arXiv:hep-th/0612080 v1 9 Dec 2006

KEK-TH-1121 hep-th/0612080

Progress toward the Determination of Complete Vertex Operators for The IIB Matrix Model

Yoshihisa Kitazawa^{1,2}, Shun’ya Mizoguchi^{1,2} and Osamu Saito^{1,3}

1High Energy Accelerator Research Organization (KEK) Tsukuba, Ibaraki 305-0801, Japan

2Department of Particle and Nuclear Physics The Graduate University for Advanced Studies Tsukuba, Ibaraki 305-0801, Japan

3 Institute for Cosmic Ray Research, University of Tokyo Kashiwa 277-8582, Japan

Abstract

We report on progress in determining the complete form of vertex operators for the IIB matrix model. The exact expressions are obtained for those emitting massless IIB supergravity fields up to sixth order in the light-cone superfield, in which the conjugate gravitino and conjugate two-form vertex operators are newly determined. We also provide a consistency check by computing the kinematical factor of a four-point graviton amplitude in a D-instanton background. We conjecture that the low-energy effective action of the IIB matrix model at large N is given by tree-level supergravity coupled to the vertex operators.

December 2006

1 Introduction

Realizing string theory as a matrix model is an efficient way for investigating its nature beyond perturbation. Among others, the IIB matrix model is in a sense the simplest proposal, and there are several good reasons to believe that it is a natural framework for type IIB string theory. The first direct link between them is that the former may be regarded as a matrix regularization of the latter [1]. Another suggestive fact is that, defined as a zero-dimensional reduced model of the maximal supersymmetric Yang-Mills theory, the IIB matrix model can be thought of as an effective theory of D-instantons. Since its has twice as many supercharges as the original Yang-Mills, it must also contain a graviton. Indeed the analysis based on the one-loop effective action has already revealed an interaction due to a graviton exchange [1]. Furthermore, the continuum limit of the loop equation was shown to reproduce the type IIB light-cone superstring field theory [2].

One of the issues of the IIB matrix model is how it describes the coupling to the supergravity multiplet. The first study of this question was undertaken by one of the present authors [3], who constructed a set of vertex operators for the massless supergravity multiplet to leading order in momentum k by repeatedly applying the N = 2 SUSY transformations to the straight Wilson line operator. There was also found a set of “wave functions” which are dual to the vertex operators and linearly transform under the N = 2 SUSY transformations.

To fully determine the complete form of them is a hard task. In [4] it was noticed that the supersymmetric Wilson loop operators were useful tools in determining the complete form of vertex operators. In general, Wilson loops are basic gauge invariant objects in any gauge theory. In particular, in the IIB matrix model, they describe creations and annihilations of fundamental strings [1, 2], of which the lowest excitations are the massless fields of IIB supergravity multiplet. Therefore it is natural that Wilson loop operators come into play in the construction of vertex operators in the IIB matrix model. Expanding a supersymmetric Wilson loop operator as a polynomial of the “mean field” fermion variable λ, which may be identified as the light-cone superfield variable, exact vertex operators have been systematically derived [4] up to fourth order in λ.

If one goes beyond that order, one is faced with the enormous task of algebras and Fierz arrangements. In this paper, to simplify the computations, we develop some alternative ways of deriving them, as we will explain shortly. Combining information obtained through these as well as other available means, we determine the complete form of vertex operators up to sixth order in λ. The expressions for vertex operators emitting a conjugate gravitino (Ψ^c_μ) and a conjugate two-form field (B^c_{μν} ) are the new results. To compute the remaining two most complicated ones of O(λ^7) and O(λ^8) (corresponding to the conjugate dilatino and the conjugate dilaton) still require another enormous amount of labor, and they are not determined so far. The work is in progress.

The contents of this paper are as follows. In section 2, we briefly review the general concept of vertex operators in the IIB matrix model and the idea of how to compute them. In section 3, we describe the method adopted in [4] as well as our improved ones which simplifies the calculation. In section 4, we present the new expressions for the conjugate gravitino and conjugate two-form vertex operators. We also display other vertex operators known so far for completeness. In section 5 a consistency check is given by computing the kinematical factor of the four-point graviton amplitude. Section 6 is devoted to the conclusions. In two Appendices we collect useful formulas and summarize our results.

2 Vertex operators for the IIB matrix model

The action of the IIB matrix model is [1] S = − 1 4 tr[A_μ, A_ν ]^2 − 1 2 tr (¯ ψΓ^μ[A_μ, ψ] ) , (2.1)

where A_μ and ψ are N × N Hermitian matrices which transform as a D = 10 Lorentz vector and a Majorana-Weyl spinor. Vertex operators in the IIB matrix model are given by functions of them, and are characterized by the properties: (i) They describe linear couplings to the background fields. (ii) They are related with each other by the supersymmetry transformations. Let V_i(A, ψ) be the vertex operator associated with the background field f_i which is any of the members of type IIB supergravity multiplet. Then the property (i) implies that the interaction terms are given by S_{int} = ∑ i V_i(A, ψ)f_i, (2.2)

and (ii) asserts that the following equation holds [5]: ∑ i V_i(δA, δψ)f_i = ∑ i V_i(A, ψ)δf_i, (2.3) where δ is a supersymmetry variation. The relation (2.3) ensures the super invariance of correlation functions W (f_i) ≡ ⟨ ∑ i V_i(A, ψ)f_i⟩, (2.4) and, in principle, determines the form of vertex operators completely [3]. Indeed, the vertex operators for all members of the IIB supergravity multiplet were determined in this way to leading order in momentum k [3]. The derivation of the complete form becomes, however, more complicated as the vertex operator comes to include more fermions.

The authours of [4] have developed, by utilizing a supersymmetric Wilson loop operator, a more systematic way of determining the exact form of vertex operators in the IIB matrix model. Let us focus on the operator w(A, ψ; λ) = e^{λ̄Q1} tre^{ik·A}e^{−λ̄Q1} , (2.5) where λ is a Majorana-Weyl spinor and Q_1 is one of the N = 2 SUSY generators of the IIB matrix model

ϵ̄_1Q_1 = i(ϵ̄_1Γ_μψ) δ δA_μ − i 2 F_{μν} Γ^{μν} ϵ_1 δ δψ , (2.6)

ϵ̄_2Q_2 = ϵ_2 δ δψ , (2.7)

where F_{μν} = [A_μ, A_ν ]. w(A, ψ; λ) is the simplest supersymmetric Wilson loop operator first introduced in [6]. One of the nice properties of w(A, ψ; λ) is that it transforms under the N = 2 SUSY as [4] [ϵ̄Q_1, w(A, ψ; λ)] = ϵ δ δλ w(A, ψ; λ), (2.8) [ϵ̄Q_2, w(A, ψ; λ)] = (ϵ̄k/λ)w(A, ψ; λ). (2.9) In other words, the operations (2.6)(2.7) acting on the space of functions of matrices A_μ and ψ amounts to the operations

δ^{(1)} = ϵ δ δλ , (2.10)

δ^{(2)} = ϵ̄k/λ (2.11)

on the space of polynomials of λ. Since (2.10)(2.11) realize the N = 2 SUSY algebra, one may construct a representation in this space. In the following we take k^2 = 0, then the irreducible subspace is spanned by monomials of λ of at most degree eight. Such a polynomial can be regarded as a light-cone superfield for the massless typeIIB supergravity multiplet [7].

The basic strategy of deriving vertex operators adopted by [4] is as follows : We first find a set of homogeneous polynomial of λ such that each of them corresponds to some supergravity field and transforms as a linearized SUSY multiplet by the operations (2.10)(2.11). Such a polynomial is called a wave function. We expand the supersymmetric Wilson loop w(A, ψ; λ) as a polynomial of λ in terms of wave functions w(A, ψ; λ) = ∑ i V_i(A, ψ)f_i(λ). (2.12)

One immediately finds ∑ i [ϵ̄Q_j , V_i(A, ψ)]f_i(λ) = ∑ i V_i(A, ψ)δ^{(j)}f_i(λ) (2.13)

for j = 1, 2. Thus the supersymmetric Wilson loop realizes the relation (2.3), and the coefficient of each wave function can be identified as the corresponding vertex operator. The fermionic variable λ may be regarded as an isolated eigenvalue of the matrix ψ representing the effect of the background as a “mean field” [4, 8]. Indeed the SUSY transformations for such a single eigenvalue are generated by (2.10)(2.11) if the off-diagonal interactions are neglected. Thus we see that the wave functions for the external fields are realized as condensations of particular spinor eigenvalues of the matrix model.

3 The methods

In this section we will show how we determine the form of vertex operators in some detail. We begin by rewriting the supersymmetric Wilson loop as w(A, ψ; λ) = tre^{ik·A+Σ8n=1Gn} , (3.1) where G_n is defined by

G_n = 1 n! [λ̄Q_1, · · · [λ̄Q_1, ik · A] · · · ] (n commutators), (3.2)

and hence contains n λ’s. The sum in the exponent of (3.1) terminates at G_8 because λ has only eight independent components. Each term can be evaluated as

G_0 = ik · A, (3.3) G_1 = ψ̄k/λ, (3.4) G_2 = i 4 b^{μν} [A_μ, A_ν ], (3.5)

G_3 = − 1 3! b^{μν} [λ̄Γ_μ, A_ν ], (3.6)

G_4 = 1 4! ( i 2 b^{μν} (λ̄Γ_{μρσ}λ)[[A^ρ, A^σ], A_ν ] − ib^{μν} [λ̄Γ_μψ, λ̄Γ_ν ψ] ) , (3.7)

G_5 = − ( 1 5! b^{μν} (λ̄Γ_{μρσ}λ)[[λ̄Γ^ρψ, A^σ], A_ν ] + 3 2 b^{μν} (λ̄Γ_{μρσ}λ)[[A^ρ, A^σ], λ̄Γ_ν ψ] ) , (3.8) . .

