arXiv:hep-th/0611353v3 31 Aug 2007

Preprint typeset in JHEP style - HYPER VERSION hep-th/0611353

Structures in the Gauge/Gravity Duality Cascade

Girma Hailu^∗and S.-H. Henry Tye^†

Newman Laboratory for Elementary Particle Physics Cornell University Ithaca, NY 14853

Abstract:

We study corrections to the anomalous mass dimension and their effects in the Seiberg duality cascade in the Klebanov-Strassler throat, where N = 1 supersymmetric SU(N + M) × SU(N) gauge theory with bifundamental chiral superfields and a quartic tree level superpotential in four dimensions is dual to type IIB string theory on AdS_5 × T^{1,1} background. Analyzing the renormalization group flow of the couplings on the gauge theory side, we propose specific corrections to the anomalous mass dimension. Applying gauge/gravity duality, we then show that the corrections reveal structures on the supergravity side with steps appearing in the running of the fluxes and the metric. The “charges” at the steps provide a gravitational source for Seiberg duality transformations. The finiteness of these corrections suggests that the theory flows to a baryonic branch rather than to a confining branch. The cosmological implication of the duality cascade and the gauge/gravity duality on the brane inflationary scenario and the cosmic microwave background radiation is pointed out.

∗hailu@lepp.cornell.edu †tye@lepp.cornell.edu

Contents

1. Introduction 1

2. Brief review 5

3. Seiberg duality cascade 7

4. Supergravity side 10 4.1 Type IIB supergravity action 10 4.2 Mapping gauge coupling running to supergravity flow 13

5. Warp factor with steps 18

6. D3-brane world volume effective action 26

7. The warped deformed/resolved conifold 31 7.1 SU(3) structures 31 7.2 Equations of motion in the 6 ⊕ ¯6 sector 33

8. Gravitational source for Seiberg duality transformations 34

9. Discussions 36

1. Introduction

Recent developments in flux compactification in string theory have provided us with many explicit realizations of the brane world scenario with stabilized moduli [1, 2]. In a typical solution in type IIB theory, the compactified manifold has a number of warped throats. It is likely that our standard model particles are open string modes of a stack of D-branes sitting at the bottom of such a throat. A prime example of such a throat is the Klebanov-Strassler (KS) throat [3]; i.e., a warped deformed conifold in type IIB theory on AdS_5 × T^{1,1} background. Its gauge theory dual is N = 1 supersymmetric SU(N + M) × SU(N) with bifundamental chiral superfields and a quartic tree level superpotential which undergoes a cascade of Seiberg duality transformations [4]. Here, we like to explore the properties of such a throat in some details. We will start with studying the running of the couplings in the gauge theory and calculate corrections to the anomalous mass dimension which dictate the flow of

– 1 – the gauge theory. The corrections depend on the ranks of the gauge groups in the duality cascade. We then apply gauge/gravity duality and find that including the corrections to the anomalous dimension on the gauge theory side reveals step-like structures in the metric and the fluxes on the gravity side.

These steps may be observable in cosmology. Implications of sharp features and/or non-Gaussianity in the cosmic microwave background radiation due to steps in the inflaton potential have been studied [5, 6]. It has become clear that the brane inflationary scenario in string theory is quite robust [7]. Here, the inflaton is simply the position of the D3-brane. In the simple but realistic KKLMMT scenario, inflation takes place as a D3-brane moves down a warped throat [8]. The duality cascade feature shows up in the D3-brane potential in the warped geometry as steps. Such steps in the inflaton potential can introduce sharp features in the cosmic microwave background radiation, which may have been observed already [9, 10]. So the steps in the throat, though small, can have distinct observable stringy signatures in the cosmic microwave background radiation. This point is perhaps best expressed by quoting WMAP [11] : “a very small fractional change in the inflaton potential amplitude, c ∼ 0.1%, is sufficient to cause sharp features in the angular power spectrum.” The possibility of detecting and measuring the duality cascade is a strong enough motivation to study the throat more carefully. Although both Seiberg duality and gauge/gravity duality are strongly believed to be true, neither has been proven; so a cosmological test is highly desirable. This will also provide strong evidence for string theory. The steps also show up in the Dirac-Born-Infeld action for brane inflation, which may be observed separately [12].

To find the step structure on the gravity side, we shall use a gauge/gravity duality mapping between the couplings in the gauge theory and the dilaton and the backreaction potential in the gravity theory. On the gauge theory side, as the theory flows towards the infrared (IR), the larger of the two gauge factors undergoes a Seiberg duality transition as it becomes strongly coupled while the weaker factor is treated as a flavor symmetry: SU(N + M) with 2N flavors → SU(2N − (N + M)) = SU(N − M) with 2N flavors [4]. Repeating such transformation, the SU(N + M) × SU(N) gauge theory undergoes a series of Seiberg duality transitions as it flows towards the IR; i.e., the bottom of the throat. This is the duality cascade. At the l^{th} step (l = 1, 2, ...), the gauge theory makes the transition from the l^{th} region; i.e., SU(N + M − (l − 1)M) × SU(N − (l − 1)M) to the (l + 1)^{th} region with SU(N + M − lM) × SU(N − lM) gauge group. This duality cascade should lead to steps in the fluxes and the metric in the gravity side. To see this, let us first look at the value of the anomalous mass dimension γ, since the renormalization group flow of the couplings depends crucially on it. The M = 0 case is the conformal Klebanov- Witten (KW) model [13], where γ_0 = −1/2. Turning on M breaks the conformal symmetry and so should lead to a correction to γ. Intuitively, when N ≫ M, this correction is expected to be small and so is usually neglected. Here we find interesting

– 2 – physics associated with this correction to the anomalous dimension. Furthermore, this correction becomes substantial as we approach the IR limit.

Since the gauge theory has the discrete symmetry M → −M, N → N + M, γ must be even under this symmetry and so its leading order correction must have the form M^2/N(N + M). On the other hand, if we turn off the superpotential, the two gauge couplings will have individual fixed points (when the other group is weakly coupled and is treated as a flavor symmetry) provided γ_{N+M} = −1/2 − 3M/2N and γ_N = −1/2+3M/2(N +M), respectively. So, when the superpotential is turned back on, we expect the common γ to be somewhere in between, and the renormalization group flow of the couplings take place somewhere in between too. Since the above symmetry maps γ_{N+M} and γ_N into each other, we propose that γ should be the symmetrization (i.e., average) of γ_{N+M} and γ_N . Similarly, after l steps in the Seiberg duality cascade, the gauge theory becomes SU(N + M − lM) × SU(N − lM), with the corresponding anomalous dimension, γ = − 1 2 − 3M^2 4N(N + M) → − 1 2 − 3M^2 4(N − lM)(N + M − lM) (1.1)

Thus γ jumps from one value to another value as the renormalization group flow passes a Seiberg duality transition. It is this jump in γ which causes the steps in the metric and in the fluxes on the gravity side as one moves towards small r, which is roughly the distance away from the bottom of the throat. Note that, towards the bottom of the throat, l → N/M, the correction in γ is no longer negligible. For the anomalous dimension to stay finite in the N = KM case, l = 1, 2, ..., K − 1. That is, there are only K − 1 steps in the Seiberg duality cascade, and the infrared flow from SU(3M) × SU(2M) to SU(2M) × SU(M) takes γ = −7/8. Of course, higher order corrections may be important when l is large (i.e., when the effective K is not large). Note that the correction term in (1.1) blows up for l = K. This divergence leads to an infinite size step. Since higher order corrections have to obey the above discrete symmetry, they will diverge here too. This may signal a breakdown of perturbative corrections to the anomalous dimension in powers of M^2/(N − lM)(N + M − lM). Alternatively, to avoid this divergence, this may signal that the Seiberg duality transition stops at SU(2M) × SU(M). This latter interpretation means that the theory flows to a baryonic branch rather than to a confining branch.

In the absence of the corrections to the anomalous mass dimension (1.1), the Seiberg duality cascade is completely smooth when one looks at the geometry in the supergravity side. On the gauge theory side, we see that one of the gauge couplings in the renormalization group flow goes from small to large between duality transformations. Since the anomalous dimension comes in the flow of the dilaton and the backreaction potential and its magnitude changes across Seiberg duality transitions, the warp factor has steps on the supergravity side. Of course, each step

– 3 – should have a width (proportional to the step position), so that steps are actually smoothed out. The resulting warp factor has a cascading behavior that agrees with the picture presented in Ref.[14].

Let us consider the structure in the warp metric h(r) that rescales masses, where ds^2 = h^2(r)dx^μdx_μ + h^{−2}(r)(dr^2 + r^2ds^2_5) and h(r) ∼ r. The size of the step at r = r_p in the warp factor h(r) for large p < K (where r = r_{K+1} is at the edge of the throat) is estimated perturbatively to be (with string coupling g_s valued at the step),

Δh(r_p) h(r_p) = h_>(r_p) − h_<(r_p) h(r_p) ≃ ( 3g_sM 2π ) 1 p^3

. (1.2)

where h_>(r_p) is the warp factor at r ≥ r_p and h_<(r_p) that at r ≤ r_p. Although the steps appear as infinitely sharp, this is clearly a consequence of the approximation used here. In reality, we expect the steps to have widths, so the warp factor has a cascading feature. We expect the sharpness of a step to be dictated by the strong interaction scale Λ there. So, in general, we expect this multi-step feature to be generic; as we approach the infrared (decreasing r), the step size grows (as p decreases) and becomes sharper (as Λ ∼ r decreases). The spacings between steps are roughly equal as a function of ln r for large effective p. These features may show up in brane inflation as signature of the Seiberg duality transition and the gauge/gravity duality in string theory.

Note that the anomalous dimension (1.1) is not the result of a rigorous derivation. We expect that further improvement on the anomalous dimension will introduce a Λ dependence. Since the warp factor we have here is not from an explicit solution of the SUGRA equations, and we do expect a correction to the gauge/gravity duality dictionary that is not included here, so the result presented here should be treated as tentative only. Also, the quantitative properties of the warp factor (and so the inflaton potential) may be sensitively dependent on the details of the warped geometry of the throat. On the other hand, this cascading feature should be quite generic even if V_{D3} itself can be quite sensitive to the details of the model.

The rest of this paper is organized as follows. First we give a brief background review. We then present the details on the determination of the anomalous mass dimension and its implications on the renormalization group flow. A study of the implication in the gravity side is done on the setting of a singular conifold which is a good approximation to the deformed geometry in the UV region near the edge of the throat. This is good enough for our purpose here as it captures the important features of the physics: the steps with their order of magnitudes and radial locations. We see that the dilaton and the 2-form NS-NS potential run with kinks and the NS- NS flux has steps. This leads to steps in the warp factor. We write down the D3-brane world volume action, which is suitable for the study of new features in the KKLMMT inflationary scenario. We comment on the mapping of the flow of the gauge theory to the supergravity flow, suggesting that the mapping/dictionary in the

– 4 – gauge/gravity duality should have corrections as well. We will then continue with analyzing the supergravity side using SU(3) structures and see how the corrections on the gauge theory side could give rise to geometric obstructions on the supergravity side which provide special locations and sources for Seiberg duality transformations. A full supersymmetric solution on the supergravity side containing the corrections will involve a detailed analysis of the supergravity equations of motion and their solutions and we will not attempt to do that here. We will conclude with some remarks.

2. Brief review

Klebanov and Witten found, shortly after the first example of a dual gauge/gravity theory was given by Maldacena [15], Gubser, Klebanov and Polyakov [16], and Witten [17], that type IIB string theory with a stack of N D3-branes on AdS_5 × T^{1,1} was dual to N = 1 supersymmetric SU(N) × SU(N) conformal gauge theory with bifundamental chiral superfields A_1 and A_2 transforming as (□, ¯□) and B_1 and B_2 transforming as ( ¯□, □) and a quartic tree level superpotential [13]. The quartic tree level superpotential in this theory is given by

W_{tree} = w ( (A_1B_1)(A_2B_2) − (A_1B_2)(A_2B_1) ) , (2.1)

where color indices from the same gauge group are contracted and w is the tree level coupling. Let us define the classical dimensionless coupling related to the tree level coupling w by η = ln(w/μ^{1+2γη} ), where μ has the dimension of mass. The physical β functions of the two gauge couplings are β_g = 3N − 2N(1 − γ_g), and that of η is given by β_η = 1 + 2γ_η, where the γs are the anomalous mass dimensions. Although the superpotential breaks the flavor symmetry to its diagonal version, there is enough symmetry left so that there is a common anomalous mass dimension, that is, γ = γ_η = γ_g. The theory has a nontrivial conformal fixed point, where the physical β functions of the two gauge couplings associated to the two group factors in SU(N) × SU(N) and that of η all vanish. This happens for the same value of the anomalous mass dimension, namely γ_0 = −1/2. So the theory is conformal with this value of γ, which is independent of N. The stack of D3-branes induces a 5-form R-R flux and the supergravity geometry is a warped pure AdS_5 × T^{1,1}.

