arXiv:hep-th/0611198v3 28 Mar 2007

String-inspired Gauss-Bonnet gravity reconstructed from the universe expansion history and yielding the transition from matter dominance to dark energy

Guido Cognola^{(a)∗}, Emilio Elizalde^{(b)†}, Shin’ichi Nojiri^{(c)‡}, Sergei D. Odintsov^{(b,d)§} and Sergio Zerbini^{(a)¶}

(a) Dipartimento di Fisica, Università di Trento and Istituto Nazionale di Fisica Nucleare Gruppo Collegato di Trento, Italia

(b) Consejo Superior de Investigaciones Científicas (ICE/CSIC) and Institut d’Estudis Espacials de Catalunya (IEEC) Campus UAB, Facultat de Ciències, Torre C5-Par-2a pl E-08193 Bellaterra (Barcelona) Spain

(c) Department of Physics Nagoya University, Nagoya 464-8602, Japan

(d) Instituciò Catalana de Recerca i Estudis Avançats (ICREA) and Institut de Ciencies de l’Espai (IEEC-CSIC) Campus UAB, Facultat de Ciències, Torre C5-Par-2a pl E-08193 Bellaterra (Barcelona), Spain

We consider scalar-Gauss-Bonnet and modified Gauss-Bonnet gravities and reconstruct these theories from the universe expansion history. In particular, we are able to construct versions of those theories (with and without ordinary matter), in which the matter dominated era makes a transition to the cosmic acceleration epoch. In several of the cases under consideration, matter dominance and the deceleration-acceleration transition occur in the presence of matter only. The late-time acceleration epoch is described asymptotically by de Sitter space but may also correspond to an exact ΛCDM cosmology, having in both cases an effective equation of state parameter w close to −1. The one-loop effective action of modified Gauss-Bonnet gravity on the de Sitter background is evaluated and it is used to derive stability criteria for the ensuing de Sitter universe.

PACS numbers: 11.25.-w, 95.36.+x, 98.80.-k

I. INTRODUCTION

Modified gravity is a promising theory that has become a very attractive gravitational alternative for dark energy (for a recent review, see [1, 2, 3]. It is, to start, a powerful scheme. Indeed, depending on the specific model considered, modified gravity is able to realize any of the proposed scenarios that have been delimited by the observational constrains leading to cosmic acceleration: effective phantom models, cosmological constant theories or quintessence. Also, it can easily account for the different epochs in the evolution of the unverse, that start to emerge clearly from the observational data (for a recent review of these data and their comparison with dark energy models, see [4]). The qualitative understanding of gravitational dark energy (see [3] for a review) is quite simple: some gravitational terms different from the usual General Relativity ones may dominate at the very early or very late universe epochs. Thus, General Relativity seems to be only approximately valid, both at very early as well as at very late times. To have the possibility to explain —in a unified way as modified gravity effects— fundamental cosmological phenomena such as early time inflation and late time acceleration, is very appealing. Moreover, modified gravity has the possibility to solve the coincidence problem, too, and can also clarify the role of dark matter in the formation and evolution of the universe.

∗ cognola@science.unitn.it † elizalde@ieec.uab.es, also on leave at Department of Physics & Astronomy, Dartmouth College, 6127 Wilder Laboratory, Hanover, NH 03755, USA ‡ nojiri@phys.nagoya-u.ac.jp § odintsov@ieec.uab.es, also at TSPU, Tomsk ¶ zerbini@science.unitn.it

Among the different classes of modified gravities, a very interesting one is the family of the string-inspired gravities. String-inspired scalar-Gauss-Bonnet gravity has been suggested in Ref. [5] as a possibility for gravitational dark energy. The idea that these theories may lie close to effective models which may come from fundamental string theories is in itself very appealing. Some time ago, Gauss-Bonnet (GB) gravity was applied to the possible resolution of the initial singularity problem [6]. Another version of string-inspired gravity, namely the modified GB or F (G) theory [7] can also play the role of gravitational dark energy. The investigation of different regimes of cosmic acceleration in such string-inspired gravity models has been carried out in refs.[5, 7, 8, 9, 10, 11, 12, 13, 14].

A very strong theoretical restriction on modified gravity is caused by the natural emergence of the known classical universe expansion history. In other words, as in the case of the usual ΛCDM cosmology, it must faithfully reproduce, to start with, the sequence of the well-established cosmological phases: radiation/matter dominance, decelerationacceleration transition, and the cosmic speed-up. Recently, a reconstruction scheme for the case of f(R) gravity has been developed [15, 16, 17] where such a cosmological sequence is seen to occur quite naturally for some models (for a review on reconstruction from the universe expansion history, see [17, 18]). Having in mind the fundamental importance of the correct description of the past and the current universes, in this work we develop a reconstruction program for string-inspired gravity from the universe expansion history. Using the method developed in refs.[13, 19], it will be here demonstrated that scalar-Gauss-Bonnet or F (G) gravity can be reconstructed for any given FRW cosmology. Moreover, the role of string-inspired gravitational terms may be quite important, even in the matter dominated epoch. Examples of exact and/or approximate ΛCDM cosmology in the above modified gravity are discussed too. The stability of such form of FRW cosmology, which naturally develops an asymptotically de Sitter future is investigated. As de Sitter universe naturally occurs at the early or late times in such models, special attention is paid to the de Sitter universe. Using the results of the calculation of the one-loop effective action of F (G) gravity in the de Sitter space, the semi-classical stability of de Sitter space is investigated.

The paper is organized as follows. In the next section we develop the reconstruction scenario for string-inspired, scalar-Gauss-Bonnet gravity. Elaborating on the approach of Refs. [13, 19], it is shown that the cosmological sequence of matter dominance, deceleration-acceleration transition and cosmic acceleration may occur in the specific version of that theory with some given potentials. It is also shown that an exact ΛCDM cosmology can indeed be reconstructed from such theory. Section three is devoted to the reconstruction of F (G) gravity from the universe expansion history. For the same two classes of FRW universes (an approximate and an exact one), ΛCDM cosmology is derived in versions of the theory where this cosmology naturally occurs. By introducing perturbations around such cosmological solutions, the stability of those two FRW universes is investigated at the classical level. It is shown that the very early universe may be unstable, which opens the very interesting possibility of a natural exit from inflation, while the late stage, e.g. the asymptotically de Sitter universe, can be stable. Sect. 4 is devoted to the study of the same reconstruction scenario for F (G) gravity in the presence of several types of usual matter. Two specific versions of F (G) gravity with matter are constructed where the matter dominance and deceleration-acceleration transition occur only with matter. After that, the accelerating universe becomes asymptotically (or even exactly) the de Sitter one.

In Sect. 5 we discuss the following problem: does it exist any scenario which may still improve the above situation, with the emergence of the matter dominated era for scalar-Gauss-Bonnet or F (G) gravity? It is shown that such scenario may be realized: by adding the compensating dark energy which is relevant in the matter dominance epoch mainly, the cosmological sequence of matter dominance, deceleration-acceleration transition, and cosmic acceleration, do occur in the versions of such theories which, otherwise, do not contain the matter dominance. Some discussion and outlook are presented in the last section.

Appendix A is devoted to the calculation of the one-loop effective action of F (G) gravity on a de Sitter background. Some technical remarks about the appearance of the multiplicative anomaly in those calculations are done. In Appendix B, this one-loop effective action is applied to study the semi-classical stability of de Sitter space in F (G) gravity. This is an alternative method to investigate stability, which is advantageous as compared with the very involved one that uses cosmological perturbations. Numerical calculations provide examples of modified Gauss-Bonnet gravity which have a stable de Sitter vacuum solution.

II. RECONSTRUCTION OF THE SCALAR-GAUSS-BONNET THEORY FROM THE UNIVERSE EXPANSION HISTORY

In the present section, we will show how the string-inspired, scalar-Gauss-Bonnet gravity theory, proposed as a dark energy model in Ref. [5], can indeed be reconstructed, for any requested cosmology. The starting action is S = ∫ d^4x √ −g [ R 2κ^2 − 1 2 ∂_μϕ∂^μϕ − V (ϕ) − ξ_1(ϕ)G ] . (1)

Here G is the Gauss-Bonnet invariant and the scalar field ϕ is canonical in (1). We now assume that the FRW universe with scale factor a(t): ds^2 = −dt^2 + a(t)^2 ∑ i=1,···4 ( dx^i )_2

and the scalar field ϕ only depend on t : ϕ = ϕ(t).

These assumptions are based on the observational data indicating that the spatial part of the universe is flat and the universe could be regarded to be homogeneous on large scales. In the early universe, the small inhomogeneity could have played an important role. For example, the large scale structure of the present universe could be generated from the very small initial fluctuation and the gravitational instability for the perturbation. In this paper, however, we are interested in the behavior of the universe on the scales larger than the ‘large’ scale structure and we now assume the homogeneity of the universe. Hence, we now drop the spatial coordinate (x^i) dependence of a and ϕ. In the following, the Hubble rate H is defined by ȧ/a.

