arXiv:hep-th/0611225 v1 21 Nov 2006

hep-th/0611225

Black-Body Radiation Of Noncommutative Gauge Fields

Amir H. Fatollahi^{(1} and Maryam Hajirahimi^{(2} 1) Mathematical Physics Group, Department of Physics, Alzahra University, P. O. Box 19938, Tehran 91167, Iran 2) Institute for Advanced Studies in Basic Sciences (IASBS), P. O. Box 45195, Zanjan 1159, Iran

fatho@mail.cern.ch
rahimi@iasbs.ac.ir

Abstract The black-body radiation is considered in a theory with noncommutative electromagnetic fields; that is noncommutativity is introduced in field space, rather than in real space. A direct implication of the result on Cosmic Microwave Background map is argued.

PACS No.: 11.10.Nx, 11.10.Wx, 98.70.Vc Keywords: Noncommutative field theory, Finite-temperature field theory, Cosmic background radiation

In the recent years much attention has been paid to the formulation and study of field theories on noncommutative spaces. The motivation refers to the natural appearance of noncommutative spaces in some areas of physics, the recent one in string theory. It has been understood that string theory is involved by some kinds of noncommutativities; for examples: (1) the coordinates of bound states of N Dbranes are represented by N × N Hermitian matrices [1], and (2) the longitudinal directions of D-branes in the presence of a B-field background appear to be noncommutative, as seen by the ends of open strings [2]. In the latter case, we encounter the spacetime in which the coordinates satisfy the canonical relation

[^x^μ, ^x^ν ] = iλ^{μν} , (1)

where λ^{μν} is an antisymmetric constant tensor with dimension (length)^2. It is understood that field theories on noncommutative spacetime are defined by actions that are essentially the same as in the ordinary spacetime, with the exception that the products between fields are replaced by the ⋆-product, defined for two functions f and g [3]

(f ⋆ g)(x) = exp (iλ^{μν} 2 ∂_{xμ} ∂_{yν} ) f(x)g(y) |_{y=x} (2) The pure gauge field sector of noncommutative U(1) theory is defined by the action

S_{gauge−field} = − 1 4 ∫ d^4x ^F_{μν} ⋆ ^F^{μν} = − 1 4 ∫ d^4x ^F_{μν} ^F^{μν} (3)

with ^F_{μν} = ∂_μA_ν − ∂_ν A_μ − ie[A_μ, A_ν ]_⋆, by definition [f, g]_⋆ = f ⋆ g − g ⋆ f. The action above is invariant under local gauge symmetry transformation

A^′_μ = U ⋆ A_μ ⋆ U^{−1} + i e U ⋆ ∂_μU^{−1} (4)

in which U = U(x) is the ⋆-phase, defined by a function χ(x) via the ⋆-exponential:

U(x) = exp_⋆(iχ) = 1 + iχ − 1 2 χ ⋆ χ + · · · , (5) with U^{−1} = exp_⋆(−iχ), and U ⋆ U^{−1} = U^{−1} ⋆ U = 1. Under above transformation, the field strength transforms as ^F_{μν} → ^F^′_{μν} = U ⋆ ^F_{μν} ⋆ U^{−1}. We mention that the transformations of gauge field as well as the field strength look like those of non- Abelian gauge theories. Besides we mention that the action contains terms which are responsible for interaction between the gauge particles. We see how the noncommutativity of coordinates induces properties on fields and their transformations, as if they were belonged to a non-Abelian theory; the subject that how the characters of coordinates and fields may be related to each other is discussed in [4].

In a recent work the present authors addressed the radiation we expect from a black-body in noncommutative space [5], in the framework of finite temperature field theory [6]. As mentioned, noncommutative U(1) gauge theory is involved by self-interaction of photons, and so beyond the free theory one finds deviations from the expression by ordinary U(1) theory for black-body radiation. The result by first loop correction, for U(T, Ω) as the energy-density receiving from the solid-angle dΩ and for spatial noncommutativity (λ^{0 i} = 0) is [5]:

U(Ω, T ) dΩ = [ σ_0 4π T^4 −

7π^4 675 α T^4(λT^2)^2 sin^2θ + O ( (λT^2)^4 )] dΩ (6)

in which σ_0 =^{π2}_{15} (Stefan’s constant=^{π2}_{60} for ℏ = c = k_B = 1), α =^{e2}_{4π} ≃^1_{137} , T is the temperature, and λ is the length of the vector defined by λ_k =^1_4 ϵ_{ijk}λ^{ij} . The angle θ is measured from the vector λ for which we have 0 ≤ θ ≤ π.

