arXiv:hep-th/0701008v2 29 Aug 2008

A thermodynamical model for non-extremal black p-brane

Ken-ichi Ohshima^∗ Institute of Physics, University of Tokyo Komaba, Meguro-ku 153 Tokyo (Dated: August 29, 2008)

We show that the correct entropy, temperature (and absorption probability) of non-extremal black p-brane can be reproduced by a certain thermodynamical model when maximizing its entropy. We show that the form of the model is related to the geometrical similarity of non-extremal and near extremal black p-brane at near horizon region, and argue about the appropriateness of the model.

PACS numbers: 04.70.Dy, 04.70.-s, 04.60.-m, 11.25.Tq, 11.25.Uv

I. INTRODUCTION

The microscopic origin of black hole entropy has been considered to be an important subject for years, since the mechanism of black hole thermodynamics is regarded to be explained by quantum gravity theory. String theory, the leading candidate of quantum gravity theory, actually explained a black hole entropy by a microscopic model [2]. A certain D-brane model exactly reproduces the black hole entropy including its coefficient. It is based on supersymmetric nature of the black hole, which ensures vanishing quantum corrections so that the string - D-brane model defined at weak coupling region reproduces entropy in strong coupling region. Due to similar supersymmetric nature, AdS/CFT correspondence [27] has been providing various important results.

On the other hand, when supersymmetry is broken, the relation between D-brane model in weak coupling region and supergravity (of strong coupling region) is unclear, since the quantum correction is unknown. It is difficult to relate string theoretical models to black hole thermodynamics in general. However, it is important to look for thermodynamical models which can describe black hole thermodynamics, since one might find a clue to understand non-perturbative property of quantum gravity theory.

For example, [4] showed that D3-brane and open string gas model provides the microscopic description of near extremal black 3-brane thermodynamics, up to numerical factor. The reason of this agreement without supersymmetry is explained in [26] [28] [29], and the reason of the discrepancy of the coefficient is studied in [6][7]. In addition, [5] showed that the entropy of near extremal black p-brane is described as S ∝ q^aT^b where T is the temperature and q is the charge.

Surprisingly, [9] showed that D3-brane - anti D3-brane model also provides the microscopic description of nonextremal (and in particular Schwarzschild) thermodynamics, including its absorption probability [37], up to numerical factor. [10] [11] extended it to general neutral p-brane and showed that the similar model reproduces the correct entropy up to numerical factor. It is also applied to non-extremal black p-branes, multi-charged branes, rotating branes [12] [13] [14] [15] [17]. Recently, [48] showed a relation between the thermodynamics of chargeless black 3-brane and D3-brane - anti D3-brane system, in the supergravity framework.

All those thermodynamical models for black 3-brane are T^4 model, i.e., the thermodynamics of black 3-brane is described like R^{3+1} massless field in finite temperature. This might indicate a correspondence between gravity and other massless theory. In addition, all those models are “extended near extremal model”, i.e., when the thermal energy of the near extremal p-brane is described by T^α, that of the non-extremal p-brane (far from extremality) is also described by T^α.

In this paper, we propose an expression of a “phenomenological” thermodynamical model which provides the correct entropy and temperature and absorption probability including coefficients. This expression does not yield additional discrepancy in the coefficient, and exactly reproduces the supergravity results. Next we show a geometrical similarity between the near extremal black p-brane and non-extremal black p-brane. This geometrical similarity results in the “extended near extremal model” which we mentioned above. We also show that our thermodynamical model is in fact appropriate for blackbody radiation of non-extremal black 3-brane, by considering the action of dilaton field in the low energy region. And we show that the correct absorption probability and greybody factor for non-extremal black 3-brane are also obtained. We show that this exact agreement is due to the equality of the scalar field equation in black 3-brane background and parameter changed near extremal 3-brane background.

