (note that it is rank 4), two sets of coordinates at t = 0 and t = ∞ should be related to each other by a canonical transformation (where we refer the canonical transformation in a more general sense). A beautiful fact was shown in [82] that the canonical transformation between them is generated by the Kähler potential appearing in the complex Monge-Ampère equation or the Plebañski equation. In other words, the Kähler potential is a generating function of canonical transformations or a transition function of three-dimensional complex manifold Z as a holomorphic vector bundle [32].

Finally we would like to discuss an interesting fact that Eq.(5.11) can be reduced to sdiff(Σ_g) chiral field equations in two dimensions [83]. We will directly show using canonical transformations that the Husain’s equation [83] (where we denote Λ_x = ∂_xΛ, Λ_{xq} = ∂_x∂_qΛ, etc.)

Λ_{xx} + Λ_{yy} + Λ_{xq}Λ_{yp} − Λ_{xp}Λ_{yq} = 0 (5.25)

is equivalent to the first heavenly equation [66], which is a governing equation of self-dual Einstein gravity. This implies that the self-dual system (5.11) is deeply related to two dimensional SU(∞) chiral models [74, 75]. An interesting implication of this connection will be briefly discussed in next section.

Although the first heavenly equation was also obtained in [83] by a different reduction of Eq.(5.11), an explicit canonical transformation between them was not available there. In the course of derivation, we will find an interesting symplectic structure of Eq.(5.11) which was also noticed in [84] from a different approach. Ours is more straightforward.

By complex coordinates, u = x + iy, v = q + ip, Eq.(5.25) reads as

Λ_{uū} − (Λ_{uv}Λ_{ūv̄} − Λ_{uv̄}Λ_{ūv}) = 0. (5.26)

We will now apply a similar strategy as the Appendix in [85]. Define two functions A = Λ_u and

B = Λ_ū. Eq.(5.26) is then equivalent to

A_ū − (A_vB_{v̄} − A_{v̄}B_v) = 0 (5.27)

A_ū = B_u. (5.28)

Instead of looking on A as a function of (u, v, ū, v̄), we take A as a coordinate and look on f ≡ ū and g ≡ B as functions of (ξ^1 ≡ A, ξ^2 ≡ u, ξ̃^1 ≡ v, ξ̃^2 ≡ v̄). This is a canonical transformation which is well-defined as long as A_ū ≠ 0.

It is convenient to denote coordinates by ξ^A, ξ̃^A, A = 1, 2 for compact notation and to use the antisymmetric tensors ϵ^{AB} and ϵ^{ÃB̃} to raise indices in a standard way, e.g. ξ^A = ϵ^{AB}ξ_B , ξ̃^A = ϵ^{ÃB̃}ξ̃_B. It is easy to show that, after the above coordinate transformation, Eq.(5.27) and Eq.(5.28) are transformed to (after applying a series of chain rules)

ϵ^{ÃB̃}∂~_Af∂~_B g = 1 (5.29) and ϵ^{AB} ∂_Af∂_B g = 1, (5.30)

respectively. Thus the Husain’s equation is reduced to the two Poisson bracket relations which relate f and g to ξ^A and ξ̃^A by canonical transformations.

One can show that Eqs.(5.29) and (5.30) lead to the result [84] that there is a function K such that

∂_Af∂~_B g − ∂~_B f∂_Ag = ∂_A∂~_B K. (5.31)

Using some relation between Poisson brackets (Eq.(11) in [84]), we arrive at the result that K satisfies the Plebañski equation ϵ^{ÃB̃} ∂_A∂~_AK ∂_B ∂~_B K = ϵ_{AB} . (5.32)

This completes the proof that Eq.(5.25) is equivalent to the first heavenly equation (5.32).

6 Discussion

Let us briefly recapitulate our main results. A basic reason for the emergent gravity from NC spacetime is that the Λ-symmetry (1.6) can be regarded as a par with Diff(M), which results from the Darboux theorem in symplectic geometry. The spontaneous symmetry breaking (1.7) also comes into play for the emergent gravity. In general the emergent gravity needs to incorporate NC deformations of the diffeomorphism symmetry since it should be defined on NC spacetime (1.3). In this context, the gauge equivalence (3.2) in deformation quantization might be interpreted as a quantum equivalence principle.

We have derived the exact SW maps with derivative corrections in two ways; from the SW equivalence (2.27) and from the deformation quantization (3.2). But they should be the same since the

SW equivalence (2.26) is the equivalent statement as the gauge equivalence (3.2) as we showed in the semi-classical limit. It should be interesting, in its own right, to explicitly check the consistency between two different approaches for the derivative corrections.

