arXiv:hep-th/0611274 v1 25 Nov 2006

Random walks in N = 4 Super Yang–Mills

Corneliu Sochichiu^∗ Max-Planck-Institut (Werner-Heisenberg-Institut) Föhringer Ring, 6, D-80805 Munich, GERMANY and Institutul de Fizică Aplicată str.Academiei, 5, MD-2028 Chişinău, MOLDOVA e-mail: sochichi@lnf.infn.it

November 25, 2006

Abstract

Using an effective description of the thermal partition function for SU(2) sector of N = 4 super Yang–Mills theory in terms of interacting random walks we compute the partition function in planar limit as well as give the leading non-planar contribution. The result agrees with existent approaches in what concerns the zero coupling and one-loop Hagedorn temperature computation.

1 Introduction

Gauge / string correspondence has a long history. In [1] ’t Hooft proposed to reformulate the gauge theory perturbative expansion in terms of a topological expansion with the parameter of expansion given by 1/N, the inverse rank of the gauge group. Since that started the hunt of string theory in the large N gauge theory. The most success was reached in the framework of the maximally supersymmetric (N = 4) Yang–Mills (SYM) theory, where an equivalence between the gauge theory at infinite N and the theory of strings on the AdS_5 × S^5 was explicitly claimed. This conjecture known under the name AdS/CFT correspondence [2]. After the conjecture has been made

∗Address after 01.01.2007: Laboratori Nazionali di Frascati, via E.Fermi 40, I-00044 Frascati (RM), Italy

there were many supporting tests of it, but no rigorous proof so far. (See [3] for an extensive classical review of the subject and [4] for a more recent progress.)

The above conjecture stimulated, among others, an intensive study of anomalous dimensions and mixing of SYM composite operators (see [5] for a detailed review and references). In particular, for some sectors of the SYM the quantum dilatation operator was constructed as a perturbative expansion to up to three loops in terms of some differential operators [6,7]. In this work we consider the one-loop level of SU(2) sector.

The system consisting of composite operators and dilation operator can be mapped to a spin system which in addition to the spin chain dynamics possesses an interaction responsible for chain splitting/joining [8–10]. The same system can be described in terms of a matrix mechanical model [11,12].

Another “hot topic” is the extension of the AdS/CFT correspondence to a finite temperature [13]. This extension allows one to identify the confinement / deconfinement phase transition in the gauge theory with the Hagedorn transition on the string side. In this context it is interesting to consider a nonzero temperature on the space of composite SYM operators as well [14]. Since the composite operators in N = 4 SYM are identified through AdS/CFT correspondence with the quantum states in string theory this corresponds to thermal strings on AdS_5 × S^5 [13]. On the other hand, since the dilatations in a conformal theory can be identified with time evolution this should be equivalent to SYM itself at finite temperature. Indeed, the analysis shows that this is qualitatively compatible with the results of thermal Yang–Mills theory in four dimensions [15, 16].

In [14] the author proposed to treat N as a thermodynamically large rather than an infinite number. The advantage of such an approach is that one can get the reliable information about the system in both phases of the theory while N is serving as both coupling and cut off parameter. In particular, it was found that below the Hagedorn critical point the system at large N is independent of N, while beyond this point it scales as N^2. (Another phase with the scaling N to the power one was suggested to exist for large βg^2_{YM}, where β is the inverse temperature.)

The aim of the present note is to refine and extend the analysis of [14], in special in what concerns the phase below the Hagedorn transition. As in [14] the thermal partition function is reduced to the integral over the eigenvalues of (compactified) time component of the matrix model gauge field.

Here we find it convenient to substitute the integration over the angular variables by averaging over random walks. The random walks are defined in such a way that at each step the direction is chosen by the respective angle. In these terms the model looks like a system of interacting random walks which in the limit N → ∞ decouple from each other. (Let us note that the idea to describe a spin system, in particular Heisenberg spin chain in terms of random walks is not new, see e.g. [17].)