Expanding (3.1) and collecting terms with the same powers of λ, we get w(A, ψ; λ) = Stre^{ik·A} [ 1 + G_1 + ( 1 2! (G_1)^2 + G_2 ) + ( (G_1)^3 3! + G_1 · G_2 + G_3 )

+ ( (G_1)^4 4! + 1 2 (G_1)^2 · G_2 + 1 2 (G_2)^2 + G_1 · G_3 + G_4 )

+ ( (G_1)^5 5! + 1 3! (G_1)^3 · G_2 + 1 2 G_1 · (G_2)^2 + 1 2 (G_1)^2 · G_3 + G_2 · G_3 + G_1 · G_4 + G_5 )

+ · · · ] , (3.9)

where “Str” means the symmetrized trace whose definitions and some properties are given in the appendix. If we let i in (2.12) denote the power of λ (but see below for i = 4), we obtain V_0(A, ψ)f_0(λ) = Stre^{ik·A}, (3.10) V_1(A, ψ)f_1(λ) = StrG_1e^{ik·A}, (3.11) V_2(A, ψ)f_2(λ) = Str ( 1 2! (G_1)^2 + G_2 ) e^{ik·A}, (3.12) V_3(A, ψ)f_3(λ) = Str ( (G_1)^3 3! + G_1 · G_2 + G_3 ) e^{ik·A}, (3.13) . . V_n(A, ψ)f_n(λ) = Str ( (G_1)^n n! + · · · + G_n ) e^{ik·A}, (3.14) . . If we rearrange the right hand side in terms of wave functions, we obtain corresponding vertex operators [4]. Note that there are two independent wave functions (graviton and selfdual four-form field) at i = 4. Therefore the terms of O(λ^4) split into a linear combination of them; each coefficient is a vertex operator in this case.

Although this method offers a systematic derivation, it requires too many calculations for orders higher than four. In order to reduce the amount of labor in the derivation, we have developed the following two improved methods. The first one uses a different expansion of the supersymmetric Wilson loop as w(A, ψ; λ) = e^{λ̄Q1} tre^{ik·A}e^{−λ̄Q1} = Str ( e^{ik·A} + [λ̄Q_1, e^{ik·A}] + 1 2! [λ̄Q_1, [λ̄Q_1, e^{ik·A}]] + · · · + 1 8! [λ̄Q_1, · · · [λ̄Q_1, e^{ik·A}] · · · ] ) . (3.15)

Again, the sum terminates at O(λ^8). From (3.15) we obtain V_n(A, ψ)f_n(λ) = Str 1 n! [λ̄Q_1, · · · [λ̄Q_1, e^{ik·A}] · · · ] = Str 1 n! ( i(λ̄Γ_μψ) δ δA_μ − i 2 F_{μν} Γ^{μν} λ δ δψ )_n e^{ik·A}. (3.16) This equation relates the O(λ^n) term with the O(λ^{n−1}) term as V_n(A, ψ)f_n(λ) = 1 n ( i(λ̄Γ_μψ) δ δA_μ − i 2 F_{μν} Γ^{μν} λ δ δψ ) V_{n−1}(A, ψ)f_{n−1}(λ). (3.17) Therefore, once we know the exact expression for V_{n−1}(A, ψ), we can determine V_n(A, ψ) by using this relation. Note that the operator in the right hand side is the homogeneous supersymmetry transformation (2.6) with parameter λ. Thus, V_n(A, ψ) is determined by supersymmetry. This is close to the original method adopted in [3], but what is new here is that we can now use the precise expressions of wave functions obtained in [4] as we present in the next subsection.

The second alternative method uses another recursion relation [9] ϵ̄ δ δψ V_n(A, ψ)f_n(λ) = (ϵ̄k/λ)V_{n−1}(A, ψ)f_{n−1}(λ), (3.18) which can easily be shown by comparing the O(λ^n) terms on the left and right hand sides of (2.9). Using this formula, we can also determine the form of V_n(A, ψ) if V_{n−1}(A, ψ) is known. In this case V_n(A, ψ) is transformed by inhomogeneous supersymmetry transformation(2.7).

The advantage of the first method is that we do not need to calculate the polynomial of G_i’s, which becomes longer as the power of λ gets higher. The disadvantage is that it is not easy to reexpress the polynomials of λ in terms of wave functions. On the other hand, the advantage of the second method is that the right hand side can readily be written in terms of the next wave function by using the SUSY transformation formula. The disadvantage is that it is not a trivial problem to integrate the left hand side by ψ. Anyway, by combining information obtained in various ways above, we have successfully obtained new expressions for the vertex operators of O(λ^5) and O(λ^6), as we now show.

4 The explicit forms of vertex operators

We will now display our results. The expressions for the conjugate gravitino and conjugate two-form vertex operators are new, while other vertex operators known so far are also shown for completeness.

4.1 Wave functions

The wave functions corresponding to the massless IIB supergravity multiplet have already obtained [3, 4]^1:

Φ(λ) = 1 (4.1) Ψ̃(λ) = k/λ (4.2) B_{μν} (λ) = − 1 2 b_{μν} (4.3)

Ψ_μ(λ) = i 24 Γ^αk/λb_{αμ} (4.4)

h_{μν} (λ) = 1 96 b_μ^ρb_{ρν} (4.5) A_{μνρσ}(λ) = − i 32 · (4!)^2 b_{[μν} b_{ρσ]} = − i 4 · (4!)^2

(b_{μν} b_{ρσ} + b_{μρ}b_{σν} + b_{μσ} b_{νρ}) (4.6)

Ψ^c_μ(λ) = − i 4 · 5! Γ_ρk/λb^{ρσ}b_{σμ} (4.7) B^c_{μν} (λ) = 1 6! b_{μρ}b^{ρσ} b_{σν} (4.8)

Ψ̃^c(λ) = 1 8! Γ^{μν} k/λb_{μρ}b^{ρσ}b_{σν} (4.9) Ψ^c(λ) = − 1 8 · 8!

b_μ^ν b_ν^λb_λ^σb_σ^μ. (4.10)

1Signs are corrected in (4.7)∼(4.10).

One may check the following SUSY transformations δΦ = ϵ̄_2Φ̃ (4.11) δΦ̃ = k/ϵ_1Φ − i 24 Γ^{μνρ}ϵ_2H_{μνρ} (4.12) δB_{μν} = −ϵ̄_1Γ_{μν}Φ̃ + 2i(ϵ̄_2Γ_{[μ}Ψ_{ν]} + k_μΛ_{ν]}) (4.13) δΨ_μ = 1 24 · 4

[9Γ^{νρ}ϵ_1H_{μνρ} − Γ_{μνρσ}ϵ_1H^{νρσ}] + i 2 Γ^{νρ}k_ρh_{μν} ϵ_2 + i 4 · 5!

Γ^{ρ1···ρ5} Γ_μϵ_2F_{ρ1···ρ5} + k_μξ (4.14) δh_{μν} = − i 2 ϵ̄_1Γ_{(μ}Ψ_{ν)} + i 2 ϵ̄_2Γ_{(μ}Ψ^c_{ν)} + k_{(μ}ξ_{ν)} (4.15) δA_{μνρσ} = − 1 (4!)^2 ϵ̄_1Γ_{[μνρ}Ψ_{σ]} − 1 (4!)^2 ϵ̄_2Γ_{[μνρ}Ψ_{σ]} + k_{[μ}ξ_{νρσ]} (4.16) δΨ^c_μ = − i 2 Γ^{νρ}k_ρh_{μν} ϵ_1 + i 4 · 5! Γ^{ρ1···ρ5} Γ_μϵ_1F_{ρ1···ρ5} + 1 24 · 4

[9Γ^{νρ}ϵ_2H^c_{μνρ} − Γ_μ^{νρσ}ϵ_2H^c_{νρσ}] + k_μξ^c (4.17) δB^c_{μν} = 2i(ϵ̄_1Γ_{[μ}Ψ^c_{ν]} + k_{[μ}Λ^c_{ν]}) − ϵ̄_2Γ_{μν}Φ̃^c (4.18) δΦ̃^c = − i 24 Γ^{μνρ}ϵ_1H^c_{μνρ} + k/ϵ_2Φ^c (4.19) δΦ^c = ϵ̄_1Φ̃^c, (4.20) where ξ, ξ_μ, ξ_{μνρ} and Λ_μ are gauge parameters.

4.2 Vertex operator for the dilaton Φ [3, 4]

The dilaton vertex operator V^Φ is simply given by (3.10) : V^Φ(A, ψ) = Stre^{ik·A}, (4.21) where k^2 = 0. Since there is no operator other than e^{ik·A} in the symmetrized trace, ”Str” is equivalent to the ordinary trace.

4.3 Vertex operator for dilatino Φ̃ [3, 4]

The dilatino vertex operator V^{Φ̃} is read off from the term with a single λ (3.11) as V^{Φ̃}(A, ψ)Φ̃(λ) = Stre^{ik·A}G_1 = Stre^{ik·A}ψ̄k/λ = Stre^{ik·A}ψ̄Φ̃(λ). (4.22)

We obtain V^{Φ̃}(A, ψ) = Stre^{ik·A}ψ̄. (4.23) The symmetrized trace is identical to ordinary trace.

4.4 Vertex operator of antisymmetric tensor field B_{μν} [3, 4]

The vertex operator for the antisymmetric tensor B_{μν} can be obtained from the terms containing two λ’s in the expansions of the supersymmetric Wilson loop. Using (3.17), we have V^B_{μν} (A, ψ)B^{μν} (λ) = Str 1 2 ( (λ̄Γ_μψ) δ δA_μ − i 2 F_{μν} Γ^{μν} λ δ δψ ) V^{Φ̃}(A, ψ)Φ̃(λ) = Str 1 2 ( (λ̄Γ_μψ) δ δA_μ − i 2 F_{μν} Γ^{μν} λ δ δψ ) (ψ̄k/λ)e^{ik·A} = Str ( 1 2 (ψ̄k/λ) · (ψ̄k/λ) + i 4 F_{μν} b^{μν} ) e^{ik·A} = Stre^{ik·A} ( 1 16 ψ̄ · k/Γ_{μν} ψ − i 2 F_{μν} ) B_{μν} (λ). (4.24)

Hence the vertex operator for the antisymmetric tensor field is given by [3, 4] V^B_{μν} (A, ψ) = Stre^{ik·A} ( 1 16 ψ̄ · k/Γ_{μν} ψ − i 2 F_{μν} ) . (4.25)

The vertex operator satisfies k^μV^B_{μν} (A, ψ) = 0. (4.26) This implies that the coupling of the vertex operator with the background field V^B_{μν} (A, ψ)B^{μν} (λ) is gauge invariant.

