arXiv:hep-th/0612103v1 12 Dec 2006

Spacetimes with Longitudinal and Angular Magnetic Fields in Third Order Lovelock Gravity

M. H. Dehghani^{1,2∗} N. Bostani^1 1Physics Department and Biruni Observatory, College of Sciences, Shiraz University, Shiraz 71454, Iran 2Research Institute for Astrophysics and Astronomy of Maragha (RIAAM), Maragha, Iran

Abstract

We obtain two new classes of magnetic brane solutions in third order Lovelock gravity. The first class of solutions yields an (n + 1)-dimensional spacetime with a longitudinal magnetic field generated by a static source. We generalize this class of solutions to the case of spinning magnetic branes with one or more rotation parameters. These solutions have no curvature singularity and no horizons, but have a conic geometry. For the spinning brane, when one or more rotation parameters are nonzero, the brane has a net electric charge which is proportional to the magnitude of the rotation parameters, while the static brane has no net electric charge. The second class of solutions yields a spacetime with an angular magnetic field. These solutions have no curvature singularity, no horizon, and no conical singularity. Although the second class of solutions may be made electrically charged by a boost transformation, the transformed solutions do not present new spacetimes. Finally, we use the counterterm method in third order Lovelock gravity and compute the conserved quantities of these spacetimes.

∗ email address: mhd@shirazu.ac.ir

I. INTRODUCTION

In recent years asymptotically (anti)-de Sitter [(A)dS] spacetimes have attracted a great deal of attentions. While the interest on the asymptotically de Sitter spacetimes comes from the fact that at the present epoch the Universe expands with acceleration, the attention to asymptotically AdS spacetimes is due to the fact that there is a correspondence between supergravity (the low-energy limit of string theory) in (n + 1)-dimensional asymptotically AdS spacetimes and conformal field theory (CFT) living on an n-dimensional boundary, known as the AdS/CFT correspondence [1]. The simplest way of having an asymptotically (A)dS spacetime is to add a cosmological constant term to the right hand side of Einstein equation. However, the cosmological constant meets its well known cosmological, fine tuning and coincidence problems [2]. In the context of classical theory of gravity, the second way of having an asymptotically (A)dS spacetime is to add higher curvature terms to the left hand side of Einstein equation. The way that we deal with the asymptotically (A)dS spacetime is the latter one. Indeed, it seems natural to reconsider the left hand side of Einstein equation, if one intends to investigate classical gravity in higher dimensions. The most natural extension of general relativity in higher dimensional spacetimes with the assumption of Einstein – that the left hand side of the field equations is the most general symmetric conserved tensor containing no more than two derivatives of the metric – is Lovelock theory. Lovelock [3] found the most general symmetric conserved tensor satisfying this property. The resultant tensor is nonlinear in the Riemann tensor and differs from the Einstein tensor only if the spacetime has more than 4 dimensions. Since the Lovelock tensor contains metric derivatives no higher than second order, the quantization of the linearized Lovelock theory is ghost-free [4]

The gravitational action satisfying the assumption of Einstein is precisely of the form proposed by Lovelock [3]: I_G = ∫ d^dx √ −g [d/2]∑

k=0 α_kL_k, (1)

where [z] denotes integer part of z, α_k is an arbitrary constant and L_k is the Euler density of a 2k-dimensional manifold,

L_k = 1 2^k δ^{μ1ν1···μk νk} ρ_1σ_1···ρ_kσ_k R ρ_1σ_1 μ_1ν_1 · · · R ρ_kσ_k μ_k ν_k (2) In Eq. (2) δ^{μ1ν1···μk νk} ρ_1σ_1···ρ_kσ_k is the generalized totally anti-symmetric Kronecker delta and R ρσ μν is the Riemann tensor. It is worthwhile to mention that in d dimensions, all terms for which k > [d/2] are identically equal to zero, and the term k = d/2 is a topological term. So, only terms for which k < d/2 are contributing to the field equations. In this paper we want to restrict ourself to the first four terms of Lovelock gravity. The first term is the cosmological term, the second term is the Einstein term, and the third and fourth terms are the second order Lovelock (Gauss-Bonnet) and third order Lovelock terms, respectively. From a geometric point of view, the combination of these terms in seven-dimensional spacetimes, is the most general Lagrangian producing second order field equations, as in the four-dimensional gravity which the Einstein-Hilbert action is the most general Lagrangian producing second order field equations. Since the Lovelock Lagrangian appears in the low energy limit of string theory, there has in recent years been a renewed interest in Lovelock gravity. In particular, exact static spherically symmetric black hole solutions of the Gauss-Bonnet gravity (quadratic in the Riemann tensor) have been found in Ref. [5], and of the Maxwell-Gauss-Bonnet and Born-Infeld-Gauss-Bonnet models in Ref. [6]. The thermodynamics of the uncharged static spherically black hole solutions has been considered in [7], of solutions with nontrivial topology in [8, 9] and of charged solutions in [6, 10]. Recently NUT charged black hole solutions of Gauss-Bonnet gravity and Gauss-Bonnet-Maxwell gravity were obtained [11]. Not long ago one of us introduced two new classes of rotating solutions of second order Lovelock gravity and investigated their thermodynamics [12], and made the first attempt for finding exact static solutions in third order Lovelock gravity with the quartic terms [13], and presented the charged rotating black brane solutions of third order Lovelock gravity [14].

