arXiv:hep-th/0612260v1 24 Dec 2006

S-brane solutions with (anti-)self-dual parallel charge density form on a Ricci-flat submanifold

H. Dehnen^1,

Universität Konstanz, Fachbereich Physik, Fach M 677, D-78457, Konstanz

V.D. Ivashchuk^2, V.N. Melnikov^3

Center for Gravitation and Fundamental Metrology, VNIIMS and Institute of Gravitation and Cosmology, Peoples’ Friendship University of Russia, 46 Ozernaya Street, Moscow, 119361, Russia

Abstract

A D-dimensional cosmological model with several scalar fields and antisymmetric (p + 2)-form is considered. For dimensions D = 4m + 1 = 5, 9, 13, ... and p = 2m − 1 = 1, 3, 5, ... we obtain a family of new cosmological type solutions with 4m-dimensional oriented Ricci-flat submanifold N of Euclidean signature. These solutions are characterized by a self-dual or anti-self-dual parallel charge density form Q of rank 2m defined on N. The (sub)manifold N may be chosen to be Kähler, or hyper-Kähler one, or 8-dimensional manifold of Spin(7) holonomy. The generalization of solutions to a chain of extra (marginal) Ricci-flat factor-spaces is also presented. Solutions with accelerated expansion of extra factor-spaces are singled out. Certain examples of new solutions for IIA supergravity and for a chain of B_D-models in dimensions D = 14, 15, ... are considered.

1Heinz.Dehnen@uni-konstanz.de 2rusgs@phys.msu.ru 3melnikov@phys.msu.ru

1 Introduction

This paper is devoted to generalization of composite electric S-brane solutions with maximal number of branes obtained earlier in [1, 2, 3]. (For S-brane solutions see [4]-[22] and refs. therein.) These solutions exist in gravitational models in dimensions D = 4m + 1 = 5, 9, 13, ... and containing (p + 2)-form with p = 2m − 1 = 1, 3, 5, .... An interesting feature of these ”maximal” solutions is the linear relations between charge densities [1].

Namely, it was shown in [1] that electric S-brane solutions with maximal number of branes in 5-dimensional model with 3-form and scalar field exists when the charge densities of six electric branes obey the following relations

Q_{12} = ∓Q_{34}, Q_{13} = ±Q_{24}, Q_{14} = ∓Q_{23}. (1.1)

or, equivalently, Q_{ij} = ± 1 2 ε_{ijkl}Q^{kl} = ±(∗Q)_{ij} . (1.2) Here Q_{ij} = −Q_{ji}. When all Q_{ij} (i ≠ j) are non-zero the configuration from (1.2) is the only possible one that follows just from non-diagonal part of Hilbert-Einstein equations.

Analogous (anti)-self-duality relations were used in constructing exact solutions in dimensions D = 4m + 1 = 5, 9, 13, ... [1, 2, 3].

In the case when the scalar field is absent we are led in [3] to a solution for D = 5 gravity with 3-form and found the absence of oscillating behaviour in this model when cosmological electric S-brane solutions with diagonal metric are considered. This behaviour corresponds to the case of a ”frozen” point in a billiard when we approach to the singularity (for billiard approach with branes see [24, 25]).

It should be noted that the relations between charge densities of D-branes play an important role in the string theory, see, for example, formulas between charge densities of electric and magnetic branes in ref. [26]. It was shown that such relations in a general case may be described by mathematical K-theory, see [27, 28, 29] and references therein. But these relations are of topological origin, while the relations proposed in our papers are of dynamical origin: they appear as solutions of quadratic constraints on charge densities following from non-diagonal part of Hilbert-Einstein equations.

Here, in Section 4, we obtain new cosmological type solutions with an oriented Ricci-flat factor-space N of dimension 4m and self-dual or anti-self-dual non-zero parallel (i.e. covariantly constant) ”charge density” form Q of rank 2m defined on N. The examples of Ricci-flat Riemannian manifolds of dimension 4m equipped with (anti-)self-dual parallel 2m-form contain: Kähler manifolds of holonomy group SU(2m), hyper-Kähler manifolds with holonomy group Sp(m) and 8-dimensional Ricci-flat manifold of Spin(7) holonomy [39]. In Section 5 we generalize the solutions from Section 4 to the case when a chain of extra Ricci-flat factor-spaces is added into consideration. Here we obtain a family of new solutions with accelerated expansion of extra factor-spaces. In Section 6 we present examples of new solutions for IIA supergravity and for a chain of the so-called B_D-models from [11] in dimensions D = 14, 15, .... In Appendix we give an explicit derivation of exact solutions from Section 5.

2 The model

As in [2] we consider the model governed by the action S = ∫ M d^Dz √ |g| [ R[g] − m_{ab}g^{MN} ∂_M φ^a∂_N φ^b − 1 q! exp(2λ_aφ^a)F^2 ] , (2.1)

where g = g_{MN} dz^M ⊗ dz^N is the metric, ⃗φ = (φ^a) is a set (vector) of scalar fields, a = 1, . . . , l; ⃗λ = (λ_a) ∈ R^l is a constant vector (set) of dilatonic couplings, (m_{ab}) is a symmetric non-degenerate l × l matrix, F = dA = 1 q! F_{M1...Mq} dz^{M1} ∧ . . . ∧ dz^{Mq} , (2.2) is a q-form, q = p + 2 ≥ 1, on a D-dimensional manifold M.

