arXiv:hep-th/0611297 v1 27 Nov 2006

Relativistic action-at-a-distance interactions: Lagrangian and Hamiltonian to terms of second order

Domingo J. Louis-Martinez

Department of Physics and Astronomy, University of British Columbia Vancouver, Canada, V6T 1Z1 martinez@physics.ubc.ca

Abstract

Relativistic systems of particles interacting pairwise at a distance (interactions not mediated by fields) in flat spacetime are studied. It is assumed that the interactions propagate at the speed of light in vacuum and that all masses are scalars under Poincaré transformations. The action functional of the theory depends on multiple times (the proper times of the particles). In the static limit, the theory has three components: a linearly rising potential, a Coulomb-like interaction and a dynamical component to the Poincaré invariant mass. In this Letter we obtain explicitly, to terms of second order, the Lagrangian and the Hamiltonian with all the dynamical variables depending on a single time. Approximate solutions of the relativistic two-body problem are presented.

PCAS No. 03.30+p

After the discovery of the action-at-a-distance formulation of electrodynamics[1] - [7], several relativistic non-instantaneous action-at-a-distance theories have been investigated [8] - [21]. Instantaneous action-at-a-distance formulations have been studied using a variety of approaches [22] - [30].

In a recent paper [31] the relativistic action-at-a-distance approach of Wheeler and Feynman [1] - [7] was extended in order to explore what other types of interparticle interactions are allowed in special relativity. It was assumed that the interactions propagate at the speed of light and that the theory can be described by an action that does not depend on the fourvector accelerations or on higher derivatives. A general action functional depending only on the four-vector velocities and relative positions of the particles was investigated. Assuming that the Poincaré invariant parameters that label successive events along the world lines of the particles can be identified with the particles’ proper times and that all masses are scalars, the most general form of the interaction terms in the action was determined explicitly [31].

The theory presented in [31] is described by an action which depends on multiple times. Quantum mechanics, on the other hand, is based on the hamiltonian formalism (or the Dirac hamiltonian formalism for constrained systems[32] - [35]), which is built on the assumption that one can choose a single time variable to describe the evolution of the whole system. The lagrangian (or covariant) quantization procedure [36] - [38] also assumes a single time variable.

One may attempt to transform a theory with multiple time variables into an equivalent theory with just one time variable, in a given inertial reference frame, using Taylor series expansions involving the particles’ present motions [39]. The problem of finding a single time variable to describe a relativistic system of interacting particles has been investigated by several authors [40] - [42].

In this Letter we present a reformulation of the theory given in [31] as an action-at-distance theory with a single time variable. We use series expansions up to terms of second order (^{v2}_{c2} ).

We obtain the approximate Lagrangian for this theory. Approximate expressions for the total energy, total linear momentum and total angular momentum are presented. We also obtain the Hamiltonian to terms of second order.

We present a formula for the Hamiltonian of two interacting particles in the center of momentum reference frame. Using this result, direct predictions for the energy spectrum can be made.

We also present approximate circular orbits solutions of the relativistic two-body problem. It is well known that an isolated system of N particles interacting electromagnetically may be described, to terms of second order, by the Darwin Lagrangian [43],[44]:

L_{Darwin} = −c^2 ∑ i m_i + 1 2 ∑ i m_iv^2_i + 1 8c^2 ∑ i m_iv^4_i − 1 2 ∑ i ∑ j≠i e_ie_j r_{ij} + 1 4c^2 ∑ i ∑ j≠i e_ie_j r_{ij} ((⃗v_i⃗v_j ) + (⃗n_{ij}⃗v_i)(⃗n_{ij}⃗v_j )) (1)

where, m_i and e_i are the mass and electric charge of particle i (i = 1, 2, ..., N), ⃗v_i its velocity, ⃗r_{ij} = ⃗r_i − ⃗r_j the relative position of particle i with respect to particle j and c the speed of light. In (1), ⃗n_{ij} ≡^{⃗rij}_{rij} .

A generalization of the Darwin Lagrangian that allows the inclusion of other types of interactions was proposed by Woodcock and Havas in the 70’s [45]. Other formulations have recently been studied [46]. For quantum chromodynamics, quark-antiquark interactions to terms of second order have been studied by several authors [47] -[53]. Gravitational interactions, to terms of second order, are described by the Einstein-Infeld-Hoffmann Lagrangian [54].