In this paper we are dealing with the issue of the spacetimes generated by spinning brane sources in (n + 1)-dimensional third order Lovelock theory that are horizonless and have nontrivial external solutions. These kinds of solutions have been investigated by many authors in four dimensions. Static uncharged cylindrically symmetric solutions of Einstein gravity in four dimensions were considered in [15]. Similar static solutions in the context of cosmic string theory were found in [16]. All of these solutions [15, 16] are horizonless and have a conical geometry; they are everywhere flat except at the location of the line source. The extension to include the electromagnetic field has also been done [17, 18]. Some solutions of type IIB supergravity compactified on a four dimensional torus were considered in [19], which have no curvature singularity and no conic singularity.

The outline of our paper is as follows. We give a brief review of the field equations of third order Lovelock gravity in Sec. II. In Sec. III we first present a new class of static horizonless solutions which produce longitudinal magnetic field, and then generalize these solutions to the case of spacetimes with one or more rotation parameters. In Sec. IV we introduce those horizonless solutions that produce an angular magnetic field. Section V will be devoted to the use of the counterterm method to compute the conserved quantities of these spacetimes. We also compute the electric charge densities of the branes with rotation or boost parameters. We finish our paper with some concluding remarks.

II. FIELD EQUATIONS

The main fundamental assumptions in standard general relativity are the requirements of general covariance and that the field equations for the metric be second order. Based on the same principles, the Lovelock Lagrangian is the most general Lagrangian in classical gravity which produces second order field equations for the metric. The action of third order Lovelock gravity in the presence of electromagnetic field may be written as I = ∫ d^{n+1}x √ −g ( −2Λ + L_1 + α_2L_2 + α_3L_3 − F^2 )

+ 1 8π ∫ ∂M d^nx √ −γ {L_{1b} + α_2L_{2b} + α_3L_{3b}} , (3) where Λ is the cosmological constant, α_2 and α_3 are Gauss-Bonnet and third order lovelock coefficients, L_1 = R is just the Einstein-Hilbert Lagrangian, L_2 = R_{μνγδ} R^{μνγδ} −4R_{μν} R^{μν} +R^2 is the Gauss-Bonnet Lagrangian and

L_3 = 2R^{μνσκ}R_{σκρτ} R^{ρτ}_{μν} + 8R^{μν}_{σρ}R^{σκ}_{ντ} R^{ρτ}_{μκ} + 24R^{μνσκ}R_{σκνρ}R^ρ_μ +3RR^{μνσκ}R_{σκμν} + 24R^{μνσκ}R_{σμ}R_{κν} + 16R^{μν} R_{νσ}R^σ_μ − 12RR^{μν} R_{μν} + R^3 (4) is the third order Lovelock Lagrangian. In Eq. (3) F^2 = F_{μν} F^{μν} where F_{μν} = ∂_μA_ν − ∂_ν A_μ is electromagnetic tensor field and A_μ is the vector potential. The second integral in Eq. (3) is a boundary term which is chosen such that the variational principle is well defined [14, 20, 21]. In this integral L_{1b} = K, L_{2b} = 2(J − 2 ^G^{(1)}_{ab} K^{ab}) and L_{3b} = 3(P − 2 ^G^{(2)}_{ab} K^{ab} − 12 ^R_{ab}J^{ab} + 2 ^RJ −4K ^R_{abcd}K^{ac}K^{bd} − 8 ^R_{abcd}K^{ac}K^b_e K^{ed}), where γ_{μν} is induced metric on the boundary, K is trace of extrinsic curvature of boundary, ^G^{(1)}_{ab} and ^G^{(2)}_{ab} are the n-dimensional Einstein and second order Lovelock tensors of the metric γ_{ab} [ ^G^{(2)}_{ab} will be given in Eq. (9)] and J and P are the trace of J_{ab} = 1 3 (2KK_{ac}K^c_b + K_{cd}K^{cd}K_{ab} − 2K_{ac}K^{cd}K_{db} − K^2K_{ab}) (5) and P_{ab} = 1 5 {[K^4 − 6K^2K^{cd}K_{cd} + 8KK_{cd}K^d_e K^{ec} − 6K_{cd}K^{de}K_{ef} K^{fc} + 3(K_{cd}K^{cd})^2]K_{ab} −(4K^3 − 12KK_{ed}K^{ed} + 8K_{de}K^e_f K^{fd})K_{ac}K^c_b − 24KK_{ac}K^{cd}K_{de}K^e_b +(12K^2 − 12K_{ef} K^{ef} )K_{ac}K^{cd}K_{db} + 24K_{ac}K^{cd}K_{de}K^{ef} K_{bf} } (6)