In (2.1) we denote |g| = | det(g_{MN} )|, and F^2 = F_{M1...Mq} F_{N1...Nq} g^{M1N1} . . . g^{MqNq} . (2.3) The equations of motion corresponding to (2.1) are R^M_N − 1 2 δ^M_N R = T^M_N , (2.4) △[g]φ^a − λ^a q! e^{2λ(φ)}F^2 = 0, (2.5)

∇_{M1} [g](e^{2λ(φ)}F^{M1...Mq} ) = 0. (2.6)

Here, and in what follows λ(φ) = λ_aφ^a. In (2.5) and (2.6), △[g] and ▽[g] are Laplace-Beltrami and covariant derivative operators corresponding to g. Equations (2.4), (2.5) and (2.6) are, respectively, the multidimensional Einstein-Hilbert equations, the ”Klein-Fock-Gordon” equation for the scalar field and the ”Maxwell” equations for the q-form.

The source terms in (2.4) can be split up as T^M_N = T^M_N [φ, g] + e^{2λ(φ)}T^M_N [F, g], (2.7) with T^M_N [φ, g] = m_{ab}[g^{MQ}∂_Qφ^a∂_N φ^b − 1 2 δ^M_N g^{P Q}∂_P φ^a∂_Qφ^b], (2.8)

T^M_N [F, g] = 1 q! [ − 1 2 δ^M_N F^2 + qF_{NM2...Mq} F^{MM2...Mq} ] , (2.9)

being the stress-energy tensor of the scalar field and q-form, respectively.

3 S-brane solutions with flat factor spaces

Now, we describe Sp-brane solutions from [2] in dimensions D = n + 1 = 4m + 1 = 5, 9, 13, . . . (3.1) with p = 2m − 1 = 1, 3, 5, . . . (3.2) and non-exceptional dilatonic coupling λ^2 ≡ m^{ab}λ_aλ_b ≠ n 4(n − 1)

≡ λ^2_0. (3.3)

Here, and in what follows the matrix (m^{ab}) is inverse to (m_{ab}).

These solutions are defined on the manifold M = (u_−, u_+) × R^n (3.4) and have the following form

ds^2 = we^{2nϕ(u)}du^2 + e^{2ϕ(u)} n∑ i=1 (dy^i)^2 (3.5) φ^a = − λ^a K [f(u) + λ_b(C^b_2u + C^b_1)] + C^a_2 u + C^a_1 , (3.6) F = e^{2f(u)}du ∧ Q, (3.7) Q = 1 (p + 1)! Q_{i0...ip} dy^{i0} ∧ . . . ∧ dy^{ip} . (3.8) w = ±1, λ^a = m^{ab}λ_b, C^a_2 , C^a_1 are integration constants, K ≡ λ^2 − n 4(n − 1)

, (3.9)

and Q_{i0...ip} are constant components of charge density form Q. Q is a self-dual or anti-self-dual in a flat Euclidean space R^n , i.e. Q_{i0...ip} = ± 1 (p + 1)! ε_{i0...ipj0...jp} Q^{j0...jp} = ±(∗Q)_{i0...ip} . (3.10) The function ϕ(u) is defined as follows ϕ = 1 2(1 − n)K [λ_a(C^a_2 u + C^a_1 ) + f(u)] , (3.11)

and the function f(u) is given by relations

f = − ln [ |z||KQ^2|^{1/2} ] (3.12)

with z = 1 √ C sinh [ (u − u_0) √ C ] , K < 0, C > 0; (3.13) = 1 √ −C sin [ (u − u_0) √ −C ] , K < 0, C < 0; (3.14)

= u − u_0, K < 0, C = 0; (3.15) = 1 √ C cosh [ (u − u_0) √ C ] , K > 0, C > 0, (3.16)

where Q^2 ≡ 1 (p + 1)! ∑ i_0,...,i_p Q^2_{i0...ip} > 0, (3.17) and C = (λ_aC^a_2 )^2 − Km_{ab}C^a_2 C^b_2. (3.18)

The solution presented above for w = −1 describes a collection of k ≤ C^{2m}_{4m} electric Sp-branes with non-zero charge densities Q_{i0...ip} ≠ 0, i_0 < . . . < i_p, p = 2m − 1.

The case of one scalar field was considered previously in [1] and in [3] the solutions without scalar fields were studied.

4 Generalization to Ricci-flat factor space

Here, we generalize the solution from the previous section to the case when the manifold (3.4) is replaced by the manifold

M = (u_−, u_+) × N, (4.1)

where N is n-dimensional oriented manifold of dimension n = 4m, m = 1, 2, . . ., equipped with the Ricci-flat metric h = h_{ij} (y)dy^i ⊗ dy^j of Euclidean signature. Let Q = 1 (p + 1)! Q_{i0...ip} (y)dy^{i0} ∧ . . . ∧ dy^{ip} (4.2) be a non-zero form of rank 2m defined on the manifold N.

The form Q is supposed to be parallel, i.e. covariantly constant w.r.t. h

(i) ▽ [h]Q = 0, (4.3)

and also self-dual or anti-self-dual one (ii) Q = ± ∗ Q. (4.4) Here ∗ = ∗[h] is the Hodge operator corresponding to the metric h.

