arXiv:hep-th/0612214v1 20 Dec 2006

Green Functions of Relativistic Field Equations

Ying-Qiu Gu^∗

Department of Mathematics, Fudan University, Shanghai, 200433, China

Abstract

In this paper, we restudy the Green function expressions of field equations. We derive the explicit form of the Green functions for the Klein-Gordon equation and Dirac equation, and then estimate the decay rate of the solution to the linear equations. The main motivation of this paper is to show that: (1). The formal solutions of field equations expressed by Green function can be elevated as a postulate for unified field theory. (2). The inescapable decay of the solution of linear equations implies that the whole theory of the matter world should include nonlinear interaction.

PACS numbers: 02.30.Jr, 03.65.Ca, 03.65.Pm

Keywords:Green function, wave equation, field theory

1 Introduction

Since the Green function or propagator of the wave equation was introduced to calculate the scattering matrix by Stückelberg[1] and Feynman[2], it has become an important tool of quantum field theory[3, 4]. Green function is also a useful tool for asymptotic analysis and L^∞ estimation of fields. The Feynman propagators are in the form of Fourier integrals with the fields being approximately treated as plane wave. In some old textbooks[5, 6], the explicit Green functions of the wave equations were expressed by Bessel function. In this pedagogical paper, we restudy this problem in detail. We derive the Green functions of the Klein-Gordon equation and Dirac equation as normal

∗email: yqgu@luody.com.cn

functions, and express the general solutions of the field equations in integral form, then use this form to estimate the decay rate of the linear fields.

The main motivation of this paper is to show that, (1). the solutions of field equation expressed by Green function are more naturally and visually display the correlation of fields than differential equations, and the expression of integral form are more flexible and comprehensive. This feature of the expression enables us to elevate it as a postulate for unified field theory. (2). The estimation of decay rate of linear fields shows that, the linear field theory is not complete enough to describe the stability of the fundamental particles, A whole theory of the matter world should include nonlinear interaction.

2 Preparation

In this paper we only consider the distribution defined in R_+ = [0, +∞). By straightforward calculation, we have

Lemma 1. For p ∈ R_+, in the sense of distribution we have 2 π ∫ R_+ sin px x dx = H(p), 2 π ∫ R_+

cos pxdx = δ(p), (2.1)

where H(p) is the Heaviside function, and δ(p) is the Dirac-δ H(p) = 1, p > 0 0, p = 0, δ(p) = H^′(p). (2.2)

By Laplace transformation, we can check

Proof. Denote ~f(p) = ∫ R^+ cos(px)dx, for any f(p) ∈ C ∞ c (R_+), we have ⟨f, ~f⟩ ≡ ∫ R^+ f(p) cos(px)dxdp = lim_{T →∞} ∫ R^+ f(p)dp ∫_T 0 cos(px)dx = lim_{T →∞} ∫ R^+ f(p) sin(pT ) p dp = lim_{T →∞} ∫ R^+ f( τ T )^{sin(τ )}_τ dτ =^π_2 f(0).

So we get^2_π ∫ R_+ cos pxdx = δ(p). Similarly we can check the other equations.

Lemma 2. In the sense of distribution, we have I(p) ≡ 2 π ∫_∞ 1 sin pτ √ τ^2 − 1 dτ = J_0(p)H(p), (2.3)

where J_n(p) (n = 0, 1, 2, · · ·) is the Bessel function

J_n(p) = 1 2π ∫_π −π cos(p sin θ − nθ)dθ = ∞∑ k=0 (−1)^k k!(k + n)! ( p 2 )_{2k+n} . (2.4)

Lemma 3. Suppose m > 0. Let w = √ m^2 + p^2 and

K_1(t, r) = 1 r ∫_∞ 0 p w sin wt sin prdp, (2.5) then in the sense of distribution, we have

K_1(t, r) = πm^2 2ρ [J_0(ρ)δ(ρ) − J_1(ρ)H(ρ)], ρ ≡ m √ t^2 − r^2 (2.6)