To terms of fourth order (^{v4}_{c4} ), ignoring the radiation effects (which for Faraday-Maxwell electrodynamics appear at third order) the Lagrangian for an isolated system of N particles interacting electromagnetically was obtained in [55], [56]. For General Relativity, gravitational radiation effects occur at fifth order. To terms of fourth order, the Lagrangian for an isolated system of N particles with gravitational interactions was derived in [57]. In recent years, for the gravitational two-body problem, results to sixth order (3rd post-Newtonian approximation) and higher have been obtained [58].

The Lagrangian (1) depends only on the velocities and the relative positions of the particles, which are functions of a single time variable in a given inertial reference frame K. The Darwin Lagrangian can be derived either from Faraday-Maxwell’s field theory of electrodynamics [44] or from the relativistic action-at-a-distance theory of Wheeler and Feynman [2].

Wheeler-Feynman’s fully relativistic action-at-a-distance theory of electrodynamics is described by the Fokker action [1] - [7]: S = − ∑ i m_ic ∫ dλ_iζ^{12}_i − 1 2c ∑ i ∑ j≠i e_ie_j ∫ ∫ dλ_idλ_jξ_{ij}δ (ρ_{ij} ) (2) In (2), λ_i is a Poincaré invariant parameter that labels the events along the world line z^μ_i (λ_i) of particle i in flat Minkowski spacetime and,

ζ_i = ż^2_i (3)

ξ_{ij} = (ż_iż_j ) (4)

ρ_{ij} = (z_i − z_j )^2 (5)

are scalars under Poincaré transformations.

The metric tensor: η_{μν} = diag(+1, −1, −1, −1). In (3, 4), ż^μ_i =^{dzμi}_{dλi} . The Dirac delta function in (2) accounts for the interactions propagating at the speed of light forward and backward in time.

In action-at-a-distance electrodynamics the interactions carry energy and momentum to and from the particles and may simulate a field between them. However, in the absence of electrically charged particles outside the system, this fictitious field cannot carry energy or momentum into or away from the system. If there are no other electrically charged particles in the universe, the total energy, linear momentum and angular momentum of a system of point particles are conserved (assuming that only electromagnetic interactions take place).

In [31], a general action functional depending on the four-vector velocities and relative positions of the particles was investigated. Assuming that the Poincaré invariant parameters that label successive events along the world lines of the particles can be identified with the particles’ proper times in flat spacetime and that all masses are scalars, the most general form of the interaction terms in the action was determined explicitly.

The theory obtained in [31] is described by the following action functional:

S = − ∑ i m_ic ∫ dλ_iζ^{12}_i − 1 2c ∑ i ∑ j≠i g_ig_j ∫ ∫ dλ_idλ_jδ (ρ_{ij} ) ( αγ_{ij}γ_{ji} + βξ_{ij} + γζ^{12}_i ζ^{12}_j ) (6)

In (6), α, β and γ are constants, and γ_{ij} = (ż_i(z_j − z_i)) (7) The Poincaré invariant parameters λ_i are identified with the proper times (τ_i) of the particles (λ_i = s_i = cτ_i) [31]:

dλ^2_i = η_{μν} dz^μ_i dz^ν_i (8) In the static limit the theory has three components: a linearly rising potential, a Coulomblike interaction and a dynamical component to the Poincaré invariant mass.

There is strong experimental evidence indicating that, for large separations, the interactions between quarks can be effectively described by a linearly rising potential [51], [52]. Several relativistic generalizations of a linearly rising potential have been studied [14] - [18]. From quantum chromodynamics, it has been shown that the quark-antiquark bound states are effectively described by a static potential, which is a sum of a linearly rising potential and a Coulomb-like interaction [59]. It would be interesting to study the effect of a variable scalar mass for quarks, as given by the formula (10) below or in some other form.