For sufficiently large N the probability distribution for the walks is asymptotically Gaussian. This allows one to compute the partition function explicitly as a perturbation in ’t Hooft coupling λ and 1/N. In particular we compute the zero coupling and one-loop correction to the Hagedorn value of temperature and chemical potential. The result which seems to be obtained at almost no cost matches perfectly the known results of Pólya enumeration theorem [18].

The plan of the paper is as follows. In the next section we briefly describe the thermal partition function for the matrix model and reduce it to an integral over N angular variables. In the third section we reformulate the model in terms of random walks. In section four we compute the leading gaussian contribution to the partition function and find the criticality condition for the Hagedorn transition. Finally, we discuss the results.

2 Partition function

Consider the SU(2) sector of composite operators of N = 4 SYM. The effect of dilatations on these composite operators is given by the quantum dynamics of the matrix model described by the following action [11],

S(Ψ, Ψ̄) = ∫ dτ tr { i 2 (Ψ̄_a∇_0Ψ_a − ∇_0Ψ̄_aΨ_a) − g^2_{YM} 16π^2

[Ψ̄_a, Ψ̄_b][Ψ^a, Ψ^b] } , (2.1)

Let us consider the grand canonical partition function,^1 Z(μ, ⃗x) = Tr e^{−μL−⃗x·⃗S−βV} , (2.2) where μ, ⃗x are respectively the chemical potentials for conserved charges: the total number of excited modes alias total chain length operator,

L = tr Ψ̄_aΨ_a, a = 1, 2, (2.3)

total spin operator, ⃗S =^1_2 tr Ψ̄_a⃗σ_{ab}Ψ_b, (2.4)

1While “tr” denotes the trace over N × N matrices, “Tr” denotes the one over the Hilbert space.

and β is inverse temperature. The non-quadratic interaction potential is known as a perturbation theory expansion in the Yang–Mills coupling g_{YM}: V = ∑ k g^{2k}_{YM}V_{(k)}. The first term of the expansion is

V_{(2)} = g^2_{YM} 16π^2 tr[Ψ̄_a, Ψ̄_b][Ψ_a, Ψ_b]. (2.5)

Both L and ⃗S are conserved quantities, i.e. [L, V_{int}] = [⃗S, V ] = [L, ⃗S] = 0, (2.6) where [·, ·] denotes the quantum commutator to be distinguished from the (classical) matrix one: [·, ·], which denotes only permutations in matrix indices but not of the operators. Next, for any given ⃗x we can choose indices a and b to label the components along eigenvectors of x_{ab} = ⃗x · ⃗σ_{ab}. Then, the partition function can be rewritten in the following terms, Z(μ, ⃗x) = Tr e^{−βV −∑a=± μaLa} , a = ±, (2.7) and μ_± = μ ± x 2 , x = √ ⃗x^2, (2.8)

i.e. the partition function depends only on the absolute value of ⃗x, as it could be expected.

Consider the perturbative expansion of (2.7). The formal expression for the expansion can be encoded as,

Z(μ, ⃗x) = Tr T_βe^{−βH0} exp ( − ∫_β 0 V_τ dτ ) , (2.9)

where,

H_0 = β^{−1}(μ_+L_+ + μ_−L_−), (2.10) V_τ = e^{βH0} V_{(2)}e^{−βH0} , (2.11)

and T_β is the “thermal-ordering operator”,

T_β V_τ V_τ ′ = { V_τ V_τ ′ , τ < τ^′, V_τ ′ V_τ , τ > τ^′. (2.12)

In our case the perturbation V_{(2)} commutes with H_0, therefore instead of V_τ we can simply use V_{(2)} as well as drop the T_β -ordering from the trace.

