arXiv:hep-th/0612279v3 10 Sep 2007

FIAN/TD/13-2006 hep-th/0612279

Gravitational and higher-derivative interactions

of massive spin 5/2 field in (A)dS space

R.R. Metsaev^∗

Department of Theoretical Physics, P.N. Lebedev Physical Institute, Leninsky prospect 53, Moscow 119991, Russia

Abstract

Using on-shell gauge invariant formulation of relativistic dynamics we study interaction vertices for a massive spin 5/2 Dirac field propagating in (A)dS space of dimension greater than or equal to four. Gravitational interaction vertex for the massive spin 5/2 field and all cubic vertices for the massive spin 5/2 field and massless spin 2 field with two and three derivatives are obtained. In dimension greater that four, we demonstrate that the gravitational vertex of the massive spin 5/2 field involves, in addition to the standard minimal gravitational vertex, contributions with two and three derivatives. We find that for the massive spin 5/2 and massless spin 2 fields one can build two higher-derivative vertices with two and three derivatives. Limits of massless and partial massless spin 5/2 fields in (A)dS space and limits of massive and massless spin 5/2 fields in flat space are discussed.

∗ E-mail: metsaev@lpi.ru

1 Introduction and Summary

1.1 Motivation for theory of interacting massive higher-spin fields in (A)dS

Higher-spin field theories [1, 2] formulated in anti-de Sitter space-time have attracted considerable interest for a long period of time. Conjectured duality [3] of conformal N = 4 SYM theory and superstring theory in AdS_5 × S^5 background has triggered intensive study of higher-spin field dynamics in AdS space. Modern higher-spin fields research can be divided in two themes at least. One of the themes deals with massless higher-spin fields in AdS (for recent review, see [4],[5]), while another one deals with massive higher-spin fields in AdS. It is obvious that studying the massive higher-spin fields in AdS should have certain interesting and valuable applications in string theory because one expects that space of states of the short superstring in AdS space is formed by massless low spin fields and massive higher-spin fields (see e.g. [6]). One of the interesting problems of the massive higher-spin fields in AdS is introduction of the gravitational interaction. In contrast to completeness of description of the gravitational interaction for massless higher-spin fields in AdS [2], not much is yet known on the gravitational interaction of the massive higherspin fields in AdS. In this paper, we make first step in this direction by studying the gravitational interaction for simplest case of massive higher-spin field which is spin 5/2 field. Also, we study higher-derivative cubic interaction vertices for the massive spin 5/2 field and massless spin 2 field with two and three derivatives and obtain complete list of such vertices.

To summarize, theories of interacting massive higher-spin fields in AdS background can be interesting for two reasons at least. The first reason is their possible applications in the theory of superstring in AdS_5 × S^5 Ramond-Ramond background. The second reason is that the massless limit of these theories might have interesting relations to the massless higher-spin field theories of Ref.[2] which, in turn, according to conjecture in Ref.[7, 8], have certain dual description in terms of free large N conformal N = 4 SYM theory^1.

Before we proceed to the main theme of this paper, let us mention briefly the gauge invariant approaches which could be used to discuss interaction vertices of the spin 5/2 field. Since the works [1],[11, 12] devoted to massless fields in AdS space various descriptions of massive and massless arbitrary spin fields in (A)dS were developed. In particular, an ambient space formulation was discussed in [13]-[15] and various BRST formulations were studied in [16]-[19]. The frame-like formulations of free fields which seems to be the most suitable for formulation of the theory of interacting fields in (A)dS was developed in [20, 21]. Other interesting formulations of higherspin field theories were also discussed recently in [22]-[24]. In this paper we adopt the approach of Refs.[25, 26] which turns out to be the most useful for our purposes.

1.2 Gravitational interaction vertex and higher-derivative vertices

The gravitational interaction of low spin fields, s = 0, 1/2, 1, 3/2, is obtained by standard procedure via covariantization of their free actions^2. By now it is well known [29, 30] that the ‘naive’ gravitational interaction of higher-spin fields, s > 2, introduced by using procedure of the covariantization of their free actions in flat space, turns out to be inconsistent. The reason is that, in curved background, the gauge variation of the higher-spin field action contains the Weyl tensor

1 Interesting recent discussion of the tensionless limit of strings in flat and AdS spaces may be found in [9, 10]. 2 Recent discussion of cubic vertices for massive and massless spin 2 fields in the framework of gauge invariant approach may be found in [27]. Complete classification of cubic vertices for all massless and massive arbitrary spin symmetric fields in flat space was obtained in the framework of light-cone approach in [28].

which cannot be compensated by variation of the graviton metric tensor. It turns out [31] that in order to get consistent gravitational interaction of higher-spin fields it is necessary to add suitable higher-derivative contributions to the minimal gravitational interaction.

Throughout this paper we refer to Lagrangian obtained by using procedure of the covariantization of the free field Lagrangian in flat space and taken at cubic order in fields as minimal gravitational vertex. In this paper we deal with cubic vertices that involve two fermionic fields and one massless spin 2 field. As we have said, the minimal gravitational vertex of higher-spin field, s > 2, breaks higher-spin gauge symmetries and therefore is not consistent. The minimal gravitational vertex supplemented by higher-derivative contributions required for the consistency of the higher-spin gauge symmetries is referred to as gravitational vertex in this paper. In general, besides the gravitational vertex, there are vertices, to cubic order in fields, that i) involve higher derivatives; ii) do not involve the minimal gravitational vertex; iii) respect the linearized higher-spin gauge symmetries. We refer to such vertices as higher-derivative vertices.

In this paper, we build the gravitational vertex for the massive Dirac spin 5/2 field and higherderivative vertices for the massive Dirac spin 5/2 field and the massless spin 2 field propagating in (A)dS_d space. These vertices constructed out two massive spin 5/2 fields, one massless spin 2 field, and covariant derivatives acting on the fields. In general, a cubic vertex involves contributions with different powers of derivatives. Therefore, to classify cubic vertices we need two labels at least. We use labels k_{min} and k_{max} which are the respective minimal and maximal numbers of derivatives appearing in the cubic vertex. In general, k_{min} and k_{max} depend on a dimension of space-time.

In this paper we deal with vertices subject to the following conditions: i) vertices should be parity invariant^3; ii) vertices should have k_{max} ≤ 3; iii) two-derivative and three-derivative vertices should depend on the massless spin 2 field through the linearized Weyl tensor of the massless spin 2 field; iv) vertices should be nontrivial on-shell. We begin with discussion of our results for vertices in dimension greater than four.

In dimensions d > 4, we find that:

a) Gravitational vertex for the massive spin 5/2 Dirac field in (A)dS_d (or flat space) involves, in addition to the standard minimal gravitational vertex, contributions with two and three derivatives, i.e., the gravitational vertex has k_{min} = 1, k_{max} = 3. The gravitational vertex for the massive spin 5/2 field in (A)dS_d has smooth flat space limit.

b) For massive spin 5/2 Dirac field and massless spin 2 field in (A)dS_d (or flat space), one can build two higher-derivative vertices with two and three derivatives. Both these vertices have k_{min} = 2, k_{max} = 3.

c) Gravitational vertices for the massless and partial massless spin 5/2 Dirac fields in (A)dS_d involve, in addition to the minimal gravitational vertices, contributions with two and three derivatives^4, i.e., for these gravitational vertices we obtain k_{min} = 1, k_{max} = 3.

d) For massless spin 5/2 Dirac field and the massless spin 2 field in (A)dS_d, there are no higherderivative vertices with two and three derivatives.

e) For partial massless spin 5/2 Dirac field and the massless spin 2 field in (A)dS_d, one can build one higher-derivative vertex subject to the condition k_{max} ≤ 3. The vertex has k_{min} = 2, k_{max} = 3. f) For massless spin 5/2 Dirac field and the massless spin 2 field in flat space, one can build one higher-derivative vertex subject to the condition k_{max} ≤ 3. The vertex has k_{min} = k_{max} = 3.

3 We refer to vertex that does not involve one antisymmetric Levy-Civita symbol and the matrix γ^{d+1} = γ^0 . . . γ^{d−1} as parity invariant vertex.

4 Interesting discussion of the gravitational vertex of massless spin 5/2 field in AdS may be found in [32].

Table I. Gravitational and higher-derivative parity invariant vertices^5 for Dirac spin 5/2 field in (A)dS and flat spaces of dimension d ≥ 4. k_{min} and k_{max} denote the respective minimal and maximal numbers of derivatives in the vertices. In the Table, we present the higherderivative vertices that depend on the massless spin 2 field through the linearized Weyl tensor of the massless spin 2 field and satisfy the condition k_{max} ≤ 3 .

Type of Geometry (k_{min}, k_{max}) Number of (k_{min}, k_{max}) for spin 5/2 and dimension for gravitational higher-deriv. higher-derivative Dirac field of space-time vertex vertices vertices

massive (A)dS, d > 4 (1,3) 2 (2,3) for both vertices

massive (A)dS, d = 4 (1,2) 1 (2,3)

massless (A)dS, d > 4 (1,3) - -

massless (A)dS, d = 4 (1,2) - -

partial (A)dS, d > 4 (1,3) 1 (2,3) massless

partial (A)dS, d = 4 (1,2) - - massless

massive Flat, d > 4 (1,3) 2 (2,3) for both vertices

massive Flat, d = 4 (1,2) 1 (2,3)

massless Flat, d > 4 - 1 (3,3)

massless Flat, d = 4 - 1 (2,2)

In dimension d = 4, we find that:

a) Gravitational vertices for massive, massless, and partial massless spin 5/2 Dirac fields in (A)dS_4 involve, in addition to the minimal gravitational vertices, higher-derivative contributions only with two derivatives, i.e., when d = 4, we obtain k_{min} = 1, k_{max} = 2 for the gravitational vertices^6. The gravitational vertex for the massive spin 5/2 field in (A)dS_4 has smooth flat space limit. b) For massive spin 5/2 Dirac field and the massless spin 2 field in (A)dS_4 (or flat space), one can build only one higher-derivative vertex with two and three derivatives, i.e., the vertex has k_{min} = 2, k_{max} = 3.

c) For massless spin 5/2 Dirac field and the massless spin 2 field in (A)dS_4, there are no higherderivative vertices with two and three derivatives, i.e., there are no higher-derivative vertices subject to the condition 2 ≤ k_{min} ≤ k_{max} ≤ 3.

5 In Table I, the no-go theorem for gravitational interaction of massless spin 5/2 field in flat space was obtained in Refs. [29, 30]. Gravitational vertex for the massive spin 5/2 field in flat 4d was found in [33].

6 For the case of massive spin 5/2 field in flat space, the same result was obtained in [33] (see also [34]). Discussion of the gravitational interaction for massive spin 7/2 field in flat space in the framework of string theory may be found in [35] (see also [36]-[38] for studying string theory interaction vertices for various fields). Arbitrary integer spin fields in homogeneous electromagnetic field and in symmetrical Einstein space were studied in [39],[40] (see also [41]-[43] for related studies).

d) For partial massless spin 5/2 Dirac field and the massless spin 2 field in (A)dS_4, there are no higher-derivative vertices with two and three derivatives, i.e., there are no higher-derivative vertices subject to the condition 2 ≤ k_{min} ≤ k_{max} ≤ 3.

e) For massless spin 5/2 Dirac field and the massless spin 2 field in flat space, there is only one higher-derivative vertex subject to the condition k_{max} ≤ 3. The vertex has k_{min} = k_{max} = 2.

The vertices above listed are discussed in Sections 2–5 and summarized in Table I. As byproduct, in Section 6, we find some higher-derivative vertices describing interactions of spin 5/2 field with low spin, 3/2 and 1/2, fields and the massless spin 2 field. The latter vertices are summarized in Table II.

Table II. Higher-derivative parity invariant vertices for Dirac spin 5/2, 3/2, 1/2 fields and massless spin 2 field in (A)dS and flat spaces of dimension d ≥ 4. Subscripts 0, m, and pm denote the respective massless, massive and partial massless fields. In this Table, vertices take k_{min} = k_{max}.

Spin values Geometry Number of number of fields and dimension higher-deriv. of derivatives in cubic vertex of space-time vertices in vertices (_5 2 ) 0 − (_3 2 ) 0 − 2_0 flat, d > 4 2 3 (for both vertices) flat, d = 4 - - (_5 2 ) 0 − (_1 2 ) 0 − 2_0 flat, d ≥ 4 2 3 (for both vertices) (_5 2 ) pm − (_1 2 ) m − 2_0 (A)dS, d ≥ 4 2 3 (for both vertices)

We now present our result for the cubic interaction vertices. We discuss the interaction vertices in the framework of on-shell gauge invariant approach. In on-shell gauge invariant approach, the massive spin 5/2 Dirac field is described by Dirac complex-valued tensor-spinor fields ψ^{ABα}, ψ^{Aα} ψ^{α7}. The fields ψ^{ABα}, ψ^{Aα}, ψ^α transform in the respective spin 5/2, 3/2, 1/2 non-chiral representations of the so(d−1, 1) Lorentz algebra and satisfy appropriate differential and algebraic constraints (for details, see Section 7). In what follows, we often suppress the spinor index α. We shall refer to the field ψ^{AB} as generic field, while the fields ψ^A and ψ will be referred to as Stueckelberg fields. We use oscillators α^A, ζ to collect the fields in a ket-vector |ψ⟩ defined by |ψ⟩ ≡ ( α^Aα^Bψ^{AB} + ζα^Aψ^A + ζ^2ψ ) |0⟩ . (1.1)

To cubic order in fields (two massive spin 5/2 fields and one massless spin 2 field), Lagrangian involving one, two, and three derivatives can be written as

L^{int} = L_{(1)} + L_{(2)} + L_{(3)} , (1.2)

where L_{(1)} stands for the minimal gravitational vertex, while L_{(2)} and L_{(3)} stand for the respective vertices with two and three derivatives. All these vertices can be represented as^8

ie^{−1}L_{(a)} = ⟨ψ|M_{(a)}|ψ⟩ , a = 1, 2, 3 , (1.3)

7 A, B = 0, 1, . . . , d − 1 are flat vector indices of the so(d − 1, 1) algebra. Fields with flat indices ψ^{AB} are defined in terms of base manifold tensor fields ψ^{μν} as ψ^{AB} ≡ e^A_μ e^B_ν ψ^{μν} , where e^A_μ is the vielbein of (A)dS background.

8The bra-vector ⟨ψ| is defined according the rule ⟨ψ| = (|ψ⟩)^†γ^0. We use e ≡ det e^A_μ .

where operators M_{(a)} are constructed out the on-shell (A)dS massless spin 2 field, denoted by h^{AB} , covariant derivatives, the oscillators α^A, ᾱ^A, ζ, ζ̄, and the Dirac γ-matrices. We refer to these operators as vertex operators. The vertex operator M_{(1)} describes the minimal gravitational interaction of the massive spin 5/2 field and it can be obtained by using the standard procedure of covariantization of the massive spin 5/2 field free action in flat space and expanding over (A)dS background^9, M_{(1)} = − 1 2 h^{AB} γ^AD^B + w^{ABC} γ^Aα^Bᾱ^C , (1.4)

where D^A is covariant derivative acting on the ket-vector |ψ⟩ (see (7.13)) and w^{ABC} = −w^{ACB} is the linearized Lorentz connection constructed out the on-shell massless spin 2 field,

w^{ABC} = 1 2 (−D^B h^{AC} + D^C h^{AB} ) . (1.5)

In (1.5) and below, D^A stands for the covariant derivative acting on fields with flat indices (see Appendix A). The vertex operators M_{(2)} and M_{(3)} involving the respective two and three derivatives can be expanded in terms of base vertex operators

M_{(2)} = 3∑ a=1 M_{2,a} + M^{im}_{2,3} , (1.6)

M_{(3)} = 5∑ a=1 M_{3,a} + 5∑ a=3 M^{im}_{3,a} , (1.7)

where the respective two-derivative and three-derivative base vertex operators M_{2,a}, M^{im}_{2,3} and M_{3,a}, M^{im}_{3,a} take the form^{10}:

M_{2,1} = m_{2,1}C^{ABCE} γ^{AB}α^Cᾱ^E , (1.8)

M_{2,2} = m_{2,2}C^{ABCE} α^Aα^Eᾱ^Bᾱ^C , (1.9) M_{2,3} = m_{2,3}C^{ABCE} γ^A ( α^Bα^Cᾱ^Eζ̄ − ζα^Eᾱ^Bᾱ^C ) , (1.10)

M_{3,1} = m_{3,1}C^{A(BC)E} γ^Aα^Bᾱ^C D^E , (1.11)

M_{3,2} = 1 2 m_{3,2}D^F C^{ABCE} γ^A(α^Bα^Cᾱ^Eᾱ^F − α^Eα^F ᾱ^Bᾱ^C ) , (1.12) M_{3,3} = C^{ABCE} γ^{AB} ( m_{3,3}α^Cζ̄ + ζᾱ^Cm_{3,3} ) D^E , (1.13) M_{3,4} = m_{3,4}C^{ABCE} ( α^Bα^Cᾱ^Aζ̄ − ζα^Aᾱ^Bᾱ^C ) D^E , (1.14) M_{3,5} = m_{3,5}C^{ABCE} γ^A ( α^Bα^Cζ̄^2 + ζ^2ᾱ^Bᾱ^C ) D^E , (1.15)

M^{im}_{2,3} = m^{im}_{2,3}C^{ABCE} γ^A ( α^B α^Cᾱ^Eζ̄ + ζα^Eᾱ^Bᾱ^C ) , (1.16)

M^{im}_{3,3} = C^{ABCE} γ^{AB} ( m^{im}_{3,3}α^Cζ̄ − ζᾱ^C m^{im}_{3,3} ) D^E , (1.17)

9Because the ket-vector |ψ⟩ is assumed to be γ-traceless, we drop γ^Aα^A, and γ^Aᾱ^A terms in M_{(1)} ,(1.4). 10 Throughout this paper symmetrization of indices (AB) is normalized as (AB) =^1_2 (AB + BA).

M^{im}_{3,4} = m^{im}_{3,4}C^{ABCE} ( α^B α^Cᾱ^Aζ̄ + ζα^Aᾱ^Bᾱ^C ) D^E , (1.18) M^{im}_{3,5} = m^{im}_{3,5}C^{ABCE} γ^A ( α^B α^Cζ̄^2 − ζ^2ᾱ^Bᾱ^C ) D^E . (1.19) Here and below, C^{ABCE} stands for the linearized Weyl tensor constructed out the on-shell massless spin 2 field h^{AB} and two derivatives. Quantities m_{a,b}, m^{im}_{a,b} are independent of the oscillators α^A, ᾱ^A and the γ-matrices. Some of these quantities depend on the operator N_ζ ≡ ζζ̄. This, m_{2,2}, m_{2,3}, m_{3,2}, m_{3,4}, m_{3,5}, m^{im}_{2,3}, m^{im}_{3,4}, m^{im}_{3,5} do not depend on N_ζ , (1.20) while the remaining m_{a,b}, m^{im}_{a,b} take the form m_{2,1} = m_{2,1}(0)(1 − N_ζ ) + m_{2,1}(1)N_ζ , (1.21) m_{3,1} = m_{3,1}(0)(1 − N_ζ ) + m_{3,1}(1)N_ζ , (1.22) m_{3,3} = m_{3,3}(0)(1 − N_ζ ) + m_{3,3}(1)N_ζ , (1.23) m^{im}_{3,3} = m^{im}_{3,3}(0)(1 − N_ζ ) + m^{im}_{3,3}(1)N_ζ . (1.24) Expansions (1.21)-(1.24) are defined so that the coefficients m_{a,b}(0) and m_{a,b}(1) turn out to the respective values of m_{a,b} for N_ζ = 0 and N_ζ = 1. We note that m_{a,b}, m_{a,b}(0), m_{a,b}(1) are real valued numbers ; (1.25) m^{im}_{a,b}, m^{im}_{a,b}(0), m^{im}_{a,b}(1) are pure imaginary numbers. (1.26) The gravitational vertex of the massive spin 5/2 field is described by the operator M_{(1)} supplemented by the operators M_{2,a}, M_{3,a} with appropriate choice of m_{a,b}. Higher-derivative vertices with two and three derivatives are described by the respective operators M_{2,a}, M^{im}_{2,3} and M_{3,a}, M^{im}_{3,a}^{11}. Note that the operators M^{im}_{2,a}, M^{im}_{3,a} do not contribute to the gravitational vertex.