4.5 Vertex operator for gravitino Ψ_μ[4]

The third order terms give the gravitino Ψ_μ vertex operator V^Ψ_μ (A, ψ) = Stre^{ik·A} ( − i 12 (ψ̄ · k/Γ_{μν} ψ) − 2F_{μν} ) · ψ̄Γ^ν . (4.27)

It can be shown that (4.27) satisfies (3.18): ϵ δ δψ V^Ψ_μ (A, ψ)Ψ^μ(λ) = V^B_{μν} (A, ψ)(ϵ̄k/λ)B^{μν} (λ). (4.28)

Indeed, the left hand side is evaluated as follows ϵ δ δψ V^Ψ_μ (A, ψ)Ψ^μ(λ) = Stre^{ik·A} ( − i 6 k^ρ(ϵ̄Γ_{μνρ}ψ) · ψ̄Γ^ν − i 12 k^ρ(ψ̄ · Γ_{μνρ}ψ)ϵ̄Γ^ν − 2F_{μν}ϵ̄Γ^ν ) Ψ^μ(λ) = Stre^{ik·A} ( − i 4 (ψ̄ · k/Γ_{μν} ψ)ϵ̄Γ^ν Ψ^μ(λ) − 2F_{μν}ϵ̄Γ^ν Ψ^μ(λ) ) , (4.29)

whereas the right hand side becomes V^B_{μν} (A, ψ)(ϵ̄k/λ)B^{μν} (λ) = Stre^{ik·A} ( 1 16 ψ̄ · k/Γ_{μν} ψ − i 2 F_{μν} ) 2iϵ̄Γ^{[μ}Ψ^{ν]}(λ). (4.30)

Thus we have established the equation (4.28).

This gravitino vertex operator is shown to satisfy

k^μV^Ψ_μ (A, ψ) = 0. (4.31)

The first term of V^Ψ_μ (A, ψ) trivially satisfies this relation, while the second term is calculated as k^μV^Ψ_μ (A, ψ) = Stre^{ik·A}2i[ik · A, A_ν ]ψ̄Γ^ν = Str[e^{ik·A}, A_ν ]2iψ̄Γ^ν = −Stre^{ik·A}2i[ψ̄, A_ν ]Γ^ν = 0. (4.32)

In the last line we have used the equation of motion for ψ:

Γ^μ[A_μ, ψ] = 0. (4.33)

4.6 Vertex operators for graviton h_{μν} and fourth-rank antisymmetric tensor field A_{μνρσ} [4]

The next terms with four λ ’s give the vertex operators for the graviton h_{μν} and the fourthrank antisymmetric tensor A_{μνρσ} . In order to derive them, we use (3.17) with n = 4: V^h_{μν} (A, ψ)h^{μν} (λ) + V^A_{μνρσ} (A, ψ)A^{μνρσ}(λ) = 1 4 ( i(λ̄Γ_μψ) δ δA_μ − i 2 F_{μν} Γ^{μν} λ δ δψ ) V^Ψ_μ (A, ψ)Ψ^μ(λ). (4.34)

In evaluating the right hand side we use many Fierz identities and properties of symmetrized trace. Here we only write down the final results. The vertex operator for the graviton is given by V^h_{μν} = Stre^{ik·A} ( − 1 96 k^ρk^σ (¯ ψ · Γ_{μρ}^βψ ) · (¯ ψ · Γ_{νσβ} ψ )

− i 4 k^ρψ̄ · Γ_{ρβ(μ}ψ · F_{ν)}^β + 1 2 ψ̄ · Γ_{(μ}[A_{ν)}, ψ] + 2F_μ^ρ · F_{νρ} ) . (4.35)

The vertex operator for the fourth-rank antisymmetric tensor field is given by V^A_{μνρσ} = Stre^{ik·A} ( i 8 · 4!

k_αk_γ (ψ̄ · Γ_{[μν}^αψ) · (ψ̄ · Γ_{ρσ]}^γ ψ) + i 3 ψ̄ · Γ_{[νρσ}[ψ, A_{μ]}] + 1 4 F_{[μν} · (ψ̄ · Γ_{ρσ]}^γ ψ)k_γ − iF_{[μν} · F_{ρσ]} ) . (4.36)

These vertex operators satisfy the conservation laws k^μV^h_{μν} (A, ψ) = 0, (4.37) k^μV^A_{μνρσ}(A, ψ) = 0. (4.38) The first term of the graviton vertex operator trivially satisfies this equation, while the second term is evaluated as Stre^{ik·A} ( − 1 4 k^ρ(ψ̄ · Γ_{ρβν} ψ)[ik · A, A^β] ) = Stre^{ik·A} ( 1 2 ψ̄ · Γ_{ρβν} [ψ, A^β] )

= Stre^{ik·A} ( + i 2 ψ̄ · Γ_ν [ψ, ik · A] + 1 2 ψ̄ · k/[ψ, A_ν] ) , (4.39) where we used the equation of motion (4.33). Thus we obtain k^μV^h_{μν} (A, ψ) = Stre^{ik·A} ( − iψ̄ · Γ_ν [ik · A, ψ] + 2i[F_{νρ}, A^ρ] )

= Stre^{ik·A} ( + i{ψ_α, ψ_β}(Γ_0Γ_ν )_{αβ} + 2i[F_{νρ}, A^ρ] )

= 0. (4.40) where we have used another equation of motion

[A^ν , [A_μ, A_ν ]] − 1 2 (Γ_0Γ_μ)_{αβ}{ψ_α, ψ_β} = 0. (4.41)

We can similarly show that the vertex operator for the antisymmetric tensor field satisfies the conservation law; multiplying k^μ, the first term trivially vanishes while the second and third terms cancel with each other. The fourth term vanishes due to the Jacobi identity. Thus the couplings to a graviton and a fourth-rank antisymmetric tensor V^h_{μν} (A, ψ)h^{μν} (λ), V^A_{μνρσ}(A, ψ)A^{μνρσ}(λ) are respectively gauge invariant.

4.7 Vertex operator for gravitino Ψ^c_μ

The vertex operator for the gravitino Ψ^c_μ can be obtained from the terms with five λ’s by using the following relation

V^{Ψc}_μ (A, ψ)Ψ^{cμ}(λ) = 1 5 ( i(λ̄Γ_μψ) δ δA_μ − i 2 F_{μν} Γ^{μν} λ δ δψ ) ( V^h_{μν} (A, ψ)h^{μν} (λ) + V^A_{μνρσ} (A, ψ)A^{μνρσ}(λ) ) . (4.42)

Many identities are needed in order to derive the vertex operator. Carrying out the complicated calculation, we finally obtain V^{Ψc}_μ = Stre^{ik·A} ( − i 2 · 5! k^λk^τ (ψ̄ · Γ_{μλ}^σψ) · (ψ̄ · Γ_{ντ σ}ψ) · ψ̄Γ^ν + 1 24 k^λ(ψ̄ · Γ_{λμν} ψ) · ψ̄Γ^ν Γ_{ρσ} · F^{ρσ} − 1 6 k^λ(ψ̄ · Γ_{λαβ} ψ) · ψ̄Γ^β · F^α_μ + i 3 (ψ̄ · Γ_μ[A_ν , ψ]) · ψ̄Γ^ν + i 3 (ψ̄ · Γ_ν [A_μ, ψ]) · ψ̄Γ^ν + i 6 (ψ̄ · Γ_{αβμ}ψ) · [A^α, ψ̄]Γ^β −iF_{μν} · F_{ρσ} · ψ̄Γ^ν Γ^{ρσ} ) . (4.43)

It can be shown that this gravitino vertex operator satisfies

k^μV^{Ψc} (A, ψ) = 0. (4.44)

This assures the gauge invariance of the coupling with gravitino field V^{Ψc}_μ (A, ψ)Ψ^{cμ}(λ). Using the following identity

(ψ̄Γ_μ[A_ν , ψ])ψ̄Γ^ν Ψ^{cμ}(λ) = 1 2 (ψ̄Γ_α[A_μ, ψ])ψ̄Γ^αΨ^{cμ}(λ) + 1 4 (ψ̄Γ^{ναμ}ψ)[A_ν , ψ̄]Γ_αΨ^c_μ(λ), (4.45)

we can rewritten the vertex operator V^{Ψc}_μ = Stre^{ik·A} ( − i 2 · 5! k^λk^τ (ψ̄ · Γ_{μλ}^σψ) · (ψ̄ · Γ_{ντ σ}ψ) · ψ̄Γ^ν + 1 24 k^λ(ψ̄ · Γ_{λμν} ψ) · ψ̄Γ^ν Γ_{ρσ} · F^{ρσ} − 1 6 k^λ(ψ̄ · Γ_{λαβ} ψ) · ψ̄Γ^β · F^α_μ +iψ̄Γ_μ[A_ν , ψ]ψ̄Γ^ν − iF_{μν} · F_{ρσ} · ψ̄Γ^ν Γ^{ρσ} ) . (4.46)

Since the vertex operator for gravitino is the supercurrent, we obtain the supercurrent for IIB matrix model

J^{(2)}_μ (A, ψ) = (4.43) (or (4.46)). (4.47)

This is conserved due to (4.44).