We showed in section 4 and 5 that the self-dual Einstein gravity is emerging from self-dual NC electromagnetism neglecting derivative corrections, i.e., defined with the Poisson bracket (1.1). We thus expect that the derivative corrections give rise to higher order gravity, e.g., R^2 gravity. It should be important to precisely determine the form of the higher order gravity. Since the emergent gravity is in general a full quantum deformation of Diff(M), it might modestly be identified with a NC gravity [29], as we argued in section 5. If this is the case, the SW maps in section 2 and 3 including derivative corrections may be related to those of NC gravity. Our construction in section 4 and 5 also implies that we need a NC deformation of twistor space [86] to describe general nonlinear gravitons in NC gravity.

Recently, it was found [87] that NC field theory is invariant under the twisted Poincaré symmetry where the action of generators is now defined by the twisted coproduct in the deformed Hopf algebras. We think that the twisted Poincaré symmetry, especially the deformed Hopf algebra and quantum group structures, will be important to understand the NC field theory and gravity correspondence since underlying symmetries are always an essential guide for physics. Actually this symmetry plays a prominent role to construct NC gravity [29, 5]

Unlike the homogeneous background (1.7), there could be an inhomogeneous condensation of Bfields in a vacuum. In this case, we expect a nontrivial curved spacetime background, e.g., a Ricci-flat Einstein manifold instead of flat IR^4 and we need a quantization on general symplectic (or Poisson) manifolds [5]. Our approach suggests an intriguing picture for an inhomogeneous background, for example, specified by ⟨B^′_{μν} (x)⟩_{vac} = (θ^{′−1})_{μν} (x). (6.1)

One may regard B^′_{μν} (x) as coming from an inhomogeneous gauge field condensation on a constant B_{μν} background, say, B^′_{μν} (x) = (B + F_{back}(x))_{μν} . For instance, if F_{back}(x) is an instanton, our result implies that the vacuum manifold (6.1) is a Ricci-flat Kähler manifold. From NC gauge theory point of view, this corresponds to the description of NC gauge theory in instanton backgrounds [88]. Therefore the NC gauge theory with nonconstant NC parameters θ^{′μν} (x) may be interpreted as that defined by the usual Moyal star product (1.2) but around a nonperturbative solution described by F_{back}(x). The gravity picture in this case corresponds to a (perturbative) NC gravity on a curved manifold. It will be interesting to see whether this reasoning can shed some light on NC gravity.

Recently we suggested in [89] a very simple toy model for emergent gravity. We claimed that (2+1)-dimensional NC field theory for a real scalar field in large NC limit θ → ∞ is equivalent to two dimensional string theory via c = 1 Matrix model. See [90] for a field theory discussion from this aspect. This claim is based on the well-known relation [91]

Real field on NC IR^2 (or Σ_g) ⇐⇒ N × N Hermitian matrix at N → ∞, (6.2) where Σ_g is a Riemann surface of genus g which can be quantized via deformation quantization. In two dimensions, a symplectic 2-form ω is a volume form and Hodge-dual to a real function. So symplectomorphism is equal to area-preserving diffeomorphism (APD). (In higher dimensions, symplectomorphism is much smaller than volume-preserving diffeomorphism.) We observed in Eq.(1.11) that symplectomorphism can be identified with NC gauge symmetry. In two dimensions, we thus have the relation: Symplectomorphism = APD = NC gauge symmetry. So, if there is a NC field theory which is gauge invariant, the NC field theory is then APD invariant and thus we expect an emergent gravity in two dimensions from this NC field theory.

We can infer the nature of two-dimensional emergent gravity from four-dimensional case. Noting that the electromagnetic 2-form F acts as a deformation of the symplectic (or Kähler) structure, it is natural to guess that a real scalar field plays the same role in two dimensions. Since the Kähler potential behaves as a generating function of canonical transformations as we observed in section 5, it is also plausible that the real scalar field is a generating function of APDs and acts as a Kähler potential. We hope to discuss this interesting correspondence in a separate publication.

In section 5, we showed that the Husain’s equation (5.25) is equivalent to the first heavenly equation (5.32). Here we note that Eq.(5.25) is the SU(N) self-dual Yang-Mills equation in the limit N → ∞ [92], which implies that SU(N → ∞) Yang-Mills instantons are gravitational instantons too. This interesting fact is also coming from the relation (⇐=) in (6.2) since the gauge fields in SU(N) Yang-Mills theory on IR^4 are all N × N Hermitian matrices and thus they can be mapped to real scalar fields on a six-dimensional space IR^4 × Σ_g. This seems to imply that the AdS/CFT duality [93] might be deeply related to the NC field theory and gravity correspondence.