Making use of simplified notation for the generic field ψ^{AB} and Stueckelberg fields ψ^A, ψ, (1.1), ψ_2 ∼ ψ^{AB} , ψ_1 ∼ ψ^A , ψ_0 ∼ ψ , (1.27) and dropping γ-matrices and tensor indices, the vertices can schematically be represented as L_{(1)} ∼ ψ_2(hD + w)ψ_2 + ψ_1(hD + w)ψ_1 + ψ_0hDψ_0 , (1.28) L_{(2)} ∼ m_{2,1}(0)ψ_2Cψ_2 + m_{2,2}ψ_2Cψ_2 + m_{2,1}(1)ψ_1Cψ_1 + m_{2,3}ψ_2Cψ_1 + m^{im}_{2,3}ψ_2Cψ_1 , (1.29) L_{(3)} ∼ m_{3,1}(0)ψ_2CDψ_2 + m_{3,2}ψ_2DCψ_2

+ m_{3,1}(1)ψ_1CDψ_1 + m_{3,3}(0)ψ_2CDψ_1 + m_{3,4}ψ_2CDψ_1 + m_{3,3}(1)ψ_1CDψ_0 + m_{3,5}ψ_2CDψ_0 + m^{im}_{3,3}(0)ψ_2CDψ_1 + m^{im}_{3,4}ψ_2CDψ_1 + m^{im}_{3,3}(1)ψ_1CDψ_0 + m^{im}_{3,5}ψ_2CDψ_0 , (1.30) where C and D stand for the Weyl tensor and the covariant derivative respectively. This, all that is required for finding the Lagrangian is to determine the quantities m_{a,b} and m^{im}_{a,b}.

11 As an side of remark, we note that vertices related to the operators M^{im}_{2,3}, M^{im}_{3,a} vanish when the Dirac spin 5/2 field |ψ⟩ is restricted to the Majorana spin 5/2 field.

Our approach allows us to study vertices for fields in (A)dS_d and flat spaces on equal footing. In (A)dS_d space, there are two limits for the massive spin 5/2 field: the limit of massless field and the limit of partial massless field^{12}. To discuss these limits, we introduce quantities ~f_1(0), ~f_1(1) defined by^{13}

~f_1(0) = ( d + 1 d ( m^2 + d^2 4 ρ ))1/2 , (1.31)

~f_1(1) = ( d d − 2 ( m^2 +

(d − 2)^2 4 ρ ))1/2 , (1.32)

where m is a mass of the spin 5/2 field, while ρ is expressible in terms of a radius of (A)dS_d space R as ρ = −^1_{R2} for AdS space, 0 for flat space, +^1_{R2} for dS space.

(1.33)

Depending on the values of mass parameter m and the parameter ρ, there are the following possibilities^{14}:

Spin 5/2 field in (A)dS space, ρ ≠ 0,

~f_1(0) ≠ 0 , ~f_1(1) ≠ 0 , m ≠ 0 , massive field in (A)dS; (1.34)

~f_1(0) = 0 , ~f_1(1) ≠ 0 , m = d 2 √ −ρ , massless field in (A)dS; (1.35)

~f_1(0) ≠ 0 , ~f_1(1) = 0 , m = d − 2 2 √ −ρ , partial massless field in (A)dS . (1.36)

Spin 5/2 field in flat space, ρ = 0,

m ≠ 0 , massive field in flat space; (1.37)

m = 0 , massless field in flat space . (1.38)

As we have said, the Lagrangian is completely determined by the coefficients m_{a,b}, m^{im}_{a,b}. We find these coefficients by requiring the vertices to be gauge invariant. From now on, we discuss vertices for the massive, massless and partial massless field in turn. In some contexts, there are some differences between vertices in d > 4 and the ones in d = 4. Therefore we separately consider the cases d > 4 and d = 4.

The rest of the paper is organized as follows. In Sections 2–4, we discuss vertices for the massive, massless and partial massless fields in d > 4. Section 5 is devoted to vertices for the

12Recent studying the partial massless fields [44] may be found in [45, 46, 47, 26].

13 The quantities ~f_1(0), ~f_1(1) arise in the gauge transformation of massive spin 5/2 field [26] (see also Section 7). Their zero values determine notion of masslessness and partial masslessness in (A)dS space (see (1.35),(1.36)).

14In addition to the possibilities in (1.34)-(1.36), there is some special massive field in (A)dS corresponding to ~f_1(0) ≠ 0, ~f_1(1) ≠ 0, m = 0. In AdS space, this special massive field is not related to unitary representations of AdS space-time symmetry algebra. Therefore, to keep discussion from becoming unwieldy, here we do not consider this special massive field.

massive, massless and partial massless fields in d = 4. Results in Sections 2–5 are summarized in Table I. In Section 6, we discuss cubic vertices describing interactions of the spin 5/2 field with low spin 3/2 and 1/2 fields and the massless spin 2 field. Results in Section 6 are summarized in Table II. In Section 7 we discuss the on-shell gauge invariant formulation for the massive spin 5/2 field and the massless spin 2 field we use in this paper. In Section 8, we analyze restrictions imposed on the gravitational and higher-derivative vertices by on-shell gauge symmetries. In Appendix A, we present our notation and conventions. Helpful commutators between various quantities constructed out the covariant derivative and the oscillators are collected in Appendix B. In Appendix C, we outline on-shell gauge invariant formulation for massive arbitrary spin fermionic field and present some details of derivation of on-shell gauge invariant formulation for the massive spin 5/2 field. Derivation of gauge variation of the interaction vertices is discussed in Appendix D. In Appendices E,F, we discuss bases of the vertex operators for d ≥ 4 and some special relations appearing for the interaction vertices when d = 4.

2 Massive spin 5/2 field, d > 4

2.1 Gravitational vertex for massive spin 5/2 field in (A)dS_d, d > 4

We begin with discussion of the gravitational vertex for the massive spin 5/2 field in AdS_d, (1.34). For this case, solution to the equations^{15} for m_{a,b}, m^{im}_{a,b} required by on-shell gauge invariance can uniquely be determined by imposing the conditions m_{2,2} = 0, m_{3,2} = 0. In this way, we obtain

m_{2,1}(0) = 0 , (2.1)

m_{2,1}(1) = 3m 2d ~f^2_1 (0)

, (2.2)

m_{2,2} = 0 , (2.3)

m_{2,3} = − 1 ~f_1(0)

, (2.4)

m_{3,1}(0) = 0 , (2.5)

m_{3,1}(1) = 1 ~f 2_1 (0)

, (2.6)

m_{3,2} = 0 , (2.7)

m_{3,3}(0) = 0 , (2.8)

m_{3,3}(1) =

(1 − d)m d(d − 2) ~f^2_1 (0) ~f_1(1)

, (2.9)

m_{3,4} = 0 , (2.10)

m_{3,5} = 1 2 ~f_1(0) ~f_1(1)

, (2.11)

m^{im}_{a,b} = 0 , for all a, b . (2.12)

15 These equations are given in (8.16)-(8.23) and (8.24)-(8.30).

Adding the minimal gravitational vertex L_{(1)} to the sum L_{(2)} + L_{(3)} with above-given m_{ab}, m^{im}_{a,b} gives the gravitational vertex for the massive spin 5/2 field.

The following remarks are in order.

i) To restore dependence on the gravitational constant κ, we should simply to multiply the r.h.s. of relations (1.4) and (2.1)-(2.12) by the factor √ 2κ. ii) From (2.1)-(2.12), we see that m_{2,a} ≠ 0, m_{3,a} ≠ 0 for some a. This implies that the gravitational vertex involves, in addition to the minimal gravitational vertex, contributions with two and three derivatives, i.e., the gravitational vertex has k_{min} = 1, k_{max} = 3. There is no possibility for gravitational vertex with k_{max} = 2, when d > 4.

iii) As will be explained below, there are two higher-derivative vertices having k_{min} = 2 and k_{max} = 3. Due to this, there is two parametric freedom in choosing the gravitational vertex, i.e., the restrictions imposed by gauge invariance do not allow us to determine the gravitational vertex uniquely. Therefore we need some additional restrictions which allow us to determine the vertex uniquely. We impose the following additional restrictions: m_{2,2} = 0, m_{3,2} = 0^{16}. These additional restrictions amount to requiring that ψ_2Cψ_2- and ψ_2CDψ_2-terms (see (1.29),(1.30)) do not contribute to the gravitational vertex. We note that, in analysis of the gravitational vertex taken to cubic order in fields, the particular choice of m_{2,2}, m_{3,2} amounts just to choice of scheme for the gravitational vertex. Physical values of m_{2,2}, m_{3,2} can be determined by study of complete, i.e., to all order in fields, theory of massive higher-spin fields.

iv) In the scheme we chose, the gravitational vertex does not have smooth massless limit, ~f_1(0) → 0, and partial massless limit, ~f_1(1) → 0. It turns out however that 1/( ~f_1(0) → 0) singularities of the massless limit and 1/( ~f_1(1) → 0) singularities of the partial massless limit can be canceled, as will be demonstrated below, by appropriate choice of scheme, i.e., by adding to the gravitational vertex some combination of the two higher-derivative vertices.

2.2 Higher-derivative vertices for massive spin 5/2 field and massless spin 2 field in (A)dS_d, d > 4

As we have said, when 2 ≤ k_{min} ≤ k_{max} ≤ 3, one can build only two higher-derivative vertices for the massive spin 5/2 field and the massless spin 2 field. We consider these vertices in turn.

(A) First higher-derivative vertex. First solution to the equations for m_{a,b}, m^{im}_{a,b} required by on-shell gauge invariance can uniquely be determined by imposing the condition m_{3,2} = 0 and by equating the gravitational constant κ to zero. In this way, we obtain

m_{2,1}(0) = 1 m g , (2.13)

m_{2,1}(1) = d − 1 m ~f^2_1 (0) (d − 8 d^2 m^2 + d − 4 4 ρ ) g , (2.14)

m_{2,2} = 4 m g , (2.15)

m_{2,3} =

4(d − 2) d ~f_1(0) g , (2.16)

16 We note that the conditions m_{2,2} = 0 and m_{3,2} = 0 amount to the respective conditions m_{2,1}(0) = 0 and m_{3,1}(0) = 0.

m_{3,1}(0) = 0 , (2.17)

m_{3,1}(1) =

8(1 − d) d ~f^2_1 (0) g , (2.18)

m_{3,2} = 0 , (2.19)

m_{3,3}(0) = − 1 m ~f_1(0) g , (2.20)

m_{3,3}(1) = − 1 m ~f^2_1 (0) ~f_1(1)

(d2 − 10d + 12 d(d − 2) m^2 + d(d − 4) 4 ρ ) g , (2.21)

m_{3,4} = − 4 m ~f_1(0) g , (2.22)

m_{3,5} = −

4(d − 3) (d − 2) ~f_1(0) ~f_1(1) g , (2.23)

m^{im}_{a,b} = 0 , for all a, b , (2.24)

where we introduce a coupling constant g. Here and below, we normalize all coupling constants of higher-derivative vertices to dimension [mass]^{d−4} when possible.

(B) Second higher-derivative vertex. For this case, solution to the equations for m_{a,b}, m^{im}_{a,b} required by on-shell gauge invariance can uniquely be determined by imposing the condition m_{2,2} = 0, and by equating the gravitational constant κ to zero. In this way, we obtain

m_{2,1}(0) = 0 , (2.25)

m_{2,1}(1) = 1 dm ~f^2_1 (0)

(3d + 3

d^2 m^2 +

13 − 7d 4 ρ ) g^′ , (2.26)

m_{2,2} = 0 , (2.27)

m_{2,3} = 1 m^2 ~f_1(0) ( − d + 1 d^2 m^2 + 5d − 5 4 ρ ) g^′ , (2.28)

m_{3,1}(0) = 1 m^2 g^′ , (2.29)

m_{3,1}(1) = 1 m^2 ~f^2_1 (0)

(d2 + d + 2

d^2 m^2 + d^2 − 3d + 6 4 ρ ) g^′ , (2.30)

m_{3,2} = 1 m^2 g^′ , (2.31)

m_{3,3}(0) = − 1 2md ~f_1(0) g^′ , (2.32)

m_{3,3}(1) = − 1 2md(d − 2) ~f^2_1 (0) ~f_1(1) ( (d + 2)m^2 +

(d − 4)(d^2 − 6d + 4) 4 ρ ) g^′ , (2.33) m_{3,4} = − 2 dm ~f_1(0) g^′ , (2.34)

m_{3,5} = 1 m^2 ~f_1(0) ~f_1(1)

( m2 d − 2 + 4 − d 4 ρ ) g^′ , (2.35)

m^{im}_{a,b} = 0 , for all a, b , (2.36)

where g^′ stands for a coupling constant.

The following remarks are in order.

i) From (2.13)-(2.36), we see that m_{2,a} ≠ 0, m_{3,a} ≠ 0 for some a, i.e., both higher-derivative vertices involve two and three derivatives. This, both vertices have k_{min} = 2, k_{max} = 3. ii) Since both higher-derivative vertices have the same k_{min} and k_{max} we need rule which allows us, firstly, to distinguish between these two vertices and, secondly, to determine these vertices uniquely in due course of solving the restrictions imposed by gauge invariance. The rule we are using is that the two higher-derivative vertices can be distinguished by ψ_2Cψ_2- and ψ_2CDψ_2-terms, where ψ_2 is the generic field (see (1.27)). This, the type (A) vertex is uniquely determined by requiring that the ψ_2CDψ_2-terms do not contribute to the Lagrangian (i.e., by imposing the condition m_{3,2} = 0, see (1.30)), while the type (B) vertex is uniquely determined by requiring that the ψ_2Cψ_2-terms do not contribute to the Lagrangian (i.e., by imposing the condition m_{2,2} = 0, see (1.29)). iii) Both higher-derivative vertices are singular in the limit of massless field, ~f_1(0) → 0, and the limit of partial massless field, ~f_1(1) → 0. It turns out however that 1/( ~f_1(1) → 0) singularities of the partial massless field limit can be canceled in some special combination of the two higherderivative vertices (see Section 3.3 below). This gives one higher-derivative vertex for the partial massless field in (A)dS_d, d > 4. The 1/( ~f_1(0) → 0) singularities of the massless field limit can in no way be canceled^{17}. This implies that there are no higher-derivative vertices for the massless spin 5/2 field in (A)dS_d, when k_{max} ≤ 3 and d > 4.

2.3 Gravitational and higher-derivative vertices for massive spin 5/2 field in flat space, d > 4

From expressions for vertices given in the previous Sections, we see that the gravitational and higher-derivative vertices for the massive spin 5/2 field in (A)dS space allow smooth flat space limit. In this limit, realized as R → ∞ (see (1.33)), we have

ρ → 0 , (2.37)

~f_1(0) → ( d + 1 d )_{1/2} m , (2.38)

~f_1(1) → ( d d − 2 )_{1/2} m . (2.39)

In other words, the gravitational and higher-derivative vertices for the massive spin 5/2 field in (A)dS do not have poles at ρ = 0. Therefore, all that is required to obtain the gravitational and higher-derivative vertices for the massive spin 5/2 field in flat space is to allow the limiting values for ρ, ~f_1(0), ~f_1(1) (2.37)-(2.39) in the respective expressions for (A)dS vertices.

17 We can re-scale the coupling constants, g → ~f^2_1 (0)g, g^′ → ~f^2_1 (0)g^′, to get well defined vertices in the limit of massless field. But, in doing so, we obtain non-trivial interaction only for spin 3/2 field and massless spin 2 field.

3 Massless and partial massless spin 5/2 fields, d > 4

3.1 Gravitational vertex for massless spin 5/2 field in (A)dS_d, d > 4

The massless spin 5/2 field is described by generic field ψ_2 (1.27) with the mass parameter given in (1.35). Solution to the equations^{18} for m_{a,b}, m^{im}_{a,b} required by on-shell gauge invariance can uniquely be determined by imposing the conditions m_{3,1}(1) = 0, m_{3,3}(1) = 0. In this way, we get

m_{2,1}(0) = 1 8(d − 1) √ −ρ , (3.1)

m_{2,1}(1) = 0 , (3.2)

m_{2,2} = 1 2(d − 1) √ −ρ , (3.3)

m_{2,3} = 0 , (3.4)

m_{3,1}(0) = 1 2(d − 1)ρ , (3.5)

m_{3,1}(1) = 0 , (3.6)

m_{3,2} = 1 2(d − 1)ρ , (3.7)

m_{3,3}(0) = 0 , m_{3,3}(1) = 0 , (3.8)

m_{3,4} = 0 , m_{3,5} = 0 , (3.9)

m^{im}_{a,b} = 0 , for all a, b . (3.10)

Adding the minimal gravitational vertex L_{(1)} to the sum L_{(2)} + L_{(3)} with above-given m_{ab}, m^{im}_{a,b} and ignoring contribution of the fields ψ_1, ψ_0 to L_{(1)} gives the gravitational vertex for the massless spin 5/2 field.

The following remarks are in order.

i) From (3.1)-(3.10), we see that m_{2,a} ≠ 0, m_{3,a} ≠ 0 for some a. This implies that the gravitational vertex involves, in addition to the minimal gravitational vertex, contributions with two and three derivatives, i.e., the gravitational vertex has k_{min} = 1, k_{max} = 3. There is no possibility for gravitational vertex with k_{max} = 2 when d > 4.

ii) From (3.1)-(3.10), we see that the gravitational vertex for the massless spin 5/2 field in (A)dS_d does not have smooth flat space limit, ρ → 0, [31]. Below, we demonstrate that, in d = 4, the gravitational vertex does not involve three-derivative contributions, i.e., 1/ρ terms. This implies that the flat space limit of the gravitational vertex for (A)dS massless field in d = 4 is less singular that the one in d > 4.

iii) We note that, for the massless spin 5/2 field and the massless spin 2 field in (A)dS_d, there are no higher-derivative vertices subject to the condition k_{max} ≤ 3. This implies that the gravitational vertex for the massless spin 5/2 field in (A)dS_d is unique.

iv) Reason for choice of the scheme with m_{3,1}(1) = 0, m_{3,3}(1) = 0 can easily be understood by noting that the free massive spin 5/2 field |ψ⟩ taken in the massless limit is decomposed into two

18 These equations are obtained from the ones given in (8.16)-(8.23) and (8.24)-(8.30) by substitution ~f_1(0) = 0.

decoupling systems - one massless spin 5/2 field ψ_2 and one massive spin 3/2 field described by the fields ψ_1, ψ_0. The coefficients m_{3,1}(1), m_{3,3}(1) describe interactions of the massive spin 3/2 field and the massless spin 2 field (see (1.30)). Therefore we set these coefficients equal to zero while solving the equations for the gravitational vertex of the massless spin 5/2 field.

