arXiv:hep-th/0612182v1 18 Dec 2006

Axiomatic classical (prequantum) field theory. Jet formalism

G. Sardanashvily Department of Theoretical Physics, Moscow State University, 117234 Moscow, Russia

Abstract. In contrast with QFT, classical field theory can be formulated in a strict mathematical way if one defines even classical fields as sections of smooth fiber bundles. Formalism of jet manifolds provides the conventional language of dynamic systems (nonlinear differential equations and operators) on fiber bundles. Lagrangian theory on fiber bundles is algebraically formulated in terms of the variational bicomplex of exterior forms on jet manifolds where the Euler–Lagrange operator is present as a coboundary operator. This formulation is generalized to Lagrangian theory of even and odd fields on graded manifolds. Cohomology of the variational bicomplex provides a solution of the global inverse problem of the calculus of variations, states the first variational formula and Noether’s first theorem in a very general setting of supersymmetries depending on higher-order derivatives of fields. A theorem on the Koszul–Tate complex of reducible Noether identities and Noether’s inverse second theorem extend an original field theory to prequantum field-antifield BRST theory. Particular field models, jet techniques and some quantum outcomes are discussed.

Contents

I. Introduction

II. ACFT. The general framework 1. The main postulate, 2. Jet manifolds, 3. Jets and connections, 4. Lagrangian theory of even fields, 5. Odd fields, 6. The algebra of even and odd fields, 7. Lagrangian theory of even and odd fields, 8. Noether’s first theorem in a general setting, 9. The Koszul–Tate complex of Noether identities, 10. Noether’s inverse second theorem, 11. BRST extended field theory, 12. Local BRST cohomology.

III. Particular models 13. Gauge theory of principal connections, 14. Topological Chern–Simons theory, 15. Topological BF theory, 16. SUSY gauge theory, 17. Field theory on composite bundles, 18. Symmetry breaking and Higgs fields, 19. Dirac spinor fields, 20. Natural and gaugenatural bundles. 21. Gauge gravitation theory, 22. Covariant Hamiltonian field theory, 23. Time-dependent mechanics, 24. Jets of submanifolds, 25. Relativistic mechanics, 26. String theory.

IV. Quantum outcomes 27. Quantum master equation, 28. Gauge fixing procedure, 28. Green function identities.

I. Introduction

Our final purpose is QFT, whose existent mathematical formulation meets many problems. Note that, from the physical viewpoint, it seems more reasonable to study dequantization of quantum fields. However, we start with classical fields. Firstly, a generating functional of Green functions in perturbative QFT is depends on an action functional of classical fields. Secondly, it may happen that there exist non-quantizable classical fields, e.g., a Higgs field. Thirdly, classical field theory can be formulated in a strict mathematical way if one defines even classical fields as sections of smooth fiber bundles (Axiom 1). Jet formalism [85, 125, 129, 181, 197] provides the conventional language of classical field theory as dynamic theory on fiber bundles [3, 25, 37, 52, 63, 81, 85, 99, 102, 104, 112, 129, 130, 144, 158, 161, 202]. We agree to call it axiomatic classical field theory (henceforth ACFT). Section II gives its brief exposition. In Sections III and IV, particular field models, different jet techniques and some quantum outcomes are discussed.

Bearing in mind quantization, we treat ACFT as Lagrangian theory (Axiom 2) (see item 22 for covariant Hamiltonian field theory). We are not concerned with solutions of field equations, but develop ACFT as prequantum field theory. Lagrangian theory on fiber bundles is algebraically formulated in terms of the variational bicomplex of exterior forms on jet manifolds [6, 7, 25, 88, 144, 157, 180, 203, 205]. This formulation is generalized to Lagrangian theory of even and odd variables on graded manifolds (Axiom 3) [12, 18, 20, 93]. Theorem 1 on cohomology of the variational bicomplex provides a solution of the global inverse problem of the calculus of variations (Theorem 2), states the first variational formula (Theorem 3) and, as a consequence, leads to Noether’s first theorem in a very general setting of supersymmetries depending on higher-order derivatives of fields (Theorem 4).

Quantization of a Lagrangian field theory essentially depends on its degeneracy [22, 23, 100]. Its Euler–Lagrange operator generally obeys Noether identities which need not be independent, but satisfy first-stage Noether identities, and so on. Theorem 5 on the Koszul– Tate complex of reducible Noether identities, Noether’s inverse second theorem (Theorem 6), and Theorem 7 on solutions of the master equation extend ACFT to prequantum fieldantifield BRST theory [10, 12, 21, 33, 80]. Its Lagrangian depends on antifields and ghosts, associated to Noether identities and gauge symmetries of an original Lagrangian, and obeys the classical master equation. This prequantum BRST theory can be quantized in the framework of perturbative QFT in functional integral terms [23, 80, 100]. A problem is that functional integrals are not expressed into jets of fields [149]. However, there is a certain relation between the algebras of jets of classical fields and the algebras of quantum fields such that, in particular, any variational symmetry of a classical Lagrangian yields the identities which Euclidean Green functions of quantum fields satisfy [194, 195].

II. ACFT. The general framework

1 The main postulate

Generalizing the geometric formulations of classical gauge theory and gravitation theory in fiber bundle terms, let us postulate the following.

Axiom 1. Even classical fields are sections of smooth fiber bundles. By virtue of Axiom 1, ACFT is represented as dynamic theory on fiber bundles and, therefore, is conventionally formulated in terms of jets of section of these fiber bundles [37, 85, 129, 158, 161]. Note that we throughout are in the category of finite-dimensional smooth real manifolds, which are Hausdorff, second-countable and, consequently, paracompact. The paracompactness of manifolds is very essential for our consideration because of the abstract de Rham theorem on the sheaf cohomology (see item 4). In particular, analytic manifolds are also treated as the smooth ones since a paracompact analytic manifold need not admit the partition of unity by analytic functions.

2 Jet manifolds

Given a smooth fiber bundle Y → X, a k-order jet j^k_x s at a point x ∈ X is defined as an equivalence class of sections s of Y → X identified by k + 1 terms of their Taylor series at x. A key point is that a set J^kY of all k-order jets is a finite-dimensional smooth manifold coordinated by (x^λ, y^i, y^i_λ, . . . , y^i_{λk...λ1} ), where (x^λ, y^i) are bundle coordinates on Y → X and y^i_{λr...λ1} are coordinates of derivatives, i.e., y^i_{λr...λ1} ∘ s = ∂_{λr} · · · ∂_{λ1} s(x) [85, 181, 197]. Accordingly, the infinite order jets are defined as equivalence classes of sections of a fiber bundle Y → X identified by their Taylor series. Infinite order jets form a paracompact Fréchet (not smooth) manifold J^∞Y [7, 85, 129, 181, 203]. It coincides with the projective limit of the inverse system of finite order jet manifolds X ←− Y ←− J^1Y ←− · · · J^{r−1}Y ←− J^rY ←− · · · . (1) The main advantage of jet formalism is that it enables us to deal with finite-dimensional jet manifolds instead of infinite-dimensional spaces of fields. In the framework of jet formalism, a k-order differential equation on a fiber bundle Y → X is defined as a closed subbundle E of the jet bundle J^kY → X. Its solution is a section s of Y → X whose jet prolongation J^ks lives in E. A necessary condition of the existence of a solution of a differential equation E is so called formal integrability of E [85, 129, 161]. A k-order differential operator on Y → X is defined as a morphism of the jet bundle J^kY → X to some vector bundle E → X. However, the kernel of a differential operator (e.g., an Euler–Lagrange operator) need not be a differential equation in a strict sense.

Note that there are different notions of jets. Jets of sections are particular jets of maps [125, 163] (see item 20) and jets of submanifolds [85, 129] (see item 24). Let us also mention the jets of modules over a commutative ring [129, 144] which are representative objects of differential operators on modules [1, 106, 129]. In particular, given a smooth manifold X, jets of a projective C^∞(X)-module P of finite rank are exactly jets of sections of the vector bundle over X whose module of sections is P in accordance with the Serre–Swan theorem. The notion of jets is extended to modules over graded commutative rings [94] and modules over algebras of operadic type [155]. Jets of modules over a noncommutative ring however are not defined [94, 187]. A definition of higher-order differential operators in noncommutative geometry also meets a problem [94, 142, 185].

3 Jets and connections

Jet manifolds provides the language of modern differential geometry. Due to the canonical bundle monomorphism J^1Y → T^∗X ⊗ V Y over Y , any connection Γ on a fiber bundle Y → X is represented by a global section

Γ = dx^λ ⊗ (∂_α + Γ^i_λ(x^μ, y^j)∂_i) = dx^λ ⊗ (∂_α + y^i_λ∂_i) ∘ Γ

of the jet bundle J^1Y → X and vice versa [85, 144, 181, 197]. Accordingly, we have the T^∗X ⊗ V Y -valued first order differential operator

D = dx^λ ⊗ (y^i_α − Γ^i_λ(x^μ, y^j)∂_i)

on Y . It is called the covariant differential.

Classical field theory and time-dependent mechanics, developed as particular field theory on bundles over X = R (see item 23), involve the concept of a connection in many aspects [143, 144]. Quantum theory appeals to an algebraic notion of a connection on modules and sheaves [94, 128, 144, 188]. Jets of modules underlie the notion of a connection on modules over commutative rings. This notion is equivalent to that of a connection on vector bundles Y → X in the case of C^∞(X)-modules of their sections. In contrast with jets, connections on modules over a noncommutative ring are also well defined [56, 94, 136].

4 Lagrangian theory of even fields

We restrict our consideration to Lagrangian field theory, i.e., field equations are Euler– Lagrange equations. Note that, if a field model is characterized by a nonvariational operator, the Koszul–Tate complex of its Noether identities can be constructed [191], and this field model can be extended to the BRST one.

Axiom 2. ACFT is Lagrangian theory.

There is the extensive literature on the calculus of variations and Lagrangian formalism on fiber bundles in terms of jet manifolds [3, 25, 52, 81, 85, 99, 102, 104, 112, 130, 202, 207]. We formulate Lagrangian theory of even fields in algebraic terms of the variational bicomplex [6, 7, 25, 88, 144, 157, 180, 203, 205]. Namely, one associates to a fiber bundle Y → X the following graded differential algebra (henceforth GDA) O^∗_∞Y .

The inverse system (1) of jet manifolds yields the direct system O^∗X −→ O^∗Y −→ O^∗_1Y −→ · · · O^∗_{r−1}Y −→ O^∗_r Y −→ · · · (2) of GDAs O^∗_r Y of exterior forms on jet manifolds J^rY . Its direct limit is the above mentioned GDA O^∗_∞Y of all exterior forms on finite order jet manifolds (local forms in the terminology of [10, 12, 33]). This GDA is locally generated by horizontal forms dx^λ and contact forms θ^i_Λ = dy^i_Λ − y^i_{λ+Λ}dx^λ, where Λ = (λ_k...λ_1) denotes a symmetric multi-index, and λ + Λ = (λλ_k...λ_1). There is the canonical decomposition of O^∗_∞Y into the modules O^{k,m}_∞ Y of kcontact and m-horizontal forms (m ≤ n = dim X). Accordingly, the exterior differential on O^∗_∞Y falls into the sum d = d_V + d_H of the vertical differential d_V : O^{k,∗}_∞ Y → O^{k+1,∗}_∞ Y and the total one d_H : O^{∗,m}_∞ Y → O^{∗,m+1}_∞ Y . One also introduces the projector ϱ on O^{>0,n}_∞ Y such that ϱ ∘ d_H = 0 and the variational operator δ = ϱ ∘ d on O^{∗,n}_∞ Y such that δ ∘ d_H = 0, δ ∘ δ = 0. All these operators split the GDA O^∗_∞Y into the variational bicomplex. We consider its subcomplexes 0 → R → O^0_∞Y^{dH}−→ O^{0,1}_∞ Y · · ·^{dH}−→ O^{0,n}_∞ Y^δ−→ E_1^δ−→ E_2 −→ · · · , (3) 0 → O^{1,0}_∞ Y^{dH}−→ O^{1,1}_∞ Y · · ·^{dH}−→ O^{1,n}_∞ Y^ϱ−→ E_1 → 0, E_k = ϱ(O^{k,n}_∞ Y ). (4)

Their elements L ∈ O^{0,n}_∞ Y and δL ∈ E_1 are a finite order Lagrangian on a fiber bundle Y → X and its Euler–Lagrange operators, respectively.

The algebraic Poincaré lemma [157, 205] states that the variational bicomplex O^∗_∞Y is locally exact. In order to obtain its cohomology, one therefore can use the abstract de Rham theorem on sheaf cohomology [115] and the fact that Y is a strong deformation retract of J^∞Y , i.e., sheaf cohomology of J^∞Y equals that of Y [7, 88]. A problem is that the paracompact space J^∞Y admits the partition of unity by functions which do not belong to O^0_∞Y . Therefore, one considers the variational bicomplex Q^∗_∞Y ⊃ O^∗_∞Y whose elements are locally exterior forms on finite order jet manifolds, and obtains its cohomology [6, 203]. Afterwards, the d_H - and δ-cohomology of O^∗_∞Y is proved to be isomorphic to that of Q^∗_∞Y [87, 88, 180]. In particular, cohomology of the variational complex (3) equals the de Rham cohomology of Y , while the complex (4) is exact.

The exactness of the complex (4) at the last term states the global first variational formula which, firstly, shows that an Euler–Lagrange operator δL is really a variational operator of the calculus of variations and, secondly, leads to Noether’s first theorem. Cohomology of the variational complex (3) at the term O^{0,n}_∞ Y provides a solution of the global inverse problem of the calculus of variations on fiber bundles. It is the cohomology of variationally trivial Lagrangians, which are locally d_H -exact. Note that this cohomology has been also derived from cohomology of variational sequences of finite jet order [6, 131, 208], and in a different way in [207].

Noether’s first theorem is stated in a general case of variational symmetries depending on higher-order derivatives of fields. Noether’s second theorem is also formulated in jet terms in a general setting [17, 62, 78]. In the case of reducible degenerate Lagrangian systems, one however meets a problem of definition of higher-stage Noether identities. This problem is solved by constructing their Koszul–Tate complex [18, 20], but its construction involves odd antifields and leads to Grassmann-graded extension of original even field theory.

5 Odd fields

The algebraic formulation of Lagrangian theory of even fields in terms of the variational bicomplex is generalized to odd fields [10, 12, 18, 20, 93]. Note that odd fields in ACFT need not satisfy the standard spin-statistic connection. These are odd bosonic ghosts and antifields, though there exist odd Klein transformations bringing them into even fields [29].

In many field models (e.g., SUSY gauge theory), odd fields unlike even ones have no geometric feature. ACFT overcomes this inconsistence. There are different geometric descriptions of odd fields in terms both of supermanifolds [49, 73] and graded manifolds [42, 43, 151, 152, 178]. Note that graded manifolds [27, 127, 145] are not supermanifolds [13, 14, 36, 166], though every graded manifold can be associated to a DeWitt H^∞- supermanifold, and vice versa [13, 24, 54]. Both graded manifolds and supermanifolds are described in terms of sheaves of graded commutative algebras [13, 144]. However, graded manifolds are characterized by sheaves on smooth manifolds, while supermanifolds are constructed by gluing of sheaves on supervector spaces. Lie supergroups, vector and principal superbundles are defined both in the category of graded manifolds [5, 32, 113, 199] and that of supermanifolds [13, 50, 144, 196]. Let us mention a different definition of a super Lie group as a Harish–Chandra pair of a Lie group and a super Lie algebra [44, 53].

In ACFT, odd and even fields are described on the same level due to an appropriate extension of the GDA O^∗_∞Y . Since QFT deals with linear spaces of fields, let a bundle Y → X of classical fields be a vector bundle. Then all jet bundles J^kY → X are also vector bundles. Let us consider a subalgebra P^∗_∞Y ⊂ O^∗_∞Y of exterior forms whose coefficients are polynomial in fiber coordinates y^i, y^i_Λ on these bundles. In particular, the commutative ring P^0_∞Y consists of polynomials of coordinates y^i, y^i_Λ with coefficients in the ring C^∞(X). One can associate to such a polynomial a section of the symmetric tensor product^m∨(J^kY )^∗ of the dual of some jet bundle J^kY → X, and vice versa. Moreover, one can show that any element of P^∗_∞Y is an element of the Chevalley–Eilenberg differential calculus over P^0_∞Y . This construction is extended to the case of odd fields if, given a vector bundle F → X and jet bundles J^kF → X, one considers their exterior products, whose sections form a graded commutative ring (see item 6). The result is a Grassmann-graded GDA S^∗_∞[F ; Y ] ⊃ O^∗_∞Y which is split into the variational bicomplex (see item 7) and, thus, describes Lagrangian theory both of even and odd fields. We therefore postulate the following.

Axiom 3. The algebra of ACFT of even and odd fields is the GDA S^∗_∞[F ; Y ] introduced below.

6 The algebra of even and odd fields

Treating odd fields on a smooth manifold X, we follow the Serre–Swan theorem generalized to graded manifolds. It states that, if a Grassmann C^∞(X)-algebra is the exterior algebra of some projective C^∞(X)-module of finite rank, it is isomorphic to the algebra of graded functions on a graded manifold with a body X [20]. Note that X need not be compact [94, 164, 179]. By virtue of the Batchelor theorem [13], any graded manifold with a body X is isomorphic to a graded manifold (X, A_F ) with the structure sheaf A_F of germs of sections of the exterior bundle

∧F^∗ = R ⊕ F^∗ ⊕^2∧ F^∗ ⊕ · · · ,

where F^∗ is the dual of some vector bundle F → X. In field models, Batchelor’s isomorphism is fixed from the beginning. We call (X, A_F ) the simple graded manifold modelled over F . Its ring A_F of graded functions consists of sections of the exterior bundle ∧F^∗. Then the Grassmann-graded Chevalley–Eilenberg differential calculus 0 → R → A_F^d−→ S^1[F ; X]^d−→ · · · S^k[F ; X]^d−→ · · · over A_F can be constructed [75, 94]. One can think of its elements as being graded differential forms on X. In particular, there is a monomorphism O^∗X → S^∗[F ; X]. Following suit of an even GDA P^∗_∞Y , let us consider simple graded manifolds (X, A_J r_F ) modelled over the vector bundles J^rF → X. We have the direct system of corresponding GDAs S^∗[F ; X] −→ S^∗[J^1F ; X] −→ · · · S^∗[J^rF ; X] −→ · · · , whose direct limit S^∗_∞[F ; X] is the Grassmann counterpart of an even GDA P^∗_∞Y .