In the KS construction, in a series of papers by Klebanov and collaborators (with Gubser [18], with Nekrasov [19], with Tseytlin [20] and with Strassler [3]), an additional M number of D5-branes are wrapped near the tip over the S^2 cycle of T^{1,1}. See [21] for a review. These wrapped D5-branes become fractional D3-branes localized at the apex of the conifold. This enhances the gauge theory to SU(N +M)× SU(N) with A_1, A_2 ∼ (□, ¯□) and B_1, B_2 ∼ ( ¯□, □). This theory with the quartic tree level superpotential given by (2.1) is dual to type IIB string theory on a warped

– 5 – deformed conifold, with AdS_5 × T^{1,1} background. In this case, there is no value of common anomalous dimension that makes the physical β functions of the couplings vanish simultaneously; that is, the addition of the fractional branes makes the theory nonconformal. The fractional branes induce 3-form R-R flux through the S^3 cycle of T^{1,1}. This flux, considered as a perturbation of the AdS_5 × T^{1,1} background, induces a 2-form backreaction potential which varies with the radius of the T^{1,1} and produces a logarithmic flow. It was argued that this theory undergoes a cascade of Seiberg duality transformations with the duality transformation alternating between the two gauge group factors. The flow of the couplings would continue until, in the case where N is integral multiple of M, SU(2M) × SU(M) is left. At this point two different possible routes are discussed in the literature. In one case, a pure SU(M) gauge theory is left in the infrared which undergoes confinement via gaugino condensation [3]. On the string theory side, the confinement corresponds to a deformation of the tip of the cone via geometric transition whereby the S^2 cycle is blown-down and the S^3 is blown-up with 3-form R-R flux through it. There is also a second possible route for the cascade ending in a baryonic branch of SU(2M) × SU(M) with a quantum deformed moduli space and a massless axionic moduli field [22]. Our work here confirms that the second route is the preferred one.

Assuming that the duality cascade picture is a correct description of the gauge theory, we start with determining the corrections to the anomalous dimension. Once we find the corrections to the anomalous dimension, we will study the effects on the supergravity side on the setting of the singular conifold. The singular conifold geometry is a good approximate description in the UV region near the edge of the throat which is enough for our purpose of finding the steps and the corresponding sizes. We find that the leading corrections in M/N come at orders expected from flux backreaction estimates. For instance, the leading order correction to the anomalous mass dimension comes at O(M^2/N^2), the gauge coupling β functions receive leading O(M^2/N) corrections and the dilaton runs at O(M^2/N). This is consistent with dual supergravity flux backreaction estimates [19, 20] where the leading order corrections to the anomalous dimension is expected to come at most at O(M^2/N^2). The magnitude of the corrections changes after each duality transformation as the matter content of the theory changes and this introduces steps in the backreaction H_3 flux and in the warp factor. In e^{−Φ} for the dilaton and in the B_2 NS-NS potential, it is the slope in the logarithmic running which changes at the cascade steps. The corrections grow as the cascade proceeds and the difference in the ranks of the gauge groups gets bigger. Our premise of a changing anomalous dimension as the duality cascade proceeds and the matter content of the theory changes is consistent with the picture of the theory flowing to the baryonic branch with SU(2M) × SU(M). Here the reason for the flow to a baryonic branch is because an additional Seiberg duality transformation would require an infinite “charge” at the step.

– 6 –

3. Seiberg duality cascade

Let us consider the N = 1 supersymmetric SU(N + M) × SU(N) gauge theory with chiral superfields transforming as A_1, A_2 ∼ (□, ¯□) and B_1, B_2 ∼ ( ¯□, □) in the KS construction. The quantity γ = γ_A + γ_B stands for the anomalous dimension of any one of the objects (A_iB_j ) made out of the bifundamental chiral superfields, which contains one A and one B superfields and which must have the same anomalous dimension because of SU(2) global flavor symmetry in the theory. Let us denote the gauge coupling of the larger group, which is SU(N + M) in the 1^{st} region, by g_1, and that of the smaller group, which is SU(N) in the 1^{st} region, by g_2, and define T_1 ≡ −2πiτ_1 = 8π^2/g^2_1 and T_2 ≡ −2πiτ_2 = 8π^2/g^2 . Suppose we start with taking one gauge group as a weakly coupled gauge theory relative to the other, then we can treat that weaker group as a flavor symmetry. The running of the physical couplings [23] with appropriate normalization of the gauge chiral superfields can then be written as β_1 = μ dT_1(1) dμ = 3(N + M) − 2N(1 − γ_1(1)), (3.1)

β_2 = μ dT_2(1) dμ = 3N − 2(N + M)(1 − γ_2(1)), (3.2) and β_η = μ dη(1) dμ = 1 + 2γ_η(1), (3.3)

where we have not yet identified the γs. We have put different indices on γ_1(l) in (3.1), on γ_2(l) in (3.2) and on γ_η(l) in (3.3) since the two gauge groups have different ranks and “see” different numbers of flavors and would tend to flow with different anomalous dimensions. The number “1” in the parentheses denotes the l = 1^{st} region, in the UV region just before the first duality transformation in the cascade.

According to Seiberg duality, N = 1 supersymmetric SU(N) electric gauge theory with N_f ∈ (3N/2, 3N) flavors, which becomes strongly coupled in the IR, flows to a nontrivial conformal IR fixed point where it joins a dual SU(N_f − N) magnetic gauge theory with N_f flavors. Now if we consider the SU(N + M) gauge theory and think of the other SU(N) gauge group as a weakly gauged flavor symmetry, we have N = 1 supersymmetric SU(N + M) gauge theory with 2N flavors; its running is faster than the running of an SU(N) gauge theory with 2(N + M) flavors. Therefore, the SU(N + M) gauge theory would get strongly coupled faster in the IR and following Seiberg duality the appropriate description of the theory in this region is in terms of a weaker dual magnetic theory. The question of interest to us is the effective value of the anomalous dimension which dictates the flow. Although it is the SU(N + M) factor that undergoes duality transformation in the first step of the cascade, the flow cannot be dictated simply by the fixed point of SU(N + M) gauge theory with 2N flavors for two reasons. First, the SU(N) group factor which

– 7 – gives a flavor symmetry to SU(N + M) would itself get strongly coupled during part of the flow. Second, the running of the tree level coupling has a fixed point for anomalous dimension γ_η = −1/2. In fact, if we consider the two flows separately, the SU(N + M) factor tends to make γ < −1/2 while the SU(N) factor tends to make γ > −1/2, and the strengths are slightly different and that is where the corrections to the anomalous dimension will originate. Consider the non-trivial IR fixed point of the gauge couplings in the nonperturbative regime. The anomalous dimension γ_1(1) that would follow from the fixed point of SU(N + M) with 2N flavors (β_1 = 0) is

γ_1(1) = − 1 2 − 3 2 M N . (3.4)

Similarly, the anomalous dimension γ_2(1) that would follow from the fixed point of SU(N) with 2(N + M) flavors (β_2 = 0) is

γ_2(1) = − 1 2 + 3 2 M N + M . (3.5)

The duality transformation in the first step of the cascade occurs in the SU(N + M) factor because it would run faster, when the two gauge factors are looked at separately. In terms of the anomalous dimensions, it receives more deviation from −1/2 than SU(N) does. The effective value of anomalous mass dimension which guides the running of the physical couplings should lie somewhere in between. The gauge theory has the obvious symmetry M → −M, N → N + M. Clearly, γ should be even under this symmetry and so cannot depend on M/N at first order. Note that this symmetry M → −M, N → N +M interchanges γ_1(1) (3.4) and γ_2(1) (3.5), so that their symmetrization is invariant under this symmetry, i.e.,

γ(1) = − 1 2 − 3 4 M^2 N(N + M) . (3.6)

That is, γ is the average of γ_1 and γ_2. Indeed, we shall see that this leads to results consistent with dual supergravity flux backreaction estimates [19, 20] where the leading order corrections to the anomalous dimension is expected to come at most at O(M^2/N^2). Moreover, it gives a picture with the duality cascade ending in a baryonic branch consistent with the discussions in [22, 21, 24].

Note that one may consider an alternative proposal that still preserves the above symmetry. Since γ_η = −1/2 already yields a vanishing β_η, γ = (γ_1 +γ_2 +cγ_η)/(2+c), so that the coefficient in the correction in the anomalous dimension (3.6) becomes 3/4 → 3/2(2 + c). For generic c, this coefficient remains non-zero and positive, so most of the qualitative discussions below still hold.

The fact that correction in (3.6) comes in the form M^2/(N(N + M)) is dictated by the M → −M, N → N + M symmetry and the factor of −3/4 comes from the assumption that the effective value of anomalous dimensions which dictates the

– 8 – flow must lie between γ_1 and γ_2 and the averaging. Our conclusions including that the gauge theory cascade ends in SU(2M) × SU(M) depend on the form of M/N combination dictated by symmetry. Corrections of order O(M/N) to the anomalous dimension were discussed in [14]. The corrections to the anomalous dimension we have here come at order O(M^2/N^2). Moreover, α^′ corrections of order O(M^4/N^4) near the bottom of the throat were discussed in [25]. Our interest here is classical supergravity and the constraints from the gauge/gravity duality are N ≫ 1, M ≫ 1, g_sN ≫ 1 and fixed. One also needs g_sM not to be too small to trust the supergravity side at smaller r where the ranks of the gauge groups become of order M. We still want M to be a small perturbation on N, M ≪ N. Our correction is smallest in the early stage of the flow where the rank of the gauge theory is SU(N +M)×SU(N) and stringy loop corrections would come at O(g_s) ∼ 1/N. Our corrections are bigger than loop corrections so far as 1/N < M^2/N^2 or M^2 > N. In the bottom region of the throat, where N_{eff} ∼ M and the ’t Hooft coupling is ∼ g_sM, stringy loop corrections would be O(g_s) ∼ 1/M and our corrections are bigger than loop corrections, since 1/M < 1. The resulting gauge theory after the first duality transformation is SU(N −M)× SU(N) and now the running of the SU(N) factor would be faster and it is its turn for a duality transformation as the renormalization group flows towards the IR. Now consider the gauge group SU(N − (l − 2)M) × SU(N − (l − 1)M) in the l^{th} region approaching the l^{th} step in the duality cascade. For odd l, it is the gauge group whose parent is the gauge factor SU(N + M) which undergoes a duality transformation, while for even l it is the one with the SU(N) parent. It is convenient to use g_1 for the stronger gauge coupling which corresponds to the gauge group that undergoes a duality transformation and g_2 for the other from now on. Again treating one gauge group as a flavor symmetry to the other, we have, for the flow from the (l − 1)^{th} to l^{th} duality transformations, γ_1(l) = − 1 2 − C_{l−1}, (3.7)

γ_2(l) = − 1 2 + C_{l−2}, (3.8)

where C_l ≡ 3 2 M N − lM . (3.9)

The anomalous dimension for the l^{th} region in the cascade then follows from the symmetrization of the two, γ(l) = − 1 2 − 1 3 C_{l−2}C_{l−1} = − 1 2 − 3M^2 4(N + 2M − lM)(N + M − lM) . (3.10)

Now we are ready to identify the effective values of anomalous dimensions which dictate the flow, γ_1(l)_{eff} = γ_2(l)_{eff} = γ_η(l)_{eff} = γ(l). (3.11)

– 9 –

With this common value of γ(l) given by (3.10), (3.1), (3.2) and (3.3) become μ dT_1(l) dμ = 3M − C_{l−2}M, (3.12)

μ dT_2(l) dμ = −3M − C_{l−1}M, (3.13) μ dη(l) dμ = − 2 3 C_{l−2}C_{l−1}. (3.14)

Thus, the effective running of the couplings makes g_1 get stronger while g_2 gets weaker as the theory flows to the IR. In some region during the flow the two couplings have about equal strength. The dimensionless tree level coupling w after the duality transformation goes like the inverse of that before the transformation and the corresponding β function changes sign. As the magnitude of the anomalous dimension across each step of the cascade changes because the changing matter content of the cascading theory, so do the coefficients in the logarithmic running of the couplings. We see from the β functions in (3.12) and (3.13) that the physical running of the gauge couplings has appropriate feature with O(M^2/N) corrections. We will later discuss the running of the gauge couplings further.

Let us check if the magnitudes of the anomalous mass dimensions we have here are within range for Seiberg duality. The mass dimension of O ≡ (A_1B_1)(A_2B_2) − (A_1B_2)(A_2B_1), d[O], for the flow from the l^{th} to the (l +1)^{th} duality transition points is d[O] = 4 + 2γ = 3 −

3M^2 2(N − lM)(N + M − lM) . (3.15)

For the flow involving^N_M − 1 duality transitions, we have^9_4 ≤ d[O] ≤ 3 −^3_2^{M 2}_{N(N+M)} . For the mesons,^9_8 ≤ d[(A_iB_j)] ≤^3_2 −^3_4^{M 2}_{N(N+M)} . Thus the operator O is relevant throughout the flow. Note that the mesons have mass dimension d[(A_iB_j )] ≥^9_8 and this is consistent with the ≥ 1 bound for the mass dimension of scalars at a conformal fixed point. Here the theory flows nearby such a fixed point. The mass dimension d[(A_iB_j)] changes from^{11}_8 to^9_8 across the last (^N_M − 1)^{th} duality transition and a further duality transformation would have made the mass dimension of the mesons < 1 which would be inconsistent. Here, d[(A_iB_j )] actually diverges for l = N/M. To avoid this, the duality cascade should have only K − 1 transitions and ends with SU(2M) × SU(M). 4. Supergravity side

4.1 Type IIB supergravity action

Type IIB supergravity is the effective low energy background of type IIB strings. In this section we want to review and write down a summary of the action and the

– 10 – general equations of motion of type IIB supergravity consisting the fields of interest to us here. The point here is to see the general relations among the fluxes and the metric. At the same time we will see some of the special cases in which the equations reduce and become simpler to deal with directly.