3.2 Gravitational vertex for partial massless spin 5/2 field in (A)dS_d, d > 4

We note that the partial massless field is described by fields ψ_2 and ψ_1 (1.27) with the mass parameter given in (1.36). Solution to the equations for m_{a,b}, m^{im}_{a,b} required by on-shell gauge invariance can uniquely be determined by imposing the conditions m_{3,2} = 0, m_{3,3}(1) = 0, m^{im}_{3,3}(1) = 0. In this way, we obtain

m_{2,1}(0) = 1 4(d − 3) √ −ρ , (3.11)

m_{2,1}(1) = − d^3 − 4d^2 + d + 8 4d(d − 3)(d^2 − 1) √ −ρ , (3.12)

m_{2,2} = 1 (d − 3) √ −ρ , (3.13)

m_{2,3} = − d^2 − 2d − 4 2d(d − 3) ~f_1(0)

, (3.14)

m_{3,1}(0) = 0 , (3.15)

m_{3,1}(1) = − 2 d(d − 3) ~f^2_1 (0)

, (3.16)

m_{3,2} = 0 , (3.17)

m_{3,3}(0) = − 1 4(d − 3) ~f_1(0) √ −ρ , (3.18)

m_{3,3}(1) = 0 , (3.19)

m_{3,4} = − 1 (d − 3) ~f_1(0) √ −ρ , (3.20)

m_{3,5} = 0 , (3.21) m^{im}_{a,b} = 0 , for all a, b . (3.22)

Adding the minimal gravitational vertex L_{(1)} to the sum L_{(2)} + L_{(3)} with above-given m_{ab}, m^{im}_{a,b} and ignoring contribution of the field ψ_0 to L_{(1)} gives the gravitational vertex for the partial massless spin 5/2 field. We note that the mass parameter m for partial massless spin 5/2 field given in (1.36) implies ~f_1(0) = (d2 − 1 d ρ )_{1/2} . (3.23)

The following remarks are in order.

i) Since m_{2,a} ≠ 0, m_{3,a} ≠ 0 for some a, we see that the gravitational vertex involves, in addition to the minimal gravitational vertex, contributions with two and three derivatives, i.e., the gravitational vertex has k_{min} = 1, k_{max} = 3. When d > 4, it is not possible to build gravitational vertex with k_{max} = 2.

ii) From (3.11)-(3.23), we see that, in view of 1/ √ ρ and 1/ρ factors, the gravitational vertex for the partial massless field in (A)dS does not have smooth flat space limit, ρ → 0. Below, we demonstrate that, when d = 4, the gravitational vertex does not involve three-derivative contributions, i.e., 1/ρ terms contribute to the gravitational vertex of the partial massless field only when d > 4. iii) As will be explained below, for the partial massless spin 5/2 field, there is only one higherderivative vertex having k_{min} = 2 and k_{max} = 3. Due to this, there is one parametric freedom in choosing the gravitational vertex of the partial massless spin 5/2 field, i.e., the restrictions imposed by gauge invariance do not allow to determine the gravitational vertex uniquely. Therefore we need some additional restriction which allows us to determine the gravitational vertex uniquely. We chose the additional restriction to be m_{3,2} = 0, which amounts to requiring that ψ_2CDψ_2- terms (see (1.30)) do not contribute to the gravitational vertex. We note that, in analysis of the gravitational vertex taken to cubic order in fields, the particular choice of m_{3,2} amounts just to choice of scheme for the gravitational vertex. Physical values of m_{3,2} can be determined by study of complete, i.e., to all order in fields, theory of massive higher-spin fields. iv) Recall that the scheme we chose is specified not only by the condition m_{3,2} = 0 but also by the conditions m_{3,3}(1) = 0, m^{im}_{3,3}(1) = 0. Reason for the latter conditions can easily be understood by noting that the free massive spin 5/2 field |ψ⟩ taken in the partial massless limit is decomposed into two decoupling systems - one partial massless spin 5/2 field, which is described by the fields ψ_2, ψ_1, and one massive spin 1/2 field ψ_0. The coefficients m_{3,3}(1), m^{im}_{3,3}(1) describe interactions of the partial massless spin 5/2 field with the massive spin 1/2 field and the massless spin 2 field (see Section 6.1). Therefore we set these coefficients equal to zero while solving the equations for the gravitational vertex of the partial massless spin 5/2 field.

v) Because some of the coefficients m_{a,b} are complex-valued, the gravitational vertex also turns out to be complex-valued. Appearance of complex-valued Lagrangian for interacting partial massless field was expected. This is to say that even the mass part of the free Lagrangian for the partial massless field is complex-valued. We note that the key point is not positivity or even reality of the mass part of action, but rather stability of the energy and unitarity of the underlying physical representations. For bosons a negative mass term is allowed in AdS (the Breitenlohner-Freedman bound), while partially massless fermions even have an imaginary mass term in their actions but are still stable and unitary in dS. Partially massless fermions are not unitary in AdS (see Refs.[45, 46]). Physical applications of partial massless fields are still to be understood.

3.3 Higher-derivative vertex for partial massless spin 5/2 field and massless spin 2 in (A)dS_d, d > 4

For partial massless spin 5/2 field and massless spin 2 field, there is only one higher-derivative vertex subject to the condition 2 ≤ k_{min} ≤ k_{max} ≤ 3. The vertex takes k_{min} = 2, k_{max} = 3 and we now discuss this vertex.

Solution to the equations for m_{a,b}, m^{im}_{a,b} required by on-shell gauge invariance can uniquely be determined by imposing the conditions m_{3,3}(1) = 0, m^{im}_{3,3}(1) = 0 and by equating the gravitational constant κ to zero. In this way, we obtain

m_{2,1}(0) = − 1 4 √ −ρ g , (3.24) m_{2,1}(1) =

3d^3 − 7d^2 − 2d + 12

4d^2(d + 1) √ −ρ g , (3.25)

m_{2,2} = − 1 √ −ρ g , (3.26)

m_{2,3} =

(d^2 + d − 1) ~f_1(0) d(d + 1)ρ g , (3.27)

m_{3,1}(0) = 1 ρ g , (3.28)

m_{3,1}(1) = d^2 − d + 2 d(d + 1)ρ g , (3.29)

m_{3,2} = 1 ρ g , (3.30)

m_{3,3}(0) = d − 1 2d ~f_1(0) √ −ρ g , (3.31)

m_{3,3}(1) = 0 , (3.32)

m_{3,4} =

2(d − 1) d ~f_1(0) √ −ρ g , (3.33)

m_{3,5} = 0 , (3.34)

m^{im}_{a,b} = 0 , for all a, b , (3.35)

where ~f_1(0) is given in (3.23), and g stands for a coupling constant of the partial massless spin 5/2 field to the massless spin 2 field.

The following remarks are in order.

i) Since m_{2,a} ≠ 0, m_{3,a} ≠ 0 for some a, we see that the higher-derivative vertex is indeed involves contributions with two and three derivatives, i.e., k_{min} = 2, k_{max} = 3.

ii) We note that the vertex under consideration is non-trivial only when d > 4, i.e., the vertex does not survive reduction to d = 4. This, using relations (F.1)-(F.3) from Appendix F, one can make sure that two-derivative terms and three-derivative terms (3.24)-(3.35) cancel when d = 4. iii) Reason for choice of the scheme with m_{3,3}(1) = 0, m^{im}_{3,3}(1) = 0 is that the free massive spin 5/2 field |ψ⟩ taken in the partial massless limit is decomposed into two decoupling systems - one partial massless spin 5/2 field, which is described by the fields ψ_2, ψ_1, and one massive spin 1/2 field ψ_0. The coefficients m_{3,3}(1), m^{im}_{3,3}(1) describe higher-derivative interactions of the partial massless spin 5/2 field with the massive spin 1/2 field and the massless spin 2 field (see Section 6.1). Therefore we set these coefficients equal to zero while solving the equations for higher-derivative vertex of the partial massless spin 5/2 field.

iv) Some of the coefficients m_{a,b} are complex-valued and hence the higher-derivative vertex is also complex-valued. Since even the mass part of the free Lagrangian for the partial massless field is complex-valued, appearance of a complex-valued higher-derivative vertex for the partial massless field was expected. Physical applications of the complex-valued vertex are still to be understood. v) As we have said in Section 2.2, though the two higher-derivative vertices for the massive spin

5/2 field are singular in the partial massless limit, ~f_1(1) → 0, one can build some special combination of those two higher-derivative vertices which has smooth partial massless limit. We now demonstrate how this comes about. Using the notation m^A_{a,b} for m_{a,b} given in (2.13)-(2.23), and m^B_{a,b} for m_{a,b} given in (2.25)-(2.35) we introduce new m_{a,b} by m_{a,b} = m^A_{a,b} + 2(d − 2)g g^′ m^B_{a,b} , (3.36)

while m^{im}_{a,b} remain unchanged. Making use of (2.13)-(2.23) and (2.25)-(2.35) one can make sure that, firstly, all 1/( ~f_1(1) → 0) singularities cancel in (3.36) and, secondly, the coefficients m_{a,b} given (3.36) coincide with m_{a,b} given in (3.24)-(3.34) as ~f_1(1) → 0.

3.4 Higher-derivative vertex for massless spin 5/2 field in flat space, d > 4

In double limit, i.e., the flat space limit, ρ → 0, and the massless field limit, m → 0, the free massive spin 5/2 field |ψ⟩ (1.1) is decomposed into three decoupling systems – one massless spin 5/2 field ψ_2, one massless spin 3/2 field ψ_1, and one massless spin 1/2 field ψ_0. We find one higherderivative cubic vertex (with k_{max} ≤ 3) that describes interaction like ψ_2 − ψ_2−(massless spin 2 field). Equating the gravitational constant κ to zero we obtain

m_{3,1}(0) = g , m_{3,2} = g , (3.37)

all remaining m_{a,b} and m^{im}_{a,b} are equal to zero, (3.38)

where g stands for a coupling constant. From these expressions, we see that the vertex has k_{min} = k_{max} = 3. We also note that this vertex is non-trivial only when d > 4.

The following remarks are in order.

i) As we have learned earlier, in (A)dS_d, the massless spin 5/2 field does not have higher-derivative vertices subject to the condition k_{max} ≤ 3. This implies that the higher-derivative vertex of the massless spin 5/2 field in flat space, (3.37),(3.38), does not have its counterpart in (A)dS_d space. However, it turns out that the higher-derivative vertex of the massless spin 5/2 field in flat space can be related to the gravitational vertex of the massless spin 5/2 field in (A)dS_d^{19}. This, let (L_{(1)} + L_{(2)} + L_{(3)})^{grav,(A)dSd} be the gravitational vertex of the massless spin 5/2 field in (A)dS_d, where L_{(1)} is the minimal gravitational vertex, while L_{(2)} and L_{(3)} are the respective two-derivative and three-derivative vertices given in (3.1)-(3.10). Let L^{high−der.flat}_{(3)} be the higher-derivative vertex given in (3.37),(3.38). Then, taking the gravitational vertex with κ = 1/ √ 2, we obtain the relation

lim_{ρ→0} ρ(L_{(1)} + L_{(2)} + L_{(3)})^{grav,(A)dSd} = 1 2(d − 1)g L^{high−der.flat} (3) . (3.39)

This relation implies that certain higher-derivative vertices in flat space can be obtained from gravitational vertices in (A)dS_d.

ii) We note that the higher-derivative vertex for massless field in flat space (3.37),(3.38) can be related to the higher-derivative vertex for the partial massless field in (A)dS_d given in Section 3.3. This, let (L_{(2)} + L_{(3)})^{high−der,(A)dSd}

part.mass be the higher-derivative vertex for the partial massless spin 5/2

field in (A)dS_d, where L_{(2)} and L_{(3)} are the respective two-derivative and three-derivative vertices given in (3.24)-(3.35). Let L^{high−der.flat}

(3) be the higher-derivative vertex given in (3.37),(3.38).

19We thank M.A.Vasiliev for pointing out this.

Then, ignoring contributions of the fields ψ_1 and ψ_0 to the higher-derivative vertex of the partial massless field, we obtain the relation lim_{ρ→0} ρ(L_{(2)} + L_{(3)})^{high−der,(A)dSd} part.mass; ψ_1=ψ_0=0 = L high−der.flat (3) . (3.40)

4 Uniform gravitational vertex for massive, massless and partial massless spin 5/2 fields in (A)dS_d, d > 4

Gravitational vertex for the massive spin 5/2 field given in (2.1)-(2.12) does not have smooth massless and partial massless limits. However by adding to this vertex the suitable combination of the higher-derivative vertices given in (2.13)-(2.24), (2.25)-(2.36) we can obtain new gravitational vertex that has smooth massless and partial massless limits. We now demonstrate this.

Using the notation m^{grav}_{a,b} for m_{a,b} given in (2.1)-(2.11), m^A_{a,b} for m_{a,b} given in (2.13)-(2.23), and m^B_{a,b} for m_{a,b} given in (2.25)-(2.35), we introduce new m_{a,b} by m_{a,b} = m^{grav}_{a,b} + ω (1 g m^A_{a,b} − 2d g^′ m^B_{a,b} ) , (4.1)

where ω ≡ m^2 12m^2 − d(d − 4)ρ

, (4.2)

and m^{im}_{a,b} remain unchanged. New m_{a,b} (4.1) take the form

m_{2,1}(0) = ω m , (4.3)

m_{2,1}(1) =

(d + 2)ω dm , (4.4)

m_{2,2} = 4ω m , (4.5)

m_{2,3} = −

6 ~f_1(0)ω

m^2

, (4.6)

m_{3,1}(0) = − 2d m^2 ω , (4.7)

m_{3,1}(1) = − 2(d − 2)ω m^2

, (4.8)

m_{3,2} = − 2dω m^2

, (4.9)

m_{3,3}(0) = 0 , m_{3,3}(1) = 0 , (4.10) m_{3,4} = 0 , m_{3,5} = 0 , (4.11) m^{im}_{a,b} = 0 , for all a, b . (4.12)

Taking into account values of the mass parameter m for the massless and partial massless fields, (1.35),(1.36), we see that the new gravitational vertex has smooth massless and partial massless limits. We note that choice of gravitational vertex having smooth massless and partial limit is not unique. One can expect that gravitational vertices for massive fields that have smooth massless limit may be of interest in the context of the tensionless limit of superstring theory.

5 Massive, massless and partial massless spin 5/2 fields, d = 4

5.1 Gravitational vertex for massive spin 5/2 field in (A)dS_4

We now discuss the gravitational vertex for the massive Dirac spin 5/2 field in d = 4. We note that all vertices obtained above for d > 4 are valid for d = 4 too. But, when d = 4, vertex operators (1.8)-(1.19) do not constitute basis of independent vertex operators. This, when d = 4, the threederivative vertex operators M_{3,1}, M_{3,2}, M_{3,4}, M^{im}_{3,4} can be expressed in terms of the remaining threederivative and two-derivative vertex operators (for details, see Appendix F ). We still use vertex operators (1.8)-(1.19) for presentation of our results. In d = 4, the higher-derivative contributions, (2.1)-(2.12), to the gravitational vertex take the form^{20} m_{2,1}(0) = 0 , (5.1)

m_{2,1}(1) = 3m 4 ~f^2_1 (0)

, (5.2)

m_{2,2} = 0 , (5.3)

m_{2,3} = − 1 ~f_1(0)

, (5.4)

m_{3,1}(0) = 0 , (5.5) m_{3,1}(1) = 0 , (5.6) m_{3,2} = 0 , (5.7) m_{3,3}(0) = 0 , (5.8)

m_{3,3}(1) = − 3m 8 ~f^2_1 (0) ~f_1(1)

, (5.9)

m_{3,4} = 0 , (5.10)

m_{3,5} = 1 2 ~f_1(0) ~f_1(1)

, (5.11)

m^{im}_{a,b} = 0 , for all a, b . (5.12) Since some m_{3,a} ≠ 0, the gravitational vertex still involves three-derivative contributions. But, in contrast to the gravitational vertex for d > 4, these contributions can be canceled by adding higher-

20 In formulas for the gravitational vertex given in Section 2.1, we plug the representation for M_{3,1}, M_{3,2}, M_{3,4} in terms of the remaining three-derivative and two-derivative vertex operators and express the gravitational vertex entirely in terms of those vertices that form basis of 4d vertices. The fact that the vertex operators M_{3,1}, M_{3,2}, M_{3,4} do not enter into basis of 4d vertex operators manifests itself in zero values of m_{3,1}, m_{3,2}, m_{3,4} for 4d gravitational vertex. For discussion of base vertex operators in d = 4, see Appendix F.

derivative vertex to the gravitational vertex. Before doing so, let us consider higher-derivative vertex for the massive spin 5/2 field in d = 4.

5.2 Higher-derivative vertex for massive spin 5/2 field and massless spin 2 field in (A)dS_4

Higher-derivative vertices for the massive spin 5/2 field in (A)dS_4 can be obtained by allowing d = 4 in the two higher-derivative vertices (see (2.13)-(2.24) and (2.25)-(2.36)) obtained for d > 4. It turns out that the latter two vertices become identical in d = 4. In other words, when 2 ≤ k_{min} ≤ k_{max} ≤ 3 and d = 4, there is only one higher-derivative vertex. We obtain this vertex by allowing d = 4 in (2.13)-(2.24) (vertex given in (2.25)-(2.36) takes the same form by module of overall normalization factor).

When d = 4, vertex given in (2.13)-(2.24) takes the form

m_{2,1}(0) = 1 m g , (5.13)

m_{2,1}(1) = − 3m ~f 2_1 (0) g , (5.14)

m_{2,2} = 4 m g , (5.15)

m_{2,3} = 4 ~f_1(0) g , (5.16)

m_{3,1}(0) = 0 , (5.17)

m_{3,1}(1) = 0 , (5.18)

m_{3,2} = 0 , (5.19)

m_{3,3}(0) = 0 , (5.20)

m_{3,3}(1) = 3m 2 ~f^2_1 (0) ~f_1(1) g , (5.21)

m_{3,4} = 0 , (5.22)

m_{3,5} = − 2 ~f_1(0) ~f_1(1) g , (5.23)

m^{im}_{a,b} = 0 , for all a, b. (5.24)

Since m_{2,a} ≠ 0, m_{3,a} ≠ 0 for some a, the vertex involves contributions with two and three derivatives.

The higher-derivative vertex under consideration is singular in the limit of massless field, ~f_1(0) → 0, and the limit of partial massless field, ~f_1(1) → 0. This implies that there are no higher-derivative vertices^{21}, for both the massless spin 5/2 field and the partial massless spin 5/2 field in (A)dS_4 when k_{max} ≤ 3.