In order to more extensively understand the nature of emergent gravity, it is useful to consider couplings with matter fields. To do this, we need to know the SW maps for currents and energymometum tensors for matter fields. These were obtained in [94] at leading order. It turned out [55, 23] that the gravitational coupling with matter fields is not universal unlike as general relativity. It deserves to ask more study, especially for experimental verifications.

The emergent gravity from NC gauge theory discussed in this paper may have interesting implications to string theory and black-hole physics. We briefly discuss possible implications citing relevant literatures.

It was argued [95] that tachyon condensation at the fixed points of noncompact nonsupersymmetric orbifolds, e.g. IC^2/Γ, drives these orbifolds to flat space or supersymmetric ALE spaces. But ALE spaces are U(1) instantons in flat NC IR^4 [2, 3]. Does it imply that the closed string tachyon condensation can be understood as an open string tachyon condensation ? The picture in [96] may be useful for this problem.

Microscopic black hole entropy in string theory [97] was derived by counting the degeneracy of BPS soliton bound states, mostly involved with instanton moduli space. If we simply assume that the instanton moduli space is coming from NC U(1) instantons, then the counting of the degeneracy is just the counting of all possible hyper-Kähler geometries inside the black hole horizon, according to our picture. This is very reminiscent of the Mathur’s program for black hole entropy [98].

We showed that the equivalence between NC U(1) instantons and gravitational instantons could be beautifully understood in terms of the twistor space. We think that the equivalence and its twistor space structure should have far-reaching applications to Nekrasov’s instanton counting [99] and topological strings for crystal melting [100].

Acknowledgments We would like to thank Ilka Agricola, Harald Dorn, Jürg Käppeli, and Fabian Spill for helpful discussions. We are also grateful to Kyung-Seok Cha, Bum-Hoon Lee, and Jongwon Lee for collaboration about derivative corrections at the very early stage. Some of the results in this paper were reported at the Ahrenshoop workshop [89]. We would like to thank the organizers for their kind invitation and a very enjoyable meeting. This work was supported by the Alexander von Humboldt Foundation.

References

[1] H. S. Yang, Instantons and Emergent Geometry, hep-th/0608013.

[2] M. Salizzoni, A. Torrielli and H. S. Yang, ALE spaces from noncommutative U(1) instantons via exact Seiberg-Witten map, Phys. Lett. B634 (2006) 427, hep-th/0510249.

[3] H. S. Yang and M. Salizzoni, Gravitational Instantons from Gauge Theory, Phys. Rev. Lett. 96 (2006) 201602, hep-th/0512215.

[4] S. I. Vacaru, Gauge and Einstein gravity from non-abelian gauge models on noncommutative spaces, Phys. Lett. B498 (2001) 74, hep-th/0009163; E. Langmann and R. J. Szabo, Teleparallel gravity and dimensional reductions of noncommutative gauge theory, Phys. Rev. D64 (2001) 104019, hep-th/0105094; M. Buric, J. Madore, T. Grammatikopoulos and G. Zoupanos, Gravity and the structure of noncommutative algebras, J. High Energy Phys. 04 (2006) 054, hep-th/0603044.

[5] R. J. Szabo, Symmetry, gravity and noncommutativity, Class. Quantum Grav. 23 (2006) R199,

hep-th/0606233.

[6] R. Abraham and J. E. Marsden, Foundations of Mechanics (Addison-Wesley, Reading, 1978) 2nd ed.; D. McDuff and D. Salamon, Introduction to Symplectic Topology (Oxford Univ. Press, Oxford, 1998) 2nd ed.; A. Cannas da Silva, Lectures on Symplectic Geometry (Springer, Berlin, 2001).

[7] M. R. Douglas and N. A. Nekrasov, Noncommutative field theory, Rev. Mod. Phys. 73 (2001) 977, hep-th/0106048; R. J. Szabo, Quantum field theory on noncommutative spaces, Phys. Rep. 378 (2003) 207, hep-th/0109162.

[8] L. Cornalba, D-brane Physics and Noncommutative Yang-Mills Theory, Adv. Theor. Math.

Phys. 4 (2000) 271, hep-th/9909081.

[9] R. Jackiwa, S.-Y. Pi and A. P. Polychronakos, Noncommuting Gauge Fields as a Lagrange Fluid, Ann. Phys. 301 (2002) 157, hep-th/0206014.

[10] J. A. Harvey, Topology of the Gauge Group in Noncommutative Gauge Theory, hep-th/0105242; F. Lizzi, R. J. Szabo and A. Zampini, Geometry of the gauge algebra in noncommutative Yang-Mills theory, J. High Energy Phys. 08 (2001) 032, hep-th/0107115.

[11] N. Seiberg and E. Witten, String theory and noncommutative geometry, J. High Energy Phys.