Since in Lovelock gravity, only terms for which k < d/2 are contributing to the field equations and we want to consider the third order lovelock gravity, therefore we consider the d-dimensional spacetimes with d ≥ 7. Varying the action (3) with respect to the metric tensor g_{μν} and electromagnetic tensor field F_{μν} the equations of gravitation and electromagnetic fields are obtained as:

G^{(1)}_{μν} + Λg_{μν} + α_2G^{(2)}_{μν} + α_3G^{(3)}_{μν} = T_{μν} , (7)

∇_ν F^{μν} = 0, (8) where T_{μν} = 2F^ρ_μF_{ρν} −^1_2 F_{ρσ}F^{ρσ}g_{μν} is the energy-momentum tensor of electromagnetic field, G^{(1)}μν is just the Einstein tensor, and G^{(2)}μν and G^{(3)}μν are the second and third order Lovelock tensors given as [22]: G^{(2)}_{μν} = 2(R_{μσκτ} R^{σκτ}_ν − 2R_{μρνσ}R^{ρσ} − 2R_{μσ}R^σ_ν + RR_{μν} ) − 1 2 L_2g_{μν} , (9)

G^{(3)}_{μν} = −3(4R^{τ ρσκ}R_{σκλρ}R^λ_{ντ μ} − 8R^{τ ρ}_{λσ}R^{σκ}_{τ μ}R^λ_{νρκ} + 2R^{τ σκ}_ν R_{σκλρ}R^{λρ}_{τ μ} −R^{τ ρσκ}R_{σκτ ρ}R_{νμ} + 8R^τ_{νσρ}R^{σκ}_{τ μ}R^ρ_κ + 8R^σ_{ντ κ}R^{τ ρ}_{σμ}R^κ_ρ +4R^{τ σκ}_ν R_{σκμρ}R^ρ_τ − 4R^{τ σκ}_ν R_{σκτ ρ}R^ρ_μ + 4R^{τ ρσκ}R_{σκτ μ}R_{νρ} + 2RR^{κτ ρ}_ν R_{τ ρκμ} +8R^τ_{νμρ}R^ρ_σR^σ_τ − 8R^σ_{ντ ρ}R^τ_σR^ρ_μ − 8R^{τ ρ}_{σμ}R^σ_τ R_{νρ} − 4RR^τ_{νμρ}R^ρ_τ +4R^{τ ρ}R_{ρτ} R_{νμ} − 8R^τ_ν R_{τ ρ}R^ρ_μ + 4RR_{νρ}R^ρ_μ − R^2R_{νμ}) − 1 2 L_3g_{μν} (10)

III. LONGITUDINAL MAGNETIC FIELD SOLUTIONS

Here, we want to obtain the (n + 1)-dimensional solutions of Eqs. (7)-(8) which produce longitudinal magnetic fields in the Euclidean submanifold spans by the x^i coordinates (i = 1, ..., n − 2). We assume that the metric has the following form:

ds^2 = − ρ^2 l^2 dt^2 + dρ^2 f(ρ) + l^2f(ρ)dϕ^2 + ρ^2 l^2 dX^2, (11)

where dX^2 = ∑_{n−2} i=1 (dx^i)^2. Note that the coordinates x^i have the dimension of length, while the angular coordinate ϕ is dimensionless as usual and ranges in 0 ≤ ϕ < 2π. The motivation for this metric gauge [g_{tt} ∝ −ρ^2 and (g_{ρρ})^{−1} ∝ g_{ϕϕ}] instead of the usual Schwarzschild gauge [(g_{ρρ})^{−1} ∝ g_{tt} and g_{ϕϕ} ∝ ρ^2] comes from the fact that we are looking for a horizonless solution with conic singularity.