4.8 Vertex operator for antisymmetric tensor field B^c_{μν}

The sixth order terms give the antisymmetric tensor field B^c_{μν} vertex operator. After lengthy calculations we finally obtained the following new expression V^{Bc}_{μν} (A, ψ) = Stre^{ik·A} ( − 1 8 · 6!

k^λk^τ k^α(ψ̄ · Γ_{μλ}^σψ) · (ψ̄ · Γ_{γτ σ}ψ) · (ψ̄ · Γ^γ_{αν} ψ) + i 64 (ψ̄ · k/Γ_{μα}ψ) · F^{αβ} (ψ̄ · k/Γ_{βν} ψ) + i 16 · 4! (ψ̄ · k/Γ_{[μα}ψ) · (ψ̄ · k/Γ^{ασ}ψ) · F_{σν]} − 1 32 ψ̄ · Γ_{[μ}[A^σ, ψ] · (ψ̄ · k/Γ_{σν]}ψ) − 1 64 (ψ̄ · k/Γ_{[μα}ψ) · ψ̄Γ^α[A_{ν]}, ψ] + i 4! · 32 Ξ_{μναβγ} · (ψ̄ · Γ^{αβγ} ψ) − i 64 [A_α, F^{ατ} ] · (ψ̄ · Γ_{τ μν} ψ) + 1 64 (ψ̄ · Γ_{μνρσλτ} k/ψ) · F^{ρσ} · F^{λτ} + 1 16 (ψ̄ · Γ_{ρσ}k/ψ) · F^{ρσ} · F^{μν} − 1 8 (ψ̄ · Γ_{ρσ}k/ψ) · F^{μρ} · F^{νσ} + 1 8 (ψ̄ · Γ_{[μσ}k/ψ) · F^{σα} · F_{αν]} − 1 32 (ψ̄ · Γ^{μν} k/ψ) · F^{ρσ} · F_{σρ} + i 4 ψ̄ · Γ_{μνα}[A_β , ψ] · F^{αβ} + i 8 ψ̄ · Γ_{ρσ[μ}[A_{ν]}, ψ] · F^{ρσ} + i 4 ψ̄ · Γ_{(μ}[A_{ρ)}, ψ] · F^ρ_ν − i 4 ψ̄ · Γ_{(ν} [A_{ρ)}, ψ] · F^{ρμ} −iF_{μρ} · F^{ρσ} · F_{σν} + i 4 F_{μν} · F^{ρσ} · F_{σρ} ) , (4.48)

where Ξ_{μνρστ} is defined by

Ξ_{μνρστ} = {ψ_α, ψ_β}(Γ_0Γ_{μνρστ} )_{αβ}. (4.49)

This vertex operator satisfies k^μV^{Bc}_{μν} (A, ψ) = 0. (4.50)

Hence the coupling V^{Bc}_{μν} (A, ψ)B^{cμν} (λ) is gauge invariant.

4.9 Other vertex operators

The next terms with seven λ’s give the vertex operator for the dilatino Φ̃. The calculation becomes more complicated. We have not yet derived the complete expression so far. Here we give a part of our result: V^{Φ̃c} (A, ψ) = Stre^{ik·A} ( 1 8! (ψ̄ · Γ^{αγ} k/ψ) · (ψ̄ · Γ_{γδ}k/ψ) · (ψ̄ · Γ^{δβ}k/ψ) · ψ̄Γ_{αβ} − i 2 · 5! F^{μα} · (ψ̄ · k/Γ_{αβ}ψ) · (ψ̄ · k/Γ^{βν}ψ) · ψ̄Γ_{μν} + · · · · · · − 1 8 · 4! F^{μν} · F^{ρσ}(ψ̄ · Γ_{μνρσλαβ} ψ)k^λ · ψ̄Γ^{αβ} − 1 12 F^{μα} · F_{αβ} · (ψ̄ · k/Γ^{βν} ψ) · ψ̄Γ_{μν} − 1 24 F^{μα} · (ψ̄ · k/Γ_{αβ}ψ) · F^{βν} · ψ̄Γ_{μν} − 1 48 F^{ρσ} · (ψ̄ · k/Γ_{ρσ}ψ) · F^{μν} · ψ̄Γ_{μν} + · · · + · · · + i 24 ψ̄ · Γ_{μνρσλτ} F^{μν} · F^{ρσ} · F^{λτ} + iψ̄ · Γ^{μν} (F_{μρ} · F^{ρσ} · F_{σν} − 1 4 F^{ρσ} · F_{σρ} · F_{μν} ) ) . (4.51)

The O(λ^8) terms give the vertex operator for the dilaton Φ^c. It has also partly been obtained as follows: V^{Φc} (A, ψ) = Stre^{ik·A} ( 1 8 · 8! (ψ̄ · Γ^{αγ} k/ψ) · (ψ̄ · Γ_{γδ}k/ψ) · (ψ̄ · Γ_{δβ} k/ψ) · (ψ̄ · Γ_{αβ}k/ψ) + · · · · · · + i 48 (ψ̄ · Γ_{μνρσλτ} k/ψ) · F^{μν} · F^{ρσ} · F^{λτ} + [A_μ, ψ̄] · Γ_{ρσ}Γ_ν ψ · F^{μν} · F^{ρσ} + i 2 (ψ̄ · Γ^{μν} k/ψ) · (F_{μρ} · F^{ρσ} · F_{σν} − 1 4 F^{ρσ} · F_{σρ} · F_{μν} ) −(F_{μν} · F^{νρ} · F_{ρσ} · F^{σμ} − 1 4 F_{μν} · F^{νμ} · F_{ρσ} · F^{σρ}) ) . (4.52)

We summarize our results in Appendix B.

5 Kinematic factor of four-graviton amplitude: a consistency check

As we already mentioned, the IIB matrix model was originally proposed as a matrix regularization of the Schild-gauge GS type IIB superstring, and may also be regarded as composed of the D-instanton degrees of freedom of typeIIB string theory. We have constructed a set of massless vertex operators of the IIB matrix model by requiring the covariance under supersymmetry, and therefore they form a massless typeIIB supergravity multiplet by construction. They also appear as factors of one-loop block-block interactions, which serves as a consistency check. As a further check on the validity, we will show that the kinematic factor of the R^4 term may be derived by using our vertex operators, precisely in the same manner as was done by using the light-cone supermembrane vertex operators[5, 10].

Suppose that we consider the following four-graviton amplitude ⟨_4 ∏ r=1 V^h_{μr νr} (k_r)h^{μr νr} (k_r) ⟩ . (5.1)

Using the zeromode saturation argument, we find that only the ψ^4 term can contribute to the amplitude V^h_{μν} (k) ∼ − 1 4 · 4! k^λk^τ Stre^{ikA}(ψ̄ · Γ^σ_{μλ} ψ) · (ψ̄ · Γ_{ντ σ}ψ). (5.2) Thus (5.1) contains the factor ∫ dψ^{16}_0 4∏ r=1 k^{λr}_r k^{τr}_r (ψ̄_0Γ^{σr}_{μr λr} ψ_0) · (ψ̄_0Γ_{νRτr σr} ψ_0), (5.3)

where ψ_0 is the zeromode. This is precisely the factor which arises in the four-graviton amplitude in the D-instanton background computed in [11]. Indeed, our construction of the IIB matrix-model vertex operators shares some similarity with their construction of the closed string vertices in the D-instanton background. (5.3) is therefore proportional to t_8t_8R^4, which is a consistent result.

6 Conclusions

In this paper we have reported progress in determining the complete form of massless supergravity vertex operators in the IIB matrix model. In principle, they are determined by supersymmetry, but it becomes harder to carry out the actual computation for higher vertex operators. We have developed two new methods to lighten our work. After dozens of pages of Fierz arrangements we have finally reached new formulas for the vertex operators emitting two higher component fields in the supergravity multiplet.

While it is important to fix the exact form in its own right, vertex operators may be useful in computing correlation functions in the IIB matrix model. We have taken the same step as in [5] to compute a four-point graviton amplitude to find a consistent result.

We have extensively used the fact that the simplest kind of supersymmetric Wilson loop operator satisfies the same equation as the generating function of the Wilson loop correlation functions does. The one-loop analysis has already revealed that the effective action has a form expressed in terms of bilinear of vertex operators. In view of these facts, we conjecture that the low-energy effective action of the IIB matrix model in the large-N limit is precisely given by tree-level supergravity coupled to the vertex operators presented here. It is because they possess the identical N = 2 supersymmetry.

Acknowledgement

We thank S. Iso and H. Umetsu for useful discussions. Y. K. and S. M. are supported in part by the Grant-in-Aid for Scientific Research from the Ministry of Education, Science and Culture of Japan.

Appendix A Notation

In Appendix A, we present the notation used in this paper. Basically, we follow the same notation as in Ref. [4].

A.1 10D Gamma matrices

We use the Minkowskian spacetime metric η_{μν} = diag(−1, +1, · · ·, +1). (A.1) Gamma matrices are defined by {Γ_μ, Γ_ν } = 2η_{μν} . (A.2) We use the Majorana-Weyl representation. In this representation Γ_0 has the following properties:

(Γ_0)^T = Γ_0, (A.3) (Γ_0)^2 = −1, (A.4) Γ_0Γ_μΓ_0 = −(Γ_μ)^T . (A.5) The chirality matrix Γ_{11} is defined by Γ_{11} ≡ Γ_0Γ_1 · · · Γ_9, (A.6) and satisfies (Γ_{11})^2 = 1, (A.7) (Γ_{11})^† = Γ_{11}. (A.8)

We denote the anti-symmetrized gamma matrix as follows: Γ_{μ1μ2···μn} = Γ_{μ1} Γ_{μ2} · · · Γ_{μn} = 1 n! Γ_{[μ1} Γ_{μ2} · · · Γ_{μn]}. (A.9)

A.1.1 Symmetry and anti-symmetry

In our representation Γ_0Γ_{μ1···μn} is either symmetric or anti-symmetric. For example, Γ_0 · · · symmetric Γ_0Γ_μ · · · symmetric Γ_0Γ_{μ1μ2} · · · anti-symmetric Γ_0Γ_{μ1μ2μ3} · · · anti-symmetric Γ_0Γ_{μ1μ2μ3μ4} · · · symmetric Γ_0Γ_{μ1μ2μ3μ4μ5} · · · symmetric.