The pair of 16 component spinors of N = 2 supersymmetry in ten dimensions have the same chirality in IIB and the corresponding spinor representation can be written as 16 ⊕ 16. The nonperturbative description of strings contains Dp-branes, which have p spatial and 1 time dimensions. In the IIB case, p is constrained to take on odd numbers. Our interest here is IIB backgrounds in the presence of D3- and D5- branes, and in particular on AdS_5 × T^{1,1} background with the D5-branes wrapping the S^2 cycle of T^{1,1} near the tip. The gauge theory dual to this supergravity theory is a nonconformal N = 1 supersymmetric SU(N + M) × SU(N) with bifundamental chiral superfields and a quartic tree level superpotential. The flow of the theory induces a backreaction 2-form NS-NS potential. The relevant field content of type IIB supergravity are a dilaton Φ, RR 0-, 2- and 4-forms C_0, C_2 and C_4, and NS-NS 2-form B_2, with corresponding fluxes F_1 = dC_0, F_3 = dC_2, F_5 = dC_4 and H_3 = dB_2 [26]. We also use the same symbols for the partial derivatives of the fields, F_1 = ∂C_0, F_3 = ∂C_2, F_5 = ∂C_4 and H_3 = ∂B_2 as it should be clear from context which one is meant. We will use normalization in which the RR flux from a Dp-brane satisfies, ∫ S^{8−p} ⋆F_{p+2} =

2κ^2τ_pN g_s , τ_p = 1 κ √ π(4π^2α^′)^{(3−p)/2} , κ = 8π^{7/2}g_sα^{′2} (4.1)

where F_{p+2} is (p + 2)-form flux, τ_P is the Dp-brane tension, κ is the gravitational constant in ten dimensions, α^′ is the string scale (Regge slope), g_s is the string coupling and N is the number of Dp-branes.

For the stack of N regular and M fractional D3-branes we have 1 (4π^2α^′)^2 ∫ T^{1,1}

F_5 = N , 1 4π^2α^′ ∫ S^3

F_3 = M. (4.2)

The bosonic part of type IIB classical effective supergravity action is then, in Einstein frame,

S_{10} = 1 2κ^2 ∫ ( d^{10}x √ −G [ R − 1 2 (∂Φ)^2 − 1 2 g^2_s e^{2Φ}F^2_1 − 1 12 e^{−Φ}H^2_3 − 1 12 g^2_s e^ΦF̃^2_3 − 1 4.5!

g^2_sF̃^2_5 ] − 1 2 g^2_s C_4 ∧ F_3 ∧ H_3 ) , (4.3)

where F̃_5 ≡ F_5 + B_2 ∧ F_3 , F̃_3 ≡ F_3 − C_0H_3 , (4.4)

G is the determinant of the metric in ten dimensions and R is the Ricci scalar. The 5-form flux is required to satisfy the self duality constraint

⋆F̃_5 = F̃_5 (4.5)

– 11 – and we write F̃_5 = F_5 + ⋆F_5. (4.6)

The corresponding equations of motion are R_{MN} = 1 2 ∂_M Φ∂_N Φ + 1 2 g^2_s e^{2Φ}∂_M C_0∂_N C_0 + 1 4 e^{−Φ}(H_3)_{MOP} (H_3)^{OP}_N + 1 4 g^2_s e^Φ(F̃_3)_{MOP} (F̃_3)^{OP}_N + 1 96 g^2_s (F̃_5)_{MOP QR}(F̃_5)^{OP QR}_N −G_{MN} ( 1 48 e^{−Φ}H^2_3 + 1 48 g^2_s e^ΦF̃^2_3 + 1 960 g^2_sF̃^2_5 ) , (4.7)

d ⋆ dΦ = g^2_s e^{2Φ}F_1 ∧ ⋆F_1 − 1 2 e^{−Φ}H_3 ∧ ⋆H_3 + 1 2 g^2_s e^ΦF̃_3 ∧ ⋆F̃_3, (4.8)

d ⋆ (e^{2Φ}F_1) = −e^ΦH_3 ∧ ⋆F̃_3, (4.9) d ⋆ (e^ΦF̃_3) = F_5 ∧ H_3, (4.10) d ⋆ (e^{−Φ}H_3 − g^2_s C_0e^ΦF̃_3) = −g^2_s F_5 ∧ F_3. (4.11)

dF̃_5 = H_3 ∧ F_3. (4.12) The uppercase indices M, N, . . . above are for the ten dimensional spacetime coordinates and G_{MN} is the metric. Multiplying both sides of (4.7) by G^{MN} gives R = 1 2 (∂Φ)^2 + 1 2 g^2_s e^{2Φ}(∂C_0)^2 + 1 24 e^{−Φ}H^2_3 + 1 24 g^2_s e^ΦF̃^2_3 . (4.13)

We note a few general features of the theory from the above equations of motion. From (4.9) we see that the H_3 and the F_3 fluxes are perpendicular when C_0 = 0, which is the case in KS and we will set C_0 = 0 in our analysis from now on unless when we explicitly state otherwise. From (4.8) we see that the dilaton would be constant for a precise matching of the H_3 and F_3 fluxes such that e^{−Φ}H_3 ∧ ⋆H_3 = g^2_s e^ΦF_3 ∧ ⋆F_3. In the case when the dilaton is taken constant, the equations of motion simplify and the solution on a singular conifold was found by Klebanov and Tseytlin [20], with the singularity at tip of the conifold where the radius of AdS_5 (or T^{1,1}) vanishes. However, with the KS picture in terms of Seiberg duality cascade, confinement via gaugino condensation at the end of the cascade on the gauge theory side leads to a deformed conifold with the tip being S^3. In this case, the tip of the cone is smoothed out and cut off at some finite r whose size depends of the magnitude of the ’t Hooft coupling in the confining gauge group, g_sM, which is related to the glueball superfield [27] with expectation value related to the scale of the confining gauge theory. Thus one needs a metric and flux ansatz which takes into account the interpolation between S^3 at the tip and the asymptotically S^2 ×S^3 geometry at large r. With a metric ansatz, one computes the Ricci scalar, and then equate it to (4.13) to determine the geometry and obtain the Klebanov-Tseytlin solution [20]. A second special case is where the NS-NS flux H_3 is turned on by wrapping NS5-branes on S^2

– 12 – while both R-R fluxes F_5 and F_3 vanish and the equations are simplified. Now we cannot have a constant dilaton, since the right hand side of (4.8) is nonzero. The solution to this case with N = 1 supersymmetry was obtained by Maldacena and Nunez (MN) [28, 29, 30]. The KS solution on the deformed conifold with F_5 and F_3 fluxes turned on and the MN solution with the H_3 flux turned on are two well-known regular solutions on type IIB background with N = 1 supersymmetry. A natural question was whether there existed a flow between them. The possibility for this was analyzed and a metric and a flux ansatz for it given by Papadopoulos and Tseytlin [31]. This issue was further investigated by Gubser, Herzog and Klebanov [22] who found a leading order perturbative solution around the KS solution. Butti, Grana, Minasian, Petrini, and Zaffaroni used SU(3) structures to find a one parameter set of numerical solutions which flow in a direction from KS to MN [24].

4.2 Mapping gauge coupling running to supergravity flow In this section we want to apply the gauge/gravity duality to map the renormalization group flow of the gauge couplings to the running of the dilaton and the backreaction NS-NS 2-form potential. We discuss how, with the inclusion of the corrections, the gauge couplings in their renormalization flow may stay finite throughout the duality cascade.

The stack of M D5-branes wrapping S^2 of the AdS_5 × T^{1,1} background creates 3-form flux through S^3 which induces a backreaction 2-form potential B_2 in the S^2 cycle. The sum of the two gauge coupling coefficients T_+ ≡ T_1 + T_2, which can be taken as the effective gauge coupling, is related to the effective string coupling containing the dilaton in the dual gravity theory. The difference between the two gauge coupling coefficients T_− ≡ T_1 − T_2 is nonzero because the ranks of the two gauge groups are different and it describes the nonconformal nature of the theory. Indeed, T_− must dictate the flows in both the gauge and the gravity theories. We note that the supergravity equation of motion in the presence of nonzero R-R F_3 and F_5 fluxes from the D3- and D5- branes could have a consistent set of solutions only if the NS-NS 2-form potential B_2 is nonzero. Indeed, the two parameters T_+ and T_− on the gauge theory side are mapped to the effective string coupling and the 2-form potential B_2 through the relations [19, 32],

T_1 + T_2 = 2π g_se^Φ

, (4.14)

T_1 − T_2 = 2π g_se^Φ

(b̂ − 1) = 2π g_se^Φ

(b̄_2(mod 2)) (4.15)

where b̂ − 1 = b̄_2 (mod 2), b̄_2 = b_2 − 1, (4.16) and b_2 ≡ 1 2π^2α^′ ∫ S^2

B_2. (4.17)

– 13 –

Figure 1: A schematic comparison of the flows of the couplings in SU(N + M) × SU(N) without the corrections (dashed lines) versus that with the corrections to the anomalous mass dimension (solid lines). Note that a Seiberg duality transition occurs when the flow of T_−(1) = T_1(1) − T_2(1) reaches a period in b_2.

The variable b̄_2 measures the deviation of T_− from zero due to the backreaction B_2 potential from where the two gauge couplings have equal magnitude in r_1 < r < r_0. Therefore, the flow is such that b̄_2 = 0 at the first point where the two couplings are equal. We will arrange the supergravity flow such that b_2(r) vanishes at the edge of the throat, r = r_0, and 0 ≤ b̂ ≤ 2. Following from the quantization condition on H_3, πb_2 must be a periodic variable with period 2π. This periodicity is crucial for the cascade phenomenon. Note that b_2 decreases as the theory flows towards the infrared (smaller r) and Seiberg duality takes place when b̂ − 1 reaches −1. For r_1 ≤ r < r_0, we label the couplings as T_i(1), where “1” labels the fact that the flow is in the first region, i.e., the couplings are for the SU(N + M) × SU(N) gauge theory. We see from (3.12) and (3.13) that the running of T_1(1) and T_2(1), μ ∂T_1(1) ∂μ = 3M − 3 2 M^2 N + M , (4.18)

μ ∂T_2(1) ∂μ = −3M − 3 2 M^2 N , (4.19) μ ∂T_−(1) ∂μ = 6M + 3 2 M^3 N(N + M) . (4.20)

The flows are illustrated in Figure 1. Let us first consider the KS case without the corrections to the anomalous mass dimension. Let us start at the value of r < r_0

– 14 – where b̂ = 1, b̄_2 = 0 or b_2 = −1, so that the two gauge couplings are equal. The dilaton Φ = 0 in KS and the running of T_{1,2}(1) is given by (4.18) and (4.19), with ±3M. As r decreases to r = r_1,

T_1 → 0, b̂ → 0, (4.21)

that is, g_1 → ∞ when b_2 → −2. With our notation, b̂ takes values between 0 and 2. At r = r_1, Seiberg duality transformation occurs, so T_1(1) → T_2(2) and T_2(1) → T_1(2). Now the flows correspond to that of the gauge theory SU(N) × SU(N − M), where T_1(2) starts decreasing (towards small r), that is, SU(N) is getting strongly interacting. Seiberg duality transformation takes place when the strongly interacting coupling g_1 is infinite. On the other hand, the warped geometry in the supergravity side is completely smooth as we pass through such a duality transition.