The gauge potential is given by

A_μ = − 2 (n − 2) ql^{n−1} ρ^{n−2} δ^ϕ_μ (12)

To find the function f(ρ), one may use any components of Eq. (7). The simplest equation is the ρρ component of these equations which can be written as [ 180(^{n−1}_5 )α_3ρf^2 − 6(^{n−1}_3 )α_2fρ^3 + n − 1 2 ρ^5 ] f^′ + Λr^6

+360(^{n−1}_6 )α_3f^3 − 12(^{n−1}_4 )α_2ρ^2f^2 + (^{n−1}_2 )ρ^4f = 4q^2l^{2n−4}ρ^{8−2n}, (13)

where prime denotes the derivative with respect to ρ. The general solution of Eq. (13) is f(ρ) = ρ^2 b_3α {(√ γ + k^2(ρ) + k(ρ) )_{1/3} − γ^{1/3} (√ γ + k^2(ρ) + k(ρ) )_{−1/3} + b_2 } , (14)

where α_2 = b_2 α (n − 2)(n − 3)

, α_3 = b_3 α^2 72(^{n−2}_4 )

, γ = (b_3 − b^2)^3, (15) and k(ρ) = − 1 2 b_2(3b_3 − 2b^2) + 3αb^2_3 ( − Λ n(n − 1) + m ρ^n(n − 1) − 4q^2 (n − 1)(n − 2)ρ^{2n−2}l^{4−2n} ) (16)

The constants m and q in Eq. (16) are the mass and charge parameters of the metric which are related to the mass and charge density of the solution. The function k(ρ) approaches a constant as ρ goes to infinity, and the effective cosmological constant for the spacetime is

Λ_{eff} = − 1 αb_3 { b_2 + (√ γ + λ^2 + λ )_{1/3} −γ^{1/3} (√ γ + λ^2 + λ )_{−1/3}} , where λ = − 1 2 b_2(3b_3 − 2b^2) −

3b^2_3αΛ n(n − 1) (17) In the rest of the paper, we only investigate the case of γ ≥ 0. In this case Λ_{eff} and f(ρ) are real. The function f(ρ) is negative for large values of ρ, if Λ_{eff} > 0. Since g_{ρρ} and g_{ϕϕ} are related by f(ρ) = g^{−1}_{ρρ} = l^{−2}g_{ϕϕ}, and therefore when g_{ρρ} becomes negative (which occurs for large ρ) so does g_{ϕϕ}. This leads to an apparent change of signature of the metric from (n−1)+ to (n−2)+ as ρ goes to infinity, which is not allowed. Thus, Λ_{eff} should be negative which occurs provided λ > − 1 2 b_2(3b_3 − 2b^2) (18) Equation (17) shows that the condition (18) is satisfied if Λ < 0.

In order to study the general structure of the solution given in Eq. (14), we first look for curvature singularities. It is easy to show that the Kretschmann scalar R_{μνλκ}R^{μνλκ} diverge at ρ = 0 and therefore one might think that there is a curvature singularity located at ρ = 0. However, as we will see below, the spacetime will never achieve ρ = 0. The function f(ρ) is negative for ρ < r_+ and positive for ρ > r_+, where r_+ is the largest root of f(ρ) = 0, which may be written as

(n − 2)ρ^{2n−2}l^{4−2n}Λ − (n − 2)ρ^{n−2}l^{4−2n}mn + 4q^2n = 0

Again g_{ρρ} cannot be negative (which occurs forρ < r_+), because of the change of signature of the metric from (n − 1)+ to (n − 2)+. Thus, one cannot extend the spacetime to ρ < r_+. To get rid of this incorrect extension, we introduce the new radial coordinate r as

r^2 = ρ^2 − r^2_+ ⇒ dρ^2 = r^2 r^2 + r^2_+ dr^2 With this new coordinate, the metric (11) is

ds^2 = − r^2 + r^2_+

l^2 dt^2 + r^2 (r^2 + r^2_+)f(r) dr^2 + l^2f(r)dϕ^2 + r^2 + r^2_+ l^2 dX^2, (19)

where the coordinates r and ϕ assume the values 0 ≤ r < ∞ and 0 ≤ ϕ < 2π, and f(r) is now given as f(r) = (r^2 + r^2_+) b_3α {(√ γ + k^2(r) + k(r) )_{1/3} − γ^{1/3} (√ γ + k^2(r) + k(r) )_{−1/3} + b_2 } , (20) where k(r) = − 1 2 b_2(3b_3−2b^2)+3αb^2_3 ( − Λ n(n − 1) + m (r^2 + r^2_+)^{n/2}(n − 1) − 4q^2 (n − 1)(n − 2)(r^2 + r^2_+)^{(n−1)}l^{4−2n} ) (21) The gauge potential in the new coordinate is

A_μ = − 2 (n − 2) ql^{(n−1)} (r^2 + r^2_+)^{(n−2)/2} δ^ϕ_μ (22)