In general, (Γ_0Γ_{μ1μ2···μn} )_{αβ} = (−1)^{n(n−1)2} (Γ_0Γ_{μ1μ2···μn} )_{βα}. (A.10)

A.1.2 Duality

The following relations hold between Γ^{μ1···μn} and Γ^{μn+1···μ10} : Γ^{μ1···μn} = (−1)^{k(k−1)}2 (10 − k)!

ϵ^{μ1μ2···μ10} Γ_{μk+1···μ10} Γ_{11}. (A.11)

A.1.3 Multiplication law

The product of two anti-symmetrized gamma matrices can be decomposed in terms of antisymmetrized matrices. For instance, the product of Γ_μ and Γ_ν is decomposed as Γ_μΓ_ν = Γ_{μν} + η_{μν} , (A.12) and the product of Γ_{μν} and Γ_λ decomposed as Γ_{μν} Γ_λ = Γ_{μνλ} − 2η_{μλ}Γ_ν . (A.13) Generally, the following multiplication law of the gamma matrices holds: Γ^{μ1μ2···μp} Γ^{ν1ν2···νq} = min(p,q) ∑ k=0 (−1)^{12 k(2p−k−1)} p!q! (p − k)!(q − k)!k! η^{μ1ν1} ··· η^{μkνk} Γ^{μk+1···μpνk+1···νq} . (A.14) The above two cases correspond to (p, q) = (1, 1), (p, q) = (2, 1) respectively.

A.1.4 Commutators and anti-commutators

Using the multiplication law, we can derive the following relations: {Γ^μ, Γ^ν } = 2η^{μν} (A.15) [Γ^{αβ}, Γ^μ] = −4η^{μα}Γ^β (A.16) {Γ^{αβγ} , Γ^μ} = 6η^{μα}Γ^{βγ} (A.17) [Γ^{αβγδ}, Γ^μ] = −8η^{μα}Γ^{βγδ} (A.18) {Γ^{αβγδλ}, Γ^μ} = 10η^{μα}Γ^{βγδλ} (A.19)

[Γ_{μν} , Γ_{αβ} ] = −8η_{μα}Γ_{νβ} (A.20) [Γ_{μνρ}, Γ_{αβ}] = 12η_{μα}Γ_{νρβ} (A.21) [Γ_{μνρσ} , Γ_{αβ}] = −16η_{μα}Γ_{νρσβ} (A.22) [Γ_{μνρσγ} , Γ_{αβ}] = 20η_{μα}Γ_{νρσβ} (A.23)

{Γ_{μνρ}, Γ_{αβγ} } = 18η_{μα}Γ_{νρβγ} − 12η_{μα}η_{νβ}η_{ργ} . (A.24)

A.1.5 Contractions

The following relations among the gamma matrices hold: Γ^αΓ_α = 10 (A.25) Γ^αΓ_μΓ_α = −8Γ_μ (A.26) Γ^αΓ_{μν} Γ_α = 6Γ_{μν} (A.27) Γ^αΓ_{μνρ}Γ_α = −4Γ_{μνρ} (A.28) Γ^αΓ_{μνρσ}Γ_α = 2Γ_{μνρσ} (A.29) Γ^αΓ_{μνρσλ}Γ_α = 0 (A.30) Γ^αΓ_{μνρσλτ} Γ_α = −2Γ_{μνρσλτ} (A.31) Γ^αΓ_{μνρσλτ η} Γ_α = 4Γ_{μνρσλτ η} (A.32)

Γ^{αβ}Γ_{αβ} = −90 (A.33) Γ^{αβ}Γ_μΓ_{αβ} = −54Γ_μ (A.34) Γ^{αβ}Γ_{μν} Γ_{αβ} = −26Γ_ν (A.35) Γ^{αβ}Γ_{μνρ}Γ_{αβ} = −6Γ_{μνρ} (A.36) Γ^{αβ}Γ_{μνρσ}Γ_{αβ} = 6Γ_{μνρσ} (A.37) Γ^{αβ}Γ_{μνρσλ}Γ_{αβ} = 10Γ_{μνρσλ} (A.38)

Γ^{αβγ} Γ_{αβγ} = −720 (A.39) Γ^{αβγ} Γ_μΓ_{αβγ} = 288Γ_μ (A.40) Γ^{αβγ} Γ_{μν} Γ_{αβγ} = −48Γ_{μν} (A.41) Γ^{αβγ} Γ_{μνρ}Γ_{αβγ} = −48Γ_{μνρ} (A.42) Γ^{αβγ} Γ_{μνρσ} Γ_{αβγ} = 48Γ_{μνρσ} (A.43) Γ^{αβγ} Γ_{μνρσλ}Γ_{αβγ} = 0. (A.44)

A.2 Majorana-Weyl spinors and fermion bilinears

In ten dimensions, a spinor ψ can be both Weyl and Majorana. Weyl means that ψ is an eigenstate of the chirality operator Γ_{11},

Γ_{11}ψ = ±ψ, (A.45)

while Majorana means that the charge conjugate of ψ is ψ itself:

ψ^c = ψ. (A.46)

In our representation of gamma matrices we have

ψ^c = ψ^∗. (A.47)

Hence the Majorana condition becomes

ψ^∗ = ψ. (A.48)

Let us consider a fermion bilinear ψ̄_1Γ_{μ1···μn} ψ_2. If ψ_1 and ψ_2 are Weyl spinors with positive chirality, they satisfy the following relations: ψ̄_1Γ_{μ1···μn} ψ_2 = ψ^†_1Γ_0Γ_{μ1···μn} Γ_{11}ψ_2 = (−1)^{n+1}ψ^†_1Γ_{11}Γ_0Γ_{μ1···μn} ψ_2 = (−1)^{n+1}ψ̄_1Γ_{μ1···μn} ψ_2. (A.49) Hence, bilinear forms vanish unless n is odd.

Next, let ψ_1 and ψ_2 be Majorana spinors, then ψ̄_1Γ_{μ1···μn} ψ_2 = (ψ_1)_α(Γ_0Γ_{μ1···μn} )_{αβ} (ψ_2)_β = −(−1)^{n(n−1)2} (ψ_2)_β(Γ_0Γ_{μ1···μn} )_{βα}(ψ_1)_α = −(−1)^{n(n−1)2} ψ̄_2Γ_{μ1···μn} ψ_1. (A.50) If ψ_1 = ψ_2, the bilinear form vanishes unless n = 2, 3, 6, 7, 10.

In summary, If ψ is a Majorana-Weyl spinor, the bilinear form ψ̄Γ_{μ1···μn} ψ vanishes unless n = 3, 7.

A.3 The Fierz identity

The Fierz identity is given by [12] (ψ̄Mχ)(λ̄Nψ) = − 1 32 5∑ n=0 C_n(ψ̄Γ_{μ1···μn} ϕ)(λ̄NΓ^{μ1···μn} Mχ), (A.51) C_0 = 2, C_1 = 2, C_2 = −1, C_3 = − 1 3 , C_4 = 1 12 , C_5 = 1 120 . (A.52)

We can derive many identities using the above Fierz rearrangement formula; we present some of them. In the following formulas λ is a Majorana-Weyl spinor and k^2 = 0. f^{μ1···μn} is an anti-symmetric tensor.

A.3.1 λ^2

The following relations hold: (ϵ̄k/λ)λ̄ = 1 96 (λ̄Γ_{αβγ} λ)ϵ̄k/Γ^{αβγ} = 1 16 b_{αβ}ϵ̄Γ^{αβ} − 1 96 (λ̄Γ_{αβγ} λ)ϵ̄Γ^{αβγ} k/ (A.53)

(ϵ̄_1Γ^ρλ)(λ̄Γ_ρϵ_2) = − 1 24 (λ̄Γ_{αβγ} λ)(ϵ̄_1Γ^{αβγ} ϵ_2) (A.54)

(ϵ̄Γ^ν λ)λ̄k/Γ_ν = 1 8 b_{αβ}ϵ̄Γ^{αβ} + 1 48 (λ̄Γ_{αβγ} λ)ϵ̄Γ^{αβγ} k/ (A.55)

(ϵ̄_1k/λ)(λ̄k/ϵ_2) = 1 16 b^{αβ} (ϵ̄_1k/Γ_{αβ}ϵ_2) (A.56)

(ψ̄k/λ)^2 = − 1 16 b̃^{μν} b_{μν} , (A.57)

where b_{μν} = (λ̄k/Γ_{μν} λ), and b̃_{μν} = (ψ̄k/Γ_{μν} ψ).