Now let us consider the case with the corrections included, with the flows of the couplings given by (4.20) and schematically illustrated in Figure 1 as solid lines. We see that T_1(1) is decreasing slower while T_2(1) is increasing faster as r decreases. Note also that (4.20) shows that T_−(1) is flowing faster so, starting at r where the two couplings are equal in r_1 < r < r_0, b_2 reaches a period with the flow tilted with respect to the case without the corrections as shown in Figure 1, since the magnitude of the slope in the running of T_2 is greater than T_1. The locations of duality transitions happen to occur further away at smaller r with the running of both Φ and b_2 is taken into account in the gauge/gravity duality mapping as shown in Figure 1. We will see that from the values of r_l in Section 5. The first duality transition occurs when the effective number of D3-branes drops such that the stronger gauge group changes from rank N + M to rank N. This translates to a decrease in b_2 by 2 units, which takes place at small but finite T_1. For the flow from the (l − 1)^{th} to the l^{th} cascade steps we have (3.12) and (3.13), d d ln(Λ/Λ_c)

T_+ = − ( C_{l−2} + C_{l−1} ) M, (4.22) d d ln(Λ/Λ_c)

T_− = ( 6 + C_{l−1} − C_{l−2} ) M, (4.23)

where Λ is the scale of the gauge theory and Λ_c is the cutoff. The scale of the gauge theory is mapped to the radial coordinate r of AdS_5 in the dual gravity theory, so we have Λ ∼ r. (4.24)

We note that the magnitude of the correction to the running of T_− increases with increasing l, since C_{l−1} > C_{l−2}. This increase in the coefficient of the logarithmic running of T_− will lead to a change of the slope in the logarithmic running of the B_2 potential which results in a step in the 3-form NS-NS flux H_3 and in the warp

– 15 – factor at a duality transformation. Applying the derivative with respect to ln(r/r_0) on (4.14) and (4.15), we obtain d d ln (r/r_0) e^{−Φ} = −S_l, (4.25) d d ln (r/r_0) ( e^{−Φ}b̄_2 ) = D_l, (4.26)

where r_0 is the AdS_5 radius at the edge of the throat and we have introduced two sets of constants,

S_l ≡ (C_{l−1} + C_{l−2}) g_sM 2π , D_l ≡ (6 + C_{l−1} − C_{l−2}) g_sM 2π . (4.27)

Notice that S_1 ∼ 1/K while the correction in D_1 goes as 1/K^2. Suppose the l^{th} duality transformation takes place at r = r_l. First we can solve (4.25) for Φ(r) in the range r ≥ r_1,

e^{−Φ(r)} = e^{−Φ0} − S_1 ln(r/r_s) = 1 − S_1[ln(r/r_0) − c_1] (4.28)

where Φ_0 may be absorbed into the definition of g_s and c_1 should be determined by an appropriate boundary condition. Note that we have chosen Φ(r_s) = Φ_0 at some r = r_s and e^{−Φ(r0)} = 1 + S_1c_1. We then have the solution for Φ in the range r_l ≤ r ≤ r_{l−1} between the (l − 1)^{th} and the l^{th} duality transformation locations,

e^{−Φ(r)} = 1 + S_1c_1 − l−1∑ k=1 S_k ln(r_k/r_{k−1}) − S_l ln(r/r_{l−1}), (4.29)

and Λ/Λ_c = r/r_0. The values of r_l will be computed using the change in magnitude of b_2. The leading term in the variation of e^{−Φ}/g_s with respect to ln(r/r_{l−1}) comes at O(M^2/N) consistent with flux backreaction expectations [19]. Note that near the bottom of the throat at r = r_{K−1}, using ln(r_k/r_{k−1}) ∼ −1/g_sM which we will see later, we have e^{−Φ(rK−1 )} − e^{−Φ(r0)} = − ∑_{K−1} k=1 S_k ln(r_k/r_{k−1}) ∼ −(g_sM^2/N)(−1/g_sM) (N/M) = O(1) and, therefore, the change in e^{−Φ} from the edge to the bottom of the throat is O(1).

Our interest is first to show how kinks appear in the running of the dilaton and the B_2 potential which lead to steps in the H_3 flux and in the warp factor. The expressions we present are only approximate and good for the large r region. We will not attempt to find the full supersymmetric solution on the supergravity side on the deformed/resolved conifold here. We seek a UV approximate expression for b̄_2(r) with b̄_2(r_0) = 1 (or b_2(r_0) = 0) at the edge of the throat. This corresponds to the case in which the gauge coupling g_1 just starts getting stronger while g_2 starts getting weaker as the theory starts flowing down from the edge of the throat. We then obtain from (4.26) for r in the range r_l ≤ r ≤ r_{l−1},

e^{−Φ(r)}b̄_2(r) ≈ e^{−Φ(rl−1)}b̄_2(r_{l−1}) + D_l ln(r/r_{l−1}). (4.30)

– 16 –

The l^{th} duality transformation will occur at r = r_l such that b̄_2(r_l) = −(2l −1). With this and expressing ln(r/r_{l−1}) in terms of Φ, (4.30) gives

e^{−Φ(r)}b̄_2(r) ≈ −(2l−3)e^{−Φ(rl−1 )}+ D_l S_l ( e^{−Φ(r0)} − l−1∑ k=1 S_k ln(r_k/r_{k−1}) − e^{−Φ(r)} ) . (4.31)

The 2-form potential for the same range of r then follows from (4.17) and (4.30),

B_2(r) ≈ b_2(r) πα^′ω_2 2 , (4.32)

where ω_2 denotes the S^2 cycle in T^{1,1} = S^2 × S^3. The corresponding 3-form NS-NS flux H_3 = dB_2 is, noting that ∂b_2/∂r = ∂b̄_2/∂r,

e^{−Φ(r)}H_3(r) ≈ ( D_l + S_lb̄_2(r) )πα′dr ∧ ω_2 2r , (4.33)

which has steps at Seiberg duality transformation locations, since the magnitudes of D_l and S_l change across locations of duality transitions. Each time r decreases past r_l, b̄_2 drops by 2, as implied by Seiberg duality and (4.15). Note also that the steps in the flux give steps in the metric as the two are related by equations such as (4.13). We will study the steps in the warp factor in Section 5.

Finally we like to point out that the dictionary in the mapping between couplings in the gauge and the gravity variables (4.14) and (4.15) should have corrections. Let us discuss this point in some detail here. First consider the above mapping by introducing the variables

t_+ = t_1 + t_2 = g_se^Φ 2π (T_1 + T_2) = 1, (4.34)

t_− = t_1 − t_2 = g_se^Φ 2π (T_1 − T_2) = b̂ − 1 (4.35)

Since t_1 = b̂ 2 , t_2 = 2 − b̂ 2 (4.36)

and t_1, t_2 ≥ 0, we see that 0 ≤ b̂ ≤ 2 and 1 ≥ t_1, t_2 ≥ 0. (This is illustrated in Figure 1.) Let us ignore corrections and start at the value of r < r_0 where b̂ = 1 so that the two gauge couplings are equal. As r decreases to r = r_1,

t_1 → 0 b̂ → 0, (4.37)

that is, g_1 → ∞. In the KS case, the geometry is smooth as we cross the Seiberg duality transition point. With the corrections coming from the anomalous mass dimension we have here, the steps in the warp factor and the kinks in the dilaton introduces discontinuities. Clearly, we expect such discontinuities to be smoothed out

– 17 – by further correction terms. That is, we expect that the relations (4.14) and (4.15) should be modified by corrections. For example, if the mapping (4.14) is not exact, then we expect either a correction on the gravity side, or equivalently, a correction on the gauge theory side. If the gravity side in (4.14) has a positive correction, either coming from α^′ or quantum corrections, such a correction will allow the flow of g_1 to a large but finite value, as expected. We also expect the anomalous dimension to depend on the scale Λ ∼ r. Such corrections should smooth out the discontinuities in the warped geometry and the dilaton flow.

5. Warp factor with steps

We shall consider the UV region where the correction to the anomalous dimension is relatively small. In this region, the effect of the deformation of the conifold is small, so we can use the singular conifold geometry.

First we want to summarize the singular conifold metric for the sake of completeness and clarification of our notation. The ten dimensional metric which describes the singular AdS_5 × T^{1,1} geometry has the form

ds^2 = H^{−1/2}(r)η_{μν} dx^μdx^ν + H^{1/2}(r)(dr^2 + r^2ds^2_T 1,1 ), (5.1)

where ds^2_{T 1,1} is the metric on the T^{1,1} = S^3 × S^2 base of the conifold which is parameterized by five angles θ_1, θ_2 ∈ [0, π], ϕ_1, ϕ_2 ∈ [0, 2π], and ψ ∈ [0, 4π]. A compact notation of the metric and the cycles in T^{1,1} is obtained by introducing the 1-forms [33, 3],

g^1 =^{1√}_2 (e^1 − e^3) , g^2 =^{1√}_2 (e^2 − e^4), g^3 =^{1√}_2 (e^1 + e^3) , g^4 =^{1√}_2 (e^2 + e^4) , g^5 = e^5, (5.2)

where

e^1 = − sin θ_1dϕ_1 , e^2 = dθ_1 , e^3 = cos ψ sin θ_2dϕ_2 − sin ψdθ_2 , e^4 = sin ψ sin θ_2dϕ_2 + cos ψdθ_2 , e^5 = dψ + cos θ_1dϕ_1 + cos θ_2dϕ_2. (5.3)

The metric on T^{1,1} can then be written as

ds^2_T 1,1 = 1 6 4∑ i=1 (g^i)^2 + 1 9 (g^5)^2

= 1 9 ( dψ + 2∑ i=1 cos θ_idϕ_i )_2 + 1 6 2∑ i=1 ( dθ^2_i + sin^2 θ_idϕ^2_i ) (5.4)

The S^2 and S^3 cycles of T^{1,1} are represented by the following 2- and 3-forms

ω_2 = 1 2 (g^1 ∧ g^2 + g^3 ∧ g^4) , ω_3 = 1 2 g^5 ∧ (g^1 ∧ g^2 + g^3 ∧ g^4) (5.5)

– 18 – which give ∫

S^3

ω_3 = 8π^2 , ∫ S^2

ω_2 = 4π. (5.6)

Our notation is such that the inner product of a p-form ω_p =^1_{p!} (ω_p)_{M1...Mp} dx^{M1} ∧ · · · ∧ dx^{Mp} satisfies ω_p ∧ ⋆ω_p = 1 p! (ω_p)_{M1...Mp} (ω_p)^{M1...Mp} vol = 1 p! ω^2_p vol. (5.7)

where vol stands for the ten dimensional volume element which we write as

vol = r^5 sin θ_1 sin θ_2 √ H 108 dx^0 ∧ dx^1 ∧ dx^2 ∧ dx^3 ∧ dr ∧ dψ ∧ dθ_1 ∧ dθ_2 ∧ dϕ_1 ∧ dϕ_2 = r^5 √ H 108 dx^0 ∧ dx^1 ∧ dx^2 ∧ dx^3 ∧ dr ∧ g^1 ∧ g^2 ∧ g^3 ∧ g^4 ∧ g^5. (5.8)

Moreover, the above ten dimensional metric gives the Ricci scalar R = − 1 2H^{3/2} ( H^{′′} + 5 r H^′ ) . (5.9)

As we have seen, the corrections lead to a running of the dilaton with the slope in the logarithmic running of e^{−Φ} changing across each cascade step. Moreover, the H_3 flux has a step-wise jump at each cascade step. In this section we want to find the resulting step-wise corrections to the warp factor.

First let us recall the Klebanov-Tseytlin (KT) solution [20] on the singular conifold. The N regular D3-branes induce flux through T^{1,1}, the M fractional D3-branes induce flux through S^3, the backreaction H_3 flux is through dr ∧ ω_2. With the quantization given in (4.2), F_3 = 1 2 Mα^′ω_3, (5.10)

H_3 = 3 2r g_sMα^′dr ∧ ω_2, (5.11)

F_5 = 1 2 πα^{′2}(N + 3 2π g_sM^2 ln(r/r_0))ω_2 ∧ ω_3. (5.12)

In this case, H^2_3 = g^2_s F^2_3 =

243α^{′2}g^2_s M^2 H^{3/2}r^6

. (5.13)

The relation between F_3 and H_3 as given by (5.13) is valid only when the dilaton is constant as we can see from one of the supergravity equations of motion given by (4.8). One then puts (5.9) and (5.13) in (4.13), with Φ set to zero, and solves for H(r) to obtain the KT solution [20],

H_0(r) = 27πα^{′2}g_s 4r^4 ( N + 3g_sM^2 2π [ln(r/r_0) + 1/4] ) , (5.14)

– 19 – where, with the volume of T^{1,1} given by vπ^3 = 16π^3/27,

r^4_0 = 4πα^{′2}g_sN/v = 27πα^{′2}g_sN 4 (5.15)

and the locations of duality transitions in the KS throat are given by

r_l = r_0 exp ( − 2lπ 3g_sM ) . (5.16)

Note that the constant piece N in (5.14) is determined by the boundary condition. We see that the effective D3-brane charge is given by

N_{eff} = N +

3g_sM^2 2π ln(r/r_0) (5.17)

so that at r = r_l, N_{eff} = N − lM. The term with 1/4 factor is introduced to ensure that the warp factor H_0(r) is monotonic for r_0 ≥ r ≥ r_K .