21 In (5.13)-(5.24), we can formally re-scale the coupling constant, g → ~f^2_1 (0)g, to get well defined vertex in

5.3 Uniform gravitational vertex for massive, massless and partial massless field in (A)dS_4

Comparing two-derivative and three-derivative terms (5.1)-(5.12) of the gravitational vertex with the higher-derivative vertex in (5.13)-(5.24), we see that all three-derivative terms of the gravitational vertex can be canceled by adding the higher-derivative vertex (with appropriate choice of the overall normalization factor) to the gravitational vertex. We now demonstrate this. Using the notation m^{grav}_{a,b} for m_{a,b} given in (5.1)-(5.11), and m^{high−der}_{a,b} for m_{a,b} given in (5.13)-(5.23), we introduce new m_{a,b} by m_{a,b} = m^{grav}_{a,b} + 1 4g m^{high−der} a,b , (5.25) while m^{im}_{a,b} remain unchanged. The new m_{a,b} take the form

m_{2,1}(0) = 1 4m , m_{2,2} = 1 m , (5.26)

all remaining m_{a,b} and m^{im}_{a,b} are equal to zero. (5.27)

We see that all three-derivative terms governed by m_{3,a} cancel, i.e., L_{(3)} = 0. This implies that the gravitational vertex involves, in addition to the minimal vertex, only two-derivative contributions governed by L_{(2)} with above-given m_{2,a}.

A few remarks are in order.

i) The vertex (5.26),(5.27) has smooth limits to the massless and partial massless fields in (A)dS_4. Taking these limits, we obtain the respective gravitational vertices for the massless and partial massless fields in (A)dS_4. This, to obtain the gravitational vertices for the massless and partial massless fields we should simply plug the respective limiting values of mass parameter, m = 2 √ −ρ and m = √ −ρ, in (5.26),(5.27)^{22}. In other words, the vertex (5.26),(5.27) provides uniform description of gravitational interaction of the massive, massless, and partial massless spin 5/2 fields in (A)dS_4.

ii) The vertex (5.26),(5.27) taken for massive field, m ≠ 0, has smooth flat space limit, ρ → 0. In this limit, we obtain the gravitational vertex for the massive spin 5/2 field in 4d flat space [33]. In other words, in contrast to the massless and partial massless fields, the gravitational interaction of the massive spin 5/2 field in (A)dS space has smooth limit to the gravitational interaction of the massive spin 5/2 field in flat space.

iii) To restore dependence on the gravitational constant κ, we should simply multiply the r.h.s. of relations (5.26),(5.27) by √ 2κ. 5.4 Higher-derivative vertex for massless spin 5/2 field and massless spin 2 in flat space, d = 4

As we have said, in double limit, i.e., the flat space limit, ρ → 0, and the massless field limit, m → 0, the free massive spin 5/2 field |ψ⟩ (1.1) is decomposed into three decoupling systems

the limit of massless field. In doing so, we obtain non-trivial values only for m_{2,1}(1), m_{3,3}(1) in the massless limit ~f_1(0) → 0. But such vertex describes interaction of spin 3/2 field with the massless spin 2 field. Re-scaling g → ~f_1(1)g and taking limit ~f_1(1) → 0 leads to vertex describing interaction of the partial massless spin 5/2 field with massive spin 1/2 field and the massless spin 2 field in (A)dS_4. This vertex is discussed in Section 6.1.

22 Obviously, for the case of massless field, we should drop contributions of the fields ψ_1, ψ_0 to the minimal gravitational vertex L_{(1)} , while for the case of partial massless field, we should drop contributions of the field ψ_0 to L_{(1)} .

– one massless spin 5/2 field ψ_2, one massless spin 3/2 field ψ_1, and one massless spin 1/2 field ψ_0. We find one higher-derivative cubic vertex (with k_{max} ≤ 3) that describes interaction like ψ_2 − ψ_2−(massless spin 2 field). Equating the gravitational constant κ to zero we obtain

m_{2,1}(0) = g , m_{2,2} = 4g , (5.28)

all remaining m_{a,b} and m^{im}_{a,b} are equal to zero, (5.29)

where g stands for a coupling constant. We see that the vertex has k_{min} = k_{max} = 2. Recall, in (A)dS_4, the massless spin 5/2 field does not have higher-derivative vertices subject to the condition k_{max} ≤ 3. This implies that the higher-derivative vertex of the massless spin 5/2 field in 4d flat space, (5.28),(5.29), does not have its counterpart in (A)dS_4 space. However, by analogy with discussion in Section 3.4, the higher-derivative vertex of the massless spin 5/2 field in 4d flat space, (5.28),(5.29), can be related to the gravitational vertex of the massless spin 5/2 field in (A)dS_4. This, let (L_{(1)} + L_{(2)})^{grav,(A)dS4} be the gravitational vertex of the massless spin 5/2 field in (A)dS_4, where L_{(1)} is the minimal gravitational vertex, while L_{(2)} is the two-derivative vertex given in (5.26),(5.27). Let L^{high−der.flat}

(2) be the higher-derivative vertex given in (5.28),(5.29). Then, taking the gravitational vertex with κ = 1/ √ 2, we obtain

lim_{ρ→0} √ −ρ(L_{(1)} + L_{(2)})^{grav,(A)dS4} = 1 8g L^{high−der.flat} (2) , (5.30)

where we use relation m = 2 √ −ρ, (1.35), for mass parameter of massless field when d = 4.

6 Higher-derivative vertices for (partial) massless spin 5/2 field, (massive) massless spin 1/2 field and massless spin 2 field

The massless and partial massless limits lead to some special higher-derivative vertices for spin 5/2 field. These special vertices describe interactions of spin 5/2 field with low spin 3/2 and 1/2 fields and massless spin 2 field. The vertices are listed in Table II. We now discuss them in turn.

6.1 Higher-derivative vertices for partial massless spin 5/2 field, massive spin 1/2 field and massless spin 2 in (A)dS_d, d ≥ 4

In the partial massless limit ~f_1(1) → 0, (1.36), the free massive spin 5/2 field |ψ⟩ (1.1) is decomposed into two decoupling systems – one partial massless spin 5/2 field, which is described by the fields ψ_2, ψ_1, and one massive spin 1/2 field ψ_0. The mass parameter of the partial massless field is given in (1.36), while the mass parameter of the field ψ_0 is equal to m =^{d+2}_2 √ −ρ, [26]. We find two higher-derivative cubic vertices (with k_{max} ≤ 3) that describe interactions like (ψ_2, ψ_1) − ψ_0−(massless spin 2 field). Both these vertices are nontrivial for d ≥ 4 and take k_{min} = k_{max} = 3. We now discuss these vertices in turn.

a) First higher-derivative vertex. For this case, solution to the equations for m_{a,b}, m^{im}_{a,b} required by on-shell gauge invariance can uniquely be determined by imposing the conditions m_{3,2} = 0, m_{3,4} = 0, and by equating the gravitational constant and m^{im}_{a,b} to zero. In this way, we obtain

m_{2,a} = 0 , for all a , (6.1) m_{3,1}(0) = 0 , m_{3,1}(1) = 0 , (6.2) m_{3,2} = 0 , (6.3) m_{3,3}(0) = 0 , (6.4)

m_{3,3}(1) = d − 1 dρ g^′ , (6.5)

m_{3,4} = 0 , (6.6)

m_{3,5} = −

~f_1(0) ρ √ −ρ g^′ , (6.7)

m^{im}_{a,b} = 0 , for all a, b , (6.8)

where g^′ stands for a coupling constant and ~f_1(0) is given in (3.23).

b) Second higher-derivative vertex. This vertex is governed entirely by the vertex operators M^{im}_{a,b}. This to say that, firstly, we equate the gravitational constant and m_{a,b} to zero and, secondly, we find that solution to the equations for m^{im}_{a,b} imposed by on-shell gauge invariance is uniquely determined. We obtain solution^{23}

m_{a,b} = 0 , for all a, b , (6.9) m^{im}_{2,3} = 0 , (6.10) m^{im}_{3,3}(0) = 0 , (6.11)

m^{im}_{3,3}(1) = d − 1 dρ g^{im′} , (6.12)

m^{im}_{3,4} = 0 , (6.13)

m^{im}_{3,5} = −

~f_1(0) ρ √ −ρ g^{im′} , (6.14)

where g^{im′} stands for a coupling constant and ~f_1(0) is given in (3.23).

6.2 Higher-derivative vertices for massless spin 5/2 field, massless spin 3/2, 1/2 fields, and massless spin 2 in flat space, d ≥ 4

In double limit, i.e., the flat space limit, ρ → 0, and the massless field limit, m → 0, the free massive spin 5/2 field |ψ⟩ (1.1) is decomposed into three decoupling systems – one massless spin 5/2 field ψ_2, one massless spin 3/2 field ψ_1, and one massless spin 1/2 field ψ_0. We find two higher-derivative cubic vertices (with k_{max} ≤ 3) that describe interactions like ψ_2 − ψ_1−(massless spin 2 field) and two higher-derivative cubic vertices (with k_{max} ≤ 3) that describe interactions like ψ_2 − ψ_0−(massless spin 2 field). All these vertices have k_{min} = k_{max} = 3. Equating the gravitational constant κ to zero, we obtain the following vertices.

23 We note that only for the partial massless field (and massless field in flat space) requirement of gauge invariance allows nontrivial m^{im}_{a,b}.

A) Vertex ψ_2 − ψ_1−(massless spin 2 field):

m_{3,3}(0) = g , m_{3,4} = 4g , (6.15)

all remaining m_{a,b} and m^{im}_{a,b} are equal to zero. (6.16)

B) Vertex ψ_2 − ψ_1−(massless spin 2 field):

m^{im}_{3,3}(0) = g^{im} , m^{im}_{3,4} = 4g^{im} , (6.17)

all remaining m_{a,b} and m^{im}_{a,b} are equal to zero. (6.18)

C) Vertex ψ_2 − ψ_0−(massless spin 2 field):

m_{3,5} = g^′ , (6.19)

all remaining m_{a,b} and m^{im}_{a,b} are equal to zero. (6.20)

D) Vertex ψ_2 − ψ_0−(massless spin 2 field):

m^{im}_{3,5} = g^{im′} , (6.21)

all remaining m_{a,b} and m^{im}_{a,b} are equal to zero. (6.22)

In (6.15)-(6.21), g, g^{im}, g^′, and g^{im′} stand for coupling constants. We note that the vertices (A) and (B) do not survive reduction to d = 4. In other words, the vertices (A) and (B) are non-trivial only for d > 4. We also note that the vertices (C) and (D) are non-trivial for both d = 4 and d > 4. 7 On-shell gauge invariant formulation of free massive spin 5/2 Dirac field and massless spin 2 field in (A)dS_d

Because we are building interaction vertices in terms of the on-shell free massive spin 5/2 gauge field and the massless spin 2 field in (A)dS we begin with discussion of formulation we use to describe these fields^{24}. On-shell description of the massless spin 2 field in (A)dS is well known and is given at the end of this Section. We begin with discussion of the massive spin 5/2 field.

To discuss Lorentz covariant and gauge invariant formulation of the massive spin 5/2 field in (A)dS_d, we introduce Dirac complex-valued tensor-spinor fields of the so(d − 1, 1) Lorentz algebra, ψ^{AB α}, ψ^{Aα} , ψ^α , (7.1) where ψ^{AB α} is symmetric in indices A, B. The tensor-spinor fields ψ^{ABα}, ψ^{Aα} satisfy the γtracelessness constraints γ^Aψ^{AB} = 0 , γ^Aψ^A = 0 . (7.2)

We note that the fields ψ^{ABα}, ψ^{Aα}, and ψ^α transform in the respective spin 5/2, 3/2 and 1/2 nonchiral representations of the Lorentz algebra so(d − 1, 1).

24 There are various interesting approaches in the literature which could be used to discuss interaction vertices. This is to say that various Lagrangian formulations in terms of unconstrained fields in flat space and (A)dS space may be found e.g. in [48]-[52]. Application of BRST approach to studying interacting fields in AdS may be found in [53].

In order to obtain the gauge invariant description of the massive field in an easy–to–use form we introduce a set of creation and annihilation operators α^A, ζ and ᾱ^A, ζ̄ defined by the relations^{25}

[ᾱ^A, α^B ] = η^{AB} , [ζ̄, ζ] = 1 , ᾱ^A|0⟩ = 0 , ζ̄|0⟩ = 0 , (7.3) where η^{AB} is the mostly positive flat metric tensor. The oscillators α^A, ᾱ^A and ζ, ζ̄ transform in the respective vector and scalar representations of the so(d − 1, 1) Lorentz algebra. The tensor-spinor fields (7.1) can be collected into the ket-vector |ψ⟩ defined by

|ψ⟩ ≡ |ψ_2⟩ + ζ|ψ_1⟩ + ζ^2|ψ_0⟩ , (7.4) |ψ_2⟩ ≡ ψ^{ABα}α^Aα^B |0⟩ , (7.5) |ψ_1⟩ ≡ ψ^{Aα}α^A|0⟩ , (7.6) |ψ_0⟩ ≡ ψ^α|0⟩ . (7.7)

Here and below, spinor indices of the ket-vectors are implicit. The ket-vector |ψ⟩ (7.4) satisfies the algebraic constraints

(N_α + N_ζ − 2)|ψ⟩ = 0 , (7.8) γᾱ|ψ⟩ = 0 , (7.9) N_α ≡ α^Aᾱ^A , N_ζ ≡ ζζ̄ , γᾱ ≡ γ^Aᾱ^A . (7.10)

The constraint (7.8) just tells us that the ket-vector |ψ⟩ is a degree-2 homogeneous polynomial in the oscillators α^A and ζ, while the constraint (7.9) respects the γ-tracelessness constraints for the tensor-spinor fields ψ^{AB} and ψ^A (see (7.2)).

Gauge invariant equations of motion (E.o.M) for the massive spin 5/2 field in (A)dS_d space we found take the form ( D/ + m_1 + 2γα ~f_3ζ̄ ) |ψ⟩ = 0 , (7.11)

where γα ≡ γ^Aα^A. The first-derivative Dirac operator D/ appearing in E.o.M (7.11) is given by

D/ ≡ γ^AD^A , D^A = η^{AB} D_B , D_A ≡ e^μ_AD_μ , (7.12)

where e^μ_A stands for inverse vielbein of (A)dS_d space, while D_μ stands for the Lorentz covariant derivative D_μ ≡ ∂_μ + 1 2 ω^{AB}_μ M^{AB} . (7.13)

The ω^{AB}_μ is the Lorentz connection of (A)dS_d space, while a spin operator M^{AB} forms a representation of the Lorentz algebra so(d − 1, 1):

M^{AB} = M^{AB}_b + 1 2 γ^{AB} , M^{AB}_b ≡ α^Aᾱ^B − α^Bᾱ^A , γ^{AB} ≡ 1 2 (γ^Aγ^B − γ^B γ^A) . (7.14)

25 We use oscillator formulation [11, 12, 54] to handle the many indices appearing for tensor-spinor fields. It can also be reformulated as an algebra acting on the symmetric-spinor bundle on the manifold M [56]. Note that the scalar oscillators ζ, ζ̄ arise naturally by a dimensional reduction [55, 56] from flat space. Our oscillators α^A, ᾱ^A, ζ, ζ̄ are respective analogs of dx^μ, ∂_μ, du, ∂_u of Ref.[56] dealing, among other thing, with massless fermionic fields in (A)dS.

Operator ~f_3 = ~f_3(N_ζ ) and mass operator m_1 = m_1(N_ζ ) appearing in E.o.M (7.11) are given by m_1(N_ζ ) = d + 2 d + 2 − 2N_ζ m , (7.15)

~f_3(N_ζ ) = − (d + 1 − N_ζ (d − 2N_ζ )^3

F (m, N_ζ ) )_{1/2} , (7.16)

where the function F (m, N_ζ ), depending on m, ρ (1.33), and the operator N_ζ , takes the form F (m, N_ζ) = m^2 + ρ (d 2 − N_ζ )_2 . (7.17) Requiring E.o.M (7.11) to be consistent with γ-tracelessness constraint (7.9) leads to the Lorentz constraint, ( ᾱD + (d + 2 − 2N_ζ ) ~f_3ζ̄ ) |ψ⟩ = 0 , (7.18) where ᾱD ≡ ᾱ^AD^A. Equations of motion (7.11), Lorentz constraint (7.18), and γ-tracelessness constraint (7.9) constitute a complete set of differential and algebraic constraints to be imposed on the massive spin 5/2 field in the framework of on-shell gauge invariant approach.

We now discuss gauge symmetries of E.o.M given in (7.11). To this end we introduce parameters of gauge transformations ϵ^{Aα}, ϵ^α which are the respective Dirac complex-valued tensor-spinor spin 3/2 and 1/2 fields of the so(d − 1, 1) Lorentz algebra, where the ϵ^{Aα} is γ-traceless, i.e., we start with a collection of the tensor-spinor fields ϵ^{Aα} , ϵ^α , γ^Aϵ^A = 0 . (7.19) As before, to simplify our expressions we use a ket-vector of gauge transformations parameter |ϵ⟩ ≡ |ϵ_1⟩ + ζ|ϵ_0⟩ , (7.20) |ϵ_1⟩ ≡ α^Aϵ^{Aα}|0⟩ , |ϵ_0⟩ ≡ ϵ^α|0⟩ . (7.21) The ket-vector |ϵ⟩ satisfies the algebraic constraints (N_α + N_ζ − 1)|ϵ⟩ = 0 , (7.22) γᾱ|ϵ⟩ = 0 . (7.23) The constraint (7.22) tells us that the ket-vector |ϵ⟩ is a degree-1 homogeneous polynomial in the oscillators α^A, ζ, while the constraint (7.23) respects the γ-tracelessness of ϵ^A, (7.19).

We now can express gauge transformation entirely in terms of |ψ⟩ and |ϵ⟩, δ|ψ⟩ = (αD + F)|ϵ⟩ , (7.24) F ≡ ζ ~f_1 + γα ~f_2 + α^2 ~f_3ζ̄ , (7.25) where the operators ~f_1 = ~f_1(N_ζ ), ~f_2 = ~f_2(N_ζ ) do not depend on the γ-matrices and α-oscillators, and take the form ~f_1(N_ζ ) = (d + 1 − N_ζ d − 2N_ζ F (m, N_ζ ) )_{1/2} , (7.26)

~f_2(N_ζ ) = d + 2 (d + 2 − 2N_ζ )(d − 2N_ζ ) m , (7.27) and ~f_3, F are defined in (7.16),(7.17).

In order that gauge transformation (7.24) respects γ-tracelessness constraint (7.9) the gauge transformation parameter |ϵ⟩ should satisfy E.o.M ( D/ + m^{(1)}_1 + 2γα ~f_3(0)ζ̄ ) |ϵ⟩ = 0 , (7.28)

where the mass operator m^{(1)}_1 = m^{(1)}_1 (N_ζ ) takes the form

m^{(1)}_1 (N_ζ ) = d + 2 d − 2N_ζ m . (7.29)

In turn, E.o.M (7.28) and γ-tracelessness constraint (7.23) imply the Lorentz constraint for |ϵ⟩,

(ᾱD + d ~f_3(0)ζ̄)|ϵ⟩ = 0 . (7.30)

Equations of motion (7.28), Lorentz constraint (7.30), and γ-tracelessness constraint (7.23) constitute a complete set of differential and algebraic constraints to be imposed on the parameter of gauge transformation |ϵ⟩ in the framework of on-shell gauge invariant approach.