A.3.2 λ^3

The following identities hold:

Γ^{αβ} λ(λ̄Γ_{αβγ} λ) = 0 (A.58)

Γ^{αβγ} λ(λ̄Γ_{αβγ} λ) = 0 (A.59)

(λ̄Γ^{αβγ} λ)λ̄ = 1 2 (λ̄Γ_τ^{αβ}λ)λ̄Γ^τ Γ^γ (A.60)

Γ_{μν} k/λ b^{μν} = 0 (A.61)

(ψ̄k/λ)^3 = − 1 48 b̃^{μν} (ψ̄Γ_μΓ_αk/λ)b^α_ν . (A.62)

A.3.3 λ^4

The following identities hold:

b_{μν} b^{μν} = 0 (A.63)

(λ̄Γ^{τ αβ} λ)b_τ^γ = 0 (A.64) b_{μν} b_{ρσ} = 1 3 (b_{μν} b_{ρσ} + b_{μρ}b_{σν} + b_{μσ} b_{νρ}) − 2 3 η_{μρ}b_ν^αb_{ασ} − 1 3 k_μb_ν^α(λ̄Γ_{ρσα}λ) − 1 3 k_ρb_σ^α(λ̄Γ_{μνα}λ) (A.65)

b_{μν} b_{ρσ} = b_{μρ}b_{σν} −η_{μρ}b_ν^αb_{ασ} − 1 2 k_μb_ν^α(λ̄Γ_{ρσα}λ) − 1 2 k_ρb_σ^α(λ̄Γ_{μνα}λ) (A.66)

b^{ντ} (λ̄Γ_ν Γ_{αβγ} Γ_τ λ)f^{αβγ} = 0 (A.67)

b^{τ ν} (λ̄Γ_ν Γ_{μ1μ2μ3μ4 μ5} Γ_τ λ)f^{μ1μ2μ3μ4 μ5} = 40b_{μ1μ2} (λ̄Γ_{μ3μ4μ5} λ)f^{μ1μ2μ3μ4μ5} (A.68)

(ϵ̄k/λ)Γ^αk/λ b_{αμ} = 1 8 Γ^αk/ϵb_{μβ} b^β_α + 1 16 Γ^{αβγ} k/ϵb_{μα}b_{βγ} (A.69)

(ψ̄k/λ)^4 = 1 4 · 96 b̃^{μα}b̃_α^ν b_{μβ} b^β_ν + 1 8 · 96 b̃^{μν}b̃^{ρσ} (b_{μν} b_{ρσ} + b_{μρ}b_{σν} + b_{μσ} b_{νρ}) (A.70)

1 5! ϵ^{α1α2α3α4α5β1β2β3β4β5} k_{β1} b_{β2β3} b_{β4β5} = k^{α1} b^{α2 α3} b^{α4α5} . (A.71)

A.3.4 λ^5

The following identities hold: Γ^αΓ^βk/λb_{μα}b_{βν} = 3 5 k/Γ_μΓ^αλb_{αβ} b^β_ν − 2 5 k/Γ_ν Γ^αλb_{αβ} b^β_μ (A.72) λb_{μα}b^α_ν = 1 10 Γ_{(μ}Γ^αλb_α^βb_{βν)} + 1 10 k/Γ^αλ(λ̄Γ_{α(μβ} λ)b^β_{ν)} = 1 6 Γ_{(μ}Γ^αλb_α^βb_{βν)} − 1 6 Γ^αk/λ(λ̄Γ_{α(μβ} λ)b^β_{ν)} (A.73)

(ϵ̄k/λ)b_{μα}b^α_ν = 1 10 (ϵ̄k/Γ_{(μ}Γ^βλ)b_{βα}b^α_{ν)} (A.74) = 1 10 (ϵ̄Γ_{(μ}Γ_αk/λ)b^α_βb^β_{ν)} + 1 5 k_{(μ}(ϵ̄Γ^αλ)b_{αβ} b^β_{ν)} (A.75)

Γ^{αβ}λb_{αν} (λ̄Γ_{ρσβ} λ)f^{νρσ} = −2Γ_ν Γ^αλ(λ̄Γ_{αρβ} λ)b^β_σf^{νρσ} (A.76)

Γ^{αβ} λb_{ρα}b_{βσ}f^{ρσ} = Γ_ρΓ^αλb_{αβ}b^β_σf^{ρσ} + k/Γ^αλ(λ̄Γ_{αρβ} λ)b^β_σf^{ρσ} = Γ_ρΓ^αλb_{αβ}b^β_σf^{ρσ} − Γ^αk/λ(λ̄Γ_{αρβ} λ)b^β_σf^{ρσ} (A.77)

Γ_{αβ}k/λb^{μα}b^{βν} = k/Γ^μΓ^αλb_{αβ} b^{βν} (A.78)

Γ^αλb_{αν} b_{ρσ} f^{νρσ} = − 1 5 Γ_ν Γ^{αβ}λb_{ρα}b_{βσ} f^{νρσ} − 1 10 k/Γ^αΓ^β λb_{αν} (λ̄Γ_{ρσβ} λ)f^{νρσ} = − 1 5 Γ_{νρ}Γ^αλb_{αβ} b^β_σf^{νρσ} − 2 5 k_ν Γ^αλ(λ̄Γ_{αρβ}λ)b^β_σf^{νρσ} + 2 5 k/Γ_ν Γ^αλ(λ̄Γ_{αρβ}λ)b^β_σf^{νρσ} (A.79)

(ϵ̄k/λ)b_{μν} b_{ρσ} f^{μνρσ} = − 1 15 (ϵ̄k/Γ_{μνρ}Γ^αλ)b_{αβ} b^β_σf^{μνρσ} − 2 5 k_μ(ϵ̄Γ_ν k/Γ_αλ)(λ̄Γ^α_{ργ} λ)b^γ_σf^{μνρσ} (A.80)

Γ^{μνρ}Γ_{αβ}λb_{μν} b_{ρσ} f^{αβ} = − 2 5 Γ_{αβ} Γ^δλb_{δη} b^{ησ} f^{αβ} + 24 5 η_{ασ} Γ^δλb_{δη} b^η_βf^{αβ} − 4 5 Γ_σΓ_αΓ^δλb_{δη} b^η_βf^{αβ} − 8 5 Γ_αk/Γ^δλ(λ̄Γ_{δβη}λ)b^η_σf^{αβ} − 16 5 k_σΓ^δλ(λ̄Γ_{δαη} λ)b^η_β f^{αβ} − 32 5 k_αΓ^δλ(λ̄Γ_{δβη}λ)b^η_σf^{αβ} + 16 5 Γ_σk/Γ^δλ(λ̄Γ_{δαη} λ)b^η_β f^{αβ} (A.81)

k/λb_τ^ν (λ̄Γ^{αβτ} λ) = − 1 10 k/Γ^ν Γ_δλb^{δτ} (λ̄Γ_τ^{αβ}λ) + 1 5 k/Γ^αΓ_δλ(λ̄Γ^{δβτ} λ)b_τ^ν (A.82)

Γ_αΓ_ν k/λb_τ^ν (λ̄Γ^{αβτ} λ) = −2Γ^ν λb_ν^τ b_τ^β (A.83)

(ψ̄k/λ)^5 = 1 4 · 5 · 48 b̃^{μα}b̃_α^ν (ψ̄Γ_μΓ_βk/λ)b^β_γ b^γ_ν . (A.84)

A.3.5 λ^6

The following identities hold:

b_{αβ} b^{βγ} b_γ^α = 0 (A.85) b_{ρσ} b_{μα}b^α_ν S^{μν} f^{ρσ} = − 8 15 η_{ρμ}b_{σβ} b^β_αb^α_ν S^{μν} f^{ρσ} − 1 15 η_{μν} b_ρ^βb_{βα}b^α_σS^{μν} f^{ρσ} + 7 15 k_μb_ν^α(λ̄Γ_{αρβ} λ)b^β_σS^{μν} f^{ρσ} − 2 15 k_μb_ρ^α(λ̄Γ_{ανβ}λ)b^β_σS^{μν} f^{ρσ} + 1 15 k_μb_ρ^α(λ̄Γ_{ασβ} λ)b^β_ν S^{μν} f^{ρσ} + 8 15 k_ρb_μ^α(λ̄Γ_{ανβ} λ)b^β_σS^{μν} f^{ρσ} (A.86) (λ̄k/ϵ)Γ_αk/λb^{αβ}b_{βμ} = 1 8 k^αΓ_{αβ} ϵb^β_γ b^{γδ} b_{δμ} − 1 48 Γ_{μνρσ} ϵk^ν b^{ρα}b_{αβ} b^{βσ} − 1 48 k_μΓ^{νρσλ}ϵk_ν b_ρ^α(λ̄Γ_{ασβ} λ)b^β_λ (A.87) (λ̄k/Γ^μΓ^θϵ)Γ_αk/λb^{αβ} b_{βμ} = 1 4 Γ^{νβμ}Γ^θϵk_ν b_β^γ b_{γδ}b^δ_μ (A.88)

(λ̄Γ^αϵ_1)(ϵ̄_2Γ^ρΓ_β k/λ)b^β_δb^{δμ} = 1 96 (ϵ̄_2Γ^ρk^λΓ_{βλμ1μ2μ3} Γ^αϵ_1)(λ̄Γ^{μ1μ2μ3} λ)b^β_δb^{δμ} − 3 32 (ϵ̄_2Γ^ρk^λΓ_{λμ2μ3} Γ^αϵ_1)b^{μ2}_δ(λ̄Γ^{δμ3 η}λ)b_η^μ + 1 96 k^μ(ϵ̄_2Γ^ρΓ_{μ1μ2μ3} Γ^αϵ_1)b^{μ1}_δ(λ̄Γ^{δμ2η}λ)b_η^{μ3} − 1 24 (ϵ̄_2Γ^ρk^λΓ_{λμ2μ3} Γ^αϵ_1)b^{μ2}_δ(λ̄Γ^{δμη} λ)b_η^{μ3} − 1 96 (ϵ̄_2Γ^ρΓ^μ_{μ2 μ3} Γ^αϵ_1)b^{μ2δ}b_{δη} b^{ημ3} − 1 16 (ϵ̄_2Γ^ρΓ_{μ3} Γ^αϵ_1)b^{μ3}_βb^β_δb^{δμ} (A.89)

(λ̄Γ_μϵ_1)(ϵ̄_2Γ^ρΓ_βk/λ)b^β_δb^{δμ} = − 1 8 (ϵ̄_2Γ^ρk^λΓ_{λμ1μ2 μ3} ϵ_1)b^{μ1}_δ(λ̄Γ^{δμ2 η}λ)b_η^{μ3} − 1 8 (ϵ̄_2Γ^ρΓ_{μ2μ3} ϵ_1)b^{μ2δ}b_{δη} b^{ημ3} (A.90) b_{ρσ} b_λ^β b_{βμ}f^{ρσλ} = − 1 3 η_{μρ}b_σ^αb_{αβ} b^β_λf^{ρσλ} + 1 3 k_μb_ρ^α(λ̄Γ_{ασβ} λ)b^β_λf^{ρσλ} − 1 3 k_ρb_σ^α(λ̄Γ_{αμβ} λ)b^β_λf^{ρσλ} (A.91)

(ψ̄k/λ)^6 = − 1 8 · 6! b̃^{μα}b̃_{αβ}b̃^{βν} b_{μγ} b^{γδ}b_{δν} (A.92)

1 5! ϵ^{α1α2α5β1β2β3βbeta5 α3α4} k_{β1} b_{β2β3} b_{β4β5} b_{α3α4} = k^{α1} b^{α2α3} b_{α3α4} b^{α4α5} , (A.93)

where S^{μ1···μn} is a symmetric tensor.