It follows from (i) that the form Q is closed (dQ = 0) and

Q^2 ≡ 1 (p + 1)! h^{i0j0} . . . h^{ipjp} Q_{i0...ip} Q_{j0...jp} (4.5) is constant.

Obviously, Q^2 > 0, (4.6) since Q is non-zero and h has Euclidean signature.

For non-exceptional value of the dilatonic coupling (3.3) the following solution on the manifold (4.1) is valid

ds^2 = we^{2nϕ(u)}du^2 + e^{2ϕ(u)}h_{ij} (y)dy^idy^j, (4.7)

φ^a = − λ^a K [f(u) + λ_b(C^b_2u + C^b_1)] + C^a_2 u + C^a_1 , (4.8) F = e^{2f(u)}du ∧ Q, (4.9) with the 2m-form (4.2) obeying (4.3), (4.4) and (4.6).

The function ϕ(u) is given by (3.11), where K is defined in (3.9), C_2, C_1 are integration constants and the function f(u) is presented by relations (3.12)-(3.16) with Q^2 defined in (4.5). The integration constants C and C_2 are related by the formula (3.18).

Now, we show that the metric with the line element (4.7), scalar fields (4.8) and 2m-form (4.9) does satisfy the field equations (2.4)-(2.6).

For scalar fields φ^a = φ^a(u) we get from (2.5) for Ricci-flat h the same ordinary differential equations as in the flat case, so eqs. (2.5) are satisfied.

The relation (4.3) reduces the verification of the “Maxwell” equation (2.6) just to the identity that holds for a flat-case solution from the previous section.

Now, we verify the Hilbert-Einstein eqs. (2.4). First, we prove that T [F, g]^j_i = 0, (4.10)

for all i, j = 1, . . . , n, i. e. for λ = 0 the form contributes as a dust matter.

Let us prove relation (4.10) for i ≠ j. In what follows we use the following notation

C^j_i = n∑ i_1,...,i_p=1 Q_{ii1...ip} Q^{ji1...ip} . (4.11) For i ≠ j, T [F, g]^j_i is proportional to C^j_i . This follows from (2.9) and equation (4.9), written in components F_{ui1...i2m} = e^{2f(u)}Q_{i1...i2m} . (4.12) Due to (anti-) self-duality of Q we get

C^j_i = ± √ |h| n∑ i_1,...,i_p=1 n∑ j_0,...,j_p=1 1 (p + 1)! ε_{ii1...ipj0...jp} Q^{j0...jp} Q^{ji1...ip} , (4.13) where i ≠ j. This can be further rewritten as

C^j_i = ± √ |h| n∑ i_1,...,i_p=1 n∑ j_1,...,j_p=1 1 p! ε_{ii1...ipjj1...jp} Q^{jj1...jp} Q^{ji1...ip}

= ± √ |h| n∑ i_1,...,i_p=1 n∑ j_1,...,j_p=1 (−1)^p p! ε_{ij1...jpji1...ip} Q^{ji1...ip} Q^{jj1...jp} = (−1)^pC^j_i . (4.14)

Note that j is not summed over in the two sums above. In going from (4.11) to the first line of (4.14) we have carried out p+1 identical sums with: j_0 = j, j_1 = j, ..., j_p = j, respectively.

From (4.14) one finds that for odd p = 2m − 1

C^j_i = −C^j_i ⇒ C^j_i = 0, i ≠ j

and, hence, relation (4.10) is valid for i ≠ j.

Now, we prove relation (4.10) for i = j, i.e.

T^i_i [F, g] = 0, (4.15)

(no summation in i) for all i = 1, . . . , n.

It follows from (2.9) and (3.7), that T^i_i [F, g] = B(u)[− 1 2 n∑ k=1 C^k_k + (q − 1)C^i_i ], (4.16)

(no summation in i) for all i = 1, . . . , n, where B(u) is function of u. The matrix T^i_j [F, g] is trace-less n∑ k=1 T^k_k [F, g] = 0, (4.17)

since n = 2(p + 1) = 2(q − 1). To prove (4.15) it is sufficient to verify that

T^1_1 = . . . = T^n_n , (4.18)

or, equivalently, C^1_1 = . . . = C^n_n. (4.19)

Let us prove without restriction of generality C^1_1 = C^2_2 . Indeed, using (4.13) we get (the summation over repeated indices is understood)

C^1_1 = ± √ |h| (p + 1)! ε_{1i1...ipj0...jp} Q^{j0j1...jp} Q^{1i1...ip} (4.20) = ± √ |h| (p + 1)! [pε_{12i2...ipj0j1...jp} Q^{j0j1...jp} Q^{12i2...ip} + (p + 1)ε_{1i1...ip2j1...jp} Q^{2j1...jp} Q^{1i1...ip} ] = ± √ |h| (p + 1)! [pε_{21i2...ipj0...jp} Q^{j0j1...jp} Q^{21i2...ip} + (p + 1)ε_{2j1...jp1i1...ip} Q^{1i1...ip} Q^{2j1...jp} ] = ± √ |h| (p + 1)! ε_{2i1...ipj0j1...jp} Q^{j0j1...jp} Q^{2i1 ...ip} = C^2_2 .