Proof. Let w = m cosh z, p = m sinh z, t =^ρ_m cosh ξ, r =^ρ_m sinh ξ,

(2.7)

then we have

K_1 =^m_{2ρ sinh ξ} ∫_∞ −∞ thz ·^1_2 [cos(wt − pr) − cos(wt + pr)]dp =^{m2}_{4ρ sinh ξ} ∫_∞ −∞ sinh z[cos (ρ cosh(z − ξ)) − cos (ρ cosh(z + ξ))]dz =^{m2}_{4ρ sinh ξ} ∫_∞ −∞ cos(ρ cosh s)[sinh(s + ξ) − sinh(s − ξ)]ds =^{m2}_ρ ∫_∞ 0 cos(ρ cosh s) cosh sds =^{m2}_ρ ∫_∞ 1 cos(ρτ)^{τ√}_{τ 2−1} dτ =^{πm2}_{2ρ} I^′(ρ),

(2.8)

where I is defined by (2.3). By J^′_0 = −J_1, we prove the lemma.

The following lemmas can be checked directly. Lemma 4. For all real vector ⃗p = (p_1, p_2, p_3), denote p = √ p^2_1 + p^2 + p^2_3 and

B_1(⃗p) = 1 √ 2p (_{p1−ip2} √ p−p_3 − p_1+ip_2 √ p+p_3 √ p − p_3 √ p + p_3 ) , (2.9)

then B_1 is a unitary matrix satisfiing

B^{−1}_1 = B^+_1 , B^{−1}_1 ⃗σ · ⃗pB_1 = pσ_3, (2.10)

where ⃗σ are Pauli’s matrices.

Lemma 5. B_1 is defined by (2.9), denote

Θ = mγ + ⃗α · ⃗p, B_2 = diag(B_1, B_1), (2.11) γ = ( I 0 0 −I ) , ⃗α = ( 0 ⃗σ ⃗σ 0 ) , (2.12)

then we have B^{−1}_2 ΘB_2 = mγ + pα_3. (2.13)

Lemma 6. Let w = √ m^2 + p^2,

B_3 = 1 √ 2w

p √ w−m 0^{−p√}_{w+m} 0 0^{−p√}_{w−m} 0^{p√}_{w+m} √ w − m 0 √ w + m 0 0 √ w − m 0 √ w + m , (2.14) then we have B^{−1}_3 (mγ + pα_3)B_3 = wγ. (2.15)

Lemma 7. Let Q = B_2B_3, then Θ = wQγQ^{−1} or Q^{−1}ΘQ = wγ, (2.16) where all parameters are defined as above.

3 The Green functions of field equations

(F1). For the initial value problem of the Klein-Gordon equation ∂^2_t u = Δu − m^2u, with u(0, ⃗x) and u_t(0, ⃗x), (3.1) the formal solution represented by the Green function is given by u(t, ⃗x) = ∫ R^3 [K(t, ⃗r)u(0, ⃗y) + G(t, ⃗r)u_t(0, ⃗y)]d^3y, (3.2) where ⃗r = ⃗x − ⃗y. Lemma 8. In the sense of distribution, for (3.2) we have G(t, ⃗r) = 1 2π^2r ∫_∞ 0 p w sin wt sin prdp, (3.3) K(t, ⃗r) = ∂_tG = 1 2π^2r ∫_∞ 0 p cos wt sin prdp. (3.4) Proof. Denote u(0, ⃗x) = ϕ(⃗x), u_t(0, ⃗x) = ψ(⃗x), Make Fourier transformation to (3.1), we get

d^2 dt^2 ~u = −(p 2 + m^2)~u = −w^2 ~u, ~u(0, ⃗p) = ~ϕ(⃗p), ~u^′(0, ⃗p) = ~ψ(⃗p), (3.5) where ~u(t, ⃗p) =^1√_{(2π)3} ∫ R^3 u(t, ⃗y)e −⃗y·⃗pid3y, u(t, ⃗x) =^1√_{(2π)3} ∫ R^3 ~u(t, ⃗p)e ⃗x·⃗pid3p, (3.6) and so on. The solution of (3.5) is given by ~u = cos wt ~ϕ + 1 w sin wt ~ψ. (3.7) Substituting (3.7) into (3.6), we get G(t, ⃗r) = 1 (2π)^3 ∫ R^3 1 w sin wte^{(⃗x−⃗y)·⃗pi}d^3p, (3.8)

K(t, ⃗r) = 1 (2π)^3 ∫ R^3 cos wte^{(⃗x−⃗y)·⃗pi}d^3p = ∂_tG, (3.9) Let ⃗r ·⃗p = pr cos θ, integrating (3.8) and (3.9) in the spherical coordinate system proves the lemma.