In the present work we address the radiation we expect from a black-body in a theory that noncommutativity is introduced in field space, rather than space itself. This kind of noncommutativity has been considered in [7]. A U(1) gauge theory with noncommutative fields was introduced in [8], which is our starting point here. Some other aspects and implications of the model are studied in [9]. Noncommutative gauge fields are introduced by [8] (i, j = 1, 2, 3)

[A_i(x), A_j(y)] = i ℓ_{ij} δ^{(3)}(x − y), (7)

together with [A_i(x), F_j (y)] = iδ_{ij} δ^{(3)}(x−y), and [F_i(x), F_j (y)] = 0, in which F_i(x)’s are the conjugate momenta. We mention that, due to presence of δ^{(3)}(x − y) in right-hand side, ℓ_{ij} ’s have the dimension of length. One may add an auxiliary field A_0, together with definitions F_i = F_{0i}, f_{μν} = ∂_μA_ν − ∂_ν A_μ (μ, ν = 0, 1, 2, 3), and F_{ij} = f_{ij} . Then by these all, the closest action to the Maxwell’s one can be written down as [8] S = ∫ d^4x ( − 1 4 f^{ij}f_{ij} − 1 2 F^{0i}f_{0i} ) (8) in which

F^{0i} = ( 11 11 + L ∂_t )_i j f^{0j} , (9) where 11 is 3 × 3 identity matrix, and the antisymmetric matrix L is defined by its elements L^i_j = ℓ_{ij}. We mention that the action is invariant under gauge transformations A_μ → A_μ − ∂Λ.

By proper choice of coordinates, one always can bring L to the form

L = 0 ℓ 0 −ℓ 0 0 0 0 0

(10)

for which we can show 11 11 + L ∂_t

= 11 − ℓ ∂_t 1 + ℓ^2∂^2_t

0 1 0 −1 0 0 0 0 0 − ℓ^2 ∂^2_t 1 + ℓ^2∂^2_t

1 0 0 0 1 0 0 0 0

(11)

As mentioned the action possesses a gauge symmetry, and so we need to add gauge fixing term for doing calculations, getting

S + S_{g.f.} = ∫ d^4x ( − 1 4 f^{ij}f_{ij} − 1 2 F^{0i}f_{0i} − 1 2 ( ∂_μA^μ )_2) (12)

By the Fourier expansion of gauge fields

A_μ(x) = 1 (2π)^2 ∫ d^4k a_μ(k) e^{ik·x}, (13)

one can bring things in the momentum space, getting

S + S_{g.f.} = ∫ d^4k a_μ(k)D^{μν} a_ν (−k) (14)

in which D^{μν} ’s are elements of

D = ~D 0 0 0 0 0 0 k^2

(15)

where

~D = −k^2 + Δℓ^2k^2_0(k^2_1 + k^2) −Δℓk^2_0 (ℓk_0k_1 − ik_2) −Δℓk^2_0 (ℓk_0k_2 + ik_1)

−Δℓk^2_0 (ℓk_0k_1 + ik_2) k^2 + Δℓ^2k^4_0 iΔℓk^3_0

−Δℓk^2_0 (ℓk_0k_2 − ik_1) −iΔℓk^3_0 k^2 + Δℓ^2k^4_0

(16) in which k^2 = k^2_0 − k · k, and Δ = 1 1 − ℓ^2k^2_0

. We mention that by setting ℓ = 0 we get the propagator for ordinary Maxwell theory in Feynman gauge.

As we are dealing with the black-body radiation a natural framework is finite temperature field theory [6]. Here, following [10] we choose the real-time formulation; not doing the replacement t → i t. So k_0 = 2πniT in which T is the temperature and n ∈ Z. As fields appear quadratically in the action, our theory is a free one, and hence the partition-function Z, accounting the contribution of ghosts of gauge fixings, is simply given by: Z ∼ ( ∏ k,n k^2 ) × ( det D

)_− 1_2 (17)

in which the first part is for the contribution by ghosts. As det D = k^2 · det D̃: Z ∼ ( ∏ k,n k^2

) 1_2 × ( det ~D )_− 1_2

∼ ( ∏ k,n k^2 )_{−1} × ∏ k,n ( 1 + ℓ^2k^2_0 Δ

[k2_0 (k2_1 + k2 − k2_0 ) (k^2)^2 − k^2_1 + k^2 − 2k^2_0 k^2

])_− 1_2 (18)