Now let us proceed with the corrections included. First we want to find the locations r_l where the duality transformations take place. The relation between r_l and r_{l−1} is obtained remembering that b̄_2(r_l) − b̄_2(r_{l−1}) = −2 and b̄_2(r_l) = −(2l − 1) which with (4.30) or (4.31) gives the recursion relation ln ( r_l r_{l−1} ) = − 1 D_l ( (2l − 1)e^{−Φ(rl)} − (2l − 3)e^{−Φ(rl−1)} )

= − 2 D_l + S_lb̄_2(r_l) e^{−Φ(rl−1)} = − 2 D_l − (2l − 1)S_l e^{−Φ(rl−1)}, (5.18)

which gives

r_l = r_0 exp [ − l∑ k=1 2 D_k − (2k − 1)S_k e^{−Φ(rk−1)} ] (5.19)

or combining with (4.29),

r_l = r_0 exp [ − (^l∑ k_1=1 2 D_{k1} − (2k_1 − 1)S_{k1} ( 1 + k_1−1∑

k_2=1 2S_{k2} D_{k2} − (2k_2 − 1)S_{k2} ( 1 + k_2−1∑

k_3=1 2S_{k3} D_{k3} − (2k_3 − 1)S_{k3} ( 1 + k_3−1∑

k_4=1 2S_{k4} D_{k4} − (2k_4 − 1)S_{k4} ( · · · ( 1 + 2S_1 D_1 − S_1 )))))) e^{−Φ(r0)} ] . (5.20)

For instance, r_1 = r_0 exp [ − 2 D_1 − S_1 e^{−Φ(r0)} ] , (5.21)

– 20 – r_2 = r_0 exp [ − ( 2 D_1 − S_1 + 2 D_2 − 3S_2 ( 1 + 2S_1 D_1 − S_1 )) e^{−Φ(r0)} ] . (5.22)

Next we would like to find the equation of motion for the warp factor. We will do that without a need for computing the explicit expressions for the fluxes, since it is actually H^{3/2}H^2_3 which will come in the equation of motion of the warp factor after combining (4.8) and (4.13). If one needs to determine the fluxes explicitly, then it would be necessary to decompose the fluxes with appropriate ansatz and solve all the supergravity equations of motion consistently. First let us rewrite (4.8) and (4.13) with C_0 = 0, the metric given by (5.1) and the corresponding Ricci scalar (5.9),

(Φ^{′′} + 5 r Φ^′)H = 1 12 ( e^Φg^2_sf̄ − e^{−Φ}h̄ ) , (5.23) and −(H^{′′} + 5 r H^′) = Φ^{′2}H + 1 12 ( e^Φg^2_sf̄ + e^{−Φ}h̄ ) , (5.24)

where we have defined

f̄ ≡ H^{3/2}F^2_3 , h̄ ≡ H^{3/2}H^2_3 . (5.25)

Whenever the dilaton runs, as in the case here, both sides of (5.23) are nonzero and consequently ⋆F_3 ≠ e^{−Φ}H_3/g_s and the 3-form combination F_3 − ie^{−Φ}H_3/g_s is not imaginary self dual. We have already found h̄ from the gauge/gravity duality mapping, with (4.33) and (5.25),

h̄ = 27π^2α^{′2} r^6 ( D_l + S_lb̄_2(r)

)_2

e^{2Φ}. (5.26)

Now we can use (5.23) to find e^Φg^2_sf̄ and substitute it into (5.24) to find the equation of motion for the warp factor in terms of known quantities,

H^{′′} + 5 r H^′ + (Φ^{′2} + Φ^{′′} + 5 r Φ^′)H = − 1 6 e^{−Φ}h̄. (5.27)

The form of the equation of motion given by (5.27) holds for any H_3 flux so far as all its components are in the internal (extra) space. Because F_3 drops out in combining (5.23) and (5.24), it could have any components (and the f̄ terms could have additional factors of H) so far as it is consistent with H_3 having internal components and the fluxes satisfy the Bianchi identity and the supergravity equations. The equation of motion (5.27) remains valid, even if we turn on F_1, since it drops out in the same way as F_3 too. Moreover, it is always possible to express the fluxes with all components in the internal space using the democratic formulation [34]. We know from the running of the dilaton (4.25) that

Φ^′ = S_l r e^Φ, Φ^{′′} =

S^2_l r^2 e^{2Φ} − S_l r^2 e^Φ (5.28)

– 21 – and (5.27) can be rewritten as

H^{′′} + 5 r H^′ + 2 r^2

(S^2_l e^{2Φ} + 2S_le^Φ)H = − 1 6 e^{−Φ}h̄. (5.29)

Thus we have obtained the equation of motion for the warp factor which contains only variables we have determined in the gauge/gravity duality mapping.

Let us write h̄ and the warp factor H as

h̄ = h̄_0 + δh̄, H = H_0 + δH, (5.30)

where h̄_0 = 243α^{′2}g^2_s M^2/r^6 and H_0 given by (5.14) are the corresponding values in the absence of corrections to the anomalous dimension. The equation of motion for the correction term is then δH^{′′} + 5 r δH^′ = W_l, (5.31)

where W_l ≡ − 1 6 (e^{−Φ}h̄ − h̄_0) − 2 r^2

(S^2_l e^{2Φ} + 2S_le^Φ)H_0 (5.32)

Integrating (5.31) twice,

δH(r) = δH(r_0) + ∫_r r_0 dr^′ r^{′5} ( r^5_0δH^′(r_0) + ∫_r′ r_0 dr^{′′}r^{′′5}W_l(r^{′′}) ) , (5.33)

where the boundary values δH(r_0) and δH^′(r_0) need to be fixed appropriately such that H = H_0 when K → ∞ and H|_{M=0} = 27πα^{′2}g_sN/4r^4 from the N D3-flux.

Here we will calculate the warp factor perturbatively to leading 1/K corrections. The expressions we present in the remaining part of this section contain only leading corrections in 1/K and higher order terms are ignored. Expanding the terms that come in (5.29) or (5.32) for the flow from the (l − 1)^{th} to the l^{th} duality transition locations, S^2_l e^{2Φ} + 2S_le^Φ = 3g_sM π 1 K , (5.34)

e^{−Φ}h̄ =

243α^{′2}g^2_s M^2 r^6 [ 1 + (9g_sM 2π ln( r r_0 ) − 3g_sM π ln( r_{l−1} r_0 ) −(2l − 3) ) 1 K ] . (5.35)

With (5.34) and (5.35) in (5.32), we have

W_l = −

A ln(^r_{r0} ) + B_l r^6 1 K , (5.36)

where A = 243α^{′2}g^3_s M^3 π , (5.37)

– 22 –

B_l =

243α^{′2}g^2_s M^2 π ( − g_sM 2 ln( r_{l−1} r_0 ) + (K − (2l − 3))π 6 + g_sM 16 ) (5.38)

or, equivalently, (5.34) and (5.35) with (5.30) in (5.29) give the equation of motion for leading order corrections, δH^{′′} + 5 r δH^′ + 6g_sM πr^2 1 K H_0 = −

81α^{′2}g^2_s M^2

2r^6 (9g_sM 2π ln( r r_0 ) − 3g_sM π ln( r_{l−1} r_0

) − (2l − 3) ) 1 K . (5.39)

The warp factor containing leading 1/K corrections can then be obtained either by putting (5.36) in (5.33) and integrating, or by solving (5.29) with the boundary condition such that H|_{M=0} = 27πα^{′2}g_sN/4r^4 from the N regular D3-branes and H = H_0 when K → ∞. The result is H = 27πα^{′2} 4r^4 [ g_sN + 3g^2_s M^2 2π [ln( r r_0 ) + 1 4 ] − (3g2_s M 2 2π [ln( r r_{ls} ) + 1 4 ][ 3g_sM π ln( r_{l−1} r_0

) + (2l − 3) − 3g_sM 8π ] − 9g^3_s M^3 4π^2

[ln( r r_0

) + 2(ln( r r_0

))^2 + 1 4 ] ) 1 K ] (5.40)

for the flow from the (l − 1)^{th} to the l^{th} duality transition locations with appropriate choice of boundary conditions and we will take r_{ls} to be the value of r where the size of a step is being estimated. Note that a step in the warp factor comes from terms in the second line in (5.40) which is linear in ln r.

To get an estimate of the sizes of the steps, let us consider the step at r = r_1, where r_1 is given by (5.21), to leading order in 1/K, ln( r_1 r_0 ) ≃ − 2π 3g_sM ( 1 + 1 2K ) (5.41)

The step in the warp factor at r_1 comes from the difference between the warp factor H(1, r) for the flow from r_0 to r_1 and the warp factor H(2, r) for the flow from r_1 to r_2. This follows from (5.40),

H(1, r_1) − H(2, r_1) ≃ 27πα^{′2} 4r^4_1

(3g2_s M 2 2π [ 1 4 ][ 3g_sM π ln( r_1 r_0

) + 2] ) 1 K ≃ − 27πα^{′2}g_sN 4r^4_1 ( 3g_sM 8π ) 1 K^3

. (5.42)

and the relative size of the step is

H(1, r_1) − H(2, r_1) H(1, r_1) ≃ − 3g_sM 8π 1 K^3

. (5.43)

– 23 –

Figure 2: Warp factor plotted for parameters g_s = 0.3, K = 100, M = 20, c = 0.0001 and r_0 = 100.

Thus the height of the step in the warp factor is of order 1/K^3. The reasons for the 1/K^3 order in the height of the step are the following. First, the correction in H(r) itself comes at order 1/K. Second, the step comes in the difference between H(1, r) and H(2, r) across a duality transition which gives an additional factor ∝ g_sM/K effectively coming from corrections to the location of the step. These two together give a factor ∝ (1/K)(g_sM/K) = g_sN/K^3. We also note that the warp factor steps up as the theory flows across r = r_1 down toward the bottom of the throat. We connect the steps with interpolating tanh function and write the warp factor given by (5.40) as

H(r) = H(1, r) + K−1∑ l=1 1 2 ( H(l + 1, r) − H(l, r) )( 1 + tanh [r_l − r r_lc ]) , (5.44)

where H(l, r) is the warp factor given in (5.40) for the flow in the region from the (l − 1)^{th} to the l^{th} duality transition locations and c is a parameter which describes the sharpness of the steps. An illustration of the warp factor is shown in Figures 2 and 3. The steps are not visible in Figure 2, since we have taken large K. A magnified plot of the first step in the warp factor is shown for a relatively small value of K in Figure 3.

Now we want to discuss how we can isolate and focus on some number of steps and write down the warp factor for a flow including only s number of steps starting from some location of duality transition at r = r_{l0} ; i.e, in the range r_{l0−1} < r < r_{l0+s}. Since we may be in a region far away from the edge of the throat, we use the expansion parameter 1/K_{eff} = M/N_{eff} = 1/(K − (l − 1)), where N_{eff} = N − (l − 1)M is the effective number of D3-brane charge for the flow between r_{l−1} and r_l. The warp

– 24 –

Figure 3: A magnified plot of the first step at r = r_1 in the warp factor for parameters g_s = 0.3, K = 5, M = 20, c = 0.0001 and r_0 = 100.

factor (5.44) in this case can then be written as

H(r) = H(l_0, r) + l_0+s−1∑

l=l_0 1 2 ( H(l + 1, r) − H(l, r) )( 1 + tanh [r_l − r cr_l ]) , (5.45)

where H(l, r) is given by (5.40) and we set l = l_0 for H(l_0, r). A step in the warp factor at r_l comes from the difference H(l + 1, r_l) − H(l, r_l) and we have from (5.40), H(l, r_l) − H(l + 1, r_{l+1}) ≃ 27πα^{′2} 4r^4_l

(3g2_s M 2 2π [ 1 4 ][ 3g_sM π ln( r_{l+1} r_l ) + 2] )

× 1 K − (l − 1) . (5.46)

We also have from (5.18)

log( r_l r_{l−1} ) ≃ − 2π 3g_sM ( 1 + 1 2(K − (l − 1)) ) (5.47)

with the string coupling normalized such that e^{Φ(rl−1)} is absorbed in g_s here. The step in H(r) at r_l is then obtained using (5.47) in (5.46), H(l, r_l) − H(l + 1, r_l) ≃ − 27πα^{′2}g_s(K − (l − 1))M 4r^4_l ( 3g_sM 8π )

× 1 (K − (l − 1))^3

, (5.48)

where (K − (l − 1))M = N_{eff} , is the effective D3-branes charge for the flow from the (l − 1)^{th} to the l^{th} duality transition point. The warp factor which describes the region with s number of steps after and including the step at r = r_{l0} is then H(r) ≃ H(l_0, r) + 27πα^{′2} 4r^4 l_0+s−1∑

l=l_0 [ g_s(K − (l − 1))M ( 3g_sM 8π − 1) )

× 1 2(K − (l − 1))^3 ( 1 + tanh[ r_l − r cr_l ] )] . (5.49)

– 25 –

6. D3-brane world volume effective action

In this section we like to discuss the D3-brane world volume effective action in the warped geometry. In particular, we like to see how the steps in the warp factor from the Seiberg duality cascade show up here. The presence of steps is actually very generic as a correction to the approximate geometry for a warped throat. The action here may be used to study how brane inflation can be implemented such that the steps may give possible stringy signatures in the cosmic microwave background radiation in the KKLMMT inflationary scenario. To be concrete, we shall present our discussion within the context of the KS throat discussed above.

