arXiv:hep-th/0612060 v1 7 Dec 2006

Conformal theories including conformal gravity as gauge theories on the hypercone

Pär Arvidsson^1 and Robert Marnelius^2

Department of Fundamental Physics Chalmers University of Technology S-412 96 Göteborg, Sweden

Abstract

Conformal theories in a d dimensional spacetime may be expressed as manifestly conformal theories in a d+2 dimensional conformal space as first proposed by Dirac. The reduction to d dimensions goes via the d + 1 dimensional hypercone in the conformal space. Here we give a rather extensive exposé of such theories. We review and extend the theory of spinning conformal particles. We give a precise and geometrical formulation of manifestly conformal fields for which we give a consistent action principle. The requirement of invariance under special gauge transformations off the hypercone plays a fundamental role here. Maxwell’s theory and linear conformal gravity are derived in the conformal space and are treated in detail. Finally, we propose a consistent coordinate invariant action principle in the conformal space and give an action that should correspond to conformal gravity.

1E-mail: par.arvidsson@chalmers.se 2E-mail: tferm@fy.chalmers.se

1 Introduction

In this work we develop the classical properties of manifestly conformally covariant theories including both particle and field theories.

In dimensions d > 2 the conformal group is SO(d, 2) which, however, acts nonlinearly on the Minkowski coordinates. In 1936 Dirac [1] proposed a manifestly conformally covariant formulation in which the Minkowski coordinates are replaced by coordinates on which SO(d, 2) acts linearly. The theory lives then on a d+1 dimensional hypercone in a d+2 dimensional conformal space. Explicitly he treated scalar, spinor and vector fields in d = 4. Since then there have appeared many papers on the subject. Among the early papers (see e.g. [2–4]) the paper by Mack and Salam [2] is particularly elucidating. It clarifies the projections to Minkowski space in general terms for arbitrary spins in d = 4. An Euclidean version for quantum field theory was treated in e.g. [5–7].

Particle models in terms of the manifestly conformal coordinates were proposed in [8]. Quantization [9] yields Dirac’s wave equations in [1]. By means of the result of Bracken and Jessup [10] particle models for arbitrary spins were possible to derive (see [11–13] and [14, 15]). The particle models are helpful to understand the field theories and have been used in many later papers. Some recent papers on the whole subject are given in [16–22].

To begin with we shall rather extensively treat and further extend the particle models in [14, 15]. What concerns particles in external fields, our results are consistent with the corresponding field theories and agree also with the previous results in [17, 20, 21].

The emphasis is, however, on manifestly conformal field theories which are considerably developed here. We give a precise specification of the conditions to be satisfied by such fields. The properties of the wave functions and the external fields in the conformal particle models serve as a guiding principle for these conditions. However, the field theory is specified in a more geometrical sense in the d + 2 dimensional conformal space. The restriction to the hypercone is e.g. replaced by a requirement of an invariance under special gauge transformations off the hypercone, an invariance which at the end will allow for the restriction to the hypercone as a gauge choice. (These gauge transformations were introduced by Dirac [1]). With the proposed conditions we are able to give a precise and consistent action principle for manifestly conformal fields. Actions for such fields have been discussed before. The first treatment seems to be in [4]. However, there the measure was directly projected to four (easily generalized to d) dimensions which prohibits the derivation of manifestly conformally covariant equations, at least naively. In [9] the invariant measure on the five (d + 1) dimensional hypercone was proposed for the actions. (Recently, similar actions are also considered in [19].) Here we develop this formulation and show that it is consistent provided our conditions on the fields are satisfied and provided we impose special gauge invariance off the hypercone. This gauge invariance is also crucial for the reduction to four (d) dimensions of both the actions and the equations of motion. We perform a rather extensive treatment of Maxwell’s theory and linear conformal gravity constructed from scratch in the conformal space. (In [23] a different approach to linear gravity is given.) For these models we give consistent actions and equations of motions where the latter follow from the first. We also show that when they are reduced to four dimensional spacetime we get precisely standard Maxwell’s theory and linear conformal gravity.

Our main objective, however, is not just to clarify the properties of spin two like theories on the hypercone but rather to find a coordinate invariant formulation of conformal gravity in a manifest form in two dimensions higher. This we also accomplish and it is perhaps the main result here. (A previous different proposal for gravity was given in [24].) Actually this work started and was planned in connection with the Master thesis [25] in which manifestly conformally covariant field theories were treated, particularly was linear conformal gravity studied. Due to health problems of one of us (RM) we could resume our work only this year.

The paper is organized as follows: In section 2 we give the basics of the manifestly conformally covariant formulation in the conformal space and how it is connected to the reduced spacetime. In section 3 we review the conformal particle models in [8] here given in a slightly simpler form and generalize them to arbitrary dimensions. In section 4 we treat the conformal particle in external symmetric tensor fields in arbitrary dimensions. (Previously the vector field was treated in [8] and the rank two tensor field in [17, 20], and arbitrary tensor fields in a different setting in [21].) In section 5 we give an improved treatment of the conformal particle models for arbitrary spins given in [14,15] generalized to arbitrary dimensions. In section 6 we quantize these models and obtain free tensor fields which have not been given before. However, we find problems with the rank two formulation. In section 7 we show that these problems may be understood from the connection between homogeneity and the order of the field equation. In fact, this connection tells us what order of the field equation we should have for symmetric tensor fields of rank two and higher. In section 8 we specify the basic ingredients of a more geometrical field theory in the d + 2 dimensional conformal space.

We introduce the special gauge transformations off the hypercone and other defining properties. In section 9 we then present our precise action principle which requires that the actions are invariant under the special gauge transformations. We give its implications for scalar, spinor, and generalized spin one. For symmetric second rank tensor fields in d = 4 we find that only linearized conformal gravity is allowed by the special gauge invariance. In section 10 we outline what is needed in order to have a coordinate invariant formulation. In section 11 we give the conformal particle in a curved background in external scalar and vector fields in a coordinate invariant form. (This is a slight generalization of [17,20].) We solve then the derived conditions and the solutions are completely in agreement with the natural proposals in section 10. In section 12 we give then the generalized action principle for coordinate invariant actions in a curved dynamical background on a generalized hypercone. Then we look for a possible gravity theory and demonstrate that in d = 4 the invariance under generalized special gauge transformations only allow for conformal gravity. Finally we conclude the paper in section 13. In a couple of appendices we give some details for the reductions of the manifestly conformally covariant formulation to d dimensional relativistic theories. In appendix A we give some general aspects of the reduction of the manifestly conformal fields in d + 2 dimensions to d dimensions. In appendix B we give some details for the reduction of the spin one theory in d = 4, and in appendix C the corresponding details for linear manifestly covariant gravity in d = 4. In appendix D we summerize some properties of relativistic particle models for arbitrary spins in d = 4 generalized to arbitrary dimensions d whose quantum wave functions we expect to correspond to the wave functions from the conformal particle models in section 6.

2 Manifestly conformally covariant formulation

A large class of massless theories are conformally invariant. In d > 2 we have apart from Poincaré invariance also invariance under scaling, x^μ→λx^μ, and under the special conformal transformations x^μ → x^{′μ} = x^μ + b^μx^2 1 + 2b · x + b^2x^2

. (2.1)

All these transformations form the conformal group. Although the transformations are nonlinear the group is simply SO(d, 2), a pseudoorthogonal Lie group similar to the Lorentz group SO(d − 1, 1). This led Dirac [1] to propose a manifestly conformally covariant formulation for conformal theories. He did this explicitly for free scalar, spinor, and vector fields. This formulation is given on a higher dimensional space called the conformal space. The coordinates on this d+2 dimensional space are denoted y^A = (y^μ, y^{d+1}, y^{d+2}), and involve two time-like directions (y^0, y^{d+2}). The indices are raised and lowered by the diagonal metric

η_{AB} = diag(1, −1, . . . , −1, 1). (2.2)

(The opposite sign would be better, but we follow some old literature here. The reductions in appendices B and C are, however, performed using the opposite sign.) SO(d, 2) acts linearly on the coordinates y^A and leave the scalar products invariant. Following Dirac the ordinary spacetime theory is required to live on a d + 1-dimensional hypercone in the conformal space. This hypercone is defined through the relation

y^2 ≡ η_{AB}y^Ay^B = 0, (2.3)

which by definition then is invariant under SO(d,2) transformations. Due to the projectiveness of this relation the dimensions of y^A may be chosen freely. Choosing dimension length the Minkowski coordinates x^μ are reached by the nonlinear point transformation

x^μ = y^μ y^− R, y^− ≡ y^{d+2} − y^{d+1}, x^{d+1} = y^−,

x^{d+2} = y^2 R , (2.4)

where R is a constant with dimension length. This transformation is invertible and the inverse is

y^μ = x^{d+1} R x^μ, y^− = x^{d+1},

y^+ = x^{d+2} 2x^{d+1} R − x^{d+1} 2R η_{μν} x^μx^ν , y^+ ≡ 1 2 ( y^{d+2} + y^{d+1} ) . (2.5)

This transformation is well defined for y^− ≠ 0 (x^{d+1} ≠ 0), which is a topological restriction (see also appendix A). The flat metric (2.2) induces now an invertible metric g_{AB}(x) in the x^A-coordinates whose nonzero elements are g_{μν} (x) = γ^2η_{μν} , γ ≡ x^{d+1} R , g_{(d+1)(d+1)}(x) = − x^{d+2} Rγ^2 , g_{(d+1)(d+2)}(x) = 1 2γ = g_{(d+2)(d+1)}(x). (2.6)

On the hypercone y^2 = 0 (x^{d+2} = 0) the coordinate of the extra dimension x^{d+1} or γ in (2.6) acts as a projective parameter. For the metric above we find a reduction to the Minkowski metric for x^{d+1} = ±R. However, as e.g. the particle models show, γ = x^{d+1}/R may be chosen to be an arbitrary function of x^μ in which case the projected space is turned into an arbitrary conformally flat space. Conformal invariance in the sense of invariance under g_{μν} → λ(x)g_{μν} (2.7) is obviously automatic for all conformal theories which are derivable from the manifestly conformally covariant formulation.

How the manifestly conformally covariant fields are reduced to fields on Minkowski space or the conformally flat space is given in appendices A-C.

3 Conformal particle

In [8] one of us gave a Lagrangian for a manifestly conformal invariant free particle in d = 4, both for spin zero, spin one-half and partly spin one. The free spin zero particle may alternatively be described by the slightly simpler Lagrangian L(τ) = 1 2v ẏ^2 + λy^2, (3.1)

where we now consider arbitrary spacetime dimensions d. The coordinate y^A is an SO(d, 2)-vector. Thus, the index A runs here over d + 2 different values. v is an einbein variable and λ a Lagrange multiplier. The action (3.1) is reparametrization invariant and is of the form of an ordinary free massless particle apart from a term that forces the particle to be on the hypercone y^2 = 0. A Hamiltonian analysis of (3.1) yields the first class constraints

χ_1 ≡ p^2 = 0, χ_2 ≡ p · y = 0, χ_3 ≡ y^2 = 0, (3.2) together with the trivial primary constraints p_v = 0 and p_λ = 0. These constraints satisfy a closed Poisson algebra which is an SL(2,R)-algebra. We have ({y^A, p_B} = δ^A_B)

{χ_1, χ_2} = −2χ_1, {χ_2, χ_3} = −2χ_3, {χ_1, χ_3} = −4χ_2. (3.3) A Dirac quantization of these constraints yields the wave equations (given in [9] for d = 4) y^2Φ(y) = 0, □Φ(y) = 0, (y · ∂ + (d + 2)/2)Φ(y) = 0. (3.4) The first equation is solved by the ansatz Φ(y) = δ(y^2)ϕ(y). (3.5) The remaining equations in (3.4) require then □ϕ(y) = 0, (y · ∂ + d/2 − 1)ϕ(y) = 0 (3.6) on the hypercone y^2 = 0. For d = 4 these equations are identical to the wave equations for a scalar field given by Dirac in [1].

3.1 The spinor model

A corresponding supersymmetric version of the Lagrangian (3.1) is (cf [8,15]) L(τ) = 1 2v ẏ^2 + i 2 ψ · ψ̇ + iρy · ψ + λy^2, (3.7) where ψ^A is a real, odd Grassmann variable which also is an SO(d, 2)-vector. ρ is a real, odd Grassmann variable which acts as an additional Lagrange multiplier to λ. A Hamiltonian analysis requires here ψ^A to satisfy the symmetric Poisson relations (η^{AB} is the SO(d, 2)-metric) {ψ^A, ψ^B } = iη^{AB}. (3.8) The Hamiltonian analysis of (3.7) yields furthermore the first class constraints χ_1 ≡ p^2 = 0, χ_2 ≡ p · y = 0, χ_3 ≡ y^2 = 0, χ_4 ≡ p · ψ = 0, χ_5 ≡ y · ψ = 0, (3.9) apart from the primary constraints p_v = 0, p_λ = 0, and p_ρ = 0. Their Poisson algebra is a supersymmetric SL(2,R): They satisfy (3.3) and {χ_4, χ_4} = iχ_1, {χ_5, χ_5} = iχ_3, {χ_4, χ_5} = iχ_2, {χ_4, χ_1} = 0, {χ_4, χ_2} = −χ_4, {χ_4, χ_3} = −2χ_5, {χ_5, χ_1} = 2χ_4, {χ_5, χ_2} = χ_5, {χ_5, χ_3} = 0. (3.10) A Dirac quantization yields here the wave equations (given in [9] for d = 4) Γ · ∂Ψ(y) ≡ ∂/Ψ(y) = 0, y · Γψ(y) ≡ y/Ψ(y) = 0, (3.11) where Γ^A are γ-matrices satisfying the anticommutation relations [Γ^A, Γ^B]_+ = 2η^{AB}. (3.12) They are therefore matrices of dimensions 2^{(d+2)/2} × 2^{(d+2)/2}. (Here as well as in the following it is clear that a manifestly conformally invariant formulation only exists for even spacetime dimensions d.) Notice that the equations (3.11) imply y^2Ψ(y) = 0, □Ψ(y) = 0, (y · ∂ + (d + 2)/2)Ψ(y) = 0, (3.13) since (y/)^2 = y^2, (∂/)^2 = □, and [y/, ∂/]_+ = 2y · ∂ + d + 2. The second equation in (3.11) is solved by the ansatz Ψ(y) = δ(y^2)y/ψ(y), (3.14) The equations (3.11) and (3.13) require then y/∂/ψ(y) = 0, y/(y · ∂ + d/2)ψ(y) = 0, (3.15) on the hypercone y^2 = 0. Later we shall impose the natural stronger condition (y · ∂ + d/2)ψ(y) = 0. (3.16) For d = 4 the equations (3.15) and (3.16) agree with Dirac’s wave equations in [1] apart from that Dirac considered a four-spinor instead of an eightspinor (interpreted as two four-spinors in [9]). It is always possible to project out a four-spinor by a conformal chiral condition. (For discussions of these properties, see also [4] and references therein.)

4 Conformal particle in external fields

Here we shall consider the spinless particle in the previous section in various external fields.

4.1 Conformal particle in an external scalar field

The spinless particle in an external scalar field may be described by the reparametrization invariant action L(τ) = 1 2v ẏ^2 − 1 2 vg^kϕ^k(y) + λy^2, (4.1) where ϕ is the external scalar field, and g a real coupling constant. k is a constant (a positive integer). A Dirac analysis yields here the constraints χ_1 ≡ p^2 + g^kϕ^k(y) = 0, χ_2 ≡ p · y = 0, χ_3 ≡ y^2 = 0. (4.2) In order for these constraints to satisfy the same algebra (3.3) as the free constraints (3.2) the external field must satisfy the homogeneity condition (y · ∂ + 2/k)ϕ(y) = 0. (4.3) Comparison with the last property in (3.6) of the free spinless particle we find k = 4 d − 2 , (4.4) which means that k = 2 for d = 4, and k = 1 for d = 6, and that k is fractional for d > 6.

4.2 Conformal particle in an external vector field

The spinless particle in an external vector field is described by the reparametrization invariant action [8] L(τ) = 1 2v ẏ^2 − gA_B(y)ẏ^B + λy^2. (4.5) A Dirac analysis yields here the constraints: χ_1 ≡ (p + gA(y))^2 = 0, χ_2 ≡ (p + gA(y)) · y = 0, χ_3 ≡ y^2 = 0. (4.6) These constraints satisfy SL(2,R) provided y^AF_{AB} (y) = 0, F_{AB} (y) ≡ ∂_AA_B (y) − ∂_B A_A(y). (4.7) This condition is satisfied if we impose [1, 8] y^AA_A(y) = 0, (y · ∂ + 1)A_B (y) = 0. (4.8) Notice that the second constraint in (4.6) then becomes χ_2 ≡ p · y = 0. (The conditions (4.7) and (4.8) were also considered by Dirac [1].)