Then the FRW equations look like [5, 13]:

0 = − 3 κ^2

H^2 + 1 2 ϕ̇^2 + V (ϕ) + 24H^3 dξ^1(ϕ(t)) dt , (2) 0 = 1 κ^2 ( 2Ḣ + 3H^2 ) + 1 2 ϕ̇^2 − V (ϕ) − 8H^2 d^2ξ^1(ϕ(t)) dt^2 − 16HḢ dξ_1(ϕ(t)) dt − 16H^3 dξ_1(ϕ(t)) dt . (3)

and the scalar field equation is

0 = ϕ̈ + 3Hϕ̇ + V^′(ϕ) + ξ^′_1(ϕ)G . (4)

Now G = 24 ( ḢH 2 + H 4 ) , and combining (2) and (3), one gets 0 = 2 κ^2

Ḣ + ϕ̇^2 − 8H^2 d^2ξ^1(ϕ(t)) dt^2 − 16HḢ dξ_1(ϕ(t)) dt + 8H^3 dξ_1(ϕ(t)) dt = 2 κ^2

Ḣ + ϕ̇^2 − 8a d dt ( H^2 a dξ_1(ϕ(t)) dt ) . (5)

Eq. (5) can be solved with respect to ξ_1(ϕ(t)), as

ξ_1(ϕ(t)) = 1 8 ∫_t dt_1 a(t_1) H(t_1)^2

W (t_1) , W (t) ≡ ∫_t dt_1 a(t_1) ( 2 κ^2

Ḣ(t_1) + ϕ̇(t_1)^2 ) . (6)

Combining (2) and (6), the scalar potential V (ϕ(t)) is:

V (ϕ(t)) = 3 κ^2

H(t)^2 − 1 2 ϕ̇(t)^2 − 3a(t)H(t)W (t) . (7)

We now identify t with f(ϕ) and H with g^′(t), where f and g are some functions. Such identification has a close analogy with the method suggested for the reconstruction of the scalar-tensor theory in Ref. [19]. Let us consider the model where V (ϕ) and ξ_1(ϕ) can be expressed in terms of two functions f and g as

V (ϕ) = 3 κ^2 g^′ (f(ϕ))^2 − 1 2f^′(ϕ)^2

− 3g^′ (f(ϕ)) e^{g(f (ϕ))}U(ϕ)

ξ_1(ϕ) = 1 8 ∫_ϕ dϕ_1 f^′(ϕ_1)e^{g(f (ϕ1 ))}

g^′ (f(ϕ_1))^2

U(ϕ_1) , U(ϕ) ≡ ∫_ϕ dϕ_1f^′(ϕ_1)e^{−g(f (ϕ1))} ( 2 κ^2 g^{′′} (f(ϕ_1)) + 1 f^′(ϕ_1)^2 ) . (8)

By choosing V (ϕ) and ξ_1(ϕ) as (8), we find the following solution for Eqs.(2) and (3) (compare with [19]):

ϕ = f^{−1}(t) (t = f(ϕ)) , a = a_0e^{g(t)} (H = g^′(t)) . (9)

One can straightforwardly check that the solution (9) satisfies the field equation (4) [13].

One should now suggest some realistic ansatze for scale factor and scalar. Our choice below is motivated by the possibility to realize the matter dominated stage as well as cosmic acceleration for such scale factor. The choice of scalar is dictated by the consistency with scale factor and simplicity condition. Nevertheless, still it remains some arbytraryness in our choice so several examples will be discussed.

Consider now as an example the metric

e^{g(t)} = ( t t_0 )_{g1} e^{g0 t} , ϕ = f^{−1}(t) = ϕ_0 ln t t_0

, (10) where t_0, g_0, g_1, and ϕ_0 are constants. One further chooses

ϕ^2_0 =

2g_1 κ^2

. (11)

Then U is a constant U = U_0, and

V (ϕ) = 3 κ^2 ( g_0 + g_1 t_0 e^{−ϕ/ϕ0} )_2 − g_1 κ^2t^2_0 e^{−2ϕ/ϕ0} − 3U_0 ( g_0 + g_1 t_0 e^{−ϕ/ϕ0} ) e^{g1 ϕ/ϕ0} e^{g0t0 eϕ/ϕ0} , ξ_1(ϕ) =

U_0 8 ∫_{t0e}ϕ/ϕ0 dt_1 ( g_0 + g_1 t_1 )_{−2} ( t t_0 ) e^{g0 t} . (12)

Eq. (10) leads to

H = g_0 + g_1 t . (13)

Hence, when t is small, the second term in (13) dominates and the scale factor behaves as a ∼ t^{g1} . Therefore, if g_1 = 2/3, a matter-dominated period, where a scalar may be identified with matter, could be realized. On the other hand, when t is large, the first term in (13) dominates and the Hubble rate H becomes constant. Therefore, the universe is asymptotically de Sitter space, which is an accelerating universe. The three-year WMAP data are analyzed in Ref. [20], which shows that the combined analysis of WMAP with the supernova Legacy survey (SNLS) constrains the dark energy equation of state w_{DE} pushing it clearly towards the cosmological constant value. The marginalized best fit values of the equation of state parameter at 68% confidence level are given by −1.14 ≤ w_{DE} ≤ −0.93. In case one takes as a prior that the universe is flat, the combined data gives −1.06 ≤ w_{DE} ≤ −0.90. As in our model the universe goes asymptotically to de Sitter space, we find w_{DE} → −1. Therefore, it can easily accommodate these values of w_{DE} . For example, if g_0 ≃ 40, w_{DE} = −0.98.

In the limit U_0 → 0, the Gauss-Bonnet term in (1) vanishes and the action (1) reduces into that of the usual scalar tensor theory with potential

V (ϕ) = 3 κ^2 ( g_0 + g_1 t_0 e^{−ϕ/ϕ0} )_2 − g_1 κ^2t^2_0 e^{−2ϕ/ϕ0} , (14)

which reproduces the result in [21].

Let us now consider a second example. In Einstein gravity with a cosmological constant and matter characterized by the EOS parameter w, the FRW equation has the following form: 3 κ^2

H^2 = ρ_0a^{−3(1+w)} + 3 κ^2l^2

. (15)

Here l is the length parameter coming from the cosmological constant. The solution of (15) is given by a = a_0e^{g(t)} , g(t) = 2 3(1 + w) ln ( α sinh ( 3(1 + w) 2l (t − t_0) )) . (16)

Here t_0 is a constant of the integration and

α^2 ≡ 1 3 κ^2l^2ρ_0a^{−3(1+w)}

0 . (17)

We now reconstruct the scalar-Gauss-Bonnet gravity model reproducing (16). If a function g(t) is given by (16) and f(ϕ) is given by

f(ϕ) = t_0 − 2l 3(1 + w) ln tanh ( − κ √ 3(1 + w) 4 ϕ ) , (18)

U(ϕ) in (8) becomes a constant again, U = U_0. Then, V (ϕ) and ξ(ϕ) are found to be

V (ϕ) = 3 κ^2l^2 cosh^2 ( κ √ 3(1 + w) 2 ϕ ) − 3(1 + w) 2l^2κ^2 sinh^2 ( κ √ 3(1 + w) 2 ϕ )

− 3U_0 l cosh ( κ √ 3(1 + w) 2 ϕ ) { − 1 α sinh ( κ √ 3(1 + w) 2 ϕ )}_{−2/(3(1+w))} ,

ξ_1(ϕ) = − αU_0l^3κ 8 √ 3(1 + w) ∫_ϕ dϕ_1 cosh^{−2} ( κ √ 3(1 + w) 2 ϕ_1 ) { − 1 α sinh ( κ √ 3(1 + w) 2 ϕ_1 )}_{−2/(3(1+w))−1} , (19) which again reproduces the result in [21] in the limit of U_0 → 0. Thus, the scalar-Gauss-Bonnet gravity with the scalar potentials under considerations reproduces the exact ΛCDM cosmology.

Eq. (16) shows that when t ∼ t_0, the scale factor behaves as a ∼ (t − t_0)^{2/(3(1+w))}. Therefore, if w = 0, the matter-dominated period can be reproduced. On the other hand, when t → ∞, a behaves as a ∼ e^{t/l}, which tells us that the universe goes asymptotically to de Sitter space, with w_{DE} → −1. Therefore, it could be consistent with WMAP and also with the combined data.

The Gauss-Bonnet term is usually induced in low-energy string theory. Hence, the string theories could determine the form of the functions V (ϕ) and ξ_1(ϕ). In fact, various types of string compactification give the exponential potentials V (ϕ) and the exponential function for ξ_1(ϕ). Then the functions V (ϕ) and ξ_1(ϕ) given in this section, if they are rather simple, could be given by such compactified string theories. At present, we do not know the theory which could give rather complicated functions V (ϕ) and ξ_1(ϕ) as in (19). We cannot, however, exclude such models, which might appear in future. Such functions might be related with non-perturbative string effects. In our formulation, the universe expansion history dictates the possible forms of V (ϕ) and ξ_1(ϕ), which may be obtained from (some) string compactifications and the non-perturbative effects.

III. F (G) GRAVITY RECONSTRUCTION FROM THE UNIVERSE EXPANSION HISTORY AND ITS STABILITY

We can extend the formulation in the previous section to F (G) gravity [7], whose action is given by S = ∫ d^4x √ −g [ R 2κ^2

+ F (G) ] (20)

The above action can be rewritten by introducing the auxilliary scalar field ϕ as [13] S = ∫ d^4x √ −g [ R 2κ^2 − V (ϕ) − ξ_1(ϕ)G ] . (21)

By variation over ϕ, one obtains

0 = V^′(ϕ) + ξ^′_1(ϕ)G , (22)

which could be solved with respect to ϕ as

ϕ = ϕ(G) . (23)

By substituting the expression (23) into the action (21), we obtain the action of F (G) gravity, with

F (G) = −V (ϕ(G)) + ξ_1 (ϕ(G)) G . (24)

Note that the action (21) can also be obtained by dropping the kinetic term of ϕ from the action (1).

Assuming a spatially-flat FRW universe and the scalar field ϕ to depend only on t, we obtain the field equations corresponding to (2) and (3):

0 = − 3 κ^2

H^2 + V (ϕ) + 24H^3 dξ_1(ϕ(t)) dt , (25) 0 = 1 κ^2 ( 2Ḣ + 3H^2 ) − V (ϕ) − 8H^2 d^2ξ_1(ϕ(t)) dt^2 − 16HḢ dξ_1(ϕ(t)) dt − 16H^3 dξ_1(ϕ(t)) dt . (26)

Combining the above equations, one gets 0 = 2 κ^2

Ḣ − 8H^2 d^2ξ^1(ϕ(t)) dt^2 − 16HḢ dξ_1(ϕ(t)) dt + 8H^3 dξ_1(ϕ(t)) dt = 2 κ^2 Ḣ − 8a d dt ( H^2 a dξ_1(ϕ(t)) dt ) , (27)

which can be solved with respect to ξ_1(ϕ(t)) as

ξ_1(ϕ(t)) = 1 8 ∫_t dt_1 a(t_1) H(t_1)^2

W (t_1) , W (t) ≡ 2 κ^2 ∫_t dt_1 a(t_1)

Ḣ(t_1) . (28)

Combining (25) and (28), the expression for V (ϕ(t)) follows:

V (ϕ(t)) = 3 κ^2

H(t)^2 − 3a(t)H(t)W (t) . (29)

As there is a freedom of redefinition of the scalar field ϕ (which corresponds to the choice f(ϕ) = ϕ in the last section), we may identify t with ϕ. Hence, we consider the model where V (ϕ) and ξ_1(ϕ) can be expressed in terms of a single function g as

V (ϕ) = 3 κ^2 g^′ (ϕ)^2 − 3g^′ (ϕ) e^{g(ϕ)}U(ϕ) ,

ξ_1(ϕ) = 1 8 ∫_ϕ dϕ_1 e^{g(ϕ1)} g^′(ϕ_1)^2

U(ϕ_1) , U(ϕ) ≡ 2 κ^2 ∫_ϕ dϕ_1e^{−g(ϕ1)}g^{′′} (ϕ_1) . (30)

By choosing V (ϕ) and ξ_1(ϕ) as (30), one can easily find the following solution for Eqs.(25) and (26):

a = a_0e^{g(t)} (H = g^′(t)) . (31)

After that, one can reconstruct F (G) gravity in a way very similar to the scalar-Gauss-Bonnet theory in the last section.