From the action (6), using the variational principle, one can obtain the relativistic equations of motion for a system of N interacting particles [31]: m̄_iz̈^μ_i = K̄^μ_i (9) In (9) m̄_i is the dynamical mass of particle i (i = 1, 2, ..., N):

m̄_i = m_i + γ g_i c^2 ∑ j≠i g_j ∫ ds_j δ (ρ_{ij} ) (10)

and K̄^μ_i is the four-vector force acting on particle i (i = 1, 2, ..., N): K̄^μ_i = g_i ( F^{μν}_i ż_{iν} + Γ^μ_{iαβ}ż^α_i ż^β_i ) (11)

where F^{μν}_i is an antisymmetric tensor (F^{νμ}_i = −F^{μν}_i ) and Γ^μ_{iαβ} is a symmetric tensor (Γ^μ_{iαβ} = Γ^μ_{iβα}) in flat spacetime. They are given by the expressions [31]:

F^{μν}_i = ∑ j≠i g_j c^2 ∫ ds_j δ (ρ_{ij}) γ^2_{ji} [ αγ^2_{ji} [ (z^μ_i − z^μ_j )ż^ν_j − ż^μ_j (z^ν_i − z^ν_j ) ] +β [( (z^μ_i − z^μ_j )ż^ν_j − ż^μ_j (z^ν_i − z^ν_j ) ) (1 − (z̈_j(z_i − z_j))) + ( (z^μ_i − z^μ_j )z̈^ν_j − z̈^μ_j (z^ν_i − z^ν_j ) ) γ_{ji} ]] (12)

Γ^μ_{iαβ} = γ ∑ j≠i g_j c^2 ∫ ds_j δ (ρ_{ij} ) γ^2_{ji} [( (z^μ_i − z^μ_j )η_{αβ} − 1 2 ( δ^μ_α(z_{iβ} − z_{jβ}) + δ^μ_β (z_{iα} − z_{jα}) )) (1 − (z̈_j (z_i − z_j ))) − ( ż^μ_j η_{αβ} − 1 2 (δ^μ_αż_{jβ} + δ^μ_βż_{jα}) ) γ_{ji} ] (13)

It should be emphasized that the action functional (6) is the most general expression one can obtain from the following four assumptions [31]:

(1) the action does not depend on the four-vector accelerations or on higher derivatives, (2) the interactions propagate at the speed of light in vacuum, (3) the Poincaré invariant parameters that label succesive events along the world lines of the particles can be identified as their proper times in flat spacetime,

(4) all masses are scalars under Poincaré transformations.

As it can be seen from (6), significant constraints on the form of the action functional result from these assumptions. The theory depends only on three undetermined constants. It reduces to the Wheeler-Feynman theory of electrodynamics when two of the constants (α and γ) are assumed to be equal to zero.

Based on these results, it is natural to ask how the theory described by the action (6) relates to physical phenomena that may be observed experimentally. One possibility is to look at the theory as a modified theory of electrodynamics and search for effects arising from the new interaction terms (assuming that α or γ are not exactly equal to zero). Another possibility is to consider the theory as an incomplete model for the description of strong nuclear interactions (since the theory incorporates a linearly rising potential, but does not take into account the internal degrees of freedom of the particles).

The fully relativistic equations of motion (9- 13) admit exact circular solutions for any number of particles. For electrodynamics such solutions were obtained in [6].

Our purpose now is to obtain, to terms of second order, the Lagrangian, the Hamiltonian and the equations of motion, with all dynamical variables depending on a single time t in an inertial reference frame K. To this end, it is convenient to rewrite the action functional (6) in the following form:

S = − ∑ i m_ic^2 ∫ dt_i ( 1 − v^2_i c^2

) 1_2 − c 2 ∑ i ∑ j≠i g_ig_j ∫ ∫ dt_idt_j δ ( c^2(t_i − t_j )^2 − (⃗r_i − ⃗r_j)^2 ) F_{ij} (14) where,

F_{ij} = α ( c(t_i − t_j ) − (⃗v_j(⃗r_i − ⃗r_j )) c ) ( c(t_j − t_i) − (⃗v_i(⃗r_j − ⃗r_i)) c )

+β ( 1 − (⃗v_i⃗v_j ) c^2 ) + γ ( 1 − v^2_i c^2

) 1_2 ( 1 − v^2_j c^2

) 1_2

(15)

From (14, 15) we can obtain the action for an individual particle i, assuming a fixed motion of the other particles, as follows:

S_i = ∫ dt −m_ic^2 ( 1 − v^2_i c^2

) 1_2 − cg_i ∑ j≠i g_j ∫ dt_j δ ( c^2(t − t_j )^2 − (⃗r_i − ⃗r_j)^2 ) F_{ij} (16)

where in (16) F_{ij} depends on t ≡ t_i and on t_j (j ≠ i).