4.3 Conformal particle in an external second order tensor field

The spinless particle in an external second order symmetric tensor field may be described by the reparametrization invariant action L(τ) = 1 2v ẏ^2 − g 2v H_{AB} (y)ẏ^Aẏ^B + λy^2, (4.9) which may be rewritten as L(τ) = 1 2v ẏ^AG_{AB}(y)ẏ^B + λy^2, (4.10) where G_{AB} (y) ≡ η_{AB} − gH_{AB}(y). (4.11) We find now the constraints χ_1 ≡ p_AG^{AB} (y)p_B = 0, χ_2 ≡ p_AG^{AB} (y)y_B = 0, χ_3 ≡ y^2 = 0, (4.12) where G^{AB} (y) and G_{AB}(y) are required to satisfy G^{AB}(y)G_{BC} (y) = δ^A_C . (4.13) The condition that these constraints satisfy an SL(2,R)-algebra is then satisfied if (y^A ≡ η^{AB}y_B) y^A = G^{AB} (y)y_B, y · ∂G^{AB} (y) = 0. (4.14) For the external field H_{AB}(y) this demands y^AH_{AB}(y) = 0, y · ∂H_{AB} (y) = 0. (4.15)

4.4 Conformal particle in an external tensor field of arbitrary order

The spinless particle in an external symmetric tensor field of order s may be described by the reparametrization invariant action L(τ) = 1 2v ẏ^2 − g s!v^{s−1} H_{A1···As} (y)ẏ^{A1} · · · ẏ^{As} + λy^2. (4.16)

The conjugate momentum is here

p_A = ∂L(τ) ∂ẏ^A = 1 v ẏ_A − g (s − 1)!v^{s−1} H_{AB1···Bs−1} (y)ẏ^{B1} · · · ẏ^{Bs−1} .(4.17) ẏ expressed in terms of p may be found by the ansatz

ẏ^A = v ( p^A + ∞∑ n=1 Λ^{AB1···B1+n(s−2)} (y)p_{B1} · · · p_{B1+n(s−2)} ) . (4.18)

This inserted into (4.17) determines the Λ’s. We find to the lowest orders Λ^{AB1···Bs−1} (y) = g (s − 1)! H^{AB1···Bs−1} (y), Λ^{AB1···B2s−3} (y) = g^2 (s − 1)!(s − 2)! ( H^{AB1···Bs−2C} (y)H^{Bs−1···B2s−2} C (y) ) symB_i , (4.19) where symB_i means symmetrization in the indices B_i, i = 1, . . . , 2s − 2. It is clear that the nth order Λ has the form Λ_n = k_{ns}g^nH^n, where k_{ns} is a constant dependent on n and s. The Lagrangian (4.16) yields the constraints (we suppress indices)

χ_1 ≡ p^2 + ∞∑ n=1 f_n(s)g^nH^n(y)p^{ns},

χ_2 ≡ ( p + 1 2 s ∞∑ n=1 nf_n(s)g^nH^n(y)p^{ns−1} ) · y, χ_3 ≡ y^2. (4.20)

where f_n(s) are constant factors which to lowest orders are

f_1(s) = 1 s! , f_2(s) = 1 ((s − 1)!)^2

. (4.21)

The constraints (4.20) satisfy an SL(2,R)-algebra if H_{A1···As−1C} (y)y^C = 0, (y · ∂ − s + 2)H_{A1···As} (y) = 0, (4.22) independent of the form of the constants f_n(s). Notice that the first equality implies χ_2 ≡ p · y (4.23) in (4.20). However, notice also that χ_1 for s > 2 still contains higher order powers than two in p. This means that the equations of the wave functions will be of higher order than two for s > 2. The result (4.22), which also was obtained from a different setting in [21], agrees with the previous results for s = 1 and s = 2.

5 Conformal particles of arbitrary spins generalized to arbitrary dimensions

Manifestly conformal particle models in d = 4 for arbitrary spins were constructed in [14, 15]. These models are analogous to the relativistic particle models of arbitrary spins given in [26] (cf. [27,28]) partly reviewed in appendix D. Their Lagrangians are O(N) extended supersymmetric models which describe a free particle with spin s = N/2. The geometrical Lagrangian for these manifestly conformal particles is given in [15], which also could be simplified along the line of section 3. The Lagrangian (3.7) is then the s = 1/2 model. In the following we generalize the models for arbitrary s to arbitrary spacetime dimensions d, and refer to them as the s = N/2 theory when arbitrary d is considered. Notice, however, that they describe a spin s particle only in d = 4. The scalar model in section 3 may also be called the s = 0 model.

The derivation of the conformal models in [14, 15] were performed using the results of Bracken and Jessup in [10]. Here we follow this derivation for arbitrary d and derive the Dirac quantization of these models in a straightforward manner. (Previously a BRST quantization was performed in [15].)

Bracken and Jessup had shown that any model satisfying the massless Klein-Gordon equation is manifestly conformally invariant if (all indices are SO(d, 2)-indices.) W_{AB} |ψ⟩ = 0, W^†_{AB} = W_{AB}, (5.1) where

W_{AB} ≡ J_{AC} J^C_B + J_{BC} J^C_A + 2 d + 2 η_{AB}J_{CD}J^{CD} = W_{BA}, W^A_A = 0, (5.2)

where in turn J_{AB} is the total angular momentum for the particle in d + 2 dimensions. We have

J_{AB} = L_{AB} + S_{AB} = −J_{BA}, L_{AB} = y_Ap_B − y_Bp_A, (5.3)

where S_{AB} represents the spin degrees of freedom. Notice that y^A, p_A, and S_{AB} are operators satisfying

[y^A, p_B] = iδ^A_B , [S_{AB} , y^C ] = [S_{AB} , p_C ] = 0. (5.4)

All this was originally formulated for d = 4. Here we formally extend these results to arbitrary dimensions d. J_{AB} , L_{AB} and S_{AB} satisfy the SO(d, 2)- algebra: [J_{AB}, J_{CD}] = i(η_{AD}J_{BC} + η_{BC} J_{AD} − η_{AC} J_{BD} − η_{BD}J_{AC} ). (5.5) If we define W^{(J)}_{AB} ≡ W_{AB}, then we may write W_{AB} = W^{(L)}_{AB} + W^{(L,S)}_{AB} + W^{(S)}_{AB} , (5.6) where W^{(L)}_{AB} and W^{(S)}_{AB} are analogous to W^{(J)}_{AB} , and where W^{(L,S)}_{AB} ≡ 2 ( L_{AC} S^C_B + L_{BC} S^C_A − 2 d + 2 η_{AB}L_{CD}S^{DC} ) . (5.7)

The different parts in (5.6) are of different degrees in S_{AB}. It is therefore natural to look for a solution of (5.1) which also satisfies W^{(L)}_{AB} |ψ⟩ = 0, W^{(L,S)}_{AB} |ψ⟩ = 0, W^{(S)}_{AB} |ψ⟩ = 0. (5.8) We may then always extract some elementary constraints from these conditions which we may use to define the manifestly conformally invariant particle. We notice first that

W^{(L)}_{AB} = (y_Ap_B + y_Bp_A + p_Ay_B + p_By_A)D − 2y_Ay_B p^2 − 2p_Ap_By^2 + + 2 d + 2 η_{AB} (y^2p^2 + p^2y^2) − 4 d + 2 η_{AB} D^2, (5.9) where D ≡ 1 2 (y · p + p · y). (5.10) Thus, p^2|ψ⟩ = 0, y^2|ψ⟩ = 0, D|ψ⟩ = 0 ⇒ W^{(L)}_{AB} |ψ⟩ = 0. (5.11) These conditions are identical to the quantum conditions (3.4) of the spinless particle as it should be for S_{AB} = 0. Next we consider some representations of S_{AB} . We start with the multi-fermionic formulation S^{AB} ≡ 1 2 i N∑ j=1 (ψ^B_j ψ^A_j − ψ^A_j ψ^B_j ), (5.12) where the operators ψ^A_j are hermitian (and Grassmann odd) and satisfy the anticommutation relation [ψ^A_i , ψ^B_j ]_+ = −δ_{ij} η^{AB}. (5.13) We find then W^{(L,S)}_{AB} = 2i ∑ j (y_Aψ_{jB} + y_Bψ_{jA})(ψ_j · p) − −2i ∑ j (ψ_{jB} p_A + ψ_{jA}p_B)(ψ_j · y) − − 4i d + 2 η_{AB} ∑ j ( (y · ψ_j )(ψ_j · p) − (ψ_j · p)(ψ_j · y) ) . (5.14)

Hence, ψ_j · p|ψ⟩ = 0, ψ_j · y|ψ⟩ = 0 ⇒ W^{(L,S)}_{AB} |ψ⟩ = 0. (5.15) Finally, we have

W^{(S)}_{AB} = − ∑ l≠k (ψ_{kA}ψ_{lB} + ψ_{kB}ψ_{lA})ψ_{kC} ψ^C_l + 2 d + 2 η_{AB} ∑ l≠k (ψ_{kD}ψ^D_l ψ_{kC} ψ^C_l ). (5.16) Hence, (ψ_{kC} ψ^C_l − ψ_{lC} ψ^C_k )|ψ⟩ = 0 ∀l, k ⇒ W^{(S)}_{AB} |ψ⟩ = 0. (5.17) For the multi-fermionic representation (5.12) we have then (χ̂_n are hermitian) χ̂_n|ψ⟩ = 0 ⇒ W_{AB} |ψ⟩ = 0, (5.18) where χ̂_1 ≡ p^2, χ̂_2 ≡ D, χ̂_3 ≡ y^2, (5.19)

χ̂_{3+j} ≡ ψ_j · p, χ̂_{3+N+j} ≡ ψ_j · y, (5.20)

χ̂_{3+2N+[ij]} ≡ 1 2 i(ψ_i · ψ_j − ψ_j · ψ_i). (5.21) The last constraint operators are antisymmetric in i and j and their number is N(N − 1)/2. The commutator algebra of these χ̂_n is an O(N)-extended supersymmetric SL(2, R)-algebra. The corresponding reparametrization invariant particle model is given by the Hamiltonian H = ∑ n λ_nχ_n, (5.22)

where χ_n are the classical counterparts to the operators (5.19)-(5.21). The geometrical Lagrangian and further properties for d = 4 are given in [15].

For N = 1 we have the spinor model treated in section 3. In the multifermionic case we find instead of (3.14) Ψ(y) = δ(y^2)( ∏ i y/_i)ψ(y), where the multi-spinor ψ(y) then satisfies the homogeneity property (y · ∂ + d/2 + 1 − N)ψ(y) = 0 (cf [14]). We expect such a multispinor to represent spin s = N/2 in d = 4, since it should correspond to the relativistic multispinor model in [26] (see also [27, 28]).

One may now derive all possible manifestly conformally invariant spinning particle models by inserting various forms for S_{AB} in the formulas above.

6 Free conformal tensor fields from the conformal particle models

For N even in (5.12) we may derive manifestly conformally covariant tensor fields from the general quantization procedure of the preceding section. (We expect these tensor fields to correspond to the similar tensor fields which follow from the corresponding quantization of the relativistic particle models reviewed in appendix D.) What we have to do is simply to introduce nonhermitian operators defined by b^A_k ≡ 1 √ 2 ( ψ^A_{(2k−1)} − iψ^A_{2k} ) , k = 1, . . . , s ≡ N/2, (s = 1, 2, . . .),(6.1) which after quantization satisfy the anticommutation relations

[b_{iA}, b^†_{jB} ]_+ = −δ_{ij} η_{AB} , (6.2)

due to (5.13). In terms of these operators S_{AB} in (5.12) becomes S^{AB} = i s∑ j=1 (b^{B†}_j b^A_j − b^{A†}_j b^B_j ). (6.3)

As before we solve the condition (5.1) by (5.8). (5.11) is still valid. (5.15) and (5.17) have to be rearranged. In terms of the oscillators (6.1), (5.15) acquires the form p · b_j |ψ⟩ = 0, p · b^†_j |ψ⟩ = 0, y · b_j |ψ⟩ = 0 y · b^†_j |ψ⟩ = 0 ⇒ W^{(L,S)}_{AB} |ψ⟩ = 0. (6.4) and (5.17) becomes (b_{kC} b^C_l − b_{lC} b^C_k )|ψ⟩ = 0 (b^†_{kC} b^{C†}_l − b^†_{lC} b^{C†}_k )|ψ⟩ = 0 (b^†_{kC} b^C_l − b_{lC} b^{C†}_k )|ψ⟩ = 0 ∀l, k ⇒ W^{(S)}_{AB} |ψ⟩ = 0. (6.5) The algebra of the elementary constraints is of course identical to what we had in the previous section.

We may solve the conditions (5.11), (6.4) and (6.5) by means of the following general ansatz of the state vector: (the sum is over all possible values of n_j , j = 1, . . . , s) |ψ⟩ ≡ |F⟩ = ∑ n_j F_{A1···An1 ;B1···Bn2 ;C1···Cn3 ;···}(y)|0⟩^{A1···An1 ;B1···Bn2 ;C1···Cn3 ;···}, (6.6) where |0⟩^{A1···An1 ;B1···Bn2 ;C1···Cn3 ;···} ≡ b^{A1†}_1 · · · b^{An1 †}_1 b^{B1†}_2 · · · b^{Bn2 †}_2 b^{C1 †}_3 · · · b^{Cn3 †}_3 · · · |0⟩, b^A_j |0⟩ = 0, p_A|0⟩ = 0. (6.7) The last conditions in (6.5) contain the restrictions (b^†_{jC} b^C_j + (d + 2)/2)|F⟩ = 0, (6.8) which implies that the s field contains s sets of (d + 2)/2 antisymmetric indices (i.e. n_j = (d + 2)/2 in (6.6)). From (6.5) we have furthermore (b_{kC} b^C_l − b_{lC} b^C_k )|ψ⟩ = 0 (b^†_{kC} b^{C†}_l − b^†_{lC} b^{C†}_k )|ψ⟩ = 0 (b^†_{kC} b^C_l − b_{lC} b^{C†}_k )|ψ⟩ = 0, ∀l ≠ k, (6.9) which yields the following symmetry properties of the tensor field: F_{···} is symmetric under interchange of any two groups of (d + 2)/2 antisymmetric indices. Furthermore, all contractions over the groups are zero: (n = (d+2)/2 in the following) F^A AA_2···A_n; B_2···B_n;C_1···C_n;···(y) = 0, etc. (6.10)

From (5.11) we find y^2|F⟩ = 0 ⇔ y^2F_{A1···An;B1···Bn;C1···Cn;···}(y) = 0, p^2|F⟩ = 0 ⇔ □F_{A1···An;B1···Bn;C1···Cn;···}(y) = 0, D|F⟩ = 0 ⇔ (y · ∂ + (d + 2)/2)F_{A1···An;B1···Bn;C1···Cn;···}(y) = 0. (6.11) Finally, (6.4) yields p · b_j |F⟩ = 0 ⇔ ∂^AF_{AA2···An;B1···Bn;C1···Cn;···}(y) = 0, etc, (6.12)

p · b^†_j |F⟩ = 0 ⇔ ∂_{[A1} F_{A2···An+1];B1···Bn;C1···Cn;···}(y) = 0, etc,(6.13)

y · b_j |F⟩ = 0 ⇔ y^AF_{AA2···An;B1···Bn;C1···Cn;···}(y) = 0, etc, (6.14)

y · b^†_j |F⟩ = 0 ⇔ y_{[A1} F_{A2···An+1];B1···Bn;C1···Cn;···}(y) = 0, etc,(6.15) where n ≡ (d + 2)/2, and where etc means the same relations for the Bindices, C-indices etc.

The first condition in (6.11) is solved by F_{A1···An;B1···Bn;C1···Cn;···}(y) = δ(y^2)F_{A1···An;B1···Bn;C1···Cn;···}(y), (6.16) and the remaining two conditions require then □F_{A1···An;B1···Bn;C1···Cn;···}(y) = 0, (6.17)

(y · ∂ + d/2 − 1)F_{A1···An;B1···Bn;C1···Cn;···}(y) = 0, (6.18) on the hypercone y^2 = 0. Notice that F_{···} in (6.16) is ambiguously defined since (6.16) is invariant under the transformation F_{A1···An;B1···Bn;C1···Cn;···}(y) → F_{A1···An;B1···Bn;C1···Cn;···}(y) + y^2F̃_{A1···An;B1···Bn;C1···Cn;···}(y), (6.19) for arbitrary functions F̃_{···}. This ambiguity will be discussed in section 8.

Below we give some simple solutions of these equations:

6.1 s = 1 theories

In this case we have only one anticommuting oscillator b^A, which means that we have only one set of (d + 2)/2 antisymmetric indices. Below we treat d = 2, 4, 6, and give the structure for arbitrary dimensions d.