The function f(r) given in Eq. (20) is positive in the whole spacetime and is zero at r = 0. Also note that the Kretschmann scalar does not diverge in the range 0 ≤ r < ∞. Therefore this spacetime has no curvature singularities and no horizons. However, it has a conic geometry and has a conical singularity at r = 0, since:

lim_{r→0} 1 r √ g_{ϕϕ} g_{rr} = lr_+G_0,

where

G_0 = r^2_+ 3b^2_3α ( k^{′′}_0 √ 4b_3 − 3b^2 ) { b_2 + ( 4[b_3 √ 4b_3 − 3b^2 − b_2(3b_3 − 2b^2)] )_{1/3}} , k^{′′}_0 = k^{′′}(r = 0) = −3αb^2_3 ( mn (n − 1)r^{n+2}_+ − 8q^2 (n − 2)l^{4−2n}r^{2n}_+ ) , (23)

which is not equal to one. That is, as the radius r tends to zero, the limit of the ratio “circumference/radius” is not 2π and therefore the spacetime has a conical singularity at r = 0.

Of course, one may ask for the completeness of the spacetime with r ≥ 0 (or ρ ≥ r_+). It is easy to see that the spacetime described by Eq. (19) is both null and timelike geodesically complete [18, 23]. In fact, we can show that every null or timelike geodesic starting from an arbitrary point can either extend to infinite values of the affine parameter along the geodesic or end on a singularity at r = 0. Using the geodesic equation, one obtains

ṫ = l^2 r^2 + r^2_+ E, ẋ^i = l^2 r^2 + r^2_+ P^i, ϕ̇ = 1 l^2f(r)

L, (24)

r^2ṙ^2 = (r^2 + r^2_+)f(r) [ l^2(E^2 − P^2) r^2 + r^2_+ − η ] − r^2 + r^2_+ l^2

L^2, (25)

where the overdot denotes the derivative with respect to an affine parameter, and η is zero for null geodesics and +1 for timelike geodesics. E, L, and P^i’s are the conserved quantities associated with the coordinates t, ϕ, and x^i, respectively, and P^2 = ∑_{n−2} i=1 (P^i)^2. Notice that f(r) is always positive for r > 0 and zero for r = 0. First we consider the null geodesics (η = 0). (i) If E^2 > P^2 the spiraling particles (L > 0) coming from infinity have a turning point at r_{tp} > 0, while the nonspiraling particles (L = 0) have a turning point at r_{tp} = 0. (ii) If E^2 = P^2 and L = 0, whatever the value of r, ṙ and ϕ̇ vanish and therefore the null particles moves on the z-axis. (iii) For E^2 = P^2 and L ≠ 0, and also for E^2 < P^2 and any values of L, there is no possible null geodesic. Second, we analyze the timelike geodesics (η = +1). Timelike geodesics is possible only if l^2(E^2 − P^2) > r^2_+. In this case spiraling (L ≠ 0) timelike particles are bound between r^a_{tp} and r^b_{tp} given by 0 < r^a_{tp} ≤ r^b_{tp} < √ l^2(E^2 − P^2) − r^2_+, while the turning points for the nonspiraling particles (L = 0) are r^1_{tp} = 0 and r^2_{tp} = √ l^2(E^2 − P^2) − r^2_+

A. Longitudinal magnetic field solutions with all rotation parameters

The rotation group in n+1 dimensions is SO(n) and therefore the number of independent rotation parameters is [n/2], where [x] is the integer part of x. We now generalize the above solution given in Eq. (19) with k ≤ [n/2] rotation parameters. This generalized solution can be written as

ds^2 = − r^2 + r^2_+

l^2 ( Ξdt − k∑ i=1 a_idϕ^i )_2 + f(r) ( √ Ξ^2 − 1dt − Ξ √ Ξ^2 − 1 k∑ i=1 a_idϕ^i )_2

+ r^2dr^2 (r^2 + r^2_+)f(r) + r^2 + r^2_+ l^2(Ξ^2 − 1) k∑ i<j (a_idϕ_j − a_j dϕ_i)^2 + r^2 + r^2_+

l^2 dX^2, (26)

where Ξ = √ 1 + ∑_k i a^2_i /l^2, dX^2 is the Euclidean metric on the (n − k − 1)-dimensional submanifold and f(r) is the same as f(r) given in Eq. (20). The gauge potential is

A_μ = 2 (n − 2) ql^{(n−2)} (r^2 + r^2_+)^{(n−2)/2} (√ Ξ^2 − 1δ^0_μ − Ξ √ Ξ^2 − 1 a_iδ^i_μ ) ; (no sum on i) (27)

Again this spacetime has no horizon and curvature singularity. However, it has a conical singularity at r = 0.