09 (1999) 032, hep-th/9908142.

[12] B. Pioline and A. Schwarz, Morita equivalence and T-duality (or B versus Θ), J. High Energy Phys. 08 (1999) 021, hep-th/9908019; K. Saraikin, Comments on the Morita Equivalence, J. Exp. Theor. Phys. 91 (2000) 653, hep-th/0005138;

[13] J. Moser, On the volume elements on a manifold, Trans. Amer. Math. Soc. 120 (1965) 286.

[14] E. S. Fradkin and A. A. Tseytlin, Non-Linear Electrodynamics from Quantized Strings, Phys.

Lett. 163B (1985) 123; A. Abouelsaood, C. G. Callan, C. R. Nappi and S. A. Yost, Open Strings in Background Gauge Fields, Nucl. Phys. B280 (1987) 599; C. G. Callan, C. Lovelace, C. R. Nappi and S. A. Yost, String Loop Corrections to Beta Functions, Nucl. Phys. B288 (1987) 525.

[15] N. Hitchin, Generalized Calabi-Yau manifolds, Quart. J. Math. Oxford Ser. 54 (2003) 281, math.DG/0209099; M. Gualtieri, Generalized complex geometry, math.DG/0401221.

[16] P.-M. Ho, Twisted bundle on quantum torus and BPS states in matrix theory, Phys. Lett. B434 (1998) 41, hep-th/9803166; C. Hofman and E. P. Verlinde, U-duality of Born-Infeld on the noncommutative two-torus, J. High Energy Phys. 12 (1998) 010, hep-th/9810116; D. Brace and B. Morariu, A note on the BPS spectrum of the matrix model, J. High Energy Phys. 02 (1999) 004, hep-th/9810185; E. Kim, H. Kim, N. Kim, B.-H. Lee, C.-Y. Lee and H. S. Yang, Twisted bundles on noncommutative T^4 and D-brane bound states, Phys. Rev. D62 (2000) 046001, hep-th/9912272.

[17] B. Jurčo and P. Schupp, Noncommutative Yang-Mills from equivalence of star products, Eur.

Phys. J. C14 (2000) 367, hep-th/0001032.

[18] J. Goldstone, Field Theories With ’Superconductor’ Solutions, Nuovo Cim. 19 (1961) 154; J.

Goldstone, A. Salam and S. Weinberg, Broken Symmetries, Phys. Rev. 127 (1962) 965.

[19] C. J. Isham, A. Salam and J. Strathdee, Nonlinear realizations of space-time symmetries. Scalar and tensor gravity, Ann. Phys. 62 (1971) 98; A. B. Borisov and V. I. Ogievetsky, Theory of Dynamical Affine and Conformal Symmetries as The Theory of The Gravitational Field, Teor. Mat. Fiz. 21 (1974) 329.

[20] J. Madore, S. Schraml, P. Schupp and J. Wess, Gauge theory on noncommutative spaces, Eur.

Phys. J. C16 (2000) 161, hep-th/0001203.

[21] N. Seiberg, A note on background independence in noncommutative gauge theories, matrix model and tachyon condensation, J. High Energy Phys. 09 (2000) 003, hep-th/0008013.

[22] H. S. Yang, Exact Seiberg-Witten Map and Induced Gravity from Noncommutativity, Mod.

Phys. Lett. A21 (2006) 2637, hep-th/0402002.

[23] R. Banerjee and H. S. Yang, Exact Seiberg-Witten map, induced gravity and topological invariants in noncommutative field theories, Nucl. Phys. B708 (2005) 434, hep-th/0404064.

[24] N. Wyllard, Derivative corrections to D-brane actions with constant background fields, Nucl.

Phys. B598 (2001) 247, hep-th/0008125.

[25] F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz and D. Sternheimer, Deformation theory and quantization. I. Deformations of symplectic structures, Ann. Phys. (N.Y.) 111 (1978) 61; II. Physical applications, Ann. Phys. (N.Y.) 111 (1978) 111; B. V. Fedosov, A Simple Geometrical Construction of Deformation Quantization, J. Diff. Geom. 40 (1994) 213.

[26] M. Kontsevich, Deformation Quantization of Poisson Manifolds, Lett. Math. Phys. 66 (2003) 157, q-alg/9709040.

[27] H. Liu, ∗-Trek II: ∗_n operations, open Wilson lines and the Seiberg-Witten map, Nucl. Phys.

B614 (2001) 305, hep-th/0011125.

[28] A. Zotov, On Relation Between Moyal and Kontsevich Quantum Products. Direct Evaluation up to the ℏ^3-Order, Mod. Phys. Lett. A16 (2001) 615, hep-th/0007072.