Here, we used that p + 1 = 2m is even. Thus, relations (4.10) are proved. Now we check the Hilbert-Einstein eqs. (2.4). These equations are satisfied for non-diagonal components (M ≠ N), since the Einstein tensor in the left hand site of (2.4) for the metric (4.7) is diagonal (see, for example, the Appendix in ref. [13]) and stress-energy tensor (2.7) T^M_N is also diagonale due to eqs. (4.10). For the diagonal part of Hilbert-Einstein eqs. (2.4) we obtain the same ordinary differential equations (ODE) for ϕ(u) with constant parameter Q^2 from (4.5) as in the flat case. This follows from Ricci-flatness of h and (4.10). But the latter ODE were checked in our recent paper [2]. It means that we proved that relations (4.7), (4.8) and (4.9) with surrounding notations and assumptions do really define exact solutions to field equations in dimensions D = 4m + 1.

Examples of (anti-)self-dual parallel 2m-forms on Ricci-flat Riemannian manifolds of dimension 4m. It should be noted that such parallel form does exist when 4m-dimensional Riemannian manifold N is Kähler Ricci-flat manifold with holonomy group SU(2m). Indeed the m-th wedge power of Kähler 2-form, i.e.

α = Ω^m, (4.21)

gives an example of non-zero parallel (i.e. covariantly constant) form of rank 2m [39]. Splitting this form into a sum of self-dual and anti-self-dual parallel forms:

α = α_+ + α_−, (4.22)

where α_± = 1 2 (1 ± ∗)α (4.23)

and * =*[h] is the Hodge operator on N, we get that either α_+ or α_− is a non-zero parallel form. Thus, we get an example of either self-dual or antiself-dual parallel 2m-form on a Kähler (Ricci-flat) manifold of dimension 4m. When N is hyper-Kähler Ricci-flat manifold of dimension 4m with holonomy group Sp(m) there are three Kähler 2-forms: Ω_1, Ω_2, Ω_3 . In this case we have more examples of parallel forms (e.g. self-dual or anti-self-dual ones), since any wedge product α = Ω^{m1}_1 ∧ Ω^{m2}_2 ∧ Ω^{m3}_3 , (4.24)

with m_1 + m_2 + m_2 = m, is a parallel 2m-form [39]. We should also mention that there exists a parallel 4-form on 8-dimensional Ricci-flat manifold of Spin(7) holonomy. See item 10.124 (Table 1) in [39] and also [40, 41] (and references therein).

5 Generalization to a set of extra Ricci-flat spaces

Here, we suggest a generalization of the solution from the previous section when the manifold (4.1) is replaced by

M = (u_−, u_+) × N × N_1 × . . . N_k, (5.1)

where N_r are Ricci-flat manifolds with the metric h^r of dimension d_r, r = 1, ..., k. The solution reads

ds^2 = exp [ 4mf(u) K(2 − D) ] { we^{2cu+2c̄}du^2 (5.2)

+ exp(K^{−1}f(u) + 2c^0u + 2c̄^0)h_{ij} (y)dy^idy^j + k∑ r=1 e^{2cr u+2c̄r} ds^2_r } , φ^a = − λ^a K f(u) + c^a_φu + c̄^a_φ, (5.3)

F = e^{2f(u)}du ∧ Q, (5.4) a = 1, . . . , l. Here ds^2_r = h^r_{mr nr} (z_r)dz^{mr}_r dz^{nr}_r is the line element corresponding to the metric h^r, f(u) is given by (3.12) and (3.13), (3.14), (3.15), (3.16),

c = 4mc^0 + k∑ r=1 d_rc^r c̄ = 4mc̄^0 + k∑ r=1 d_rc̄^r (5.5) and K = λ^2 + m +

4m^2 2 − D ≠ 0. (5.6)

The integration constants obey the following relations:

CK^{−1} + m_{ab}c^a_φc^b_φ + 4m(c^0)^2 (5.7) + k∑ r=1 (c^r)^2d_r − (4mc^0 + k∑ r=1 c^rd_r)^2 = 0

2mc^0 = λ_ac^a_φ 2mc̄^0 = λ_ac̄^a_φ. (5.8)

The solution is derived in the Appendix. More special solutions were obtained previously in [31, 32].

When internal spaces N_1, ..., N_k are omitted we get the solution from the previous subsection with the following identifications between constants:

c^a_φ = − λ^a K (λ_bC^b_2) + C^a_2 , c̄^a_φ = − λ^a K (λ_bC^b_1) + C^a_1 . (5.9)

Solutions with acceleration. Now, we show that among obtained solutions there exist some special solutions with accelerated expansion of certain subspaces. Indeed, let us consider the simplest cosmological type solution with vanishing integration constants C = c^a_φ = c = c^r = 0.