The Dirac delta function can be expressed as follows [7]:

δ ( c^2(t − t_j )^2 − (⃗r_i − ⃗r_j)^2 ) = 1 2c δ(t_j − t^{(i,−)}_j ) R^{ret}_{ij} − (_⃗ R^{ret}_{ij} ⃗v^{(−)}_j ) c + δ(t_j − t^{(i,+)}_j ) R^{adv}_{ij} + (_⃗ R^{adv}_{ij} ⃗v^{(+)}_j ) c (17)

In (17), t^{(i,s)}_j (s = −, +) are the two roots of the equation: c^2(t − t_j )^2 − (⃗r_i(t) − ⃗r_j(t_j ))^2 = 0 (18) and, R^{ret}_{ij} = c ( t − t^{(i,−)}_j ) (19) R^{adv}_{ij} = c ( t^{(i,+)}_j − t ) (20) ⃗R^{ret}_{ij} = ⃗r_i − ⃗r^{(−)}_j (21) ⃗R^{adv}_{ij} = ⃗r_i − ⃗r^{(+)}_j (22)

t − t^{(i,−)}_j is the time it takes for a signal to travel forward in time at the speed of light from particle j to particle i in K.

t^{(i,+)}_j − t is the time it takes for a signal to travel backward in time at the speed of light from particle j to particle i in K.

The action functional (16) for particle i (assuming a fixed motion of the other particles) can therefore be rewritten as:

S_i = ∫ dt −m_ic^2 ( 1 − v^2_i c^2

) 1_2 − g_i 2 ∑ j≠i g_j F^{(−)}_{ij} R^{ret}_{ij} − (_⃗ R^{ret}_{ij} ⃗v^{(−)}_j ) c + F^{(+)}_{ij} R^{adv}_{ij} + (_⃗ R^{adv}_{ij} ⃗v^{(+)}_j ) c (23) where,

F^{(−)}_{ij} = −α R^{ret}_{ij} − ( ⃗Rret_{ij} ⃗v^{(−)}_j ) c R^{ret}_{ij} − ( ⃗Rret_{ij} ⃗v_i ) c +β 1 − (⃗v_i⃗v^{(−)}_j ) c^2 + γ ( 1 − v^2_i c^2

) 1_2 1 − v^{(−)2}_j c^2 1 2 (24)

F^{(+)}_{ij} = −α R^{adv}_{ij} + ( ⃗Radv_{ij} ⃗v^{(+)}_j ) c R^{adv}_{ij} + ( ⃗Radv_{ij} ⃗v_i ) c +β 1 − (⃗v_i⃗v^{(+)}_j ) c^2 + γ ( 1 − v^2_i c^2

) 1_2 1 − v^{(+)2}_j c^2 1 2 (25)

To terms of second order we can write:

−m_ic^2 ( 1 − v^2_i c^2

) 1_2 − g_i 2 ∑ j≠i g_j F^{(−)}_{ij} R^{ret}_{ij} − (_⃗ R^{ret}_{ij} ⃗v^{(−)}_j ) c + F^{(+)}_{ij} R^{adv}_{ij} + (_⃗ R^{adv}_{ij} ⃗v^{(+)}_j ) c ≈

−m_ic^2 + m_iv^2_i 2 + m_iv^4_i 8c^2 − g_i ∑ j≠i g_j [ −αr_{ij} ( 1 − (⃗v_i⃗v_j) c^2 + (⃗n_{ij}⃗v_j )^2 2c^2 + v^2_j 2c^2 − (⃗r_{ij}⃗a_j) 2c^2 )

+ β r_{ij} ( 1 − (⃗v_i⃗v_j ) c^2 − (⃗n_{ij}⃗v_j )^2 2c^2 + v^2_j 2c^2 − (⃗r_{ij}⃗a_j ) 2c^2 )