The total algebra of even and odd fields is the graded exterior product

P^∗_∞[F ; Y ] = P^∗_∞Y ∧_{O∗X} S^∗_∞[F ; X] (5)

of the GDAs P^∗_∞Y and S^∗_∞[F ; X] over their common subalgebra O^∗X [18, 93]. In particular, P^0_∞[F ; Y ] is a graded commutative C^∞(X)-ring whose even and odd generating elements are sections of Y → X and F → X, respectively. Let (x^λ, y^i, y^i_Λ) be bundle coordinates on jet bundles J^kY → X and (x^λ, c^a, c^a_Λ) those on J^rF → X. For simplicity, let these symbols also stand for local sections s of these bundles such that s^i_Λ(x) = y^i_Λ and s^a_Λ(x) = c^a_Λ. Then the GDA P^∗_∞[F ; Y ] (5) is locally generated by elements (y^i, y^i_Λ, c^a, c^a_Λ, dx^λ, dy^i, dy^i_Λ, dc^a, dc^a_Λ). By analogy with (y^i, y^i_Λ), one can think of odd generating elements (c^a, c^a_Λ) as being (local) odd fields and their jets.

Note that this definition of jets of odd fields differs both from the above mentioned notion of jets of modules over a graded commutative ring [94] and the definition of jets of graded fiber bundles [113, 152]. However, it enables us to consider even and odd fields on the same level, and reproduces the heuristic notion of jets of odd ghosts in Lagrangian

BRST theory [12, 35]. Moreover, one can say that sections of vector bundles Y → X and F → X seen as generating elements of the ring P^0_∞[F ; Y ] are sui generis prequantum fields.

In a general setting, if Y → X is not a vector bundle, we consider graded manifolds (J^rY, A_{Fr} ) whose bodies are jet manifolds J^rY , and F_r = J^rY × J^rF is the pull-back onto J^rY of the jet bundle J^rF → X [20, 21]. As a result, we obtain the direct system of GDAs

S^∗[Y × F ; Y ] −→ S^∗[F_1; J^1Y ] −→ · · · S^∗[F_r; J^rY ] −→ · · · , (6)

whose direct limit is the GDA S^∗_∞[F ; Y ] in Axiom 3. It is a differential calculus over the ring S^0_∞[F ; Y ] of graded functions. The monomorphisms O^∗_r Y → S^∗[F_r; J^rY ] yield a monomorphism of the direct system (2) to that (6) and, consequently, the monomorphism O^∗_∞Y → S^∗_∞[F ; Y ] of their direct limits. Moreover, S^∗_∞[F ; Y ] is a O^0_∞Y -algebra. It contains the C^∞(X)-subalgebra P^∗_∞[F ; Y ] if a fiber bundle Y → X is affine. The O^0_∞Y -algebra S^∗_∞[F ; Y ] is locally generated by elements (c^a, c^a_Λ, dx^λ, dy^i, dy^i_Λ, dc^a, dc^a_Λ) with coefficient functions depending on coordinates (x^λ, y^i, y^i_Λ). One calls (y^i, c^a) the local basis for the GDA S^∗_∞[F ; Y ]. We further use the collective symbol s^A for its elements. Accordingly, s^A_Λ denote jets of s^A, θ^A_Λ = ds^A_Λ − s^A_{λ+Λ}dx^λ are contact forms, and ∂^Λ_A are graded derivations of the R-ring S^0_∞[F ; Y ] such that ∂^{Λ′}_A′ ⌋ds^A_Λ = δ^A′ δ^{Λ′}_Λ . The symbol [A] = [s^A] = [s^A_Λ ] stands for the Grassmann parity.

7 Lagrangian theory of even and odd fields

There is the canonical decomposition of the GDA S^∗_∞[F ; Y ] into modules S^{k,m}_∞ [F ; Y ] of k-contact and m-horizontal graded forms. Accordingly, the graded exterior differential on S^∗_∞[F ; Y ] falls into the sum d = d_V + d_H of the vertical differential d_V and the total differential

d_H (ϕ) = dx^λ ∧ d_λ(ϕ), d_λ = ∂_λ + ∑ 0≤|Λ| s^A_{λ+Λ}∂^Λ_A, ϕ ∈ S^∗_∞[F ; Y ],

d_H ∘ h_0 = h_0 ∘ d, h_0 : S^∗_∞[F ; Y ] → S^{0,∗}_∞ [F ; Y ].

We also have the graded projection endomorphism ϱ of S^{<0,n}_∞ [F ; Y ] such that ϱ ∘ d_H = 0 and the graded variational operator δ = ϱ ∘ d such that δ ∘ d_H = 0, δ ∘ δ = 0. With these operators the GDA S^∗_∞[F ; Y ] is split into the Grassmann-graded variational bicomplex. It contains the subcomplexes

0 → R −→ S^0_∞[F ; Y ]^{dH}−→ S^{0,1}_∞ [F ; Y ] · · ·^{dH}−→ S^{0,n}_∞ [F ; Y ]^δ−→ E_1 = ϱ(S^{1,n}_∞ [F ; Y ]), (7)

0 → S^{1,0}_∞ [F ; Y ]^{dH}−→ S^{1,1}_∞ [F ; Y ] · · ·^{dH}−→ S^{1,n}_∞ [F ; Y ]^ϱ−→ E_1 → 0. (8)

One can think of their even elements L = Lω ∈ S^{0,n}_∞ [F ; Y ], ω = dx^1 ∧ · · · ∧ dx^n, (9) δL = θ^A ∧ E_Aω = ∑ 0≤|Λ| (−1)^{|Λ|}θ^A ∧ d_Λ(∂^Λ_AL)ω ∈ E_1 (10) as being a graded Lagrangian and its Euler–Lagrange operator, respectively.

The algebraic Poincaré lemma states that the complexes (7) and (8) are locally exact at all the terms, except R [12, 55, 93]. Then one can obtain cohomology of these complexes in the same manner as that of the complexes (3) and (4) [21, 93, 190].

Theorem 1. Cohomology of the variational complex (7) equals the de Rham cohomology H^∗(Y ) of Y . The complex (8) is exact.

Cohomology of the complex (7) at the term S^{1,n}_∞ [F ; Y ] provides the following solution of the global inverse problem of the calculus of variation for graded Lagrangians.

Theorem 2. A δ-closed (i.e., variationally trivial) graded density reads L_0 = h_0ψ+d_H ξ, ξ ∈ S^{0,n−1}_∞ [F ; Y ], where ψ is a non-exact n-form on Y . In particular, a δ-closed odd density is d_H -exact.

Exactness of the complex (8) at the last term implies that any Lagrangian L admits the decomposition dL = δL − d_H Ξ, Ξ ∈ S^{1,n−1}_∞ [F ; Y ], (11)

where L + Ξ is a Lepagean equivalent of L [93]. This decomposition leads to the first variational formula (Theorem 3) and Noether’s first theorem (Theorem 4).

8 Noether’s first theorem in a general setting

Infinitesimal supersymmetries of ACFT, described by the GDA S^∗_∞[F ; Y ], are defined as contact graded derivations of the R-ring S^0_∞[F ; Y ] [18, 93]. Its graded derivation ϑ is called contact if the Lie derivative L_ϑ of the GDA S^∗_∞[F ; Y ] preserves the ideal of contact graded forms. Contact graded derivations take the form

ϑ = ϑ_H + ϑ_V = ϑ^λd_λ + (υ^A∂_A + ∑ |Λ|>0 d_Λυ^A∂^Λ_A), υ^A = ϑ^A − s^a_μϑ^μ, (12)

where ϑ^λ, ϑ^A are local graded functions. They constitute the most general class of so called generalized (depending on derivatives) symmetries. Generalized symmetries of differential equations [8, 37, 116, 129, 157] and Lagrangian systems [37, 62, 93, 157] have been intensively investigated. In Lagrangian field theory, generalized symmetries are exemplified by BRST transformations [12, 18, 23, 93, 100].

Theorem 3. It follows from the decomposition (11) that the Lie derivative L_ϑL of a Lagrangian L (9) with respect to an arbitrary supersymmetry ϑ (12) fulfills the first variational formula

L_ϑL = ϑ_V ⌋δL + d_H (h_0(ϑ⌋Ξ_L)) + d_V (ϑ_H ⌋ω)L. (13)

In particular, let ϑ be a vertical supersymmetry treated as an infinitesimal variation of dynamic variables. Then the first variational formula (13) shows that the Euler–Lagrange equations δL = 0 are variational equations.

A supersymmetry ϑ (12) is called a variational symmetry of a Lagrangian L if the Lie derivative L_ϑL of L is d_H -exact. One can show that ϑ is a variational symmetry iff its vertical part υ_V (12) is well. Therefore, we further restrict our consideration to vertical supersymmetries ϑ = (υ^A∂_A + ∑ |Λ|>0 d_Λυ^A∂^Λ_A). (14)

A glance at the expression (14) shows that a vertical supersymmetry is an infinite jet prolongation of its first summand υ = υ^A∂_A, called the generalized vector field. Substituting ϑ (14) into the first variational formula (13), we come to Noether’s first theorem.

Theorem 4. If ϑ (14) is a variational symmetry of a Lagrangian L (9) (i.e., L_υL = d_H σ, σ ∈ S^{0,n−1}_∞ ), the weak conservation law

0 ≈ d_H (h_0(ϑ⌋Ξ_L) − σ)

the Noether current J_ϑ = h_0(ϑ⌋Ξ_L) holds on the shell δL = 0.

A vertical supersymmetry ϑ (14) is called nilpotent if L_ϑ(L_ϑϕ) = 0 for any horizontal graded form ϕ ∈ S^{0,∗}_∞ [F ; Y ]. An even supersymmetry is never nilpotent.

For the sake of simplicity, the common symbol further stands for a generalized vector field υ, the contact graded derivation ϑ (14) determined by υ and the Lie derivative L_ϑ. We agree to call all these operators a graded derivation of the GDA S^∗_∞[F ; Y ].

9 The Koszul–Tate complex of Noether identities

As was mentioned above, quantization of a Lagrangian field theory essentially depends on its degeneracy. The Euler–Lagrange operator (10) generally obeys non-trivial Noether identities, which need not be independent, but satisfy first-stage Noether identities, and so on. Thus, there is a hierarchy of reducible Noether identities. Note that any Euler–Lagrange operator obeys trivial Noether identities which are defined as boundaries of a certain chain complex [20, 21, 191]. A problem is that trivial higher-stage Noether identities need not be boundaries, unless a certain condition holds.

The notion of reducible Noether identities came from that of reducible constraints. By analogy with constraints, the Koszul–Tate complex of reducible Noether identities has been invented under rather restrictive regularity condition that Noether identities of arbitrary stage can be locally separated into independent and dependent ones [67, 68]. This condition has also come from the case of constraints locally given by a finite set of functions which the inverse mapping theorem is applied to. A problem is that, in contrast with constraints, Noether identities of any stage are differential operators. They are locally given by a set of functions and their jet prolongations on an infinite order jet manifold. Since the latter is a Fréchet, but not Banach manifold, the inverse mapping theorem fails to be valid.

We show that, if non-trivial Noether identities of any stage are finitely generated and if they obey a certain homology regularity condition, one can associate to the Euler–Lagrange operator of a degenerate Lagrangian system the exact Koszul–Tate complex whose boundary operator provides all the Noether identities (Theorem 5) [20, 21, 96]. This complex is an extension of the original GDA S^∗_∞[F ; Y ] by means of antifields whose spaces are density-dual to the modules of Noether identities.

Let us introduce the following notation. The density dual of a vector bundle E → X is E^∗ = E^∗ ⊗^n∧ T^∗X. Given vector bundles E → X and V → X, let S^∗_∞[V × F ; Y × E] be the extension of the GDA S^∗_∞[F ; Y ] whose additional even and odd generators are sections of E → X and V → X, respectively. We consider its subalgebra P^∗_∞[V, F ; Y, E] with coefficients polynomial in these new generators. Let us also assume that the vertical tangent bundle V Y of Y admits the splitting V Y = Y × W , where W → X is a vector bundle. In this case, there no fiber bundles under consideration whose transition functions vanish on the shell δL = 0. Let Y^∗ denote the density-dual of W in this splitting.

Let L be a Lagrangian (9) and δL its Euler–Lagrange operator (10). In order to describe Noether identities which δL satisfies, let us enlarge the GDA S^∗_∞[F ; Y ] to the GDA P^∗_∞[Y^∗, F ; Y, F^∗] with the local basis {s^A, s_A}, [s_A] = ([A] + 1)mod 2. Its elements s_A are called antifields of antifield number Ant[s_A] = 1 [12, 100]. The GDA P^∗_∞[Y^∗, F ; Y, F^∗] is endowed with the nilpotent right graded derivation δ =^←∂^AE_A. We have the chain complex

0 ← Im δ^δ←− P^{0,n}_∞ [Y^∗; F ; Y ; F^∗]_1^δ←− P^{0,n}_∞ [Y^∗; F ; Y ; F^∗]_2 (15)

of graded densities of antifield number ≤ 2. Its one-cycles define the above mentioned Noether identities, which are trivial iff cycles are boundaries. Accordingly, elements of the first homology H_1(δ) of the complex (15) correspond to non-trivial Noether identities modulo the trivial ones [20, 21, 96, 191]. We assume that H_1(δ) is finitely generated. Namely, there exists a projective Grassmann-graded C^∞(X)-module C_{(0)} ⊂ H_1(δ) of finite rank with a local basis {Δ_r} such that any Noether identity is a corollary of the Noether identities δΔ_r = ∑ 0≤|Λ| Δ^{A,Λ}_r d_ΛE_A = 0. (16)

The Noether identities (16) need not be independent, but obey first-stage Noether identities described as follows. By virtue of the Serre–Swan theorem, the module C_{(0)} is isomorphic to a module of sections of the product V^∗ ×E^∗, where V^∗ and E^∗ are the density-duals of some vector bundles V → X and E → X. Let us enlarge the GDA P^∗_∞[Y^∗, F ; Y, F^∗] to the GDA P^∗_∞[E^∗ × Y^∗, F ; Y, F^∗ × V^∗] possessing the local basis {s^A, s_A, c_r} of Grassmann parity [c_r] = ([Δ_r] + 1)mod 2 and antifield number Ant[c_r] = 2. This GDA is provided with the nilpotent right graded derivation δ_0 = δ+^←∂^rΔ_r such that its nilpotency condition is equivalent to the Noether identities (16). Then we have the chain complex

0 ← Im δ^δ←− P^{0,n}_∞ [Y^∗, F ; Y, F^∗]_1^{δ0}←− P^{0,n}_∞ [E^∗ × Y^∗, F ; Y, F^∗ × V^∗]_2 (17) δ_0←− P 0,n ∞ [E^∗ × Y^∗, F ; Y, F^∗ × V^∗]_3

of graded densities of antifield number ≤ 3. It has the trivial homology H_0(δ_0) and H_1(δ_0). The two-cycles of this complex define the above mentioned first-stage Noether identities.

They are trivial if cycles are boundaries, but the converse need not be true, unless a certain homology condition holds [20, 21, 96, 191]. If the complex (17) obeys this condition, elements of its second homology H_2(δ_0) define non-trivial first-stage Noether identities modulo the trivial ones. Let us assume that H_2(δ_0) is finitely generated. Namely, there exists a projective Grassmann-graded C^∞(X)-module C_{(1)} ⊂ H_2(δ_0) of finite rank with a local basis {Δ_{r1} } such that any first-stage Noether identity is a corollary of the equalities ∑ 0≤|Λ| Δ^{r,Λ}_{r1} d_ΛΔ_r + δh_{r1} = 0. (18)

The first-stage Noether identities (18) need not be independent, but satisfy the secondstage ones, and so on. Iterating the arguments, we come to the following [20, 21, 96].

Theorem 5. One can associate to a degenerate N-stage reducible Lagrangian system the exact Koszul–Tate complex (21) with the boundary operator (20) whose nilpotency property restarts all Noether and higher-stage Noether identities (16) and (22) if these identities are finitely generated and iff this complex obeys the homology regularity condition.

Namely, there are vector bundles V_1, . . . , V_N , E_1, . . . , E_N over X and the GDA

P^∗_∞{N} = P^∗_∞[E^∗_N × · · · × E^∗_1 × E^∗ × Y^∗, F ; Y, F^∗ × V^∗ × V^∗_1 × · · · × V^∗_N ] (19)

with a local basis {s^A, s_A, c_r, c_{r1} , . . . , c_{rN} } of antifield number Ant[c_{rk} ] = k + 2. Let the indexes k = −1, 0 further stand for s_A and c_r, respectively. The GDA P^∗_∞{N} (19) is provided with the nilpotent right graded derivation (the Koszul–Tate differential)

δ_N =^←∂^AE_A + ∑ 0≤|Λ| ← ∂^rΔ^{A,Λ}_r sΛA + ∑ 1≤k≤N ← ∂^{rk} Δr_k , (20)

Δ_{rk} = ∑ 0≤|Λ| Δ^{rk−1,Λ} r_k cΛrk−1 + ∑ 0≤|Σ|,|Ξ| (h^{(rk−2,Σ)(A,Ξ)} r_k cΣrk−2 sΞA + ...), of antifield number -1. With δ_N , we have the exact chain complex

0 ← Im δ^δ←− P^{0,n}_∞ [Y^∗, F ; Y, F^∗]_1^{δ0}←− P^{0,n}_∞ {0}_2^{δ1}←− P^{0,n}_∞ {1}_3 · · · (21) δ_{N−1} ←− P^{0,n}_∞ {N − 1}_{N+1}^{δN}←− P^{0,n}_∞ {N}_{N+2}^{δN}←− P^{0,n}_∞ {N}_{N+3}, of graded densities of antifield number ≤ N + 3 which is assumed to satisfy the homology regularity condition. This condition states that any δ_{k<N−1}-cycle ϕ ∈ P^{0,n}_∞ {k}_{k+3} ⊂ P^{0,n}_∞ {k + 1}_{k+3} is a δ_{k+1}-boundary. The nilpotency property of the boundary operator δ_N (20) implies the Noether identities (16) and the (k ≤ N)-stage Noether identities ∑ 0≤|Λ| Δ^{rk−1,Λ} r_k dΛ( ∑ 0≤|Σ| Δ^{rk−2,Σ} r_{k−1} cΣrk−2 ) + δ( ∑ 0≤|Σ|,|Ξ| h^{(rk−2,Σ)(A,Ξ)} r_k cΣrk−2 sΞA) = 0. (22)

10 Noether’s inverse second theorem

Noether’s second theorem in different variants relates the Noether and higher-stage Noether identities to the gauge and higher-stage gauge symmetries of a Lagrangian system [17, 18, 78, 96]. However, the notion of a general gauge symmetry of a Lagrangian system and, consequently, a formulation of Noether’s direct second theorem meet difficulties. In particular, it may happen that gauge symmetries are not assembled into an algebra, or they form an algebra on-shell [77, 100]. At the same time, Noether identities are well defined (Theorem 5). Therefore, one can Noether’s inverse second theorem (Theorem 6) in order to obtain gauge symmetries of a degenerate Lagrangian system. This theorem associates to the antifield Koszul–Tate complex (21) the cochain sequence (24) of ghosts, whose ascent operator (25) provides gauge and higher-stage gauge symmetries of a Lagrangian field theory.