The first terms in the perturbation theory expansion read, Z(μ, ⃗x) = Tr e^{−βH0} (1 − βV + . . . ) ≡ Z_0(μ, ⃗x)(1 − β⟨V ⟩_0 . . . ), (2.13) where Z_0 is the partition function for the gauged matrix oscillator, as well as the mean ⟨·⟩_0 denotes one computed with respect to the gauged oscillator,

⟨V ⟩_0 =

Tr e^{−βH0} V Tr e^{−βH0}

. (2.14)

In [14] Z_0(μ, x) and ⟨V ⟩_0 were computed in terms of an integral over eigenvalues θ_n, n = 1, . . . , N of the (compactified) gauge field, Z_0(μ, ⃗x) = 2^{− 1}2^{N(N+1)}e^{N 2μ} [sinh(μ_+/2) sinh(μ_−/2)]^N ∫ ∏ n dθ_n × ∏ m>n 1 − cos θ_{mn} (cosh μ_+ − cos θ_{mn})(cosh μ_− − cos θ_{mn})

, (2.15)

and, respectively, ⟨V ⟩_{0,θ} = βg^2_{YM} 8π^2 ( N (e^{μ+} − 1)(e^{μ−} − 1)

−^1_4 ∑ knm cos θ_{mk} − e^{−μ+} cos θ_{nk} − e^{−μ−} cos θ_{mn} + e^{−2μ} (cosh μ_+ − cos θ_{mn})(cosh μ_− − cos θ_{nk}) ) , (2.16)

where the last equation gives the mean value of the potential in fixed θbackground.^2 Equations (2.15) and (2.16) are obtained by explicit evaluation of the, respectively, gaussian integral in Ψ and its perturbation by V_{(2)}.

The partition function (2.15) and the mean (2.16) can be represented in the following form [14], Z_0(μ, ⃗x) = ∫ [dθ] exp [ − ∞∑ ω=1 1 ω (1 − e^{−ωμ+} − e^{−ωμ−} ) ∑ mn e^{iωθmn} ] , (2.17)

where [dθ] ≡ ∏ n(dθ_n/2π), and, ⟨V ⟩_{0,θ} = βλ 8π^2 ∑ ω,ω^′≥1 e^{−μ+ω−μ−ω′} ( 1 −^1_{2N} ∑ mnk e^{iωθmn+iω′θnk} ) , (2.18)

where λ is the ’t Hooft coupling: λ = g^2_{YM}N.

Equations (2.17) and (2.18) will serve as a starting point of our present study.

2To get the “true” mean one should integrate the eq. (2.16) over θ_n’s with a measure given by the integrand of (2.15).

3 Random walk variable

Let us introduce the field φ_ω defined as,^3

φ_ω = ∑ n e^{iωθn} . (3.1)

One can view the angles θ_m as random variables and respective integrals as the averaging over such variable. In this case the function φ_ω has the meaning of a position after N steps of random walk with ωθ_n giving the random direction chosen at step n.

The random walks φ_ω have the following properties: • Except φ_0 = N, all φ_ω have zero expectation values φ_ω ≡ ∫ [dθ] ∑ n e^{iωθn} = 0, ω ≠ 0, (3.2a)

where the wide bar denotes the mean with respect to constant θdistribution. (Not to be confused with complex conjugation denoted by a simple bar.)

• For different ω’s the random walks have the pair correlators vanishing.

The only non-zero pair correlator is given by, φ̄_ωφ_ω′ = Nδ_{ωω}′ , (3.2b) where φ̄_ω is the complex conjugate of φ_ω.

• In general the higher order correlators are given by the quadratic correlators plus sub-leading terms. In particular, the φ̄φφ-correlator is given by a subleading term only φ̄_ωφ_{ω1} φ_{ω2} = Nδ_{ω,ω1+ω2} , (3.2c) while the φ̄φ̄φφ-correlator contains both gaussian contribution as well as subleading non-gaussian terms,

φ̄_{ω1}φ̄_{ω2} φ_ω′_1 φ_ω′_2 = N(N − 1)[δ_{ω1,ω}′_1 δ_{ω2,ω}′_2 + δ_{ω1,ω}′_2 δ_{ω2,ω}′_1 ] + Nδ_{ω1+ω2,ω}′_{1+ω}′_2 . (3.2d)

3In [14] we considered the real part of φ_ω under assumption of symmetric distribution of θ_n, which we called ρ_ω. Here we relax this assumption about θ_n distributions, and consider a complex φ_ω instead.