Although the above formulation is very similar to that in the scalar-Gauss-Bonnet theory, there could be some difference: in scalar-GB gravity, since the scalar field has a kinetic term, it can propagate and there can be the possibility to generate an extra force besides the Newtonian one. On the other hand, F (G) gravity has no kinetic term for the scalar field and an extra force cannot be generated. In fact, one can consider the perturbation around the de Sitter background (compare with section five), by writing the metric as g_{μν} = g_{(0)μν} + h_{μν} . Here, the Riemann tensor in the de Sitter background is given by

R_{(0)μνρσ} = H^2_0 ( g_{(0)μρ}g_{(0)νσ} − g_{(0)μσ}g_{(0)νρ} ) . (32)

The flat background corresponds to the limit H_0 → 0. For simplicity, if we choose the gauge conditions g^{μν}_{(0)}h_{μν} = ∇^μ_{(0)}h_{μν} = 0, we find from the equation of motion without the energy-momentum tensor, 0 = 1 4κ^2 ( ∇^2h_{μν} − 2H^2_0 h_{μν} ) . (33)

Since the contribution form the Gauss-Bonnet term does not appear except in the length parameter 1/H_0 of the de Sitter space, the only propagating mode should be the graviton in the F (G) gravity.

Let us now investigate the stability of cosmological solutions in F (G) gravity. The stability study of such theory on a de Sitter background will be presented in seventh section where constraints to F (G) from stability condition will be defined. For V (ϕ) and ξ_1(ϕ) given by (30), Eqs.(22) and (25) yield

Ḣ = −H^2 + g^′(ϕ)^2 H^2 ( g^{′′}(ϕ) + g^′(ϕ)^2 ) , ϕ̇ = g^′(ϕ)^3 H^3 + g^′(ϕ)^2 κ^2H^3 e^{−g(ϕ)} ( H^2 − g^′(ϕ) ) . (34)

We now consider the perturbation of solution (31), that is,

H = g^′(t) , ϕ = t , (35) as H = g^′(t) + δH , ϕ = t + δϕ . (36)

Here it is asuumed that δH and δϕ only depend on time t. From (34), we obtain d dt ( δH δϕ ) = M ( δH δϕ ) ,

M = −^{2g′′ (t)}_{g′ (t)} − 4g^′(t) g^{′′′}(t) + 4g^′(t)g^{′′}(t) +^{2g′′ (t)2}_{g′ (t)} −^3_{g′ (t)} +^{2e−g(t)}_{κ2} − ( −^3_{g′ (t)} +^{2e−g(t)}_{κ2} ) g^{′′}(t) . (37)

If the two real parts of both eigenvalues are either negative or vanish, the system turns out to be stable under the perturbation. If λ is the eigenvalue, the corresponding eigenvalue equations are written as

0 = λ^2 − ( − g^{′′}(t) g^′(t) − 4g^′(t) − 2g^{′′}(t)e^{−g(t)} κ^2 ) λ + ( 3 g^′(t) − 2e^{−g(t)} κ^2 ) g^{′′′}(t) , (38) whose determinant is given by D = ( − g^{′′}(t) g^′(t) − 4g^′(t) − 2g^{′′}(t)e^{−g(t)} κ^2 )2 − 4 ( 3 g^′(t) − 2e^{−g(t)} κ^2 ) g^{′′′}(t) . (39) The solutions of (38) are λ = λ_± ≡ 1 2 ( − g^{′′}(t) g^′(t) − 4g^′(t) − 2g^{′′}(t)e^{−g(t)} κ^2 ± √ D ) . (40)

When D < 0, the eigenvalues are complex and, in order that the real parts are negative (as required for stability), we have A(t) ≡ − g^{′′}(t) g^′(t) − 4g^′(t) − 2g^{′′}(t)e^{−g(t)} κ^2

< 0 . (41)

When D > 0, both eigenvalues are negative and the system is stable if and only if A(t) = − g^{′′}(t) g^′(t) − 4g^′(t) − 2g^{′′}(t)e^{−g(t)} κ^2 < 0 , B(t) ≡ ( 3 g^′(t) − 2e^{−g(t)} κ^2 ) g^{′′′}(t) > 0 . (42)

One may investigate the stability of the cosmological solution (13): g(t) = ∫ dt H = g_0t + g_1 ln t t_0

. (43)

Here t_0 is a constant of the integration. Let us consider the case that g_1 = 2/3, which corresponds to dust. In the early universe, where t → 0, we find A(t) ∼ 4t^{2/3}_0 3κ^2 t^{−8/3} > 0 . (44)

Hence, the solution is unstable, which is the typical property of the early-time universe. On the other hand, in the late universe, where t → ∞, one finds A(t) ∼ −4g_0 < 0 , B(t) ∼ 6 g_0t^2

> 0 . (45)

Thus, the solution is stable and the future universe does not enter into any Big Rip-like era[22].

We also investigate the stability of the ΛCDM cosmology corresponding to (16). It is convenient to consider the case that w = 0, which corresponds to dust. Hence, in the early universe, where t → t_0, we find A(t) ∼ 4 3κ^2 ( 2l 3α )_{2/3} (t − t_0)^{−8/3} > 0 . (46)

Therefore, the solution is unstable. On the other hand, in the late universe, it follows that A ∼ − 4 l < 0 , B(t) ∼ 54 l^2 e^{−3(t−t0)/l} > 0 . (47)

Thus, the solution is stable again.

In general, one can consider the case when g(t) behaves asymptotically (that is, in either the early or the late universe) as

g(t) = h_0 ln t t_0

. (48)

The case h_0 = 2/3 corresponds to dust dominated universe. For simplicity, we only consider the case that h_0 > 0 (non-phantom case). Then, we find A(t) = 1 − 4h_0 t + 2h_0t^{h0}_0 κ^2 t^{−h0 −2} , B(t) = ( 3 h_0 t − 2 κ^2 ( t t_0 )_{−h0} ) 2h_0 t^3

. (49)

When 0 < h_0 < 1/4, it always follows that A(t) > 0; therefore, the solution is unstable. In the early universe, where t → 0, A(t) behaves as A(t) ∼ 2h_0 κ^2 ( t t_0 )_{−h0} 1 t^2

> 0 . (50)

As a consequence the solution is always unstable in the early universe. The early universe instability indicates that the simple solution (43) is unstable and the inflationary epoch should end as is widely expected.

On the other hand, in the late universe, where t → ∞, we find A(t) ∼ 1 − 4h_0 t , B(t) ∼ 6 t^2

> 0 . (51)

Then as long as h_0 > 1/4, the solution should be stable.

We have thus presented several examples of the reconstruction program of modified Gauss-Bonnet gravity from the universe expansion history which include the epochs of early-time inflation, the matter dominated era, the decelerationacceleration transition, and the acceleration epoch. The stability conditions of such ΛCDM-like cosmology have been investigated, showing that the late universe can indeed be stable, without exhibiting any type of Big Rip behavior (for their classification, see [23]). In a similar way, one can consider dark energy cosmology in other versions of the modified Gauss-Bonnet theory [7, 12, 24] and relate them with the radiation and matter-dominated epochs.

IV. RECONSTRUCTION OF MODIFIED GAUSS-BONNET GRAVITY WITH MATTER

It is not difficult to extend the above formulation in scalar-Gauss-Bonnet gravity and F (G) gravity to include several matter terms with constant equation of state (EoS) parameters w_i ≡ p_i/ρ_i. Here ρ_i and p_i are the energy density and pressure of the i-th matter term. We now include several kinds of matter, like radiation, baryons, cold dark matter, etc. Then, instead of (2) and (3) or (25) and (26), the corresponding FRW equations are given as

0 = − 3 κ^2

H^2 + η 2 ϕ̇^2 + V (ϕ) + ∑ i ρ_i + 24H^3 dξ_1(ϕ(t)) dt , (52) 0 = 1 κ^2 ( 2Ḣ + 3H^2 ) + η 2 ϕ̇^2 − V (ϕ) + ∑ i p_i − 8H^2 d^2ξ_1(ϕ(t)) dt^2 − 16HḢ dξ_1(ϕ(t)) dt − 16H^3 dξ_1(ϕ(t)) dt . (53)

Here η = 1 corresponds to scalar-Gauss-Bonnet gravity and η = 0 to F (G) gravity in the form (21). The energy conservation law

ρ̇_i + 3H (ρ_i + p_i) = 0 , (54)

gives

ρ_i = ρ_{i0}a^{−3(1+wi)} , (55)

with a constant ρ_{i0}. Instead of (8), one should consider the model with

V (ϕ) = 3 κ^2 g^′ (f(ϕ))^2 − η 2f^′(ϕ)^2

− 3g^′ (f(ϕ)) e^{g(f (ϕ))}U_m(ϕ) ,

ξ_1(ϕ) = 1 8 ∫_ϕ dϕ_1 f^′(ϕ_1)e^{g(f (ϕ1))}U_m(ϕ_1) g^′ (f(ϕ_1))^2 ,

U_m(ϕ) ≡ ∫_ϕ dϕ_1f^′(ϕ_1)e^{−g(f (ϕ1))} ( 2 κ^2 g^{′′} (f(ϕ_1)) + η 2f^′(ϕ_1)^2 + ∑ i (1 + w_i)ρ_{i0}a_0e^{−3(1+wi )g(f (ϕ1))} ) . (56)

In this way we re-obtain the solution (9), also in the case when matter is included. This expression is different from (8) due to the last terms in U_m, that is, the terms proportional to ρ_{i0}. This term appears since we include matter. In (8), even without matter, the transition from the matter dominated phase to acceleration can occur. Therefore in order that the transition could occur, we need not alway the matters themselves. In the real universe, of course, there are matters as in the model in this section. If we consider the model where V (ϕ) and ξ_1(ϕ) are given in (56) but matters are not included, the matter dominated phase would not appear. Then in the model (56) with matter, the matter dominated phase to the acceleration phase occurs not only due to pure Gauss-Bonnet term effects but due to combined effect of Gauss-Bonnet term and matter presence.