Given the GDA P^∗_∞{N} (19), let us consider the GDA P^∗_∞{N} = P^∗_∞[V_N × · · · V_1 × V, F ; Y, E × E_1 × · · · × E_N ] (23) possessing the local basis {s^A, c^r, c^{r1} , . . . , c^{rN} } of Grassmann parity [c^{rk} ] = ([c_{rk} ] + 1)mod 2 and antifield number Ant[c^{rk} ] = −(k + 1). Its elements c^{rk} , k ∈ N, are called the ghosts of ghost number gh[c^{rk} ] = k + 1 [12, 100].

Theorem 6. Given the Koszul–Tate complex (21), the graded commutative ring P^0_∞{N} is split into the cochain sequence

0 → S^0_∞[F ; Y ]^{ue}−→ P^0_∞{N}_1^{ue}−→ P^0_∞{N}_2^{ue}−→ · · · , (24)

with the odd ascent operator

u_e = u + ∑ 1≤k≤N u_{(k)}, (25) u = u^A ∂ ∂s^A , u^A = ∑ 0≤|Λ| c^r_Λη(Δ^A_r )^Λ, (26) u_{(k)} = u^{rk−1} ∂ ∂c^{rk−1} , u^{rk−1} = ∑ 0≤|Λ| c^{rk}_Λ η(Δ^{rk−1}_{rk} )^Λ, k = 1, . . . , N, (27)

η(f)^Λ = ∑ 0≤|Σ|≤k−|Λ| (−1)^{|Σ+Λ|}C^{|Σ|}_{|Σ+Λ|}d_Σf^{Σ+Λ}, C^a_b = b! a!(b − a)! . The components u (26), u_{(k)} (27) of the ascent operator u_e (25) are the above mentioned gauge and higher-stage gauge symmetries of an original Lagrangian, respectively. Indeed, let us consider the total GDA P^∗_∞{N} generated by original fields, ghosts and antifields {s^A, c^r, c^{r1} , . . . , c^{rN} , s_A, c_r, c_{r1} , . . . , c_{rN} }. (28) It contains subalgebras P^∗_∞{N} (19) and P^∗_∞{N} (23), whose operators δ_N (20) and u_e (25) are prolonged to P^∗_∞{N}. Let us extend an original Lagrangian L to the Lagrangian

L_e = L_eω = L + L_1 = L + ∑ 0≤k≤N c^{rk} Δ_{rk} ω = L + δ_N ( ∑ 0≤k≤N c^{rk} c_{rk} ω) (29) of zero antifield number. It is readily observed that the Koszul–Tate differential δ_N is a variational symmetry of the Lagrangian L_e (29), i.e., we have the equalities ← δ (c^rΔr) δs_A E_Aω = u^AE_Aω = d_H σ_0, (30) [ ← δ (c^{ri} Δr_i ) δs_A E_A + ∑ k<i

← δ (c^{ri} Δr_i ) δc_{rk} Δ_{rk} ]ω = d_H σ_i, i = 1, . . . , N. (31)

A glance at the equality (30) shows that the graded derivation u (26) is a variational symmetry of an original Lagrangian L. Parameterized by ghosts c^r, it is a gauge symmetry of L [18, 93]. The equalities (31) are brought into the form ∑ 0≤|Σ| d_Σu^{ri−1} ∂ ∂c^{ri−1}_Σ u^{ri−2} = δ(α^{ri−2} ), α^{ri−2} = − ∑ 0≤|Σ| η(h^{(ri−2)(A,Ξ)} r_i )

Σd_Σ(c^{ri} s_{ΞA}).

It follows that graded derivations u_{(k)} (27) are the k-stage gauge symmetries of a reducible Lagrangian system [17, 18, 96].

We agree to call u_e (25) the total gauge operator. In contrast with the Koszul–Tate one, this operator need not be nilpotent. However, one can say that gauge and higher-stage gauge symmetries of a Lagrangian system form an algebra (resp. an algebra on the shell) if the total gauge operator u_e can be extended to a graded derivation u_E of ghost number 1 which is nilpotent (resp. nilpotent on the shell) [19, 21, 189]. It reads

u_E = u_e + ξ = u^A∂_A + ∑ 1≤k≤N (u^{rk−1} + ξ^{rk−1} )∂_{rk−1} + ξ^{rN} ∂_{rN} , (32)

where the coefficients ξ^{rk−1} are at least quadratic in ghosts, and (u_E ∘ u_E)(f) is zero (resp. δ-exact) on graded functions f ∈ P^0_∞{N}. For instance, the total gauge operator in irreducible gauge theory is an operator of gauge transformations whose parameter functions are replaced with the ghosts. Its nilpotent extension (32) is a familiar BRST operator [19, 93].

11 BRST extended field theory

ACFT extended to ghosts and antifields exemplifies so called field-antifield Lagrangian systems of the following type [12, 100].

Given a fiber bundle Z → X and a vector bundle Z^′ → X, let us consider a GDA P^∗_∞[Z^∗, Z^′; Z, Z^{′∗}] with a local basis {z^a, z_a}, where [z_a] = ([z^a] + 1)mod 2. One can think of its elements z^a and z_a as being fields and antifields, respectively. Its submodule P^{0,n}_∞ [Z^∗, Z^′; Z, Z^{′∗}] of horizontal densities is provided with the binary operation {Lω, L^′ω} = [ ← δ L δz_a δL^′ δz^a + (−1)^{[L][L′]} ← δ L^′ δz_a δL δz^a ]ω, (33) called the antibracket by analogy with that in field-antifield BRST theory [100]. One treats this operation as sui generis odd Poisson structure [2, 11]. Let us associate to a Lagrangian Lω the odd graded derivations

υ_L = ← δ L δz_a ∂ ∂z^a , υ_L = ← ∂ ∂z_a δL δz^a . (34)

Then the following conditions are equivalent: (i) the graded derivation υ_L (34) is a variational symmetry of a Lagrangian Lω, (ii) so is the graded derivation υ_L, (iii) the (classical) master equation {Lω, Lω} = 2 ← δ L δz_a δL δz^a ω = d_H σ (35)

holds. For instance, any variationally trivial Lagrangian satisfies the master equation. We say that a solution of the master equation is not trivial if no graded derivation (34) vanishes.

Let us return to an original Lagrangian system L and its extension L_e (29) to antifields and ghosts (28), together with the odd graded derivations (34) which read

υ_e = ← δ L1 δs_A ∂ ∂s^A + ∑ 0≤k≤N

← δ L1 δc_{rk} ∂ ∂c^{rk} , υ_e = ← ∂ ∂s_A δL_1 δs^A + [ ← ∂ ∂s_A δL δs^A + ∑ 0≤k≤N

← ∂ ∂c_{rk} δL_1 δc^{rk} ]. An original Lagrangian L provides a trivial solution of the master equation. A goal is to extend it to a nontrivial solution

L + L_1 + L_2 + · · · = L_e + L^′ (36)

of the master equation by means of terms L_i of polynomial degree i > 1 in ghosts and zero antifield number. Such an extension need not exists. However, one can show the following [21].

Theorem 7. (i) A solution (36) of the master equation exists only if the graded derivation u_e (25) is extended to a graded derivation nilpotent on the shell. (ii) If the total gauge operator u_e (25) admits a nilpotent extension u_E (32) independent of antifields, then the Lagrangian

L_E = L_e + ∑ 1≤k≤N ξ^{rk−1} c_{rk−1} ω = L + u_E ( ∑ 0≤k≤N c^{rk−1} c_{rk−1} )ω + d_H σ (37)

satisfies the master equation {L_E , L_E } = 0, and υ_e = u_E called the BRST operator.

Let ACFT with a Lagrangian L be extended to antifields and ghosts (28) which come from Theorems 5 and 6, and let its Lagrangian L admit an extension to a solution of the master equation (35). One can think of this BRST extended system as being prequantum field theory, which is quantized both in the framework of the Batalin–Vilkoviski (BV) quantization [23, 100, 80] and in a different way (see Section IV). For instance, this is the case of Yang–Mills gauge and SUSY gauge theories (see item 16).

12 Relative BRST cohomology

A solution of the classical master equation (35) is not unique. At least, it is defined up to variationally trivial Lagrangians. In particular, let a bundle Y → X of even classical fields be affine. Its de Rham cohomology equals that of X. Then by virtue of Theorem 2, any variationally trivial Lagrangian reads L_0 = ϕ + d_H ξ where ϕ is a non-exact n-form on X.

Note that the generating functional in perturbative QFT depends on the action functional and, thus, is defined with accuracy to variationally trivial Lagrangians, which are d_H - exact in QFT on X = R^n . This fact motivates us to treat all Lagrangians in field-antifield BRST theory up to d_H -exact ones. They are defined as elements of the cohomology at the last term of the cochain complex 0 → R −→ P^0_∞{N}^{dH}−→ P^{0,1}_∞ {N} · · ·^{dH}−→ P^{0,n}_∞ {N} → 0. Equivalently, one considers so called local functionals ∫ Ld^nx which, in the case of even fields, are evaluated for the jet prolongations of sections of Y → X of compact support [2, 11, 12, 33].

In particular, any vertical graded derivation ϑ (14) obeys the relation ϑ∘d_H = d_H ∘ϑ. If ϑ is nilpotent, we therefore have a complex of complexes of horizontal graded forms P^{0,∗}_∞ {N} with respect to the nilpotent operator ϑ and the total differential d_H . For instance, let ϑ be a BRST operator. Then one studies d_H -relative (local in the terminology of [12]) and iterated BRST cohomology [10, 12, 33, 87, 93]. Relative and iterated cohomology of graded densities coincide with each other. For instance, a glance at the formula (37) shows that an original Lagrangian L and its BRST extension L_E are of the same relative BRST cohomology class.

III. Particular models

13 Gauge theory of principal connections

Let us consider gauge theory of principal connections on a principal bundle P → X with a structure Lie group G. Principal connections are G-equivariant connections on P → X and, therefore, they are represented by sections of the quotient bundle

C = J^1P/G → X (38)

[85, 144]. This is an affine bundle coordinated by (x^λ, a^r_λ) such that, given a section A of C → X, its components A^r_λ = a^r_λ ∘ A are coefficients of the familiar local connection form [123] (i.e., gauge potentials). Therefore, one calls C (38) the bundle of principal connections. A key point is that its first order jet manifold J^1C admits the canonical splitting over C given by the coordinate expression a^r_{λμ} = 1 2 F^r_{λμ} + 1 2 S^r_{λμ} = 1 2 (a^r_{λμ} + a^r_{μλ} − c^r_{pq}a^p_λa^q_μ) + 1 2 (a^r_{λμ} − a^r_{μλ} + c^r_{pq}a^p_λa^q_μ), (39) where c^r_{pq} are the structure constants of the Lie algebra g of G, and F^r_{λμ} = F^r_{λμ} ∘ J^1A is the curvature (the strength (42)) of a principal connection A.

There is a unique (Yang–Mills) quadratic gauge invariant Lagrangian L_{Y M} on J^1C which factorizes through the component F^r_{λμ} of the splitting (39). It obeys the irreducible Noether identities

c^r_{ji}a^i_λE^λ_r + d_λE^λ_j = 0.

The corresponding gauge symmetries are G-invariant vertical vector fields on P . They are given by sections ξ = ξ^re_r of the Lie algebra bundle V_GP = V P/G, and define vector fields

ξ = (−c^r_{ji}ξ^ja^i_λ + ∂_λξ^r)∂^λ_r (40)

on the bundle of principal connections C such that L_J 1_ξL_{Y M} = 0. As a consequence, the basis (a^r_λ, c^r, a^λ_r , c_r) for the BRST extended gauge theory consists of gauge potentials a^r_λ, ghosts c^r of ghost number 1, and antifields a^λ_r , c_r of antifield numbers 1 and 2, respectively. Replacing gauge parameters ξ^r in ξ (40) with odd ghost c^r, we obtain the total gauge operator u_e (25), whose nilpotent extension is the well known BRST operator

u_E = (−c^r_{ji}c^j a^i_λ + c^r_λ) ∂ ∂a^r_λ − 1 2 c^r_{ij}c^ic^j ∂ ∂c^r . Hence, the Yang–Mills Lagrangian is extended to a solution of the master equation

L_E = L_{Y M} + (−c^r_{ij}c^j a^i_λ + c^r_λ)a^λ_r ω − 1 2 c^r_{ij} c^ic^jc_rω. 14 Topological Chern–Simons theory

Vector fields ξ (40) are variational symmetries of the Lagrangian of topological Chern– Simons theory. One usually considers Chern–Simons theory whose Lagrangian is the local Chern– Simons form derived from the local transgression formula for the second Chern characteristic form. The global Chern–Simons Lagrangian is well defined, but depends on a background gauge potential [30, 31, 65, 90].

The fiber bundle J^1P → C is a trivial G-principal bundle canonically isomorphic to C × P → C. It admits the canonical principal connection

A = dx^λ ⊗ (∂_λ + a^p_λε_p) + da^r_λ ⊗ ∂^λ_r

[82, 144]. Its curvature defines the canonical V_GP -valued 2-form

F = (da^r_μ ∧ dx^μ + 1 2 c^r_{pq}a^p_λa^q_μdx^λ ∧ dx^μ) ⊗ e_r (41) on C. Given a section A of C → X, the pull-back

F_A = A^∗F = 1 2 F^r_{λμ}dx^λ ∧ dx^μ ⊗ e_r (42) of F onto X is the strength form of a gauge potential A.

Let I_k(e) = b_{r1...rk} e^{r1} · · · e^{rk} be a G-invariant polynomial of degree k > 1 on the Lie algebra G. With F (41), one can associate to I_k the closed gauge-invariant 2k-form P_{2k}(F) = b_{r1...rk} F^{r1} ∧ · · · ∧ F^{rk} on C. Given a section B of C → X, the pull-back P_{2k}(F_B ) = B^∗P_{2k}(F) of P_{2k}(F) is a closed characteristic form on X. Let the same symbol stand for its pull-back onto C. Since C → X is an affine bundle and the de Rham cohomology of C equals that of X, the forms P_{2k}(F) and P_{2k}(F_B ) possess the same cohomology class [P_{2k}(F)] = [P_{2k}(F_B )] for any principal connection B. Thus, I_k(e) → [P_{2k}(F_B )] ∈ H^∗(X) is the familiar Weil homomorphism. Furthermore, we obtain the transgression formula

P_{2k}(F) − P_{2k}(F_B ) = dS_{2k−1}(B), S_{2k−1}(B) = k 1∫ 0 P_{2k}(t, B)dt, (43) on C [90]. Its pull-back by means of a section A of C → X gives the transgression formula

P_{2k}(F_A) − P_{2k}(F_B ) = dS_{2k−1}(A, B)

on X. For instance, if P_{2k}(F_A) is the characteristic Chern 2k-form, then S_{2k−1}(A, B) is the familiar Chern–Simons (2k − 1)-form. Therefore, we agree to call S_{2k−1}(B) (43) the Chern–Simons form on the bundle C. Let us consider the pull-back of this form onto the jet manifold J^1C denoted by the same symbol S_{2k−1}(B). Then L_{CS} = h_0S_{2k−1}(B) is the global Lagrangian of topological Chern–Simons theory. One can show that its Lie derivative with respect to any vector field ξ (40) is d_H -exact [90].

15 Topological BF theory

Let us consider topological BF theory of two exterior forms A and B of form degree |A| + |B| = n − 1 on a smooth manifold X [28]. It is a reducible (n − 3)-stage degenerate Lagrangian theory [17]. Since the verification of the homology regularity condition in a general case is rather complicated, we here restrict our consideration to the simplest example of the topological BF theory when A is a function [20, 21, 96].

Let us consider the fiber bundle Y = R ×_X^{n−1}∧ T^∗X, coordinated by (x^λ, A, B_{μ1...μn−1} ) and provided with the canonical (n − 1)-form B = 1 (n − 1)! B_{μ1 ...μn−1} dx^{μ1} ∧ · · · ∧ dx^{μn−1} . The Lagrangian of topological BF theory reads

L_{BF} = 1 n Ad_H B. (44)

Let us extend the original GDA O^∗_∞Y of BF theory to the GDA P^∗_∞[Y^∗, Y ] possessing the local basis {A, B_{μ1...μn−1} , s, s^{μ1...μn−1} }, where s, s^{μ1...μn−1} are odd antifields of antifield number 1. It is provided with the nilpotent Koszul–Tate differential δ = ← ∂ ∂s E + ← ∂ ∂s^{μ1...μn−1} E^{μ1...μn−1} . Then one can show that the Noether identities (16) read δΔ^{μ2...μn−1} = d_{μ1} E^{μ1ν2...μn−1} = 0, Δ^{μ2...μn−1} = d_{μ1} s^{μ1 μ2...μn−1} . (45) The graded densities Δ^{ν2...νn−1} (45) form a local basis for a projective C^∞(X)-module of finite rank which, by virtue of the Serre–Swan theorem, is isomorphic to the module of sections of the vector bundle V^∗ =^{n−2}∧ T X ⊗_X^n∧ T^∗X, V =^{n−2}∧ T^∗X. Therefore, let us extend the GDA P^∗_∞[Y^∗, Y ] to the BGDA P^∗_∞{0} = P^∗_∞[Y^∗, Y, V ] possessing the local basis {A, B_{μ1...μn−1} , s, s^{μ1...μn−1} , c^{μ2...μn−1} }, where c^{μ2...μn−1} are even antifields of antifield number 2. We have the nilpotent graded derivation

δ_0 = δ + ← ∂ ∂c^{μ2...μn−1} Δ^{μ2 ...μn−1} of P^∗_∞{0}. Its nilpotency is equivalent to the Noether identities (45).