The order N^2 term in the second line appears because of quadratic correlators (3.2b) while the subleading term ∼ N is in the last line is due to non-quadratic contribution.

• For independent and distinct θ_n’s (θ_n ≠ θ_m for n ≠ m), first N random walks φ_ω are functionally independent^4 and a configuration of θ_n’s can be equivalently described by the set of independent random walks {φ_ω, ω = 1, . . . , N}. Next, the idea is to replace the θ-integral by averaging with respect to random walks, ∫ [dθ]F ({φ_ω(θ)}) → ∫ [dφ̄_ωdφ_ω]P({φ_ω})F ({φ_ω}), (3.3)

where P({φ_ω}) is the probability density for φ_ω distribution. For a large number of steps N the probability distribution P({φ_ω}) can be figured out from the properties (3.2). Asymptotically it is given by P({φ_ω}) = 1 (πN)^N e^{− 1N ∑∞ω=1 φ̄ω φω − 1N 2 ∑ω}1^{,ω}2^{(φ̄ω1+ω2 φω1 φω2 +c.c.)−...}, (3.4) where c.c. denote the complex conjugate and dots stand for terms of higher order in 1/N. The first term in the exponent of (3.4) is also one predicted by the Central Limit Theorem while the next one is the correction responsible e.g. for the nonzero φ̄φφ-correlator (3.2c).

The asymptotic expansion (3.4) to the probability density is valid as soon as random walks φ_ω do not depart too mach from the origin. Also note that this expansion does not take care of non-analytic terms in 1/N, which can be related to the “non-perturbative” contribution. The Gaussian distribution can be regarded as a sort of “soft” cut-off of φ_ω by the level |φ_ω| ∼ √ N. There is also a “hard” cut-off of φ_ω by, |φ_ω| ≤ N, which follows from the definition of φ_ω. On the other hand, the distribution (3.4) gives although almost vanishing, but however non-zero probability to find φ_ω beyond this bound.

For the lower modes ω ≪ N, the variation of the measure is negligible with respect to the variation of the integrand of (2.15) rewritten in terms of

4Taking into account the constraint ∑ n θ_n = 0 the number of independent random walks reduces to N − 1.

φ_ω, therefore for lower modes the probability distribution can be considered to be constant.

Now we are ready to rewrite the partition function in terms of random walks. The one-loop partition function (2.13) with Z_0 and ⟨V ⟩_0 given by (2.17) and (2.18) respectively can be written as,

Z_{(1)}(μ, x) = ∫ [dφdφ̄] exp { − ∞∑ ω=1 1 ω (1 − e^{−ωμ+} − e^{−ωμ−} )φ_{−ω}φ_ω

+ βλ 8π^2 ∑ ω,ω^′ e^{−μ+ω−μ−ω′} [ 1 −^1_{2N} (φ_ωφ_{−ω}′ φ_ω′_{−ω} + φ_{−ω}φ_ω′ φ_{ω−ω}′ ) ] } . (3.5)

The second line in (3.5) corresponds to the zero coupling contribution, while the last one appears due to the one-loop correction by ⟨V ⟩_0.

The one-loop partition function (3.5) has several remarkable properties. First of all the perturbation theory in βλ is well defined. Due to exponential factors in front of interaction term there are no “ultraviolet” divergences due to large ω contribution. Another property is that the N enters in the model as a coupling for cubic interaction and as a cut-off parameter. We may conjecture that the cubic interaction term is responsible for the non planar interactions, while the planar interactions are entirely encoded into the φ independent term in the last line of (3.5). Finally, the most intriguing property is —

4 The Hagedorn transition

Let us evaluate the partition function (3.5) in the leading order in λ and 1/N. Since we drop the cubic interaction this term becomes essentially a Gaussian integral. The result of integration reads,

Z_{(1)}(μ, x) = C ∞∏ ω=1 1 1 − e^{−μ+ω} − e^{−μ−ω} ( 1 − βλ 8π^2 1 1 − e^{−μ+} − e^{−μ−} + . . . ) . (4.1) Up to notation difference and apart from U(1) contribution which we did not subtract in the partition function (4.1) it is precisely the same which can be obtained by counting the gauge invariant states using the Pólya Enumeration Theorem [18].^5

5The identification is μ_+ = μ_− = β.