We expressed our results in terms of the mass parameter m. Since there is no commonly accepted definition of mass in (A)dS we relate our mass parameter m with various mass parameters used in the literature. One of the most-used definitions of mass, which we denote by m_D , is obtained from the following expansion of E.o.M:

(D/ + m_D)|ψ_2⟩ + . . . = 0 , (7.31)

where dots stand for γᾱ ψ_2 and |ψ_1⟩, |ψ_0⟩ terms. Comparing (7.31) with (7.11),(7.15) leads then to the identification m = m_D . (7.32)

Another definition of mass parameter for fermionic fields in (A)dS_d [26], denoted by m, can be obtained by requiring that the value of m = 0 corresponds to the massless fields. For the case of spin 5/2 field in (A)dS_d the mass parameter m is related with m_D as

m_D = m + d 2 √ −ρ . (7.33)

For the case of AdS_d, substituting ρ = −1/R^2 gives m_D = m +^d_{2R} and it turns out that the values m > 0 correspond to massive unitary irreps of the so(d − 1, 2) algebra [13, 57].

Two-derivative and three-derivative interaction vertices are constructed out the on-shell massive spin 5/2 field |ψ⟩ and the on-shell massless spin 2 field in AdS_d background. Two-derivative and three-derivative vertices that depend on the massless spin 2 field h^{AB} through the linearized Riemann tensor constructed out the field h^{AB} automatically respect the gauge symmetries of the massless spin 2 field h^{AB}. Because the massless spin 2 field is assumed to be on-shell

(D^2 − 2ρ)h^{AB} = 0 , D^Ah^{AB} = 0, h^{AA} = 0 , (7.34)

the linearized Riemann tensor for h^{AB} is equal to the linearized Weyl tensor C^{ABCE} for h^{AB} . This, the two-derivative and three-derivative vertices we use in this paper depend on the massless spin 2 field h^{AB} through the linearized Weyl tensor. We use the Weyl tensor with conventional symmetry properties: C^{ABCE} = −C^{BACE} , C^{ABCE} = C^{CEAB}. The Weyl tensor C^{ABCE} constructed out the on-shell massless spin 2 field h^{AB} satisfies the well-known E.o.M and various differential and algebraic constraints: ( D^2 − 2(d − 1)ρ ) C^{ABCE} = 0 , (7.35)

D^AC^{ABCE} = 0 , (7.36)

D^{{F} C^{AB}CE} = 0 , (7.37) C^{{ABC}E} = 0 , (7.38) C^{AEEB} = 0 , (7.39)

where the notation {ABC} implies summation over cyclic permutations of indices A, B, C. The Weyl tensor can be expressed in terms of h^{AB} as C^{ABCE} = 1 2 (D^C D^B h^{AE} − D^C D^Ah^{BE} + D^ED^Ah^{BC} − D^ED^B h^{AC} ) + 1 2 ρ(η^{BC} h^{AE} − η^{AC} h^{BE} + η^{AE}h^{BC} − η^{BE}h^{AC} ) . (7.40) As we have said, we use only those two-derivative and three-derivative vertex operators (see (1.8)- (1.19)) that depend on the massless spin 2 field h^{AB} through the Weyl tensor C^{ABCE} . Note that there are other two-derivative and three-derivative vertex operators that respect linearized gauge symmetries but do not allow representation entirely in terms of C^{ABCE} . For example, in flat space, there is two-derivative cubic vertex iL^′ = ⟨ψ|M^′|ψ⟩, M^′ = C^{ABCE} γ^A ( α^Bα^Cᾱ^Eζ̄ − ζα^Eᾱ^Bᾱ^C ) + w^{ABC} γ^B ∂^A(α^C ^f(0)ζ̄ + ζ ^f(0)ᾱ^C ) , (7.41)

^f(0) ≡ 1−N_ζ , which involves the linearized Lorentz connection (1.5) and respects on-shell gauge symmetries^{26}. In this paper, we do not exploit vertices like the one in (7.41).

8 Restrictions imposed on cubic vertices by on-shell gauge invariance

We now demonstrate how the interaction vertices above-discussed can be obtained by using massive spin 5/2 on-shell gauge symmetries. Before we formulate our statement, let us outline general strategy we use to find the gravitational and higher-derivative interaction vertices. The strategy is as follows (for details, see Appendix D).

i) Firstly, we start with the minimal gravitational vertex and study restrictions imposed by gauge invariance. At this stage we make sure the gauge variation of the minimal gravitational vertex of the massive spin 5/2 field contains the Weyl tensor which cannot be compensated by variation of the graviton metric tensor. Thus, the minimal gravitational vertex is not self-consistent.

ii) Secondly, we add to the minimal gravitational vertex all possible vertices involving two derivatives and consider restrictions imposed by gauge invariance. At this stage we make sure

26 The vertex (7.41) describes interaction of massless spin 5/2 field with massless spin 3/2 field and massless spin 2 field. In the vertex iL^′ = ⟨ψ|M^′|ψ⟩ (7.41), the C term and the w term are separately invariant w.r.t linearized massless spin 2 field gauge symmetries. Relative coefficient between the C term and the w term is determined by invariance w.r.t. linearized massless spin 5/2 field or massless spin 3/2 field gauge symmetries.

that it is possible to construct the gauge invariant gravitational vertex when d = 4, but this is not possible when d > 4.

iii) Finally, we add all possible two-derivative and three-derivative vertices^{27} to the minimal gravitational vertex and consider restrictions imposed by gauge invariance. Now we make sure that it is possible to construct the gauge invariant gravitational vertex for d > 4 too.

Motivated by observation that in order to construct the gravitational vertex for the massive spin 5/2 field in d > 4 one needs to involve vertices with two and three derivatives we start from the very beginning with the minimal gravitational vertex supplemented by all possible vertices with two and three derivatives and look for general solution to restrictions imposed by requiring the action to be gauge invariant. In this way, we find solution to the gravitational vertex and all possible higher-derivative vertices involving two and three derivatives.

We now formulate our statement.

Let d > 4. Consider Lagrangian (1.2) with vertex operators given in (1.6), (1.7). All that is required is to determine the quantities m_{a,b} and m^{im}_{a,b} (1.8)-(1.19). Requiring the Lagrangian to be invariant with respect to on-shell gauge transformation given in (7.24) we obtain that:

a) The quantities m_{2,a}, a = 1, 2, 3, and m_{3,1}(0), m_{3,3}(0) can be solved in terms of five quantities m_{3,1}(1) m_{3,2}, m_{3,3}(1), m_{3,4}, m_{3,5}. For the latter 5 quantities, we obtain 3 equations, i.e., we have two parametric freedom in the solution for m_{a,b}.

b) m^{im}_{2,3} is equal to zero, while m^{im}_{3,3}(0) can be solved in terms of m^{im}_{3,4}. For the three remaining quantities m^{im}_{3,3}(1), m^{im}_{3,4}, m^{im}_{3,5} we obtain 5 equations, i.e., we have over-determined system of equations for m^{im}_{a,b}.

We now outline proof of our statement. To this end we evaluate the gauge variation of Lagrangian (1.2). The gauge variation allows the representation (by module of total derivatives)

ie^{−1}δL^{int} = ⟨ψ|V |ϵ⟩ − h.c. , (8.1) V = V_{(4)} + V_{(3)} + V_{(2)} , (8.2)

where V_{(4)}, V_{(3)}, V_{(2)} stand for the respective four-, three- and two-derivative operators. They allow the representation

V_{(4)} = 3∑ a=1 X_{4,a}V_{4,a} + 3∑ a=2 X^{im}_{4,a}V_{4,a} , (8.3)

V_{(3)} = 5∑ a=1 (X_{3,a} + X^{im}_{3,a})V_{3,a} , (8.4)

V_{(2)} = 2∑ a=1 (X_{2,a} + X^{im}_{2,a})V_{2,a} , (8.5)

where X_{a,b} and X^{im}_{a,b} are some linear functions of the respective quantities m_{a,b} and m^{im}_{a,b}. Explicit expressions for X_{a,b} and X^{im}_{a,b} may be found in Appendix D (see (D.3)-(D.19)). The V_{a,b} are base

27 We use two-derivative and three-derivative vertices subject to condition that they depend on the massless spin 2 field h^{AB} through the linearized Weyl tensor constructed out h^{AB} .

operators constructed out the Weyl tensor, the oscillators, and the covariant derivatives, V_{4,1} ≡ D^F C^{A(BC)E} γ^Aα^F α^Bᾱ^C D^E , (8.6) V_{4,2} ≡ D^F C^{ABCE} γ^{AB}α^F α^Cζ̄D^E , (8.7) V_{4,3} ≡ D^F C^{ABCE} γ^{AB}ζα^F ᾱ^C D^E , (8.8)

V_{3,1} ≡ C^{ABCE} γ^{AB}α^C D^E , (8.9) V_{3,2} ≡ C^{ABCE} α^Bα^Cᾱ^AD^E , (8.10) V_{3,3} ≡ C^{ABCE} γ^Aα^Bα^Cζ̄D^E , (8.11) V_{3,4} ≡ C^{A(BC)E} γ^Aζα^Bᾱ^C D^E , (8.12) V_{3,5} ≡ C^{ABCE} γ^{AB}ζ^2ᾱ^C D^E , (8.13)

V_{2,1} ≡ C^{ABCE}γ^Aα^Bα^Cᾱ^E , (8.14) V_{2,2} ≡ C^{ABCE}γ^{AB} ζα^Cᾱ^E . (8.15) Requiring gauge variation (8.1) to vanish gives the equations X_{a,b} + X^{im}_{a,b} = 0. Since X_{a,b} are real valued, while X^{im}_{a,b} are pure imaginary, these equations amount to two set of equations, X_{a,b} = 0, X^{im}_{a,b} = 0.

We first outline results in analysis of the equations X_{a,b} = 0. i) Equations X_{4,a} = 0, a = 1, 2, 3, lead to m_{3,1}(0) = m_{3,2} , m_{3,3}(0) = 1 4 m_{3,4} . (8.16) ii) Equations X_{3,a} = 0, a = 1, 2, 4, allow us to solve the quantities m_{2,1}(0), m_{2,1}(1), m_{2,2}, m_{2,3} in terms of m_{3,1}(1), m_{3,2}, m_{3,3}(1), m_{3,4} and m_{3,5}, m_{2,1}(0) = − 1 2d mm_{3,2} − 1 4 ~f_1(0)m_{3,4} , (8.17)

m_{2,1}(1) = − d + 2 2d(d − 2) mm_{3,1}(1) − 2 ~f_1(1)m_{3,3}(1) + d − 4 4d ~f_1(0)m_{3,4} , (8.18)

m_{2,2} = 4m_{2,1}(0) , (8.19) m_{2,3} = − ~f_1(0)m_{3,1}(1) + d + 1 d ~f_1(0)m_{3,2} + mm_{3,4} . (8.20) iii) The remaining 4 equations X_{3,3} = X_{3,5} = 0, X_{2,1} = X_{2,2} = 0, are not all independent. This is to say that these 4 equations lead to 3 equations for 5 unknown quantities m_{3,1}(1), m_{3,2}, m_{3,3}(1), m_{3,4} and m_{3,5}, − ~f_1(0)m_{3,1}(1) + d − 2 d ~f_1(0)m_{3,2} + 4m d(d − 2) m_{3,4} + 2 ~f_1(1)m_{3,5} = 0 , (8.21)

~f_1(0)m_{3,3}(1) − d − 4 4(d − 2)

~f_1(1)m_{3,4} + 2(d − 1) d(d − 2) mm_{3,5} = 0 , (8.22)

− ~f^2_1 (0)m_{3,1}(1) + (d2 + 5d − 2 d^2 m^2 + d^2 − 3d + 6 4 ρ ) m_{3,2} + 2(d − 1) d m ~f_1(0)m_{3,4} = − √ 2 κ . (8.23)

When d > 4, relations (8.16)-(8.20) and equations (8.21)-(8.23) constitute a complete system of equations for m_{a,b} that can be obtained from the requirement of on-shell gauge invariance of the Lagrangian. In (8.23) we restore dependence on the gravitational constant κ (which throughout this paper is set κ = 1/ √ 2). The contribution related to κ is obtained from the gauge variation of the minimal gravitational vertex. Solutions to the equations for the gravitational vertices are given for value κ = 1/ √ 2, while solutions to the equations for higher-derivative vertices are obtained for κ = 0^{28}. All solutions of Eqs.(8.21)-(8.23) were discussed in Sections 2-4 and 6.

We now discuss results in analysis of the equations X^{im}_{a,b} = 0. i) Equations X^{im}_{4,a} = 0, a = 2, 3, lead to

m^{im}_{3,3}(0) = 1 4 m^{im}_{3,4} . (8.24)

ii) The remaining equations X^{im}_{3,a} = 0, a = 1, . . . , 5, and X^{im}_{2,1} = X^{im}_{2,2} = 0 amount to equations

m^{im}_{2,3} = 0 , (8.25)

mm^{im}_{3,4} = 0 , (8.26)

ρm^{im}_{3,4} = 0 , (8.27)

~f_1(1)m^{im}_{3,3}(1) = 0 , (8.28)

~f_1(1)m^{im}_{3,5} = 0 , (8.29)

~f_1(0)m^{im}_{3,3}(1) + 2(d − 1) d(d − 2) mm^{im}_{3,5} = 0 . (8.30)

Equations (8.24)-(8.30) constitute a complete system of equations for m^{im}_{a,b} that are obtained from the requirement of on-shell gauge invariance of the Lagrangian. All solutions of Eqs.(8.24)-(8.30) were discussed in Sections 2-4 and 6.

Now let us consider the case d = 4. When d = 4, one has taken into account that vertex operators M_{a,b}, M^{im}_{a,b} (1.8) -(1.19) and operators V_{a,b} (8.6)-(8.15) are not all independent. This is to say that we proceed as follows.

a) The operators M_{3,1}, M_{3,2}, M_{3,4}, M^{im}_{3,4} are expressible in terms of the remaining operators M_{a,b}, M^{im}_{a,b}. In order to take this into account we set the corresponding coefficients equal to zero,

m_{3,1}(0) = 0, m_{3,1}(1) = 0, m_{3,2} = 0, m_{3,4} = 0, m^{im}_{3,4} = 0 . (8.31)

28 As is well known, general solution of non-homogenous linear equations (like the ones in (8.21)-(8.23)) is obtained by adding a particular solution (which is realized as gravitational vertex here) of non-homogeneous equations, κ ≠ 0, to the general solution (which is realized as higher-derivative vertex here) of homogenous equations, κ = 0.

b) The operators V_{3,2} and V_{3,4} are expressible in terms of the operators V_{3,a}, V_{2,a}. This, when d = 4, basis of operators V_{a,b} is given by V_{4,a} , a = 1, 2, 3 , V_{3,1} , V_{3,3} , V_{3,5} , V_{2,1} , V_{2,2} . (8.32) To take this into account, we substitute the representation for the operators V_{3,2} and V_{3,4} in terms of the independent operators V_{a,b} (see (F.38),(F.39)) into expressions for the gauge variation (see (8.3)-(8.5)). This gives representation of the gauge variation in terms of the independent operators (8.32). Then, the gauge variation takes form (8.1),(8.2), where V_{(4)} = ∑ a=1,2,3 X_{4,a}V_{4,a} + ∑ a=2,3 X^{im}_{4,a}V_{4,a} , (8.33)

V_{(3)} = ∑ a=1,3,5 (X_{3,a} + X^{im}_{3,a})V_{3,a} , (8.34)

V_{(2)} = ∑ a=1,2 (X_{2,a} + X^{im}_{2,a})V_{2,a} , (8.35)

and the explicit expressions for X_{a,b} and X^{im}_{a,b} are given in Appendix D (see (D.44)-(D.53)). The respective equations imposed by gauge invariance take then the form X_{4,a} = 0 , a = 1, 2, 3 ; X^{im}_{4,a} = 0 , a = 2, 3 ; (8.36) X_{3,a} = X^{im}_{3,a} = 0 , a = 1, 3, 5 ; (8.37) X_{2,a} = X^{im}_{2,a} = 0 , a = 1, 2 . (8.38) We now discuss results in analysis of equations (8.36)-(8.38). We begin with analysis of the equations X_{a,b} = 0.

i) X_{4,1} is equal to zero automatically, while the equations X_{4,2} = X_{4,3} = 0 give m_{3,3}(0) = 0 . (8.39) ii) Equations X_{3,1} = 0, X_{3,3} = 0 allow us to solve the quantities m_{2,1}(0), m_{2,1}(1), m_{2,3} in terms of m_{2,2}, m_{3,3}(1), and m_{3,5},

m_{2,1}(0) = 1 4 m_{2,2} , (8.40) m_{2,1}(1) = −2 ~f_1(1)m_{3,3}(1) , (8.41) m_{2,3} = −2 ~f_1(1)m_{3,5} . (8.42) We note that, the coefficients m_{2,1}(0), m_{2,2} (8.40), in contrast to the ones in d > 4 (see (8.17),(8.19)), are not expressible in terms of the coefficients m_{3,a}.

iii) The remaining 3 equations, X_{3,5} = 0, X_{2,1} = X_{2,2} = 0, are not all independent. This is to say that these 3 equations lead to 2 equations for 3 unknown quantities m_{2,2}, m_{3,3}(1), and m_{3,5}, ~f_1(0)m_{3,3}(1) + 3 4 mm_{3,5} = 0 , (8.43) −mm_{2,2} − 2 ~f_1(0) ~f_1(1)m_{3,5} + √ 2κ = 0 . (8.44)

We now proceed to discussion of the equations X^{im}_{a,b} = 0 in (8.36)-(8.38). i) Equations X^{im}_{4,2} = X^{im}_{4,3} = 0 lead to m^{im}_{3,3}(0) = 0 . (8.45) ii) Equations X^{im}_{3,a} = 0, a = 1, 3, 5 and X^{im}_{2,a} = 0, a = 1, 2 amount to m^{im}_{2,3} = 0 , (8.46) ~f_1(1)m^{im}_{3,3}(1) = 0 , (8.47) ~f_1(1)m^{im}_{3,5} = 0 , (8.48)

~f_1(0)m^{im}_{3,3}(1) + 3 4 mm^{im}_{3,5} = 0 . (8.49)

We note that Eqs.(8.46)-(8.49) are obtained from their counterparts for d > 4 (see (8.25),(8.28)- (8.30)) by a simple substitution d = 4.

When d = 4, equations (8.31),(8.39)-(8.49) constitute a complete system of equations that are obtainable from the on-shell gauge invariance of the Lagrangian. All solutions of these equations were discussed in Sections 5,6.

Acknowledgments. This work was supported by the INTAS project 03-51-6346, by the RFBR Grant No.05-02-17217, RFBR Grant for Leading Scientific Schools, Grant No. LSS-4401.2006.2 and Russian Science Support Foundation.