IV. ANGULAR MAGNETIC FIELD SOLUTIONS

In Sec. III we found a spacetime generated by a magnetic source which produces a longitudinal magnetic field along x^i coordinates. In this section we want to obtain a spacetime generated by a magnetic source that produce angular magnetic fields along the ϕ^i coordinates. Following the steps of Sec. III but now with the roles of ϕ and x interchanged, we can directly write the metric and vector potential satisfying the field equations (7)-(8) as

ds^2 = − r^2 + r^2_+ l^2 dt^2 + r^2dr^2 (r^2 + r^2_+)f(r)

+(r^2 + r^2_+) n−2∑ i=1 (dϕ^i)^2 + f(r)dx^2, (28)

where f(r) is given in Eq. (20). The angular coordinates ϕ^i’s range in 0 ≤ ϕ^i < 2π. The gauge potential is now given by

A_μ = − 2 (n − 2) ql^{(n−2)} (r^2 + r^2_+)^{(n−2)/2} δ^x_μ (29)

The Kretschmann scalar does not diverge for any r and therefore there is no curvature singularity. The spacetime (28) is also free of conic singularity. In addition, it is notable to mention that the radial geodesic passes through r = 0 (which is free of singularity) from positive values to negative values of the coordinate r. This shows that the radial coordinate in Eq. (28) can take the values −∞ < r < ∞. This analysis may suggest that one is in the presence of a traversable wormhole with a throat of dimension r_+. However, in the vicinity of r = 0, the metric (28) can be written as

ds^2 = − r^2_+ l^2 dt^2 + 1 r^2_+

G^{−1}_0 dr^2 + r^2_+ n−2∑ i=1 (dϕ^i)^2

+G_0r^2dx^2, (30)

where G_0 is given in Eq. (23). This clearly shows that, at r = 0, the x direction collapses and therefore we have to abandon the wormhole interpretation.

To add linear momentum to the spacetime along the coordinate x^i, we perform the boost transformation t → Ξt − (v_i/l)x^i; x^i → Ξx^i − (v_i/l)t (no sum on i) in the t − x_i plane, where v_i is a boost parameter and Ξ = √ 1 + ∑_κ i v^2_i /l^2 (i can run from 1 to κ ≤ n − 2). One obtains

ds^2 = − r^2 + r^2_+

l^2

R^2(r) ( Ξdt − l^{−1} κ∑ i=1 v_idx^i )_2 + f(r) ( √ Ξ^2 − 1dt − Ξ l √ Ξ^2 − 1 κ∑ i=1 v_idx^i )_2

+ r^2 + r^2_+ l^4(Ξ^2 − 1)

R^2(r) κ∑ i<j (v_idx_j − v_j dx_i)^2 + r^2dr^2 (r^2 + r^2_+)f(r)

+ (r^2 + r^2_+)R^2(r)dΩ^2 (31)

The gauge potential is given by

A_μ = qb^{(3−n)γ} Γ(r^2 + r^2_+)^{Γ/2} (√ Ξ^2 − 1δ^t_μ − Ξ l √ Ξ^2 − 1 v_iδ^i_μ ) (no sum on i) (32) This boost transformation is permitted globally since x^i is not an angular coordinate. Thus the boosted solution (31) is not a new solution. However, it generates an electric field.

V. CONSERVED QUANTITIES

In general, the action (3) is divergent when evaluated on solutions, as is the Hamiltonian and other associated conserved quantities. In Einstein gravity, one can remove the non logarithmic divergent terms in the action by adding a counterterm action I_{ct} which is a functional of the boundary curvature invariants [24]. The issue of determination of boundary counterterms with their coefficients for higher-order Lovelock theories is at this point an open question. However for the case of a boundary with zero curvature [ ^R_{abcd}(γ) = 0], it is quite straightforward. This is because all curvature invariants are zero except for a constant, and so the only possible boundary counterterm is one proportional to the volume of the boundary regardless of the number of dimensions [14, 21]:

I_{ct} = 1 8π ∫ ∂M d^nx √ −γ n − 1 L , (33)

where L is a scale length factor that depends on l, α_2 and α_3, that must reduce to l as α_2 and α_3 go to zero. Having the total finite action, one can use the quasilocal definition [25, 26] to construct a divergence free stress-energy tensor. For the case of manifolds with zero curvature boundary the finite stress energy tensor is

T^{ab} = 1 8π {(K^{ab} − Kγ^{ab}) + 2α_2(3J^{ab} − Jγ^{ab}) +3α_3(5P^{ab} − P γ^{ab}) + n − 1 L γ^{ab} } (34)