In case of F (G) gravity with η = 0, we can choose f(ϕ) = ϕ. Then, expressions (56) can be simplified:

V (ϕ) = 3 κ^2 g^′ (ϕ)^2 − 3g^′ (ϕ) e^{g(ϕ)}Ũ_m(ϕ) ,

ξ_1(ϕ) = 1 8 ∫_ϕ dϕ_1 e^{g(ϕ1 )}Ũ_m(ϕ_1)

g^′(ϕ_1)^2 , Ũ_m(ϕ) ≡ ∫_ϕ dϕ_1e^{−g(ϕ1)} ( 2 κ^2 g^{′′} (ϕ_1) + ∑ i (1 + w_i)ρ_{0i}a_0e^{−3(1+wi)g(ϕ1)} ) . (57)

It is instructive to consider an example of F (G) gravity with only dust as matter, which could be baryons and dark matter with w = 0, and g given by g(ϕ) = 2 3 ln (sinh (Cϕ)) , C ≡ 2 3 √ ρ_{0d}a_0κ^2 3 . (58)

This g(ϕ) corresponds to (16) with only dust: w = 0. Here g(ϕ) is written in a little bit different way as will soon be seen. Eq. (58) shows that U is a constant U = U_0, and

V (ϕ) =

2C^2 κ^2 coth^2(Cϕ) − 3CU_0 coth(Cϕ) sinh^{2/3}(Cϕ) ,

ξ_1 =

U_0 8 ∫_ϕ dϕ_1 sinh^{−4/3}(Cϕ) cosh^2(Cϕ) . (59)

Eq. (58) indicates that, when ϕ = t is small, g(ϕ) behaves as g(ϕ) ∼ (2/3) ln ϕ and, therefore, the Hubble rate behaves as H(t) = g^′(t) ∼ (2/3)/t, which surely reproduces the matter dominated phase. On the other hand, when ϕ = t is large, g(ϕ) behaves as g ∼ (2/3)(Cϕ), that is, H ∼ 2C/3 and the universe asymptotically goes to de Sitter space. Therefore, the model given by (59) with matter shows the transition from the matter dominated phase to the acceleration universe, which is asymptotically de Sitter space. In fact, by comparing (58) with (16), one can identify

α = 1 , C =

3(1 + w) 2l . (60)

We now check if the transition from the matter dominated phase to the acceleration phase could occur or not in this model without matter. It can be shown that, if one assumes the existence of the matter dominated phase, a contradiction appears. Note that in this model without matter, there is no reason to identify ϕ with t. Eq. (22) gives

0 = −

4C^2 κ^2 cosh(Cϕ) sinh^3(Cϕ)

+ B^2U_0 sinh^{−4/3}(Cϕ) ( 3 − 2 cosh^2(Cϕ) ) + U_0 8 sinh^{−4/3}(Cϕ) cosh^2(Cϕ) G . (61)

In the matter dominated phase, the curvature R and, therefore, the Gauss-Bonnet invariant should be large. Then Eq. (61) tells us that ϕ should be small in the matter dominated phase, and we find G ∼ 32C^{1/3} κ^2U_0 ϕ^{−5/3} . (62)

On the other hand, in the matter dominated phase, the Hubble rate H(t) behaves as H ∼ (2/3)/t and, therefore,

G = 24 ( H^2Ḣ + H^4 ) ∼ − 64 27t^4

. (63)

Comparing (63) with (62), it follows that ϕ ∼ t^{12/5}. Hence, V (ϕ) ∼ 2C^2 κ^2ϕ^2

∼ t^{−24/5} , ξ_1 ∼ −

3U_0 8B^{4/3} ϕ^{−1/3} ∼ t^{−4/5} . (64)

This behavior is in conflict with (25). The first equation (25) may be written as the usual FRW equation with an inhomogeneous EoS ideal fluid [25] (for a particular example of such an inhomogeneous EoS ideal fluid interpreted as time-dependent bulk viscosity, see [26]) 3 κ^2

H^2 = ρ_G , ρ_G ≡ V (ϕ) + 24H^3 dξ_1(ϕ(t)) dt . (65)

Eqs.(63) and (64) show that ρ_G behaves as t^{−24/5}, but H^2 behaves as t^{−2}. Therefore, there is a discrepancy between the power of t on both sides of (65). Thus, the matter dominated phase can in no way be realized without matter, and consequently the model (59) does not generate the transition from the matter dominated phase to the acceleration phase without matter.

As the EoS parameter of the dark energy in the present universe is almost −1, the universe could approach the de Sitter space asymptotically. Let us consider the form of the action when the universe does become de Sitter space. We now assume

g(t) = H_0t , f(ϕ) = f_0ϕ . (66)

Here H_0 and f_0 are constant. Since the Hubble parameter H is given by H = ġ = H_0, the universe is in fact de Sitter space. For F (G) gravity, one may put f_0 = 1. It follows that

U_m(ϕ) = − η 2H_0f^2_0 e^{−H0 f0ϕ} + ∑ i (1 + w_i)ρ_{i0}a_0 (2 + 3w_0)H_0 e^{(2+3wi)H0 f0 ϕ} + U_0 ,

V (ϕ) =

3H^2_0 κ^2 + η f^2_0 − ∑ i 3(1 + w_i)ρ_{i0}a_0

2 + 3w_i e^{3(1+wi)H0 f0 ϕ} − 3H_0U_0e^{H0f0 ϕ} ,

ξ_1(ϕ) = − ηϕ 16H^3_0 f_0 + ∑ i (1 + w_i)ρ_{i0}a_0 24 (1 + w_i) (2 + 3w_i) H^4_0 e^{3(1+wi)H0 f0 ϕ} +

U_0 8H^3_0 e^{H0f0 ϕ} + ξ_0 . (67)

Here U_0 and ξ_0 are integration constants. Effectively ξ_0 = 0, since a constant times the GB term is a total derivative. Even in the presence of matter, the de Sitter universe could still be realized by adding an exponential potential and the GB coupling.

It is interesting to consider the effect of matter to the corresponding cosmology (16). This could be done by adding the part compensating the contribution from matter to U(ϕ), which is chosen to be a constant in the model (16), as

U_m(ϕ) = U_0 + ∑ i U_i(ϕ) ,

U_i(ϕ) ≡ (1 + w_i) ρ_{i0}a_0 ∫_{f (ϕ)} dt { α sinh ( 3(1 + w) 2l (t − t_0) )}_{−(4+3wi )/3(1+w)} . (68)

Then V (ϕ) and ξ_1(ϕ) (19) are modified as

V (ϕ) = 3 κ^2l^2 cosh^2 ( κ √ 3(1 + w) 2 ϕ ) − 3(1 + w)

2l^2κ^2 sinh^2 ( κ √ 3(1 + w) 2 ϕ )

− 3 l ( U_0 + ∑ i U_i(ϕ) ) cosh ( κ √ 3(1 + w) 2 ϕ ) { − 1 α sinh ( κ √ 3(1 + w) 2 ϕ )}_{−2/(3(1+w))} ,

ξ_1(ϕ) = − αl^3κ 8 √ 3(1 + w) ∫_ϕ dϕ_1 ( U_0 + ∑ i U_i(ϕ_1) )

× cosh^{−2} ( κ √ 3(1 + w) 2 ϕ_1 ) { − 1 α sinh ( κ √ 3(1 + w) 2 ϕ_1 )}_{−2/(3(1+w))−1} , (69)

Therefore, there exists a scalar-GB gravity which shows the transition from the matter dominated phase to the acceleration phase, even in the presence of matter. This theory could be regarded as an extension of (58) with only dust (baryon and/or dark matter). Thus, in the model (68) without matter, the matter dominated phase cannot be realized and therefore the transition from the matter dominated phase to the acceleration era does not occur.

Let us investigate the asymptotic behavior of U_i(ϕ) in (68). When t = f(ϕ) → t_0, one gets U_i(ϕ) → 2l α {−1 + 3(w − w_i)} { 3α(1 + w) 2l (f(ϕ) − t_0) }_{{−1+3(w−wi)}/3(1+w)} . (70)

When the model containing the matter dominated phase is considered, one can find w = 0. Since usually w_i ≥ 0, the power [−1 + 3(w − w_i)] /3(1 + w) could be always negative. Hence, U_i(ϕ) could be singular when t = f(ϕ) → t_0. This is not something extraordinary. For example, the scale factor of the FRW universe with matter, whose EoS parameter is a constant w, behaves as a ∼ t^{− 23(1+w)} , which is singular at t = 0.

On the other hand, when t = f(ϕ) → ∞, we find U_i(ϕ) → U_{iF} − ( α 2 )_{−(4+3wi)/3(1+w)} 2l 4 + 3w_i exp ( − 4 + 3w_i 2l (f(ϕ) − t_0) ) . (71)

Here U_{iF} is an integration constant. When t = f(ϕ) → ∞, the second term vanishes very rapidly. We may choose U_{iF} = 0. Thus, in the case U_0 ≠ 0, the corrections generated by adding matter could be neglected. These corrections become important only when t = f(ϕ) → t_0, which may correspond to the early universe.

Our study shows the existence of a big class of modified Gauss-Bonnet gravity models with matter where the cosmological sequence of matter dominance, deceleration-acceleration transition and cosmic acceleration occur only in the presence of matter.