By Lemma 3 and (3.3), we get Lemma 9. Let ρ = m √ t^2 − r^2, then we have G(t, ⃗r) = m 4π √ t^2 − r^2

[J_0(ρ)δ(ρ) − J_1(ρ)H(ρ)], (3.10)

By Lemma 9, we have Theorem 1. The solution of (3.1) can be expressed by the following integrals u(t, ⃗x) = u_0(t, ⃗x) − u_1(t, ⃗x), (3.11) where u_0 is the solution for the case m = 0,

u_0 = ∂_t ( 1 4πt ∫ r=t ϕ(⃗y)dS_y ) + 1 4πt ∫ r=t ψ(⃗y)dS_y, (3.12) S_y stands for the surface r = t,

u_1 = ∂_t ( m 4π ∫ r<t J_1(ρ) √ t^2 − r^2 ϕ(⃗y)d^3y ) + m 4π ∫ r<t J_1(ρ) √ t^2 − r^2 ψ(⃗y)d^3y. (3.13)

Proof. For simple, we set ϕ = 0. Then by Lemma 8 and 9, we have u(t, ⃗x) =^1_{4π} ∫ r<t m √ t^2−r^2 [J0δ(ρ) − J1H(ρ)]ψ(⃗y)d 3y =^1_{4π} ∫_t 0 m √ t^2−r^2 J0δ(ρ)r 2dr ∫_π 0 sin θdθ ∫_{2π} 0 ψdφ − u_1(t, ⃗x) =^1_{4π} ∫_t 0 rd(−m √ t^2 − r^2)J_0δ(ρ) ∫_π 0 sin θdθ ∫_{2π} 0 ψdφ − u_1(t, ⃗x) =^t_{4π} ∫_π 0 sin θdθ ∫_{2π} 0 ψ(r = t)dφ − u_1(t, ⃗x). (3.14)

The proof is finished.

(F2). For the Dirac equation ∂_tψ = −⃗α · ∇ψ − mγiψ, with ψ(0, ⃗x) = ϕ(⃗x), (3.15) by Fourier transformation we get

Lemma 10. The formal solution of (3.15) is given by ψ(t, ⃗x) = ∫ R^3 A(t, ⃗x − ⃗y)ϕ(⃗y)d^3y, (3.16) where A(t, ⃗r) = − imγ 2π^2

K_1 + 1 2π^2

∂_tK_1 + 1 2π^2

⃗α · ∇K_1, (3.17) and ∇ = (∂_{y1} , ∂_{y2} , ∂_{y3} ), K_1(t, r) is defined by (2.5) or (2.6).

Proof. By Fourier transformation we will get A(t, ⃗r) = 1 8π^3 ∫ R^3 e^{−(Θt−⃗r·⃗p)i}d^3p, (3.18) where Θ = mγ + ⃗α · ⃗p. By Lemma 5 and 7, we have e^{−Θti} = exp(−iwtQγQ^{−1}) = Qe^{−wγti}Q^{−1} = cos wt − i sin wtQγQ^{−1} = cos wt − i sin wt(mγ + ⃗α · ⃗p), (3.19)

Substituting it into (3.18) we have A(t, ⃗r) = 1 8π^3 ∫ R^3 [cos wt − i sin wt(mγ + ⃗α · ⃗p)]e^{⃗r·⃗pi}d^3p. (3.20) Denote ⃗r = r(sin θ_1 cos φ_1, sin θ_1 sin φ_1, cos θ_1), (3.21) T = cos θ_1 cos φ_1 cos θ_1 sin φ_1 − sin θ_1 − sin θ_1 sin φ_1 sin θ_1 cos φ_1 0 sin θ_1 cos φ_1 sin θ_1 sin φ_1 cos θ_1