[29] P. Aschieri, C. Blohmann, M. Dimitrijevic, F. Meyer, P. Schupp and J. Wess, A gravity theory on noncommutative spaces, Class. Quant. Grav. 22 (2005) 3511, hep-th/0504183; P. Aschieri, M. Dimitrijevic, F. Meyer and J. Wess, Noncommutative geometry and gravity, Class. Quant. Grav. 23 (2006) 1883, hep-th/0510059.

[30] A. P. Balachandran, T. R. Govindarajan, K. S. Gupta and S. Kürkçüoğlu, Noncommutative twodimensional gravities, Class. Quant. Grav. 23 (2006) 5799, hep-th/0602265; S. Kürkçüoğlu and C. Sämann, Drinfeld twist and general relativity with fuzzy spaces, Class. Quant. Grav. 24 (2007) 291, hep-th/0606197.

[31] R. Penrose, Nonlinear Gravitons and Curved Twistor Theory, Gen. Rel. Grav. 7 (1976) 31.

[32] M. F. Atiyah, N. J. Hitchin and I. M. Singer, Self-duality in four-dimensional Riemannian geometry, Proc. R. Soc. Lond. A362 (1978) 425.

[33] H. Ooguri and C. Vafa, Self-Duality And N=2 String Magic, Mod. Phys. Lett. A5 (1990) 1389.

[34] H. Ooguri and C. Vafa, Geometry of N=2 Strings, Nucl. Phys. B361 (1991) 469.

[35] A. Kapustin, Topological Strings on Noncommutative Manifolds, Int. J. Geom. Meth.

Mod. Phys. 1 (2004) 49, hep-th/0310057; A-branes and Noncommutative Geometry,

hep-th/0502212.

[36] T. Lee, Noncommutative Dirac-Born-Infeld action for D-brane, Phys. Lett. B478 (2000) 313,

hep-th/9912038.

[37] O. Andreev and H. Dorn, On open string σ-model and noncommutative gauge fields, Phys. Lett.

B476 (2000) 402, hep-th/9912070.

[38] Y. Okawa and H. Ooguri, Exact solution to the Seiberg-Witten equation of noncommutative gauge theory, Phys. Rev. D64 (2001) 046009, hep-th/0104036; S. Mukhi and N. V. Suryanarayana, Gauge-invariant couplings of noncommutative branes to Ramond-Ramond backgrounds, J. High Energy Phys. 05 (2001) 023, hep-th/0104045; H. Liu and J. Michelson, Ramond-Ramond couplings of noncommutative D-branes, Phys. Lett. B518 (2001) 143,

hep-th/0104139.

[39] B. Jurčo, P. Schupp and J. Wess, Nonabelian noncommutative gauge theory via noncommutative extra dimensions, Nucl. Phys. B604 (2001) 148, hep-th/0102129.

[40] S. Fidanza, Towards an explicit expression of the Seiberg-Witten map at all orders, J. High Energy Phys. 06 (2002) 016, hep-th/0112027.

[41] S. R. Das, S. Mukhi and N. V. Suryanarayana, Derivative corrections from noncommutativity, J.

High Energy Phys. 08 (2001) 039, hep-th/0106024.

[42] Y. Okawa, Derivative corrections to Dirac-Born-Infeld Lagrangian and non-commutative gauge theory, Nucl. Phys. B566 (2000) 348, hep-th/9909132; L. Cornalba, Corrections to the abelian Born-Infeld action arising from noncommutative geometry, J. High Energy Phys. 09 (2000) 017, hep-th/9912293; S. Terashima, On the equivalence between noncommutative and ordinary gauge theories, J. High Energy Phys. 02 (2000) 029, hep-th/0001111; Y. Okawa and S. Terashima, Constraints on effective Lagrangian of D-branes from noncommutative gauge theory, Nucl. Phys. B584 (2000) 329, hep-th/0002194.

[43] S. R. Das and S.-J. Rey, Open Wilson lines in noncommutative gauge theory and tomography of holographic dual supergravity, Nucl.Phys. B590 (2000) 453, hep-th/0008042; D. J. Gross, A. Hashimoto and N. Itzhaki, Observables of Noncommutative Gauge Theories, Adv. Theor. Math. Phys. 4 (893) 2000, hep-th/0008075; A. Dhar and S. R. Wadia, A note on gauge invariant operators in noncommutative gauge theories and the Matrix model, Phys. Lett. B495 (2000) 413, hep-th/0008144.

[44] N. Ishibashi, S. Iso, H. Kawai and Y. Kitazawa, Wilson loops in non-commutative Yang-Mills, Nucl. Phys. B573 (2000) 573, hep-th/9910004.