6.1.1 s = 1 in d = 2 The basic field is here F_{AB} due to (6.8). The conditions (6.11) imply F_{AB}(y) = δ(y^2)F_{AB} (y), (6.20) and □F_{AB} (y) = 0, y · ∂F_{AB} (y) = 0, (6.21) on the hypercone. In the following we will omit the statements ”on the hypercone”, since most equations are ambiguous off the hypercone. (Later in the field theory case in section 8 we will discuss the precise properties of the equations.) Condition (6.15) is solved by F_{AB} (y) = y_AF_B (y) − y_B F_A(y), (y · ∂ + 1)F_A(y) = 0, (6.22) and condition (6.14) requires y^AF_{AB} (y) = 0 ⇒ y^AF_A(y) = 0. (6.23) Condition (6.13) is solved by F_A(y) = ∂_Aϕ(y), y · ∂ϕ(y) = 0, (6.24) where the last expression follows from the last relation in (6.23). It is consistent with the previous homogeneity of scalar fields in d = 2. Condition (6.12) yields ∂^AF_{AB} (y) = 2F_B (y), (6.25) if the last relation in (6.23) is valid even off the hypercone, and if ∂^AF_A(y) = 0 ⇔ □ϕ(y) = 0 (6.26) which is consistent with the first relation in (6.21).

There are several ambiguities in the above relations. Apart from the general ambiguity off the hypercone the definition of F_A in (6.22) is invariant under the transformation F_A(y) → F_A(y) + y_AU(y), (y · ∂ + 2)U(y) = 0. (6.27) This ambiguity is partly fixed by the first relation in (6.24). Notice, however, that the transformation ϕ(y) → ϕ(y) + 1 2 y^2U(y) (6.28) reproduces (6.27) on the hypercone. A further ambiguity enters the equations of motion. The first equation in (6.21) requires □F_A(y) = y_AS(y), (y · ∂ + 4)S(y) = 0, (6.29) where S is an arbitrary function. However, this property is obviously connected to the arbitrariness off the hypercone of (6.26) from (6.24).

6.1.2 s = 1 in d = 4 (spin one) The basic field is here F_{ABC} due to (6.8). The conditions (6.11) imply F_{ABC} (y) = δ(y^2)F_{ABC} (y), □F_{ABC} (y) = 0, (y · ∂ + 1)F_{ABC} (y) = 0. (6.30) Condition (6.15) yields the solution F_{ABC} (y) = y_AF_{BC} (y) + y_BF_{CA}(y) + y_C F_{AB} (y), (y · ∂ + 2)F_{AB}(y) = 0, (6.31) and (6.13) is then solved by F_{AB} (y) = ∂_AA_B(y) − ∂_B A_A(y). (6.32) Eq.(6.31) may therefore alternatively be written as F_{ABC} (y) = L_{AB} A_C (y) + L_{BC} A_A(y) + L_{CA}A_B (y), (6.33) where L_{AB} ≡ y_A∂_B − y_B∂_A. (6.34)

The condition (6.14) yields from (6.31) y^AF_{ABC} (y) = 0 ⇒ y^AF_{AB} (y) = y_BK(y), (6.35) which from (6.32) and the last property in (6.30) implies y^AA_A(y) = 0, (y · ∂ + 1)A_B (y) = 0, (6.36) which is in agreement with the external field result (4.8). Notice that ∂_B (y^AA_A) = −y_B K. Apart from the general ambiguity off the hypercone we notice that (6.31) is invariant under the transformations F_{AB}(y) → F^′_{AB} (y) = F_{AB}(y) + y_AU_B (y) − y_BU_A(y), (y · ∂ + 3)U_A(y) = 0 (6.37) for arbitrary functions U_A. The expression (6.32) partly fix this invariance. Notice, however, that the transformation A_B (y) → A^′_B (y) = A_B (y) − y_Bϕ(y) (6.38) yields F_{AB} (y) → F^′_{AB} (y) = F_{AB} (y) + L_{AB} ϕ(y), (6.39) which is of the form (6.37) (U_A = ∂_Aϕ). Thus, (6.38) is a gauge transformation in the theory. That F_{ABC} is left invariant by (6.38) may also be seen directly from (6.33). We have also the standard gauge invariance under A_B(y) → A^′_B (y) = A_B (y) + ∂_B Λ(y) (6.40) for arbitrary functions Λ, since (6.40) leave F_{AB} invariant.

From (6.30) and (6.31) we find

□F_{ABC} (y) = 0 ⇒ □F_{AB} (y) = y_AS_B (y) − y_BS_A(y), (6.41) where S_A are arbitrary functions. Eq.(6.12) yields, if we assume that the first relation in (6.36) is valid even off the hypercone (a choice to be made in section 8), ∂^AF_{ABC} (y) = 2F_{BC} (y) ⇒ ∂^AF_{AB} (y) = y_BS(y). (6.42) The functions S_A and S reduce the number of equations for F_{AB} . They are arbitrary unphysical functions which only are restricted by the self-consistency of (6.41) and (6.42) which requires (y · ∂ + 5)S_A(y) = 0, (y · ∂ + 4)S(y) = 0. (6.43)

In fact, they are related. From □(y^AF_{AB} ) = 0 again assuming the first relation in (6.36) to be valid even off the hypercone we find S(y) = 1 2 y^AS_A(y). (6.44) The unphysical functions S_A and S do not appear in connection to the field F_{ABC} in (6.31) or equivalently (6.33). This field is therefore insensitive to the values of the S-functions. The field F_{ABC} has previously been treated in [5, 16].

6.1.3 s = 1 in d = 6 In d = 6 we have a field with four antisymmetric indices due to (6.8). The conditions (6.11) yield F_{ABCD}(y) = δ(y^2)F_{ABCD}(y), □F_{ABCD}(y) = 0, (y · ∂ + 2)F_{ABCD}(y) = 0. (6.45) Condition (6.15) yields the solution F_{ABCD}(y) = y_AF_{BCD}(y) − y_BF_{CDA}(y) + y_C F_{DAB} (y) − y_DF_{ABC} (y), (6.46) where F_{ABC} is totally antisymmetric. The homogeneity in (6.45) requires (y · ∂ + 3)F_{ABC} (y) = 0. (6.47) Condition (6.14) yields y^AF_{ABCD}(y) = 0 ⇒ y^AF_{ABC} (y) = y_BK_C (y) − y_C K_B (y), y^AK_A(y) = 0. (6.48) Condition (6.13) may be written as ∂_AF_{BCD}(y) − ∂_B F_{CDA}(y) + ∂_C F_{DAB} (y) − ∂_DF_{ABC} (y) = 0, (6.49) and this condition is solved by the expression F_{ABC} (y) = ∂_AA_{BC} (y) + ∂_B A_{CA}(y) + ∂_C A_{AB}(y), (6.50) where A_{BC} is antisymmetric. (6.47) and (6.48) imply then y^AA_{AB} (y) = 0, (y · ∂ + 2)A_{BC} (y) = 0, (6.51) since y^AF_{ABC} (y) = −∂_B (y^AA_{AC} (y)) + ∂_C (y^AA_{AB} (y)). (6.52) Eq.(6.50) inserted into (6.46) leads to the following alternative expression for the original field F_{ABCD}(y) = L_{AB} A_{CD}(y) + L_{AC} A_{DB} (y) + L_{AD}A_{BC} (y) + +L_{BC} A_{AD}(y) + L_{BD}A_{CA}(y) + L_{CD}A_{AB} (y), (6.53) where L_{AB} is given by (6.34).

Apart from the general ambiguity off the hypercone we notice that (6.46) is invariant under the transformation F_{ABC} (y) → F_{ABC} (y) + y_AU_{BC} (y) + y_BU_{CA}(y) + y_C U_{AB} (y) (6.54) for arbitrary antisymmetric functions U_{AB} . This invariance is partly fixed if we choose F_{ABC} to be of the form (6.50). Notice, however, that the transformation

A_{AB} (y) → A_{AB} (y) − y_AV_B (y) + y_BV_A(y), y^AV_A(y) = 0 (6.55) yields F_{ABC} (y) → F_{ABC} (y) + L_{AB} V_C (y) + L_{BC} V_A(y) + L_{CA}V_B(y), (6.56) which is of the form (6.54) with U_{AB} = ∂_AV_B −∂_B V_A. Thus, (6.55) is a gauge transformation in the theory. One may also easily check that the expression (6.53) is invariant under (6.55). Apart from this gauge invariance we also have invariance under A_{AB} (y) → A_{AB}(y) + ∂_AΛ_B (y) − ∂_B Λ_A(y) (6.57) for arbitrary functions Λ_A.

From (6.46) we find that the equation in (6.45) requires □F_{ABC} (y) = y_AS_{BC} (y) + y_B S_{CA}(y) + y_C S_{AB} (y), (6.58) where S_{AB} are arbitrary antisymmetric functions. Self-consistency of (6.58) requires (y · ∂ + 6)S_{ABC} (y) = 0. (6.59)

Assuming the first relation in (6.51) to be valid even off the hypercone we find also ∂^AF_{ABCD}(y) = 2F_{BCD}(y), ∂^AF_{ABC} (y) = y_B S_C (y) − y_C S_B (y), (6.60) where S_A(y) = 1 2 y^BS_{BA}(y). (6.61)

6.1.4 s = 1 in arbitrary even dimensions d

In arbitrary even dimensions d the s = 1 theory leads to a field with d/2 + 1 antisymmetric indices. Condition (6.15) is then solved by expressing this field in terms of fields with d/2 antisymmetric indices and the coordinate y^A linearly as in (6.31) and (6.46). Condition (6.13) may then be solved by writing this latter fields as follows F_{ABC···}(y) = ∑ antisym(ABC··· ) ∂_AA_{BC···}(y). (6.62) where A_{ABC···}(y) are antisymmetric fields with d/2 − 1 indices as in (6.32) and (6.50). The homogeneity (6.18) requires then (y · ∂ + d/2)F_{ABC···}(y) = 0, (y · ∂ + d/2 − 1)A_{BC···}(y) = 0. (6.63) We notice that (6.62) yields y^AF_{ABC···}(y) = ∑ antisym(BC··· ) ∂_B (y^AA_{BC···A}(y)). (6.64) Condition (6.14) may therefore always be solved by requiring y^AA_{ABC···}(y) = 0. (6.65) If this relation is valid even off the hypercone then the field (6.62) satisfies the following properties y^AF_{ABC···}(y) = 0, □F_{ABC···}(y) = ∑ antisym(ABC··· ) y_AS_{BC···}(y), ∂^AF_{ABC···}(y) = ∑ antisym(BC··· ) y_BS_{CD···}(y), (y · ∂ + d/2 + 3)S_{BC···}(y) = 0, (y · ∂ + d/2 + 2)S_{CD···}(y) = 0, S_{CD···}(y) = 1 2 y^BS_{BCD···}(y), (6.66) where the arbitrary unphysical functions S_{ABC···} are totally antisymmetric. The values of the S-functions do not affect the original fields with d/2 + 1 antisymmetric indices.

Further properties of the s = 1 theory will be discussed in section 8.

6.2 s = 2 in d = 4

For s = 2 in d = 4 which should be a spin two model we have a tensor field with two sets of three antisymmetric indices due to the ansatz (6.6) and the conditions (6.8). We set R_{ABCDEF} (y) ≡ F_{ABC;DEF} (y) (6.67) in the following. Conditions (6.11) yield R_{ABCDEF} (y) = δ(y^2)R_{ABCDEF} (y), □R_{ABCDEF} (y) = 0, (y · ∂ + 1)R_{ABCDEF} (y) = 0. (6.68) The conditions (6.15) are here solved by the expression R_{ABCDEF} (y) = ∑ antisym(ABC) ∑ antisym(DEF ) y_AR_{BCDE} (y)y_F = y_AR_{BCDE} (y)y_F + y_B R_{CADE}(y)y_F + y_C R_{ABDE} (y)y_F + +y_AR_{BCF D}(y)y_E + y_BR_{CAF D}(y)y_E + y_C R_{ABF D}(y)y_E + +y_AR_{BCEF} (y)y_D + y_BR_{CAEF} (y)y_D + y_C R_{ABEF} (y)y_D, (6.69) where the field R_{BCDE} is antisymmetric in bc and in de, and satisfies the homogeneity condition (y · ∂ + 3)R_{ABCD}(y) = 0 (6.70) from (6.68). Two of the conditions in (6.9) require R_{ABCDEF} (y) − R_{BCDAEF} (y) + R_{CDABEF} (y) − R_{DABCEF} (y) = 0, R_{ABCDEF} (y) − R_{ABDEF C} (y) + R_{ABEF CD}(y) − R_{ABF CDE}(y) = 0, ⇒ R_{ABCDEF} (y) = R_{DEF ABC} (y), (6.71) which may be solved by the conditions R_{ABCD}(y) + R_{BCAD}(y) + R_{CABD}(y) = 0, R_{ABCD}(y) + R_{ACDB}(y) + R_{ADBC} (y) = 0, ⇒ R_{ABCD}(y) = R_{CDAB}(y). (6.72)

The field R_{ABCD} has then the symmetry properties of a Riemann tensor. Notice, however, that R_{ABCD} is not uniquely defined by (6.69) and (6.72). In fact, these expressions are invariant under the following transformation R_{ABCD}(y) → R_{ABCD}(y) + y_AU_{BCD}(y) − y_BU_{ACD}(y) + +y_C U_{DAB}(y) − y_DU_{CAB}(y), (6.73) where U_{BCD} are arbitrary functions satisfying the properties U_{ABC} (y) = −U_{ACB} (y), (y · ∂ + 4)U_{ABC} (y) = 0, U_{ABC} (y) + U_{BCA}(y) + U_{CAB} (y) = 0. (6.74) Condition (6.14) requires then y^AR_{ABCDEF} (y) = 0 ⇒ y^AR_{ABCD}(y) = 0, (6.75) up to the arbitrariness of the U-functions in (6.73). Conditions (6.13) may be solved by the conditions ∂_AR_{BCDE} (y) + ∂_B R_{CADE} (y) + ∂_C R_{ABDE} (y) = 0, ∂_C R_{ABDE} (y) + ∂_DR_{ABEC} (y) + ∂_E R_{ABCD}(y) = 0, (6.76) which have the solution R_{ABCD}(y) = 1 2 ( ∂_A∂_C H_{BD}(y) + +∂_B ∂_DH_{AC} (y) − ∂_B ∂_C H_{AD}(y) − ∂_A∂_DH_{BC} (y) ) , (6.77) which is the linearized Riemann tensor.

The remaining conditions have to do with the equations of motion. The conditions (6.9) requires in addition to (6.72) R^A_{BCDEA}(y) = 0, (6.78) which requires R^A_{BCA}(y) = y_B S_C (y) − y_C S_B (y), y^AS_A(y) = 0, (y · ∂ + 4)S_A(y) = 0. (6.79) The arbitrary functions S_A are unphysical since they do not affect the original tensor (6.67). The equation of motion in (6.68) requires □R_{ABCD}(y) = y_AS_{BCD}(y) − y_B S_{ACD}(y) + y_C S_{DAB} − y_DS_{CAB} (y), (6.80) where the arbitrary unphysical functions S_{ABC} satisfy S_{ABC} (y) = −S_{ACB} (y), S_{ABC} (y) + S_{BCA}(y) + S_{CAB}(y) = 0, (y · ∂ + 6)S_{ABC} (y) = 0. (6.81) Finally, we find from □(y^AR_{ABCD}) = 0 assuming the last relation in (6.75) to be valid even off the hypercone ∂^AR_{ABCD}(y) = y_BS_{CD}(y) − y_CS̃_{DB} (y) + y_DS̃_{CB} (y), S_{AB}(y) = 1 2 y^C S_{CAB}(y), S̃_{AB} (y) = 1 2 y^C S_{ACB}(y), ⇒ S_{AB} = S̃_{AB} − S̃_{BA}(y). (6.82)

There are several problems with this s = 2 theory. However, the main problem is the homogeneity condition (6.70), which in (6.77) requires (y · ∂ + 1)H_{AB}(y) = 0, (6.83) in disagreement with the external field result in (4.15). The complete Riemann tensor in terms of the symmetric metric tensor G_{AB} (y) may be written as R_{ABCD}(y) = 1 2 ( ∂_A∂_C G_{BD}(y) + ∂_B ∂_DG_{AC} (y) − ∂_B ∂_C G_{AD}(y) − −∂_A∂_DG_{BC} (y) ) + G^{EF} (y) ( Γ_{EAC} (y)Γ_{F BD}(y) − Γ_{EDA}(y)Γ_{F BC} (y) ) , (6.84) where Γ_{ABC} (y) ≡ 1 2 ( ∂_B G_{AC} (y) + ∂_C G_{AB}(y) − ∂_AG_{BC} (y) ) . (6.85)

The homogeneity condition in (6.70) requires here (y · ∂ + 1)G_{AB}(y) = 0 ⇒ (y · ∂ − 1)G^{AB}(y) = 0 (6.86) in disagreement with the external field result in (4.14). Since the linearized Riemann tensor (6.77) follows from (6.84) with G_{AB} = η_{AB} +H_{AB} the results (6.83) and (6.86) agree. The properties in (6.86) are bad since they do not allow a constant flat metric in empty space (G_{AB} = η_{AB} ).

It is remarkable that the condition y^AR_{ABCD}(y) = 0 (6.87) requires y · ∂G_{AB} (y) = 0, y^AG_{AB} (y) = y_B (6.88) in agreement with the external field result in (4.14). This equation requires then y · ∂H_{AB} (y) = 0, y^AH_{AB} (y) = 0. (6.89) in agreement with (4.15).