At zero ’t Hooft coupling, λ = 0, one can read from (4.1), that when the chemical potentials μ_± are approaching the critical line,

0 = 1 − e^{−μ+} − e^{−μ−} , (4.2)

the partition function becomes singular. This singularity is due to partition function divergence which results from the dramatic increase of the density of states at small values of chemical potentials. This is the celebrated Hagedorn transition at zero coupling (see [13, 16, 19–21]).

Inclusion of the one loop correction modifies the criticality condition (4.2) to 0 = 1 − e^{−μ+} − e^{−μ−} + λβ 8π^2

. (4.3)

This modification is also compatible with the results of [18].

Now let us evaluate the effects of N being finite. As we mentioned above, N plays the double role: that of inverse coupling for the non-planar contribution, and one of the cut-off. An effect of finiteness of N is the modification of the criticality condition (4.2) or (4.3) due to the gaussian measure for random walks and due to the cubic interaction. For large N, however, these effects are rather weak as soon as we did not reach the critical point. At the critical point we have a zero mode in the Gaussian integral, but since the value of φ_ω is restricted to the circle: |φ_ω| ≤ N, the integral over the zero mode remains convergent and is given by the area encompassed by the circle: πN^2. This will produce a contribution to the free energy which is scaling like log of N.

5 Discussions

We have shown, that employing random walks to parameterize the partition function for the anomalous dimension matrix model in SU(2) sector greatly simplifies the analysis e.g. allowing to interpret the Hagedorn phase transition as a zero mode in the gaussian action. The transition line separates the string/chain phase of the model which is dominated by one-dimensional polymer-like configurations from the string bit/spin bit phase where there is no such a structure and the model looks like a “soup” of interacting spin states. In the chain phase the system has essentially no N dependence, while in the other phase N^2 gives the effective number of particles. The physical meaning of the Hagedorn transition can be shortly described as melting of spin chain states. Let us note that at low temperatures there is another phase where the system is effectively described as one with N particles (see [14]).

This phase can be conventionally called “Higgs phase” since it is also associated with spontaneous breaking of the gauge symmetry.

As the non-planar interactions seem to be the driving force of the transition one may ask a question: why it is possible at N → ∞ when such interactions are switched off? First of all the effective rate of planar interactions was shown to be L^2/N, so if N is extremely large but not exactly infinite^6, approaching the Hagedorn point is characterized by domination of configurations with large L. Then, for any large value of N, non-planar interactions become strong if we approach the Hagedorn point sufficiently close. On the other hand the spin chain phase does not depend on N and in this case one may send N to infinity from the very beginning. In this case when approaching the Hagedorn transition point the system looks overheated where configurations with very long chains tend to dominate over ones with short chains. Because of this reason the thermodynamical description of such a system fails at the Hagedorn point. Therefore, the non-planar interactions although almost not present in the chain phase play the role of a trigger to a new thermal distribution.

Acknowledgements

This work is made in the framework of RTN project “Constituents, Fundamental Forces and Symmetries of the Universe”. I thank the organizers of the RTN meeting in Naples for providing an environment for lucrative communication among participants. I would like to acknowledge discussions with Pedro Silva, Edward Witten and Konstantin Zarembo.

I thank Max-Planck-Institut für Physik in Munich and in particular Dieter Luest and Fr. Rosita Jurgeleit for warm hospitality and help.

References

[1] Gerard ’t Hooft. A planar diagram theory for strong interactions. Nucl.

Phys., B72:461, 1974.

[2] Juan M. Maldacena. The large N limit of superconformal field theories and supergravity. Adv. Theor. Math. Phys., 2:231–252, 1998, hep-th/9711200.