[45] S. S. Pal, Derivative Corrections to Dirac-Born-Infeld and Chern-Simon actions from Noncommutativity, Int. J. Mod. Phys. A17 (2002) 1253, hep-th/0108104.

[46] N. Wyllard, Derivative corrections to the D-brane Born-Infeld action: non-geodesic embeddings and the Seiberg-Witten map, J. High Energy Phys. 08 (2001) 027, hep-th/0107185.

[47] O. D. Andreev and A. A. Tseytlin, Partition-function representation for the open superstring effective action: Cancellation of Möbius infinites and derivative corrections to Born-Infeld lagrangian, Nucl. Phys. B311 (1988) 205.

[48] O. Andreev, More about partition function of open bosonic string in background fields and string theory effective action, Phys. Lett. B513 (2001) 207, hep-th/0104061.

[49] L. Cornalba, On the General Structure of the Non-Abelian Born-Infeld Action, Adv. Theor.

Math. Phys. 4 (2000) 1259, hep-th/0006018.

[50] A. S. Cattaneo and G. Felder, A Path Integral Approach to the Kontsevich Quantization Formula, Commun. Math. Phys. 212 (2000) 591, math.QA/9902090.

[51] B. Jurčo, P. Schupp and J. Wess, Noncommutative gauge theory for Poisson manifolds, Nucl.

Phys. B584 (2000) 784, hep-th/0005005.

[52] N. Nekrasov and A. Schwarz, Instantons on Noncommutative R^4 and (2,0) Superconformal Six Dimensional Theory, Commun. Math. Phys. 198 (1998) 689, hep-th/9802068.

[53] K.-Y. Kim, B.-H. Lee and H. S. Yang, Zero modes and the Atiyah-Singer index in noncommutative instantons, Phys. Rev. D66 (2002) 025034, hep-th/0205010.

[54] M. Aganagic, R. Gopakumar, S. Minwalla and A. Strominger, Unstable solitons in noncommutative gauge theory, J. High Energy Phys. 04 (2001) 001, hep-th/0009142.

[55] V. O. Rivelles, Noncommutative field theories and gravity, Phys. Lett. B558 (2003) 191,

hep-th/0212262.

[56] G. Berrino, S. L. Cacciatori, A. Celi, L. Martucci and A. Vicini, Noncommutative electrodynamics, Phys. Rev. D67 (2003) 065021, hep-th/0210171.

[57] D. C. Rodrigues and C. Wotzasek, Issues on 3D noncommutative electromagnetic duality, Phys.

Rev. D74 (2006) 085027, hep-th/0603027.

[58] T. Eguchi and A. J. Hanson, Asymptotically Flat Self-dual Solutions to Euclidean Gravity, Phys.

Lett. 74B (1978) 249.

[59] G. W. Gibbons and C. N. Pope, The Positive Action Conjecture and Asymptotically Euclidean Metrics in Quantum Gravity, Commun. Math. Phys. 66 (1979) 267.

[60] M. Mariño, R. Minasian, G. Moore and A. Strominger, Nonlinear instantons from supersymmetric p-branes, J. High Energy Phys. 01 (2000) 005, hep-th/9911206; S. Terashima, Instantons in the U(1) Born-Infeld theory and noncommutative gauge theory, Phys. Lett. B477 (2000) 292, hep-th/9911245.

[61] K. Hashimoto and H. Ooguri, Seiberg-Witten transforms of noncommutative solitons, Phys.

Rev. D64 (2001) 106005, hep-th/0105311.

[62] G. W. Gibbons and S. W. Hawking, Classification of Gravitational Instanton Symmetries, Commun. Math. Phys. 66 (1979) 291.

[63] H. W. Braden and N. A. Nekrasov, Space-Time Foam from Non-Commutative Instantons, Commun. Math. Phys. 249 (2004) 431, hep-th/9912019.

[64] S. W. Hawking, Gravitational Instantons, Phys. Lett. 60A (1977) 81; T. Eguchi, P. B. Gilkey and A. J. Hanson, Gravitation, gauge theories and differential geometry, Phys. Rep. 66 (1980) 213.

[65] S.-T. Yau, On The Ricci Curvature of a Compact Kähler Manifold and the Complex Monge- Ampère Equation, Commun. Pure Appl. Math. 31 (1978) 339.

[66] J. F. Plebañski, Some solutions of complex Einstein equations, J. Math. Phys. 16 (1975) 2395.

[67] M. B. Green, J. H. Schwarz and E. Witten, Superstring Theory, Vol. 2 (Cambridge Univ. Press, Cambridge, 1987).

[68] S. A. Hartnoll and G. Policastro, Spacetime foam in twistor string theory, Adv. Theor. Math.