The total free-energy is simply F = −T log Z, and by the usual replacements log(det) → tr(log) and ∑ k → ∫ d^3k (2π)^3 we arrive at (ω^2 = k · k)

F(T ) = ∫ d^3k (2π)^3 T ∑ n∈Z log(k^2_0 − ω^2) + 1 2 ∫ d^3k (2π)^3 T ∑ n∈Z log ( 1 + ℓ^2k^2_0Δ

[k2_0 (k2_1 + k2 − k2_0) (k^2)^2 − k^2_1 + k^2 − 2k^2_0 k^2 ]) (19)

For doing the sum on n it is very convenient to use the contour integral formula in complex k_0-plane, that gives for a function f(k_0) [10] T ∑ n∈Z f(k_0 = 2πniT ) = 1 2πi ∫_{i∞+ε} −i∞+ε dk_0 exp(βk_0) − 1 [ f(k_0) + f(−k_0) ]

+ 1 2πi ∫_{i∞} −i∞ dk_0 f(k_0) (20)

in which ε > 0 is an infinitesimal, and β = T^{−1}. The contours in integrals above usually are closed in k_0 > 0 region and so counterclockwise [10]. We also recall that any quantity in finite temperature theory is defined after subtraction by its T = 0 counterpart, and so T -independent parts of expressions, infinite or finite, are not important [6]. For the first term in (19) one simply finds: ∫ d^3k (2π)^3 T ∑ n∈Z log(k^2_0 − ω^2) → − π^2 45 T^4 + “ ∞ independent of T ” (21)

which is the standard expression for the free-energy of a black-body [6]. For the remaining part of (19), assuming that the deviation from the standard expression is very slightly, that is assuming ℓ^{−1} is practically infinite for being taken by k_0, and so ℓk_0 ≪ 1, we can perform an ℓ-expansion. So, by log(1 + η) ∼ η for η ≪ 1, we reach to F(T ) = − π^2 45 T^4 + ℓ^2 2 ∫ d^3k (2π)^3 T ∑ n∈Z k^2_0

[k2_0 (k2_1 + k2 − k2_0)

(k^2)^2 − k^2_1 + k^2 − 2k^2_0 k^2 ]

+“ ∞ independent of T ” + O(ℓ^4). (22)

Keeping the contribution of the pole k_0 = ω in the contour integral (20), one can do summation on n. With k = (ω, θ, ϕ) in spherical coordinates, together with d^3k = ω^2dωd(cos θ)dϕ = ω^2dωdΩ, we find: F(T ) = − π^2 45 T^4 + ℓ^2 4 ∫ dΩ (2π)^3 cos^2 θ ∫_∞ 0 dω ω^5 e^{βω} − 1 ( 1 − βωe^{βω} e^{βω} − 1 ) + O(ℓ^4) (23)

By using: ∫_∞ 0 s^{2m+1}ds (e^s − 1)

= ζ(2m + 2)(2m + 1)!, (24) ∫_∞ 0 s^{2m+2}e^sds (e^s − 1)^2

= ζ(2m + 2)(2m + 2)!, (25)

with ζ(t) as the Riemann zeta-function, we find: F(T ) = − π^2 45 T^4 −

5π^3 252 ℓ^2 T^6 ∫ dΩ cos^2 θ + O(ℓ^4) (26)

As the total energy is given by U = F − T ∂_T F, for the energy receiving from the solid-angle dΩ we find:

U(T, Ω) dΩ = [ σ_0 4π T^4 +

25π^3 252 ℓ^2 T^6 cos^2 θ ] dΩ + O(ℓ^4T^4) (27)

in which σ_0 =^{π2}_{15} (Stefan’s constant=^{π2}_{60} ).

Although it is hard to imagine that the implications of noncommutativity can be detected in a laboratory black-body radiation, one may look for an indication of noncommutativity in the signals we are getting from the extremely hot seconds of early universe. In fact, the energy scale that one expects for relevance of noncommutative effects is as much as high that suggests maybe it has been available for particles only in the early universe. So an excellent way to test the phenomenon related to noncommutativity would be the study of what are left for us as early universe’s heir, the most important among them the Cosmic Microwave Background (CMB) radiation. The reason is, CMB map is just a tableau of events which happened at the first seconds of universe, at the decoupling era or much earlier, when the energies were sufficiently high to make relevant possible spacetime noncommutativity. There have been efforts to formulate and study the noncommutative versions of inflation theory [11]. In [12] by taking the blowing sphere that eventually plays the role of the so-called last-scattering surface as a fuzzy sphere some kinds of explanation is presented for the relatively low angular power spectrum C_l in small l region (l ≃ 6). In [13] the consequences of space-time uncertainty relations of the form ΔtΔx ≥ l^2_s are studied in the context of inflation theory, and possible applications of these relations in better understanding of present CMB data are discussed. As uncertainty relations usually point to noncommutative objects, these kinds of efforts also might be regarded as studies that are inspecting, though indirectly, the implications of noncommutativity on CMP map.