, (3.22)

then ⃗r = r(0, 0, 1)T. (3.23) Making transformation

⃗p = ⃗kT, ⃗k = k(sin θ cos φ, sin θ sin φ, cos θ), (3.24)

substituting (3.23) and (3.24) into (3.20) we have

⃗α · ⃗p = (β_1 cos φ + β_2 cos φ)k sin θ + ⃗α · ⃗r r k cos θ, (3.25)

where β_1, β_2 are constant matrices, ⃗r · ⃗p = rk cos θ,

A(t, ⃗r) =^1_{4π2} ∫_∞ 0 k^2dk ∫_π 0 sin θ[cos wt −^i_w sin wt(mγ +^{⃗α·⃗r}_r k cos θ)]e^{ikr cos θ}dθ. (3.26)

Integrating (3.26) with respect to θ gives (3.17).

By Lemma 3 and 10, we have Theorem 2. The solution of (3.15) can be expressed by ψ(t, ⃗x) = ψ_0(t, ⃗x) − ψ_1(t, ⃗x), (3.27) where ψ_0 = ∂_t ( 1 4πt ∫ r=t ϕ(⃗y)dS_y ) − 1 4πt ∫ r=t (mγi + ⃗α · ∇)ϕ(⃗y)dS_y, (3.28) ψ_1 = ∂_t ( m 4π ∫ r<t J_1(ρ)ϕ(⃗y) √ t^2 − r^2 d^3y ) − m 4π ∫ r<t J_1(ρ) √ t^2 − r^2 (mγi + ⃗α · ∇)ϕ(⃗y)d^3y. (3.29)

4 The decay rate of the linear fields

Now we use (3.11) and (3.27) to estimate the decay of the solutions. In [7, 8], for wave

equation we have

Theorem 3. Suppose ϕ ∈ W^{n+3,1}(R^3), ψ ∈ W^{n+2,1}(R^3), then the solution of

(∂^2_t − Δ)u = 0, u(0, ⃗x) = ϕ, ∂_tu(0, ⃗x) = ψ, (4.1)

has the following decay estimate ||u(t, ·)||_W n,∞_{(R}3_) ≤ C 1 + t

(||ϕ||_W n+3,1_{(R}3_) + ||ψ||_W n+2,1_{(R}3_)), (n ≥ 0), (4.2) ||∂_tu(t, ·)||_W n−1,∞_{(R}3_) ≤ C 1 + t

(||ϕ||_W n+3,1_{(R}3_) + ||ψ||_W n+2,1_{(R}3_)), (n ≥ 1), (4.3)

where C always stands for a positive constant independent of ϕ, ψ.

For the Klein-Gordon equation (3.1), we have the following estimation.

Theorem 4. Suppose ϕ ∈ W^{3,1}(R^3), ψ ∈ W^{2,1}(R^3), then the solution of (3.1) has

the following decay estimate |u(t, ⃗x)| ≤ C √ 1 + t

(||ϕ||_W 3,1_{(R}3_) + ||ψ||_W 2,1_{(R}3_)). (4.4)

Proof. By theorem 3, we have |u_0(t, ⃗x)| ≤ C 1 + t

(||ϕ||_W 3,1_{(R}3_) + ||ψ||_W 2,1_{(R}3_)), (4.5)

where u_0 is defined by (3.12). Let v(t, ⃗x) = ∫ r<t J_1(ρ) √ t^2 − r^2 ψ(⃗y)d^3y. (4.6)

Since |J_1| < 1, for case t < 1, we have |v(t, ⃗x)| = | | | ∫_t 0 r^2J_1 √ t^2−r^2 dr ∫ Ω dΩ ∫_∞ r ∂_sψds | | | ≤ C ∫_1 0 dr √ 1−r^2 ∫ R^3 |∇ψ|d 3y ≤ C||∇ψ||_L1_{(R}3_), (4.7)

where dΩ = sin θdθdφ. For t ≥ 1, we have |v(t, ⃗x)| = | | | ( ∫_{t−}^1_2 0 + ∫_t t−^1_2 ) (_{r2J} 1dr √ t^2−r^2 ∫ Ω ψ(⃗y)dΩ )| | ≤^C √_{t2−(t− 12 )2} ∫_{R3} |ψ|d^3y + | | | | ∫_t t−^1_2 r^2J_1dr √_{(t+r)(t−r)} ∫_Ω dΩ ∫^∞_r ∂_sψds | | | | ≤^{C√}_t ( ||ψ||_L1_{(R}3_) + ∫_t t−^1_2 dr √ t−r ∫ R^3 |∇ψ|d 3y ) ≤^{C√}_t ||ψ||_W 1,1_{(R}3_).