We are therefore convinced that the external field result is the correct result. In the next section we indicate what has to be changed in the considered particle models for s ≥ 2.

7 Homogeneity and the order of the field equations

The appropriate homogeneity of the fields depends on the order of the field equations. Consider the equation □^kF_{A1···An;B1···Bn;C1···Cn;···}(y) = 0 (7.1) for any positive integer k. In abstract operator language this is given by the condition (p^2)^k|F⟩ = 0 (7.2) in terms of the general state vector (6.6). As before we also impose the hypercone condition y^2|F⟩ = 0. (7.3) Consistency between (7.2) and (7.3) requires [(p^2)^k, y^2]|F⟩ = 0, (7.4) which simplifies to (D − 2k + 2)|F⟩ = 0, (7.5) where D is given by (5.10). Thus, instead of (6.11) we have now the conditions y^2F_{···}(y) = 0, □^kF_{···}(y) = 0, (y · ∂ + d/2 − k + 2)F_{···}(y) = 0, (7.6) which reduce to F_{···}(y) = δ(y^2)F_{···}(y), (7.7)

□^kF_{···}(y) = 0, (7.8) (y · ∂ + d/2 − k)F_{···}(y) = 0. (7.9) 7.1 Implications for s ≥ 2

In order to have the homogeneity y · ∂G_{AB} (y) = 0 (7.10) as demanded by the external field result (4.14) and the condition that G_{AB}(y) should contain the constant flat metric η_{AB}, the Riemann tensor (6.84) must satisfy the homogeneity (y · ∂ + 2)R_{ABCD}(y) = 0 (7.11) instead of (6.70). For the original tensor field (6.67) in d = 4 this property of R_{ABCD} requires (y · ∂ + 2)R_{ABCDEF} (y) = 0 (7.12) from (6.69) and (7.7). Comparison beween (7.12) and (7.6) requires then an equation of the type □^2R_{ABCDEF} (y) = 0, (7.13) instead of (6.68). Notice then that (6.12) may not be imposed since (6.12) and (6.13) together imply the second order field equation.

Now we do not have a complete particle theory for particles yielding tensor fields satisfying higher order equations. The above results are therefore heuristic. We may equally well imagine that we have complete theories for symmetric tensor fields like the external fields treated in section 4. The homogeneity (7.10) implies then directly from (7.8) and (7.9) equations like

□^2G_{AB}(y) = 0 (7.14)

in arbitrary dimensions. This indicates that conformal gravity will enter here. This will be confirmed later.

Similarly from (7.8) and (7.9) the external field result (4.22) implies equations of the order □^sH_{A1···As} (y) = 0, s ≥ 1, (7.15) where s is the rank of the symmetric external tensor field.

8 Field theories in the conformal space

So far fields have only entered as wave functions in the quantization of conformal particle models or as external fields in these models. Now we want to construct pure field theories formulated in the d + 2 dimensional conformal space. The wave equations and the properties of the external fields in the previous sections will then serve as a guiding principle.

All treated manifestly conformally covariant particle models lead to a set of wave equations where one equation is the restriction to the hypercone y^2 = 0. This equation has the form

y^2F_{···}(y) = 0 (8.1)

with the solution

F_{···}(y) = δ(y^2)F_{···}(y). (8.2)

In the previous treatments we found that the external fields were more like the F_{···}-fields. The peculiar delta function on the hypercone certainly makes the F_{···}-fields look more similar to the fields we usually handle as compared to F_{···}. When we now develop a field theory we find it therefore natural to start from the F_{···}-fields and their properties. Now, F_{···} in (8.2) lives on the d + 1 dimensional hypercone y^2 = 0. This means that the equation (8.1) reduces the dimension by one. One problem with this restriction is that when dealing with the F_{···}-fields one very easily may leave the hypercone by various manipulations. Following Dirac [1] it is therefore better to let F_{···}(y) be defined in the d + 2 dimensional conformal space and instead require invariance under the gauge transformation F_{···}(y) → F_{···}(y) + y^2F̃_{···}(y), (8.3) where F̃_{···}(y) is an arbitrary function. The only restriction being that F_{···}(y) and F̃_{···}(y) must be smooth on the hypercone, i.e. they must be possible to Taylor expand in y^2. The class of functions defined by the transformations (8.3) represents then one unique function on the hypercone y^2 = 0 but otherwise quite arbitrary. We shall refer to (8.3) as the special gauge transformation off the hypercone.

By means of (8.3) we may now develop a more geometrical field theory in d+2 dimensions. In the particle models we always have a condition of homogeneity. F is e.g. always required to have a definite degree of homogeneity, however, this implies that F_{···} only has a definite homogeneity up to y^2 terms. This is consistent with the gauge invariance under (8.3). Now we believe (like Dirac) that we always may restrict this arbitrariness by requiring a definite homogeneity in the whole conformal space (called strong homogeneity in the sequel). In the following treatments we shall therefore always require F_{···}(y) to have a homogeneity of degree n in the entire d + 2 dimensional conformal space (of course, chosen in accordance with previous results): (y · ∂ − n)F_{···}(y) = 0. (8.4) This implies that we partially fix the arbitrary functions F̃_{···} in (8.3) by the homogeneity condition

(y · ∂ − n + 2)F̃_{···}(y) = 0. (8.5)

The basic idea for the field theories in the d + 2 dimensional conformal space to be defined below is that they will always be required to be invariant under the special gauge transformation (8.3), which means that they are effectively defined on the d + 1 dimensional hypercone. One consequence is then that one may always fix the gauge by requiring ∂ ∂y^2 (F^′_{···}(y)) = 0, F^′_{···}(y) = F_{···}(y) + y^2F̃_{···}(y), (8.6)

which means that F^′_{···} is independent of y^2 and therefore is effectively defined in terms of d + 1 coordinates. The homogeneity condition (8.4) may then be used to further reduce the field F^′_{···} to d dimensions as is described in appendix A. (Unfortunately, in the case of tensor fields to be described below we will be unable to choose the gauge (8.6) in this simple direct way since we then have to further restrict F̃_{···}(y).)

8.0.1 Scalar fields

The Dirac quantization of the spinless conformal particle led to the equations (3.4). The condition (8.1) was solved by (3.5), and ϕ(y), which is the F_{···}- field here, was required to satisfy equations (3.6) on the hypercone y^2 = 0. Imposing the corresponding strong homogeneity on ϕ(y) one may easily check that (3.6) is invariant under the transformation

ϕ(y) → ϕ(y) + y^2ϕ̃(y) (8.7)

for arbitrary fields ϕ̃(y) only restricted by the homogeneity condition

(y · ∂ + d/2 − 3)ϕ̃(y) = 0. (8.8)

The external scalar field in subsection 4.1 is also a field of this type and the formulation (4.1) seems to be invariant under (8.7).

8.0.2 Spinor fields

The s = 1/2 model (3.7) led to the field equations (3.11) and (3.13). Two of the conditions were solved in (3.14), i.e.

Ψ(y) = δ(y^2)y/ψ(y), (8.9)

where then ψ(y) has to satisfy (3.15) on the hypercone y^2 = 0. Here we impose the strong homogeneity condition (3.16). One may easily check that (8.9) as well as (3.15) and (3.16) are invariant under the gauge transformations

ψ(y) → ψ(y) + y/χ(y), (y · ∂ + d/2 + 1)χ(y) = 0. (8.10)

(This gauge transformation was not clearly stated by Dirac. However, it may be found in e.g. [29].)

8.1 Tensor fields

As soon as tensor fields are involved the situation becomes more complex. All tensor fields satisfy transversality conditions like (6.14). For the F_{···}-fields we have then transversality on the hypercone (called weak transversality in the sequel). Since we want geometrical field theories in the conformal space it is natural to impose strong transversality valid in the entire conformal space. This was e.g. imposed for the external tensor fields in section 4. However, such a restriction causes complications what concerns the reduction to d dimensions. Below we explain these complications in the cases of s = 1, and s = 2 in d = 4.

8.1.1 s = 1 fields The s = 1 theory in section 6 for arbitrary dimensions d yields the totally antisymmetric field, F_{ABC···}, with d/2 + 1 indices from the basic condition (8.1). Condition (6.15) is then solved by the expression F_{ABC···}(y) = ∑ antisym(ABC··· ) y_AF_{BC···}(y), (y · ∂ + d/2 − 1)F_{ABC···}(y) = 0, (y · ∂ + d/2)F_{BC···}(y) = 0, (8.11) where F_{BC···} on the right-hand side is totally antisymmetric with d/2 indices. This latter field, which we also will call the intermediate F -field, may be transformed as follows F_{BC···}(y) → F_{BC···}(y) + ∑ antisym(BC··· ) y_BU_{CD···}(y), (y · ∂ + d/2 + 1)U_{CD···}(y) = 0, (8.12) without affecting the original field in (8.11). U_{CD···}(y) are arbitrary antisymmetric functions with d/2 − 1 indices. The transversality condition (6.14) requires y^AF_{ABC···}(y) = y^2F^′_{BC···}(y), (8.13) where consistency requires y^BF^′_{BC···}(y) = 0. (8.14) Equations (8.11), (8.12) and (8.14) implies F_{BC···}(y) = F^′_{BC···}(y) + ∑ antisym(BC··· ) y_BU_{CD···}(y). (8.15)

Condition (6.13) may be solved by the expression F_{BCD···}(y) = ∑ antisym(BCD··· ) (∂_B A_{CD···}(y)), (y · ∂ + d/2 − 1)A_{CD···}(y) = 0, (8.16) which implies y^BF_{BCD···}(y) = − ∑ antisym(BCD··· ) ∂_C (y^BA_{BD···}(y)). (8.17)

In order for F_{BCD···} in (8.16) to have the general form (8.15) we have to assume that A_{BD···} satisfies weak transversality y^BA_{BC···}(y) = y^2B^′_{CD···}(y) ⇒ (y · ∂ + d/2)B^′_{CD···}(y) = 0, y^C B^′_{CD···}(y) = 0, (8.18) where B^′_{CD···} is totally antisymmetric with d/2−2 indices. Combining (8.15), (8.16), (8.17) and (8.18) we find that (8.16) requires U_{CD···} in (8.15) to be of the form U_{CD···}(y) = ∑ antisym(CD··· ) (∂_C B^′_{D···}(y)), (8.19)

and that F^′_{BCD···} in (8.15) is of the form (8.16) with A_{BC···} replaced by A^′_{BC···} satisfying strong transversality y^BA^′_{BC···}(y) = 0, (8.20) This allows us to set A_{BC···}(y) = A^′_{BC···}(y) + ∑ antisym(BCD··· ) (y_BB^′_{CD···}(y)) (8.21)

Notice that we may replace B^′_{CD···} by B_{CD···} without affecting A_{BC···} by the expression B_{BC···}(y) = B^′_{BC···}(y) + ∑ antisym(BCD··· ) (y_Bϕ^′_{CD···}(y)), (y · ∂ + d/2 + 1)ϕ^′_{CD···}(y) = 0, y^C ϕ^′_{CD···}(y) = 0, (8.22) where ϕ^′_{CD···} is totally antisymmetric with d/2 − 3 indices. B_{BC···} satisfies then weak transversality y^BB_{BCD···}(y) = y^2ϕ^′_{CD···}(y). (8.23) One may then proceed and replace ϕ^′_{CD···} in (8.22) by ϕ_{CD···} satisfying weak transversality by a similar expression etc. Anyway transformations of the type A_{BC···}(y) → A_{BC···}(y) + ∑ antisym(BC···) (y_B K_{C···}(y)), (8.24)

are obviously gauge transformations in the theory if K_{C···} is totally antisymmetric satisfying at least weak transversality. In addition we have of course the standard gauge invariance of the intermediate F -field (8.16) under the transformations A_{CD···}(y) → A_{CD···} + ∑ antisym(CD··· ) ∂_C Λ_{D···}(y), (y · ∂ + d/2 − 2)Λ_{D···}(y) = 0 (8.25)

for arbitrary antisymmetric functions Λ_{D···}

Consider now the special gauge transformations off the hypercone. For the basic elementary fields A_{BC···} with d/2 − 1 indices this transformation is of the form A_{BC···}(y) → A_{BC···}(y) + y^2Ã_{BC···}(y), (y · ∂ + d/2 + 1)Ã_{BC···}(y) = 0. (8.26)

This implies for the intermediate F -field with d/2 indices F_{BCD···}(y) → F_{BCD···}(y) + y^2F̃_{BCD···}(y) + + ∑ antisym(BCD··· ) 2(y_BÃ_{CD···}(y)) (8.27)

from (8.16). The last terms are of the form of the last terms in (8.12) (U_{CD···} = 2Ã_{CD···}). The original F_{ABC···}-fields with d/2+1 indices transforms therefore exactly like the A_{BC···}-fields: F_{ABC···}(y) → F_{ABC···}(y) + y^2F̃_{ABC···}, (8.28) where F̃_{ABC···} is exactly the same expression as F_{ABC···} but with A_{BC···} replaced by Ã_{BC···}.

Due to their large invariances it looks like the original field in (8.11) should be particularly useful. However, this is not the case. From (8.13) it follows that this field always satisfy weak transversality even when the intermediate F -field and the elementary A-field satisfy strong transversality. Another peculiar property is that the divergence of these fields are expressed in terms of the F^′-fields (see section 6 and eq.(8.35) below). Furthermore, we have not found any natural way that they may enter the Lagrangian theory to be treated in the next section.

In order to define a maximally geometric field theory it is natural to impose strong transversality. We have seen that the gauge invariances of the theory always allow us to choose the A-field to be strongly transverse,

y^BA_{BC···}(y) = 0, (8.29) which implies

y^BF_{BC···}(y) = 0, (8.30)

for the intermediate F -field with d/2 indices. With these conditions the field theory becomes more geometric. The price we pay for these conditions is that the gauge degrees of freedom of the intermediate F -field now is fixed. The condition (8.29) does not allow for gauge transformations of the form (8.24). What is more serious is that the special gauge transformations off the hypercone (8.26) also have to be restricted. In fact, the condition (8.29) forces us to impose

y^BÃ_{BC···}(y) = 0 (8.31)

in (8.26). Unfortunately, this restriction is then too strong to allow for the gauge (8.6). In fact, this is obvious since (8.29) does not allow for a solution of the form (8.6). What we have to do then is to remember that the solution is of the form A_{BC···}(y) = V_{BC···}(y) − ∑ antisym(BC··· ) (y_Bϕ_{CD···}(y), (8.32)

from (8.21) where both V_{BC···} and ϕ_{CD···} satisfy weak transversality, y^BV_{BC···}(y) = y^2ϕ_{CD···}(y), y^C ϕ_{CD···} = y^2Λ_{D···}(y). (8.33) The fields V_{BC···}, ϕ_{CD···} and Λ_{D···} are totally antisymmetric with d/2 − 1, d/2 − 2 and d/2 − 3 indices, with the homogeneities (y · ∂ + d/2 − 1)V_{BC···}(y) = 0, (y · ∂ + d/2)ϕ_{CD···}(y) = 0, (y · ∂ + d/2 + 1)Λ_{D···}(y) = 0. (8.34)

For the fields V_{BC···} and ϕ_{CD···} in (8.32) we may apply unrestricted gauge transformations off the hypercone which means that for these fields we may choose the gauge (8.6). The y^2-dependence in A_{BC···} is then isolated in the explicit y’s in (8.32). (See appendix B where the reduction for d = 4 is explicitly performed.)

Consider now the equations of motion. For the original field in (8.11) we find from (6.12) and (6.17) on the hypercone ∂^AF_{ABC···}(y) = 2F_{BC···}(y), □F_{ABC···}(y) = 0. (8.35)

From the expression in (8.11) we find for the intermediate F -field the equations (6.66) on the hypercone which are given by □F_{ABC···}(y) = ∑ antisym(ABC··· ) y_AS_{BC···}(y), ∂^AF_{ABC···}(y) = ∑ antisym(BC··· ) y_BS_{CD···}(y), (y · ∂ + d/2 + 3)S_{BC···}(y) = 0, (y · ∂ + d/2 + 2)S_{CD···}(y) = 0, S_{CD···}(y) = 1 2 y^BS_{BCD···}(y), (8.36) where S_{ABC···} are arbitrary totally antisymmetric functions. These equations are consistent with the strong transversality (8.30), and the relations between the equations follow from the consistency condition □(y^AF_{ABC···}) = 0. Notice also that the second equation satisfies the consistency condition ∂^A(y^BF_{ABC···}) = 0. The S-functions do not affect the original fields and are therefore unphysical. Only in this form are the equations invariant under the special gauge transformations off the hypercone. The transformations (8.26) only affect the S-functions. We find S_{BC···}(y) → S^′_{BC···}(y) = S_{BC···}(y) + 2□Ã_{BC···}(y), S_{CD···}(y) → S^′_{CD···}(y) = S_{CD···}(y) − 2∂^BÃ_{BC···}(y), S^′_{CD···}(y) = 1 2 y^BS^′_{BCD···}(y). (8.37) The S-functions reduce the number of equations for the intermediate field F_{ABC···} and their values should be ignored at the end since they are unphysical.