V. A COMPENSATING DARK ENERGY

Some versions of scalar-Gauss-Bonnet or f(G) gravity (with specific potentials) do not have a matter dominated stage as a solution, not even in the presence of matter. Similarly, some of them have a stable matter dominated era as a solution, hence, no transition to an acceleration epoch occurs. It is remarkable that even in this case, a realistic cosmology may emerge at the price of introducing a compensating dark energy. Such scenario has been proposed in Ref. [16], based on the example of modified gravity of Ref. [27]. Let us introduce a compensating dark energy, which could be an ideal fluid and may help to realize the matter dominated and deceleration-acceleration transition phases in modified GB gravity. One may question the necessity of such ideal fluid, saying, that already the Einstein gravity with negative pressure ideal fluid may describe the acceleration of the universe. The below scenario is more sophisticated: it is supposed that the acceleration is produced by scalar-GB interaction and compensating dark energy is negligible in the late epoch. (Hence, without GB term no cosmic acceleration occurs). The role of compensating dark energy is relevant only in matter dominated era: it helps in the realization of matter dominance.

When the energy density ρ_c and p_c of the compensating dark energy are added, the FRW equations become

0 = − 3 κ^2

H^2 + η 2 ϕ̇^2 + V (ϕ) + 24H^3 dξ^1(ϕ(t)) dt + ρ_c + ρ_m , (72) 0 = 1 κ^2 ( 2Ḣ + 3H^2 ) + η 2 ϕ̇^2 − V (ϕ) − 8H^2 d^2ξ^1(ϕ(t)) dt^2 − 16HḢ dξ_1(ϕ(t)) dt − 16H^3 dξ_1(ϕ(t)) dt + p_c + p_m . (73)

Here, ρ_m and p_m are contributions from matter, which may also include dark matter. In the matter dominated phase, the contribution from the scalar-GB terms could correspondingly be canceled by that coming from the compensating dark energy. In other words, in the matter dominated era the following conditions hold ρ_c ∼ − { η 2 ϕ̇^2 + V (ϕ) + 24H^3 dξ^1(ϕ(t)) dt } , (74) p_c ∼ − { η 2 ϕ̇^2 − V (ϕ) − 8H^2 d^2ξ^1(ϕ(t)) dt^2 − 16HḢ dξ_1(ϕ(t)) dt − 16H^3 dξ_1(ϕ(t)) dt } . (75)

If matter is dust, as baryons or cold dark matter, the Gauss-Bonnet invariant G behaves as (63).

For simplicity, we will first consider F (G) gravity with η = 0. When H = h/t, G is given by G = 24h^3(h − 1)/t^4. Then G changes its sign when h = 1. In the decelerating universe, h < −1, but in the accelerating one the sign of h changes: h > −1. When the decelerating universe turns to the accelerating phase, G changes its sign. In this case, solving (22), if we do not choose V (ϕ) and ξ_1 properly, there is no solution. In the case H = h/t, Eqs. (30) yield

V (ϕ) =

3h^2(h − 1) (h + 1)κ^2ϕ^2

, ξ_1(ϕ) = ϕ^2 8h(h + 1)κ^2

. (76)

We now consider a new model by replacing h in (76) with h(ϕ), adiabatically depending on ϕ, so that one can neglect all derivatives h^′(ϕ), h^{′′}(ϕ), · · ·:

V (ϕ) =

3h(ϕ)^2(h(ϕ) − 1) (h(ϕ) + 1)κ^2ϕ^2

, ξ_1(ϕ) = ϕ^2 8h(ϕ)(h(ϕ) + 1)κ^2

. (77)

Using (22) and neglecting h^′(ϕ), h^{′′}(ϕ), · · ·, we find, as expected,

ϕ^2 =

24h(ϕ)^3 (1 − h(ϕ)) G . (78)

As the adiabatic approximation is used, our identification ϕ = t can again be introduced. For the matter dominated era, by using (74) and (75), we find ρ_c ∼ − 3h(t)^2

ϕ^2 , p_c ∼ h(3h(t) − 2) κ^2ϕ^2

, (79)

which gives the EoS parameter

w_c = p_c ρ_c ∼ 2 − 3h 3h . (80)

Hence, when h → 2/3, which corresponds to dust, w_c → 0 as expected. We should note that the energy density of the compensating dark energy ρ_c is now negative, which might be possible if there is a negative cosmological constant (for instance, the one produced by anti-deSitter space), which effectively shifts the energy a by negative constant.

We now consider the scalar-Gauss-Bonnet theory (with η = 1) of Ref. [5], where

V = V_0e^{− 2ϕϕ0} , ξ_1(ϕ) = ξ_0e^{2ϕϕ0} . (81)

Without matter, the theory with those potentials (81) can be solved [5]

H =^{h0}_t , ϕ = ϕ_0 ln^t_{t1} , (when h_0 > 0) , H = −^{h0}_{ts−t} , ϕ = ϕ_0 ln^{ts−t}_{t1} , (when h_0 < 0) . (82)

Here h_0 and t_1 are related with V_0 and ξ_0, as

V_0t^2_1 = − 1 κ^2 (1 + h_0) { 3h^2_0 (1 − h_0) + ϕ^2_0κ^2 (1 − 5h_0) 2 } , 48ξ_0h^2_0

t^2_1 = 6 κ^2 (1 + h_0) ( h_0 − ϕ^2_0κ^2 2 ) . (83)

Since the above h_0 is a constant, the EoS parameter w is also a constant. Therefore, in this model without matter and compensating dark energy, the transition from the matter dominated phase to the acceleration phase could not be generated.

In the following, it is enough to consider the case with h_0 > 0 only. Let us now add the contribution from the compensating dark energy and usual matter, and assume H(t) = h(t)/t with a slowly varying function h(t). The time dependence of ϕ can be determined by solving the scalar field equation (4). Neglecting h^′(ϕ), h^{′′}(ϕ), · · · in the adiabatic regime, we get

ϕ = ϕ_0 ln t t_1(t)

. (84)

Here t_1(t) is found from the following equation

0 = (1 − 3h(t)) ϕ^2_0 + 2V_0t_1(t)^2 −

48ξ_0h(t)^3 t^2_1

(h(t) − 1) . (85)

Hence, in the matter dominated phase, Eqs. (74) and (75) are ρ_c ∼ − { ϕ^2_0 2 + V_0 + 48ξ_0h(t)^3 } 1 t^2

, (86) p_c ∼ − { ϕ^2_0 2 − V_0 + 16ξ_0h(t)^2 (1 − 2h(t)) } 1 t^2

, (87)

which give the effective EoS parameter

w_c =

ϕ^2_0

2 − V_0 + 16ξ_0h(t)^2 (1 − 2h(t))

ϕ^2_0

2 + V_0 + 48ξ_0h(t)^3

. (88)

Thus, scalar-Gauss-Bonnet gravity with potentials (81) and without matter and/or compensating dark energy does not contain the transition from the matter dominated phase to the acceleration phase. Nevertheless, adding the matter and the compensating dark energy (86), the matter dominated phase could be realized even for the model (81), similarly to other classes of modified gravity [16]. As expressed in (74), the compensating dark dark energy cancels the contributions from the scalar-Gauss-Bonnet term in the early universe and, therefore, the system effectively reduces to Einstein gravity coupled with matter, where the matter dominated universe can in fact be generated. In the late universe, the contributions from matter and the compensating dark energy become small and the accelerated expanding universe naturally takes over. A similar scenario can be devised to improve the emergence of the matter dominance stage in other versions of modified gravity and scalar-tensor theories (for a recent study of accelerated cosmologies in scalar-tensor theories, see [28] and the references therein).

VI. DISCUSSION

In summary, we have tried to show in this paper that string-inspired scalar-Gauss-Bonnet gravity and modified Gauss-Bonnet gravity are indeed interesting alternatives for dark energy. These theories are in fact closely related and, what is also important, may have a stringy origin. Here, the reconstruction program from the universe expansion history for those theories has been carried out successfully. Several explicit examples of the same (with some specific potentials) have been presented where the cosmological sequence of the matter dominance, deceleration-acceleration transition and cosmic acceleration occurs very naturally. Moreover, the accelerated universe can be asymptotically de Sitter or it may correspond to an exact ΛCDM cosmology. The study of perturbations around the cosmological solutions above has been performed too. There is no problem to include usual matter with specific equation of state into such consideration. In that case, one can construct versions of the Gauss-Bonnet gravities above where a matter dominance period and a deceleration-acceleration transition occur only in the presence of matter. It is also remarkable that, even in the case when such intermediate universe is not a solution of some modified Gauss-Bonnet gravity, it can actually be made so, at the price of introducing some compensating dark energy.

Since the Gauss-Bonnet term is usually induced in low-energy string theory, the functions V (ϕ) and ξ_1(ϕ) could contain the information about the string compactification and/or stringy non-perturbative effects. By the reconstruction program in this paper, we suggested the possible forms of V (ϕ) and ξ_1(ϕ), which are cosmologically viable.

Due to the fundamental role of the de Sitter space which appears in our scenario as the final state of the universe, special attention has been paid to such space. In particular, the one-loop effective action of F (G) gravity has been found on the de Sitter background. This effective action was then used to derive stability criteria for the modified Gauss-Bonnet gravity theory. Some numerical examples showing explicit versions of modified Gauss-Bonnet gravity with a stable de Sitter vacuum have been presented.

The successful reconstruction of string-inspired, Gauss-Bonnet gravity from the universe expansion history, performed in the present work, shows that it actually represents a reasonable gravitational alternative for dark energy. Having in mind the promising results obtained in the comparison of such a theory with observational data (see, for example, [9]), it becomes clear that it deserves careful attention. Moreover, the theory successfully passes the check of the three-year WMAP observational data. Needless to say, as with any other alternative to General Relativity at the current and/or future universe, additional accurate checks regarding the solar system tests should still be carried out. Nevertheless, even if some problems could be encountered, there will always remain a reasonable chance that the situation improves by taking into account higher-order string corrections, as has been wisely indicated in Ref. [13]. The introduction of such higher-order string corrections in the above scenario will be discussed elsewhere.

Acknowledgements

Thanks are given to M. Sami and to M. Sasaki for very interesting discussions. This paper is an outcome of the collaboration program INFN (Italy)–DGICYT (Spain). It has been also supported in part by MEC (Spain), projects BFM2003-00620 and PR2006-0145, by JSPS (Japan) XXI century COE program of Nagoya University project 15COEEG01, by Monbusho grant no.18549001 (Japan), by LRSS project N4489.2006.02, by RFBR grant 06-01-00609 (Russia), and by AGAUR (Generalitat de Catalunya), contract 2005SGR-00790.