A.3.6 λ^7

The following identities hold:

(ϵ̄k/λ)b_{μρ}b^{ρσ}b_{σν} = 1 3 (ϵ̄Γ^ρΓ_αk/λ)b_{μρ}b^{ασ} b_{σν} (A.94)

(ϵ̄Γ_ρΓ_αk/λ)b^α_μb^{ρσ} b_{σν} = (ϵ̄k/λ)b_{μρ}b^{ρσ}b_{σν} (A.95)

(ϵ̄k/λ)b_{μρ}b^{ρσ} b_{σν} f^{μν} = 1 7 (ϵ̄k/Γ_μΓ_αλ)b^α_ρb^{ρσ} b_{σν} f^{μν} (A.96)

Γ^μλb_{μα}b^{αβ} b_{βν} = − 1 8 Γ_ν Γ^{αβ} λb_{αγ} b^{γδ}b_{δβ} − 1 8 k/Γ^{αβ}λb_{αγ} b^{γδ} (λ̄Γ_{δνβ}λ) = − 1 8 Γ_ν Γ^{αβ} λb_{αγ} b^{γδ}b_{δβ} − 1 8 k/Γ^{αβ}λb_α^γ (λ̄Γ_{γνδ}λ)b^δ_β (A.97)

Γ_μk/λb^{μρ}b_{ρσ} b^{σν} = 1 8 k/Γ_νΓ^{αβ} λb_{αγ} b^{γδ} b_{δβ} = − 1 8 Γ^ν Γ_{αβ} k/λb^α_ρb^{ρσ} b_σ^β + 1 4 k_ν Γ_{αβ} λb^α_ρb^{ρσ}b_σ^β (A.98)

(ϵ̄k/λ)b_{μρ}b^{ρσ} b_{σν} f^{μν} = − 1 56 (ϵ̄Γ_{μν} Γ_{αβ} k/λ)b^α_ρb^{ρσ} b_σ^βf^{μν} − 1 28 k_μ(ϵ̄Γ_ν Γ_{αβ}λ)b^α_ρb^{ρσ}b_σ^β f^{μν} + 2 7 k_μ(ϵ̄Γ_αλ)b^α_ρb^{ρσ} b_{σν} f^{μν} = − 1 56 (ϵ̄Γ_{μν} Γ_{αβ} k/λ)b^α_ρb^{ρσ} b_σ^βf^{μν} − 1 14 k_μ(ϵ̄Γ_ν Γ_{αβ}λ)b^α_ρb^{ρσ}b_σ^β f^{μν} − 1 28 k_μ(ϵ̄k/Γ^{αβ}λ)b_α^γ (λ̄Γ_{γνδ}λ)b^δ_βf^{μν} (A.99)

Γ_{αδ}λb^δ_μb^{αβ} b_{βν} f^{μν} = 1 3 Γ_{μδ}λb^{δθ}b_{θβ} b^β_ν f^{μν} − 1 3 k^δΓ_{αδ}λb_μ^θ(λ̄Γ_{θαβ}λ)b^β_ν f^{μν} + 1 3 k^αΓ_{αδ}λ(λ̄Γ^δ_{μθ}λ)b^θ_βb^β_ν f^{μν} (A.100)

Γ^δk/λ(λ̄Γ_{δμα}λ)b^{αβ} b_{βν} f^{μν} = 1 20 k/Γ_ν Γ_{αβ}λb^{αδ} (λ̄Γ_{δμτ} λ)b^{τ β}f^{μν} − 11 5 λb_{μδ}b^δ_τ b^τ_ν f^{μν} + 3 5 Γ_μΓ^ηλb_{ητ} b^{τ δ}b_{δν} f^{μν} (A.101)

Γ_αk/λb^{αδ}(λ̄Γ_{δμτ} λ)b^τ_ν f^{μν} = 3 20 k/Γ_ν Γ_{αβ}λb^{αδ} (λ̄Γ_{δμτ} λ)b^{τ β}f^{μν} + 7 5 λb_{μδ} b^δ_τ b^τ_ν f^{μν} − 1 5 Γ_μΓ^ηλb_{ητ} b^{τ δ}b_{δν} f^{μν} (A.102)

Γ_{τ η}λb^η_μb^{τ δ} b_{δν} f^{μν} = − 1 20 k/Γ_ν Γ_{αβ}λb^{αδ} (λ̄Γ_{δμτ} λ)b^{τ β}f^{μν} − 4 5 λb_{μδ} b^δ_τ b^τ_ν f^{μν} + 2 5 Γ_μΓ^ηλb_{ητ} b^{τ δ}b_{δν} f^{μν} (A.103)

(ψ̄k/λ)^7 = 1 8 · 8! b̃^{αγ}b̃_{γδ}b̃^{δβ} (ψ̄Γ_{αβ}Γ_{μν} k/λ)b^{μρ}b_{ρσ}b^{σν} . (A.104)

A.3.7 λ^8

The following identities hold: b_{αβ} b^{βγ} b_{γδ} b^{δα} = −b_{μν} b^{μρ}b_{ρσ}b^{σν} (A.105)

Γ^{αμνβγ} ϵk_αb_{μν} b_{βρ}b^{ρσ}b_{σγ} = 0 (A.106)

(ϵ̄k/λ)Γ^{μν} k/λb_{μρ}b^{ρσ}b_{σν} = − 1 8 k/ϵb_{μρ}b^{ρσ}b_{σν} b^{νμ} (A.107)

(ψ̄k/λ)^8 = − 1 8^2 · 8! b̃^{αγ}b̃_{γδ}b̃^{δβ}b̃_{αβ} b_{μρ}b^{ρσ} b_{σν} b^{νμ}. (A.108)

A.4 The symmetrized trace

The symmetrized trace ”Str” is defined by Stre^{ik·A}B_1 · B_2 · · · B_n = ∫_1 0 dt_1 ∫_1

t_1 dt_2 · · · ∫_1 t_{n−2} dt_{n−1} ×tre^{ik·At1} B_1e^{ik·A(t2−t1)}B_2 · · · e^{ik·A(tn−1−tn−2)}B_{n−1}e^{ik·A(1−tn−1)}B_n +(permutations of B_i^′s(i = 2, 3 · · · n)). (A.109) The dot on the left hand side indicates that the operators B_i are symmetrized. If we set k = 0, the symmetrized trace becomes Str(B_1 · B_2 · · · ·B_n) = 1 n! ∑ perm. tr(B_{i1} B_{i2} · · · B_{in} ). (A.110)

The explicit forms with two and three inserted operators are written as Str(e^{ik·A}B · C) = tr ∫_1 0 dte^{ik·At}Be^{ik·A(1−t)}C, (A.111)

Str(e^{ik·A}B · C · D) = tr ∫_1 0 dt_1 ∫_1

t_1 dt_2e^{ik·At1} Be^{ik·A(t2−t1)}Ce^{ik·A(1−t2)}D +(C ↔ D), (A.112)

where all the matrices are bosonic. The definitions for fermionic matrices can be similarly obtained by replacing the bosonic matrices with the fermionic ones.

The relations below follow from the definition: Str(e^{ik·A}B · C) = Str(e^{ik·A}C · B), (A.113) Str(e^{ik·A}B · C · D) = Str(e^{ik·A}C · B · D) = Str(e^{ik·A}C · D · B) = · · ·. (A.114) That is, we can permute matrices in the symmetrized trace. In particular, there are no ordering ambiguities in symmetrized trace. For fermionic matrices, an appropriate change of sign must be included.

Another useful equation related to the symmetrized trace is Str(e^{ik·A}[ik · A, B]C_1 · C_2 · · · C_n) = −Str(e^{ik·A}[C_1, B] · C_2 · · · C_n) −Str(e^{ik·A}C_1 · [C_2, B] · · · C_n) − · · · −Str(e^{ik·A}C_1 · C_2 · · · [C_n, B]). (A.115)

These relations above are frequently used in this paper to derive the vertex operators.

A.4.1 The Ξ term

Let us consider Str(e^{ik·A}ψ_α ·ψ_β)(Γ_0Γ_{μ1···μn} )_{αβ} and Str(e^{ik·A}{ψ_α, ψ_β })(Γ_0Γ_{μ1···μn} )_{αβ}, where ψ is an n × n Majorana-Weyl fermionic matrix. Since hey vanish if n is even (because ψ is Weyl), we only need to consider the case for odd n. Note that Str(e^{ik·A}ψ_α ·ψ_β) is anti-symmetric in α and β, whereas Str(e^{ik·A}{ψ_α, ψ_β}) is symmetric. Due to (A.10), Str(e^{ik·A}ψ_α ·ψ_β)(Γ_0Γ_{μ1···μn} )_{αβ} is zero unless n = 3, 7, whereas Str(e^{ik·A}{ψ_α, ψ_β}) (Γ_0Γ_{μ1···μn} )_{αβ} vanishes unless n = 1, 5, 9. Γ_{μ1···μ9} can be described by Γ_{ν1} using the duality relation of gamma matrices(A.11), and hence reduces to n = 1. In order to deal with {ψ_α, ψ_β}(Γ_0Γ_μ)_{αβ}, we can make use of the equation of motion. For n = 5, we introduce a new notation Ξ as

Ξ_{μ1μ2μ3μ4μ5} ≡ {ψ_α, ψ_β}(Γ_0Γ_{μ1μ2μ3μ4μ5} )_{αβ}. (A.116)

Although unfamiliar in the literature, it necessarily appears in the expressions of the vertex operators.