8.2 s = 2 fields in d = 4

In section 6.2 and in section 7 we saw that the s = 2 quantum theory in d = 4 of the conformal particle was not quite right. The problems were mainly due to the homogeneity and the order of the equations as explained in section 7. Still we found that the Riemann tensor seems to be very natural and should be involved in the correct theory. To start with we assume therefore that the linearized Riemann tensor (6.77) is relevant and important. It is R_{ABCD}(y) = 1 2 ( ∂_A∂_C H_{BD}(y) + +∂_B ∂_DH_{AC} (y) − ∂_B ∂_C H_{AD}(y) − ∂_A∂_DH_{BC} (y) ) , (8.38)

where H_{AB} is the elementary field. It is symmetric and satisfies the strong homogeneity condition

y · ∂H_{AB} (y) = 0 ⇒ (y · ∂ + 2)R_{ABCD}(y) = 0. (8.39)

The special gauge transformation off the hypercone H_{AB}(y) → H_{AB}(y) + y^2H̃_{AB}(y), (y · ∂ + 2)H̃_{AB}(y) = 0, (8.40)

implies then for (8.38) R_{ABCD}(y) → R_{ABCD}(y) + y^2R̃_{ABCD}(y) + +η_{AC}H̃_{BD}(y) + η_{BD}H̃_{AC} (y) − η_{BC}H̃_{AD}(y) − η_{AD}H̃_{BC} (y) + +y_A(∂_CH̃_{BD}(y) − ∂_DH̃_{BC} (y)) + y_B(∂_DH̃_{AC} (y) − ∂_CH̃_{AD}(y)) + +y_C (∂_AH̃_{BD}(y) − ∂_BH̃_{AD}(y)) + y_D(∂_BH̃_{AC} (y) − ∂_AH̃_{BC} (y)). (8.41)

Also here there are problems with the theory in section 6.2 since these transformation properties do not imply that R_{ABCDEF} in section 6.2 transforms like R_{ABCDEF} (y) → R_{ABCDEF} (y) + y^2R̃_{ABCDEF} (y), (8.42) where R̃_{ABCDEF} (y) is R_{ABCDEF} (y) with H_{AB} replaced by H̃_{AB} . For a correct theory this is what we should expect. Although the y-terms are of the form (6.73) with

U_{BCD}(y) = ∂_CH̃_{BD}(y) − ∂_DH̃_{BC} (y), (8.43)

which means that R_{ABCDEF} is invariant under this part of (8.41), the η-terms in (8.41) yield additional terms on the right hand side of (8.42). These terms are due to the fact that (8.38) are of second order in the derivatives. Although we have not found the correct s = 2 theory and the correct underlying conformal particle model, we proceed now with the assumption that the linearized Riemann tensor (8.38) is a relevant intermediate field and that (8.41) is an invariance transformation on the hypercone. In the next section we shall show that this theory exists and also determine its form within the action formalism.

One may notice that the tensor W_{ABCD}(y) = αR_{ABCD}(y) + +β(η_{AC} R_{BD}(y) + η_{BD}R_{AC} (y) − η_{BC} R_{AD}(y) − η_{AD}R_{BC} (y)) + +γ(η_{AC} η_{BD} − η_{BC} η_{AD})R(y), (8.44) where we have introduced the linearized Ricci tensor and curvature scalar given by R_{BD} = η^{AC} R_{ABCD}(y), R = η^{AB}R_{AB} (y), (8.45) is insensitive to the η-terms in (8.41) for α + 4β = 0, β + 5γ = 0. (8.46) In fact, for α = 1 W_{ABCD} is then the Weyl tensor in six dimensions. This is an indication that we are here driving towards conformal gravity. Notice, however, that W_{ABCD} is not the invariant tensor we are looking for since it is not invariant under the y-terms in (8.41).

Assume now that weak transversality is allowed. For H_{AB} this requires y^AH_{AB}(y) = y^2V_B(y), (y · ∂ + 1)V_A(y) = 0. (8.47) We also assume weak transversality for V_A, y^AV_A(y) = y^2ϕ(y) (y · ∂ + 2)ϕ(y) = 0. (8.48) We may then replace (8.47) by the strong relation y^AH^′_{AB} (y) = 0, (8.49) where H^′_{AB}(y) = H_{AB}(y) − y_AV_B (y) − y_BV_A(y) + y_Ay_B ϕ(y), (8.50) which also may be written as H^′_{AB} (y) = H_{AB}(y) − y_AV^′_B(y) − y_BV^′_A(y) − y_Ay_B ϕ(y), (8.51) where V^′_A(y) = V_A(y) − y_Aϕ(y), y^AV^′_A(y) = 0. (8.52)

Performing the transformation H_{AB} → H^′_{AB} in the linearized Riemann tensor (8.38) we find R_{ABCD}(y) → R^′_{ABCD}(y) = R_{ABCD}(y) + + 1 2 ( η_{AC} M_{BD}(y) + η_{BD}M_{AC} (y) − η_{BC} M_{AD}(y) − η_{AD}M_{BC} (y) + +y_AL_{BCD}(y) − y_BL_{ACD}(y) + y_C L_{DAB} (y) − y_DL_{CAB} (y) ) , M_{AB} (y) ≡ ∂_AV_B(y) + ∂_B V_A(y) − (y_A∂_B + y_B∂_A)ϕ(y) − η_{AB} ϕ(y), L_{ABC} (y) ≡ ∂_AF_{BC} + 1 2 L_{BC} (y)∂_Aϕ(y), F_{AB} (y) = ∂_AV_B(y) − ∂_B V_A(y). (8.53) This is very similar in structure to (8.41). The y-terms are of the form (6.73) and the η-terms of the form of the η-terms in (8.41). We assume therefore that this is an invariance transformation in the theory. This gauge invariance we may fix by imposing the strong transversality y^AH_{AB} (y) = 0 ⇒ y^AR_{ABCD}(y) = 0. (8.54) In fact, (8.39) and (8.54) must be strongly valid by geometrical reasons from (6.88) and the external field results (4.15). However, since the theory we are looking for no longer is invariant under transformations of the type H_{AB} → H^′_{AB} there is a technical difficulty to go down to d dimensions.

The basic special gauge invariance under (8.40) is restricted by the conditions (8.54). We have now invariance under (8.40), where H̃_{AB} satisfies (y · ∂ + 2)H̃_{AB}(y) = 0, y^AH̃_{AB}(y) = 0, (8.55) which no longer allow for the gauge choice (8.6). The strong condition (8.54) makes it also impossible to choose H_{AB} to be independent of y^2. Only the form H^′_{AB} in (8.50) is such that H, V and ϕ may be chosen to be independent of y^2. All y^2 dependence is then isolated in the explicit y’s (see appendix C).

Since the s = 2 theory in section 6 is not quite the theory we are looking for, the equations (6.78)-(6.82) are irrelevant here. In the next section we derive the correct equations of motion. Finally it should be mentioned that the linearized Riemann tensor (8.38) is invariant under the ordinary gauge transformation H_{AB}(y) → H_{AB} (y) + ∂_AA_B (y) + ∂_B A_A(y), y^AA_A(y) = 0, (y · ∂ − 1)A_A(y) = 0, (8.56) which is consistent with the strong transversality (8.54).

9 Lagrangians and the action principle for manifestly conformal fields

In this section we propose a powerful consistent action principle for manifestly conformal fields. Actions for manifestly conformal field theories were first seriously treated in [4]. However, in these actions the measure contained a non-covariant delta function. No manifestly conformally covariant equations were therefore possible to derive. In [9] one of us proposed the use of actions with an invariant measure on the hypercone. (Two examples in d = 4 were given: free spin one-half and free spin one.) This formulation is here generalized to arbitrary fields in arbitrary dimensions and in addition we give a precise prescription how they are defined and how they are to be treated. We expect this principle to be a powerful means to deal with conformal field theories. Some examples are given below.

The main obstacle to set up an action for the manifestly conformal fields is that they satisfy more than one equation. Of course we could try to introduce extra fields, Lagrange multipliers, for some of the equations. However, here we shall avoid any introduction of extra fields and simply demand that the given fields satisfy some of the required conditions leaving only one field equation to be derived from the action.

The actions to be considered here will all have the form A = ∫ dyδ(y^2)L(y), (9.1)

where dy is the natural flat measure on the conformal space involving the d+2 coordinates y^A. The Lagrangian L(y) is local in the fields and is required to be a scalar under SO(d, 2)-transformations. The delta function δ(y^2) is inserted in order for the action to be defined on the d + 1-dimensional hypercone y^2 = 0. In fact, we require the action to produce equations valid only on the hypercone in consistency with previous equations. We also require that the action (9.1) does not depend on the length scale of the coordinates y^A. In order to secure this we require that the Lagrangian density L(y) is homogeneous with the degree of homogeneity −d, i.e. we require the strong relation

(y · ∂ + d)L(y) = 0. (9.2)

Now, we demand that each manifestly conformal field in the action satisfies a definite strong homogeneity condition in d + 2 dimensions. Condition (9.2) determines then the possible forms of the Lagrangians L(y). (This corresponds to dimensional counting in d dimensions.) In addition, the manifestly conformal fields in the action must satisfy a strong transversality condition. Thus, any field a_{ABC···}(y) in (9.1) satisfies typically the conditions (y · ∂ − n)a_{ABC···}(y) = 0, y^Aa_{ABC···}(y) = 0, y^Ba_{ABC···}(y) = 0, y^C a_{ABC···}(y) = 0, etc., (9.3) where the constant n is the degree of homogeneity of the field a_{ABC···}(y). A further condition is that it must be allowed to view all fields in L(y) as coming from equations like y^2F(y) = 0, i.e. we must require that all fields in L(y) are possible to restrict to the hypercone directly or indirectly as explained in section 8. This condition is satisfied if we require the action to be invariant under the special gauge transformations given in the previous section for each involved field. These gauge transformations are here of the form a_{ABC···}(y) −→ a^′_{ABC···}(y) = a_{ABC···}(y) + y^2ã_{ABC···}(y), (9.4) where ã_{ABC···}(y) are arbitrary functions only restricted by the conditions (y · ∂ − n + 2)ã_{ABC···}(y) = 0, y^Aã_{ABC···}(y) = 0, y^Bã_{ABC···}(y) = 0, y^Cã_{ABC···}(y) = 0, etc., (9.5) which makes a^′_{ABC···}(y) satisfy (9.3). The transversality conditions on ã_{ABC···} requires the indirect reduction of a_{ABC···}(y) to d dimensions.

When deriving equations from the action (9.1) we require that the variations are consistent with the imposed conditions (9.3), i.e. we require also the variations δa to satisfy (9.3). In the procedure to derive the equations we always drop all total divergences even though they involve the delta function δ(y^2). Under all these prescriptions we find that all derived equations are of the form

δ(y^2)(· · · ) = 0, (9.6)

i.e. the derived equations are always valid only on the hypercone y^2 = 0. Furthermore, in all examples we consider, which are consistent with the above requirements, the derived equations are consistent with the imposed conditions of the form (9.3) on the hypercone. We illuminate now the procedure by means of some explicit examples.

9.1 Scalar field theories

We quantized the spinless conformal particle in section 3 and found the three equations (3.4). By means of (3.5) they were then reduced to the two equations (3.6), one of which is the homogeneity condition

(y · ∂ + d/2 − 1)ϕ(y) = 0, (9.7)

here viewed as a strong relation. This suggests the following form of the Lagrangian density L(y):

L_0(y) = 1 2 ϕ(y)□ϕ(y), (9.8) which satisfies the condition (9.2) for any dimension d. Furthermore, it is invariant under gauge transformations of the form (9.4). A variation of the corresponding action (9.1) for fields satisfying the homogeneity condition (9.7) produces then the equation

□ϕ(y) = 0 (9.9)

on the hypercone y^2 = 0. Also (9.9) is invariant under the gauge transformations (9.4). However, notice that L_0 = 1/2∂_Aϕ∂^Aϕ does not reproduce (9.9) for d > 2. In fact, the corresponding action is not invariant under the gauge transformations (9.4) and does not yield an equation on the hypercone y^2 = 0 except for d = 2.

We may also add interaction terms to the free Lagrangian (9.8), like polynomials in the scalar fields. However, this is possible only in d ≤ 6 due to the condition (9.2). We have arbitrary self-interactions in d = 2 and self-interactions of the type

L(y) = L_0(y) + ϕ^4(y) in d = 4, L(y) = L_0(y) + ϕ^3(y) in d = 6. (9.10)

This is also in agreement with the external field result (4.3)-(4.4). (Lagrangians for scalar fields were also discussed in [4].)

9.2 Spinor field theories

The s = 1/2 particle model produced the equations (3.11) and (3.13). They were partly solved by (3.14) leaving (3.15). In particular we have the homogeneity condition (3.16)

(y · ∂ + d/2)ψ(y) = 0. (9.11)

Imposing this as a strong relation we are here led to the Lagrangian density [9]

L_0(y) = 1 2 ψ̄(y)y/∂/ψ(y), ψ̄(y) ≡ ψ^†Γ^0Γ^{d+2}, (9.12)

which from (9.11) satisfies the condition (9.2). The corresponding action produces the equation

y/∂/ψ(y) = 0 (9.13)

on the hypercone y^2 = 0 provided the field ψ(y) in (9.12) satisfies (9.11). This agrees with (3.15). There is no allowed self-interaction without derivatives. The action to (9.12) and the equations (9.13) are invariant under the gauge transformation (8.10). The Lagrangian (9.12) and its reduction to d = 4 was given in [9]. (The spinor Lagrangians in [4] are not consistent with our conditions.)

9.3 s = 1 field theories

The s = 1 models in section 6 led naturally to antisymmetric tensor fields with d/2 + 1 indices. However, we have found no good actions for these fields. It turned out, however, that these fields could always be expressed in terms of an antisymmetric tensor field, F_{···}(y), with d/2 indices satisfying the equations (6.66)/(8.36). Condition (6.13) could then be solved by expressing F_{···}(y) in terms of a sum of antisymmetric fields A_{···}(y) with d/2 − 1 indices differentiated once. Taking the homogeneity condition in (8.11) in the strong sense, the following Lagrangian density which is consistent with the condition (9.2) suggests itself (the normalization is just a choice):

L_0(y) = 1 4 F_{ABC···}(y)F^{ABC···}(y), (9.14) where F_{···} is given by the expression (8.16), i.e. F_{ABC···}(y) = ∑ antisym(ABC··· ) ∂_AA_{BC···}(y). (9.15) (For d = 2, 4, 6 we have the expressions (6.24), (6.32), and (6.50).) The corresponding action to (9.14) yields naively the equations

∂^AF_{ABC···}(y) = 0 (9.16)

on the hypercone y^2 = 0 provided the A-fields in (9.15) satisfy the strong homogeneity condition in (8.16), i.e.

(y · ∂ + d/2 − 1)A_{BC···}(y) = 0 (9.17) and the strong transversality condition y^AF_{ABC···}(y) = 0, (9.18) which requires

y^BA_{BC···}(y) = 0. (9.19)

Condition (9.18) makes the action to (9.14) invariant under the special gauge transformations (9.4) for A_{BC···} given by A_{BC···}(y) → A_{BC···}(y) + y^2Ã_{BC···}(y), (y · ∂ + d/2 + 1)Ã_{BC···}(y) = 0, y^BÃ_{BC···}(y) = 0. (9.20) However, the naive equations (9.16) are not invariant under these gauge transformations. We find ∂^AF_{AB···}(y) → ∂^AF_{AB···}(y) + ∑ antisym(BC··· ) 2y_B∂^AÃ_{AC···}(y) (9.21)

on the hypercone y^2 = 0. In fact, the equations (9.16) are incorrect since the conditions (9.19) also restrict the variations of A_{BC···}. The correct equations from the action are instead ∂^AF_{ABCD···}(y) = ∑ antisym(BC··· ) y_BS_{CD···}(y) (9.22) on the hypercone y^2 = 0, where S_{BC···} are arbitrary unphysical functions. It is remarkable that exactly the same equations appear here as in eq.(6.66) in section 6 (and in eq.(8.36) in section 8). From the self-consistency of (9.22) it follows that S_{BC···} is totally antisymmetric and satisfies the weak relations (y · ∂ + d/2 + 2)S_{ABC···}(y) = y^2f_{ABC···}(y), y^AS_{ABC···}(y) = y^2g_{ABC···}(y), (9.23) in agreement with (6.66)/(8.36). S_{ABC···} reduces the number of equations for A_{BC···} (which compensates for (9.19)). The correct equations of motion must be gauge invariant since the actions are gauge invariant. However, due to the restricted variations the equations are not quite tensor equations. They are tensor equations modulus terms involving the arbitrary unphysical functions S_{CD···}. As we pointed out in the previous section the special gauge transformations (9.20) only affect S_{CD···}: S_{CD···}(y) ⇒ S^′_{CD···}(y) = S_{CD···}(y) − 2∂^AÃ_{ABC···}(y), (9.24) where both S_{CD···} and S^′_{CD···} are equally arbitrary. Since the equations are such that the values of S_{CD···} may be ignored, they are not affected by (9.20) and are therefore gauge invariant. See also appendix B for further clarifications.