This solution takes place when K < 0. The metric (5.2) for this case reads

ds^2 = wdτ^2 + B_0τ^{2ν0} h_{ij}(y)dy^idy^j + τ^{2ν1} k∑ r=1 B_rds^2_r, (5.10)

where τ > 0 is ”synchronous” variable, B_0, B_1, . . . , B_r are positive constants and ν_0 =

4m + 2 − D 2Δ , ν_1 = 2m Δ . (5.11)

Here Δ = (D − 2)K + 2m. (5.12)

When ν_1 > 1, or −2m/(D − 2) < K < 0 we get an accelerated expansion of factor spaces M_1, ..., M_k. This takes place when

− (d + 1)m < λ^2(D − 2) < −(d − 1)m. (5.13)

where d = k∑ r=1 d_r. (5.14)

It is possible only if λ^2 < 0 or, equivalently, some of scalar fields are phantom ones.

We note that solutions of this Section for λ = 0 are in agreement with perfect fluid solutions from [34].

6 Examples

Here we consider two examples of solutions from the previous section.

6.1 IIA supergravity

Let us take the D = 10 IIA supergravity with the bosonic part of the action S = ∫ d^{10}z √ |g| { R[g] − (∂φ)^2 − 4∑ a=2 e^{2λaφ}F^2_a } − 1 2 ∫ F_4 ∧ F_4 ∧ A_2, (6.1)

where F_a = dA_{a−1} + δ_{a4}A_1 ∧ F_3 is an a-form and

λ_3 = −2λ_4, λ_2 = 3λ_4, λ^2_4 = 1 8 . (6.2)

We consider the solutions with zero forms A_1, A_3 (and hence vanishing F_2 and F_4), i.e. we are interested in the NS-NS sector of the model (NS means Neveu-Schwarz).

Thus, we consider the solution from the previous section describing for w = −1 a “collection” of electric S1-branes, i.e. S-fundamental strings (SFS). In this case we get m = 1, K = 1 and k ≤ 5.

The solution reads

ds^2 = exp(−f(u)/2) { we^{2cu+2c̄}du^2 (6.3)

+ exp(f(u) + 2c^0u + 2c̄^0)h_{ij} (y)dy^idy^j + k∑ r=1 e^{2cru+2c̄r} ds^2_r } , φ = −λ_3f(u) + c_φu + c̄_φ, (6.4) F_3 = e^{2f(u)}du ∧ Q. (6.5)

The function f(u) is given by relation

f = − ln [ |z||Q^2|^{1/2} ] (6.6)

with z = 1 √ C cosh [ (u − u_0) √ C ] , (6.7)

and the integration constants obey

c = 4c^0 + k∑ r=1 d_rc^r c̄ = 4c̄^0 + k∑ r=1 d_rc̄^r, (6.8) and C = −(c_φ)^2 − 4(c^0)^2 − k∑ r=1 (c^r)^2d_r + (4c^0 + k∑ r=1 c^rd_r)^2 > 0 (6.9)

2c^0 = λ_3c_φ 2c̄^0 = λ_3c̄_φ. (6.10)

For w = −1 all metrics h^r should be of Euclidean signatures, and for w = +1 one metric should be of pseudo-Euclidean signature while the other ones should be of Euclidean signatures.

6.2 Chain of B_D-models

Now, we consider the chain of the so-called B_D-models in dimensions D = 11, 12, . . . with a set of ”phantom” scalar fields suggested in [11] and defined by the action

S_D = ∫ M d^Dz √ |g|{R[g] + g^{MN} ∂_M ⃗φ∂_N ⃗φ − D−7∑ a=4 1 a! exp(2⃗λ_a ⃗φ)(F^a)^2}, (6.11) where ⃗φ = (φ^1, . . . , φ^l) ∈ R^l , ⃗λ_a = (λ_{a1}, . . . , λ_{al}) ∈ R^l , l = D − 11, rankF^a = a, a = 4, . . . , D − 7. Here vectors ⃗λ_a satisfy the relations ⃗λ_a⃗λ_b = N(a, b) − (a − 1)(b − 1) D − 2 , (6.12)

N(a, b) = min(a, b) − 3, (6.13) a, b = 4, . . . , D − 7. The vectors ⃗λ_a are linearly dependent, since

⃗λ_{D−7} = −2⃗λ_4. (6.14)

For D > 11 vectors ⃗λ_4, . . . , ⃗λ_{D−8} are linearly independent.

The model (6.11) contains l scalar fields with negative kinetic term (i.e. m_{ab} = −δ_{ab} in (2.1)) coupled with l + 1 forms. For D = 11 (l = 0) the model (6.11) coincides with truncated bosonic sector of D = 11 supergravity (”truncated” means without Chern-Simons term). For D = 12 (l = 1) (6.11) coincides with truncated D = 12 model from [35] that is being used for a field description of F -theory [36].

The matrix (6.13) was called in [11] as a fundamental matrix of the theory since it describes the intersection rules for branes. The B_D-models (”beautiful models” ) have a full set of binary brane configurations: this means that ⃗λ_a-vectors are chosen in such way that standard (”orthogonal”) intersection rule formula [37, 38, 23, 11] for any two brains gives us a natural number for dimension of intersection [11].

Let us consider the sector of the B_D-model with the form F_{2m+1}, m ≥ 2. It should be D ≥ 2m + 8 in order for this form to appear. Now we could write the solution from the previous section describing the collection of electric S(2m − 1)-branes localized on 4m-dimensional sub-manifold N. We should also put an obvious restriction D ≥ 4m + 1.