The first three terms in Eq. (34) result from the variation of the surface terms in action (3) with respect to γ^{ab}, and the last term is the counterterm that is the variation of I_{ct} with respect to γ^{ab}. To compute the conserved charges of the spacetime, we choose a spacelike surface B in ∂M with metric σ_{ij} , and write the boundary metric in ADM form: γ_{ab}dx^adx^a = −N^2dt^2 + σ_{ij} ( dϕ^i + V^idt ) ( dϕ^j + V^j dt ) , (35)

where the coordinates ϕ^i are the angular variables parameterizing the hypersurface of constant r around the origin, and N and V^i are the lapse and shift functions respectively. When there is a Killing vector field ξ on the boundary, then the quasilocal conserved quantities associated with the stress tensors of Eq. (34) can be written as Q(ξ) = ∫ B d^{n−1}φ √ σT_{ab}n^aξ^b, (36) where σ is the determinant of the metric σ_{ij} , and n^a is the timelike unit normal vector to the boundary B. In the context of counterterm method, the limit in which the boundary B becomes infinite (B_∞) is taken, and the counterterm prescription ensures that the action and conserved charges are finite. No embedding of the surface B in to a reference of spacetime is required and the quantities which are computed are intrinsic to the spacetimes.

For our case, the magnetic solutions of third order Lovelock gravity, the first Killing vector is ξ = ∂/∂t, and therefore its associated conserved charge is the total mass. Denoting the volume of the hypersurface boundary B at constant t and r by V_{n−1} the mass per unit volume V_{n−1} is M = ∫ B d^{n−1}x √ σT_{ab}n^aξ^b = 1 8π ml^{p−1} [ n(Ξ^2 − 1) + 1 ] , (37)

where p is the number of angular coordinates ϕ^i of the spacetime. For the case of spacetimes with a longitudinal magnetic field, the charges associated with the rotational Killing symmetries generated by ζ_i = ∂/∂ϕ^i are the components of angular momentum per unit volume V_{n−1} of the system calculated as

J_i = ∫ B d^{n−1}x √ σT_{ab}n^aζ^b_i = 1 8π nΞl^{p−1}ma_i (38)

In the case of the spacetimes with an angular magnetic field introduced in Sec. IV, we encounter conserved quantities associated with translational Killing symmetries generated by ς_i = ∂/∂x^i. These conserved quantities are the components of linear momentum per unit volume V_{n−1} computed as

P_i = ∫ B d^{n−1}x √ σT_{ab}n^aς^b_i = 1 8π nΞl^{p−2}mv_i (39) Next, we calculate the electric charge of the solutions. To determine the electric field we should consider the projections of the electromagnetic field tensor on special hypersurfaces. The normal to such hypersurfaces for the spacetimes with a longitudinal magnetic field is

u^0 = 1 N , u^r = 0, u^i = − N^i N , and the electric field is E^μ = g^{μρ}F_{ρν} u^ν . Then the electric charge per unit volume V_{n−1} can be found by calculating the flux of the electromagnetic field at infinity, yielding Q = V_{n−1} 4π ql^{p−1} √ Ξ^2 − 1 (40)

Note that the electric charge is proportional to the magnitude of rotation parameters or boost parameters, and is zero for the case of a static solution.

VI. CLOSING REMARKS

In this paper, we added the second and third order Lovelock terms to the Einstein- Maxwell action with a negative cosmological constant. We introduced two classes of solutions which are asymptotically anti-de Sitter. The first class of solutions yields an (n + 1)- dimensional spacetime with a longitudinal magnetic field [the only nonzero component of the vector potential is A_ϕ(r)] generated by a static magnetic brane. We also generalized these solutions to the case of rotating spacetimes with a longitudinal magnetic field. We found that these solutions have no curvature singularity and no horizons, but have conic singularity at r = 0. In these spacetimes, when all the rotation parameters are zero (static case), the electric field vanishes, and therefore the brane has no net electric charge. For the spinning brane, when one or more rotation parameters are nonzero, the brane has a net electric charge density which is proportional to the magnitude of the rotation parameter given by √ Ξ^2 − 1. The second class of solutions yields a spacetime with angular magnetic field. These solutions have no curvature singularity, no horizon, and no conic singularity. Again, we found that the branes in these spacetimes have no net electric charge when all the boost parameters are zero. We also showed that, for the case of traveling branes with nonzero boost parameters, the net electric charge density of the brane is proportional to the magnitude of the velocities of the brane ( √ Ξ^2 − 1).

The counterterm method inspired by the AdS/CFT correspondence conjecture has been widely applied to the case of Einstein gravity. Here we applied this method to the case of third order Lovelock gravity and calculated the conserved quantities of the two classes of solutions. We found that the counterterm has only one term, since the boundaries of our spacetimes are curvature-free. Other related problems such as the application of the counterterm method to the case of solutions of higher curvature gravity with nonzero curvature boundary remain to be carried out.

ACKNOWLEDGMENTS

This work has been supported by Research Institute for Astrophysics and Astronomy of Maragha, Iran.