APPENDIX A: ONE-LOOP EFFECTIVE ACTION IN F (G) GRAVITY ON DE SITTER SPACE

The important issue in any fundamental gravitational theory is stability issue, as it indicates if some of the highly symmetric spaces (flat, de Sitter or Anti-de Sitter) could be the ground state. Having in mind that de Sitter space appears as classical solution of the above theory in the early as well as in the late universe we study stability of GB modified gravity in de Sitter space.

In order to study the stability of F (G) gravity, one possibility is to calculate the one-loop effective action on the corresponding background. It will be here shown that, in the calculation of the one-loop effective action in higherderivative gravity a multiplicative anomaly appears naturally. Thus, before starting the calculation we first review this concept in a general situation. The usual definition of the determinant of an operator, A, is done through its zeta function [29] ζ_A(s) = ∑ i∈I λ^{−s}_i = tr A^{−s}, where analytic continuation in s to cover the domain of the complex plain to the left of the abscissa of convergence s = s_0 is naturally assumed. Recall that s_0 = m/n, namely it is given by the dimension of the working space, m = dim M, divided by the order of the operator, n = ord A. For an elliptic operator of positive order on a compact manifold, satisfying the usual spectral condition (e.g. the presence of an Agmon- Nirenberg cut in the spectrum), the zeta function exists and has very nice general properties, as being meromorphic with possible single poles on integer and specific fractional positions s_k = (n − k)/m, k = 0, 1, 2, . . . , n − 1, n + 1, . . . of the negative real axis only [30]. The determinant of A is then given by [31]

det_ζ A = exp [−ζ^′_A(0)] . (A1)

This definition only depends on the homotopy class of the spectral cut.

Now, given the operators A, B and AB, even if ζ_A, ζ_B and ζ_{AB} exist, it turns out that, in general, det_ζ (AB) ≠ det_ζ A det_ζ B. The multiplicative, or noncommutative, or determinant anomaly (also called defect of the determinant) is defined as: δ(A, B) = ln [ det_ζ (AB) det_ζ A det_ζ B ] = −ζ^′_{AB} (0) + ζ^′_A(0) + ζ^′_B (0). (A2)

There is a useful formula due to Wodzicki for the multiplicative anomaly [32, 33]. In terms of Wodzicki’s residue: res A = 2 Res_{s=0} tr(AΔ^{−s}), Δ being the Laplacian operator, or equivalently, in local form using the symbol expansion, res A = ∫ S^∗M tr a−n(x, ξ) dξ, with S ∗M ⊂ T^∗M the co-sphere bundle on M, the multiplicative anomaly can be obtained as δ(A, B) = res { [ln σ(A, B)]^2 } 2 ord A ord B(ord A + ord B)

, σ(A, B) := Aord^B B^−ord^A. (A3)

Several implications of this multiplicative anomaly have been extensively discussed in the literature [34]. Here we consider a very different situation, never met before, namely the case when one of the two operators slowly vanishes owing to the change of a certain parameter, a situation that may be not too unfrequent. The main issue here is to check if, in fact, the shrinking operator could leave some imprint on the surviving operator, through the multiplicative anomaly term [34]. To simplify notation we will drop the ζ from the determinants hereafter.

Such anomaly appears basically in higher derivative gravities, like the R^2 theory, when one calculates the oneloop effective action in some background. This will precisely be case under consideration here. The anomaly may persist even after one of the operators shrinks, say as a consequence of time evolution or by the action of some other parameter, as we are now going to see. In fact, as an example, let us consider the uniparametric family of operators B_ϵ, where ϵ is a real parameter that will eventually go to zero, e.g., adiabatically. For further simplicity, let us just take that B_ϵ = ϵB, an overall constant factor. It is easy to see from its definition that the anomaly δ(A, B_ϵ) does not actually depend on ϵ, in fact δ(A, B_ϵ) = δ(A, B). (A4) And, again from the definition of the anomaly (A2), it turns out that in the limit when the B_ϵ operator adiabatically disappears, a contribution may remain, in the way that

det(AB_ϵ) det B_ϵ | | |_{ϵ→0} = det A · e^{δ(A,B)}. (A5)

This is again an implication of the presence of the multiplicative anomaly and, on its turn, of the definition of the zeta determinant. It contributes, generically, an additional term to the determinant of the resulting operator after taking the limit.

Now to the physics. Corresponding to the scalar version of F (G) gravity, we have the Euclidean action

S_E [g̃] = − 1 κ^2 ∫ d^4x √ g̃ [ R̃ − ε g̃^{ij} ∂^i ϕ̃∂_jϕ̃ 2 + F (ϕ̃) + F^′(ϕ̃)(G̃ − ϕ̃) ] , (A6)

which is equivalent to the modified Gauss-Bonnet gravity as investigated in [14]. In (A6) ϕ̃ is a scalar field which “on shell” becomes equal to the Gauss-Bonnet invariant G̃, g̃_{ij} is the metric, R̃ the related scalar curvature and finally F (ϕ̃) is an arbitrary smooth potential. An interesting observation is that the multiplicative anomaly commutes with the limit of the small parameter ϵ → 0. We will confirm that this is the case below. It may persist after the limit is enforced.

As it as been shown in [14], to ensure the existence of de Sitter solutions the function F has to satisfy the condition GF^′(G) − F (G) = R 2 , (A7)

where the quantities G and R are respectively the Gauss-Bonnet invariant and the scalar curvature related to the de Sitter constant solution.

Now we are going to consider small fluctuations around the constant curvature solution g_{ij} , associated with de Sitter solution, so we put

g̃_{ij} = g_{ij} + h_{ij} , h = g^{ij} h_{ij} , ϕ̃ = G + ϕ , (A8)

and we develop the action (A6) around the constant curvature solution up to second order in h_{ij} and ϕ. As usual all tensor indices are lowered and risen by means of g_{ij} . After a straightforward calculation, taking into account that we are dealing with a maximally symmetric space, for the quadratic part and disregarding total derivatives we obtain

L_2 =

−f_0 ĥ^2_{ij} 4 − R ĥ^2_{ij} 6 + f_1 R^2 ĥ^2_{ij} 6 + ĥ_{ij} Δ ĥ_{ij} 4 + f_1 R ĥ_{ij} Δ ĥ_{ij} 6 + f_0 R ξ_i^2 8 + R^2 ξ_i^2 16 − 31 f_1 R^3 ξ_i^2 288 + f_0 ξ_i Δ ξ_i 2 + R ξ_i Δ ξ_i 4 − 17 f_1 R^2 ξ_i Δ ξ_i 36 − f_1 R ξ_i Δ Δ ξ_i 6 + f_0 h^2 16 − f_2 ϕ^2 2 + f_1 h^2 R^2 48 − f_2 h ϕ R^2 6 − 3 h Δ h 32 + 5 f_1 h R Δ h 32 + ϵ ϕ Δ ϕ 2 − f_2 h R Δ ϕ 4 + h R Δ σ 16 − f_1 h R^2 Δ σ 16 + f_2 ϕ R^2 Δ σ 12 − f_0 R σ Δ σ 16 − R^2 σ Δ σ 32 + 17 f_1 R^3 σ Δ σ 288 + 3 h Δ Δ σ 16 − 3 f_1 h R Δ Δ σ 16 + f_2 ϕ R Δ Δ σ 4 − 3 f_0 σ Δ Δ σ 16 − R σ Δ Δ σ 8 + 3 f_1 R^2 σ Δ Δ σ 16 − 3 σ Δ Δ Δ σ 32 + f_1 R σ Δ Δ Δ σ 32 , (A9)

where f_k = F^{(k)}(G) (k = 0, 1, 2) is the derivative of the function F (ϕ̃) evaluated at G, while ĥ_{ij} , ξ_k, σ and h are the irreducible components of the symmetric tensor field h_{ij} . They are related by

h_{ij} = ĥ_{ij} + ∇_iξ_j + ∇_j ξ_i + ∇_i∇_j σ + 1 4 g_{ij} (h − Δ σ) , (A10)

and satisfy the conditions

∇_kξ^k = 0 , ∇_iĥ^{ij} = 0 , g^{ij}ĥ_{ii} = 0 . (A11)

Here ∇_k and Δ = g^{ij} ∇_i∇_j are respectively the covariant derivative and the Laplace-Beltrami operators related to the de Sitter metric g_{ij} . It has to be remarked that Eq. (A9) coincide with the analog expression written in [14] when one puts ϕ = G̃ and ϵ = 0 (see Sec. IV in the cited paper).

As it is well known, invariance under diffeormorphisms renders the operator in the (h, σ) sector not invertible. One needs a gauge fixing term and a corresponding ghost compensating term. We consider the class of gauge conditions

χ_k = ∇_j h_{jk} −

1 + ρ 4 ∇_k h , parametrized by the real parameter ρ. As gauge fixing we choose the standard expression L_{gf} = 1 2 χ^iG_{ij} χ^j , G_{ij} = αg_{ij} (A12) and so the corresponding ghost Lagrangian reads [35] L_{gh} = G_{ij} B_i δ χ^j δ ε^k C^k , (A13)

where C_k and B_k are the ghost and anti-ghost vector fields, respectively, while δ χ^k is the variation of the gauge condition due to an infinitesimal gauge transformation of the field. It reads

δ h_{ij} = ∇_iε_j + ∇_j ε_i =⇒ δ χ^i δ ε^j = g_{ij} Δ + R_{ij} + 1 − ρ 2 ∇_i∇_j . (A14)

Neglecting total derivatives one has L_{gh} = α B^k ( Δ + R 4 ) C_k (A15)

and finally in irreducible components we obtain L_{gf} = α 2 [ ξ^k ( Δ + R 4 )_2

ξ_k + 3ρ 8 h ( Δ + R 3 ) Δ σ

− ρ^2 16 h Δ h − 9 16 σ ( Δ + R 3 )_2 Δ σ ] , (A16)

L_{gh} = α [ B̂^i ( Δ + R 4 ) Ĉ^j + ρ − 3 2 b ( Δ − R ρ − 3 ) Δ c ] , (A17)

where ghost irreducible components are defined by

C_k = Ĉ_k + ∇_kc , ∇_kĈ^k = 0 , B_k = B̂_k + ∇_kb , ∇_kB̂^k = 0 . (A18)

In order to compute the one-loop contributions to the effective action one has to consider the path integral for the bilinear part

L = L_2 + L_{gf} + L_{gh} (A19)

of the total Lagrangian and take into account the Jacobian due to the change of variables with respect to the original ones. In this way, one gets [35, 36]

Z^{(1)} = (det G_{ij} )^{−1/2} ∫ D[h_{ij} ]D[C_k ]D[B^k] exp ( − ∫ d^4x √ g L )

= (det G_{ij} )^{−1/2} det J^{−1}_1 det J^{1/2}_2 × ∫ D[h]D[ĥ_{ij} ]D[ξ^j ]D[σ]D[Ĉ_k ]D[B̂^k]D[c]D[b] exp ( − ∫ d^4x √ g L ) , (A20)

where the determinant of the operator G_{ij} for our choice is trivial, while J_1 and J_2 are the Jacobians due to the change of variables in the ghost and tensor sectors respectively. They read [35]

J_1 = Δ_0 , J_2 = ( −Δ_1 − R 4 ) ( −Δ_0 − R 3 ) Δ_0 , (A21)

Δ_0 and Δ_1 being the Laplacians acting on scalar and vector fields.