Appendix A Notation and conventions

We use space-time base manifold indices μ, ν, σ, λ = 0, 1, . . . , d − 1 and flat vectors indices of the so(d − 1, 1) algebra A, B, C, E, D, F = 0, 1, . . . , d − 1. We use 2^{[d/2]} × 2^{[d/2]} Dirac gamma matrices γ^A in d-dimensions, {γ^A, γ^B } = 2η^{AB} , γ^{A†} = γ^0γ^Aγ^0, (A.1) where η^{AB} is mostly positive flat metric tensor. To simplify our expressions, we drop η_{AB} in scalar products and use X^AY^A ≡ η_{AB}X^AY^B . Second relation in (A.1) implies

(iγ^0)^† = +iγ^0 , (iγ^0γ^A)^† = −iγ^0γ^A , (iγ^0γ^{AB} )^† = −iγ^0γ^{AB} . (A.2) We assume the normalization of spin 5/2 field Lagrangian and Einstein-Hilbert Lagrangian as L_{5/2} = −iE⟨ψ|D/ |ψ⟩ + . . . , (A.3) L_{EH} = 1 2κ^2 √ −G (R − (d − 1)(d − 2)ρ) , (A.4)

where E = det E^A_μ , G = det G_{μν} and ⟨ψ| = (|ψ⟩)^†γ^0. Hermitian conjugation rule for a product of fermionic fields ψ, χ is assumed to be (ψχ)^† = χ^†ψ^†. Riemann tensor and its contractions are R^μ_{νλσ} = ∂_λΓ^μ_{νσ} + . . . , R_{μν} = R^σ_{μσν} , R = G^{μν} R_{μν} . (A.5) Metric G_{μν} and veilbein E^A_μ are expanded over (A)dS space metric g_{μν} and vielbein e^A_μ as

E^A_μ = e^A_μ + κ √ 2 h^A_μ , G_{μν} = g_{μν} + √ 2 κh_{μν} + . . . , h_{μν} ≡ e^A_μ h^A_ν . (A.6) The gravitational constant κ, unless otherwise specified, is set to be κ = 1/ √ 2. (A)dS space-time tensor, h^{μν} , and tensor-spinor, ψ^{μν} , fields are related with the respective fields carrying the flat indices in a standard way, h^{AB} = e^A_μ e^B_ν h^{μν} , ψ^{AB} = e^A_μ e^B_ν ψ^{μν} . (A.7) Using the flat indices and ρ given in (1.33), we obtain Riemann tensor for (A)dS space R^{ABCD}|_{(A)dSd} = ρ(η^{AC} η^{BD} − η^{AD}η^{BC} ) . (A.8) Covariant derivative D_μ, acting on vector and spinor fields

D_μϕ^B = ∂_μϕ^A + ω^{AB}_μ (e)ϕ^B , D_μψ = ∂_μψ + 1 4 ω^{AB}_μ (e)γ^{AB} ψ , (A.9) satisfies the standard commutators [D_μ, D_ν ]ϕ^B = R^{AB}_{μν} ϕ^B , [D_μ, D_ν]ψ = 1 4 R^{AB}_{μν} γ^{AB}ψ . (A.10) Instead of D_μ, we prefer to use a covariant derivative with the flat indices D^A, D_A ≡ e^μ_AD_μ , D^A = η^{AB} D_B , (A.11) where e^μ_A is inverse of (A)dS vielbein, e^A_μ e^μ_B = δ^A_B.

Appendix B Commutators of oscillators and derivatives

We use the algebra of commutators for operators that can be constructed out the oscillators α^A, ᾱ^A, γ-matrices, and derivative D^A (7.12),(7.13) (see also Appendix A in Ref.[58]). Starting with [ ^∂_A, ^∂_B ] = Ω_{AB}^C ^∂_C , Ω^{ABC} ≡ −ω^{ABC} + ω^{BAC} , ω_A^{BC} ≡ E^μ_Aω^{BC}_μ , (B.1) where ^∂_A ≡ E^μ_A∂_μ, ∂_μ ≡ ∂/∂x^μ, and Ω^{ABC} is a contorsion tensor, we get the basic commutator [D^A, D^B ] = Ω^{ABC} D^C + 1 2 R^{ABCD}M^{CD} = Ω^{ABC} D^C + ρM^{AB} . (B.2) The spin operator M^{AB} is given in (7.14). In (B.2) and below, we represent our relations for a space of arbitrary geometry and for (A)dS_d space. Using (B.2) and the commutators [D^A, α^B] = −ω^{ABC} α^C , [D^A, ᾱ^B] = −ω^{ABC}ᾱ^C , [D^A, γ^B] = −ω^{ABC} γ^C , (B.3) we find straightforwardly [D^A, α^2] = 0 , [ᾱ^2, D^A] = 0 , [D^A, γα] = 0 , (B.4) [ᾱ^2, αD] = 2ᾱD , [γᾱ, αD] = D/ , {D/ , γα} = 2αD , (B.5)

D/^2 = □ + 1 4 γ^{AB} R^{ABCD}M^{CD} = □ + ρ 2 γ^{AB}M^{AB} , (B.6) [ᾱD, αD] = □ − 1 4 R^{ABCD}M^{AB}_b M^{CD} = □ − ρ 2 M^{AB}_b M^{AB} , (B.7) [D/ , αD] = 1 2 γ^Aα^BR^{ABCD}M^{CD} = ρ ( γα(αᾱ + d − 1 2 ) − α^2γᾱ ) , (B.8) [ᾱD, D/ ] = − 1 2 γ^Aᾱ^B R^{ABCD}M^{CD} = ρ ( (αᾱ + d − 1 2 )γᾱ − γαᾱ^2 ) , (B.9) [D^A, αD] = −ω^{BCA}α^B D^C + 1 2 R^{ABCD}α^BM^{CD} = −ω^{BCA}α^B D^C + ρ ( α^A(αᾱ + 1 2 ) − α^2ᾱ^A − 1 2 γαγ^A ) , (B.10)

[D^A, ᾱD] = −ω^{BCA}ᾱ^B D^C + 1 2 R^{ABCD}ᾱ^BM^{CD} = −ω^{BCA}ᾱ^B D^C + ρ ( −(αᾱ + d − 1 2 )ᾱ^A + α^Aᾱ^2 + 1 2 γ^Aγᾱ ) , (B.11) [D^A, D/ ] = −ω^{BCA}γ^B D^C + 1 2 R^{ABCD}γ^B M^{CD} = −ω^{BCA}γ^B D^C + ρ ( α^Aγᾱ − γαᾱ^A − d − 1 2 γ^A ) , (B.12)

where we use the notation □ ≡ D^AD^A + ω^{AAB}D^B . (B.13) Expressions (B.1), (B.3)-(B.5) and the ones in 1st lines in (B.2),(B.6)-(B.12) are valid for arbitrary geometry, while the expressions in the 2nd lines in (B.2), (B.6)-(B.12) are adopted to (A)dS_d geometry.

Appendix C On-shell gauge invariant formulation for massive spin s +^1_2 fermionic field in (A)dS_d

The aim of this Appendix is twofold. Firstly, we outline on-shell gauge invariant formulation for massive arbitrary spin fermionic field. Secondly, we present some details of derivation of on-shell gauge invariant formulation for the massive spin 5/2 field.

On-shell gauge invariant formulation can be obtained from the gauge invariant formulation developed in [26]. We start therefore with brief discussion of the gauge invariant formulation.

Gauge invariant Lagrangian for massive arbitrary spin s +^1_2 fermionic field (s is an integer number) is constructed out tensor-spinor spin s^′ +^1_2 fields of the so(d − 1, 1) Lorentz algebra ψ^{A1...As′ α}, s^′ = 0, 1, . . . , s. Collecting these tensor-spinor fields into a ket-vector |ψ⟩ defined by |ψ⟩ ≡ s∑ s^′=0 ζ^{s−s′} |ψ_s′ ⟩ , (C.1) |ψ_s′ ⟩ ≡ α^{A1} . . . α^{As′} ψ^{A1...As′ α}(x)|0⟩ , (C.2) allows us to write the Lagrangian entirely in terms of |ψ⟩. The tensor-spinor fields satisfy, by construction, γ-triple tracelessness constraint which can be written in terms of |ψ⟩ as

γᾱᾱ^2|ψ⟩ = 0 . (C.3)

Lagrangian for the massive fermionic field in (A)dS_d space found in [26] takes the form

L = L_{der} + L_m , (C.4) ie^{−1}L_{der} = ⟨ψ|L|ψ⟩ , ie^{−1}L_m = ⟨ψ|M|ψ⟩ , (C.5) where L stands for a first order differential operator, while M stands for a mass operator. The operators L and M take the form L = D/ − αDγᾱ − γα ᾱD + γαD/ γᾱ + 1 2 γα αDᾱ^2 + 1 2 α^2γᾱ ᾱD − 1 4 α^2D/ ᾱ^2 , (C.6) M = (1 − γαγᾱ − 1 4 α^2ᾱ^2)m_1 + ~m_4(γαζ̄ − 1 2 α^2ζ̄γᾱ) − (ζγᾱ − 1 2 γαζᾱ^2) ~m_4 , (C.7)

where we use the notation

m_1 =

2s + d − 2 2s + d − 2 − 2N_ζ m , (C.8)

~m_4 = ( 2s + d − 3 − N_ζ 2s + d − 4 − 2N_ζ F (m, s, N_ζ) )_{1/2} , (C.9)

F (m, s, N_ζ) = m^2 + ρ ( s + d − 4 2 − N_ζ )_2

. (C.10)

To describe a gauge transformation, we introduce tensor-spinor fields ϵ^{A1...As′} , s^′ = 0, 1, . . . , s − 1. As before, we collect these tensor-spinor fields in a ket-vector |ϵ⟩ defined by |ϵ⟩ ≡ s−1∑ s^′=0 ζ^{s−1−s′} |ϵ_s′ ⟩ , (C.11) |ϵ_s′ ⟩ ≡ α^{A1} . . . α^{As′} ϵ^{A1...As′ α}(x)|0⟩ . (C.12)

The tensor-spinor fields ϵ^{A1...As′} satisfy, by construction, γ-tracelessness constraint which can be written in terms of the ket-vector |ϵ⟩ as γᾱ|ϵ⟩ = 0. With this notation, the gauge transformation takes the form δ|ψ⟩ = (αD + F)|ϵ⟩ , (C.13) F ≡ ζ ~f_1 + γα ~f_2 + α^2 ~f_3ζ̄ , (C.14) ~f_1 ≡ ( 2s + d − 3 − N_ζ 2s + d − 4 − 2N_ζ F (m, s, N_ζ) )_{1/2} , (C.15)

~f_2 ≡ 2s + d − 2

(2s + d − 2 − 2N_ζ )(2s + d − 4 − 2N_ζ ) m , (C.16) ~f_3 ≡ − ( 2s + d − 3 − N_ζ (2s + d − 4 − 2N_ζ )^3 F (m, s, N_ζ) )_{1/2} . (C.17)

We now proceed with discussion of on-shell gauge invariant formulation. In the framework of on-shell gauge invariant formulation, the massive arbitrary spin s +^1_2 fermionic field |ψ⟩ satisfies the following differential and algebraic equations: ( D/ + m_1 + 2γα ~f_3ζ̄ ) |ψ⟩ = 0 , (C.18) ( ᾱD + (2s + d − 2 − 2N_ζ ) ~f_3ζ̄ ) |ψ⟩ = 0 , (C.19)

γᾱ|ψ⟩ = 0 , (C.20)

which are the respective E.o.M (C.18), Lorentz constraint (C.19) and γ-tracelessness constraint (C.20). In on-shell gauge invariant approach, the parameter of gauge transformation |ϵ⟩ satisfies the differential and algebraic equations, ( D/ + m^{(1)}_1 + 2γα ~f_3ζ̄ ) |ϵ⟩ = 0 , (C.21) ( ᾱD + (2s + d − 4 − 2N_ζ ) ~f_3ζ̄ ) |ϵ⟩ = 0 , (C.22)

γᾱ|ϵ⟩ = 0 , (C.23)

where m^{(1)}_1 =

2s + d − 2 2s + d − 4 − 2N_ζ m . (C.24)

Equations (C.18)-(C.23) constitute a complete set of equations for |ψ⟩ and |ϵ⟩ in the framework of on-shell gauge invariant approach. These equations can obviously be derived from the gauge invariant approach discussed earlier in this Appendix. To demonstrate how this derivation comes about, we consider the case of spin 5/2 field in what follows.

In view of gauge symmetry (C.13) and the constraint γᾱ|ϵ⟩ = 0 we can impose the following gauge condition on the massive spin 5/2 field |ψ⟩: (γᾱ − 1 d γαᾱ^2)|ψ⟩ = 0 . (C.25)

Requiring gauge condition (C.25) to be invariant w.r.t gauge transformation (C.13), (γᾱ − 1 d γαᾱ^2)δ|ψ⟩ = 0 , (C.26) leads to the following equations for the parameter of gauge transformation: (D/ − 2 d γαᾱD + d + 2 d − 2N_ζ m)|ϵ⟩ = 0 . (C.27) Before we proceed, observe that Eqs.(C.27) lead to the following equations: Dζ̄|ϵ⟩ = 0 , DᾱD|ϵ⟩ = 0 , (C.28) D ≡ D/ + d + 2 d − 2 m . (C.29) To summarize, there is leftover gauge symmetry (C.13) with the parameter |ϵ⟩ that satisfies Eqs.(C.27). We now consider leftover gauge variation of ᾱ^2|ψ⟩ and E.o.M for ᾱ^2|ψ⟩. Using (C.13) we obtain δ ( ᾱ^2|ψ⟩ ) = |E⟩ , |E⟩ ≡ 2 ( ᾱD + d ~f_3(0)ζ̄ ) |ϵ⟩ , (C.30) while using (C.25) and E.o.M derived from Lagrangian (C.4), (L + M)|ψ⟩ = 0, we obtain Dᾱ^2|ψ⟩ = 0 . (C.31) Also, it is easy to see that Eqs.(C.28) lead to the following equations for |E⟩: D|E⟩ = 0 . (C.32) From (C.31),(C.32), we see that ᾱ^2|ψ⟩ and |E⟩ satisfy the same E.o.M. Taking this and the 1st relation in (C.30) into account, we can set ᾱ^2|ψ⟩ = 0 , |E⟩ = 0 . (C.33) Gauge condition (C.25) and the 1st relation in (C.33) implies γ-tracelessness constraint for |ψ⟩, (7.9), while the 2nd relations in (C.30) and (C.33) imply Lorentz constraint for |ϵ⟩, (7.30).

Appendix D Analysis of gauge variation of Lagrangian

Taking into account gauge transformation (7.24), we see that the gauge variation of Lagrangian (1.2) can be written as δL^{int} = δL_{(1)} + δL_{(2)} + δL_{(3)} , (D.1) ie^{−1}δL_{(a)} = ⟨ψ|M_{(a)}(αD + F)|ϵ⟩ − h.c. , a = 1, 2, 3. (D.2) Using E.o.M, the Lorentz constraint, and the γ-tracelessness constraints for the ket-vectors |ψ⟩ and |ϵ⟩, gauge variation (D.1) can be represented as in (8.1)-(8.5), where the operators V_{a,b} given in (8.6)-(8.15) constitute a complete basis of the operators involving four, three, and two derivatives. The quantities X_{a,b} and X^{im}_{a,b} depend on m_{a,b} and m^{im}_{a,b} respectively. Some of X_{a,b}, X^{im}_{a,b} depend on the N_ζ . When d > 4, we obtain the following expressions for X_{a,b}, X^{im}_{a,b}: X_{4,1} = −m_{3,1}(0) + m_{3,2} , (D.3) X_{4,2} = −m_{3,3}(0) + 1 4 m_{3,4} , X_{4,3} = X_{4,2} , (D.4)

X_{3,1} = 1 2 ~f_2m_{3,1} + (d + 4) ~f_3(0)N_ζ m_{3,3}(0) − 2 ~f_3(0)N_ζ m_{3,4}

+(N_ζ + 1) ~f_1m_{3,3} + m_{2,1} , (D.5)

X_{3,2} = 3 ~f_2(0)m_{3,2} − ~f_2(0)m_{3,1}(0) + ~f_1(0)m_{3,4} − 4m_{2,1}(0) + 2m_{2,2} , (D.6)

X_{3,3} = ~f_3(0)m_{3,1}(0) + 2 ~f_3(0)m_{3,2} − 1 2 (m_1(0) + m_1(1))m_{3,4}

+4 ~f_2(1)m_{3,3}(0) + 2 ~f_1(1)m_{3,5} + m_{2,3} , (D.7)

X_{3,4} = (d + 3) ~f_3(0)m_{3,1}(0) − 2 ~f_3(0)m_{3,2} − 1 2 (m_1(0) + m_1(1))m_{3,4}

+ ~f_1(0)m_{3,1}(1) + 4 ~f_2(0)m_{3,3}(0) + m_{2,3} , (D.8)

X_{3,5} = d ~f_3(1)m_{3,3}(0) − ~f_3(1)m_{3,4} + 1 2 ~f_2(1)m_{3,5}

+ ~f_1(0)m_{3,3}(1) + 3 2 ~f_2(0)m_{3,5} , (D.9)

X_{2,1} = − 5 4 ρm_{3,1}(0) + (1 2 (m_1(0) + m_1(1)) ~f_2(0) +

10 − 5d 4 ρ ) m_{3,2} −4m_1(0)m_{2,1}(0) + 2 ~f_2(0)m_{2,2} + ~f_1(0)m_{2,3} + √ 2κ , (D.10)

X_{2,2} = 3 2 ~f_2(0) ~f_3(0)m_{3,2} − 3 2 ρm_{3,3}(0) − d − 7 8 ρm_{3,4} +(d − 4) ~f_3(0)m_{2,1}(0) + ~f_1(0)m_{2,1}(1) + 3 2 ~f_2(0)m_{2,3} , (D.11)

X^{im}_{4,2} = −m^{im}_{3,3}(0) + 1 4 m^{im}_{3,4} , X^{im}_{4,3} = −X^{im}_{4,2} , (D.12)

X^{im}_{3,1} = d ~f_3(0)N_ζ m^{im}_{3,3}(0) − ~f_3(0)N_ζ m^{im}_{3,4} + (N_ζ + 1) ~f_1m^{im}_{3,3} , (D.13)

X^{im}_{3,2} = ~f_1(0)m^{im}_{3,4} , (D.14)

X^{im}_{3,3} = m^{im}_{2,3} − 1 2 (m_1(0) + m_1(1))m^{im}_{3,4} + 4 ~f_2(1)m^{im}_{3,3}(0) + 2 ~f_1(1)m^{im}_{3,5} , (D.15)

X^{im}_{3,4} = −m^{im}_{2,3} + 1 2 (m_1(0) + m_1(1))m^{im}_{3,4} − 4 ~f_2(0)m^{im}_{3,3}(0) , (D.16)

X^{im}_{3,5} = −d ~f_3(1)m^{im}_{3,3}(0) + ~f_3(1)m^{im}_{3,4} − 1 2 ~f_2(1)m^{im}_{3,5} − ~f_1(0)m^{im}_{3,3}(1) − 3 2 ~f_2(0)m^{im}_{3,5} , (D.17)

X^{im}_{2,1} = ~f_1(0)m^{im}_{2,3} , (D.18)

X^{im}_{2,2} = 3 2 ρm^{im}_{3,3}(0) + d − 7 8 ρm^{im}_{3,4} − 3 2 ~f_2(0)m^{im}_{2,3} . (D.19)

Requiring gauge variation (8.1) to vanish gives the equations X_{a,b} = X^{im}_{a,b} = 0. Solutions to these equations were discussed in Section 8. The following remarks are in order. i) From (D.3),(D.4) and (D.12), we see that the equations X_{4,a} = 0, a = 1, 2, 3, and X^{im}_{4,2} = 0, X^{im}_{4,3} = 0 lead indeed to (8.16) and (8.24) respectively.

ii) The X_{3,1} defined in (D.5) depends on the operator N_ζ , X_{3,1} = X_{3,1}(N_ζ ). Because X_{3,1} is acting on ket-vector |ϵ⟩ (8.1) which is a degree-1 polynomial in the oscillator ζ, the equation X_{3,1} = 0 amounts to the two equations, X_{3,1}(0) = 0, X_{3,1}(1) = 0. These two equations allow us to solve m_{2,1}(0), m_{2,1}(1) in terms of m_{3,a} (see (8.17),(8.18)). Equation X_{3,2} = 0 leads to (8.19) . iii) Using (8.16), we can express X_{3,4} in terms of m_{2,3} m_{3,1}(1), m_{3,2}, m_{3,4}. Also, it is convenient to express ~f_3(0) (7.16) in terms of ~f_1(0) (1.31). After this, it is easy to see that the equation X_{3,4} = 0 leads to m_{2,3} given in (8.20).