Finally, we give a useful Fierz identity related to {ψ_α, ψ_β }: Str(e^{ik·A}ψ̄ · Γ_μ{ψ, ψ̄}Γ_ν λ) = Str(e^{ik·A}ψ_α · (Γ_0Γ_μ)_{αβ}{ψ_β, ψ_γ }(Γ_0)_{γδ}(Γ_ν )_{δϵ}λ_ϵ) = Str(e^{ik·A} 1 16 {ψ_γ , ψ_β}(Γ_0Γ^τ )_{γβ} · (ψ̄Γ_μΓ_τ Γ_ν λ)) +Str(e^{ik·A} 1 32 · 1 5! Ξ^{τ1τ2τ3τ4τ5} · (ψ̄Γ_μΓ_{τ1τ2τ3τ4τ5} Γ_ν λ)). (A.117)

If k = 0 and μ = ν, the above formula becomes trψ̄Γ_μ{ψ, ψ̄}Γ^μλ = −tr 1 2 (ψ̄Γ^τ λ){ψ̄Γ_τ , ψ}. (A.118)

B 10D Vertex Operators V^Φ(A, ψ) = tre^{ik·A} V^{Φ̃}(A, ψ) = Stre^{ik·A}ψ̄ V^B_{μν} (A, ψ) = Stre^{ik·A} ( 1 16 k^ρ(ψ̄ · Γ_{μνρ}ψ) − i 2 [A_μ, A_ν ] )

V^Ψ_μ (A, ψ) = Stre^{ik·A} ( − i 12 k^ρ(ψ̄ · Γ_{μνρ}ψ) − 2[A_μ, A_ν ] ) · ψ̄Γ^ν V^h_{μν} (A, ψ) = Stre^{ik·A} ( − 1 96 k^ρk^σ (¯ ψ · Γ_{μρ}^βψ ) · (¯ ψ · Γ_{νσβ} ψ )

− i 4 k^ρψ̄ · Γ_{ρβ(μ}ψ · F_{ν)}^β + 1 2 ψ̄ · Γ_{(μ}[A_{ν)}, ψ] + 2F_μ^ρ · F_{νρ} )

V^A_{μνρσ}(A, ψ) = Stre^{ik·A} ( i 8 · 4!

k_αk_γ (ψ̄ · Γ_{[μν}^αψ) · (ψ̄ · Γ_{ρσ]}^γ ψ) + i 3 ψ̄ · Γ_{[νρσ}[ψ, A_{μ]}] + 1 4 F_{[μν} · (ψ̄ · Γ_{ρσ]}^γ ψ)k_γ − iF_{[μν} · F_{ρσ]} )

V^{Ψc}_μ (A, ψ) = Stre^{ik·A} ( − i 2 · 5! k^λk^τ (ψ̄ · Γ_{μλ}^σψ) · (ψ̄ · Γ_{ντ σ}ψ) · ψ̄Γ^ν + 1 24 k^λ(ψ̄ · Γ_{λμν} ψ) · ψ̄Γ^ν Γ_{ρσ} · F^{ρσ} − 1 6 k^λ(ψ̄ · Γ_{λαβ}ψ) · ψ̄Γ^β · F^α_μ + i 3 (ψ̄ · Γ_μ[A_ν , ψ]) · ψ̄Γ^ν + i 3 (ψ̄ · Γ_ν [A_μ, ψ]) · ψ̄Γ^ν + i 6 (ψ̄ · Γ_{αβμ}ψ) · [A^α, ψ̄]Γ^β −iF_{μν} · F_{ρσ} · ψ̄Γ^ν Γ^{ρσ} )

V^{Bc}_{μν} (A, ψ) = Stre^{ik·A} ( − 1 8 · 6!

k^λk^τ k^α(ψ̄ · Γ_{μλ}^σψ) · (ψ̄ · Γ_{γτ σ}ψ) · (ψ̄ · Γ^γ_{αν} ψ) + i 64 (ψ̄ · k/Γ_{μα}ψ) · F^{αβ}(ψ̄ · k/Γ_{βν}ψ) + i 16 · 4! (ψ̄ · k/Γ_{[μα}ψ) · (ψ̄ · k/Γ^{ασ}ψ) · F_{σν]} − 1 32 ψ̄ · Γ_{[μ}[A^σ, ψ] · (ψ̄ · k/Γ_{σν]}ψ) − 1 64 (ψ̄ · k/Γ_{[μα}ψ) · ψ̄Γ^α[A_{ν]}, ψ] + i 4! · 32 Ξ_{μναβγ} · (ψ̄ · Γ^{αβγ} ψ) − i 64 [A_α, F^{ατ} ] · (ψ̄ · Γ_{τ μν} ψ) + 1 64 (ψ̄ · Γ_{μνρσλτ} k/ψ) · F^{ρσ} · F^{λτ} + 1 16 (ψ̄ · Γ_{ρσ}k/ψ) · F^{ρσ} · F^{μν} − 1 8 (ψ̄ · Γ_{ρσ}k/ψ) · F^{μρ} · F^{νσ} + 1 8 (ψ̄ · Γ_{[μσ}k/ψ) · F^{σα} · F_{αν]} − 1 32 (ψ̄ · Γ^{μν} k/ψ) · F^{ρσ} · F_{σρ} + i 4 ψ̄ · Γ_{μνα}[A_β, ψ] · F^{αβ} + i 8 ψ̄ · Γ_{ρσ[μ}[A_{ν]}, ψ] · F^{ρσ} + i 4 ψ̄ · Γ_{(μ}[A_{ρ)}, ψ] · F^ρ_ν − i 4 ψ̄ · Γ_{(ν} [A_{ρ)}, ψ] · F^{ρμ} −iF_{μρ} · F^{ρσ} · F_{σν} + i 4 F_{μν} · F^{ρσ} · F_{σρ} )

V^{Φ̃c} (A, ψ) = Stre^{ik·A} ( 1 8! (ψ̄ · Γ^{αγ} k/ψ) · (ψ̄ · Γ_{γδ} k/ψ) · (ψ̄ · Γ^{δβ}k/ψ) · ψ̄Γ_{αβ} − i 2 · 5! F^{μα} · (ψ̄ · k/Γ_{αβ}ψ) · (ψ̄ · k/Γ^{βν} ψ) · ψ̄Γ_{μν} + · · · · · · − 1 8 · 4! F^{μν} · F^{ρσ}(ψ̄ · Γ_{μνρσλαβ} ψ)k^λ · ψ̄Γ^{αβ} − 1 12 F^{μα} · F_{αβ} · (ψ̄ · k/Γ^{βν}ψ) · ψ̄Γ_{μν} − 1 24 F^{μα} · (ψ̄ · k/Γ_{αβ}ψ) · F^{βν} · ψ̄Γ_{μν} − 1 48 F^{ρσ} · (ψ̄ · k/Γ_{ρσ}ψ) · F^{μν} · ψ̄Γ_{μν} + · · · + · · · + i 24 ψ̄ · Γ_{μνρσλτ} F^{μν} · F^{ρσ} · F^{λτ} + iψ̄ · Γ^{μν} (F_{μρ} · F^{ρσ} · F_{σν} − 1 4 F^{ρσ} · F_{σρ} · F_{μν} ) )

V^{Φc} (A, ψ) = Stre^{ik·A} ( 1 8 · 8! (ψ̄ · Γ^{αγ} k/ψ) · (ψ̄ · Γ_{γδ}k/ψ) · (ψ̄ · Γ_{δβ} k/ψ) · (ψ̄ · Γ_{αβ} k/ψ) + · · · · · · + i 48 (ψ̄ · Γ_{μνρσλτ} k/ψ) · F^{μν} · F^{ρσ} · F^{λτ} + [A_μ, ψ̄] · Γ_{ρσ}Γ_ν ψ · F^{μν} · F^{ρσ} + i 2 (ψ̄ · Γ^{μν} k/ψ) · (F_{μρ} · F^{ρσ} · F_{σν} − 1 4 F^{ρσ} · F_{σρ} · F_{μν} ) −(F_{μν} · F^{νρ} · F_{ρσ} · F^{σμ} − 1 4 F_{μν} · F^{νμ} · F_{ρσ} · F^{σρ}) ) .

References

[1] N. Ishibashi, H. Kawai, Y. Kitazawa and A. Tsuchiya, Nucl. Phys. B 498 (1997) 467 [arXiv:hep-th/9612115].

[2] M. Fukuma, H. Kawai, Y. Kitazawa and A. Tsuchiya, Nucl. Phys. B 510 (1998) 158 [arXiv:hep-th/9705128].

[3] Y. Kitazawa, “Vertex operators in IIB matrix model,” JHEP 0204, 004 (2002) [arXiv:hep-th/0201218].

[4] S. Iso, H. Terachi and H. Umetsu, “Wilson loops and vertex operators in matrix model,” Phys. Rev. D 70, 125005 (2004) [arXiv:hep-th/0410182].

[5] A. Dasgupta, H. Nicolai and J. Plefka, JHEP 0005, 007 (2000) [arXiv:hep-th/0003280]. [6] K. j. Hamada, “Supersymmetric Wilson loops in IIB matrix model,” Phys. Rev. D 56, 7503 (1997) [arXiv:hep-th/9706187].

[7] M. B. Green, J. H. Schwarz and L. Brink, Nucl. Phys. B 219, 437 (1983). [8] S. Iso, F. Sugino, H. Terachi and H. Umetsu, Phys. Rev. D 72, 066001 (2005) [arXiv:hep-th/0503101].

[9] Y. Kitazawa, S. Mizoguchi and O. Saito, Phys. Rev. D 74, 046003 (2006) [arXiv:hep-th/0603189].

[10] J. Plefka, Int. J. Mod. Phys. A 16, 660 (2001) [arXiv:hep-th/0009193]. [11] M. B. Green and M. Gutperle, Nucl. Phys. B 498, 195 (1997) [arXiv:hep-th/9701093]. [12] E. Bergshoeff, M. de Roo, B. de Wit and P. van Nieuwenhuizen, “Ten-Dimensional Maxwell-Einstein Supergravity, Its Currents, And The Issue Of Its Auxiliary Fields,” Nucl. Phys. B 195, 97 (1982).