Now, a straightforward computation (disregarding the multiplicative anomaly ([37])) leads to the following off-shell one-loop contribution to the “partition function”

e^{−Γ(1)} ≡ Z^{(1)} = det ( −Δ_1 − R 4 )_{1/2} det ( −Δ_0 − R 2 )

× det [ −Δ_2 −

R(9f_0 + 4R − 12X) 3(4f_0 + 3R − 4X) ]_{−1/2}

× det [( − 9 ϵ 256 − 21 ϵ f_0 256 R + f_2^2 R^2 512 + 21 ϵ X 256 R ) Δ^3_0 + ( − 17 ϵ f_0 256 + 9 f_2 256 + 21 f_0 f_2 256 R − 7 ϵ R 256 + 7 f_2^2 R^3 1536 + 31 ϵ X 512 − 21 f_2 X 256 R ) Δ^2_0 + ( 17 f_0 f_2 256 − 9 ϵ f_0 R 1024 + 7 f_2 R 256 − 3 ϵ R^2 1024 + 5 f_2^2 R^4 1536 − 31 f_2 X 512 + 3 ϵ R X 512 ) Δ_0

+ ( 9 f_0 f_2 R

1024 + 3 f_2 R^2 1024 + f_2^2 R^5 1536 − 3 f_2 R X 512 ) ]−1/2 . (A22)

For convenience we have written this in the Landau gauge corresponding to ρ = 1 and α = ∞ and moreover we have put X = f_0 + R/2 − Gf_1. Thus, X = 0 is the “on-shell” condition corresponding to the de Sitter solution.

As a check one can easily see that Eq. (A22) has the correct limit in the Einstein plus cosmological constant case, that is when ε = 0, f_2 = 0, f_0 = −1/2. In fact in such a case the complicated expression in the scalar sector decouples and one obtains the well known result reported in Ref. [36]. Furthermore, when ε = 0, it can be shown that also at one-loop level such a model is equivalent to the F (G) theory developed in [14], which confirms the commutativity with the multiplicative anomaly.

APPENDIX B: STABILITY CRITERIA FOR MODIFIED GAUSS-BONNET GRAVITY

In this Appendix, applying the results of the previous Appendix we study the stability issue for several specific models. In principle, one can study the one-loop effective action for the de Sitter space explicitly in terms of special functions [36]. This happens in some cases, where one is able to express the determinant, say det (−Δ^3_0 + a_1Δ^2_0 − a_2Δ_0 + a_3), in terms of a product of more elementary determinants of lower-dimensional operators. It is there that the multiplicative anomaly explicitly appears. Fortunately, for the case under discussion we are able to carry out a detailed analysis of the stability conditions of the model without the need to go through all this cumbersome process. This is what we do here.

In reference [38], the one-loop effective action has been also used in deriving a stability criterion for the class of modified models described by the function f(R). Such a criterion of stability has been obtained by imposing the absence of negative eingenvalues related to the Laplace like operators appearing in the regularized one-loop effective action and it has been independently confirmed in [39] within a pure classical approach, namely, involving the study of cosmological perturbations.

In the case we are discussing here the situation is more complicated from the technical view point, since the functional determinant one has to investigate involves an algebraic polynomial of third order in the Laplace operator. But, in principle, a stability criterion for such a class of modified Gauss-Bonnet models could be investigated along the same lines, namely by requiring the vanishing of the imaginary part in the one-loop effective action or the absence of negative eingenvalues. Note that the equivalent analysis of cosmological perturbations in F (G) gravity is extremely complicated[9]. However, such study may be very important cosmologically, since it may prove (or disprove) the usual belief that the current (almost) de Sitter dark energy era may be eternal.

In order to discuss this issue we take the limit ε → 0 and consider the on-shell condition X = 0. In principle the operator of the scalar sector in (A22) may be written in the factorized form A(X) = X^3 + a_1X^2 + a_2X + a_3 = (X − X_1)(X − X_2)(X − X_3) , (B1) where now X = −Δ_0 is a non-negative differential operator, X_i are the roots of the third order algebraic equation A(X) = 0 and the constant coefficients a_i are given by

a_1 = −R ( 7 3 + 18 f_2R^3 + 42f_0 f_2R^4 ) , a_2 = R^2 ( 5 3 + 14 f_2R^3 + 34f_0 f_2R^4 ) , (B2)

a_3 = −R^3 ( 1 3 + 3 2f_2R^3 + 9f_0 f_2R^4 ) . The nature of the roots depend on the discriminant, D, which reads D = ( 3a_2 − a^2_1 9 )_3 + ( 9a_1a_2 − 27a_3 − 2a^3_1 54 )_2

. (B3)

Depending on the sign of the discriminant one has the three cases:

(i) D > 0, then one root is real while the other two form a couple of conjugated complex numbers, say X_1 = X̄_3.

(ii) D = 0, then all the roots are real and at least two of them are equal, say X_2 = X_3.

(iii) D < 0, then the three roots are real and distinct.

As a consequence, in the first two cases the factorization reads A(X) = (X − X_1)B(X), B(X) being a non negative differential operator and then one has stability of the Gauss-Bonnet modified models provided X_1 < 0 or, which is equivalent, a_3 > 0, since X_1X_2X_3 = −a_3. Then requiring a_3 > 0 and D ≥ 0 we arrive at the following sufficient conditions for the stability of the model we are considering on the de Sitter background:

6f_0 − R^2f_1 − 3R = 0 , 27f_0 f_2 + 9R f_2

+ 2R^4 < 0 ,

76204800 f_0^4 + 136950912 f_0^3 R + 92161152 f_0^2 R^2

+27527040 f_0 R^3 + 3079296 R^4 + 6901200 f_0^3 f_2 R^4 +9430128 f_0^2 f_2 R^5 + 4292784 f_0 f_2 R^6 +651024 f_2 R^7 + 171975 f_0^2 f_2^2 R^8 + 154794 f_0 f_2^2 R^9 +34815 f_2^2 R^{10} + 1600 f_0 f_2^3 R^{12} + 704 f_2^3 R^{13} ≤ 0 . (B4)

The first one is the on-shell condition, while the second and the third ones derive from a_3 > 0 and D ≥ 0 respectively.

When the discriminant is negative all the roots are distinct and the condition a_3 > 0 does not ensure the operator A(X) to be non-negative. Of course, a sufficient condition can be obtained by requiring all the roots to be negative, but in such a case, for technical reasons we did not find a reasonable stable model.

As an example let us consider the choice F (G̃) = α √ G̃ + βG̃γ , α and γ being arbitrary dimensionless parameters, while β has dimensions [mass]^{1−2γ} . This is the only dimensional parameter in the model and for this reason it remains free also after imposing the above restrictions. The on shell condition gives

R^{2γ−1} =

6^{γ−1}(6 + √ 6 α) 2β , (B5)

where α, β, γ are assumed to have values such that R > 0, since we want a de Sitter solution. The other two conditions above fix the possible ranges of α and γ. In particular it can be seen that there are stable solutions for very small, positive values of both α and γ, only.

A careful analysis of the stability conditions (B4) leads to the following conclusions. First, the whole analysis can be done in terms of f_0 and f_2, by the substitution of the first equation, namely

f_1 = 3 R ( 2f_0 R − 1 ) . (B6)

Then, an analysis of the roots of the last inequality, seen as a polynomial of f_0 at the bound of the second inequality, shows that there is a stability region for values of f_0 around f_0 ≃ −R/2, that is f_2 ≃ −6/R, and f_2 ≤ 9/4R^3. This is depicted in the figures. All of them are plots of the last inequality in (B4), where the relevant domain for f_0 is identified (as we see there, an additional one exists but it requires very precise fine tuning). Fig. 1a is obtained for f_2 on the first border of the first of the inequalities in (B4), which is two-sided, namely

f_2 < (−9/2R^3)(1 + 3f_0/R), f_0 < −R/3, (B7) f_2 > (−9/2R^3)(1 + 3f_0/R), f_0 > −R/3. (B8)

Fig. 1b shows the same plot but for f_2 well inside the region delimited by the first of the inequalities: f_2 = 1/R^3. Fig. 2a shows the stability region corresponding to the very particular case of a vanishing second derivative of F (G), namely f_2 = 0, while Fig. 2b corresponds to the value f_2 = −1/R^3, which marks quite closely the end of the first stability domain (B7) for f_2. We thus see that for very reasonable values of the first derivatives of the function F (G), we are inside the domain of convergence. To identify specific functions having these derivatives, however, is not an easy task, as the preceding example shows.

Similarly, one can study the stability conditions of the de Sitter universe which corresponds to the final era in the first of the reconstruction scenarios considered above, for other versions of string-inspired gravity. It is our impression, that this study, which recently became quite important due to the possible emergence of a (metastable) de Sitter

FIG. 1: Fig. 1a, left, plot of the lhs of the last inequality in (B4), which we call I3, where f2 lies on the left border of the first stability domain (B7). Fig. 1b, right, same plot where f2 = 1/R^3 lies inside the region delimited by the first of the inequalities in (B4), not far from the right end of the first stability domain

FIG. 2: Fig. 2a, left, plot of I3, where f2 corresponds to the case f2 = 0. Fig. 2b, right, same plot where f2 = −1/R^3 lies close to the left end of the second stability domain (B8).

vacuum in string theory, could prove to be less involved than the corresponding analysis of cosmological perturbations [9]. Indeed, even the classical stability study of higher-derivative gravity on the de Sitter background is already not that easy [40].