+ γ r_{ij} ( 1 − v^2_i 2c^2 − (⃗n_{ij}⃗v_j)^2 2c^2 − (⃗r_{ij}⃗a_j ) 2c^2 )] (26)

We find the approximate action for particle i to be (integration by parts allows to obtain a formula without explicit dependence on the accelerations): S_i ≈ ∫ dtL_i (27)

where,

L_i = −m_ic^2 + m_iv^2_i 2 + m_iv^4_i 8c^2 + g_i ∑ j≠i g_j ( αr_{ij} − (β + γ) r_{ij} )

+ g_i 2c^2 ∑ j≠i g_j [( −αr_{ij} + (β − γ) r_{ij} ) (⃗v_i⃗v_j ) + ( αr_{ij} + (β + γ) r_{ij} ) (⃗n_{ij}⃗v_i)(⃗n_{ij}⃗v_j ) + γ r_{ij} ( v^2_i + v^2_j )] (28)

From (28) we can find the Lagrangian of the whole system of N interacting particles. It is given by the expression:

L = −c^2 ∑ i m_i + ∑ i m_iv^2_i 2 + ∑ i m_iv^4_i 8c^2 + 1 2 ∑ i ∑ j≠i g_ig_j ( αr_{ij} − (β + γ) r_{ij} )

+ 1 4c^2 ∑ i ∑ j≠i g_ig_j [( −αr_{ij} + (β − γ) r_{ij} ) (⃗v_i⃗v_j ) + ( αr_{ij} + (β + γ) r_{ij} ) (⃗n_{ij}⃗v_i)(⃗n_{ij}⃗v_j ) + γ r_{ij} ( v^2_i + v^2_j ) ]

(29)

The Lagrangian (29) reduces to the Darwin Lagrangian (1) if α = γ = 0 and β = 1. From the Lagrangian (29) one can obtain the equations of motion to terms of second order:

m_i + γg_i c^2 ∑ j≠i g_j r_{ij} (( 1 + v^2_i 2c^2 ) ⃗a_i + (⃗v_i⃗a_i) c^2 ⃗v_i ) = g_i ∑ j≠i g_j r_{ij} [ ⃗r_{ij} [( α + (β + γ) r^2_{ij} ) ( 1 − (⃗r_{ij}⃗a_j ) 2c^2 ) − γ r^2_{ij} v^2_i 2c^2 + ( α + β r^2_{ij} ) ( v^2_j 2c^2 − (⃗v_i⃗v_j) c^2 ) − ( α + 3(β + γ) r^2_{ij} ) (⃗n_{ij}⃗v_j)^2 2c^2 ]

+ ( α + β r^2_{ij} ) ⃗v_j(⃗r_{ij}⃗v_i) c^2 + γ r^2_{ij} ( ⃗v_i(⃗r_{ij}⃗v_i − ⃗v_j ) c^2 + ⃗v_j(⃗r_{ij}⃗v_j) c^2 )

+ ( α + (γ − β) r^2_{ij} ) ⃗a_j r^2_{ij} 2c^2 ] (30)

The approximate equations (30) can also be derived directly from the exact equations of motion (9 - 13).

From the Lagrangian (29) we can obtain the total energy (E), the total linear momentum ( ⃗P ) and the total angular momentum (⃗L), of a system of N interacting relativistic particles, to terms of second order:

E = c^2 ∑ i m_i + ∑ i m_iv^2_i 2 + ∑ i 3m_iv^4_i 8c^2 − 1 2 ∑ i ∑ j≠i g_ig_j ( αr_{ij} − (β + γ) r_{ij} )

+ 1 4c^2 ∑ i ∑ j≠i g_ig_j [( −αr_{ij} + (β − γ) r_{ij} ) (⃗v_i⃗v_j) + ( αr_{ij} + (β + γ) r_{ij} ) (⃗n_{ij}⃗v_i)(⃗n_{ij}⃗v_j ) + γ r_{ij} ( v^2_i + v^2_j ) ]

(31)