We now outline derivation of gauge variation (8.1)-(8.5). All that is required is to rewrite each term appearing in the gauge variation (see (D.1),(D.2)) in terms of the operators V_{a,b}. We now represent various pieces of the gauge variation of the vertices L_{(a)}. To simplify our formulas, we adopt the following convention. Let A and B be some operators. We use the relation

A ≈ B (D.20)

in place of e⟨ψ|A|ϵ⟩ = e⟨ψ|B|ϵ⟩ + total derivative. (D.21) Using such convention, we note that the gauge variation of the minimal gravitational vertex, δL_{(1)} (D.2), can be read from the formula

M_{(1)}(αD + F) ≈ V_{2,1} . (D.22)

From this formula, we see that the minimal gravitational vertex is indeed not gauge invariant. In order to obtain gauge invariant gravitational vertex, we should add to the minimal vertex, twoderivative vertices at least. Gauge variation of the two-derivative vertices, δL_{(2)} (D.2), related to the vertex operators M_{2,a} can be read from the formulas^{29} 3∑ a=1 M_{2,a} αD ≈ m_{2,1}V_{3,1} + (−4m_{2,1}(0) + 2m_{2,2})V_{3,2}

+ m_{2,3}V_{3,3} + m_{2,3}V_{3,4}

− 2(m_1(0) + m_1(1))m_{2,1}(0)V_{2,1}

+ (d − 4) ~f_3(0)m_{2,1}(0)V_{2,2} , (D.23) 3∑ a=1 M_{2,a} F ≈ ( ~f_2(0)(4m_{2,1}(0) + 2m_{2,2}) + ~f_1(0)m_{2,3} ) V_{2,1}

+ ( ~f_1(0)m_{2,1}(1) + 3 2 ~f_2(0)m_{2,3} ) V_{2,2} . (D.24)

29 The two-derivative vertex operators M^{im}_{2,a} are not relevant in discussion of the gravitational vertex. These vertex operators contribute only to the higher-derivative vertices of the partial massless spin 5/2 field in (A)dS space and the massless spin 5/2 field in flat space. Contributions of M^{im}_{2,a} to the gauge variation is given below.

Using these expressions, one can make sure that unwanted V_{2,1} term appearing in δL_{(1)} + δL_{(2)} can be canceled by suitable choice of m_{2,a}. But, due to δL_{(2)}, new terms governed by the operators V_{2,2}, V_{3,a}, a = 1, 2, 3, 4, appear in δL_{(1)} + δL_{(2)}. These new terms should also be canceled to obtain gauge invariant Lagrangian L_{(1)} + L_{(2)}. One can make sure that this is not possible when d > 4. This, when d > 4, the equation δL_{(1)} + δL_{(2)} = 0 can in no way be satisfied by choice of m_{2,a}. However it turns out that the equation δL_{(1)} +δL_{(2)} = 0 has solution when d = 4. Reason for this is traced to the fact that the operators V_{3,a}, a = 1, 2, 3, 4, are not all independent when d = 4. Namely, two of them, V_{3,2} and V_{3,4}, are expressible in terms of the remaining operators (see (F.38),(F.39)). Plugging (F.38),(F.39) in (D.23), one can make sure that the equation δL_{(1)} + δL_{(2)} = 0 can be satisfied by suitable choice of m_{2,a}. Solution for such m_{2,a} is given in (5.26),(5.27). This, to obtain the gravitational vertex for d > 4 we should add to L_{(1)} and L_{(2)} the three-derivative vertices L_{(3)}. The gauge variation of these vertices can be read from the following formulas:

M_{3,1}αD ≈ −m_{3,1}(0)V_{4,1} − 1 4 ~f_2m_{3,1}V_{3,1}

− ~f_3(0)m_{3,1}(0)V_{3,3} + (d + 3) ~f_3(0)m_{3,1}(0)V_{3,4} − 5 4 ρm_{3,1}(0)V_{2,1} , (D.25)

M_{3,2} αD ≈ m_{3,2}V_{4,1} − ~f_2(0)m_{3,2}V_{3,2}

+ 2 ~f_3(0)m_{3,2}V_{3,3} − 2 ~f_3(0)m_{3,2}V_{3,4} + (3 4 (m^2_1(0) − m^2_1(1)) +

10 − 5d 4 ρ ) m_{3,2}V_{2,1} , − 9 2 ~f_2(0) ~f_3(0)m_{3,2}V_{2,2} , (D.26)

M_{3,3}αD ≈ −m_{3,3}(0)V_{4,2} − m_{3,3}(0)V_{4,3}

+ (d + 2) ~f_3(0)m_{3,3}(0)N_ζ V_{3,1} + d ~f_3(1)m_{3,3}(0)V_{3,5} − 3 2 ρm_{3,3}(0)V_{2,2} , (D.27)

M_{3,4}αD ≈ 1 4 m_{3,4}V_{4,2} + 1 4 m_{3,4}V_{4,3}

− 2 ~f_3(0)N_ζ m_{3,4}V_{3,1} − 1 2 (m_1(0) + m_1(2))m_{3,4}V_{3,3}

− m_1(1)m_{3,4}V_{3,4} − ~f_3(1)m_{3,4}V_{3,5} − ρ 8 (d − 7)m_{3,4}V_{2,2} , (D.28)

M_{3,5}αD ≈ 1 2 ~f_2(1)m_{3,5}V_{3,5} , (D.29)

M_{3,1}F ≈ 3 4 ~f_2m_{3,1}V_{3,1} − ~f_2(0)m_{3,1}(0)V_{3,2}

+ 2 ~f_3(0)m_{3,1}(0)V_{3,3} + ~f_1(0)m_{3,1}(1)V_{3,4} , (D.30)

M_{3,2}F ≈ 4 ~f_2(0)m_{3,2}V_{3,2} + 2(m_1(0) + m_1(1)) ~f_2(0)m_{3,2}V_{2,1}

+ 6 ~f_2(0) ~f_3(0)m_{3,2}V_{2,2} , (D.31) M_{3,3}F ≈ ( ~f_1(N_ζ + 1)m_{3,3} + 2 ~f_3(0)N_ζ m_{3,3}(0) ) V_{3,1} + 4 ~f_2(1)m_{3,3}(0)V_{3,3}

+ 4 ~f_2(0)m_{3,3}(0)V_{3,4} + ~f_1(0)m_{3,3}(1)V_{3,5} , (D.32)

M_{3,4}F ≈ ~f_1(0)m_{3,4}V_{3,2} + ~f_2(1)m_{3,4}V_{3,3} + ~f_2(0)m_{3,4}V_{3,4} , (D.33)

M_{3,5}F ≈ 2 ~f_1(1)m_{3,5}V_{3,3} + 3 2 ~f_2(0)m_{3,5}V_{3,5} . (D.34)

Altogether, the relations in (D.22)-(D.34) give the gauge variation in (8.1)-(8.5) with the X_{a,b} defined in (D.3)-(D.11). We note that, due to δL_{(3)}, new terms governed by the vertex operators V_{3,5}, V_{4,a}, a = 1, 2, 3, appear in the gauge variation δ(L_{(1)} + L_{(2)} + L_{(3)}). Now, the equation δ(L_{(1)} + L_{(2)} + L_{(3)}) = 0 can be solved for arbitrary d > 4 by suitable choice of the coefficients m_{3,a} and m_{2,a}. To summarize, when d > 4, the procedure of building the gravitational vertex of the massive spin 5/2 field terminates at three-derivative vertices.

The remaining two-derivative and three derivative vertex operators M^{im}_{2,a} and M^{im}_{3,a} do not contribute to the gravitational vertex. But, these operators lead to some higher-derivative vertices. The gauge variation of vertices associated with the operators M^{im}_{2,a}, M^{im}_{3,a} can be read from the following formulas:

M^{im}_{2,3}αD ≈ m^{im}_{2,3}V_{3,3} − m^{im}_{2,3}V_{3,4} , (D.35)

M^{im}_{2,3}F ≈ ~f_1(0)m^{im}_{2,3}V_{2,1} − 3 2 ~f_2(0)m^{im}_{2,3}V_{2,2} , (D.36)

M^{im}_{3,3}αD ≈ −m^{im}_{3,3}(0)V_{4,2} + m^{im}_{3,3}(0)V_{4,3}

+ (d + 2) ~f_3(0)m^{im}_{3,3}(0)N_ζ V_{3,1} − d ~f_3(1)m^{im}_{3,3}(0)V_{3,5} + 3 2 ρm^{im}_{3,3}(0)V_{2,2} , (D.37)

M^{im}_{3,4}αD ≈ 1 4 m^{im}_{3,4}V_{4,2} − 1 4 m^{im}_{3,4}V_{4,3}

− ~f_3(0)N_ζ m^{im}_{3,4}V_{3,1} − 1 2 (m_1(0) + m_1(2))m^{im}_{3,4}V_{3,3}

+ m_1(1)m^{im}_{3,4}V_{3,4} + ~f_3(1)m^{im}_{3,4}V_{3,5} + ρ 8 (d − 7)m^{im}_{3,4}V_{2,2} , (D.38)

M^{im}_{3,5}αD ≈ − 1 2 ~f_2(1)m^{im}_{3,5}V_{3,5} , (D.39)

M^{im}_{3,3}F ≈ ( (N_ζ + 1) ~f_1m^{im}_{3,3} − 2 ~f_3(0)N_ζ m^{im}_{3,3}(0) ) V_{3,1} + 4 ~f_2(1)m^{im}_{3,3}(0)V_{3,3}

− 4 ~f_2(0)m^{im}_{3,3}(0)V_{3,4} − ~f_1(0)m^{im}_{3,3}(1)V_{3,5} , (D.40)

M^{im}_{3,4}F ≈ ~f_1(0)m^{im}_{3,4}V_{3,2} + ~f_2(1)m^{im}_{3,4}V_{3,3} − ~f_2(0)m^{im}_{3,4}V_{3,4} , (D.41)

M^{im}_{3,5}F ≈ 2 ~f_1(1)m^{im}_{3,5}V_{3,3} − 3 2 ~f_2(0)m^{im}_{3,5}V_{3,5} . (D.42)

Altogether, the relations in (D.35)-(D.42) give X^{im}_{a,b} terms in gauge variation (8.1)-(8.5) with the X^{im}_{a,b} defined in (D.12)-(D.19).

Up to this point we have considered the case of d > 4. We now explain how the results above discussed can be used for derivation of X_{a,b}, X^{im}_{a,b} in d = 4.

Firstly, we note that, when d = 4, the operators M_{3,1}, M_{3,2}, M_{3,4}, M^{im}_{3,4} are expressible in terms of the remaining operators M_{a,b}, M^{im}_{a,b}. This can be taken into account by equating to zero the corresponding coefficients m_{3,1}, m_{3,2}, m_{3,4}, m^{im}_{3,4} (see (8.31)) in the expressions for X_{a,b}, X^{im}_{a,b} given in (D.3)-(D.19). In this way, we obtain that X_{4,1} (see (D.3)) is automatically equal to zero, while the equations X_{4,a} = 0, X^{im}_{4,a} = 0, a = 2, 3, (see (D.4),(D.12)) give

m_{3,3}(0) = 0 , m^{im}_{3,3}(0) = 0 . (D.43)

Secondly, when d = 4, the operators V_{3,2} and V_{3,4}, are expressible in terms of the remaining operators V_{3,a},V_{2,a}. This, when d = 4, basis of the operators V_{a,b} is given by (8.32). To take this into account, we substitute the representation for the operators V_{3,2} and V_{3,4} given in (F.38),(F.39) into the gauge variation (see (8.3)-(8.5)) and represent the gauge variation in terms of base operators V_{a,b} (8.32). In this way, we transform the gauge variation to the form (8.33)-(8.35) and, using (D.43), we obtain the corresponding X_{a,b}, X^{im}_{a,b},

X_{3,1} = 1 2 (1 − N_ζ )(4m_{2,1}(0) − m_{2,2}) + N_ζ (m_{2,1}(1) + 2 ~f_1(1)m_{3,3}(1)) , (D.44)

X_{3,3} = 2 ~f_1(1)m_{3,5} + m_{2,3} , (D.45)

X_{3,5} = ~f_1(0)m_{3,3}(1) + 3 4 mm_{3,5} , (D.46)

X_{2,1} = −2mm_{2,1}(0) − 1 2 mm_{2,2} + ~f_1(0)m_{2,3} + √ 2κ , (D.47)

X_{2,2} = ~f_1(0)m_{2,1}(1) + 3 4 mm_{2,3} , (D.48)

X^{im}_{3,1} = 2N_ζ ~f_1(1)m^{im}_{3,3}(1) , (D.49)

X^{im}_{3,3} = m^{im}_{2,3} + 2 ~f_1(1)m^{im}_{3,5} , (D.50)

X^{im}_{3,5} = − ~f_1(0)m^{im}_{3,3}(1) − 3 4 mm^{im}_{3,5} , (D.51)

X^{im}_{2,1} = ~f_1(0)m^{im}_{2,3} , (D.52)

X^{im}_{2,2} = − 3 4 mm^{im}_{2,3} . (D.53)

All solutions to the equations X_{a,b} = 0, X^{im}_{a,b} = 0 were discussed in Sections 5, 6. From (D.44)- (D.53), it is easy to see that solution to the equations for the gravitational vertex, X_{a,b} = 0, X^{im}_{a,b} = 0, κ ≠ 0, is indeed given by (5.26),(5.27). In other words, in d = 4, the gravitational vertex does not involve three-derivative contributions.

We now outline procedure for deriving relations (D.22)-(D.42). Let X be operator constructed out the Weyl tensor, the oscillators, and the covariant derivative. Then, we use the following procedure. i) Expressions like ⟨ψ|XαD|ϵ⟩ and ⟨ψ|ᾱDX|ϵ⟩ can be rewritten as ⟨ψ|[X, αD] + αDX|ϵ⟩ and ⟨ψ|[ᾱD, X] + XᾱD|ϵ⟩ respectively. Expressions like ⟨ψ|[X, αD]|ϵ⟩ and ⟨ψ|[ᾱD, X]|ϵ⟩ can be evaluated by using commutators for the covariant derivative and various relations for the Weyl tensor. The remaining expressions like ⟨ψ|αDX|ϵ⟩ and ⟨ψ|XᾱD|ϵ⟩ are evaluated by using Lorentz constraints for ⟨ψ| (7.18) and |ϵ⟩ (7.30) to obtain

αDX ≈ ζ(d + 2 − 2N_ζ ) ~f_3X , (D.54) XᾱD ≈ −d ~f_3(0)Xζ̄ . (D.55) ii) In expressions like ⟨ψ|D/ X|ϵ⟩ and ⟨ψ|XD/ |ϵ⟩, use E.o.M for ⟨ψ| and |ϵ⟩ to obtain the relations

D/ X ≈ (−m_1 + 2ζ ~f_3γᾱ)X , (D.56)

XD/ ≈ X(−m^{(1)}_1 − 2γα ~f_3(0)ζ̄) . (D.57)

iii) In expressions like ⟨ψ|Xγα|ϵ⟩, (anti)commute γα to left, while, in expressions like ⟨ψ|γᾱX|ϵ⟩, (anti)commute γᾱ to right, and then use the γ-tracelessness constraints to obtain the relations γαX ≈ 0 , Xγᾱ ≈ 0 . (D.58) iv) Rewrite expressions like ⟨ψ|[D^A, X]D^A|ϵ⟩ as [D^A, X]D^A ≈ 1 2 D^2X − 1 2 XD^2 − 1 2 [D^A, [D^A, X]] , (D.59)

D^2 ≡ D^AD^A, and then use the relations X□ ≈ X ( m^{(1)}_1 m^{(1)}_1 + ρ( d(d − 1) + 4 4 − N_ζ ) − 4γα ~f_2(1) ~f_3(0)ζ̄ − 4αD ~f_3(0)ζ̄ ) , (D.60) □X ≈ ( m^2_1 + ρ( d(d − 1) + 8 4 − N_ζ ) + 4ζ ~f_2 ~f_3γᾱ − 4ζ^2 ~f_3(0) ~f_3(1)ᾱ^2 + 4ζ ~f_3ᾱD ) X , (D.61)

which are obtainable from E.o.M for ⟨ψ| and |ϵ⟩. The operator □ is defined in (B.13). Expression like [D^A, [D^A, X]] can be simplified by using relations for the Weyl tensor given in (7.35)-(7.39).

Appendix E Basis of vertex operators in d > 4

For d > 4, the vertex operators defined in (1.8)-(1.19) constitute a complete basis of on-shell two-derivative and three-derivative vertex operators. This is to say that, on-shell, all remaining two-derivative and three-derivative vertex operators constructed out the Weyl tensor and covariant derivative can be expressed in terms of operators (1.8)-(1.19). Note that vertex operators A and B are considered to be equivalent if they satisfy the relation e⟨ψ|A|ψ⟩ = e⟨ψ|B|ψ⟩ + total derivative, (E.1) which we simply rewrite as A ∼ B . (E.2)

To discuss basis of vertex operators in d > 4, we drop the coefficients m_{a,b}, m^{im}_{a,b} in (1.8)-(1.19) and obtain the following basis of two-derivative and three-derivative vertex operators for d > 4:

M_{2,1}(a) = C^{ABCE} γ^{AB}α^Cᾱ^E ^f(a) , a = 0, 1 , (E.3)

M_{2,2} = C^{ABCE} α^Aα^Eᾱ^Bᾱ^C , (E.4) M_{2,3} = C^{ABCE} γ^A ( α^Bα^Cᾱ^Eζ̄ − ζα^Eᾱ^Bᾱ^C ) , (E.5)

M_{3,1}(a) = C^{A(BC)E} γ^Aα^Bᾱ^C D^E ^f(a) , a = 0, 1 , (E.6)

M_{3,2} = 1 2 D^F C^{ABCE}γ^A(α^B α^Cᾱ^Eᾱ^F − α^Eα^F ᾱ^Bᾱ^C ) , (E.7) M_{3,3}(a) = C^{ABCE} γ^{AB} ( α^C ^f(a)ζ̄ + ζ ^f(a)ᾱ^C ) D^E , a = 0, 1 , (E.8) M_{3,4} = C^{ABCE} ( α^Bα^Cᾱ^Aζ̄ − ζα^Aᾱ^Bᾱ^C ) D^E , (E.9) M_{3,5} = C^{ABCE} γ^A ( α^Bα^Cζ̄^2 + ζ^2ᾱ^Bᾱ^C ) D^E , (E.10)

M^{im}_{2,3} = C^{ABCE} γ^A ( α^Bα^Cᾱ^Eζ̄ + ζα^Eᾱ^Bᾱ^C ) , (E.11) M^{im}_{3,3}(a) = C^{ABCE} γ^{AB} ( α^C ^f(a)ζ̄ − ζ ^f(a)ᾱ^C ) D^E , a = 0, 1 , (E.12)

M^{im}_{3,4} = C^{ABCE} ( α^Bα^Cᾱ^Aζ̄ + ζα^Aᾱ^Bᾱ^C ) D^E , (E.13)

M^{im}_{3,5} = C^{ABCE} γ^A ( α^Bα^Cζ̄^2 − ζ^2ᾱ^Bᾱ^C ) D^E , (E.14)

where operators M(a), (E.3),(E.6),(E.8),(E.12), depend on the operator N_ζ through the function ^f(a) defined by ^f(0) = 1 − N_ζ , ^f(1) = N_ζ . (E.15)

This implies that each operator M(a) provides two base operators: M(0) and M(1). The representation for operators M = M_{a,b}, M^{im}_{a,b} given in (E.3)-(E.14) is obtained by requiring that: i) M do not involve higher than second order terms in α^A, ζ, ᾱ^A, ζ̄ and satisfy the commutators [N_α + N_ζ , M] = 0;

ii) M do not involve terms like γαp_1 and p_2γᾱ, where p_{1,2} are polynomial in the oscillators (such terms in view of the γ-tracelessness constraint do not contribute to L_{(a)}).