Iterating the arguments, we come to the GDA P^∗{n − 2} possessing the local basis {A, B_{μ1...μn−1} , c_{μ2...μn−1} , . . . , c_{μn−1} , c, s, s^{μ1...μn−1} , c^{μ2...μn−1} , . . . , c^{μn−1} , c}, where c^{μk+2...μn−1} , k = 0, . . . , n − 3, are antifields of Grassmann parity (k + 1)mod 2 and antifield number k + 3, c is an antifield of Grassmann parity (n − 1)mod 2 and antifield number n + 1, and c_{μ2...μn−1} , . . . , c_{μn−1} , c are the corresponding ghosts. The GDA P^∗{n − 2} is provided with the Koszul–Tate differential

δ_{n−2} = δ_0 + ∑ 1≤k≤n−3

← ∂ ∂c^{μk+2...μn−1} Δ^{μk+2...μn−1} + ← ∂ ∂c Δ, Δ^{μk+2...μn−1} = d_{μk+1} c^{μk+1μk+2...μn−1} , Δ = d_{μn−1} c^{μn−1} . Its nilpotency results in the Noether identities (45) and the k-stage Noether identities d_{μk+2} Δ^{μk+2...μn−1} = 0, k = 0, . . . , n − 3. By virtue of Noether’s inverse second theorem, the total gauge operator reads u_e = −d_{μ1} c_{μ2...μn−1} ∂ ∂B_{μ1 ...μn−1} − ∑ 1≤k≤n−3 d_{μk+1} c_{μk+2...μn−1} ∂ ∂c_{μk+1 ...μn−1} − d_μc ∂ ∂c_μ It is nilpotent and, thus, is the BRST operator. Accordingly, the Lagrangian L_{BF} (44) is extended to a solution of the master equation L_E = L_{BF} + [c_{μ2...μn−1} d_{μ1} s^{μ1 μ2...μn−1} + ∑ 1≤k≤n−3 c_{μk+2...μn−1} d_{μk+1} c^{μk+1μk+2...μn−1} + cd_{μn−1} c^{μn−1} ]ω.

16 SUSY gauge theory

SUSY gauge theory is mainly developed as Yang–Mills type theory [156, 209, 210]. However, its geometric formulation meets difficulty because formalism of principal bundles in the categories of graded manifolds and supermanifolds is rather sophisticated [13, 144, 196, 199]. ACFT overcomes this difficulty [194, 195].

Let G = G_0 ⊕ G_1 be a finite-dimensional real Lie superalgebra with a basis {e_r}, r = 1, . . . , m, and real structure constants c^r_{ij}. Recall that

c^r_{ij} = −(−1)^{[i][j]}c^r_{ji}, [r] = [i] + [j], (−1)^{[i][b]}c^r_{ij} c^j_{ab} + (−1)^{[a][i]}c^r_{aj} c^j_{bi} + (−1)^{[b][a]}c^r_{bj}c^j_{ia} = 0, where [r] denotes the Grassmann parity of e_r. Let the modified structure constants c^r_{ij} = (−1)^{[i]}c^r_{ij}, c^r_{ij} = (−1)^{([i]+1)([j]+1)}c^r_{ji} (46) be introduced. Given the universal enveloping algebra G of G, we assume that there exists an invariant non-degenerate even quadratic element h^{ij} e_ie_j of G.

In SUSY gauge theory on an Euclidean space X = R^n , we associate to the Lie superalgebra G the GDA P^∗[Q; Y ] where Q = X × G_1) ⊗_X T^∗X, Y = (X × G_0) ⊗_X T^∗X.

Its basis is (a^r_λ), [a^r_λ] = [r]. There is the canonical decomposition a^r_{λμ} = 1 2 (F^r_{λμ} + S^r_{λμ}) = 1 2 (a^r_{λμ} − a^r_{μλ} + c^r_{ij} a^i_λa^j_μ) + 1 2 (a^r_{λμ} + a^r_{μλ} − c^r_{ij}a^i_λa^j_μ). Then the Yang–Mills graded Lagrangian takes the form

L_{Y M} = 1 4 h_{ij}η^{λμ}η^{βν} F^i_{λβ}F^j_{μν} ω, where η is an Euclidean metric on R^n . Its variational derivatives E^λ_r obey the irreducible Noether identities c^r_{ji}a^i_λE^λ_r + d_λE^λ_j = 0.

Therefore, we enlarge the GDA P^∗[Q, Y ] to the GDA P^∗{0} whose basis {a^r_λ, c^r, a^λ_r , c_r}, [c^r] = ([r] + 1)mod 2, [a^λ_r ] = [c_r] = [r], consists of gauge potentials a^r_λ, ghosts c^r of ghost number 1, and antifields a^λ_r , c_r of antifield numbers 1 and 2, respectively. Then the total gauge operator u_e (25) reads

u_e = u^r_λ ∂ ∂a^r_λ = (−c^r_{ji}c^j a^i_λ + c^r_λ) ∂ ∂a^r_λ .

It admits the nilpotent BRST extension

u_E = u_e + ξ = (−c^r_{ji}c^j a^i_λ + c^r_λ) ∂ ∂a^r_λ − 1 2 c^r_{ij} c^ic^j ∂ ∂c^r , where c^r_{ij} are the modified structure constants (46). Then the Yang–Mills graded Lagrangian is extended to a solution of the master equation

L_E = L_{Y M} + (−c^r_{ij} c^j a^i_λ + c^r_λ)a^λ_r d^nx − 1 2 c^r_{ij}c^ic^j c_rω. 17 Field theory on composite bundles

Let us consider a composite fiber bundle Y → Σ → X, (47) where π_{Y Σ} : Y → Σ and π_{ΣX} : Σ → X are fiber bundles. It is provided with fibered coordinates (x^λ, σ^m, y^i), where (x^μ, σ^m) are bundle coordinates on Σ → X, i.e., the transition functions of coordinates σ^m are independent of coordinates y^i. The following facts make composite bundles useful for physical applications [85, 143, 173, 197].

Given a composite bundle (47), let h be a global section of Σ → X. Then the restriction

Y_h = h^∗Y (48)

of the fiber bundle Y → Σ to h(X) ⊂ Σ is a subbundle of the fiber bundle Y → X.

Every section s of the fiber bundle Y → X is a composition of the section h = π_{Y Σ} ∘ s of the fiber bundle Σ → X and some section of the fiber bundle Y → Σ over h(X) ⊂ Σ.

Let J^1Σ, J^1_ΣY , and J^1Y be jet manifolds of the fiber bundles Σ → X, Y → Σ and Y → X, respectively. They are provided with the adapted coordinates (x^λ, σ^m, σ^m_λ ), (x^λ, σ^m, y^i, ~y^i_λ, y^i_m) and (x^λ, σ^m, y^i, σ^m_λ , y^i_λ). There is the canonical map

ϱ : J^1Σ ×_Σ J^1_ΣY −→_Y J^1Y, y^i_λ ∘ ϱ = y^i_mσ^m_λ + ~y^i_λ.

Due to this map, any pair of connections

A_Σ = dx^λ ⊗ (∂_λ + A^i_λ∂_i) + dσ^m ⊗ (∂_m + A^i_m∂_i), (49) Γ = dx^λ ⊗ (∂_λ + Γ^m_λ ∂_m)

on fiber bundles Y → Σ and Σ → X, respectively, yields the composite connection

γ = A_Σ ∘ Γ = dx^λ ⊗ (∂_λ + Γ^m_λ ∂_m + (A^i_λ + A^i_mΓ^m_λ )∂_i) (50)

on the fiber bundle Y → X. For instance, let us consider a vector field τ on the base X, its horizontal lift Γτ onto Σ by means of the connection Γ and, in turn, the horizontal lift

A_Σ(Γτ) of Γτ onto Y by means of the connection A_Σ. Then A_Σ(Γτ) is the horizontal lift of τ onto Y by means of the composite connection γ (50).

Given a composite bundle Y (47), there is the exact sequence of bundles

0 → V_ΣY → V Y → Y ×_Σ V Σ → 0, (51)

where V_ΣY is the vertical tangent bundle of the fiber bundle Y → Σ. Every connection A (49) on the fiber bundle Y → Σ yields the splitting

ẏ^i∂_i + σ̇^m∂_m = (ẏ^i − A^i_mσ̇^m)∂_i + σ̇^m(∂_m + A^i_m∂_i)

of the exact sequences (51). This splitting defines the first order differential operator

~D = dx^λ ⊗ (y^i_λ − A^i_λ − A^i_mσ^m_λ )∂_i (52)

on the composite bundle Y → X. This operator, called the vertical covariant differential, possesses the following important property. Let h be a section of the fiber bundle Σ → X and Y_h the subbundle (48) of the composite bundle Y → X. Then the restriction of the vertical covariant differential ~D (52) to J^1Y_h ⊂ J^1Y coincides with the familiar covariant differential relative to the pull-back connection

A_h = h^∗A_Σ = dx^λ ⊗ [∂_λ + ((A^i_m ∘ h)∂_λh^m + (A ∘ h)^i_λ)∂_i] (53)

on Y_h → X [85, 144, 173].

The peculiarity of field theory on a composite bundle (47) is that its Lagrangian depends on a connection on Y → Σ, but not Y → X, and it factorizes through the vertical covariant differential (52). This is the case of field theories with broken symmetries, spinor fields, gauge gravitation theory [144, 176, 182, 192, 193] and mechanical models with parameters [89, 91, 94, 143, 177].

18 Symmetry breaking and Higgs fields

In gauge theory on a principal bundle P → X, a symmetry breaking is defined as reduction of the structure Lie group G of this principal bundle to a closed (consequently, Lie) subgroup H of exact symmetries [45, 85, 121, 154, 168, 193]. From the mathematical viewpoint, one speaks on the Klein–Chern geometry or a reduced G-structure [101, 124, 211].

By virtue of the well-known theorem [123, 200], reduction of the structure group of a principal bundle takes place iff there exists a global section h of the quotient bundle P/H → X. This section is treated as a Higgs field. Thus, we have the composite bundle P → P/H → X, (54) where P → P/H is a principal bundle with the structure group H and Σ = P/H → X is a P -associated fiber bundle with the typical fiber G/H. Moreover, there is one-to-one correspondence between the global sections h of Σ → X and reduced H-principal subbundles P^h = π^{−1}_{P Σ}(h(X)) of P .

Let Y → Σ be a vector bundle associated to the H-principal bundle P → Σ. Then sections of the composite bundle Y → Σ → X describe matter fields with the exact symmetry group H in the presence of Higgs fields. Given bundle coordinates (x^λ, σ^m, y^i) on Y , these sections are locally represented by pairs (σ^m(x), y^i(x)). Given a global section h of Σ → X, sections of the vector bundle Y_h (48) describe matter fields in the presence of the background Higgs field h. Moreover, for different Higgs fields h and h^′, the fiber bundles Y_h and Y_h′ need not be equivalent [85, 168, 193].

Note that Y → X fails to be associated to a principal bundle P → X with the structure group G and, consequently, it need not admit a principal connection. Therefore, one should consider a principal connection (49) on the fiber bundle Y → Σ, and a Lagrangian on J^1Y factorizes through the vertical covariant differential ~D (52). In the presence of a background Higgs field h, the restriction of ~D to J^1Y_h coincides with the covariant differential relative to the pull-back connection (53) on Y_h → X.

Riemannian and pseudo-Riemannian metrics on a manifold X exemplify classical Higgs fields. Let X be an oriented four-dimensional smooth manifold and LX the fiber bundle of linear frames in the tangent spaces to X. It is a principal bundle with the structure group GL_4 = GL^+(4, R). By virtue of the well known theorem [200], this structure group is always reducible to its maximal compact subgroup SO(4). The corresponding global sections of the quotient bundle LX/SO(4) are Riemannian metrics on X. However, the reduction of the structure group GL_4 of LX to its Lorentz subgroup SO(1, 3) need not exist, unless X satisfies certain topological conditions. The quotient bundle

Σ_{PR} = LX/SO(1, 3) → X, (55)

is a natural bundle (see item 20), associated to LX. Its global section h, called a tetrad field, defines a principal Lorentz subbundle L^hX of LX. Therefore, h can be represented by a family of local sections {h_a}_ι of LX on trivialization domains U_ι which take values in L^hX and possess Lorentz transition functions. One calls {h_a} the tetrad functions or vielbeins. They define an atlas Ψ^h = {({h_a}_ι, U_ι)} of LX and associated bundles with Lorentz transition functions. There is the canonical imbedding of the bundle Σ_{PR} (55) onto an open subbundle of the tensor bundle^2∨ T^∗X such that its global section h = g is a pseudo-Riemannian metric g_{μν} = h^a_μh^b_ν η_{ab} on X. This fact motivates us to treat a metric (or tetrad) gravitational field as a Higgs field [117, 169, 182, 192].

Note that, if G = GL_4 and H = SO(1, 3), we are in the case of so called reductive G-structure [97] when the Lie algebra g of G is the direct sum

G = h ⊕ m (56)

of the Lie algebra h of H and a subspace m ⊂ g such that ad(g)(m) ⊂ m, g ∈ H. In this case, the pull-back of the h-valued component of any principal connection on P onto a reduced subbundle P^h is a principal connection on P^h.

19 Dirac spinor fields

Dirac spinors as like as other ones are described in the Clifford algebra terms [74, 137]. The Dirac spinor structure on a four-dimensional manifold X is defined as a pair (P^h, z_s) of a principal bundle P^h → X with the structure spin group L_s = SL(2, C ) and its bundle morphism z_s : P^h → LX to the frame bundle LX [9, 137]. Any such morphism factorizes P^h → L^hX → LX (57) through some reduced principal subbundle L^hX ⊂ LX with the structure proper Lorentz group L= SO^↑(1, 3), whose universal two-fold covering is L_s. The corresponding quotient bundle Σ_T = LX/L is a two-fold covering of the bundle Σ_{PR} (55). Its global sections are L-valued tetrad fields h. Thus, any Dirac spinor structure is associated to a Lorentz reduced structure, but the converse need not be true. There is the well-known topological obstruction to the existence of a Dirac spinor structure. For instance, a Dirac spinor structure on a non-compact manifold X exists iff X is parallelizable.

Given a Dirac spinor structure (57), the associated Dirac spinor bundle S^h can be seen as a subbundle of the bundle of Clifford algebras generated by the Lorentz frames {t_a} ∈ L^hX [26, 137]. This fact enables one to define the Clifford representation

γ_h(dx^μ) = h^μ_a γ^a (58)

of coframes dx^μ in the cotangent bundle T^∗X by Dirac’s matrices, and introduce the Dirac operator on S^h with respect to a principal connection on P^h. Then sections of a spinor bundle S^h describe Dirac spinor fields in the presence of a tetrad field h. However, the representations (58) for different tetrad fields fail to be equivalent. Therefore, one meets a problem of describing Dirac spinor fields in the presence of different tetrad fields and under general covariant transformations.

In order to solve this problem, let us consider the universal two-fold covering ~GL_4 of the group GL_4 and the ~GL_4-principal bundle ~LX → X which is the two-fold covering bundle of the frame bundle LX [51, 137, 201]. Then we have the commutative diagram ~LX^ζ−→ LX P^h −→ L^hX for any Dirac spinor structure (57) [76, 176, 182]. As a consequence, ~LX/L_s = LX/L = Σ_T. Since ~LX → Σ_T is an L_s-principal bundle, one can consider the associated spinor bundle S → Σ_T whose typical fiber is a Dirac spinor space V_s [144, 176, 182]. We agree to call it the universal spinor bundle because, given a tetrad field h, the pull-back S^h = h^∗S → X of S onto X is a spinor bundle on X which is associated to the L_s-principal bundle P^h. The universal spinor bundle S is endowed with bundle coordinates (x^λ, σ^μ_a , y^A), where (x^λ, σ^μ_a ) are bundle coordinates on Σ_T and y^A are coordinates on the spinor space V_s. The universal spinor bundle S → Σ_T is a subbundle of the bundle of Clifford algebras which is generated by the bundle of Minkowski spaces associated to the L-principal bundle LX → Σ_T . As a consequence, there is the Clifford representation

γ_Σ : T^∗X ⊗_{ΣT} S → S, γ_Σ(dx^λ) = σ^λ_a γ^a, (59)

whose restriction to the subbundle S^h ⊂ S restarts the representation (58).

Sections of the composite bundle S → Σ_T → X describe Dirac spinor fields in the presence of different tetrad fields as follows [176, 182]. Due to the splitting (56), any general linear connection K on X (i.e., a principal connection on LX) yields the connection

A_Σ = dx^λ ⊗ (∂_λ − 1 4 (η^{kb}σ^a_μ − η^{ka}σ^b_μ)σ^ν_k K_λ^μ_ν L_{ab}^A_B y^B∂_A) + (60)

dσ^μ_k ⊗ (∂^k_μ + 1 4 (η^{kb}σ^a_μ − η^{ka}σ^b_μ)L_{ab}^A_By^B∂_A) on the universal spinor bundle S → Σ_T . Its restriction to S^h is the familiar spin connection

K_h = dx^λ ⊗ [∂_λ + 1 4 (η^{kb}h^a_μ − η^{ka}h^b_μ)(∂_λh^μ_k − h^ν_kK_λ^μ_ν )L_{ab}^A_B y^B∂_A], (61)

defined by K [162, 174]. The connection (60) yields the vertical covariant differential ~D = dx^λ ⊗ [y^A_λ − 1 4 (η^{kb}σ^a_μ − η^{ka}σ^b_μ)(σ^μ_{λk} − σ^ν_k K_λ^μ_ν )L_{ab}^A_B y^B]∂_A, (62)

on the fiber bundle S → X. Its restriction to J^1S^h ⊂ J^1S recovers the familiar covariant differential on the spinor bundle S^h → X relative to the spin connection (61). Combining (59) and (62) gives the first order differential operator

D = σ^λ_a γ^{aB}_A[y^A_λ − 1 4 (η^{kb}σ^a_μ − η^{ka}σ^b_μ)(σ^μ_{λk} − σ^ν_k K_λ^μ_ν )L_{ab}^A_B y^B], on the fiber bundle S → X. Its restriction to J^1S^h ⊂ J^1S is the familiar Dirac operator on the spinor bundle S^h in the presence of a background tetrad field h and a general linear connection K.