As CMB map is in fact a black-body radiation pattern which is slightly perturbed by fluctuations, instead of dealing with the implications of noncommutativity on different cosmological models, we can directly address what one should expect to see in CMB map if in early universe the coordinates or fields have satisfied the algebra (1) or (7), respectively. According to the expressions (6) and (27), space and field noncommutativity in early universe modify the pattern we expect to see in the CMB map sky. Also, in [8] the implication of noncommutative gauge fields on the pattern we expect to see in polarized CMB data is considered.

Much effort is currently being devoted to examining the CMB temperature anisotropies measured with the Wilkinson Microwave Anisotropy Probe (WMAP) [14, 15]. It would be extremely important if the present and forthcoming data indicate any significant evidence for canonical noncommutativity in the early universe, the thing that one of its direct implications is given by an anisotropic radiation.

References

[1] E. Witten, “Bound States Of Strings And p-Branes,” Nucl. Phys. B460 (1996) 335, hep-th/9510135.

[2] N. Seiberg and E. Witten, “String Theory And Noncommutative Geometry,” JHEP 9909 (1999) 032, hep-th/9908142; A. Connes, M. R. Douglas, and A. Schwarz, “Noncommutative Geometry And Matrix Theory: Compactification On Tori,” JHEP 9802 (1998) 003, hep-th/9711162; M. R. Douglas and C. Hull, “D-Branes And The Noncommutative Torus,” JHEP 9802 (1998) 008, hep-th/9711165; H. Arfaei and M. M. Sheikh-Jabbari, “Mixed Boundary Conditions And Brane-String Bound States,” Nucl. Phys. B526 (1998) 278, hep-th/9709054.

[3] M. R. Douglas and N. A. Nekrasov, “Noncommutative Field Theory,” Rev.

Mod. Phys. 73 (2001) 977, hep-th/0106048.

[4] A. H. Fatollahi, “Gauge Symmetry As Symmetry Of Matrix Coordinates,” Eur.

Phys. J. C17 (2000) 535, hep-th/0007023; “On Non-Abelian Structure From Matrix Coordinates,” Phys. Lett. B512 (2001) 161, hep-th/0103262; “Electrodynamics On Matrix Space: Non-Abelian By Coordinates,” Eur. Phys. J. C21 (2001) 717, hep-th/0104210.

[5] A. H. Fatollahi and M. Hajirahimi, “Noncommutative Black-Body Radiation:

Implications On Cosmic Microwave Background,” Europhys. Lett. 75 (2006) 542, astro-ph/0607257.

[6] J. I. Kapusta, “Finite Temperature Field Theory,” Cambridge Univ. Press, 1989; M. Le Bellac, “Thermal Field Theory,” Cambridge Univ. Press, 1996; A. Das, “Finite Temperature Field Theory,” World Scientific, 1997.

[7] J. M. Carmona, J. L. Cortes, J. Gamboa, and F. Mendez, “Noncommutativity In Field Space And Lorentz Invariance Violation,” Phys. Lett. B565 (2003) 222, hep-th/0207158.

[8] J. Gamboa, J. Lopez-Sarrion, and A. P. Polychronakos, “Ultraviolet Modified Photons And Anisotropies In The Cosmic Microwave Background Radiation,” Phys. Lett. B634 (2006) 471, hep-ph/0510113.

[9] J. Gamboa and J. Lopez-Sarrion, “U(1) Noncommutative Gauge Fields And Magnetogenesis,” Phys. Rev. D71 (2005) 067702, hep-th/0501034; J. M. Carmona, J. L. Cortes, J. Gamboa, and F. Mendez, “Quantum Theory Of Noncommutative Fields,” JHEP 0303 (2003) 058, hep-th/0301248; J. Gamboa, M. Loewe, and F. Mendez, “Relativistic Violation Invariance, Multiverses And Quantum Field Theory,“ hep-th/0311014; H. Falomir, J. Gamboa, J. Lopez- Sarrion, F. Mendez, A. J. da Silva, “Vortices In U(1) Noncommutative Gauge Fields,” hep-th/0606251.

[10] J. I. Kapusta, “Quantum Chromodynamics At High Temperature,” Nucl. Phys.