(4.8)

Combine it with (4.7), we get |v(t, ⃗x)| < C √ 1 + t

||ψ||_W 1,1_{(R}3_). (4.9)

Similarly, we have | | | |∂_t ∫ r<t J_1(ρ) √ t^2 − r^2 ϕ(⃗y)d^3y | | | | < C √ 1 + t

||ϕ||_W 2,1_{(R}3_). (4.10)

The theorem holds by (4.5), (4.9) and (4.10).

Considering linear the Dirac equation also satisfies the Klein-Gordon equation (3.1), so we have

Corollary 5. For Dirac equation (3.15), we have the following estimation |ψ(t, ⃗x)| < C √ 1 + t

||ϕ||_W 3,1_{(R}3_{,C}4_). (4.11)

5 Discussion and conclusion

From Theorem 2 we learn that, the solution of a physical field system of the first order equation u(t, ⃗x) = (u_1, u_2 · · · u_n)^T can be generally expressed by the following functional G(u(x, t)) = ∫_t t_0 dτ ∫ Ω(τ ) (F + ⃗K · ∇_ξu)dξ, (5.1) where G(u) is an invertible and differentiable function group of u_k(x, t), t_0 is any given time less then t, ∪_{τ ∈[t0,t)}Ω(τ) is the dependent domain of u(x, t), F = F (u(ξ, τ), v(ξ, τ), ξ, τ, x, t, t_0), ⃗K = ⃗K(u(ξ, τ), v(ξ, τ), ξ, τ, x, t, t_0), (5.2) all the elements of the group F and the vector matrices ⃗K are normal functions of u and v. v denotes the interaction of the environment. The physical meaning of (5.1) is that, the present state of the system is simply determined by its history and interaction. Combined with the principle of limited light velocity, Eq.(5.1) inversely implies the first order field equation A^μ∂_μu = f(u, v). (5.3) The reason to choose (5.1) instead of (5.3) as postulate to describe the field system is that, (5.1) is more flexible and comprehensive, and its visual physical meaning can be understood by a farm folk[9, 10].

By (4.11) we learn that, the solution of a linear wave equation will inescapably decay to zero. To explain the stability of the fundamental particles, a complete theory should include nonlinear Dirac equations[11, 12].

Acknowledgments

The author is grateful to Prof. Hao Wang and Mr. Rong Jiao for technical treatment.

References

[1] E. C. G. Stueckelberg, D. Rivier, Helv. Phys. Acta. 13, 215(1949) [2] R. P. Feynman, Phys. Rev. 76, 749(1949) [3] C. Itzykson, J-B. Zuber, em Quantum Field Theory, McGraw-Hill Inc., 1980 [4] J. D. Bjorken, S. D. Drell, Relativistic Quantum Field Theory, McGraw-Hill, New York, 1965 [5] S. S. Schweber, An Introduction to Relativistic Quantum Field Theory, Evanston, Illinois, (p. 168-170, 180-182, 226-227)1961 [6] H. Umezawa, Quantum Field Theory, North-Holland, Amsterdam, (p.140)1956 [7] Li Ta-tsien, Chen Yun-Mei, The Nonlinear Evolution Equation(in Chinese), Scientific Press, 1989 [8] Li Ta-tsien, Chen Yun-Mei, Commu. in PDE. 13, 383(1988) [9] Y. Q. Gu, Canonical Form of Field Equation, arXiv:hep-th/0610189 [10] Y. Q. Gu, Some properties of the spinor soliton, Adv. App. Cliff. Alg. 8(1), 17(1998), http://www.clifford-algebras.org/v8/81/gu81.pdf [11] Y. Q. Gu, New Approach to N-body Relativistic Quantum Mechanics, arXiv:hep-th/0610153 [12] Y. Q. Gu, Characteristic Functions and Typical Values of the Nonlinear Dark Spinor, arxiv:hep-th/0611210