The calculation of K-parameter gives us

K = 2 − m. (6.15)

For m = 2 we get K = 0 and our solution (from the previous section) does not work, e.g. for D = 12 model from [35]. (We are not able also to rewrite our solution for IIB model, since 5-form F_5 should be self-dual in this case.) For m > 2 we get K < 0 and our solution does work for D ≥ 14.

7 Conclusions and discussions

So, we considered a D = (n + 1)-dimensional cosmological type model with several scalar fields and antisymmetric (p + 2)-form. We generalized the composite electric S-brane solutions from [2] for D = 4m + 1 = 5, 9, 13, ... and p = 2m−1 = 1, 3, 5, ... to the case when the form Q of rank 2m is defined on 4m-dimensional oriented Ricci-flat space N of Euclidean signature. The Ricci-flat submanifold N may be chosen to be either Kähler manifold of holonomy group SU(2m), or hyper-Kähler manifolds with holonomy group Sp(m), or 8-dimensional Ricci-flat manifold of Spin(7) holonomy.

Here, the form Q is arbitrary non-zero parallel self-dual or anti-self-dual 2m-form on N. For flat N = R^{4m} the components of this form in canonical coordinates are proportional to charge densities of electric branes.

We also found generalizations of the solutions to the case when a chain of extra Ricci-flat factor-spaces is added. We have shown that these solutions contain as a special case solutions with accelerated expansion of extra factorspaces.

We also considered certain examples of solutions: for IIA supergravity and a for chain of B_D-models in dimensions [11] D = 14, 15, ....

Acknowledgments

The work of V.D.I. and V.N.M. was supported in part by the DFG grant Nr. 436 RUS 113/807/0-1 and also by the Russian Foundation for Basic Researche, grant Nr. 05-02-17478.

V.D.I. and V.N.M. thanks the colleagues from the Physical Department of the University of Konstanz for hospitality during their visits in 2006.

We also thank S. Gukov for informing us on certain mathematical topics related to this paper.

Appendix

Here, we present an explicit derivation of the solution from Section 5.

We start with the manifold

M = R × M_0 × . . . × M_k (A.1) equipped by the metric g = we^{2γ(u)}du ⊗ du + k∑ i=0 e^{2ϕi(u)}h^i, (A.2)

where w = ±1, u is a distinguished coordinate; h^i is a Ricci-flat metric on the manifold M_i with dimension d_i = dim M_i, i = 0, . . . , k, M_0 = N is oriented manifold, h^0 = h and d_0 = 4m.

We put for potential form: A = Φ(u)ω, where ω is a non-zero parallel (anti-) self-dual form on M_0 of rank 2m and hence

F = dA = Φ̇(u)du ∧ ω (A.3)

(ẋ ≡ dx/du). Here we use identity dω = 0 for the parallel form ω.

We also put

φ^a = φ^a(u), (A.4) a = 1, ..., l. The field equations corresponding to the action (2.1) are equivalent to equations of motion for the σ-model with the action

S_σ = μ 2 ∫ duN { G_{ij}ϕ̇^iϕ̇^j + m_{ab}φ̇^aφ̇^b + ω^2 exp[−2U(ϕ, φ)]Φ̇^2}, (A.5)

where N = exp(γ_0 − γ) > 0 (A.6) is the lapse function with

γ_0(ϕ) ≡ k∑ i=0 d_iϕ^i, (A.7)

U = U(ϕ, φ) = −λ(φ) + 1 2 d_0ϕ^0, (A.8)

is brane co-vector (linear form) and

G_{ij} = d_iδ_{ij} − d_id_j (A.9) are components of the ”pure cosmological” minisupermetric, i, j = 0, . . . , k, see [30]. We denote

ω^2 ≡ 1 (2m)! h^{i1j1} . . . h^{i2mj2m} ω_{i1...i2m} ω_{j1...j2m} > 0, (A.10) the square of the non-zero ω-form on the Riemannian manifold M_0.

For finite space volumes V_i of M_i the action (2.1) just coincides (up to a surface term irrelevant for classical consideration) with the action (A.5) if μ = −wV_0 . . . V_n. The non-diagonal part of Hilbert-Einstein equations is satisfied due to (anti-) self-duality condition on ω: this may be verified as it was done in section 4. Diagonal part of Hilbert-Einstein equations and other field equations are governed by the action (A.5).

Action (A.5) may be also written in a more condensed form

S_σ = μ 2 ∫ duN { Ḡ_{AB}ẋ^Aẋ^B + ω^2 exp[−2U(x)]}, (A.11)

where x = (x^A) = (ϕ^i, φ^a),

(Ḡ_{AB} ) = ( G_{ij} 0 0 m_{ab} ) , (A.12)

U(x) = U_Ax^A is defined in (A.8) and

(U_A) = ( 1 2 d_0δ^0_i , −λ_a). (A.13)

We put (U, U) = Ḡ^{AB} U_AU_B ≠ 0, (A.14) where (Ḡ^{AB}) = ( G^{ij} 0 0 m^{ab} ) (A.15)

is the matrix inverse to (A.12). Here (as in [30]) G^{ij} = δ^{ij} d_i + 1 2 − D , (A.16)

i, j = 0, . . . , k. The scalar product (A.14) is

(U, U) = K, (A.17) with K defined in Section 5.