In the KKLMMT scenario, inflation takes place when a D3-brane moves in the throat. The inflaton is the location of the D3-brane from the bottom of the throat. The D3-potential gets contributions from a Dirac-Born-Infeld (DBI) term and a Chern-Simons term in the action, as well as possible terms due to a presence of D3- brane sitting at the bottom of the warped deformed throat. The DBI term contains e^{−Φ} while the Chern-Simons term does not. When the dilaton is constant, as in the KS solution, the two terms cancel out and the D3-potential vanishes in the absence of a D3-brane. Consequently, one needs other sources such as D3-brane to attract the D3-brane. Here we can have a dilaton driven inflation, since the dilaton runs and the D3-potential is dynamically nonzero.

Presumably, we are interested in inflation that takes place when r < r_0, where r_0 is the location of the edge of the throat. Thus, given r_0, we can determine all the other duality transition locations r_l and the bottom of the throat is at r_A ≈ r_K . In the large K limit and for small l, the corrections may be very small.

Including the expansion of the universe, the 10-dimensional metric takes the form:

ds^2 = H^{−1/2}(r)(−dt^2 + a(t)^2dx^2) + H^{1/2}(r)(dr^2 + r^2ds^2_T 1,1 ) (6.1)

Here the cosmic scale factor a(t) is that of an expanding homogeneous isotropic universe spanned by the 3-dimensions x, and r is the coordinate for the flow in the throat. The metric ds^2_{T 1,1} is for base of the conifold. Warped spaces are natural in string theory models and are useful for flattening potentials and for generating a hierarchy of scales with the UV at the top (edge) of the throat and the IR scale at the warped bottom (around r ∼ r_A). Crudely, H(r) ∼ (r/R)^{−4}, where R ≫ r_A is the scale of the throat. The expression for the action includes the dilaton Φ, the metric G_{MN} , the anti-symmetric tensor B_{MN} and the gauge field F_{MN} . The Chern- Simons term contains couplings between the brane and R-R fields (p-forms) C_p, with p even for type IIB theory. We use variable ξ and indices {a, b} for coordinates and

– 26 – quantities on the brane and we have

S_{D3} = −T_3 ∫ d^4ξe^{−Φ} √ det|G_{ab} + B_{ab} + 2πα^′F_{ab}| (6.2) ±μ_3 ∫ M_4

[_4 ∑ p=0 C_p ] ∧ tr [ e^{2πα′F +B} ]

where T_3 = [(2π)^3g_sα^{′2}]^{−1} is the tension of a D3-brane. Here g_s is the string coupling and the Regge slope α^′ = m^{−2}_s sets the string scale, where m_s is the string mass scale. The quantities inside the determinant have been pulled back onto the brane and the ± is for a brane/anti-brane. In particular, note that the pulled back metric (G_{ab}) will contain the warp factor. In the second term μ_3 = g_sT_3 is the brane charge. The integration is over the D3-brane world volume, and contributions should, of course, have the correct dimension. In the simplest cases, many of the fields appearing in (6.2) are trivially zero. However, for more interesting solutions we will need to solve the supergravity equations to find each of the fields.

We now consider the simple case with vanishing pullbacks B_{ab} and F_{ab}, and only C_4 non-zero (D3-branes are charged under the 4-form RR field C_4). The D3-brane alone in this background is supersymmetric. In addition, the supergravity equations require that components of C_4 on the brane be 1/H(r)g_s. We have aligned the brane coordinates with the usual space-time coordinates so that the only non-zero derivatives in the pullback are those with respect to time, and we assume that only the radial motion of the brane is important. Then (6.2) simplifies to

S_{D3} = ∫ d^4x a^3(t)T_3 H(r) ( −e^{−Φ} √ 1 − H(r)ṙ^2 + 1 ) . (6.3)

For slow motion along r, this reduces to S_{D3} ≈ ∫ d^4xa^3(t)T_3 ( e^{−Φ} ṙ^2 2 − 1 H(r) (e^{−Φ} − 1) ) . (6.4)

We see that the D3 potential V_{D3}(r) = (e^{−Φ(r)} −1)/H(r) vanishes for constant dilaton Φ = 0.

The inflaton ϕ is related to the position of a space-time filling D3-brane moving in such a throat. Specifically, ϕ = √ T_3r (6.5)

so we have the following inflaton action in the slow-roll regime, S_{D3} ≈ ∫ dx^4a^3(t) [ e^{−Φ(ϕ)} ϕ̇2 2 − T_3 H(ϕ) (e^{−Φ(ϕ)} − 1) ] , (6.6)

where Φ(r) → Φ(ϕ) and H(r) → H(ϕ).

– 27 –

The kinetic term in this action has the form considered in [35]. The potential is similar to that considered in [36]. Effects of features in the inflaton potential were also studied in [37]. Note that the D3-potential term in (6.6) vanishes for Φ = 0. One may consider two possibilities: (1) Φ = 0 as the asymptotic value of the dilaton at large r. That is, the D3-brane is mobile in the bulk away from the throat; (2) Φ = 0 at the bottom of the throat, so the D3-brane is BPS there.

Here we take Φ = 0 at r = r_0 or 1 + S_1c_1 = 0. We can always add an inflaton mass term if necessary. Using (4.29), d dt e^{−Φ} = −S_l ṙ r = −S_l ϕ̇ ϕ . (6.7)

Now we connect the steps in the D3-brane potential with an interpolating tanh function. First let us write the D3-brane potential for the flow between r_{l−1} to r_l as

V_{D3}(l, r) = T_3 e^{−Φ(l,r)} − 1 H(l, r) , (6.8)

where we use H(l, r) given by (5.40), H(l, r) = 27πα^{′2} 4r^4 [ g_sN + 3g^2_s M^2 2π [ln( r r_0 ) + 1 4 ] − (3g2_s M 2 2π [ln( r r_{ls} ) + 1 4 ][ 3g_sM π ln( r_{l−1} r_0

) + (2l − 3) − 3g_sM 8π ] − 9g^3_s M^3 4π^2

[ln( r r_0

) + 2(ln( r r_0

))^2 + 1 4 ] ) 1 K ] , (6.9)

and Φ given by (4.28, 4.29),

e^{−Φ(l,r)} = 1 + S_1c_1 − l−1∑ k=1 S_k ln(r_k/r_{k−1}) − S_l ln(r/r_{l−1}). (6.10)

We then connect the steps with interpolating tanh function and write the D3-brane potential given by (6.8) as

V_{D3}(r) ≈ V_{D3}(1, r) + K−1∑ l=1 1 2 ( V_{D3}(l + 1, r) − V_{D3}(l, r) )( 1 + tanh [r_l − r r_ld ]) , (6.11)

where again K ≡ N/M. We expect the steps to be smoothed out by the scale at the Seiberg duality transition, namely, Λ_l ∼ r_l, so we introduce the width d_l = r_ld, where the parameter d measures the sharpness of the steps, with smaller d corresponding to sharper steps. As the theory flows to smaller AdS_5 radius toward the bottom of the throat, r_l decreases, so the steps are becoming sharper.

– 28 –

Figure 4: D3-brane potential plotted for parameters g_s = 0.3, K = 100, M = 20, d = 0.0001 and r_0 = 100.

The height of the first step in the potential follows from (5.42) and (6.8),

V_{D3}(1, r_1) − V_{D3}(2, r_1) = T_3

(H(2, r_1) − H(1, r_1) H(1, r_1)H(2, r_1) ) (e^{−Φ(r1)} − 1) ≃ 4T_3r^4_1 27πα^{′2}g_sN ( 3g_sM 8π ) 1 K^4

(6.12)

and the absolute magnitude of the step is of leading order 1/K^4. The relative change in the potential at r = r_1 is δV_{D3} V_{D3} = (V_{D3}(1, r_1) − V_{D3}(2, r_1) V_{D3}(1, r_1) ) = (H(2, r_1) − H(1, r_1) H(2, r_1) )

≃ ( 3g_sM 8π ) 1 K^3

. (6.13)

and the relative size of the step is of order 1/K^3. Similarly, the height of the l^{th} step in the potential is

V_{D3}(l, r_l) − V_{D3}(l + 1, r_l) = T_3 (H(l + 1, r_l) − H(l, r_l) H(l, r_l)H(l + 1, r_l) ) (e^{−Φ(rl)} − 1) ≃ 4T_3r^4_1 27πα^{′2}g_s(K − (l − 1))M ( 3g_sM 8π )

× 1 (K − (l − 1))^4

(6.14)

An illustration of the D3-brane potential V_{D3} is shown in Figures 4. The steps are not visible on the plot, since we have taken large K. The potential we have here steps down as the theory flows across r = r_l down toward the bottom of the throat.

– 29 –

Since the step sizes are O(1/K^4) while the dilaton running starts at O(1/K), it is useful to consider the potential without the steps. For r_0 ≥ r ≥ r_1, V_{D3}(ϕ) ≃ −32π^2ϕ^4 (ln(ϕ/ϕ_0) − 1/4 − 1/16u) 27KM[u + ln(ϕ/ϕ_0) + 1/4]

, (6.15)

where u = 2πK/3g_sM. Note that we have fixed the constant in (4.28) to be c_1 = 1/4 + 1/16u so that V_{D3}(ϕ) is monotonic in the range we are interested in. ϕ_A ≃ ϕ_K = ϕ_0e^{−2πK/3gsM} = ϕ_0e^{−u} H(ϕ_K ) = e^{4u}/4u

so at the edge, V_{D3}(ϕ_0) = T_3/4u.

There are 5 parameters here: α^′, g_s, K, M and d. It is also reasonable to expect that the D3-brane is BPS at the bottom of the throat, ϕ = ϕ_A. In this case, Φ_A = Φ(ϕ_A) = 0 and c would be determined in terms of the other parameters. Here we have set Φ = 0 at the edge of the throat, r = r_0.

If the inflaton is moving relativistically, the NS-NS term in V_{D3}(ϕ) becomes part of the DBI kinetic action and so V_{D3}(ϕ) → −T_3/H. This interesting case should be studied carefully.

As the D3-brane moves across a step, it would generate oscillations in the angular power spectrum of density perturbations. Moreover, for K big enough such that we could see two or three steps, it might be possible to correlate the steps and make some definitive predictions. In comparing with [36], we see that the warp factor and so V_{D3}(ϕ) can be quite sensitive to the details of the throat geometry. This fact should be taken into account in any model comparison to cosmological data.

In the D3-D3-brane inflationary scenario, there is a D3-brane sitting at the bottom of the throat at ϕ = ϕ_A. So we should introduce V_D¯_D(r); this is independent of Φ, so it is not modified from the KS case.

V (ϕ) = V_D¯_D(ϕ) + V_{D3}(ϕ), (6.16)

V_D¯_D(ϕ) = V_0 ( 1 − 27 64π^2

V_0 ϕ^4 ) , V_0 = 2T_3/H(ϕ_K) = 8T_3ue^{−4u},

where the constant term V_0 is the effective vacuum energy. Additional terms coming from the Kähler potential may be present. Such terms may also have strong dependence on the dilaton. Back-reaction may ameliorate the size and/or the steepness of the potential. This requires a more careful analysis.

– 30 –

7. The warped deformed/resolved conifold

The deformation of the conifold via gaugino condensation in the gauge theory in the KS throat is related to a geometric transition in the gravity theory where the S^2 ⊂ T^{1,1} cycle shrinks to zero size, the M number of D5 branes wrapping S^2 disappear and are replaced by flux through S^3 ⊂ T^{1,1}. Thus the tip of the deformed conifold is S^3. The metric which describes the deformed conifold thus involves an interpolation between T^{1,1} at large r and S^3 at the tip of the conifold. However, it was later discussed that a flow to a baryonic branch with a quantum deformed moduli space of SU(2M) × SU(M), in the case where N is an integral multiple of M, might be the preferred route of the flow [22, 24]. In the MN case, N = 1 supersymmetric gauge theory was obtained by wrapping NS5-branes on S^2. A metric and flux ansatz which could give an interpolating solution between KS and MN was put forward in [31]. A leading order perturbative expansion around the KS solution was found in [22]. Later, SU(3) structures were used to find a one parameter set of solutions which flow in a direction from KS to MN [24]. We used Einstein frame in previous sections. In this and the next section, we will be using the string frame and also absorb g_s in e^Φ. The metrics in the two frames are related by G_{MN} (string) = e^{Φ/2}G_{MN} (Einstein).

7.1 SU(3) structures

In this section we will briefly review the basic ideas in applying SU(3) structures to study supergravity backgrounds with torsions. The study of supersymmetry conditions for supergravity backgrounds with torsion was initiated by Strominger [39]. See [40, 41, 42, 24] for details on applying group structures to supergravity.