20 Natural and gauge-natural bundles

A connection Γ on a fiber bundle Y → X defines the horizontal lift Γτ onto Y of any vector field τ on X. There is the category of natural bundles [125, 204] which admit the functorial lift ~τ onto T of any vector field τ on X such that τ → τ is a monomorphism of the Lie algebra of vector field on X to that on T . One can think of the lift ~τ as being an infinitesimal generator of a local one-parameter group of general covariant transformations of T . The corresponding Noether current J~_τ is the energy-momentum flow along τ [84, 85, 174, 176].

Natural bundles are exemplified by tensor bundles over X. Moreover, all bundles associated to the principal frame bundle LX are natural bundles. The bundle

C_K = J^1LX/GL_4 (63)

of principal connections on LX is not associated to LX, but it is also a natural bundle [85, 144]. As is well known, a spinor bundle S^h associated to the spinor structure (57) fails to be a natural bundle. There exists the lift of any vector field on X onto S^h. It is called Kosmann’s Lie derivative [61, 98, 126]. Such a lift is a property of any reductive G-structure [97], but it is not a generator of general covariant transformations. At the same time, the universal spinor bundle S → X associated to the two-fold covering ~LX of LX is a natural bundle. Therefore, there exists the functorial lift onto S of any vector field on X. Its restriction to a spinor bundle S^h coincides with Kosmann’s Lie derivative [174, 176, 182].

In a more general setting, higher order natural bundles and gauge-natural bundles are called into play [60, 63, 125, 204]. Note that the linear frame bundle LX over a manifold X is the set of first order jets of local diffeomorphisms of R^n to X, n = dim X, at the origin of R^n . Accordingly, one considers r-order frame bundles L^rX of r-order jets of local diffeomorphisms of R^n to X. Furthermore, given a principal bundle P → X with a structure group G, the r-order jet bundle J^1P → X of its sections fails to be a principal bundle. However, the product W^rP = L^rX × J^rP is a principal bundle with the structure group W^r_n G which is a semi direct product of the group G^r_n of invertible r-order jets of maps R^n to itself at its origin (e.g., G^1_n = GL(n, R)) and the group T^r_n G of r-order jets of morphisms R^n → G at the origin of R^n . Moreover, if Y → X is a fiber bundle associated to P , the jet bundle J^rY → X is a vector bundle associated to the principal bundle W^rP . It exemplifies gauge natural bundles, which can described as fiber bundles associated to principal bundles W^rP . Natural bundles are gauge natural bundles for a trivial G = 1. The bundle of principal connections C (38) is a first order gauge natural bundle. This fact motivates somebody to develop generalized gauge theory on gauge natural bundles [60, 63, 72].

21 Gauge gravitation theory

Gauge gravitation theory (see [110, 117, 169, 192] for a survey) is described as a field theory on natural bundles over an oriented four-dimensional manifold X whose dynamic variables are linear connections and pseudo-Riemannian metrics on X [19, 64, 85, 174, 182, 206].

Linear connections on X (henceforth world connection) are principal connections on the linear frame bundle LX of X. They are represented by sections of the bundle of linear connections C_K (63). This is provided with bundle coordinates (x^λ, k_λ^ν_α) such that components k_λ^ν_α ∘ K = K_λ^ν_α of a section K of C_K → X are coefficient of the linear connection

K = dx^λ ⊗ (∂_λ + K_λ^μ_νẋ^ν ˙∂_μ) on T X with respect to the holonomic bundle coordinates (x^λ, ẋ^λ). The first order jet manifold J^1C_K of C_K admits the canonical decomposition taking the coordinate form k_{λμ}^α_β = 1 2 (R_{λμ}^α_β + S_{λμ}^α_β) = 1 2 (k_{λμ}^α_β − k_{μλ}^α_β + k_μ^α_εk_λ^ε_β − k_λ^α_εk_μ^ε_β ) + 1 2 (k_{λμ}^α_β + k_{μλ}^α_β − k_μ^α_εk_λ^ε_β + k_λ^α_εk_μ^ε_β).

If K is a section of C_K → X, then R ∘ K is the curvature of a world connection K.

In order to describe gravity, let us assume that the linear frame bundle LX admits a Lorentz structure, i.e., reduced principal subbundles with the structure Lorentz group. Sections of the corresponding quotient bundle Σ_{PR} (55) are pseudo-Riemannian (henceforth world) metrics on X. Note that the physical underlying reasons for the existence of a Lorentz structure and, consequently, a world metric are both the geometric equivalence principle and the existence of Dirac fermion fields [117, 169, 182].

The total configuration space of gauge gravitation theory in the absence of matter fields is the bundle product Σ_{P R} × C_K coordinated by (v^λ, σ^{αβ}, k_μ^α_β ). This is a natural bundle admitting the functorial lift

~τ_{KΣ} = τ^μ∂_μ + (σ^{νβ}∂_ν τ^α + σ^{αν} ∂_ν τ^β) ∂ ∂σ^{αβ} + (64)

(∂_ν τ^αk_μ^ν_β − ∂_βτ^ν k_μ^α_ν − ∂_μτ^ν k_ν^α_β + ∂_{μβ} τ^α) ∂ ∂k_μ^α_β of vector fields τ on X [19, 144]. These lifts are generators of one-dimensional groups of general covariant transformations, whose gauge parameters are vector fields on X.

We do not specify a gravitation Lagrangian L_G on the jet manifold J^1(Σ_{P R} × C_K ), but assume that vector fields (64) exhaust its gauge symmetries. Then the Euler–Lagrange operator (E_{αβ}dσ^{αβ} + E^μ_α^βdk_μ^α_β) ∧ ω of this Lagrangian obeys irreducible Noether identities

−(σ^{αβ}_λ + 2σ^{νβ}_ν δ^α_λ )E_{αβ} − 2σ^{νβ}d_ν E_{λβ} + (−k_{λμ}^α_β − k_{νμ}^ν_βδ^α_λ + k_{βμ}^α_λ + k_{μλ}^α_β)E^μ_α^β + (−k_μ^ν_βδ^α_λ + k_μ^α_λδ^ν_β + k_λ^α_βδ^ν_μ)d_ν E^μ_α^β + d_{μβ}E^μ_λ^β = 0

[19]. Taking the vertical part of vector fields ~τ_{KΣ} and replacing gauge parameters τ^λ with ghosts c^λ, we obtain the total gauge operator and its nilpotent BRST prolongation u_E = u^{αβ} ∂ ∂σ^{αβ} + u_μ^α_β ∂ ∂k_μ^α_β + u^λ ∂ ∂c^λ = (σ^{νβ}c^α_ν + σ^{αν} c^β_ν − c^λσ^{αβ}_λ ) ∂ ∂σ^{αβ} + (c^α_ν k_μ^ν_β − c^ν_βk_μ^α_ν − c^ν_μk_ν^α_β + c^α_{μβ} − c^λk_{λμ}^α_β ) ∂ ∂k_μ^α_β + c^λ_μc^μ ∂ ∂c^λ , but this differs from that in [105]. Accordingly, an original Lagrangian L_G is extended to a solution of the master equation

L_E = L_G + u^{αβ}σ_{αβ} ω + u_μ^α_βk^μ_α^βω + u^λc_λω,

where σ_{αβ} , k^μ_α^β and c_λ are corresponding antifields.

22 Covariant Hamiltonian field theory

As is well-known, the familiar symplectic Hamiltonian technique applied to field theory leads to instantaneous Hamiltonian formalism on an infinite-dimensional phase space coordinated by field functions at some instant of time [103]. The true Hamiltonian counterpart of classical first order Lagrangian field theory on a fiber bundle Y → X is covariant Hamiltonian formalism, where canonical momenta p^μ_i correspond to derivatives y^i_μ of field variables y^i with respect to all world coordinates x^μ. This formalism has been rigorously developed since the 1970s in the multisymplectic, polysymplectic and Hamilton – De Donder variants (see [58, 59, 70, 85, 86, 92, 102, 111, 134, 139, 140, 141, 146, 159, 165] and references therein).

The multisymplectic phase space is the homogeneous Legendre bundle Z_Y = T^∗Y ∧ (^{n−1}∧ T^∗X), (65) coordinated by (x^λ, y^i, p^λ_i , p). It is endowed with the canonical exterior form Ξ_Y = pω + p^λ_i dy^i ∧ ω_λ, whose exterior differential dΞ_Y is the multisymplectic form [38, 147]. Given a first order Lagrangian L = Lω on J^1Y , the associated Poincaré–Cartan form H_L = L + π^λ_i θ^i ∧ ω_λ, π^λ_i = ∂^λ_i L, ω_λ = ∂_λ⌋ω. (66) is a Lepagean equivalent both of L and the Lagrangian L = ^h_0(H_L) = (L + (^y^i_λ − y^i_λ)π^λ_i )ω, ^h_0(dy^i) = ^y^i_λdx^λ, (67) on the repeated jet manifold J^1J^1Y , whose Euler–Lagrange equations are the Cartan ones ∂^λ_i π^μ_j (^y^j_μ − y^j_μ) = 0, ∂_iL − ^d_λπ^λ_i + (^y^j_λ − y^j_λ)∂_iπ^λ_j = 0. (68) The Poincaré–Cartan form (66) yields the Legendre morphism ^H_L : J^1Y →_Y Z_Y , (p^μ_i , p) ∘ ^H_L = (π^μ_i , L − π^μ_i y^i_μ), of J^1Y to the homogeneous Legendre bundle Z_Y . If its image Z_L = ^H_L(J^1Y ) is an imbedded subbundle i_L : Z_L → Z_Y of Z_Y → Y , it is provided with the pull-back De Donder form Ξ_L = i^∗_LΞ_Y . The Hamilton – De Donder equations for sections r of Z_L → X read r^∗(u⌋dΞ_L) = 0, (69) where u is an arbitrary vertical vector field on Z_L → X. If the Legendre morphism ^H_L is a submersion, one can show that a section s of J^1Y → X obeys the Cartan equations (68) iff ^H_L ∘ s satisfies the Hamilton–De Donder ones (69) [86, 102]. In a general setting, one studies different Lepagean forms in order to develop Hamilton – De Donder formalism [134, 135].

The homogeneous Legendre bundle Z_Y is the trivial one-dimensional bundle ζ : Z_Y → Π over the Legendre bundle

Π =^n∧ T^∗X ⊗_Y V^∗Y ⊗_Y T X = V^∗Y ∧ (^{n−1}∧ T^∗X), (70)

coordinated by (x^λ, y^i, p^μ_i ). Being provided with the canonical polysymplectic form Ω = dp^λ_i ∧ dy^i ∧ ω ⊗ ∂_λ, the Legendre bundle Π is the momentum phase space of polysymplectic Hamiltonian formalism [40, 85, 86, 107, 122, 170, 171]. A Hamiltonian H on Π is defined as a section p = −H of the bundle ζ. The pull-back of Ξ_Y onto Π by a H is a Hamiltonian form

H = H^∗Ξ_Y = p^λ_i dy^i ∧ ω_λ − Hω. (71)

For every Hamiltonian form H (71), there exists a connection γ on Π → X such that γ⌋Ω = dH. This connection yields the first order Hamilton equations

y^i_λ = ∂^i_λH, p^λ_i = −∂_iH (72)

on Π which are exactly the Euler–Lagrange equations for the first-order Lagrangian

L_H = h_0(H) = (p^λ_i y^i_λ − H)ω (73)

on J^1Π. Let i_N : N → Π be a closed imbedded subbundle of the Legendre bundle Π → Y which is regarded as a constraint space. Let H_N = i^∗_N H be the pull-back of the Hamiltonian form H (71) onto N. This form defines the constrained Lagrangian

L_N = h_0(H_N ) = (J^1i_N )^∗L_H (74)

on the jet manifold J^1N_L. In fact, this Lagrangian is the restriction of L_H to N × J^1Y . Its Euler–Lagrange equations are called the constrained Hamilton equations. One can show that any solution of the Hamilton equations (72) which lives in the constraint manifold N is also a solution of the constrained Hamilton equations on N [85, 86].

Lagrangian and covariant Hamiltonian formalisms are not equivalent, unless Lagrangians are hyperregular. The key point is that a non-regular Lagrangian admits different associated Hamiltonians, if any. At the same time, there is a comprehensive relation between these formalisms in the case of almost-regular Lagrangians [85, 86, 170].

Any first order Lagrangian L yields the Legendre map ^L : J^1Y −→_Y Π, p^λ_i ∘ ^L = ∂^λ_i L, whose image N_L = ^L(J^1Y ) is called the Lagrangian constraint space. Conversely, any Hamiltonian H defines the Hamiltonian map ^H : Π −→_Y J^1Y, y^i_λ ∘ ^H = ∂^i_λH. A Hamiltonian H on Π is said to be associated to a Lagrangian L if it satisfies the relations p^μ_i = ∂^μ_i L(x^μ, y^i, ∂^j_λH), p^μ_i ∂^i_μH − H = L(x^μ, y^j, ∂^j_λH). A Lagrangian L is called almost-regular if the Lagrangian constraint space N_L is a closed imbedded subbundle of the Legendre bundle Π → Y , and ^L : J^1Y → N_L is a fibered manifold with connected fibers. In this case, the Poincaré–Cartan form (66) is the pullback H_L = ^L^∗H of the Hamiltonian form H (71) for any associated Hamiltonian H. If an almost-regular Lagrangian admits associated Hamiltonians H, they define a unique constrained Lagrangian L_N = h_0(H_N ) (74) on the jet manifold J^1N_L of the fiber bundle N_L → X. Then one can show that a section s of the jet bundle J^1Y → X is a solution of the Cartan equations for L iff ^L ∘ s is a solution of the constrained Hamilton equations.

For instance, the comprehensive description of systems with almost-regular quadratic Lagrangians can be obtained [85, 86, 92]. In this case, the jet bundle J^1Y → Y admits a splitting similar to that (39) in gauge theory. As a consequence, such a Lagrangian is brought into the Yang–Mills type form, and can be accordingly quantized [15, 16, 92].

In order to quantize covariant Hamiltonian field theory, one often try to construct the multisymplectic generalization of a Poisson bracket [46, 69, 71, 114, 118, 119, 120, 183]. In a different way, we quantize covariant (polysymplectic) Hamiltonian field theory as a particular Lagrangian system with the Lagrangian L_H (73) in path integral terms [15, 16, 172].

There are attempts to generalize covariant Hamiltonian formalism (e.g., its Hamilton– De Donder variant) to higher order Lagrangian systems [4, 132, 135, 198]. However, a problem is to define the Legendre map ^L for a higher order Lagrangian L.

23 Time-dependent mechanics

Non-relativistic time-dependent mechanics (see item 25 for relativistic one) can be formulated as particular field theory on fiber bundles Q → R over a time axis R [83, 133, 138, 143, 148, 175, 177]. In this case, polysymplectic and multisymplectic Hamiltonian formalisms provide Hamiltonian and homogeneous Hamiltonian formulations of time-dependent mechanics, whose momentum and homogeneous momentum phase spaces are the vertical cotangent bundle V^∗Q of Q → R and the cotangent bundle T^∗Q, respectively [143, 175, 177].

At the same time, there is the essential difference between field theory and timedependent mechanics. In contrast with gauge potentials in field theory, connections on a configuration bundle Q → R of time-dependent mechanics fail to be dynamic variables since their curvature vanishes. There is one-to-one correspondence between these connections and the trivializations Q ≈ R × M of a configuration space, i.e., reference frames

[143, 144, 175]. If a reference frame holds fixed, time-dependent mechanical systems are familiarly described on the products Q ≈ R × M, J^1Q ≈ R × T M, V^∗Q ≈ R × T^∗ M, which are not subject to time-dependent transformations [39, 41, 48, 57, 108, 153].

24 Jets of submanifolds

Jets of sections of fiber bundles are particular jets of submanifolds. Namely, a space of jets of submanifolds admits a cover by charts of jets of sections [85, 95, 129, 150]. Threevelocities in relativistic mechanics exemplify first order jets of submanifolds (see item 25). A problem is that differential forms on jets of submanifolds do not constitute a variational bicomplex because horizontal forms (e.g., Lagrangians) are not preserved under coordinate transformations. However, one can associate to jets of n-dimensional submanifolds of an m-dimensional manifold Z the jets of sections of a trivial fiber bundle Z_Q = Q × Z → Q, (75) where Q is some n-dimensional manifold. This relation fails to be one-to-one correspondence. The ambiguity contains, e.g., diffeomorphisms of Q. Lagrangian formalism on a fiber bundle (75) is developed in a standard way, but Lagrangians are required to be variationally invariant under the above mentioned diffeomorphisms of Q (see item 26) [95].

Given an m-dimensional smooth real manifold Z, a k-order jet of n-dimensional submanifolds of Z at a point z ∈ Z is defined as the equivalence class j^k_z S of n-dimensional imbedded submanifolds of Z through z which are tangent to each other at z with order k. The set J^k_n Z of this jets is a finite-dimensional real smooth manifold. Let Y → X be an m-dimensional fiber bundle over an n-dimensional base X and J^kY the k-order jet manifold of sections of Y → X. Given an imbedding Y → Z, there is the natural injection J^kY → J^k_n Z which defines a chart on J^k_n Z. These charts provide a manifold atlas of J^k_n Z.