Phys. 10 (2006) 181, hep-th/0412044.

[69] H. S. Yang, Generalized Complex Geometry, Noncommutative Gravity and Emergent Gravity, in progress.

[70] N. Ishibashi, H. Kawai, Y. Kitazawa and A. Tsuchiya, A large-N reduced model as superstring, Nucl. Phys. B498 (1997) 467, hep-th/9612115.

[71] A. Ashtekar, T. Jabobson and L. Smolin, A New Characterization Of Half-Flat Solutions to Einstein’s Equation, Commun. Math. Phys. 115 (1988) 631.

[72] D. D. Joyce, Explicit Construction of Self-dual 4-Manifolds, Duke Math. J. 77 (1995) 519.

[73] L. J. Mason and E. T. Newman, A Connection Between the Einstein and Yang-Mills Equations, Commun. Math. Phys. 121 (1989) 659.

[74] Q-H. Park, Extended Conformal Symmetries in Real Heavens, Phys. Lett. B236 (1990) 429;

Self-dual Gravity as A Large-N Limit of the 2D Non-linear Sigma Model, Phys. Lett. B238 (1990) 287; Self-dual Yang-Mills (+gravity) as a 2D sigma model, Phys. Lett. B257 (1991) 105; 2D Sigma Model Approach to 4D Instantons, Int. J. Mod. Phys. A7 (1992) 1415.

[75] R. S. Ward, The SU(∞) chiral model and self-dual vacuum spaces, Class. Quant. Grav. 7 (1990) L217.

[76] M. Hanada, H. Kawai and Y. Kimura, Describing Curved Spaces by Matrices, Prog. Theor.

Phys. 114 (2006) 1295, hep-th/0508211; K. Furuta, M. Hanada, H. Kawai and Y. Kimura, Field Equations of Massless Fields in the New Interpretation of the Matrix Model, Nucl. Phys. B767 (2007) 82, hep-th/0611093.

[77] Y. Kitazawa and S. Nagaoka, Graviton Propagators on Fuzzy G/H, J. High Energy Phys. 02 (2006) 001, hep-th/0512204; Graviton Propagators in Supergravity and Noncommutative Gauge Theory, Phys. Rev. D75 (2007) 046007, hep-th/0611056.

[78] G. W. Gibbons and S. W. Hawking, Gravitational Multi-instantons, Phys. Lett. 78B (1978) 430.

[79] C. P. Boyer and J. D. Finley, III, Killing vectors in self-dual, Euclidean Einstein spaces, J. Math.

Phys. 23 (1982) 1126.

[80] Y. Hashimoto, Y. Yasui, S. Miyagi and T. Ootsuka, Applications of the Ashtekar gravity to fourdimensional hyperkhler geometry and Yang-Mills instantons, J. Math. Phys. 38 (1997) 5833, hep-th/9610069; T. Ootsuka, S. Miyagi, Y. Yasui and S. Zeze, Anti-self-dual Maxwell solutions on hyper-Khler manifold and N = 2 supersymmetric Ashtekar gravity, Class. Quant. Grav. 16 (1999) 1305, gr-qc/9809083.

[81] I. Bakas and K. Sfetsos, Toda Fields of SO(3) Hyper-Kahler Metrics and Free Field Realizations, Int. J. Mod. Phys. A12 (1997) 2585, hep-th/9604003.

[82] S. Chakravarty, L. Mason and E. T. Newman, Canonical structures on anti-self-dual fourmanifolds and the diffeomorphism group, J. Math. Phys. 32 (1991) 1458.

[83] V. Husain, Self-Dual Gravity and the Chiral Model, Phys. Rev. Lett. 72 (1994) 800,

gr-qc/9402020.

[84] J. Tafel, New Description of Self-Dual Metrics, gr-qc/0602035.

[85] J. D. E. Grant, On self-dual gravity, Phys. Rev. D48 (1993) 2606, gr-qc/9301014.

[86] A. Kapustin, A. Kuznetsov, and D. Orlov, Noncommutative Instantons and Twistor Transform, Commun. Math. Phys. 221 (2001) 385, hep-th/0002193; K. C. Hannabuss, Noncommutative Twistor Space, Lett. Math. Phys. 58 (2001) 153, hep-th/0108228.

[87] M. Chaichian, P. Kulish, K. Nishijima and A. Tureanu, On a Lorentz-invariant interpretation of noncommutative space-time and its implications on noncommutative QFT, Phys. Lett. B604 (2004) 98, hep-th/0408069; M. Chaichian, P. Presnajder and A. Tureanu, New Concept of Relativistic Invariance in Noncommutative Space-Time: Twisted Poincare Symmetry and Its Implications, Phys. Rev. Lett. 94 (2005) 151602, hep-th/0409096; J. Wess, Deformed Coordinate Spaces: Derivatives, hep-th/0408080.