⃗P = ∑ i m_i ( 1 + v^2_i 2c^2 ) + γg_i c^2 ∑ j≠i g_j r_{ij} ⃗v_i + 1 2c^2 ∑ i ∑ j≠i g_ig_j [( −αr_{ij} + (β − γ) r_{ij} ) ⃗v_j + ( αr_{ij} + (β + γ) r_{ij} ) (⃗n_{ij}⃗v_j )⃗n_{ij} ] (32)

⃗L = ∑ i m_i ( 1 + v^2_i 2c^2 ) + γg_i c^2 ∑ j≠i g_j r_{ij} (⃗r_i × ⃗v_i)

+ 1 2c^2 ∑ i ∑ j≠i g_ig_j [( −αr_{ij} + (β − γ) r_{ij} ) (⃗r_i × ⃗v_j ) − ( αr_{ij} + (β + γ) r_{ij} ) (⃗n_{ij}⃗v_j ) r_{ij} (⃗r_i × ⃗r_j ) ]

(33)

In order to develop the hamiltonian formulation of the theory, we find the conjugate momenta:

⃗p_i = ∂L ∂⃗v_i = m_i 1 + v^2_i 2c^2 + γg_i m_ic^2 ∑ j≠i g_j r_{ij} ⃗v_i + g_i 2c^2 ∑ j≠i g_j [( −αr_{ij} + (β − γ) r_{ij} ) ⃗v_j + ( αr_{ij} + (β + γ) r_{ij} ) (⃗n_{ij}⃗v_j)⃗n_{ij} ] (34)

The Hamiltonian (to terms of second order) for N interacting particles is given by the formula:

H = c^2 ∑ i m_i + ∑ i p^2_i 2m_i − ∑ i p^4_i 8m^3_i c^2 − 1 2 ∑ i ∑ j≠i g_ig_j ( αr_{ij} − (β + γ) r_{ij} )

− 1 4c^2 ∑ i ∑ j≠i g_ig_j m_im_j [( −αr_{ij} + (β − γ) r_{ij} ) (⃗p_i⃗p_j ) + ( αr_{ij} + (β + γ) r_{ij} ) (⃗n_{ij} ⃗p_i)(⃗n_{ij} ⃗p_j ) ]

− γ 4c^2 ∑ i ∑ j≠i g_ig_j r_{ij} ( p^2_i m^2_i + p^2_j m^2_j )

(35)

For N = 2 in the center of momentum frame (c.m.f.) (⃗p_1 = −⃗p_2 = ⃗p) the Hamiltonian (35) takes the simple form:

H = c^2 (m_1 + m_2) + p^2 2 ( 1 m_1 + 1 m_2 ) − g_1g_2 ( αr − (β + γ) r )

− p^4 8c^2 ( 1 m^3_1 + 1 m^3_2 ) − g_1g_2 2c^2 ( 1 m^2_1 + 1 m^2 ) γp^2 r + g_1g_2 2c^2m_1m_2 (( −αr + (β − γ) r ) p^2 + ( αr + (β + γ) r ) (⃗n⃗p)^2 ) (36)

Direct predictions for the energy spectrum can be made from (36). Comparing our expression for the hamiltonian (36) with the general expression presented in [49], we can determine the Lorentz structure of the interactions.

The general formula for the semirelativistic two-particle hamiltonian presented in [49] can be written in the c.m.f. as follows:

H = c^2 (m_1 + m_2) + p^2 2 ( 1 m_1 + 1 m_2 ) − p^4 8c^2 ( 1 m^3_1 + 1 m^3_2 ) + W (37) where W is the sum of vector and scalar interactions: W = W_V + W_S (38) Given a potential V for vector exchange, W_V in the c.m.f. is given by the formula:

W_V = V (r) + 1 2m_1m_2c^2 ( V (r)p^2 − rV^′(r)(⃗n⃗p)^2 ) (39)

Given a potential S for scalar exchange, W_S in the c.m.f. can be written as follows: W_S = S(r) − S(r) ( 1 m^2_1 + 1 m^2 ) p^2 2c^2 − 1 2m_1m_2c^2 ( S(r)p^2 + rS^′(r)(⃗n⃗p)^2 ) (40)

Comparing (36) with (37 - 40) we conclude that, for the theory presented in this Letter, the potentials corresponding to vector and scalar interactions are given by the following expressions:

V = g_1g_2 ( −αr + β r ) (41) S = g_1g_2γ r (42)

The interaction responsible for the variable masses is scalar in nature. The lineraly rising potential is purely a vector potential, and so is the Coulomb-like potential. All this can also be seen directly from the fully relativistic action (6).