In particular, there is obvious one-to-one correspondence between the jets j^1_z S at a point z ∈ Z and the n-dimensional vector subspaces of the tangent space T_zZ of Z at z. It follows that J^1_nZ is a fiber bundle ρ : J^1_nZ → Z in Grassmann manifolds. It possesses the following coordinate atlas. Let {(U; z^μ)} be a coordinate atlas of Z. Putting J^0_nZ = Z, let us provide J^0_mZ with the atlas obtained by replacing every chart (U, z^A) of Z with the m!/(n!(m − n)!) charts on U which correspond to different partitions of (z^A) in collections of n and m − n coordinates (x^a, y^i), a = 1, . . . , n, i = 1, . . . , m − n. Accordingly, the first order jet manifold J^1_nZ is endowed with the coordinates (x^a, y^i, y^i_a) possessing transition functions x^{′a} = x^{′a}(x^b, y^k), y^{′i} = y^{′i}(x^b, y^k), y^{′j}_a = ( ∂y^{′j} ∂y^k y^k_b + ∂y^{′j} ∂x^b )( ∂x^b ∂y^{′i} y^{′i}_a + ∂x^b ∂x^{′a} ). (76)

In particular, if coordinate transition functions x^{′a} are independent of coordinates y^k, the transformation law (76) comes to the familiar transformations of jets of sections.

Given a coordinate chart (ρ^{−1}(U); x^a, y^i, y^i_a) of J^1_nZ, one can regard ρ^{−1}(U) as the first order jet manifold J^1U of sections of the fiber bundle U ∋ (x^a, y^i) → (x^a) ∈ U_X . The graded differential algebra O^∗(ρ^{−1}(U)) of exterior forms on ρ^{−1}(U) is generated by horizontal forms dx^a and contact forms dy^i − y^i_adx^a. Coordinate transformations (76) preserve the ideal of contact forms, but not horizontal forms. Therefore, one can develop first order Lagrangian formalism with a Lagrangian L = Ld^nx on a coordinate chart ρ^{−1}(U), but this Lagrangian fails to be globally defined on J^1_nZ.

In order to overcome this difficulty, let us consider the above mentioned bundle Z_Q (75), coordinated by (q^μ, x^a, y^i), and its first order jet manifold J^1Z_Q endowed with coordinates (q^μ, x^a, y^i, x^a_μ, y^i_μ) possessing transition functions

q^{′μ} = q^μ(q^ν ), x^{′a} = x^{′a}(x^b, y^k), y^{′i} = y^{′i}(x^b, y^k), (77)

x^{′a}_μ = ( ∂x^{′a} ∂y^k y^k_ν + ∂x^{′a} ∂x^b x^b_ν ) ∂q^ν ∂q^{′μ} , y^{′i}_μ = ( ∂y^{′i} ∂y^k y^k_ν + ∂y^{′i} ∂x^b x^b_ν ) ∂q^ν ∂q^{′μ} . An element (q^μ, x^a, y^i, x^a_μ, y^i_μ) ∈ J^1Z_Q is called regular if an m × n matrix with the entries (x^a_μ, y^i_μ) is of maximal rank n. This property is preserved under the coordinate transformations (77). Obviously, any regular elements of J^1Z_Q defines some jet of n-dimensional subbundles of the manifold {q} × Z through a point (x^a, y^i) ∈ Z. Moreover, one can state the following relations between the elements of J^1_nZ and the regular elements of J^1Z_Q [95].

Any jet of submanifolds (x^a, y^i, y^i_a) through a point z ∈ Z defines some (but not unique) jet (q^μ, x^a, y^i, x^a_μ, y^i_μ) of sections of the fiber bundle Z_Q (75) through a point q × z for any q ∈ Q if the jet coordinates obey the equalities

y^i_ax^a_μ = y^i_μ. (78)

Any regular element (q^μ, x^a, y^i, x^a_μ, y^i_μ) of J^1Z_Q defines a unique element (x^a, y^i, y^i_a) of the jet manifold J^1_nZ by means of the equalities

y^i_a = y^i_μ(x^{−1})^μ_a . (79)

The equalities (78) and (79) are maintained under coordinate transformations (76) – (77). Note that there is a certain ambiguity between elements of J^1_nZ and J^1Z_Q. Non-regular elements of J^1Z_Q can correspond to different jets of submanifolds. Two regular elements (q^μ, z^A, z^A_μ ) and (q^μ, z^A, z^{′A}_μ ) of J^1Z_Q define the same jet of submanifolds if z^{′A}_μ = M^ν_μ z^A_ν , where M is some matrix. For instance, M comes from a diffeomorphism of Q.

Basing on this result, one can describe the dynamics of n-dimensional submanifolds of a manifold Z as that of sections of the fiber bundle (75) (see item 26).

25 Relativistic mechanics

Given an m-dimensional manifold Z coordinated by (z^A), let us consider the jet manifold J^1_1 Z of its one-dimensional submanifolds. Let us provide Z = J^0_1 Z with coordinates (x^0 = z^0, y^i = z^i). Then the jet manifold J^1_1 Z is endowed with coordinates (z^0, z^i, z^i_0) possessing transition functions (76) which read

z^{′0} = z^{′0}(z^0, z^k), z^{′0} = z^{′0}(z^0, z^k), z^{′i}_0 = ( ∂z^{′i} ∂z^j z^j_0 + ∂z^{′i} ∂z^0 )( ∂z^{′0} ∂z^j z^j_0 + ∂z^{′0} ∂z^0 )^{−1}. (80)

A glance at this expression shows that J^1_1 Z → Z is a fiber bundle in projective spaces. For instance, put Z = R^4 whose Cartesian coordinates are subject to Lorentz transformations

z^{′0} = z^0chα − z^1shα, z^{′′} = −z^0shα + z^1chα, z^{′2,3} = z^{2,3}. (81)

Then z^{′i} (80) are exactly the Lorentz transformations

z^{′1}_0 = z^1_0 chα − shα −z^1_0 shα + chα z^{′2,3}_0 = z^{2,3}_0 −z^1_0 shα + chα

of three-velocities in relativistic mechanics [95, 143, 175, 186].

Let us consider a one-dimensional manifold Q = R and the product Z_Q = R × Z. Let R be provided with a Cartesian coordinate τ possessing transition function τ^′ = τ + const. Then the jet manifold J^1Z_Q of the fiber bundle R ×Z → R is endowed with the coordinates (τ, z^0, z^i, z^0_τ , z^i_τ ) with the transition functions

z^{′0}_τ = ∂z^{′0} ∂z^k z^k_τ + ∂z^{′0} ∂z^0 z^0_τ , z^{′i}_τ = ∂z^{′i} ∂z^k z^k_τ + ∂z^{′i} ∂z^0 z^0_τ .

In the case of Lorentz transformations (81), these transition functions are transformations of four-velocities in relativistic mechanics where τ is a proper time.

Let us consider coordinate charts (U^′; τ, z^0, z^i, z^i_0) and (U^{′′}; τ, z^0, z^i, z^0_τ , z^i_τ ) of the manifolds R × J^1_1 Z and J^1Z_Q over the same chart (U; τ, z^0, z^i) of Z_Q. Then one can associate to each element (τ, z^0, z^i, z^i_0) of U^′ the elements of U^{′′} which obey the relations (78)– (79):

z^i_0z^0_τ = z^i_τ , z^i_0 = z^i_τ z^0_τ

, z^0_τ ≠ 0. (82)

Given a point (τ, z) ∈ R × Z, the relations (82) are exactly the correspondence between elements of a one-dimensional vector subspace of the tangent space T_zZ and the corresponding element of the projective space of these subspaces. In relativistic mechanics, the relations (82) are familiar equalities between three- and four-velocities, and one avoids the ambiguity between them by means of the nonholonomic constraint (z^0_τ )^2 − ∑ i (z^i_τ )^2 = 1.

26 String theory

Given a manifold Z, one can develop Lagrangian theory of its n-dimensional submanifolds as Lagrangian theory on the fiber bundle Z_Q (75) for an appropriate n-dimensional manifold Q. If n = 2, we are in the case of classical string theory.

Let Z_Q be a fiber bundle (75) coordinated by (q^μ, z^A) and J^1Z_Q its first order jet manifold provided with coordinates (q^μ, z^A, z^A_μ ), possessing transition functions q^{′μ}(q^ν ), , z^{′A}(z^B ), z^{′A}_μ = ∂z^{′A} ∂z^B ∂q^ν ∂q^{′μ} z^B_ν .

Let L = L(z^A, z^A_μ )d^nq be a first order Lagrangian on J^1Z_Q and δL = E_Adz^A ∧ d^nq its Euler–Lagrange operator. Let us consider an arbitrary vector field u = u^μ(q^ν )∂_μ on Q. It is an infinitesimal generator of a one-parameter group of local diffeomorphisms of Q. Since Z_Q → Q is a trivial bundle, this vector field gives rise to a vector field u = u^μ∂_μ on Z_Q, and its jet prolongation onto J^1Z_Q reads

u = u^μ∂_μ − z^A_ν ∂_μu^ν∂^μ_A = u^μd_μ + [−u^ν z^A_ν ∂_A − d_μ(u^ν z^A_ν )∂^μ_A]. (83)

One can regard it as a generalized vector field depending on parameter functions u^μ(q^ν ). In order to describe jets of submanifolds of Z, it seems reasonable to require that a Lagrangian L on J^1Z_Q is independent on coordinates of Q and variationally invariant under u (83) or, equivalently, its vertical part

u_V = −u^ν z^A_ν ∂_A − d_μ(u^νz^A_ν )∂^μ_A.

Then the variational derivatives of this Lagrangian obey irreducible Noether identities

z^A_ν E_A = 0. (84)

For instance, let us consider Lagrangian theory of two-dimensional submanifolds (strings) [95]. Let Z be an m-dimensional locally affine manifold, i.e., a toroidal cylinder R^{m−k} × T^k. Its tangent bundle T Z can be provided with a constant non-degenerate fiber metric η_{AB} . Let Q be a two-dimensional manifold. Let us consider the 2 × 2 matrix with the entries h_{μν} = η_{AB} z^A_μ z^B_ν . Then its determinant provides a Lagrangian

L = (det h)^{1/2}d^2q = ([η_{AB} z^A_1 z^B_1 ][η_{AB} z^A_2 z^B_2 ] − [η_{AB} z^A_1 z^B_2 ]^2)^{1/2}d^2q

on the jet manifold J^1Z_Q. This is the well known Nambu–Goto Lagrangian of string theory [109, 160]. It satisfies the Noether identities (84).

IV. Quantum outcomes

27 Quantum master equation

Discussing quantization of ACFT, we restrict our consideration to the case of a vector bundle Y → X of classical field and ACFT obeying item (ii) of Theorem 7, i.e., its BRST extension P^∗_∞{N} is characterized by a Lagrangian L_E (37) and the BRST operator u_E (32). One can quantize this BRST theory in the framework of perturbative QFT in functional integral terms. This QFT is well formulated if a field Lagrangian is non-degenerate. A problem is that the BRST extended Lagrangian L_E = L_Eω is necessarily degenerate. Indeed, it obeys the classical master equation {L_E, L_E } = 2 ← δ LE δz_a δL_E δz^a ω = 0 (85) which is reducible Noether identities. To overcome this difficulty, one often require that a BRST extended Lagrangian is a solution L_h of the quantum master equation {L_h, L_h} = h ← δ δz_a δ δz^a L_hω, h = const., [23, 79, 100, 80]. Accordingly, a quantum BRST operator is defined, and quantum BRST cohomology are studied.

28 Gauge fixing procedure

In order to make a Lagrangian L_E non-degenerate, one can replace antifields in L_E with gauge-fixing terms [23, 80, 100]. For this purpose, let us consider an odd graded density Ψω of antifield number 1 which depends on original fields s^A and ghosts c^{rk} , k = 0, . . . , N, but not antifields s_A, c_{rk} , k = 0, . . . , N. In order to satisfy these conditions, new field variables must be introduced because all the ghosts are of negative antifield numbers. Therefore, let us enlarge the BGDA P^∗{N} to the BGDA P^∗{N}, possessing the basis {s^A, c^r, c^{r1} , . . . , c^{rN} , c^∗_r, c^∗_{r1} , . . . , c^∗_{rN} , s_A, c_r, c_{r1} , . . . , c_{rN} }, where [c^∗_{rk} ] = [c^{rk} ] and Ant[c^∗_{rk} ] = k + 1, k = 0, . . . , N [194]. Then one can choose Ψω as an element of P^{0,n}{N}. It is traditionally called the gauge-fixing fermion.

Let us replace all the antifields in the Lagrangian L_E (37) with the gauge fixing terms

s_A = δΨ δs^A , c_{rk} = δΨ δc^{rk} , k = 0, . . . , N. We obtain the Lagrangian

L_Ψ = L + [u^A_E δΨ δs^A + ∑ 0≤k≤N u^{rk}_E δΨ δc^{rk} ]ω = L + u_E(Ψ)ω + d_H σ. (86)

A glance at the equalities

u_E(L_Ψ) = u(L) + u_E(u_E (Ψ))ω + d_H σ = d_H σ^′

shows that BRST operator u_E (32) is a variational symmetry of the Lagrangian L_Ψ. It however is not a gauge symmetry of L_Ψ if L_Ψ depends on all the ghosts c^{rk} , k = 0, . . . , N, i.e., no ghost is a gauge parameter. Therefore, we require that δΨ δs^A ≠ 0, δΨ δc^{rk} ≠ 0, k = 0, . . . , N − 1. (87) In this case, Noether identities for the Lagrangian L_Ψ (86) come neither from the BRST symmetry u_E nor the equalities (85). One also put Ψ = ∑ 0≤k≤N Ψ^{rk} c^∗_{rk} . (88)

Finally, let h^{rkr′k} be a non-degenerate bilinear form for each k = 0, . . . , N − 1 whose coefficients are either real numbers or functions on X. Then a desired gauge-fixing Lagrangian is written in the form L_{GF} = L_Ψ + ∑ 0≤k≤N 1 2 h_{rkr}′_k Ψ^{rk} Ψ^{r′k} d^nx. (89) The BRST operator u_E (32) fails to be a variational symmetry of the Lagrangian (89), but it can be extended to its variational symmetry ^u = u_E − ∑ 0≤k≤N

← ∂ ∂c^∗_{rk} h_{rkr}′_k Ψ^{r′k} , though it is not nilpotent. Of course, the Lagrangian L_{GF} and, accordingly, the generating functional of perturbative QFT essentially depends on a choice of the gauge-fixing fermion Ψ. The generating functional is invariant under the variations Ψ + δΨ of Ψ if the gauge fixing Lagrangian obeys the quantum master equation [100].

29 Green function identities

In order to obtain the generating functional of BRST theory, one replaces horizontal densities, depending on jets, with local functionals (see item 12) evaluated for the jet prolongations of sections [2, 11, 12, 33, 149]. Note that such functionals, in turn, define differential forms on functional spaces [47, 66]. At the same time, there is the following relation between the algebras of jets of classical fields and the algebras of quantum fields [195].

Let us consider a Lagrangian field system on X = R^n , coordinated by (x^λ). It is described by the GDA P^∗ possessing a local basis {s^a, s^a_λ, s^a_{λ1λ2} , . . . , s^a_{λ1...λk} , . . .}. (90) Let L ∈ P^{0,n} be a non degenerate Lagrangian. Let us quantize this Lagrangian system in the framework of perturbative Euclidean QFT. We suppose that L is a Lagrangian of Euclidean fields on X = R^n . The key point is that the algebra of Euclidean quantum fields B_Φ as like as P^0 is graded commutative [167, 184, 195]. It is generated by elements ϕ^a_{xΛ}, x ∈ X. For any x ∈ X, there is a homomorphism γ_x : f^{Λ1...Λr} a_1 ...a_r s a_1 Λ_1 · · · s a_r Λ_r → f Λ_1...Λ_r a_1...a_r (x)ϕ a_1 xΛ_1 · · · ϕ a_r xΛ_r , f Λ_1...Λ_r a_1...a_r ∈ C ∞(X), (91)

of the algebra P^0 of classical fields to the algebra B_Φ which sends the basis elements s^a_Λ ∈ P^0 to the elements ϕ^a_{xΛ} ∈ B_Φ, and replaces coefficient functions f of elements of P^0 with their values f(x) at a point x. Then a state ⟨.⟩ of B_Φ is given by symbolic functional integrals ⟨ϕ^{a1}_{x1} · · · ϕ^{ak}_{xk} ⟩ = 1 N ∫ ϕ^{a1}_{x1} · · · ϕ^{ak}_{xk} exp{− ∫ L(ϕ^a_{xΛ})d^nx} ∏ x [dϕ^a_x], (92) N = ∫ exp{− ∫ L(ϕ^a_{xΛ})d^nx} ∏ x [dϕ^a_x], L(ϕ^a_{xΛ}) = L(x, γ_x(s^a_Λ)), which restart complete Euclidean Green functions in the Feynman diagram technique.

Due to homomorphisms (91), any graded derivation ϑ of P^0 induces the graded derivation ^ϑ : ϕ^a_{xΛ} → (x, s^a_Λ) → u^a_Λ(x, s^b_Σ) → u^a_Λ(x, γ_x(s^b_Σ)) = ^ϑ^a_{xΛ}(ϕ^b_{xΣ}) of the algebra of quantum fields B_Φ [195]. With an odd parameter α, let us consider the automorphism ^U = exp{α ^ϑ} = Id + α ^ϑ of the algebra B_Φ. This automorphism yields a new state ⟨.⟩^′ of B_Φ given by the equalities ⟨ϕ^{a1}_{x1} · · · ϕ^{ak}_{xk} ⟩ = ⟨ ^U(ϕ^{a1}_{x1} ) · · · ^U(ϕ^{ak}_{xk} )⟩^′ = (93) 1 N^′ ∫ ^U(ϕ^{a1}_{x1} ) · · · ^U(ϕ^{ak}_{xk} ) exp{− ∫ L( ^U(ϕ^a_{xΛ}))d^nx} ∏ x [d ^U(ϕ^a_x)], N^′ = ∫ exp{− ∫ L( ^U(ϕ^a_{xΛ}))d^nx} ∏ x [d ^U(ϕ^a_x)]. It follows from the first variational formula (13) that ∫ L( ^U(ϕ^a_{xΛ}))d^nx = ∫ (L(ϕ^a_{xΛ}) + α ^ϑ^a_xE_{xa})ω, where E_{xa} = γ_x(E_a) are the variational derivatives. It is a property of symbolic functional integrals that ∏ x [d ^U(ϕ^a_x)] = (1 + α ∫ ∂ ^ϑ^a_x ∂ϕ^a_x d^nx) ∏ x [dϕ^a_x] = (1 + αSp( ^ϑ)) ∏ x [dϕ^a_x]. Then the equalities (93) result in the identities ⟨ ^ϑ(ϕ^{a1}_{x1} · · · ϕ^{ak}_{xk} )⟩ + ⟨ϕ^{a1}_{x1} · · · ϕ^{ak}_{xk} (Sp( ^ϑ) − ∫ ^ϑ^a_xE_{xa}d^nx)⟩ − (94) ⟨ϕ^{a1}_{x1} · · · ϕ^{ak}_{xk} ⟩⟨Sp( ^ϑ) − ∫ ^ϑ^a_xE_{xa}d^nx⟩ = 0. for complete Euclidean Green functions (92).