[88] B.-H. Lee and H. S. Yang, Propagators in noncommutative instantons, Phys. Rev. D66 (2002) 045027, hep-th/0206001.

[89] H. S. Yang, The Origin of Gravity, A talk at the 38th International Symposium Ahrenshoop on the Theory of Elementary Particles, “Recent Developments in String/M-Theory and Field Theory”, Berlin, August 28 - September 01, 2006.

[90] G. Mandal, S.-J. Rey and S. R. Wadia, Quantum aspects of GMS solutions of noncommutative field theory and large N limit of matrix models, Eur. Phys. J. C24 (2002) 495,

hep-th/0111059.

[91] B. de Wit, J. Hoppe and H. Nicolai, On The Quantum Mechanics of Supermembranes, Nucl.

Phys. B305 (1988) 545; J. Hoppe, Diffeomorphism Group, Quantization and SU(∞), Int. J. Mod. Phys. A4 (1989) 5235; D. B. Fairlie, P. Fletcher and C. K. Zachos, Trigonometric Structure Constants for New Infinite-dimensional Algebras, Phys. Lett. B218 (1989) 203; D. B. Fairlie and C. K. Zachos, Infinite-dimensional Algebras, Sine Brackets, and SU(∞), Phys. Lett. B224 (1989) 101; M. Bordemann, E. Meinrenken and M. Schlichenmaier, Toeplitz Quantization of Kähler Manifolds and gl(N), N → ∞ Limits, Commun. Math. Phys. 165 (1994) 281,

hep-th/9309134.

[92] J. F. Plebański and M. Przanowski, The Lagrangian of a self-dual gravitational field as a limit of the SDYM Lagrangian, Phys. Lett. A212 (1996) 22, hep-th/9605233; H. García-Compeán, J. F. Plebański and M. Przanowski, Further remarks on the chiral model approach to self-dual gravity, Phys. Lett. A219 (1996) 249, hep-th/9512013.

[93] J. M. Maldacena, The Large N Limit of Superconformal Field Theories and Supergravity, Adv.

Theor. Math. Phys. 2, 231 (1998); Int. J. Theor. Phys. 38 (1999) 1113, hep-th/9711200; S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Gauge Theory Correlators from Non-Critical String Theory, Phys. Lett. B428 (1998) 105, hep-th/9802109; E. Witten, Anti De Sitter Space And Holography, Adv. Theor. Math. Phys. 2 (1998) 253, hep-th/9802150.

[94] R. Banerjee, C. Lee and H. S. Yang, Seiberg-Witten-type maps for currents and energymomentum tensors in noncommutative gauge theories, Phys. Rev. D70 (2004) 065015,

hep-th/0312103.

[95] A. Adams, J. Polchinski and E. Silverstein, Don’t panic! closed string tachyons in ALE spacetimes, J. High Energy Phys. 10 (2001) 029, hep-th/0108075.

[96] A. Armoni, E. Lopez and A. M. Uranga, Closed strings tachyons and non-commutative instabilities, J. High Energy Phys. 02 (2003) 020, hep-th/0301099; K. Hashimoto and S. Terashima, ADHM is tachyon condensation, J. High Energy Phys. 02 (2006) 018, hep-th/0511297.

[97] A. Strominger and C. Vafa, Microscopic origin of the Bekenstein-Hawking entropy, Phys. Lett.

B379 (1996) 99, hep-th/9601029; C. G. Callan and J. M. Maldacena, D-brane approach to black hole quantum mechanics, Nucl. Phys. B472 (1996) 591, hep-th/9602043.

[98] S. Giusto, S. D. Mathur and A. Saxena, Dual geometries for a set of 3-charge microstates, Nucl.

Phys. B701 (2004) 357, hep-th/0405017; 3-charge geometries and their CFT duals, Nucl. Phys. B710 (2005) 425, hep-th/0406103; S. D. Mathur, The quantum structure of black holes, Class. Quantum Grav. 23 (2006) R115, hep-th/0510180

[99] N. A. Nekrasov, Seiberg-Witten Prepotential from Instanton Counting, Adv. Theor. Math. Phys.

7 (2004) 831, hep-th/0206161; N. Nekrasov and A. Okounkov, Seiberg-Witten Theory and Random Partitions, hep-th/0306238.

[100] A. Okounkov, N. Reshetikhin and C. Vafa, Quantum Calabi-Yau and Classical Crystals, hep-th/0309208; A. Iqbal, N. Nekrasov, A. Okounkov and C. Vafa, Quantum Foam and Topological Strings, hep-th/0312022.