For N = 2, the approximate equations of motion(30) admit circular orbits solutions with the angular frequency ω and the distance between the particles r = r_1 + r_2 obeying the generalized Kepler relation:

ω^2 = − g_1g_2 μr^3 ( αr^2 + β + γ ) [ 1 − g_1g_2 μc^2r ( 3ανr^2 + β ( ν − 1 2 ) + γν )] (43)

where, μ = m_1m_2 m_1 + m_2

(44) ν = m_1m_2 (m_1 + m_2)^2

(45)

For two-body circular orbits the total energy of the system in the c.m.f., to terms of second order, is given by the formula:

E = c^2(m_1+m_2)+ g_1g_2 2r [ −3αr^2 + β + γ + g_1g_2 4c^2μr [ (αr^2 + β)^2(1 − ν) − 2(αr^2 + β)γν − γ^2(1 + ν) ] ]

(46) The total angular momentum in the c.m.f, to terms of second order, is: L = | | |g_1g_2(αr^2 + β + γ)μr | | | 1 2 [ 1 + g_1g_2 4c^2μr [ 4ανr^2 − β + 2γ ] ] (47)

One can use the procedure presented in this paper to obtain results at higher orders in the series expansions.

At the quantum level one can describe a system of two spinning particles interacting electromagnetically, including second order terms, by the Breit equation [60]- [62]. An extended Breit equation may be devised in agreement with the Lagrangian (29) to account for the dynamical contributions to the masses and the effect of a linearly rising potential.

It may also be possible to obtain a fully relativistic two-body Dirac equation from the action (6), by extending the results of Crater and Van Alstine [62] to include the additional interactions explored in this Letter.

References

[1] J. A. Wheeler and R. P. Feynman, Rev. Mod. Phys. 17, 157 (1945); 21, 425 (1949). [2] J.L. Anderson, Principles of Relativity Physics (Academic Press, New York, 1967). [3] R.A. Moore, T.C. Scott and M.B. Monagan, Phys. Rev. Lett. 59, 525 (1987). [4] F. Hoyle and J.V. Narlikar, Lectures on Cosmology and Action at a Distance Electrodynamics, (World Scientific, 1996).

[5] A. Schild, Phys. Rev. 131, 2762 (1963). [6] D.J. Louis-Martinez, Phys. Lett. A320, 103 (2003).

[7] A. O. Barut, Electrodynamics and Classical Theory of Fields and Particles, (Dover Publications Inc, New York, 1980).

[8] J.W. Dettman and A. Schild, Phys. Rev. 95, 1057 (1954).

[9] J. Dyer and A. Schild, Journal of Mathematical Analysis and Applications 4, 328 (1962). [10] F. Hoyle and J.V. Narlikar, Proceedings of the Royal Society, Ser. A 282, 191 (1964). [11] C.M. Andersen and H.C. von Baeyer, Ann. Phys. (N.Y.) 60, 67 (1970). [12] A. Schild, Ann. Phys. (N.Y.) 93, 88 (1975). [13] P. Ramond, Phys. Rev. D7, 449 (1973).

[14] A. Katz, J. Math. Phys. 10, 1929 (1969); 10, 2215 (1969). [15] A. Degasperis, Phys. Rev. D3, 273 (1971). [16] J.M. Cornwall, Nucl. Phys. B128, 75 (1977). [17] A. Rivacoba, Nuovo Cim. B84, 35 (1984). [18] J. Weiss, J. Math. Phys. 27, 1015 (1986). [19] M. Kalb and P. Ramond, Phys. Rev. D9, 2273 (1974). [20] B. Jensen and U. Lindstrom Phys. Lett. B398, 83 (1997). [21] J. Friedman and K. Uryu, Phys. Rev. D73, 104039 (2006).