In what follows, we will use contra-variant components U^A = Ḡ^{AB}U_B :

U^i = G^{ij}U_j = 1 2 (δ^0_i − d_0 D − 2 ), U^a = −λ^a. (A.18)

The problem of integrability may be simplified if we integrate the generalized Maxwell equations d du ( exp(−2U)Φ̇ ) = 0 ⇐⇒ Φ̇ = q exp(2U), (A.19)

where q ≠ 0 is a constant (we are not interested in the trivial case q = 0).

Let us denote Q = qω (A.20) and fix the time-gauge to be harmonic one, i.e. we put

γ = γ_0. (A.21)

Obviously, Q^2 > 0.

Then, the Lagrange equations for the action (A.11) corresponding to (x^A) = (ϕ^i, φ^a), when equations (A.19) are substituted, are equivalent to the Lagrange equations for the Lagrangian

L_Q = 1 2 Ḡ_{AB}ẋ^Aẋ^B − V_Q, (A.22)

with the zero-energy constraint imposed

E_Q = 1 2 Ḡ_{AB}ẋ^Aẋ^B + V_Q = 0. (A.23)

Here, V_Q = 1 2 Q^2 exp[2U(x)]. (A.24)

Then, the Euler-Lagrange equations for the Lagrangian (A.1) have the following general solutions [33] x(u) = − U (U, U) ln |f̄(u − u_0)| + cu + c̄, (A.25)

where c and c̄ are constant vectors obeying,

U(c) = U(c̄) = 0, (A.26) and f̄(τ) = | | | | Q^2 2E_1 | | | | 1/2 sinh( √ Cτ), C > 0, (U, U) < 0, (A.27) | | | Q^2 2E_1 | | |^{1/2} sin( √ |C|τ), C < 0, (U, U) < 0, (A.28) | | | Q^2 2E_1 | | | 1/2 cosh( √ Cτ), C > 0, (U, U) > 0, (A.29) | Q^2(U, U) |_{1/2} τ, C = 0, (U, U) < 0, (A.30)

C = 2E_1(U, U), E_1, u_0 are constants.

For the energy corresponding to the solution we have

E_Q = E_1 + 1 2 (c, c). (A.31)

Rewriting this solution in components x = (x^A) = (ϕ^i, φ^a) and using the relations presented above and f = − ln |f̄| we are led to the solution from Section 5.

References

[1] V.D. Ivashchuk and D. Singleton, Composite electric S-brane solutions with maximal number of branes, JHEP 0410 (2004) 061; hep-th/0407224.

[2] H. Dehnen, V. D. Ivashchuk and V. N. Melnikov, Composite electric S-brane solutions with maximal number of branes and several scalar fields, Grav. Cosmol. 11, No. 4 (44), 345-353 (2005); hep-th/0509147.

[3] V.D. Ivashchuk, V.N. Melnikov and D. Singleton, On avoiding cosmological oscillating behavior for S-brane solutions with diagonal metrics, Phys. Rev. D 72 (2005) 103511; gr-qc/0509065.

[4] J. Demaret, J.L. Hanquin, M. Henneaux and P. Spindel, Cosmological Models In Eleven-Dimensional Supergravity, Nucl. Phys. B 252, 538-560, (1985).

[5] K. Behrndt and S. Forste, String Kaluza-Klein cosmology, Nucl. Phys. B 430, 441 (1994); hep-th/9403179 (see also hep-th/9312167, hep-th/9704013).

[6] A. Lukas, B.A. Ovrut and D. Waldram, Cosmological solutions in type II string theory, Phys. Lett. B 393, 65 (1997); hep-th/9608195.

[7] H. Lü, S. Mukherji, C.N. Pope and K.-W. Xu, Cosmological solutions in string theories, Phys. Rev. D 55 , 7926-7935 (1997); hep-th/9610107.

[8] H. Lü, S. Mukherji and C.N. Pope, From p-branes to cosmology, Int. J. Mod.

Phys. A 14, 4121-4142 (1999); hep-th/9612224.

[9] M.A. Grebeniuk, V.D. Ivashchuk and V.N. Melnikov, Integrable Multidimensional Quantum Cosmology for Intersecting p-Branes, Grav. Cosmol. 3, No 3 (11), 243-249 (1997); gr-qc/9708031.

[10] K.A. Bronnikov, M.A. Grebeniuk, V.D. Ivashchuk and V.N. Melnikov, Integrable Multidimensional Cosmology for Intersecting p-branes, Grav. Cosmol. 3, No 2(10), 105-112 (1997); gr-qc/9709006.

[11] V.D. Ivashchuk and V.N. Melnikov, Multidimensional classical and quantum cosmology with intersecting p-branes, J. Math. Phys., 39, 2866-2889 (1998); hep-th/9708157.

[12] V.D. Ivashchuk and S.-W. Kim, Solutions with intersecting p-branes related to Toda chains, J. Math. Phys., 41 (1) 444-460 (2000); hep-th/9907019.

[13] V.D. Ivashchuk and V.N. Melnikov, Exact solutions in multidimensional gravity with antisymmetric forms, topical review, Class. Quantum Grav. 18, R82- R157 (2001); hep-th/0110274.

[14] M. Gutperle and A. Strominger, Spacelike branes, JHEP 0204, 018 (2002);

hep-th/0202210.