In d = 4 and d = 6 we may add polynomial interaction terms of the following types (in d = 2 we have a scalar theory)

L(y) = L_0(y) + A^4(y) + A^2(y)∂A(y) in d = 4, L(y) = L_0(y) + A^3(y) in d = 6. (9.25)

In d = 4 we have e.g. manifestly conformal Yang-Mills theories (previously treated in the manifest language in [30] and recently in [19]). It is clear that one has to check that derivative terms are invariant under the gauge transformations (9.4). In fact, the manifestly conformal Yang-Mills action is invariant. We may also give interaction terms which combine scalar, spinor, vector and general s = 1 fields. In this way we may e.g. obtain the massless standard model within this manifestly conformal language. Examples of possible interaction terms are ψ̄(y)y/Γ^Aψ(y)A_A(y), ψ̄(y)y/ψ(y)ϕ(y), (9.26) where the first one is consistent for any d while the second one is consistent only for d = 4.

9.4 Linear manifestly conformal gravity in d = 4

In order to have the correct homogeneity (7.10) for the metric tensor the Riemann tensor must satisfy (7.11). A Lagrangian satisfying (9.2) in d = 4 must then have the form L_0(y) = αR_{ABCD}(y)R^{ABCD}(y) + βR_{AB}(y)R^{AB}(y) + γR^2(y), (9.27) where α, β, and γ are real constants. In order to obtain linear equations from (9.27) we have to use the linearized Riemann tensor (8.38), i.e. R_{ABCD}(y) = 1 2 ( ∂_A∂_C H_{BD}(y) + +∂_B ∂_DH_{AC} (y) − ∂_B ∂_C H_{AD}(y) − ∂_A∂_DH_{BC} (y) ) , (9.28) from which we obtain R_{AB} (y) = η^{CD}R_{ACBD}(y) = 1 2 ( ∂_A∂_B H^C_C (y) + ∂_C ∂^C H_{AB}(y)−

−∂_A∂_C H^C_B (y) − ∂_B ∂_C H^C_A(y) ) , R(y) = η^{AB}R_{AB} (y) = ∂_A∂^AH^B_B (y) − ∂_A∂_B H^{AB}(y). (9.29) Consistency requires H_{AB}(y) to satisfy y · ∂H_{AB} (y) = 0, y^AH_{AB} (y) = 0, (9.30) in the strong sense which also were argued for in sections 6 and 8. It remains to investigate whether or not the corresponding action to (9.27) is invariant under the special gauge transformations (9.4) which here have the form H_{AB}(y) → H^′_{AB}(y) = H_{AB} (y) + y^2H̃_{AB} (y), (9.31) where H̃_{AB} is a symmetric field satisfying (y · ∂ + 2)H̃_{AB}(y) = 0, y^AH̃_{AB}(y) = 0, (9.32) which is required in order for H^′_{AB} to satisfy (9.30).

We find now that the action to (9.27) is invariant under (9.31) provided α = 3γ, β = −6γ. (9.33) (The details of these calculations are similar to the corresponding calculations in section 12 (see (12.19)-(12.21)).) Independently, we find that (9.27) yields equations on the hypercone y^2 = 0, i.e. equations without terms with derivatives of the delta function δ(y^2), only if (9.33) is satisfied. In this derivation the variations of H_{AB} must also satisfy (9.30).

For the allowed class of Lagrangians,

L_0(y) = γ ( 3R_{ABCD}(y)R^{ABCD}(y) − 6R_{AB}(y)R^{AB}(y) + R^2(y) ) , (9.34) we find the equations (γ ≠ 0)

δ(y^2) ( □^2H^C_C η_{AB} − □∂_C ∂_DH^{CD}η_{AB} − ∂_A∂_B □H^C_C − 2∂_A∂_B ∂_C ∂_DH^{CD} − −3(□^2H_{AB} − □∂_A∂_C H^C_B − □∂_B ∂_C H^C_A) + y_AS_B(y) + y_B S_A(y) ) = 0, (9.35) where S_A are arbitrary unphysical functions which enters since the variation of H_{AB} satisfies y^AδH_{AB} = 0. Self-consistency of (9.35) requires that S_A satisfies the weak relations

(y · ∂ + 5)S_A(y) = y^2f_A(y), y^AS_A(y) = y^2g(y). (9.36)

The equations (9.35) determine S_A in terms of H_{AB} and leave only 15 true equations for H_{AB} . (However, the condition y^AH_{AB} = 0 represents 6 more conditions on H_{AB} .) One may easily check that (9.35) is consistent with (9.30). We notice also that the equations (9.35) are invariant under the special gauge transformations (9.31). Only S_A transforms to S^′_A, but both are equally arbitrary. Gauge invariance follows since the values of S_A may be ignored.

In appendix C we reduce the action of (9.34) and the equations (9.35) to expressions only involving the coordinates x^μ by means of the transformation (2.4),(2.5). The equations (9.35) become then the equations from linear conformal gravity in d = 4, and the action reduces to the action for linear conformal gravity in d = 4, which is a perfectly consistent result.

10 Coordinate independent form of the s = 2 theory

When we treated the s = 2 model in d = 4 in section 6.2 we found that the Riemann tensor appeared naturally also in the manifestly six dimensional theory. However, this Riemann tensor was expressed in terms of flat coordinates. In order to be able to describe gravity in arbitrary coordinates and view the Riemann tensor as a general tensor even in six dimensions some of the conditions in section 6.2 have to be generalized. The strong transversality condition (8.54) has e.g. to be generalized as follows y^AR_{ABCD}(y) = 0 −→ Y^A(y)R_{ABCD}(y) = 0, (10.1) where Y^A(y) is a general vector field which for flat coordinates reduces to y^A. In fact, the homogeneity and transversality of a general tensor field A_{ABC···}(y) have to be generalized according to the following rules (y · ∂ − n)A_{ABC···}(y) = 0 −→ (Y (y) · D − n)A_{ABC···}(y) = 0, y^AA_{ABC···}(y) = 0 −→ Y^AA_{ABC···}(y) = 0, (10.2) where D_A is the covariant derivative. In particular the homogeneity condition (4.14), (7.10) generalizes as follows y · ∂G_{AB} (y) = 0 −→ Y (y) · DG_{AB}(y) = 0, (10.3) which is trivially satisfied since D_C G_{AB} (y) = 0. (10.4) This generalizes the flat coordinate property ∂_C η_{AB} = 0. The condition (10.1) may easily be solved by the defining properties of the Riemann tensor. In terms of covariant derivatives the condition (10.1) may be written as (D_AD_B − D_BD_A)Y_C (y) ≡ −Y^D(y)R_{DCAB}(y) = 0. (10.5) (10.4) suggests then the following solution D_AY_B (y) = G_{AB}(y), (10.6) which also is the direct generalization of the flat coordinate property ∂_Ay_B = η_{AB} . (10.7) Property (10.6) implies furthermore 0 = (D_AY_B (y) − D_B Y_A(y)) = (∂_AY_B (y) − ∂_B Y_A(y)), (10.8) which in turn implies Y_A(y) = 1 2 ∂_AU(y), (10.9) where U(y) is a scalar field. The factor half is chosen in order to let U(y) generalize y^2 in flat coordinates.

A different way to derive the above properties is given below.

11 Coordinate independent form of the conformal particle in external fields

Consider the conformal particle in external tensor fields up to rank two in a coordinate independent form. The appropriate Lagrangian is then (generalizes only slightly the forms given in [20] and [17]) L(τ) = 1 2v ẏ^AG_{AB} (y)ẏ^B − 1 2 vg^kϕ^k(y) − eA_B (y)y^B + λU(y), (11.1) where g and e are coupling constants. Apart from the insertion of G_{AB}(y) we have replaced y^2 by a general scalar U(y) in order to investigate the possibility of a coordinate invariant formulation. From (11.1) we find the conjugate momentum p_A = 1 v G_{AB}(y)ẏ^B − eA_A(y). (11.2) As before we require G_{AB} to have the inverse G^{AB} . The Hamiltonian becomes then H = 1 2 v(p_A + eA_A(y))G^{AB}(y)(p_B + eA_B (y)) + 1 2 vg^kϕ^k(y) − λU(y), (11.3) and in addition we find the constraints (cf. [17, 20]) χ_1 ≡ (p_A + eA_A(y))G^{AB}(y)(p_B + eA_B (y)) + g^kϕ^k(y), χ_2 ≡ 1 2 (p_A + eA_A(y))G^{AB}(y)∂_BU(y), χ_3 ≡ U(y). (11.4) As in section 4 we require χ_i to satisfy the SL(2,R)-algebra (3.3). If we define the vector field Y^A(y) by (cf [20]) Y^A(y) ≡ 1 2 G^{AB} (y)∂_BU(y), (11.5) it may be identified with the vector field Y^A(y) used in the previous section. The scalar U(y) used here is then the same scalar as in (10.9). With (11.5) in (11.4) the SL(2,R)-algebra of the constraints χ_i requires (Y^A(y)∂_A + 2/k)ϕ(y) = 0, (11.6)

Y^A(y)F_{AB}(y) = 0, F_{AB} (y) ≡ ∂_AA_B (y) − ∂_B A_A(y), (11.7)

Y^A(y)∂_AU(y) = 2U(y), (11.8)

Y^C (y)∂_C G^{AB} (y) − ∂_C Y^A(y)G^{CB}(y) − ∂_C Y^B (y)G^{CA}(y) = −2G^{AB}(y), (11.9) Condition (11.6) is obviously the coordinate invariant generalization of the homogeneity condition (4.3), and (11.7) is then the corresponding generalization of (4.7). Notice that (11.7) may be solved by the conditions (D_A is the covariant derivative) Y^A(y)A_A(y) = 0, (Y^A(y)D_A + 1)A_B(y) = 0, (11.10) which then generalizes (4.8). The last condition (11.9) is easily solved, if we impose the conditions

D_AY^B (y) = δ^B_A ⇔ D_A∂_B U(y) = 2G_{AB}(y), (11.11)

which is equivalent to (10.6) and (10.9). (The last condition generalizes ∂_A∂_B y^2 = 2η_{AB}, and is also consistent with the homogeneity condition (11.8).) First we notice that ∂_C may be replaced by the covariant derivative D_C in (11.9). Then, since we trivially have

Y^C (y)D_C G^{AB} (y) = 0, (11.12)

(11.9) follows from (11.11).

12 Actions for general tensor fields in curved dynamical backgrounds and manifestly conformal gravity

The results of the previous two sections suggest that there also is a coordinate invariant action principle in d + 2 dimensions. The actions should then have the form A = ∫ dy √ −Gδ(U(y))L(y), (12.1) where

G ≡ det G_{AB}(y). (12.2)

U(y) is the general scalar introduced in the previous sections. L(y) is required to be a general scalar expressed in terms of general tensor fields A_{ABC···}(y) which are subject to the coordinate invariant conditions (Y · D − n)A_{ABC···}(y) = 0, Y^AA_{ABC···}(y) = 0, Y^B A_{ABC···}(y) = 0, Y^C A_{ABC···}(y) = 0, etc., (12.3) where the constant n is the generalized degree of homogeneity. Y^A(y) is the general vector field introduced in the previous sections. (12.3) generalizes (9.3). The coordinate invariant hypercone U(y) = 0 may also be written as Y^A(y)Y_A(y) = 0 since

U(y) = Y^A(y)Y_A(y) (12.4) due to (11.8). Notice the homogeneities Y · DY^A(y) = Y^A(y), Y · DU(y) = 2U(y), Y · DG_{AB}(y) = 0. (12.5)

Since these relations imply Y · DG = 0, Y · Dδ(U(y)) = −2δ(U(y)) (12.6) the condition (9.2) generalizes to

(Y · D + d)L(y) = 0. (12.7)

Again we have to require that all fields in the action (12.1) is possible to restrict to the generalized hypercone U = 0. This is possible if we require the action to be invariant under transformations of the form (special gauge transformations off the generalized hypercone) A_{ABC···}(y) −→ A^′_{ABC···}(y) = A_{ABC···}(y) + U(y)Ã_{ABC···}(y), (Y · D − n + 2)Ã_{ABC···}(y) = 0, Y^AÃ_{ABC···}(y) = 0, Y^BÃ_{ABC···}(y) = 0, Y^CÃ_{ABC···}(y) = 0, etc., (12.8) for all fields involved. (This invariance is valid for the external fields in section 10.) We expect that this also implies that the equations are strictly valid on the generalized hypercone U = 0. Notice that in deriving equations from the action (12.1) we have to use variations which are consistent with the imposed conditions (12.3).

12.1 Manifestly conformal gravity

In all variations of the involved fields Y^A(y) and U(y) are kept fixed. However, this is not automatic when we vary the metric tensor G_{AB}(y). Here we have to use restricted variations to secure that they remain fixed since

Y^AG_{AB} (y) = Y_B(y) (12.9)

is valid by definition. For the variations of G_{AB} we propose the following conditions

Y^AδG_{AB} (y) = Y_A(y)δG^{AB}(y) = 0, Y · DδG_{AB} (y) = 0, (12.10)

which are of the general type (12.3). The first conditions are the same as used for linear gravity in section 8, but now applied to a general background.

Assuming e.g. Y_A to be fixed the first conditions imply that Y^A is fixed and that

δU(y) = δ(Y^A(y)Y_A(y)) = Y_A(y)Y_B(y)δG^{AB}(y) = 0. (12.11)

The generalized hypercone is therefore kept fixed by variations satisfying (12.10).

Since D_A has the homogeneity minus one it is easily derived from the defining properties that the Riemann tensor satisfies the general homogeneity (cf (7.11))

(Y · D + 2)R_{ABCD}(y) = 0. (12.12)

We find therefore that the general ansatz (9.27), i.e. L(y) = αR_{ABCD}(y)R^{ABCD}(y) + βR_{AB}(y)R^{AB}(y) + γR^2(y), (12.13)

satisfies the condition (12.7) for d = 4.

It remains to investigate the invariance under the generalized special gauge transformations (12.8) which for the metric tensor G_{AB} takes the form G_{AB}(y) → G^′_{AB}(y) = G_{AB} (y) + U(y)H̃_{AB}(y), (12.14)

where the arbitrary tensor H̃_{AB} satisfies

Y^A(y)H̃_{AB}(y) = 0, (Y · D + 2)H̃_{AB}(y) = 0, (12.15)

which secures (12.9). The Riemann and Ricci tensors as well as the curvature scalar transform under (12.14) in arbitrary dimensions d as follows: (ignoring U-terms) R_{ABCD}(y) → R_{ABCD}(y) + G_{AC} (y)H̃_{BD}(y) + G_{BD}(y)H̃_{AC} (y) − −G_{BC} (y)H̃_{AD}(y) − G_{AD}(y)H̃_{BC} (y) + +Y_A(y)(D_CH̃_{BD}(y) − D_DH̃_{BC} (y)) + +Y_B(y)(D_DH̃_{AC} (y) − D_CH̃_{AD}(y)) + +Y_C (y)(D_AH̃_{BD}(y) − D_BH̃_{AD}(y)) + +Y_D(y)(D_BH̃_{AC} (y) − D_AH̃_{BC} (y)) + +Y_A(y)Y_D(y)H̃^M_C (y)H̃_{MB}(y) + Y_B(y)Y_C (y)H̃^M_A(y)H̃_{MD}(y) − −Y_A(y)Y_C (y)H̃^M_D(y)H̃_{MB}(y) − Y_B(y)Y_D(y)H̃^M_A(y)H̃_{MC} (y), (12.16) which implies

R_{BD}(y) → R_{BD}(y) + (d − 2)H̃_{BD}(y) + G_{BD}(y)H̃^C_C (y) + +Y_B(y)D_DH̃^C_C (y) + Y_D(y)D_BH̃^C_C (y) − −Y_B (y)D_CH̃^C_D(y) − Y_D(y)D_CH̃^C_B(y) − −Y_B (y)Y_D(y)H̃_{AC} (y)H̃^{AC} (y), (12.17) and R(y) → R(y) + 2(d − 1)H̃^C_C (y). (12.18)

These results imply (ignoring U-terms) R^{ABCD}(y)R_{ABCD}(y) → R^{ABCD}(y)R_{ABCD}(y) + 8R_{AB} (y)H̃^{AB}(y) + +4(d − 2)H̃_{AB}(y)H̃^{AB}(y) + 4(H̃^C_C (y))^2, (12.19)

R_{BD}(y)R^{BD}(y) → R_{BD}(y)R^{BD}(y) + 2(d − 2)R_{AC} (y)H̃^{AC}(y) + +2R(y)H̃^C_C (y) + (d − 2)^2H̃_{AB}(y)H̃^{AB}(y) + (3d − 4)(H̃^C_C (y))^2, (12.20)

R^2(y) → R^2(y) + 4(d − 1)R(y)H̃^C_C (y) + 4(d − 1)^2(H̃^C_C (y))^2. (12.21)

Inserting these expressions into the Lagrangian (12.13) we find that L(y) is invariant for d = 4 and

α = 3γ, β = −6γ, (12.22)

which agrees with the linear gravity result (9.33). In fact, in the linear case we have exactly the same expressions as (12.20)-(12.22) except that indices are raised, lowered and contracted by means of the flat metric η_{AB}. We expect therefore that the action corresponding to (12.13) for the values (12.22) yield equations on the general hypercone U(y) = 0. Thus, the Lagrangian (9.34) should be a satisfactory Lagrangian for nonlinear tensors and general metrics G_{AB} (y) provided the variations in the corresponding action (12.1) are restricted according to (12.10).