Consider a compactification of type IIB strings on R^{(1,3)} × Y , where Y is a compact six dimensional manifold. The Clifford algebra in ten dimensions is described by ten 32 × 32 gamma matrices. Let us denote these gamma matrices by Γ^M , where the uppercase letters M, N, · · · run over 0, 1, · · · , 9. The gamma matrices satisfy {Γ^M , Γ^N } = 2G^{MN} , where G_{MN} is the metric. The generators of the Lorentz group Spin(1, 9) on R^{(1,3)} × Y can be constructed as commutators of the gamma matrices. The spinor representation in 10-d is given by Γ_{(10)} = Γ^0Γ^1 · · · Γ^9. The Lorentz algebra decomposes to Spin(1, 3) × Spin(6) on R^{(1,3)} × Y . We can write Γ_{(10)} = Γ_{(4)}Γ_{(6)}, where Γ_{(4)} = −iΓ^0 · · · Γ^3 and Γ_{(6)} = iΓ^4 · · · Γ^9 denote the spinor representations on R^{(1,3)} and on Y respectively. There are two spinors of the same chirality in IIB which decompose under Spin(1, 3) × Spin(6) as ϵ^1 = ζ_+η^1_+ + ζ_−η^1_− and ϵ^2 = ζ_+η^2_+ + ζ_−η^2_−, where ζ_+ is the spinor on R^{(1,3)}, η^i are the spinors on Y , ζ_− = ζ_+^∗, and η^i_− = η^i_+^∗. The number of supersymmetries in 4-d depends on the structure group on Y . A generic Y with structure group SO(6) ∼ SU(4) has no globally defined covariantly constant spinor and gives no supersymmetry. The spinor representation of SO(6) corresponds to the fundamental representation of SU(4) which decomposes as 1 ⊕ 3 under SU(3). Thus there is one globally defined SU(3) singlet spinor on Y . In order

– 31 – to preserve some supersymmetry, Y needs to have a reduced structure group and to preserve N = 1 supersymmetry the structure group on Y has to be reduced at least to SU(3). In that case, if we denote the one SU(3) singlet spinor mentioned above by η_+, the two spinors η^{1,2}_+ are complex proportional and are related to the invariant spinor in terms of two complex functions α and β which can be expressed as η^1_+ =^1_2 (α + β)η_+ and η^2_+ =^1_{2i} (α − β)η_+. If Y is a Calabi-Yau threefold, the globally invariant spinor would also be covariantly constant and depend trivially on the tangent frame bundle on Y and these two spinors give N = 2 supersymmetry in four dimensions.

However, when fluxes are turned on, the geometry backreacts and develops torsion and Y could in general become non-Ricci-flat and non-Kähler. When the extra space is compactified on a generalized Calabi-Yau with SU(3) structures, the fluxes from the N regular and M fractional D3-branes give rise to torsions which fall in various representations of SU(3). In the presence of fluxes, the spinor η^+ is not covariantly constant with respect to the Levi-Civita connection but would be so with a connection which includes torsion. The components of the torsion fall into the SU(3) representations (3+¯3)⊗(3+¯3+1) = (8+8)⊕(6+¯6)⊕(3+¯3)⊕(3+¯3)⊕(1+1). On the other hand, there are two SU(3) singlets on Y , one is a fundamental 2-form which describes the almost complex structure and the other is a globally non-vanishing holomorphic 3-form. Unlike the case of Calabi-Yau threefolds, these 2- and 3-forms are not closed now and the different components of the torsion come in dJ and dΩ. dJ has 20 components and decomposes under SU(3) as (6+¯6)⊕(3+¯3)+(1+1), and dΩ transforms as a 24 of SU(4) and decomposes under SU(3) as (8+8)⊕(3+¯3)+(1+1). Similarly the fluxes can be decomposed into different components in representations of SU(3). The different components of the torsion which fall in representations of SU(3) need to vanish or get balanced by fluxes of the corresponding forms and representations in order to preserve N = 1 supersymmetry. This gives constraints on the relations among the parameters α and β, the fluxes and the metric.

Next we want to see the torsion components in the variations of the fundamental 2-form and the holomorphic 3-form when Y has SU(3) structures. Suppose we have parameterized the metric on Y as

ds^2_6 = 6∑ m=1 G^2_m, (7.1)

where G_m are real differential 1-forms which are not closed here. Lower case indices m, n, · · · run over 1 to 6 here. Let us then define Z_1 = G_1 + iG_2, Z_2 = G_3 + iG_4, Z_3 = G_5 + iG_6. (7.2) We can then write the fundamental 2-form J and the holomorphic 3-form Ω as J = i 2 3∑ i=ī=1 Z_i∧Z̄¯_i, (7.3)

– 32 –

Ω = Z_1∧Z_2∧Z_3. (7.4)

The i is for holomorphic indices which run over 1 to 3, and the ī is for the corresponding anti-holomorphic indices. However, the Z_i’s are not differentials of complex coordinates and we will need to impose constraints in order to make Y a complex manifold. Note that J transforms as (1, 1) and Ω transforms as (3, 0). The complex and Kähler structures on Y are determined by the properties in the variations of J and Ω. But it is easy to see that dJ has components with forms (2, 1) ⊕ (1, 2) ⊕ (3, 0) ⊕ (0, 3) in the Z_i’s. Moreover, dΩ has components with (3, 1) ⊕ (2, 2) forms; it does not have a (4, 0), since a complex 4-form vanishes in three complex dimensions. When Y has SU(3) structures, the components can further be broken down to representations of SU(3). The (3, 0) ⊕ (0, 3) forms in dJ fall in the singlet representation, the (1, 2) ⊕ (2, 1) forms fall in the (6 ⊕ 3) ⊕ (¯6 ⊕ ¯3) representations. The (3, 1) form in dΩ falls in the ¯5 representation and the (2, 2) form falls in the 8 ⊕ 1 representations. All in all, dJ = − 3 2 Im(W^{(1)}_1 Ω̄) + (W^{(3)}_4 + W^{(¯3)}_4 ) ∧ J + (W^{(6)}_3 + W^{(¯6)}_3 ), (7.5)

dΩ = W^{(1)}_1 J^2 + W^{(8)}_2 ∧ J + W^{(¯3)}_5 ∧ Ω, (7.6)

where the W ’s denote components of the torsion. If Y is a Calabi-Yau manifold, then both J and Ω are closed, dJ = 0 and dΩ = 0, and all torsion components vanish. Thus nonvanishing components of the torsion measure the departure of the manifold from being Calabi-Yau. The fluxes can also be decomposed as

H_3 = − 3 2 Im(H^{(1)}_3 Ω̄) + (H^{(3)}_3 + H^{(¯3)}_3 ) ∧ J + (H^{(6)}_3 + H^{(¯6)}_3 ), (7.7)

F_3 = − 3 2 Im(F^{(1)}_3 Ω̄) + (F^{(3)}_3 + F^{(¯3)}_3 ) ∧ J + (F^{(6)}_3 + H^{(¯6)}_3 ). (7.8)

If Y is to be a complex manifold, the (3, 0) and (0, 3) components of dJ and the (2, 2) components in dΩ must vanish which amount to demanding W^{(1)}_1 = 0 and W^{(8)}_2 = 0.

7.2 Equations of motion in the 6 ⊕ ¯6 sector

The constraint on the relation between the fluxes and the torsions were found in [24]. It will be enough for our purpose here to focus only on the equations of motion in the 6 ⊕ ¯6 sector. In particular the equations of motion for flux and torsion components in the 6 ⊕ ¯6 representations are the following three complex equations, of which only two are independent, (α^2 − β^2)W^{(6)}_3 = 2αβe^ΦF^{(6)}_3 , (7.9)

(α^2 + β^2)W^{(6)}_3 = −2αβ ⋆_6 H^{(6)}_3 , (7.10)

(α^2 − β^2)H^{(6)}_3 = (α^2 + β^2)e^Φ ⋆_6 F^{(6)}_3 . (7.11)

– 33 –

A one parameter of numerical solution for the supersymmetry conditions using the ansatz in [31] was obtained in [24] for the case of α real and β imaginary, where the varying parameter arises from different possible values of the boundary value of dilaton at the very edge (or the very bottom) of the throat and the vacuum expectation value of the axionic scalar moduli field on the quantum deformed moduli space in the baryonic branch. We will see later that the supergravity side containing the corrections to the anomalous mass dimension from the gauge theory side does not fall into this solution. We will also see in the next section the implications of the corrections in terms of SU(3) structures. For now, a simple way to see that the supergravity flow we have here is different is simply to note that the leading order correction to the running of the dilaton in (4.29), if we just consider the flow in the range r_1 ≤ r ≤ r_0 and define t̃ ≡ ln(r/r_0), comes at O(t̃), which is different from the flow found in [22] and [24], where the leading order correction to the running of the dilaton comes at O(t̃^2). It will be important to construct the full dual supergravity background and flow corresponding to the supersymmetric gauge theory containing corrections to the anomalous mass dimension.

8. Gravitational source for Seiberg duality transformations

Now we want to see that the locations where Seiberg duality transformations occur have a geometric obstruction with a jump in the relation between the two complex proportional spinors η^{1,2}_+ on the six dimensional manifold Y . Conversely, this geometric obstruction provides “special” locations on Y which source Seiberg duality transformations. First let us see the magnitudes of the “charges” (or the sizes of the steps) which come from the differences in the slopes in e^{−Φ}B_2 given by (4.30) and (4.32) after and before a Seiberg duality transformation, ( D_{l+1} − D_l )πα′ 2 = (C_l + C_{l−2} − 2C_{l−1}) g_sMα^′ 4 = 3g_sMα^′ 4(K − l)(K − l + 1)(K − l + 2)

(8.1)

Note that, in the early stages of the duality cascade, the jump is of order O(1/K^3) and is quite small for large K. The magnitude increases as l increases, and the maximum value occurs at the last duality transformation where (C_{K−1} + C_{K−3} − 2C_{K−2}) = 1/2 for N = KM. If we sum up the charges at each step, the magnitude of the total charge from the K − 1 duality transformations is proportional to K−1∑ l=1 (C_l + C_{l−2} − 2C_{l−1}) = 3 4 (K − 1)(K + 2)

K(K + 1) = 3 4 ( 1 − 2 K(K + 1) ) . (8.2)

We see that in the limit K → ∞, (8.2) goes to 3/4. Of this the (K − 1)^{th} duality transformation takes 1/2 and the (K − 2)^{th} duality transformation takes 1/8.

– 34 –

Presumably, these charges come from NS5-branes. Most of the charge is located in the bottom region of the throat. Moreover, the magnitude of the charges confirms that the theory flows to a baryonic branch rather than to a confining branch and the duality cascade ends with the gauge group SU(2M) × SU(M), in the case where N is an integral multiple of M. That is because an additional duality transformation would need an infinite amount of charge, since (8.1) diverges for l = K. This implies either that the perturbative expansion of the anomalous dimension in powers of M^2/N(N + M) is invalid here, or that the duality cascade stops at the baryonic branch. This latter case also agrees with the discussion and expectation in [22] and [24] of a flow along a baryonic branch. Recall that Seiberg duality in N = 1 supersymmetric SU(N_c) gauge theory with N_f flavors takes place in the so-called conformal window 3N_c > N_f > 3N_c/2 and in the free magnetic phase 3N_c/2 ≥ N_f > N_c + 1. To satisfy the last condition, K > 2. So we expect the last transition to take place at SU(3M) × SU(2M) → SU(M) × SU(2M) and not go any further. This is consistent with our analysis.

The torsion and the flux components in the 6 ⊕ ¯6 sector for the ansatz given in [31] and used in [24] can be schematically written as W^{(6)}_3 = W_R + iW_I , H^{(6)}_3 = H_R + iH_I , and F^{(6)}_3 = F_R + iF_I and be split into two sets where the elements of a set have components in the same directions: (W_R, F_I , ⋆_6F_R, H_R, ⋆_6H_I ) and (W_I , F_R, ⋆_6F_I , H_I , ⋆_6H_R) [43]. In other words, the elements in the first set, W_R, F_I , · · · have components along some directions such as G_1∧G_3∧G_6 while the elements in the second set, W_I , F_R, · · · have components along other directions such as G_1∧G_3∧G_5. If we let α and β have arbitrary phase θ between them and write β = tan^w_2 e^{iθ}α, then the equations of motion in the 6 + ¯6 sector, (7.9)-(7.11), give ( 1 − tan^2 w 2 cos 2θ ) W_R = −2 tan w 2 e^Φ sin θ F_I , (8.3) ( 1 − tan^2 w 2 cos 2θ ) W_I = 2 tan w 2 e^Φ sin θ F_R, (8.4)

tan^2 w 2 sin 2θ W_I = 2 tan w 2 e^Φ cos θ F_R, (8.5)

− tan^2 w 2 sin 2θ W_R = 2 tan w 2 e^Φ cos θ F_I , (8.6) ( 1 − tan^2 w 2 cos 2θ ) H_R = e^Φ ( 1 + tan^2 w 2 cos 2θ ) ⋆_6 F_R, (8.7) ( 1 − tan^2 w 2 cos 2θ ) H_I = e^Φ ( 1 + tan^2 w 2 cos 2θ ) ⋆_6 F_I , (8.8)

tan^2 w 2 sin 2θ H_I = −e^Φ tan^2 w 2 sin 2θ ⋆_6 F_I , (8.9)

− tan^2 w 2 sin 2θ H_R = e^Φ tan^2 w 2 sin 2θ ⋆_6 F_R. (8.10)

– 35 –

We see that the equations of motion are over-constrained and do not have solution for generic values of θ unless θ = ±^π_2 (or for θ = 0, π with the fluxes and the torsions relabeled or related by S-duality).