In particular, if ϑ is a variational symmetry of a Lagrangian L, the identities (94) are the Ward identities ⟨ ^ϑ(ϕ^{a1}_{x1} · · · ϕ^{ak}_{xk} )⟩ + ⟨ϕ^{a1}_{x1} · · · ϕ^{ak}_{xk} Sp( ^ϑ)⟩ − ⟨ϕ^{a1}_{x1} · · · ϕ^{ak}_{xk} ⟩⟨Sp( ^ϑ)⟩ = 0, (95) generalizing the Ward (Slavnov–Taylor) identities in gauge theory [34, 80, 149].

If ϑ = c^a∂_a, c^a =const, the identities (94) take the form k∑ r=1 (−1)^{[a]([a1]+···+[ar−1])}⟨ϕ^{a1}_{x1} · · · ϕ^{ar−1}_{xr−1} δ^{ar}_a ϕ^{ar+1}_{xr+1} · · · ϕ^{ak}_{xk} )⟩ − (96) ⟨ϕ^{a1}_{x1} · · · ϕ^{ak}_{xk} ( ∫ E_{xa}d^nx)⟩ + ⟨ϕ^{a1}_{x1} · · · ϕ^{ak}_{xk} ⟩⟨ ∫ ^E_{xa}d^nx⟩ = 0. One can think of them as being equations for complete Euclidean Green functions. Clearly, the expressions (94) – (96) are singular, unless one follows regularization and renormalization procedures, which however can induce additional anomaly terms.

References

[1] F.Akman and L.Ionescu, Higher derived brackets and deformation theory I, E-print arXiv:

math.QA/0504541.

[2] S. Al-Ashhab and R.Fulp, Canonical transformations of local functionals ans Sh-Li structures, J. Geom. Phys. 53 (2005) 365.

[3] V.Aldaya and J. de Azcárraga, Geometric formulation of classical mechanics and field theory, Riv. Nuovo Cim. 3 (1980) 1.

[4] V.Aldaya and J. de Azcárraga, Higher-order Hamiltonian formalism in field theory, J. Phys.

A 13 (1980) 2545.

[5] A.Almorox, Supergauge theories in graded manifolds, in Differential Geometric Methods in Mathematical Physics, Lect. Notes Math. 1251 (Springer-Verlag, Berlin, 1987) p. 114 [6] I.Anderson and T.Duchamp, On the existence of global variational principles, Amer. J. Math.

102 (1980) 781 (1980).

[7] I.Anderson, Introduction to the variational bicomplex, Contemp. Math. 132 (1992) 51. [8] I.Anderson, N.Kamran and P.Olver, Internal, external and generalized symmetries, Adv.

Math. 100 (1993) 53.

[9] S.Avis and C.Isham, Generalized spin structure on four dimensional space-times, Comm.

Math. Phys. 72 (1980) 103.

[10] G.Barnich, F.Brandt and M.Henneaux, Local BRST cohomology in the antifield formalism:

I. General theorems, Comm. Math. Phys. 174 (1995) 57.

[11] G.Barnish, R.Fulp, T.Lada and J.Stasheff, The Sh-Lie structure of Poisson brackets in field theory, Commun. Math. Phys. 191 (1998) 585.

[12] G.Barnich, F.Brandt and M.Henneaux, Local BRST cohomology in gauge theories, Phys.

Rep. 338 (2000) 439.

[13] C.Bartocci, U.Bruzzo and D.Hernández Ruipérez, The Geometry of Supermanifolds (Dordrecht: Kluwer Academic Publ., Dordrecht, 1991).

[14] C.Bartocci, U.Bruzzo, D.Hernández Ruipérez and V.Pestov, Foundations of supermanifold theory: the axiomatic approach, Diff. Geom. Appl. 3 (1993) 135.

[15] BV quantization of covariant (polysymplectic) Hamiltonian field theory, Int. J. Geom. Meth.

Mod. Phys. 1 (2004) 233.

[16] D.Bashkirov and G.Sardanashvily, Covariant Hamiltonian field theory. Path integral quantization, Int. J. Theor. Phys. 43 (2004) 1317.

[17] D.Bashkirov, G.Giachetta, L.Mangiarotti and G.Sardanashvily, Noether’s second theorem in a general setting. Reducible gauge theories, J. Phys. A 38 (2005) 5329; E-print arXiv: math.DG/0411070.

[18] D.Bashkirov, G.Giachetta, L.Mangiarotti and G.Sardanashvily, Noether’s second theorem for BRST symmetries, J. Math. Phys. 46 (2005) 053517; E-print arXiv: math-ph/0412034.

[19] D.Bashkirov and G.Sardanashvily, On the BV quantization of gauge gravitation theory, Int.

J. Geom. Methods Mod. Phys. 2 (2005) 203; E-print arXiv: hep-th/0501254.

[20] D.Bashkirov, G.Giachetta, L.Mangiarotti and G.Sardanashvily, The antifield Koszul–Tate complex of reducible Noether identities, J. Math. Phys. 46 (2005) 103513; E-print arXiv: math-ph/0506034.

[21] D.Bashkirov, G.Giachetta, L.Mangiarotti and G.Sardanashvily, On necessary and sufficient conditions of the BV quantization of a generic Lagrangian field system, E-print arXiv: hepth/0511014.

[22] I.Batalin and G.Vilkovisky, Gauge algebra and quantization, Phys. Lett. 102B (1981) 27.

[23] I.Batalin and G.Vilkovisky, Closure of the gauge algebra, generalized Lie algebra equations and Feynman rules, Nucl. Phys. B234 (1984) 106.

[24] M.Batchelor, Two approaches to supermanifolds, Trans. Amer. Math. Soc. 258 (1980) 257.

[25] M.Bauderon, Differential geometry and Lagrangian formalism in the calculus of variations, in Differential Geometry, Calculus of Variations, and their Applications, Lecture Notes in Pure and Applied Mathematics, 100 (Marcel Dekker, Inc., N.Y., 1985), p. 67.

[26] I.Benn and T.Tucker, An Introduction to Spinors and Geometry with Applications to Physics (Adam Hilger, Bristol, 1987)

[27] F.Berezin and D.Leǐtes, Supermanifolds Soviet Math. Dokl. 16 (1975) 1218.

[28] D.Birmingham, M.Blau, M.Rakowski and G.Thompson, Topological field theories, Phys.

Rep. 209 (1991) 129.

[29] N.Bogoliubov, A.Logunov, A.Oksak and I.Todorov, General Principles of Quantum Field Theory (Kluwer Acad. Publ., Dordrecht, 1990).

[30] A.Borowoiec, M.Ferraris and M.Francaviglia, A covariant formalism for Chern–Simons gravity, J. Phys. A 36 (2003) 2589.

[31] A.Borowoiec, L.Fatibene, M.Ferraris and M.Francaviglia, Covariant Lagrangian formulation of Chern–Simons and BF theories, Int. J. Geom. Methods mod. Phys. 3 (2006) 755.

[32] C.Boyer and A. Sanchez Valenzuela, Lie supergroup actions on supermanifolds, Trans. Am.

Math. Soc. 323 (1991) 151.

[33] F.Brandt, Local BRST cohomology and covariance, Commun. Math. Phys. 190 (1997) 459. [34] F.Brandt, M.Henneaux and A.Wilch, Extended antifield formalism, Nucl. Phys. B 510 (1998) 640.

[35] F.Brandt, Jet coordinates for local BRST cohomology, Lett. Math. Phys. 55 (2001) 149. [36] U.Bruzzo and V.Pestov, On the structure of DeWitt supermanifolds J. Geom. Phys. 30 (1999) 147.

[37] R.Bryant, S.Chern, R.Gardner, H.Goldschmidt, P.Griffiths, Exterior Differential Systems (Springer-Verlag, Berlin, 1991).

[38] F.Cantrijn, A.Ibort and M.de Leon, On the geometry of multisymplectic manifolds, J. Aust.

Math. Soc. A 66 (1999) 303.

[39] J.Cariñena and M.Rañada, Poisson maps and canonical transformations for time-dependent Hamiltonian systems, J. Math. Phys. 30 (1989) 2258.

[40] J.Cariñena, M.Crampin and L.Ibort, On the multisymplectic formalism for first order field theories, Diff. Geom. Appl. 1 (1991) 345.

[41] J.Cariñena and J.Fernández-Núñez, Geometric theory of time-dependent singular Lagrangians, Fortschr. Phys. 41 (1993) 517.

[42] J.Cariñena and H.Figueroa, Hamiltonian versus Lagrangian formulations of supermechanics, J. Phys. A 30 (1997) 2705.

[43] J.Cariñena and H.Figueroa, Singular Lagrangian in supermechanics, Diff. J. Geom. Appl. 18 (2003) 33.

[44] C.Carmeli, G.Cassinelli, A.Toigo and V.Varadarajan, Unitary representations of super Lie groups and applications to the classification and multiplet structure of super particles, Commun. Math. Phys. 263 (2006) 217.

[45] M.Castrillón-López and T.Ratiu, Reduction in principal bundles: covariant Lagrange– Poincaré equations, Commun. Math. Phys. 236 (2003) 223.

[46] M.Castrillón-López and J.Marsden, Some remarks on Lagrangian and Poisson reduction for field theories, J. Geom. Phys. 48 (2003) 52.

[47] M.Castrillón-López and J.Muñoz Masqué, A report on gauge invariant forms and variational problems on the bundle of connections of a principal U(1)-bundle and on associated vector bundles, Int. J. Geom. Methods Mod. Phys. 1 (2004) 363.

[48] D.Chinea, M.de León, and J.Marrero, The constraint algoritm for time-dependent Lagrangians, J. Math. Phys. 35 (1994) 3410.

[49] R.Cianci, M.Francaviglia and I.Volovich, Variational calculus and Poincaré–Cartan formalism in supermanifolds, J. Phys. A. 28 (1995) 723.

[50] J.Cook and R.Fulp, Infinite dimensional super Lie groups, E-print arXiv: math-ph/0610061.

[51] L.Dabrowski and R.Percacci, Spinors and diffeomorphisms, Comm. Math. Phys. 106 (1986) 691.

[52] P.Dedecker, On the generalization of symplectic geometry to multiple integrals in the calculus of variations, in Differential Geometric Methods in Mathematical Physics Lect. Notes Math. 570 (Springer-Verlag, Berlin, 1977) p.395.

[53] P.Deligne and J.Morgan, Notes on supersymmetry (following Joseph Bernstein), in Quantum Field Theory and Strings: a Course for Mathematicians (Amer. Math. Soc., Providence, RI, 1999) p. 41.

[54] B.DeWitt, Supermanifolds (Cambr. Univ. Press, Cambridge, 1984).

[55] N.Dragon, BRS symmetry and cohomology, E-print arXiv: hep-th/9602163.

[56] M.Dubois-Violette and P.Michor, Connections on central bimodules in noncommutative differential geometry, J. Geom. Phys. 20 (1996) 218.

[57] A.Echeverría Enríquez, M.Muñoz Lecanda and N.Román Roy, Geometrical setting of timedependent regular systems. Alternative models, Rev. Math. Phys. 3 (1991) 301.

[58] A.Echeverría-Enríquez, M.Muñoz-Lecanda and N.Roman-Roy, Geometry of multisymplectic Hamiltonian first-order field theories, J. Math. Phys. 41 (2002) 7402.

[59] A.Echeverría-Enríquez, G.López, J.Marin-Solano, M.Muñoz-Lecanda and N.Roman-Roy, Lagrangian-Hamiltonian unified formalism for field theories, J. Math. Phys. 45 (2004) 360.

[60] D.Eck, Gauge-natural bundles and generalized gauge theories, Mem. Amer. Math. Soc. 247 (1981) 1.

[61] L.Fatibene, M.Ferraris, M.Francaviglia and M.Godina, Gauge formalism for General Relativity and fermionic matter, Gen. Rel. Grav. 30 (1998) 1371.

[62] L.Fatibene, M.Ferraris, M.Francaviglia and R.McLenaghan, Generalized symmetries in mechanics and field theories, J. Math.. Phys. 43 (2002) 3147.

[63] L.Fatibene and M.Francaviglia, Natural and Gauge Natural Formalism for Classical Field Theories. A Geometric Perspective Including Spinors and Gauge Theories (Kluwer, Dordrecht, 2003).

[64] L.Fatibene, M.Ferraris and M.Francaviglia, On the gauge natural structure of modern physics, Int. J. Geom. Methods Mod. Phys. 1 (2004) 443.

[65] L.Fatibene, M.Francaviglia and S.Mercadante, Covariant formulation of Chern–Simons theories, Int. J. Geom. Methods Mod. Phys. 2 (2005) 993.

[66] R.Ferreiro Pérez, Local anomalies, local equivariant cohomology and the variational bicomplex, E-print arXiv: math-ph/0607005.

[67] J.Fish, M.Henneaux, J.Stasheff and C.Teitelboim, Existence, uniqueness and cohomology of the classical BRST charge with ghost of ghosts, Commun. Math. Phys. 120 (1989) 379.

[68] J.Fisch and M.Henneaux, Homological perturbation theory and algebraic structure of the antifield-antibracket formalism for gauge theories, Commun. Math. Phys. 128 (1990) 627.

[69] M.Forger, C.Paufler and H.Romer, The Poisson bracket for Poisson forms in multisymplectic field theory, Rev. Math. Phys. 15 (2003), 705-744.

[70] M.Forger and S.Romero, Covariant Poisson brackets in geometric field theory, Commun.

Math. Phys. 256 (2005) 375.

[71] M.Forger, C.Paufler and H.Romer, Hamiltonian multivector fields and Poisson forms in multisymplectic field theory, J. Math. Phys. 46 (2005) 112901.

[72] M.Francaviglia, M.Palese and E.Winterroth, Generalized Bianchi identities in gauge-natural field theories and the curvature of variational principles, Rep. Math. Phys. 56 (2005) 11.

[73] D.Franco and C.Polito, Supersymmetric field-theoretic models on a supermanifold, J. Math.

Phys. 45 (2004) 1447.

[74] T.Friedrich, Dirac Operators in Riemannian Geometry Graduate Studies in Mathematics 25 (Amer. Math. Soc., Providence, RI, 2000).

[75] D.Fuks, Cohomology of Infinite-Dimensional Lie Algebras (Consultants Bureau, New York, 1986).

[76] R.Fulp, J.Lawson and L.Norris, Geometric prequantization on the spin bundle based on n-symplectic geometry: the Dirac equation, Int. J. Theor. Phys. 33 (1994) 1011.

[77] R.Fulp, T.Lada and J.Stasheff, Sh-Lie algebras induced by gauge transformations, Commun.

Math. Phys. 231 (2002) 25.

[78] R.Fulp, T.Lada, and J.Stasheff, Noether variational Theorem II and the BV formalism, Rend.

Circ. Mat. Palermo (2) Suppl. No. 71 (2003) 115.

[79] R.Fulp, Functionals and the quantum master equation, Int. J. Theor. Phys. 44 (2005) 1599. [80] A.Fuster, M.Henneaux and A.Maas, BRST quantization: a short review, Int. J. Geom.

Methods Mod. Phys. 2 (2005) 939.

[81] P.García, The poincaré–Cartan invariant in the calculus of variations, Symp. Math. 14 (1974) 219.

[82] P.García, Gauge algebras, curvature and symplectic structure, J. Diff. Geom. 12 (1977) 209.

[83] G.Giachetta, Jet manifolds in non-holonomic mechanics, J. Math. Phys. 33 (1992) 1652.

[84] G.Giachetta and G.Sardanashvily, Stress-energy-momentum of affine-metric gravity. Generalized Komar superportential, Class. Quant. Grav. 13 (1996) L67.

[85] G.Giachetta, L.Mangiarotti and G.Sardanashvily, New Lagrangian and Hamiltonian Methods in Field Theory (World Scientific, Singapore, 1997).

[86] G.Giachetta, L.Mangiarotti and G.Sardanashvily, Covariant Hamilton equations for field theory, J. Phys. A 32 (1999) 6629; E-print arXiv: hep-th/9904062.

[87] G.Giachetta, L.Mangiarotti and G.Sardanashvily, Iterated BRST cohomology, Lett. Math.

Phys. 53 (2000) 143.

[88] G.Giachetta, L.Mangiarotti and G.Sardanashvily, Cohomology of the infinite-order jet space and the inverse problem, J. Math. Phys. 42 (2001) 4272.

[89] G.Giachetta, L.Mangiarotti and G.Sardanashvily, Geometric quantization of mechanical systems with time-dependent parameters, J. Math. Phys. 43 (2002) 2882; E-print arXiv: quantph/0112011.

[90] G.Giachetta, L.Mangiarotti and G.Sardanashvily, Noether conservation laws in higherdimensional Chern–Simons theory, Mod. Phys. Lett. A 18 (2003) 2645; E-print arXiv: mathph/0310067.

[91] G.Giachetta, L.Mangiarotti and G.Sardanashvily, Nonadiabatic holonomy operators in classical and quantum completely integrable systems, J. Math. Phys. 45 (2004) 76; E-print arXiv: quant-ph/0212108.

[92] G.Giachetta, L.Mangiarotti and G.Sardanashvily, Polysymplectic Hamiltonian formalism and some quantum outcomes, E-print arXiv: hep-th/0411005.