B148 (1979) 461.

[11] F. Lizzi, G. Mangano, G. Miele, and M. Peloso, “Cosmological Perturbations And Short Distance Physics From Noncommutative Geometry,” JHEP 0206 (2002) 049, hep-th/0203099; F. Nasseri and S. A. Alavi, “Noncommutative Decrumpling Inflation And Running Of The Spectral Index,” Int. J. Mod. Phys. D14 (2005) 621, hep-th/0410259; S. A. Alavi and F. Nasseri, “Running Of The Spectral Index In Noncommutative Inflation,” Int. J. Mod. Phys. A20 (2005) 4941, astro-ph/0406477; C. Chu, B. R. Greene, and G. Shiu, “Remarks On Inflation And Noncommutative Geometry,” Mod. Phys. Lett. A16 (2001) 2231-2240, hep-th/0011241; G. Amelino-Camelia and S. Majid, “Waves On Noncommutative Spacetime And Gamma-Ray Bursts,” Int. J. Mod. Phys. A15 (2000) 4301, hep-th/9907110; G. D. Barbosa and N. Pinto-Neto, “Noncommutative Geometry And Cosmology,” Phys. Rev. D70 (2004) 103512, hep-th/0407111; R. H. Brandenberger and J. Martin, “On Signatures Of Short Distance Physics In The Cosmic Microwave Background,” Int. J. Mod. Phys. A17 (2002) 3663, hep-th/0202142; S. Alexander, R. Brandenberger, and J. Magueijo, “Non- Commutative Inflation,” Phys. Rev. D67 (2003) 081301, hep-th/0108190.

[12] M. Fukuma, Y. Kono, and A. Miwa, “Effects Of Space-Time Noncommutativity On The Angular Power Spectrum Of The CMB,” Nucl. Phys. B682 (2004) 377, hep-th/0307029; M. Fukuma, Y. Kono, and A. Miwa, “A Mechanism Of The Large-Scale Damping In The CMB Anisotropy,” Nucl. Phys. B703 (2004) 293, hep-th/0312298; M. Fukuma, Y. Kono, and A. Miwa, “Noncommutative Inflation And The Large-Scale Damping In The CMB Anisotropy,” hep-th/0401153.

[13] S. Tsujikawa, R. Maartens, and R. Brandenberger, “Non-Commutative Inflation And The CMB,” Phys. Lett. B574 (2003) 141, astro-ph/0308169; Q. G. Huang and M. Li, “Noncommutative Inflation And The CMB Multipoles,” JCAP 0311 (2003) 001, astro-ph/0308458; G. Calcagni and S. Tsujikawa, “Observational Constrains On Patch Inflation In Noncommutative Spacetime,” Phys. Rev. D70 (2004) 103514, astro-ph/0407543; G. Calcagni, “Noncommutative Models In Patch Cosmology,” Phys. Rev. D70 (2004) 103525, hep-th/0406006; Y. S. Myung, “Cosmological Parameters In Noncommutative Inflation,” Phys. Lett. B601 (2004) 1, hep-th/0407066; Q. G. Huang and M. Li, “Power Spectra In Spacetime Noncommutative Inflation,” Nucl. Phys. B713 (2005) 219, astro-ph/0311378; H. Kim, G. S. Lee, H. W. Lee, and Y. S. Myung, “Second-Order Corrections To Noncommutative Spacetime Inflation,” Phys. Rev. D70 (2004) 043521, hep-th/0402198; H. Kim, G. S. Lee, and Y. S. Myung, “Noncommutative Spacetime Effect On The Slow-Roll Period Of Inflation,” Mod. Phys. Lett. A20 (2005) 271, hep-th/0402018;

[14] C. L. Bennett et. al., “First Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Preliminary Maps And Basic Results,” Astrophys. J. Suppl. 148 (2003) 1, astro-ph/0302207; “First Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Foreground Emission,” Astrophys. J. Suppl. 148 (2003) 97, astro-ph/0302208; G. Hinshaw et. al., “First Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Angular Power Spectrum,” Astrophys. J. Suppl. 148 (2003) 135, astro-ph/0302217; D. N. Spergel et. al., “First Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Determination Of Cosmological Parameters,” Astrophys. J. Suppl. 148 (2003) 175, astro-ph/0302209.

[15] N. Jarosik, et. al., “Three-Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Beam Profiles, Data Processing, Radiometer Characterization and Systematic Error Limits,” astro-ph/0603452; G. Hinshaw, et. al., “Three-Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Temperature Results,” astro-ph/0603451.