12.2 Previous conformal field theories in a curved dynamical background

All models considered in section 8 may be generalized to a curved dynamical background. Complications occur mainly for the scalar field theory. The free scalar theory (9.8) generalizes to L_0(y) = 1 2 ϕ(y)D^A∂_Aϕ(y), (12.23) where ϕ(y) now is a general scalar. A variation of ϕ(y) subject to (Y · D + d/2 − 1)ϕ(y) = 0, (12.24) which generalizes (9.7), reproduces D^A∂_Aϕ(y) = 0 (12.25) on U(y) = 0, which in turn generalizes (9.9). Both the action integral to (12.23) and (12.25) are invariant under ϕ(y) → ϕ(y) + U(y)ϕ̃(y). (12.26) However, neither (12.23) nor (12.25) are invariant under (12.14). In fact, for (12.23) we find

L_0(y) → L_0(y) + 1 2 ( 1 − d 2 ) H̃^C_C (y)ϕ^2(y). (12.27)

On the other hand, if we replace (12.23) by L(y) = 1 2 ϕ(y)D^A∂_Aϕ(y) + γR(y)ϕ^2(y), (12.28) where γ is a constant, we find from (12.27) and the formula (12.18) that L(y) and its equation of motion are invariant for γ = d − 2 8(d − 1)

(12.29) in agreement with the well-known result in d dimensions.

In the case of spinors like the s = 1/2 field considered in section 8.2 we need vielbein fields. The vielbein V^a_A (y) satisfies the properties η_{ab}V^a_A (y)V^b_B(y) = G_{AB}(y), D_AV^b_B (y) = 0, (12.30) where we use small letters for flat indices and capitals for curved indices. The Lagrangian (9.12) e.g. generalizes then to (α, β and γ are spinor indices) L_0(y) = 1 2 ψ̄_α(y)η_{ac}Y^A(y)V^a_A (y)Γ^c_{αβ}η_{bd}V^b_C (y)g^{CB}(y)D_BΓ^d_{βγ} ψ_γ (y). (12.31)

13 Conclusions

In this paper we have considerably extended the manifestly conformal theory both what concerns spinning particles and field theory. Let us specify what is new and some remaining questions:

The Lagrangians for the scalar particle and the supersymmetric one in section 3 were simplified and considered for arbitrary dimensions as compared to the original paper [8]. The treatment of external fields in section 4 for symmetric tensor fields of rank two and higher was different from [21] but with consistent results. The treatment of spinning conformal particles in section 5 was improved and considered for arbitrary dimensions as compared to the original treatments [14,15]. Its Dirac quantization has not been considered before, and the derivation of conformal tensor fields in section 6 is also new. Previously a BRST quantization was performed in [15]. (In appendix D we treated a related relativistic particle model for arbitrary spins, which we quantized in a simple way and formally generalized the results to arbitrary spacetime dimensions. Previously it was quantized using BRST in [26].) The clash between the properties of external tensor fields and the fields produced in section 6 made us clarify the relation between homogeneity and the order of equations in section 7. It turned out that symmetric tensor fields of order s(> 0) requires equations of order 2s. The basic assumption made in previous sections that all spinning particle models lead to second order equations seem therefore to be wrong. We have not tried to find particle models leading to higher order equations and this possibility is therefore open. For spin two (s = 2 in d = 4) we took all symmetry properties from the particle model excluding conditions connected to the second order equation like homogeneity and Lorentz like conditions. Eventually we arrived at the Riemann tensor in six dimensions (d = 4). We were then ready to investigate the field theory case. The specifications of the properties of manifestly conformal fields given in section 8 are much more precise compared to what one previously has considered. The special gauge transformations off the hypercone have never been used to such an extent before. They turned out to be crucial for the second rank tensor theory. (Actually, second rank tensors have hardly been treated at all in this context before.) The precise action principle in section 9 is new although two of the actions were given in [9]. The previously proposed actions in [4] agree apart from a delta function in the measure what concerns scalar and vector fields, but the treatments of spinor fields differ. (The reduction to four dimensional spacetime in [4] only agrees for scalar fields.) Our treatment of vector and tensor fields in the actions and the corresponding equations of motion are new and crucial for consistent results, as well as our reductions in appendices B and C. Our treatment of coordinate invariant theories within the manifestly conformal framework is new (sections 10 and 12). (The conditions for external fields in section 11 are not new but our way to solve them are.) Our proposal for a manifestly conformal gravity is new (cf [24]). We have not investigated its reduction to four dimensional spacetime which therefore remains. However, for its linearized form we have essentially given all details.

Manifestly conformal field theory is open for further investigations along the lines of the present paper.

A The reduction of manifestly conformal fields in d + 2 dimensions to d dimensional spacetime

In this appendix we give the main ingredients involved when reducing a d + 2 dimensional manifestly conformal field on the conformal space to a conformal field on a d-dimensional spacetime. We follow then mainly [2]. We also comment on the reduction of the action.

Consider a general field F^i(y) defined on the conformal space. The superscript i denotes tensor or/and spinor indices, depending on the type of field. Note that i should be consistent with a representation of the conformal group SO(d,2). First we always require the field to be a homogeneous function of the coordinates y^A in the sense y^A ∂ ∂y^A F^i(y) = nF^i(y), (A.1)

where n denotes the degree of homogeneity. From the relations (2.4) and (2.5) with R = 1 we find y^A ∂ ∂y^A = γ ∂ ∂γ + 2ρ ∂ ∂ρ , γ ≡ y^−, ρ ≡ y^2. (A.2)

As a first consideration let us assume that we may choose a gauge in which the field F^i(y) does not depend on y^2, i.e.

F^i(y) = F^i(y) | |_{ρ=0} , ∂_ρF^i(y) | |_{ρ=0} = 0,

∂^2_ρ F^i(y) | |_{ρ=0} = 0, etc., ρ ≡ y^2. (A.3)

The required special gauge transformation (8.3)/(9.4) does in principle allow for this possibility. The condition (A.3) implies together with (A.2) that the homogeneity relation (A.1) may be rewritten as γ ∂ ∂γ F^i(y) = nF^i(y). (A.4)

This relation allows us finally to define a field f̃^i(x) which only depends on the d-dimensional coordinates x^μ as follows

f̃^i(x) ≡ γ^{−n}F^i(y). (A.5)

Now when i contains tensor indices we can no longer consistently impose (A.3) due to the strong transversality conditions. Here, as explained in section 8, we must split the field in several terms involving fields and explicit coordinates y^A, and then impose (A.3) on all these component fields separately leaving the y^2 dependence in the explicit coordinates y^A. Notice that this splitting does not change the degrees of freedom. It is just a way to specify how to get down to d dimensions. Now, since all these fields satisfy strong homogeneity conditions we find (A.4) for each of them (with different n). For each of these fields we may then define f̃^i(x) -fields depending on x^μ according to (A.5). However, the original field does not depend entirely on x^μ when we follow this procedure.

For non-scalar fields (A.5) is not enough to produce a consistent spacetime field. The reason for this is the following: The operator that generates translations, P_μ, which is equal to J_{+μ}, is supposed to act only differentially on a spacetime field. Now this latter operator may be divided into two parts according to

J_{+μ} = L_{+μ} + S_{+μ}. (A.6)

In this expression, L_{+μ} is the differential (orbital) piece while S_{+μ} is the intrinsic (spin) piece. The intrinsic piece is non-differential and should, therefore, be removed. This may be done by defining the true field on the ddimensional spacetime as follows:

f^i(x) ≡ V (x)f̃^i(x) = γ^{−n}V (x)F^i(y), (A.7)

where the operator V (x) is defined by

V (x) ≡ exp(−ix^μS_{+μ}). (A.8)

The field f^i(x) behaves then as expected under translations, and depends only on the spacetime coordinates x^μ.

Finally, it should be mentioned that the projected field f^i(x) in (A.7) in general will yield unphysical components in addition to the expected physical ones. These are present e.g. if i is a vector index A, in which case we get two additional components (F^+ and F^−) compared to a vector field in d dimensions (see spin one and two below). Following the prescription of [2], the unphysical components may be projected out by the additional condition

(S_{−μ}f)^i = 0 (A.9)

for all physical values of i and all values of μ. However, although we do not explicitly impose such additional ”gauge fixing” conditions in this paper, the final formulation will always allow for them.

The actions may be reduced to d dimensions as follows: Choose the Lagrangian density as

L(y) = L(y, y^2 = 0). (A.10)

From

(y · ∂ + d)L(y) = 0, (A.11)

we find

L(x) = γ^{−d}L(y, y^2 = 0) (A.12)

following the steps (A.4) and (A.5). Since the Lagrangian is a scalar there are no further modifications. The action becomes A = ∫ dyδ(y^2)L(y) = ∫ dyδ(y^2)L(y, y^2 = 0) = C ∫ dxL(x),(A.13) where C = 1 2 ∫ dγ γ = 1 2 ∫ dx^5 x^5

. (A.14)

This is a logarithmically divergent constant. Notice, however, that the point transformation y^A → x^A in section 2 is singular at x^5 = 0. Thus, x^5 should be positive or negative. In [4] an extra delta function that fixes x^5 was inserted. This is not completely unnatural. The conformal particle models always allow for a gauge choice of x^5. For instance, x^5 = f(x) yields fields in a curved background with the metric g_{μν} (x) = f^2(x)η_{μν} (see section 2). In [9] it was shown how the fields may be reduced to fields in such a space. Here, it could be natural with a delta function δ(x^5 − f(x)), but then as a part of the reduction procedure. Although, (A.13) and (A.14) yield a field theory in a compactified Minkowski space [31], we may always change the background by a conformal transformation.

B The reduction of manifestly conformal spin one fields to d = 4 dimensions

As a simple but non-trivial example of the reduction method described above, we will now consider a vector field a_μ(x) in four dimensions. The manifestly conformal field corresponding to this field is denoted as A_A(y), with the corresponding field strength given by (cf. (4.7)) F_{AB} = ∂ ∂y^A A_B − ∂ ∂y^B A_A. (B.1)

For A_B we require the degree of homogeneity to be n = −1 and impose the strong transversality condition

y^AA_A(y) = 0, (B.2)

as in (4.8). Now, the strong condition (B.2) implies that A_A necessarily has a y^2 dependence. However, as explained in section 8, if we write A_A as follows A_A(y) = V_A(y) − y_Aϕ(y), (y · ∂ + 1)V_A(y) = 0, (y · ∂ + 2)ϕ(y) = 0, (B.3)

then V_A(y) and ϕ(y) may be chosen to be independent of y^2. (Notice that this V_A satisfies the corresponding weak condition to (B.2) (see (B.6)).) To V_A we may then apply the steps (A.3)-(A.8). In order to apply (A.7) we need the action of the intrinsic SO(4,2) generator S_{AB} on a vector field (see (5.3)). It is given by

S_{AB}A_C = −i (η_{CA}A_B − η_{CB}A_A) . (B.4)

(S_{AB} satisfies the SO(4,2) algebra in (5.5).) This implies then

V_μ(y, y^2 = 0) = 1 γ (a_μ(x) − x_μa_+(x)) ,

V_+(y, y^2 = 0) = 1 γ a_+(x),

V_−(y, y^2 = 0) = 1 γ ( a_−(x) − x^μa_μ(x) + 1 2 x^2a_+(x) ) , (B.5)

where a_μ, a_+, and a_− only depend on x^μ. It is straightforward to find the inverse relations. Condition (B.2) implies furthermore

y^AV_A(y) = y^2ϕ(y),

a_−(x) = 0, ϕ(y, y^2 = 0) = − 1 2γ^2 a_+(x), (B.6)

by means of (B.5).

The natural Lagrangian in the conformal space is given in (9.14), which for d = 4 becomes L(y) = 1 4 F_{AB} (y)F^{AB}(y). (B.7) Inserting (B.3) into F_{AB} we find F_{AB} (y) = W_{AB} (y) + L_{AB} ϕ(y), W_{AB} (y) = ∂_AV_B(y) − ∂_B V_A(y), L_{AB} ϕ(y) = (y_A∂_B − y_B∂_A)ϕ(y). (B.8) This implies that the Lagrangian (B.7) may be written as L(y) = 1 4 W_{AB}(y)W^{AB}(y) + 2ϕ^2(y). (B.9) By means of (B.5), W_{AB}W^{AB} reduces to W_{AB} (y)W^{AB}(y) = 1 γ^4

(f_{μν} (x)f^{μν} (x) − 2a^2_+(x)), f_{μν} (x) ≡ ∂_μa_ν (x) − ∂_ν a_μ(x). (B.10) Hence, (B.9) with (B.6) implies the reduction (see (A.12)) L(y) = 1 4 F_{AB} (y)F^{AB}(y) → 1 4γ^4 f_{μν} (x)f^{μν} (x), (B.11) which according to (A.13) implies that the original action reduces to A = C ∫ d^4x 1 4 f_{μν} (x)f^{μν} (x), f_{μν} (x) = ∂_μa_ν (x) − ∂_ν a_μ(x). (B.12) This reduction is different from previous attemts [4] in which the Lagrangian density was identified with L(y) = 1 4 W_{AB} (y)W^{AB}(y) → 1 4γ^4

(f_{μν} (x)f^{μν} (x) − 2a^2_+(x)), (B.13) where the auxiliary field a_+ enters, which it does not in (B.12). Only in (B.12) are we free to impose a_+ = 0 as required by the condition (A.9).

The equations of motion from (B.7) are on the hypercone, and are given by ∂^AF_{AB}(y) = y_BS(y), (B.14) where S is arbitrary apart from the fact that self-consistency requires the weak homogeneity (y · ∂ + 4)S(y) = y^2f(y). (B.15) S is an unphysical function that would be zero if all components of A_A were independent. However, the transversality condition (B.2) makes one component dependent. The tensor equations (B.14) with S follow then since the variation of A_A also satisfies (B.2). Only S is affected by the special gauge transformations off the hypercone A_A(y) → A^′_A(y) = A_A(y) + y^2Ã_A(y), (y · ∂ + 3)Ã_A(y) = 0, y^AÃ_A(y) = 0. (B.16) On (B.14) they yield on the hypercone (S and S^′ are equally arbitrary) ∂^AF_{AB}(y) = y_B S(y) → ∂^AF_{AB} (y) = y_BS^′(y), S^′(y) = S(y) − 2∂^AÃ_A(y). (B.17) S reduces the number of equations for A_B and the gauge invariance means that its value may be ignored at the end.

To reduce the equations (B.14) to d = 4 we first apply the decomposition (B.3) to (B.14) which yields

∂^AW_{AB} (y) + 2∂_B ϕ(y) = y_BS^{′′}(y), S^{′′}(y) = S(y) + □ϕ(y). (B.18) Then using (B.5) and (B.6) we find finally that (B.14) leads to the reduced equations ∂^μf_{μν} (x) = 0, (B.19) which is consistent with the result (B.12) for the reduction of the action. In the process the arbitrary function S becomes S^{′′} = − 1 γ^4

□_xa_+(x) ⇔ S = − 1 2γ^4

□_xa_+(x), (B.20)

which are purely unphysical expressions that should be ignored.

Finally, both (A.9) and (B.12)/(B.19)/(B.20) tell us that a_+ is unphysical. The transversality condition (B.2) makes a_− unphysical according to (B.6).