[1] J. Maldacena, Adv. Theor. Math. Phys., 2, 231 (1998); E. Witten, ibid. 2, 253 (1998); O.

Aharony, S. S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, Phys. Rept., 323, 183 (2000). [2] R. R. Caldwell, R. Dave and P. J. Steinhardt, Phys. Rev. Lett. 80, 1582 (1998); A. A.

Starobinsky and V. Sahni, Int. J. Mod. Phys. D9, 373 (2000).

[3] D. Lovelock, J. Math. Phys. 12, 498 (1971); N. Deruelle and L. Farina-Busto, Phys. Rev. D 41, 3696 (1990); G. A. MenaMarugan, ibid. 46, 4320 (1992); 4340 (1992).

[4] B. Zwiebach, Phys. Lett. B156, 315 (1985); B. Zumino, Phys. Rep. 137, 109 (1986). [5] D. G. Boulware and S. Deser, Phys. Rev. Lett., 55, 2656 (1985); J. T. Wheeler, Nucl. Phys.

B268, 737 (1986).

[6] D. L. Wiltshire, Phys. Lett. B 169, 36 (1986); Phys. Rev. D 38, 2445 (1988). [7] R. C. Myers, Nucl. Phys. B 289, 701 (1987); R. C. Myers and J. Z. Simon, Phys. Rev. D 38, 2434 (1988).

[8] R. G. Cai, Phys. Rev. D 65, 084014 (2002).

[9] Y. M. Cho and I. P. Neupane, Phys. Rev. D 66, 024044 (2002); I. P. Neupane, Phys. Rev. D 67, 061501(R) (2003).

[10] M. Cvetic, S. Nojiri, S. D. Odintsov, Nucl. Phys. B628, 295 (2002); S. Nojiri and S. D.

Odintsov, Phys. Lett. B 521, 87 (2001).

[11] M. H. Dehghani and R. B. Mann, Phys. Rev. D 72, 124006 (2005); M. H. Dehghani and S.

H. Hendi, Phys. Rev. D47, 084021 (2006).

[12] M. H. Dehghani, Phys. Rev. D 67, 064017 (2003); ibid. 69, 064024 (2004); ibid. 70, 064019 (2004); M. H. Dehghani, G. H. Bordbar and M. Shamrzaie, Phys. Rev. D 74, 064023 (2006).

[13] M. H. Dehghani and M. Shamirzaie, Phys. Rev. D 72, 124015 (2005). [14] M. H. Dehghani and R. B. Mann, Phys. Rev. D76, 104003 (2006).

[15] T. Levi-Civita, Atti Accad. Naz. Lincei, Cl. Sci. Fis., Mat. Nat., Rend. 28 3 (1919); L. Marder, Proc. R. Soc. London A244, 524 (1958).

[16] A. Vilenkin, Phys. Rev. D 23, 852 (1981); W. A. Hiscock, ibid. 31, 3288 (1985); D. Harari and P. Sikivie, ibid. 37, 3438 (1988); J. R. Gott, Astrophys. J. 288, 422 (1985); A. D. Cohen and D. B. Kaplan, Phys. Lett. B215, 65 (1988); R. Gregory, ibid. 215, 663 (1988); A. Banerjee, N. Banerjee, and A. A. Sen, Phys. Rev. D 53, 5508 (1996).

[17] B. C. Mukherji, Bull. Calcutta. Math. Soc. 30, 95 (1938); W. B. Bonnor, Proc. Roy. S. London A67, 225 (1954); J. L. Safko, Phys. Rev. D 16, 1678, (1977); E. Witten, Nucl. Phys. B249, 557 (1985).

[18] O. J. C. Dias and J. P. S. Lemos, Class. Quantum Grav. 19, 2265 (2002). [19] O. Lunin and S. D. Mathur, Nucl. Phys. B623, 342 (2002); O. Lunin, J. Maldacena, and L.

Maoz, hep-th/0212210.

[20] G. W. Gibbons and S. W. Hawking, Phys. Rev. D 15, 2752 (1977); R. C. Myers, Phys. Rev.

D 36, 392 (1987); S. C. Davis, Phys. Rev. D 67, 024030 (2003). [21] M. H. Dehghani, N. Bostani and A. Sheykhi, Phys. Rev. D 73, 104013, (2006). [22] F. Muller-Hoissen, Phys. Lett. B 163, 106 (1985). [23] J. H. Horne and G. T. Horowitz, Nucl. Phys. B368, 444 (1992). [24] P. Kraus, F. Larsen, and R. Siebelink, Nucl. Phys. B563, 259 (1999). [25] J.D. Brown and J.W. York, Phys. Rev. D47, 1407 (1993). [26] J. D. Brown, J. Creighton and R. B. Mann, Phys. Rev. D50, 6394 (1994).