In order to study the solutions which describe the effects of corrections to the anomalous mass dimension on the supergravity side, one needs a more general ansatz such as a complexification of the components F_R, F_I , H_R and H_I above and/or turning on F_1 flux in such a way that arbitrary phase between the two spinors could be accommodated. That is because the corrections change the imaginary self-duality condition in the 3-form combination F_3 − ie^{−Φ}H_3 in the KS solution in such a way that the supergravity flow does not occur at a fixed phase between the two spinors. The change in magnitude of corrections after a Seiberg duality transformation leads to a step in the function tan (w/2) e^{iθ} which relates the two spinors. This results in a geometric obstruction. These special geometric locations and the charges on them provide a gravitational source for Seiberg duality transformations.

9. Discussions

The gauge/gravity duality implies that the nonperturbative dynamics of the gauge theory knows about the string background geometry. Here we have studied the implications of corrections to the anomalous mass dimension in the physical running of the couplings in the gauge theory to the dual gravity theory in the KS throat. We find that a more precise anomalous dimension on the gauge theory side reveals structures on the gravity side. The corrections make the dilaton and the potentials run with kinks and the fluxes and the metric have steps and the deviation from KS grows more and more as the duality cascade proceeds and the theory flows down to the bottom of the throat.

The magnitudes of the charges at the steps (or the sizes of the steps) are much smaller in the early stages of the cascade than in the last steps. The magnitudes of the charges confirm that the theory flows to a baryonic branch rather than to a confining branch and the duality cascade ends with the gauge group SU(2M) × SU(M), in the case where N is an integral multiple of M. That is because an additional duality transformation would require an infinite charge or a step with infinite size. This is consistent with what we would expect from the gauge theory side, since if we think of the SU(M) in SU(2M) × SU(M) as a weakly gauged flavor symmetry, we have SU(2M) with 2M flavors which falls far outside Seiberg’s electric-magnetic duality window. Rather, it has a quantum deformed moduli space [38]. This also agrees with the discussion and expectation in [22] and [24] of a flow along a baryonic branch. Conversely, a duality cascade ending in the baryonic branch supports our premise that the anomalous dimension changes after every Seiberg duality transformation as the matter content of the theory changes with the SU(2M)×SU(M) not undergoing a duality transformation.

– 36 –

The steps also provide special locations with geometric obstructions which source Seiberg duality transformations. The steps we have discussed here are sharp because a Seiberg duality transformation occurs at a fixed T^{1,1} base (or AdS_5 radius). The steps in the fluxes and the metric could be smoothed out if the charges at the steps get redistributed and a Seiberg duality transition takes place over some range of scales or AdS_5 radius. Conversely, the sharpness of the steps on the gravity side would provide a measure for the sharpness of Seiberg duality transitions on the gauge theory side. Overall, we expect that the relations (4.14) and (4.15), i.e., the gauge/gravity duality dictionary, should be modified by corrections. This is an important problem to be studied further.

It is believed that NS5-brane charges are located at the bottom of the KS throat. The NS5-branes wrap an S^2 of the S^3. In the absence of fluxes, they wrap a shrinking S^2 of the S^3 at, say, angular coordinate ψ = 0 and essentially vanish without a trace. If such NS5-brane can tunnel to the other pole of the S^3,i.e., ψ = π, it becomes M D3-branes [44]. Since there are K NS5-branes, together there are N = KM D3 charges. Our picture suggests that these K NS5-branes are located at different positions, one at each r = r_l. Furthermore, they are at different locations of the S^3, that is, they wrap different shrinking S^2s of the S^3. As a consequence, H_3 is in general no longer orthogonal to F_3, which is the case with a non-zero R-R 1-form flux F_1.

In this paper, we work with the ansatz that, for large r, H_3 is along the direction of dr∧ω_2. Although we need only the magnitude of F_3 (as given by (5.23) and (5.24)) to find the warp factor, it is important to find the components of F_3 (since F_3 does not all lie in ω_3) and an explicit solution of the supergravity equations, even if only perturbatively in 1/K.

The gauge/gravity duality is a powerful tool to probe both the gauge and the dual gravity theories from different directions. It seems that the best way to test/use gauge/gravity duality is an attempt to find the gravity dual to QCD. However, our theoretical control is best when we consider super Yang-Mills theories. Unfortunately, lattice gauge theory for super Yang-Mills theories is too rudimentary to be useful at the moment. Since Seiberg duality and gauge/gravity duality are strongly believed but not proven, it is quite amazing and useful that the whole notion of Seiberg duality and gauge/gravity dualities may be tested in cosmology. If our universe indeed resides at a bottom of such a warped deformed throat, the cosmological implication of this step-wise (or cascading) behavior of the metric on the brane inflationary scenario and the cosmic microwave background radiation can be very interesting.

Acknowledgements

We thank Xingang Chen, Igor Klebanov, Oleg Lunin, Sarah Shandera and Jiajun Xu for discussions. This research is supported in part by the National Science Foundation

– 37 – under grant number NSF-PHY/03-55005. G.H. is a Provost’s Fellow.

References

[1] S. B. Giddings, S. Kachru, and J. Polchinski, Hierarchies from fluxes in string compactifications, Phys. Rev. D66 (2002) 106006, [hep-th/0105097].

[2] S. Kachru, R. Kallosh, A. Linde, and S. P. Trivedi, De sitter vacua in string theory, Phys. Rev. D68 (2003) 046005, [hep-th/0301240].

[3] I. R. Klebanov and M. J. Strassler, Supergravity and a confining gauge theory:

Duality cascades and chisb-resolution of naked singularities, JHEP 08 (2000) 052, [hep-th/0007191].

[4] N. Seiberg, Electric - magnetic duality in supersymmetric nonabelian gauge theories, Nucl. Phys. B435 (1995) 129–146, [hep-th/9411149].

[5] J. A. Adams, B. Cresswell and R. Easther, Inflationary perturbations from a potential with a step, Phys. Rev. D64 (2001) 123514 [astro-ph/0102236].

[6] X. Chen, R. Easther and E. A. Lim, Large non-Gaussianities in single field inflation, [astro-ph/0611645].

[7] G. R. Dvali and S.-H. H. Tye, Brane inflation, Phys. Lett. B450 (1999) 72, [hep-ph/9812483].

[8] S. Kachru, R. Kallosh, A. Linde, J. Maldacena, L. McAllister, and S. P. Trivedi, Towards inflation in string theory, JCAP 0310 (2003) 013, [hep-th/0308055]; S. H. H. Tye, Brane inflation: String theory viewed from the cosmos, [hep-th/0610221].

[9] D. N. Spergel et al. [WMAP Collaboration], Wilkinson Microwave Anisotropy Probe (WMAP) three year results: Implications for cosmology, [astro-ph/0603449].

[10] L. Covi, J. Hamann, A. Melchiorri, A. Slosar and I. Sorbera, Inflation and WMAP three year data: Features have a future!, Phys. Rev. D 74 (2006) 083509 [astro-ph/0606452].

[11] H. V. Peiris et. al., First year wilkinson microwave anisotropy probe (wmap) observations: Implications for inflation, Astrophys. J. Suppl. 148 (2003) 213, [astro-ph/0302225].

[12] E. Silverstein and D. Tong, Scalar speed limits and cosmology: Acceleration from D-cceleration, Phys. Rev. D70 (2004) 103505, [hep-th/0310221] ; M. Alishahiha, E. Silverstein, and D. Tong, Dbi in the sky, Phys. Rev. D70 (2004) 123505, [hep-th/0404084].

[13] I. R. Klebanov and E. Witten, Superconformal field theory on threebranes at a calabi-yau singularity, Nucl. Phys. B536 (1998) 199–218, [hep-th/9807080].

– 38 –

[14] M. J. Strassler, The duality cascade, hep-th/0505153.

[15] J. Maldacena, The large N limit of superconformal field theories and supergravity, Adv. Theor. Math. Phys. 2 (1998) 231–252, [hep-th/9711200].

[16] S. S. Gubser, I. R. Klebanov, and A. M. Polyakov, Gauge theory correlators from non-critical string theory, Phys. Lett. B428 (1998) 105–114, [hep-th/9802109].

[17] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253–291, [hep-th/9802150].

[18] S. S. Gubser and I. R. Klebanov, Baryons and domain walls in an n = 1 superconformal gauge theory, Phys. Rev. D58 (1998) 125025, [hep-th/9808075].

[19] I. R. Klebanov and N. A. Nekrasov, Gravity duals of fractional branes and logarithmic rg flow, Nucl. Phys. B574 (2000) 263–274, [hep-th/9911096].

[20] I. R. Klebanov and A. A. Tseytlin, Gravity duals of supersymmetric su(n) x su(n+m) gauge theories, Nucl. Phys. B578 (2000) 123–138, [hep-th/0002159].

[21] C. P. Herzog, I. R. Klebanov and P. Ouyang, D-branes on the conifold and N = 1 gauge / gravity dualities, [hep-th/0205100].

[22] S. S. Gubser, C. P. Herzog, and I. R. Klebanov, Symmetry breaking and axionic strings in the warped deformed conifold, JHEP 09 (2004) 036, [hep-th/0405282].

[23] M. A. Shifman and A. I. Vainshtein, Solution of the anomaly puzzle in susy gauge theories and the wilson operator expansion, Nucl. Phys. B277 (1986) 456.

[24] A. Butti, M. Grana, R. Minasian, M. Petrini, and A. Zaffaroni, The baryonic branch of klebanov-strassler solution: A supersymmetric family of su(3) structure backgrounds, JHEP 03 (2005) 069, [hep-th/0412187].

[25] S. Frolov, I. R. Klebanov, and A. A. Tseytlin, String corrections to the holographic rg flow of supersymmetric su(n) x su(n+m) gauge theory, Nucl. Phys. B620 (2002) 84–108, [hep-th/0108106].

[26] J. Polchinski, String Theory. Vol. 2: Superstring Theory and Beyond. Cambridge Univ. Pr., 1998.

[27] R. Dijkgraaf and C. Vafa, Matrix models, topological strings, and supersymmetric gauge theories, Nucl. Phys. B644 (2002) 3–20, [hep-th/0206255].

[28] J. M. Maldacena and C. Nunez, Towards the large n limit of pure n = 1 super yang mills, Phys. Rev. Lett. 86 (2001) 588–591, [hep-th/0008001].

[29] A. H. Chamseddine and M. S. Volkov, Non-abelian bps monopoles in n = 4 gauged supergravity, Phys. Rev. Lett. 79 (1997) 3343–3346, [hep-th/9707176].

– 39 –

[30] A. H. Chamseddine and M. S. Volkov, Non-abelian solitons in n = 4 gauged supergravity and leading order string theory, Phys. Rev. D57 (1998) 6242–6254, [hep-th/9711181].

[31] G. Papadopoulos and A. A. Tseytlin, Complex geometry of conifolds and 5-brane wrapped on 2- sphere, Class. Quant. Grav. 18 (2001) 1333–1354, [hep-th/0012034].

[32] D. R. Morrison and M. R. Plesser, Non-spherical horizons. i, Adv. Theor. Math.

Phys. 3 (1999) 1–81, [hep-th/9810201].

[33] R. Minasian and D. Tsimpis, On the geometry of non-trivially embedded branes, Nucl. Phys. B572 (2000) 499–513, [hep-th/9911042].

[34] E. Bergshoeff, R. Kallosh, T. Ortin, D. Roest, and A. Van Proeyen, New formulations of d = 10 supersymmetry and d8 - o8 domain walls, Class. Quant. Grav. 18 (2001) 3359–3382, [hep-th/0103233].

[35] G. Shiu and S. H. H. Tye, Some aspects of brane inflation, Phys. Lett. B516 (2001) 421–430, [hep-th/0106274].

[36] A. Dymarsky, I. R. Klebanov, and N. Seiberg, On the moduli space of the cascading su(m+p) x su(p) gauge theory, JHEP 01 (2006) 155, [hep-th/0511254].

[37] A. Ashoorioon and A. Krause, Power spectrum and signatures for cascade inflation,

hep-th/0607001.

[38] N. Seiberg, Exact results on the space of vacua of four-dimensional susy gauge theories, Phys. Rev. D49 (1994) 6857–6863, [hep-th/9402044].

[39] A. Strominger, Superstrings with torsion, Nucl. Phys. B274 (1986) 253.

[40] J. P. Gauntlett, D. Martelli, S. Pakis, and D. Waldram, G-structures and wrapped ns5-branes, Commun. Math. Phys. 247 (2004) 421–445, [hep-th/0205050].

[41] S. Gurrieri, J. Louis, A. Micu, and D. Waldram, Mirror symmetry in generalized calabi-yau compactifications, Nucl. Phys. B654 (2003) 61–113, [hep-th/0211102].

[42] J. P. Gauntlett, D. Martelli, and D. Waldram, Superstrings with intrinsic torsion, Phys. Rev. D69 (2004) 086002, [hep-th/0302158].

[43] G. Hailu, work in progress.

[44] S. Kachru, J. Pearson and H. L. Verlinde, Brane/flux annihilation and the string dual of a non-supersymmetric field theory, JHEP 0206 (2002) 021, [ [hep-th/0112197].

– 40 –