We note that under the hermitian conjugation the operators M_{a,b}, M^{im}_{a,b} transform as

(eM_{a,b})^† = −γ^0eM_{a,b}γ^0 , (eM^{im}_{a,b})^† = +γ^0eM^{im}_{a,b}γ^0 , (E.16) e ≡ det e^A_μ . To derive this, we use (7.36). Relations (E.16) imply that in order for the interaction vertices L_{(2)}, L_{(3)} (1.3) to be real-valued, the operators M_{a,b} and M^{im}_{a,b} should be multiplied by the respective real-valued coefficients m_{a,b} and purely-imagine coefficients m^{im}_{a,b} (see (1.8)-(1.19), (1.25),(1.26)).

To demonstrate that M_{a,b}, M^{im}_{a,b} form a basis of vertex operators and to illustrate the techniques, let us consider the following vertex operator C^{ABCE} γ^Aα^Cᾱ^ED^B ^f(a). This vertex operator does not enter into our vertices basis, and hence it should be expressible in terms of M_{a,b} and M^{im}_{a,b}. To show that this in fact the case, we prove the relation

C^{ABCE} γ^Aα^Cᾱ^ED^B ^f(a) ∼ −2 ~f_3(0)δ_{a,0}M^{im}_{2,3} , (E.17)

where δ_{a,0} = 1(0) for a = 0(1). To this end, we firstly note the relations

M_{2,1}(a)D/ ∼ −m_1M_{2,1}(a) − 8 ~f_3(0)δ_{a,0}M^+_{2,3} , (E.18)

D/ M_{2,1}(a) ∼ −m_1M_{2,1}(a) + 8 ~f_3(0)δ_{a,0}M^−_{2,3} , (E.19)

where M^±_{2,3} are defined in (F.26),(F.27). To prove (E.18), we use E.o.M for |ψ⟩, (7.11), and obvious formula α^Aα^Bᾱ^C ^f(a)ζ̄ ∼ δ_{a,0}α^Aα^Bᾱ^Cζ̄ , (E.20) which just reflects the fact that |ψ⟩ is a degree-2 homogeneous polynomial in the oscillators α^A, ζ. Proof of relation (E.19) is similar: we use E.o.M for ⟨ψ| and obvious formula

ζα^Aᾱ^Bᾱ^C ^f(a) ∼ δ_{a,0}ζα^Aᾱ^Bᾱ^C . (E.21)

Secondly, taking commutators of relations (E.18), (E.19), we obtain

[M_{2,1}(a), D/ ] ∼ −8 ~f_3(0)δ_{a,0}M^{im}_{2,3} . (E.22)

Then, using the well-known commutator 1 2 [γ^{AB} , γ^C ] = γ^Aη^{BC} − γ^B η^{AC} , (E.23)

and relations for the Weyl tensor given in (7.35)-(7.39), we rewrite l.h.s of (E.22) as [M_{2,1}(a), D/ ] ∼ 4C^{ABCE}γ^Aα^Cᾱ^ED^B ^f(a) . (E.24) Comparing (E.22) with (E.24) gives desired relation (E.17).

Appendix F Basis of vertex operators in d = 4

For d = 4, the basis of vertex operators (1.8)-(1.19) turns out to be over-completed, i.e., some of the vertex operators in (1.8)-(1.19) (or equivalently (E.3)-(E.14)) can be expressed in terms of others. This is to say that, using convention in (E.2),(E.1), we have the following relations for the vertex operators when d = 4:

M_{3,1}(a) ∼ 1 4 m_1M_{2,1}(a) − 1 4 ~f_1(0)M_{2,3}δ_{a,0} , a = 0, 1 , (F.1)

M_{3,2} ∼ − 1 2 m_1M_{2,1}(0) − mM_{2,2} − 1 2 ~f_1(0)M_{2,3} , (F.2) M_{3,4} ∼ − 1 4 M_{3,3}(0) − 1 2 mM_{2,3} , (F.3)

M^{im}_{3,4} ∼ − 1 4 M^{im}_{3,3}(0) − 1 2 mM^{im}_{2,3} , (F.4)

where δ_{a,0} = 1(0) for a = 0(1). Taking these relations into account we find the following basis of two-derivative and three-derivative vertex operators in d = 4:

M_{2,1}(a) = C^{ABCE} γ^{AB} α^Cᾱ^E ^f(a) , a = 0, 1 , (F.5)

M_{2,2} = C^{ABCE} α^Aα^Eᾱ^Bᾱ^C , (F.6) M_{2,3} = C^{ABCE} γ^A ( α^B α^Cᾱ^Eζ̄ − ζα^Eᾱ^Bᾱ^C ) , (F.7) M_{3,3}(a) = C^{ABCE} γ^{AB} ( α^C ^f(a)ζ̄ + ζ ^f(a)ᾱ^C ) D^E , a = 0, 1 , (F.8) M_{3,5} = C^{ABCE} γ^A ( α^B α^Cζ̄^2 + ζ^2ᾱ^Bᾱ^C ) D^E , (F.9)

M^{im}_{2,3} = C^{ABCE} γ^A ( α^Bα^Cᾱ^Eζ̄ + ζα^Eᾱ^Bᾱ^C ) , (F.10) M^{im}_{3,3}(a) = C^{ABCE} γ^{AB} ( α^C ^f(a)ζ̄ − ζ ^f(a)ᾱ^C ) D^E , a = 0, 1 , (F.11)

M^{im}_{3,5} = C^{ABCE} γ^A ( α^Bα^Cζ̄^2 − ζ^2ᾱ^Bᾱ^C ) D^E , (F.12)

where ^f(a) is as shown in (E.15). To illustrate the techniques, we derive relation (F.1). We start with the identity C^{AB[CE} γ^{ABF ]}α^Cᾱ^ED^F ^f(a) = 0 , (F.13) which reflects the fact that antisymmetrization w.r.t five indices ABCEF gives zero when d = 4. In (F.13) and below, antisymmetrization of three γ matrices in γ^{ABC} is normalized so that γ^{012} = γ^0γ^1γ^2. Rewriting identity (F.13) as ( C^{ABCE} γ^{ABF} α^Cᾱ^E D^F + C^{ABF C} γ^{ABE} α^Cᾱ^ED^F + C^{ABEF} γ^{ABC} α^Cᾱ^E D^F ) ^f(a) = 0 , (F.14)

we note that the first term and sum of the second and third terms in (F.14) can be rewritten as C^{ABCE}γ^{ABF} α^Cᾱ^E D^F ^f(a) = M_{2,1}(a)D/ − 2C^{ABCE}γ^Aα^Cᾱ^ED^B , (F.15) C^{ABF C} γ^{ABE} α^Cᾱ^E D^F ^f(a) + C^{ABEF} γ^{ABC} α^Cᾱ^E D^F ^f(a) ∼ 4M_{3,1}(a) (F.16) respectively. To derive (F.15), we just use the obvious relation

γ^{ABF} = γ^{AB}γ^F − γ^Aη^{BF} + γ^Bη^{AF} , (F.17)

while to derive (F.16) we use the relations

γ^{ABE} = γ^{AB}γ^E − γ^Aη^{BE} + γ^Bη^{AE} , (F.18) γ^{ABC} = γ^C γ^{AB} − η^{CA}γ^B + η^{CB} γ^A , (F.19) and the γ-tracelessness condition for ⟨ψ|. Taking relations (F.15), (F.16) into account we see that identity (F.14) amounts to the relation M_{2,1}(a)D/ − 2C^{ABCE} γ^Aα^Cᾱ^ED^B + 4M_{3,1}(a) ∼ 0 . (F.20) In view of (E.17),(E.18), which are valid for d ≥ 4, and the relation ~f_1(0) = −4 ~f_3(0), we see that (F.20) amounts to relation (F.1).

In similar way, one can prove the remaining relations (F.2)-(F.4). To this end, we use the following respective identities:

C^{AB[CE} α^{|E|}α^Aᾱ^Bγ^{F ]} ᾱ^C D^F = 0 , (F.21) C^{AB[CE} γ^{AF} α^{B]}α^Cᾱ^Eζ̄D^F = 0 , (F.22) C^{AB[CE}ζα^{|E|}γ^{AF B]}ᾱ^C D^F = 0 . (F.23) We note that (F.21) leads to (F.2), while (F.21),(F.22) lead to M^+_{3,4} = − 1 4 M^+_{3,3}(0) − 1 2 mM^+_{2,3} , (F.24)

M^−_{3,4} = 1 4 M^−_{3,3}(0) − 1 2 mM^−_{2,3} , (F.25) where we use the notation M^+_{2,3} = C^{ABCE} γ^Aα^Bα^Cᾱ^Eζ̄ , (F.26) M^−_{2,3} = C^{ABCE} γ^Aζα^Eᾱ^Bᾱ^C , (F.27) M^+_{3,3}(a) = C^{ABCE} γ^{AB} α^C ^f(a)ζ̄D^E , (F.28) M^−_{3,3}(a) = C^{ABCE} γ^{AB} ζ ^f(a)ᾱ^C D^E , (F.29) M^+_{3,4} = C^{ABCE} α^Bα^Cᾱ^Aζ̄D^E , (F.30) M^−_{3,4} = C^{ABCE} ζα^Aᾱ^Bᾱ^C D^E . (F.31) In view of relations M_{2,3} = M^+_{2,3} − M^−_{2,3} , (F.32) M_{3,3}(a) = M^+_{3,3}(a) + M^−_{3,3}(a) , (F.33) M_{3,4} = M^+_{3,4} − M^−_{3,4} , (F.34) M^{im}_{2,3} = M^+_{2,3} + M^−_{2,3} , (F.35) M^{im}_{3,3}(a) = M^+_{3,3}(a) − M^−_{3,3}(a) , (F.36) M^{im}_{3,4} = M^+_{3,4} + M^−_{3,4} , (F.37) we see that (F.24),(F.25) amount to (F.3),(F.4).

To finish discussion in this Appendix, we note that, when d = 4, basis of the operators V_{a,b} (8.6)-(8.15) also turns out to be over-completed, i.e., some of the operators in (8.6)-(8.15) can be expressed in terms of others. Namely, when d = 4, the following relations hold true

V_{3,2} ≈ 1 4 (N_ζ − 1)V_{3,1} − 1 2 mV_{2,1} , (F.38)

V_{3,4} ≈ 3 8 mV_{2,2} . (F.39)

These relations can be obtained by using the following respective identities: C^{AB[CE} γ^{AF} α^{B]}α^Cᾱ^ED^F = 0 , (F.40) C^{AB[CE} γ^{ABF ]}ζα^Cᾱ^E D^F = 0 . (F.41)

References

[1] C. Fronsdal, Phys. Rev. D 20, 848 (1979).

[2] M. A. Vasiliev, Phys. Lett. B 567, 139 (2003) [arXiv:hep-th/0304049]. [3] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] [arXiv:hep-th/9711200].

[4] M. A. Vasiliev, Comptes Rendus Physique 5, 1101 (2004) [arXiv:hep-th/0409260]. [5] X. Bekaert, S. Cnockaert, C. Iazeolla and M. A. Vasiliev, arXiv:hep-th/0503128. [6] A. A. Tseytlin, Theor. Math. Phys. 133, 1376 (2002) [Teor. Mat. Fiz. 133, 69 (2002)] [arXiv:hep-th/0201112].

[7] P. Haggi-Mani and B. Sundborg, JHEP 0004, 031 (2000) [arXiv:hep-th/0002189]. [8] B. Sundborg, Nucl. Phys. Proc. Suppl. 102, 113 (2001) [arXiv:hep-th/0103247]. [9] G. Bonelli, Nucl. Phys. B 669, 159 (2003) [arXiv:hep-th/0305155]. [10] G. Bonelli, JHEP 0311, 028 (2003) [arXiv:hep-th/0309222]. [11] V. E. Lopatin and M. A. Vasiliev, Mod. Phys. Lett. A 3, 257 (1988). [12] M. A. Vasiliev, Nucl. Phys. B 301, 26 (1988). [13] R. R. Metsaev, Phys. Lett. B 354, 78 (1995).

[14] R. R. Metsaev, Phys. Lett. B 419, 49 (1998) [arXiv:hep-th/9802097]. [15] A. Fotopoulos, K. L. Panigrahi and M. Tsulaia, arXiv:hep-th/0607248. [16] I. L. Buchbinder, A. Pashnev and M. Tsulaia, Phys. Lett. B 523, 338 (2001) [arXiv:hep-th/0109067].

[17] A. Sagnotti and M. Tsulaia, Nucl. Phys. B 682, 83 (2004) [arXiv:hep-th/0311257]. [18] I. L. Buchbinder, V. A. Krykhtin and P. M. Lavrov, arXiv:hep-th/0608005. [19] I. L. Buchbinder, V. A. Krykhtin, L. L. Ryskina and H. Takata, arXiv:hep-th/0603212. [20] K.B. Alkalaev, O.V. Shaynkman and M.A. Vasiliev, Nucl.Phys.B 692, 363 (2004) [hep-th/0311164].

[21] K. B. Alkalaev, O. V. Shaynkman and M. A. Vasiliev, JHEP 0508, 069 (2005) [arXiv:hep-th/0501108].

[22] P. de Medeiros, Class. Quant. Grav. 21, 2571 (2004) [arXiv:hep-th/0311254]. [23] A. R. Gover, K. Hallowell and A. Waldron, arXiv:hep-th/0606160. [24] P. Baekler, N. Boulanger and F. W. Hehl, arXiv:hep-th/0608122. [25] Yu. M. Zinoviev, arXiv:hep-th/0108192.

[26] R. R. Metsaev, Phys. Lett. B 643, 205 (2006) [arXiv:hep-th/0609029]. [27] Yu. M. Zinoviev, arXiv:hep-th/0609170.

[28] R. R. Metsaev, Nucl. Phys. B 759, 147 (2006) [arXiv:hep-th/0512342]. [29] C. Aragone and S. Deser, Phys. Lett. B 86, 161 (1979).

[30] F. A. Berends, J. W. van Holten, B. de Wit and P. van Nieuwenhuizen, J. Phys. A 13, 1643 (1980).

[31] E. S. Fradkin and M. A. Vasiliev, Phys. Lett. B 189, 89 (1987). [32] D. Sorokin, AIP Conf. Proc. 767, 172 (2005) [arXiv:hep-th/0405069]. [33] M. Porrati, Phys. Lett. B 304, 77 (1993) [arXiv:gr-qc/9301012].

[34] A. Cucchieri, M. Porrati and S. Deser, Phys. Rev. D 51, 4543 (1995) [arXiv:hep-th/9408073]. [35] I. Giannakis, J. T. Liu and M. Porrati, Phys. Rev. D 59, 104013 (1999) [arXiv:hep-th/9809142].

[36] P. C. Argyres and C. R. Nappi, Phys. Lett. B 224, 89 (1989). [37] S. Ferrara, M. Porrati and V. L. Telegdi, Phys. Rev. D 46, 3529 (1992). [38] S. M. Klishevich, Int. J. Mod. Phys. A 15, 395 (2000) [arXiv:hep-th/9805174]. [39] S. M. Klishevich, Int. J. Mod. Phys. A 15, 535 (2000) [arXiv:hep-th/9810228]. [40] S. M. Klishevich, Class. Quant. Grav. 16, 2915 (1999) [arXiv:hep-th/9812005]. [41] S.M.Klishevich and Y.M.Zinovev, Phys.Atom.Nucl. 61, 1527 (1998); hep-th/9708150. [42] I. L. Buchbinder, D. M. Gitman and V. D. Pershin, Phys. Lett. B 492, 161 (2000) hep-th/0006144 [43] I. L. Buchbinder, D. M. Gitman, V. A. Krykhtin and V. D. Pershin, Nucl. Phys. B 584, 615 (2000) [arXiv:hep-th/9910188].

[44] S. Deser and R. I. Nepomechie, Annals Phys. 154, 396 (1984). [45] S. Deser and A. Waldron, Phys. Lett. B 513, 137 (2001) [arXiv:hep-th/0105181]. [46] S. Deser and A. Waldron, Nucl. Phys. B 607, 577 (2001) [arXiv:hep-th/0103198]. [47] E. D. Skvortsov and M. A. Vasiliev, arXiv:hep-th/0601095.

[48] I.L. Buchbinder, V.A. Krykhtin and A.Pashnev, Nucl.Phys.B 711, 367 (2005) [arXiv:hep-th/0410215].

[49] I. L. Buchbinder and V. A. Krykhtin, Nucl. Phys. B 727, 537 (2005) [arXiv:hep-th/0505092]. [50] D. Francia and A. Sagnotti, Phys. Lett. B 624, 93 (2005) [arXiv:hep-th/0507144]. [51] D. Francia and A. Sagnotti, Phys. Lett. B 543, 303 (2002) [arXiv:hep-th/0207002]. [52] D. Francia and A. Sagnotti, Class. Quant. Grav. 20, S473 (2003) [arXiv:hep-th/0212185]. [53] I. L. Buchbinder, A. Fotopoulos, A. C. Petkou and M. Tsulaia, Phys. Rev. D 74, 105018 (2006) [arXiv:hep-th/0609082].

[54] J. M. F. Labastida, Nucl. Phys. B 322, 185 (1989).

[55] T. Biswas and W. Siegel, JHEP 0207, 005 (2002) [arXiv:hep-th/0203115]. [56] K. Hallowell and A. Waldron, Nucl. Phys. B 724, 453 (2005) [arXiv:hep-th/0505255]. [57] R. R. Metsaev, Phys. Lett. B 590, 95 (2004) [arXiv:hep-th/0312297]. [58] R. R. Metsaev, Nucl. Phys. B 563, 295 (1999) [arXiv:hep-th/9906217].