[1] T. Padmanabhan, Phys. Rept. 380 235 (2003); arXiv:astro-ph/0603114. [2] E. Copeland, M. Sami and S. Tsujikawa, arXiv:hep-th/0603057. [3] S. Nojiri and S. D. Odintsov, arXiv:hep-th/0601213.

[4] H. Jassal, J. Bagla and T. Padmanabhan, arXiv:astro-ph/0506748; S. Nesseris and L. Perivolaropoulos, arXiv:astro-ph/0602053; arXiv:astro-ph/0610092.

[5] S. Nojiri, S. D. Odintsov and M. Sasaki, Phys. Rev. D 71, 123509 (2005) [arXiv:hep-th/0504052]. [6] I. Antoniadis, J. Rizos, K. Tamvakis, Nucl. Phys. B 415, 497 (1994) [arXiv:hep-th/9305025]; N. E. Mavromatos and J. Rizos, Phys. Rev. D 62, 124004 (2000); Int. J. Mod. Phys. A 18, 57 (2003); P. Kanti, J. Rizos, K. Tamvakis, Phys. Rev. D 59, 083512 (1999) [arXiv: gr-qc/9806085].

[7] S. Nojiri, S. D. Odintsov, Phys. Lett. B 631 1 (2005) [arXiv:hep-th/0508049].

[8] M. Sami, A. Toporensky, P. V. Tretjakov and S. Tsujikawa, Phys. Lett. B 619, 193 (2005) [arXiv:hep-th/0504154];

S. Tsujikawa and M. Sami, arXiv:hep-th/0608178;

[9] T. Koivisto and D. F. Mota, arXiv:astro-ph/0606078; arXiv:hep-th/0609155; Z. Guo, N. Ohta and S. Tsujikawa, arXiv:hep-th/0610336; G. Calcagni, B. Carlos and A. De Felice, Nucl. Phys. B 752 404 (2006);

[10] G. Calcagni, S. Tsujikawa and M. Sami, Class. Quant. Grav. 22, 3977 (2005) [arXiv:hep-th/0505193]; A. Sanyal, arXiv:astro-ph/0608104.

[11] I. P. Neupane, arXiv:hep-th/0602097; B. M. N. Carter and I. P. Neupane, arXiv:hep-th/0512262. [12] S. Nojiri, S. D. Odintsov and O. G. Gorbunova, J. Phys. A 39 6627(2006), [arXiv:hep-th/0510183]; I. Brevik and J. Quiroga, arXiv:gr-qc/0610044.

[13] S. Nojiri, S. D. Odintsov and M. Sami, Phys. Rev. D 74 (2006) 046004, arXiv:hep-th/0605039. [14] G. Cognola, E. Elizalde, S. Nojiri, S. D. Odintsov and S. Zerbini, Phys. Rev. D 73 (2006) 084007 [arXiv:hep-th/0601008]. [15] S. Capozziello, S. Nojiri, S. D. Odintsov, and A. Troisi, Phys. Lett. B 639 (2006) 135, [arXiv:astro-ph/0604431]. [16] S. Nojiri and S. D. Odintsov, Phys. Rev. D 74 (2006) 086005 [arXiv:hep-th/0608008]; arXiv:hep-th/0610164. [17] S. Nojiri and S. D. Odintsov, arXiv:hep-th/0611071.

[18] V. Sahni and A. Starobinsky, arXiv:astro-ph/0610026; C. Li, D. E. Holz, A. Cooray, arXve:astro-ph/0611093. [19] S. Nojiri and S. D. Odintsov, GRG 38 (2006) 1285, arXiv:hep-th/0506212; S. Capozziello, S. Nojiri and S. D. Odintsov, Phys. Lett. B 632, 597 (2006) [arXiv:hep-th/0507182]; S. Capozziello, S. Nojiri and S. D. Odintsov, Phys. Lett. B634, 93 (2006) [arXiv:hep-th/0512118].

[20] D. N. Spergel et al., arXiv:astro-ph.0603449.

[21] S. Nojiri, S. D. Odintsov and H. Stefancic, Phys. Rev. D 74 086009 (2006) [arXiv:hep-th/0608168]. [22] B. McInnes, JHEP 0208 029 (2002).

[23] S. Nojiri, S. D. Odintsov and S. Tsujikawa, Phys. Rev. D71 063004 (2005) [arXiv:hep-th/0501025]. [24] K. Andrew, B. Bolen and C. Middleton, arXiv:hep-th/0608127; E. Elizalde, A. Makarenko, V. V. Obukhov, K. E. Osetrin and A. Filippov, arXiv:hep-th/0611213.

[25] S. Nojiri and S. D. Odintsov, Phys. Rev. D 72 023003 (2005) [arXiv:hep-th/0505215]; S. Capozziello, V. F. Cardone, E. Elizalde, S. Nojiri and S. D. Odintsov, Phys. Rev. D 73 043512 (2006) [arXiv:astro-ph/0508350].

[26] J. Barrow, Nucl. Phys. B 310, 743 (1988); I. Brevik and O. Gorbunova, arXiv:gr-qc/0504001; M. Giovannini, Phys. Lett.

B 622, 349 (2005); J. Ren and X. Meng, arXiv:astro-ph/0511163; X. Meng, M. Hu and J. Ren, arXiv:astro-ph/0509250. [27] S. Nojiri and S. D. Odintsov, Phys. Rev. D 68, 123512 (2003) [arXiv:hep-th/0307288].

[28] V. Faraoni, Phys. Rev. D 68 (2003) 063508; Phys. Rev. D 69 (2004) 123520; Class. Quant. Grav. 22 (2005) 3235;

E. Elizalde, S. Nojiri and S. D. Odintsov, Phys. Rev. D 70 (2004) 043539 [arXiv:hep-th/0405034]; S. Tsujikawa, Phys. Rev. D 73 (2006) 103504; S. Nojiri and S. D. Odintsov, Phys. Lett. B 162 (2003) 147 [arXiv:hep-th/0303117]; Phys. Lett. B 571 (2003) 1 [arXiv:hep-th/0306212]; J. Barrow and T. Clifton, Phys. Rev. D 73 (2006) 103520; A. Andrianov, F. Cannata and A. Kamenshchik, Phys. Rev. D 72 (2005) 043531; B. Gumjudpai, T. Naskar, M. Sami and S. Tsujikawa, JCAP 0506 (2005) 007; S. Nesseris and L. Perivolaropoulos, Phys. Rev. D 70 (2004) 123529; Y. Wei, arXiv:astro-ph/0607359; Mod. Phys. Lett. A 20 (2005) 1147; A. Yurov, P. Moruno and P. Gonzalez-Diaz, arXiv:astro-ph/0606529; W. Fang, H. Lu and Z. Huang, arXiv:hep-th/0606032; arXiv:hep-th/0604160; Z. Huang et al, arXiv:hep-th/0610018; arXiv:hep-th/0610019; arXiv:hep-th/0610188; L. P. Chimento and R. Lazkoz, Phys. Lett. B 639 (2006) 591; C. Gao and S. Zhang, arXiv:astro-ph/0605682; I. Arefeva, A. Koshelev and S. Vernov, arXiv:astro-ph/0412619; S. Srivastava, arXiv:astro-ph/0602118; S. Tsujikawa and M. Sami, Phys. Lett. B 603 (2004) 113; Z. Guo, Y. Piao, X. Zhang and Y. Zhang, arXiv:astro-ph/0608165; M. Alimohammadi and H. Mohseni, Phys. Rev. D 73 (2006) 083527; V. Dzhunushaliev, V. Folomeev, K. Myrzakulov and R. Myrzakulov, arXiv:gr-qc/0608025; M. Setare, arXiv:hep-th/ 0610190; Phys. Lett B 641 (2006) 130.

[29] E. Elizalde, S. D. Odintsov, A. Romeo, A. A. Bytsenko and S. Zerbini, Zeta Regularization Techniques with Applications (World Sci., Singapore, 1994); E. Elizalde, Ten Physical Applications of Spectral Zeta Functions (Springer, Berlin, 1995); A. A. Bytsenko, G. Cognola, L. Vanzo and S. Zerbini, Phys. Rept. 266, 1 (1996); A. A. Bytsenko, G. Cognola, E. Elizalde, V. Moretti and S. Zerbini, Analytic Aspects of Quantum Fields, World Scientific, Singapore (2003).

[30] E. Elizalde, J. Phys. A 34 3025 (2001); E. Elizalde, J. Comput. Appl. Math. 118 125 (2000); E. Elizalde, Commun. Math.

Phys. 198, 83 (1998).

[31] D. B. Ray, Adv. in Math. 4, 109 (1970); D. B. Ray and I. M. Singer, Adv. in Math. 7 145 (1971); Ann. Math. 98 154 (1973).

[32] M. Wodzicki. Noncommutative Residue, Chapter I, in Lecture Notes in Mathematics, Yu. I. Manin, editor, Vol. 1289, 320 (Springer-Verlag, Berlin, 1987).

[33] C. Kassel, Asterisque 177 199 (1989), Sem. Bourbaki.

[34] E. Elizalde, L. Vanzo and S. Zerbini, Commun. Math. Phys. 194 613 (1998); E. Elizalde, A. Filippi, L. Vanzo and S. Zerbini, Phys. Rev. D 57 7430 (1998).

[35] I. L. Buchbinder, S. D. Odintsov and I. L. Shapiro, Effective action in quantum gravity, IOP Publishing, Bristol, 1992. [36] E. S. Fradkin and A. A. Tseytlin, Nucl. Phys. B 234, (1984) 472.

[37] E. Elizalde, G. Cognola and S. Zerbini, Nucl. Phys. B 532 (1998) 407 [arXiv:hep-th/9804118]. [38] G. Cognola and S. Zerbini, J. Phys. A 39 (2006) 6245 [arXiv:hep-th/0511233]. [39] V. Faraoni, Ann. Phys. 317, 366 (2005) [arXiv:gr-qc/0502015]. [40] A. Toporensky and P. Tretyakov, arXiv:gr-qc/0611068.