6This happens if we treat N as a cut off parameter.

[3] Ofer Aharony, Steven S. Gubser, Juan M. Maldacena, Hirosi Ooguri, and Yaron Oz. Large N, field theories, string theory and gravity. Phys. Rept., 323:183–386, 2000, hep-th/9905111.

[4] Jan Plefka. Spinning strings and integrable spin chains in the AdS/CFT correspondence. Living Rev. Relativity, 8:9, 2005, hep-th/0507136.

[5] Niklas Beisert. The dilatation operator of N = 4 super Yang–Mills theory and integrability. Phys. Rept., 405:1–202, 2005, hep-th/0407277.

[6] Niklas Beisert. The complete one-loop dilatation operator of N = 4 super Yang–Mills theory. Nucl. Phys., B676:3–42, 2004, hep-th/0307015.

[7] N. Beisert, C. Kristjansen, and M. Staudacher. The dilatation operator of N = 4 super Yang–Mills theory. Nucl. Phys., B664:131–184, 2003, hep-th/0303060.

[8] S. Bellucci, P. Y. Casteill, J. F. Morales, and C. Sochichiu. Spin bit models from non-planar N = 4 SYM. Nucl. Phys., B699:151–173, 2004, hep-th/0404066.

[9] S. Bellucci, P. Y. Casteill, J. F. Morales, and C. Sochichiu. Chaining spins from (super)yang-mills. 2004, hep-th/0408102.

[10] S. Bellucci, P. Y. Casteill, A. Marrani, and C. Sochichiu. Spin bits at two loops. Phys. Lett., B607:180–187, 2005, hep-th/0411261.

[11] Stefano Bellucci and Corneliu Sochichiu. On matrix models for anomalous dimensions of super Yang–Mills theory. Nucl. Phys., B726:233–251, 2005, hep-th/0410010.

[12] Abhishek Agarwal and Sarada. G. Rajeev. The dilatation operator of n = 4 sym and classical limits of spin chains and matrix models. Mod. Phys. Lett., A19:2549, 2004, hep-th/0405116.

[13] Edward Witten. Anti-de Sitter space, thermal phase transition, and confinement in gauge theories. Adv. Theor. Math. Phys., 2:505–532, 1998, hep-th/9803131.

[14] Corneliu Sochichiu. Statistical mechanics for dilatations in N = 4 super Yang–Mills theory. 2006, hep-th/0608028.

[15] Ofer Aharony, Joseph Marsano, Shiraz Minwalla, Kyriakos Papadodimas, and Mark Van Raamsdonk. A first order deconfinement transition in large N Yang–Mills theory on a small S^3. Phys. Rev., D71:125018, 2005, hep-th/0502149.

[16] Ofer Aharony, Joseph Marsano, Shiraz Minwalla, Kyriakos Papadodimas, and Mark Van Raamsdonk. The hagedorn / deconfinement phase transition in weakly coupled large N gauge theories. Adv. Theor. Math. Phys., 8:603–696, 2004, hep-th/0310285.

[17] Joseph G. Conlon and Jan Philip Solovej. Random walk representations of the Heisenberg model. J. Statist. Phys, 64(1-2):251–270, 1991.

[18] Marcus Spradlin and Anastasia Volovich. A pendant for Pólya: The one-loop partition function of N = 4 SYM on R × S^3. Nucl. Phys., B711:199–230, 2005, hep-th/0408178.

[19] Bo Sundborg. The Hagedorn transition, deconfinement and N = 4 SYM theory. Nucl. Phys., B573:349–363, 2000, hep-th/9908001.

[20] Bo Sundborg. Stringy gravity, interacting tensionless strings and massless higher spins. Nucl. Phys. Proc. Suppl., 102:113–119, 2001, hep-th/0103247.

[21] Massimo Bianchi, Jose F. Morales, and Henning Samtleben. On stringy AdS_5 × S^5 and higher spin holography. JHEP, 07:062, 2003, hep-th/0305052.