C The reduction of linear manifestly conformal gravity to d = 4 dimensions

After exploring spin one, we now apply these ideas to linearized manifestly conformal gravity in d = 4. The field we want to get is the symmetric rank two tensor h_{μν} (x), while the corresponding manifestly conformal field from which we start is H_{AB} (y), which also is symmetric. We impose the conditions of homogeneity of degree zero and strong transversality, i.e.

y · ∂H_{AB} (y) = 0, y^AH_{AB} = 0. (C.1)

These conditions restrict the basic special gauge transformations to

H_{AB} (y) → H_{AB} (y) + y^2H̃_{AB} (y), (y · ∂ + 2)H̃_{AB}(y) = 0, y^AH̃_{AB}(y) = 0. (C.2)

The last property implies that we cannot choose the gauge (A.3). Instead we have to do as in the spin one case: we have to split H_{AB}. The appropriate splitting is (see section 8)

H_{AB}(y) = K_{AB} (y) − y_AV_B (y) − y_B V_A(y) + y_Ay_Bϕ(y), (y · ∂ + 1)V_A(y) = 0, (y · ∂ + 2)ϕ(y) = 0. (C.3)

The transversality condition in (C.1) is then solved by

y^AK_{AB}(y) = y^2V_B (y), y^BV_B(y) = y^2ϕ(y). (C.4)

The gauge invariance under (C.2) allows us then to fix K_{AB} , V_B , and ϕ according to (A.3), and for them we may follow the steps (A.4)-(A.5). In order to apply the step (A.7) we need the action of the intrinsic SO(4,2) generator S_{AB} on a symmetric rank two tensor. It is S_{AB}H_{CD} = −i (η_{CA}H_{BD} − η_{CB} H_{AD} + η_{DA}H_{BC} − η_{DB}H_{AC} ) . (C.5)

Using this expression and (A.7) we find the relations

K_{μν} (y, y^2 = 0) = h_{μν} (x) − x_μh_{ν+}(x) − x_ν h_{μ+}(x) + x_μx_ν h_{++}(x), K_{μ+}(y, y^2 = 0) = h_{μ+}(x) − x_μh_{++}(x), K_{μ−}(y, y^2 = 0) = h_{μ−}(x) − x^ρh_{ρμ}(x) − x_μh_{+−}(x) + 1 2 x^2h_{μ+}(x) +

+ x_μx^ρh_{ρ+}(x) − 1 2 x_μx^2h_{++}(x), K_{++}(y, y^2 = 0) = h_{++}(x), K_{+−}(y, y^2 = 0) = h_{+−}(x) − x^ρh_{ρ+}(x) + 1 2 x^2h_{++}(x), K_{−−}(y, y^2 = 0) = h_{−−}(x) − 2x^μh_{μ−}(x) + x^μx^ν h_{μν} (x) + x^2h_{+−}(x) − − x^2x^ρh_{ρ+}(x) + 1 4 (x^2)^2h_{++}(x). (C.6)

Furthermore, by imposing the transversality condition in (C.1), we find that

h_{μ−}(x) = h_{+−}(x) = h_{−−}(x) = 0, V_B (y, y^2 = 0) = − 1 2γ K_{+B} (y, y^2 = 0),

ϕ(y, y^2 = 0) = − 1 2γ V_+(y, y^2 = 0) = 1 4γ^2

K_{++}(y, y^2 = 0), (C.7)

where we have used (C.4). This should be compared with (B.6).

We proceed by reducing the Lagrangian (9.34) normalized by γ = 1 (this γ is a constant and not the projective coordinate γ = y^− above). If we just replace H_{AB} by K_{AB} we find at y^2 = 0 L = 1 γ^4 ( 3r_{μνρσ}(x)r^{μνρσ}(x) − 6r_{μν} (x)r^{μν} (x) + r^2(x) + 9h_{+μ}(x)□_xh^μ_+ (x) +

+ 12h_{++}(x)∂^ρh_{+ρ}(x) − 2r(x)∂^ρh_{+ρ}(x) − 2∂^ρh_{+ρ}(x)∂^σ h_{+σ}(x) ) , (C.8)

where the quantities r_{μνρσ} (x), r_{μν} (x) and r(x) are the four dimensional Riemann, Ricci and curvature tensors defined in terms of h_{μν} analogously to the expressions (9.28) and (9.29). However, what we have to do is first to insert the expression (C.3) which yields on y^2 = 0 L(y) = 3R_{ABCD}(y)R^{ABCD}(y) − 6R_{AB}(y)R^{AB}(y) + R^2(y) − −24R^{AB} (y)∂_AV_B (y) + 8R(y)∂_AV^A(y) + 28(∂_AV^A(y))^2 + +12∂^AV^B (y)∂_AV_B (y) − 60∂^AV^B(y)∂_BV_A(y), (C.9) where now the first three terms is the original Lagrangian with H_{AB} replaced by K_{AB}. A reduction of the remaining terms together with (C.8) yields then (see (A.12))

L(y, y^2 = 0) = 1 γ^4 ( 3r_{μνρσ} (x)r^{μνρσ}(x) − 6r_{μν} (x)r^{μν} (x) + r^2(x) ) , (C.10)

which through (A.12) and (A.13) leads to the linearized conformal gravity in d = 4. h_{+μ} does not enter this Lagrangian. According to condition (A.9) h_{+μ} is unphysical and should be set to zero. This is consistent with our results.

We should also reduce the equations of motion for linearized manifestly conformal gravity given in (9.35). They are on y^2 = 0 η_{AB} ( □^2H^C_C − □∂_C ∂_DH^{CD} ) − ∂_A∂_B □H^C_C − 2∂_A∂_B ∂_C ∂_DH^{CD} − − 3 ( □^2H_{AB} − □∂_A∂_C H^C_B − □∂_B ∂_C H^C_A ) + y_AS_B + y_BS_A = 0, (C.11)

where S_A are arbitrary apart from satisfying the weak relations

(y · ∂ + 5)S_A(y) = y^2f_A(y), y^AS_A(y) = y^2g(y), (C.12)

which are required by consistency. The functions S_A are unphysical functions that are determined by (C.11) and therefore reduce the number of equations for H_{AB}. They appear due to the restricted variation of H_{AB}. These equations are consistent with (C.1), and only in the presence of S_A are they invariant under the special gauge transformations (C.2) (see subsection 9.4). Although S_A transforms to a new S_A both are equally arbitrary. The equations are gauge invariant since they are independent of the values of S_A.

In order to reduce (C.11) to d = 4 we have first to insert the equality (C.3). We find then η_{AB} ( □^2K^C_C − □∂_C ∂_DK^{CD} ) − ∂_A∂_B □K^C_C − 2∂_A∂_B ∂_C ∂_DK^{CD} − − 3 ( □^2K_{AB} − □∂_A∂_C K^C_B − □∂_B ∂_C K^C_A ) − 6□(∂_AV_B(y) + ∂_B V_A(y)) + +4η_{AB}□∂_C V^C (y) + 8∂_A∂_B ∂_C V^C (y) + y_AS^′_B + y_BS^′_A = 0, S^′_A(y) = S_A(y) + 3□^2V_A(y) − 3□∂_A∂_C V^C (y). (C.13)

(S^′_A is as arbitrary as S_A.) We may now perform a reduction using (C.6) and (C.7). We find then the equations

3□_x□_xh_{μν} − 3∂_μ∂^λ□_xh_{λν} − 3∂_ν ∂^λ□_xh_{λμ} + 2∂_μ∂_ν ∂^ρ∂^σh_{ρσ} + + ∂_μ∂_ν □_xh^λ_λ − η_{μν} ( □_x□_xh^λ_λ − ∂^ρ∂^σ□_xh_{ρσ} ) = 0, (C.14) which is perfectly consistent with the reduction of the Lagrangian in (C.10). (C.14) are the equations for linearized conformal gravity in d = 4. Notice that (A.9) and (C.7) tell us that the only relevant physical field is h_{μν} (x).

D Relativistic particle model for arbitrary spins

The O(N)-extended supersymmetric Lagrangian for relativistic particles of spin N/2 in d = 4 is given by [26] (see also [27, 28]) (k, l = 1, . . . , N) L = 1 2v ẋ^2 − 1 2 iψ_k · ψ̇_k − i ρ_k v ψ_k · ẋ − 1 2 if_{kl}ψ_k · ψ_l, (D.1) where ρ_k, f_{kl} together with the einbein variable v are Lagrange multipliers. It yields the first class constraints

p^2 = 0, p · ψ_k = 0, ψ_k · ψ_l = 0. (D.2)

The theory (D.1) is therefore a gauge theory. A BRST quantization is possible and was performed in [26]. The quantization produces naturally a multispinor representation of a spin N/2 particle. However, spinor-tensor formulations are also possible to obtain. For integer spins (N even) we get directly tensor fields if we introduce the oscillators [26] b^μ_k ≡ 1 √ 2 ( ψ^μ_{(2k−1)} − iψ^μ_{2k} ) , k = 1, . . . , s ≡ N/2, (D.3) which after quantization satisfy the anticommutation relations

[b^μ_k , b^{ν†}_l ]_+ = −δ_{kl}η^{μν} . (D.4)

We apply now a Dirac quantization of the constraints in (D.2). These constraints satisfy an O(N) extended supersymmetric Lie algebra. In the following we consider only even N and make use of the oscillator representation (D.3). Furthermore, we generalize the treatment for d = 4 in [26] to arbitrary even dimensions d. The general ansatz for a quantum state is (the sum is over all possible values of n_j, j = 1, . . . , s ≡ N/2) |F ⟩ = ∑ n_j F_{μ1···μn1 ;ν1···νn2 ;ρ1···ρn3 ;···}(x)|0⟩^{μ1···μn1 ;ν1···νn2 ;ρ1···ρn3 ;···}, (D.5) where |0⟩^{μ1···μn1 ;ν1···νn2 ;ρ1···ρn3 ;···} ≡ b^{μ1 †}_1 · · · b^{μn1 †}_1 b^{ν1†}_2 · · · b^{νn2 †}_2 b^{ρ1†}_3 · · · b^{ρn3 †}_3 · · · |0⟩, b^μ_j |0⟩ = 0, p_μ|0⟩ = 0. (D.6)

The first constraints in (D.2) lead to the quantum conditions p^2|F ⟩ = 0 ⇔ □F_{μ1 ···μn1 ;ν1···νn2 ;ρ1···ρn3 ;···}(x) = 0, (D.7) p · b_j |F ⟩ = 0 ⇔ ∂^μF_{μμ2 ···μn1 ;ν1···νn2 ;ρ1···ρn3 ;···}(x) = 0, ∂^ν F_{μ1μ2···μn1 ;νν2···νn2 ;ρ1···ρn3 ;···}(x) = 0, etc, (D.8)

p · b^†_j |F ⟩ = 0 ⇔ ∂_{[μ1} F_{μ2···μn1+1];ν1···νn2 ;ρ1···ρn3 ;···}(x) = 0, etc,(D.9) and the last constraints in (D.2) yield the conditions (b^†_k · b_l − b_l · b^†_k)|F ⟩ = 0 ⇔ (b^†_k · b_l − d/2δ_{kl})|F ⟩ = 0, (D.10) (b_k · b_l − b_l · b_k)|F ⟩ = 0 ⇔ b_k · b_l|F ⟩ = 0, (b^†_k · b^†_l − b^†_l · b^†_k)|F ⟩ = 0 ⇔ b^†_k · b^†_l |F ⟩ = 0. (D.11) The condition (D.10) determines n_j to be d/2 which requires that d is even. It also means that an s field (s ≡ N/2) is a tensor field with sd/2 indices consisting of s groups of antisymmetric sets of d/2 indices, i.e. we have F_{μ1···μd/2;ν1···νd/2;ρ1···ρd/2;···}(x). (D.12) Furthermore, the condition in (D.10) implies that F_{···} is symmetric under interchange of any two groups of antisymmetric indices. The two conditions in (D.11) require that all possible contractions of F_{···} are zero, i.e. we have F^λ λμ_2···μ_n; ν_2···ν_n;ρ_1···ρ_n;···(x) = 0, etc. (D.13) Further details for d = 4 are given in [26]. Below we give some examples.

D.1 s = 1 in d = 2

Here (D.9)-(D.10) yield ∂^μF_μ(x) = 0, □F_μ(x) = 0, F_{μν} (x) = ∂_μϕ(x). (D.14) Thus, here we have a spinless particle described by the scalar ϕ(x). It satisfies the Klein-Gordon equation due to the first relation. The second relation is then implied by the first and third relations.

D.2 s = 1 in d = 4 (spin one) [26]

Here (D.9)-(D.10) yield the standard free spin one field

∂^μF_{μν} (x) = 0, □F_{μν} (x) = 0, F_{μν} (x) = ∂_μA_ν (x) − ∂_ν A_μ(x). (D.15)

D.3 s = 1 in d = 6

Here (D.9)-(D.10) yield ∂^μF_{μνρ}(x) = 0, □F_{μνρ}(x) = 0, F_{μνρ}(x) = ∂_μA_{νρ}(x) + ∂_ν A_{ρμ}(x) + ∂_ρA_{ρμ}(x), (D.16)

where A_{μν} is antisymmetric (a two-form field).

D.4 Spin two (s = 2 in d = 4) [26]

Here we find F_{μν;ρλ} = R_{μνρλ}, the Riemann tensor: All properties of R_{μνρλ} follow from (D.9)-(D.10).

References

[1] P. A. M. Dirac, Wave equations in conformal space, Ann. Math. 37, 429 (1936).

[2] G. Mack and A. Salam, Finite component field representations of the conformal group, Ann. Phys. 53, 174 (1969).

[3] H. A. Kastrup, Gauge properties of the Minkowski space, Phys. Rev.

150, 1183 (1966).

[4] P. Budini, P. Furlan and R. Raczka, Weyl and conformal covariant field theories, Nuovo Cim. A52, 191 (1979).

[5] S. L. Adler, Massless, euclidean quantum electrodynamics on the 5-dimensional unit hypersphere, Phys. Rev. D6, 3445 (1972).

[6] G. Mack and I. T. Todorov, Conformal-invariant Green functions without ultraviolet divergences, Phys. Rev. D8, 1764 (1973).

[7] M. M. Ansourian and J. Ore, F. R., Pseudoparticle solutions on the o(5,1) light cone, Phys. Rev. D16, 2662 (1977).

[8] R. Marnelius, Manifestly conformally covariant description of spinning and charged particles, Phys. Rev. D20, 2091 (1979).

[9] R. Marnelius and B. E. W. Nilsson, Manifestly conformally covariant field equations and a geometrical understanding of mass, Phys. Rev. D22, 830 (1980).

[10] A. J. Bracken and B. Jessup, Local conformal invariance of the wave equation for finite component fields. i. the conditions for invariance, and fully reducible fields, J. Math. Phys. 23, 1925–1946 (1982).

[11] W. Siegel, Conformal invariance of extended spinning particle mechanics, Int. J. Mod. Phys. A3, 2713–2718 (1988).

[12] W. Siegel, All free conformal representations in all dimensions, Int. J.

Mod. Phys. A4, 2015 (1989).

[13] W. Siegel, Supermulti - instantons in conformal chiral superspace, Phys. Rev. D52, 1042–1050 (1995) [hep-th/9412011].

[14] R. Marnelius and U. Mårtensson, Derivation of manifestly covariant quantum models for spinning relativistic particles, Nucl. Phys. B335, 395 (1990).

[15] U. Mårtensson, The spinning conformal particle and its BRST quantization, Int. J. Mod. Phys. A8, 5305–5328 (1993).

[16] C. Codirla and H. Osborn, Conformal invariance and electrodynamics:

Applications and general formalism, Ann. Phys. 260, 91 (1997) [hep-th/9701064].

[17] R. Britto-Pacumio, J. Michelson, A. Strominger and A. Volovich, Lectures on superconformal quantum mechanics and multi- black hole moduli spaces, hep-th/9911066.

[18] I. Bars and Y.-C. Kuo, Interacting two-time physics field theory with a BRST gauge invariant action, Phys. Rev. D74, 085020 (2006) [hep-th/0605267].

[19] I. Bars, The standard model of particles and forces in the framework of 2t-physics, Phys. Rev. D74, 085019 (2006) [hep-th/0606045].

[20] I. Bars, Two-time physics with gravitational and gauge field backgrounds, Phys. Rev. D62, 085015 (2000) [hep-th/0002140].

[21] I. Bars and C. Deliduman, High spin gauge fields and two-time physics, Phys. Rev. D64, 045004 (2001) [hep-th/0103042].

[22] P. Arvidsson, Manifest superconformal covariance in six-dimensional (2,0) theory, JHEP 03, 076 (2006) [hep-th/0602193].

[23] B. Binegar, C. Fronsdal and W. Heidenreich, Linear conformal quantum gravity, Phys. Rev. D27, 2249 (1983).

[24] C. R. Preitschopf and M. A. Vasiliev, Conformal field theory in conformal space, Nucl. Phys. B549, 450 (1999) [hep-th/9812113].

[25] P. Arvidsson, Manifestly conformally covariant field theories, Master’s thesis, Chalmers University of Technology and Göteborg University, 2001.

[26] R. Marnelius and U. Mårtensson, BRST quantization of free massless relativistic particles of arbitrary spin, Nucl. Phys. B321, 185 (1989).

[27] V. D. Gershun and V. I. Tkach, Classical and quantum dynamics of particles with arbitrary spin. (in russian), Pisma Zh. Eksp. Teor. Fiz. 29, 320–324 (1979).

[28] P. S. Howe, S. Penati, M. Pernici and P. K. Townsend, Wave equations for arbitrary spin from quantization of the extended supersymmetric spinning particle, Phys. Lett. B215, 555 (1988).

[29] L. Castell, Comment on Dirac’s paper ’Wave equations in conformal space’, Nuovo Cim. A42, 160–164 (1977).

[30] S. Ichinose, Quantum Yang-Mills theories in the manifestly conformal covariant formalism, Nucl. Phys. B272, 727 (1986).

[31] R. Penrose, Zero rest mass fields including gravitation: Asymptotic behavior, Proc. Roy. Soc. Lond. A284, 159 (1965).