[15] C.M. Chen, D.M. Gal’tsov and M. Gutperle, S-brane solutions in supergravity theories; Phys. Rev. D 66, 024043 (2002); hep-th/0204071.

[16] M. Kruczenski, R.C. Myers and A.W. Peet, Supergravity S-Branes; JHEP 0205 (2002) 039; hep-th/0204144.

[17] S. Roy, On supergravity solutions of space-like Dp-branes, hep-th/0205198, JHEP 0208 (2002) 025.

[18] V.D. Ivashchuk, Composite S-brane solutions related to Toda-type systems, Class. Quantum Grav. 20, 261-276 (2003); hep-th/0208101.

[19] N. Ohta, Intersection rules for S-branes, Phys. Lett. B 558, 213 (2003);

hep-th/0301095.

[20] V. D. Ivashchuk, On composite S-brane solutions with orthogonal intersection rules; hep-th/0309027.

[21] V.D. Ivashchuk, On exact solutions in multidimensional gravity with antisymmetric forms, In: Proceedings of the 18th Course of the School on Cosmology and Gravitation: The Gravitational Constant. Generalized Gravitational Theories and Experiments (30 April-10 May 2003, Erice). Ed. by G.T. Gillies, V.N. Melnikov and V. de Sabbata, (Kluwer Academic Publishers, Dordrecht, 2004), pp. 39-64; gr-qc/0310114.

[22] M. Henneaux, M. Leston, D. Persson and P. Spindel, Geometric Configurations, Regular Subalgebras of E(10) and M-Theory Cosmology, hep-th/0606123.

[23] V.D. Ivashchuk and V.N. Melnikov, Sigma-model for the Generalized Composite p-branes, Class. Quantum Grav. 14, 3001-3029 (1997); Corrigenda ibid. 15 (12), 3941 (1998); hep-th/9705036.

[24] V.D. Ivashchuk and V.N. Melnikov, Billiard representation for multidimensional cosmology with multicomponent perfect fluid near the singularity, Class. Quantum Grav. 12, 809 (1995); gr-qc/9407028.

[25] T. Damour, M. Henneaux and H. Nicolai, Class. Quantum Grav. 20, R145 (2003).

[26] J. Polchinski, Dirichlet-Branes and Ramond-Ramond charges, Phys. Rev.

Lett. 75, 4724 (1995); hep-th/9510017.

[27] R. Minasian and G. Moore, K-theory and Ramond-Ramond charge JHEP 9711 (1997) 002; hep-th/9710230.

[28] E. Witten, D-Branes And K-Theory, JHEP 9812 (1998) 019; hep-th/9810188.

[29] S. Gukov, K-Theory, Reality, and Orientifolds, Commun. Math. Phys. 210 (2000) 621-639; hep-th/9901042.

[30] V.D. Ivashchuk, V.N. Melnikov and A.I. Zhuk, On Wheeler-DeWitt Equation in Multidimensional Cosmology, Nuovo Cimento, B 104, No 5, 575-581 (1989).

[31] I.S. Goncharenko, V.D. Ivashchuk, S. Rudamentkin-Aguilar and D. Singleton, Electric S-brane solutions with a parallel charge density form on a Ricci-flat factor space, Grav. Cosmol., 12, No 2-3 (46-47), 169-172 (2006); gr-qc/0609114.

[32] V.D. Ivashchuk, V.N. Melnikov and D. Singleton, Electric S-brane solutions with parallel forms on Ricci-flat factor space, Grav. Cosmol., 12, No 4 (48), 315-320 (2006); hep-th/0610167.

[33] V.R. Gavrilov, V.D. Ivashchuk and V.N. Melnikov, Integrable Pseudo- Euclidean Toda-like Systems in Multidimemsional Cosmology with Multicomponent Perfect Fluid., J. Math. Phys., 36, No 10, 5829-5847 (1995) (see also gr-qc/9407019).

[34] V.D. Ivashchuk and V.N. Melnikov, Multidimensional Classical and Quantum Cosmology with Perfect Fluid, Grav. Cosmol. 1 (1995) 133-148; hep-th/9503223.

[35] N. Khviengia, Z. Khviengia and C.N. Pope, Toward Field Theory of F-Theory, Class. Quantum Grav. 15, 759-773 (1998); hep-th/9703012.

[36] C. Vafa, Evidence for F-Theory, Nucl. Phys. B 469, 403 (1996);

hep-th/9602022.

[37] I.Ya. Aref’eva and O.A. Rytchkov, Incidence Matrix Description of Intersecting p-brane Solutions, Am. Math. Soc. Transl. 201 (2000) 19-38; hep-th/9612236.

[38] R. Argurio, F. Englert, L. Houart, Intersection Rules for p-Branes, Phys.

Lett., B 398 (1997) 61-68; hep-th/9701042.

[39] A. Besse, Einstein manifolds, Springer, 1987.

[40] G.W. Gibbons and G. Papadopoulos, Calibrations and Intersecting Branes, Commun. Math. Phys., 202 (1999) 593-619; hep-th/9803163.

[41] M. Cvetič, G.W. Gibbons, H. Lü and C.N. Pope, New Cohomogeneity One Metrics With Spin(7) Holonomy, J. Geom. Phys. 49 (2004) 350-365; math.DG/0105119.