[93] G.Giachetta, L.Mangiarotti, and G.Sardanashvily, Lagrangian supersymmetries depending on derivatives. Global analysis and cohomology. Commun. Math. Phys. 259 (2005) 103; Eprint arXiv: hep-th/0407185.

[94] G.Giachetta, L.Mangiarotti and G.Sardanashvily, Geometric and Algebraic Topological Methods in Quantum Mechanics (World Scientific, Singapore, 2005).

[95] G.Giachetta, L.Mangiarotti and G.Sardanashvily, Lagrangian and Hamiltonian dynamics of submanifolds, E-print arXiv: math-ph/0604066.

[96] G.Giachetta, L.Mangiarotti and G.Sardanashvily, Noether’s inverse second theorem in homology terms, E-print arXiv: math.DG/0605618.

[97] M.Godina and P.Matteucci, Reductive G-structure and Lie derivatives, J. Geom. Phys. 47 (2003) 66.

[98] M.Godina and P.Matteucci, The Lie derivative of spinor fields: Theory and applications, Int.

J. Geom. Methods Mod. Phys. 2 (2005) 159.

[99] H.Goldschmidt and S.Sternberg, The Hamilton–Cartan formalism in the calculus of variations, Ann. Inst. Fourier 23 (1973) 203.

[100] J.Gomis, J.París and S.Samuel, Antibracket, antifields and gauge theory quantization, Phys.

Rep 295 (1995) 1.

[101] F.Gordejuela and J.Masqué, Gauge group and G-structures, J. Phys. A 28 (1995) 497.

[102] M.Gotay, A multisymplectic framework for classical field theory and the calculus of variations. I. Covariant Hamiltonian formalism, in Mechanics, Analysis and Geometry: 200 Years after Lagrange, ed. M.Francaviglia (North Holland, Amsterdam, 1991), p. 203.

[103] M.Gotay, A multisymplectic framework for classical field theory and the calculus of variations. II. Space + time decomposition, Diff. Geom. Appl. 1 (1991) 375.

[104] M.Gotay, J.Isenberg, J.Marsden, R.Montgomery, Momentum maps and classical fields. I.

Covariant field theory, E-print arXiv: physics/9801019.

[105] F.Gronwald, BRST antifield treatment of metric-affine gravity, Phys. Rev. D 57 (1998) 961.

[106] A.Grothendieck, Eléments de Géométrie Algébrique IV, Étude locale des schémas et des morphismes de schémas, Inst. Hautes Études Sci. Publ. Math. 32 (1967).

[107] C.Günther, The polysymplectic Hamiltonian formalism for field theory, J. Diff. Geom. 25 (1987) 23.

[108] A.Hamoui and A.Lichnerowicz, Geometry of dynamical systems with time-dependent constraints and time-dependent Hamiltonians: An approach towards quantization, J. Math. Phys. 25 (1984) 923.

[109] B.Hatfield, Quantum Field Theory of Point Particles and Strings (Addison–Willey Publ., Redwood City, CA, 1992).

[110] F.Hehl, J.McCrea, E.Mielke and Y.Ne’eman, Metric-affine gauge theory of gravity: field equations, Noether identities, world spinors, and breaking of dilaton invariance, Phys. Rep. 258 (1995) 1.

[111] F.Hélein and J.Kouneiher, Finite-dimensional formalism for gauge and quantum field theories, J. Math. Phys. 43 (2002) 2306.

[112] R.Hermann, Differential Geometry and the Calculus of Variations (Academic Press, Brookline, 1968).

[113] D.Hernández Ruipérez and J.Masqué, Global variational calculus on graded manifolds, J.

Math. Pures Appl. 63 (1984) 283.

[114] G.M.von Hippel and M.Wohlfarth, Covariant canonical quantization, Europ. Phys. J. C 47 (2006) 861.

[115] F.Hirzebruch, Topological Methods in Algebraic Geometry (Springer, Berlin, 1966). [116] N.Ibragimov, Transformation Groups Applied to Mathematical Physics (Riedel, Boston, 1985).

[117] D.Ivanenko and G.Sardanashvily, The gauge treatment of gravity, Phys. Rep. 94 (1983) 1. [118] I.Kanatchikov, De Donder–Weyl theory and hypercomplex extensions of quantum mechanics to field theory, Rep. Math. Phys. 43 (1999) 157.

[119] I.Kanatchikov, Precanonical quantization of Yang–Mills fields and the functional Schrödinger representation, Rep. Math. Phys. 53 (2004) 181.

[120] H.Kastrup, Canonical theories of Lagrangian dynamical systems in physics, Phys. Rep. 101 (1983) 1.

[121] M.Keyl, About the geometric structure of symmetry breaking, J. Math. Phys. 32 (1991) 1065.

[122] J.Kijowski and W.Tulczyjew, A Symplectic Framework for Classical Field Theories, Lect.

Notes Phys. 107 (Springer-Verlag, New York, 1979).

[123] S.Kobayashi and K.Nomizu, Foundations of Differential Geometry, Vol.1 (Interscience Publ., N.Y., 1963).

[124] S.Kobayashi, Transformation Groups in Differential Geometry (Springer-Verlag, Berlin, 1972).

[125] I.Kolář, P.Michor and J.Slovák, Natural Operations in Differential Geometry (Springer- Verlag, Berlin, 1993).

[126] Y.Kosmann, Dérivées de Lie des spineurs, Ann. di Matem. Pura ed Appl. 91 (1972) 317. [127] B.Kostant, Graded manifolds, graded Lie theory, and prequantization, in Differential Geometric Methods in Mathematical Physics, Lect. Notes Math. 570 (Springer-Verlag, Berlin, 1977) p. 177.

[128] J.Koszul, Lectures on Fibre Bundles and Differential Geometry (Tata University, Bombay, 1960).

[129] I.Krasil’shchik, V.Lychagin and A.Vinogradov, Geometry of Jet Spaces and Nonlinear Partial Differential Equations (Gordon and Breach, Glasgow, 1985).

[130] D.Krupka, Some geometric aspects of variational problems in fibred manifolds, Folia Fac.

Sci. Nat. UJEP Brunensis 14 (1973) 1; E-print arXiv: math-ph/0110005. [131] D.Krupka, J.Musilova, Trivial Lagrangians in field theory, Diff. Geom. Appl. 9 (1998) 293.

[132] D.Krupka, On the higher order Hamiltonian theory in fibered manifolds, E-print arXiv:

math-ph/0203039.

[133] O.Krupkova, The Geometry of Ordinary Variational Equations (Springer-Verlag, Berlin, 1997).

[134] O.Krupkova and D.Smetanova, Legendre transformations for regularizable Lagrangian in field theory, Lett. Math. Phys. 58 (2001) 189.

[135] O.Krupkova, Hamiltonian field theory, J. Geom. Phys. 43 (2002) 93. [136] G.Landi, An Introduction to Noncommutative Spaces and their Geometries, Lect. Notes Phys., New series m: Monographs, 51 (Springer, Berlin, 1997).

[137] H.Lawson, Jr., and M.-L.Michelsohn, Spin Geometry (Princeton Univ. Press., Princeton, 1989).

[138] M.de León, J.Marrero and D.Martín de Diego, Non-holonomic Lagrangian systems in jet manifolds, J. Phys. A 30 (1997) 1167.

[139] M.de Leon, M.McLean, L.Norris, A.Rey-Roca and M. Saldago, Geometric structures in field theory, E-print arXiv: math-ph/0208036.

[140] M.de Leon, D.Martín de Diego and A.Santamaría-Merini, Symmetries in classical field theory, Int. J. Geom. Methods Mod. Phys. 1 (2004) 651.

[141] M.de Leon, J.Marin-Solano, J.Carlos Marrero, M.Muños-Lecanda and M.Román-Roy, Premultisymplectic constraint algorithm for field theories, Int. J. Geom. Methods Mod. Phys. 2 (2005) 839.

[142] V.Lunts and A.Rosenberg, Differential operators on noncommutative rings, Selecta Mathematica, New Series 3 (1997) 335.

[143] L.Mangiarotti and G.Sardanashvily, Gauge Mechanics (World Scientific, Singapore, 1998). [144] L.Mangiarotti and G.Sardanashvily, Connections in Classical and Quantum Field Theory (World Scientific, Singapore, 2000).

[145] Yu.Manin, Gauge Field Theory and Complex Geometry, Grundlehren Math. Wiss. 289 (Springer-Verlag, Berlin, 1988).

[146] J.Marsden, G.Patrick and S.Shkoller, Multisymplectic geometry, variational integrators and nonlinear PDEs, Commun. Math. Phys. 199 (1998) 351.

[147] G.Martin, A Darboux theorem for multi-symplectic manifolds, Lett. Math. Phys. 16 133. [148] E.Massa and E.Pagani, Jet bundle geometry, dynamical connections and the inverse problem of Lagrangian mechanics, Ann. Inst. Henri Poincaré 61 (1994) 17.

[149] P.McCloud, Jet bundles in quantum field theory: the BRST-BV method, Class. Quant.

Grav. 11 (1994) 567.

[150] M.Modugno and A.Vinogradov, Some variations on the notion of connections, Ann. Matem.

Pura ed Appl. CLXVII (1994) 33.

[151] J.Monterde and J.Vallejo, The symplectic structure of Euler–Lagrange superequations and Batalin–Vilkoviski formalism, J. Phys. A 36, 4993-5009 (2003).

[152] J.Monterde, J.Masqué and J.Vallejo, The Poincaré–Cartan form in superfield theory, Int.

J. Geom. Methods Mod. Phys. 3 (2006) 775.

[153] G.Morandi, C.Ferrario, G.Lo Vecchio and C.Rubano, The inverse problem in the calculus of variations and the geometry of the tangent bundle, Phys. Rep. 188 (1990) 147.

[154] L.Nikolova and V.Rizov, Geometrical approach to the reduction of gauge theories with spontaneous broken symmetries, Rep. Math. Phys. 20 (1984) 287.

[155] M.Nieper-Wisskirchen, Operads and jet modules, Int. J. Geom. Methods Mod. Phys 2 (2005) 1133.

[156] H.Nilles, Supersymmetry, supergravity and particle physics, Phys. Rep. 110 (1984) 1. [157] P.Olver, Applications of Lie Groups to Differential Equations (Springer-Verlag, Berlin, 1986).

[158] R.Palais, Foundations of Global Non-Linear Analysis (W.A.Benjamin, N.Y., 1968). [159] M.Palese and E.Winterroth, Some aspects of homogeneous formalism in field theory and gauge invariance, E-print arXiv: math-ph/0603062.

[160] J.Polchinski, String Theory (Cambr. Univ. Press, Cambridge, 1998). [161] J.Pommaret, Systems of Partial Differential Equations and Lie Pseudogroups (Gordon and Breach, Glasgow, 1978).

[162] V.Ponomarev and Yu.Obukhov, Generalized Einstein-Maxwell theory, Gen. Rel. Grav. 14 (1982) 309.

[163] B.Reinhart, Differential Geometry and Foliations (Springer-Verlag, Berlin, 1983). [164] A.Rennie, Smoothness and locality for nonunital spectral triples, K-Theory 28 (2003) 127. [165] A.Rey, N.Roman-Roy and M.Saldago, Gunther’s formalism (k-symplectic formalism) in classical field theory: Skinner-Rusk approach and the evolution operator, J. Math. Phys. 46 (2005) 052901.

[166] A.Rogers, Graded manifolds, supermanifolds and infinite-dimensional Grassmann algebras, Commun. Math. Phys. 105 (1986) 275.

[167] G.Sardanashvily and O.Zakharov, On functional integrals in quantum field theory, Rep.

Math. Phys. 29 (1991) 101-108; E-print arXiv: hep-th/9410107.

[168] G.Sardanashvily, On the geometry of spontaneous symmetry breaking, J. Math. Phys. 33 (1992) 1546.

[169] G.Sardanashvily and O.Zakharov, Gauge Gravitation Theory (World Scientific, Singapore, 1992).

[170] G.Sardanashvily and O.Zakharov, On application of the Hamilton formalism in fibred manifolds to field theory, Diff. Geom. Appl.3, 245 (1993).

[171] G.Sardanashvily, Constraint field systems in multimomentum canonical variables, J. Math.

Phys. 35 (1994) 6584.

[172] G.Sardanashvily, Multimomentum Hamiltonian formalism in quantum field theory, Int. J.

Theor. Phys. 33 (1994) 2373; E-print arXiv: hep-th/9404001.

[173] G.Sardanashvily, Differential geometry on composite fibred manifolds, E-print arXiv: dgga/9412002.

[174] G.Sardanashvily, Stress-energy-momentum conservation law in gauge gravitation theory, Class. Quant. Grav. 14 (1997) 1371.

[175] G.Sardanashvily, Hamiltonian time-dependent mechanics, J. Math. Phys. 39 (1998) 2714. [176] G.Sardanashvily, Covariant spin structure, J. Math. Phys. 39 (1998) 4874; E-print arXiv:

gr-qc/9711043.

[177] G.Sardanashvily, Classical and quantum mechanics with time-dependent parameters, J.

Math. Phys. 41 (2000) 5245.

[178] G.Sardanashvily, SUSY-extended field theory, Int. J. Mod. Phys. A 15 (2000) 3095; E-print arXiv: hep-th/9911108.

[179] G.Sardanashvily, Remark on the Serre–Swan theorem for non-compact manifolds, E-print arXiv: math-ph/0102016.

[180] G.Sardanashvily, Cohomology of the variational complex in the class of exterior forms of finite jet order, Int. J. Math. and Math. Sci. 30 (2002) 39.

[181] G.Sardanashvily, Ten lectures on jet manifolds in classical and quantum field theory, E-print arXiv: math-ph/0203040.

[182] G.Sardanashvily, Classical gauge theory of gravity, Theor. Math. Phys. 132 (2002) 1163;

E-print arXiv: gr-qc/0208054.

[183] G.Sardanashvily, The bracket and the evolution operator in covariant Hamiltonian field theory, E-print arXiv: math-ph/0209001.

[184] G.Sardanashvily, Nonequivalent representations of nuclear algebras of canonical commutation relations, Int. J. Theor. Phys. 41 (2002) 1541-1562; E-print arXiv: hep-th/0202038.

[185] G.Sardanashvily, On the definition higher order differential operator in noncommutative geometry, E-print arXiv: math-ph/0308013.

[186] G.Sardanashvily, Geometric quantization of relativistic Hamiltonian mechanics, Int. J.

Theor. Phys. 42 (2003) 697; E-print arXiv: gr-qc/0208073.

[187] G.Sardanashvily, Jets of modules in noncommutative geometry, E-print arXiv: mathph/0310046.

[188] G.Sardanashvily and G.Giachetta, What is geometry in quantum theory? Int. J. Geom.

Methods Mod. Phys. 1 (2004) 1; E-print arXiv: hep-th/0401080.

[189] G.Sardanashvily, On algebras of gauge transformations in a general setting, E-print arXiv:

math.QA/0411635.

[190] G.Sardanashvily, The variational bicomplex on graded manifolds and its cohomology, Eprint arXiv: math.DG/0504529.

[191] G.Sardanashvily, Noether identities of a differential operator. The Koszul–Tate complex.

Int. J. Geom. Methods Mod. Phys. 2 (2005) 873; E-print arXiv: math.DG/0506103. [192] G.Sardanashvily, Gauge gravitation theory from geometric viewpoint, Int. J. Geom. Methods Mod. Phys. 3 (2006) N1; E-print arXiv: gr-qc/0512115.

[193] G.Sardanashvily, Geometry of classical Higgs fields, Int. J. Geom. Methods Mod. Phys. 3 (2006) 139; E-print arXiv: hep-th/0510158.

[194] G.Sardanashvily, Lagrangian BV quantization and Ward identities, E-print arXiv: hepth/0602213.

[195] G.Sardanashvily, Green function identities in Euclidean quantum field theory, E-print arXiv:

hep-th/0604003.

[196] G.Sardanashvily, Reduction of principal superbundles, Higgs superfields, and supermetric, E-print arXiv: hep-th/0609070.

[197] D.Saunders, The Geometry of Jet Bundles, London Math. Soc., Lecture Note Series 142 (Cambr. Univ. Press, Cambridge, 1989).

[198] W.Snadwick, The Hamiltonian formulation of regular rth-order Lagrangian field theories, Lett. Math. Phys. 6 (1982) 409.

[199] T.Stavracou, Theory of connections on graded principal bundles, Rev. Math. Phys. 10 (1998) 47. [200] N.Steenrod, The Topology of Fibre Bundles (Princeton Univ. Press, Princeton, 1972). [201] S.Switt, Natural bundles. II. Spin and the diffeomorphism group, J. Math. Phys. 34 (1993) 3825.

[202] F.Takens, Symmetries, conservation laws and variational principles, in Geometry and Topology, Lect. Notes Math., 597 (Springer-Verlag, Berlin, 1977), p. 581.

[203] F.Takens, A global version of the inverse problem of the calculus of variations, J. Diff.

Geom. 14 (1979) 543.

[204] C.Terng, Natural vector bundles and natural differential operators, American J. Math. 100 (1978) 775.

[205] W.Tulczyiew, The Euler–Lagrange resolution, in Differential Geometric Methods in Mathematical Physics (Proc. Conf., Aix-en-Provence/Salamanca, 1979) Lect. Notes Math. 836 (Springer-Verlag, Berlin, 1980), p. 22.

[206] S.Vignolo and R.Cianci, A new geometrical look at gravity coupled with Yang–Mills fields, J. Math. Phys. 45 (2004) 4448.

[207] A.Vinogradov, The C-spectral sequence, Lagrangian formalism, and conservation laws. II.

The nonlinear theory, J. Math. Anal. Appl. 100 (1984) 41.

[208] R.Vitolo, Finite order variational bicomplex, Math. Proc. Cambridge Philos. Soc. 125 (1999) 321.

[209] J.Wess and J.Bagger, Supersymmetry and Supergravity, Princeton Series in Physics (Princeton Univ. Press, Princeton, 1992)

[210] P.West, Introduction to Supersymmetry and Supergravity (World Scientific, Singapore, 1990).

[211] R.Zulanke, P.Wintgen, Differentialgeometrie und Faserbündel, Hochschulbucher fur Mathematik, 75 (VEB Deutscher Verlag der Wissenschaften, Berlin, 1972).