[22] R. N. Hill, J. Math. Phys. 8, 201 (1967). [23] Ph. Droz-Vincent, Lett. Nouvo Cimento 1, 839 (1969) [24] L. Bel and X. Fustero, Ann. Inst. H. Poincare A 25, 411 (1976). [25] I. T. Todorov, in Relativistic Action at a Distance: Classical and Quantum Aspects, Ed.

by J. Llosa, Lectures Notes in Physics 162, Springer-Verlag (1982). [26] L. P. Horwitz and F. Rohrlich, Phys. Rev. D24, 1528 (1981). [27] H. Sazdjian, Ann. of Phys. 136, 136 (1981).

[28] G. Longhi, D. Dominici, J. Gomis and J. A. Lobo in Relativistic Action at a Distance: Classical and Quantum Aspects, Ed. by J. Llosa, Lectures Notes in Physics 162, Springer-Verlag (1982).

[29] J. Bijtebier, Nucl. Phys. A696, 581 (2001). [30] Ph. Droz-Vincent, Int. J. Theor. Phys. 42, 1809 (2003). [31] D.J. Louis-Martinez, Phys. Lett. B632, 733 (2006).

[32] P.A.M. Dirac, Lectures in Quantum Mechanics Belfer Graduate School of Science, Yeshiva University, New York (1964).

[33] D.J. Louis-Martinez, Phys. Lett. A269, 277 (2000). [34] E.S. Fradkin and G.A. Vilkovisky, Phys. Lett. B55, 224 (1975). [35] M. Henneaux, Phys. Rep. 126, 1 (1985).

[36] I.A. Batalin and G.A. Vilkovisky, Phys Lett. B102, 27 (1981). [37] J. Gomis, J. Paris and S. Samuel, Phys. Rep. 259, 1 (1995). [38] D.J. Louis-Martinez, Phys. Lett. B503, 209 (2001). [39] E. H. Kerner, J. Math. Phys. 9, 222 (1968). [40] L.P. Horwitz and Y. Lavie, Phys. Rev. D26, 819 (1982). [41] I.N. Nikitin, Nuovo Cim. B110, 771 (1995). [42] U. Ben-Ya’acov, J. Phys. A: Math. Gen.39, 667 (2006). [43] C.G. Darwin, Phil. Mag. 39, 537 (1920).

[44] L. D. Landau and E. M. Lifshitz, The Classical Theory of Fields (4th revised English edition), Butterworth- Heinenann, Oxford (1996).

[45] H. Woodcock and P. Havas, Phys. Rev. D6, 3422 (1972). [46] H. Crater and L. Lusanna, Annals Phys. 289, 87 (2001).

[47] M.G. Olsson and K.J. Miller, Phys. Rev D28, 674 (1983). [48] T. Barnes and G.I. Ghandour, Phys.Lett. B118, 411 (1982). [49] R.W. Childers, Phys. Rev. D36, 606 (1987).

[50] A. Barchielli, E. Montaldi and G.M. Prosperi, Nucl. Phys. B296, 625 (1988). [51] W.Lucha, F.F. Schoberl and D. Gromes, Phys. Rep. 200, 127 (1991). [52] M.G. Olsson and K. Williams, Phys. Rev. D48, 417 (1993). [53] F. Jugeau and H. Sazdjian, Nucl. Phys. B670, 221 (2003). [54] A. Einstein, L. Infeld and B. Hoffmann, Ann. Math. 39, 65 (1938). [55] V.N. Golubenkov and Ya. A. Smorodinskii, Zh. Eksp. Teor. Fiz. 31, 330 (1956) [Sov.

Phys. JETP 4, 442 (1957)].

[56] T. Ohta and T. Kimura, J. Math. Phys. 34, 4655 (1993). [57] T. Damour and N. Deruelle, Phys. Lett. A87, 81 (1981). [58] L. Blanchet and G. Faye, Phys. Lett. A271, 58 (2000). [59] T.J. Allen and M.G. Olsson, Phys. Rev D68, 054022 (2003). [60] G. Breit, Phys. Rev. 34, 553 (1929).

[61] H.A. Bethe and E.E. Salpeter, Quantum Mechanics of One and Two Electron Atoms (Springer, Berlin, 1957).

[62] P. Van Alstine and H. Crater, Found. Phys. 27, 67 (1997).