∗ohshimak@hep1.c.u-tokyo.ac.jp

The organization of this paper is as follows. In section II, we briefly review black p-brane and the thermodynamic quantities of black p-brane. and the thermodynamical models proposed in the past. In section III, we explain our thermodynamical model ansatz. After introducing the ansatz, we show a geometrical similarity between non-extremal black p-brane and near extremal black p-brane. We also show that the agreement of the temperature, the entropy and the absorption probability is related to the geometrical similarity. We also argue about the appropriateness of our ansatz in terms of the geometrical similarity and the action of massless scalar field. Section IV is the conclusion and discussion.

II. BLACK p-BRANE THERMODYNAMICS AND THERMODYNAMICAL MODELS

A. Black p-brane and its thermodynamical quantities

The black p-brane solution in 10 dimensional supergravity of 1/2 BPS in the extremal limit is described as extrema of the following supergravity action [5][18][20][21][22][23][19][24] S = − 1 2κ^2 ∫ d^{10}x √ −g ( R − 1 2 (∂ϕ)^2 − 1 2(8 − p)! e^{aϕ}F_{8−p}^2 ) , (2.1)

the metric of black p-brane solution is:

ds^2 = H^{p+18} (r) ( H^{−1}(r)[−f(r)dt^2 + dy_1^2 + · · · + dy_p^2] + f^{−1}(r)dr^2 + r^2dΩ^2_{d+1} ) . (2.2) where

H(r) = 1 + R^d r^d , f(r) = 1 − μ^d r^d , R^d = μ^d sinh^2 γ , (2.3) d = 7 − p , (2.4) μ : the horizon radius . (2.5) The extremal limit corresponds to μ →0 , (2.6) γ →∞ , (2.7) μ^d sinh 2γ : fixed . (2.8) The total energy E, the charge per unit volume q of the black p-brane are [5][25][19][24] , E = ω_{d+1} 2κ^2 μ^dV (d + 1 + d sinh^2 γ) , (2.9) q = ω_{d+1} 2 √ 2κ dμ^d sinh 2γ , (2.10)

where ω_{d+1} is volume of a d + 1-dimensional unit sphere, V is volume of the torus which the brane wrapped. The Bekenstein-Hawking entropy S and the temperature of the black p-brane are S = 2πω_{d+1} κ^2 μ^{d+1}V H^{1/2}(μ) = 2πω_{d+1} κ^2 μ^{d+1}V cosh γ , (2.11) T = d 4πμ cosh γ

. (2.12)

The absorption probability of black 3-brane for l th partial wave of dilaton to the lowest order in the radiation frequency is [37]

P^{(l)} =

2^{−3l−3} π^2 Γ(1 + l/4) (l + 2)!^2 Γ(1/2 + l/4)^2

(ωμ)^{2l+5} cosh γ , (2.13)

the absorption cross-section ( the greybody factor ) of the black 3-brane is written [36]

σ^{(l)} =

8π^2 3ω^5

(l + 1)(l + 2)^2(l + 3)P^{(l)} . (2.14)

B. Thermodynamical models for black p-brane

In this subsection, we review some of thermodynamical models for non-extremal black p-brane proposed in the past [4] [5] [9]. In addition, we argue about relation between those models and this paper’s model.

1. Near extremal p-brane

At the beginning, we review thermodynamical model of near extremal black 3-brane [4]. ‘Near extremal’ corresponds to the region of μ^4 R^4

<< 1 in (2.2). In this region, the near horizon geometry of the near extremal black 3-brane is

ds^2 = − r^2 R^2 ( 1 − μ^4 r^4 ) dt^2 + r^2 R^2 3∑ i=1 dx_i^2 + R^2 r^2 1 ( 1 − μ^4 r^4

) dr^2 + R^2 dΩ^2_5 . (2.15)

The entropy is determined by the area of the horizon and the temperature is surface gravity on the horizon. Thus the near horizon geometry determines S and T . The entropy and the temperature are written S = 2π^4 κ^2

V R^2μ^3 , (2.16) T = μ πR^2 . (2.17)

The total energy E can be written as [4]

E = M_0 + δM (2.18)

where M_0 is the mass of extremal 3-brane and δM is small mass added to M_0. δM is written as δM = 3π^3 2κ^2

V μ^4 (2.19)

S and δM can be expressed by R and T , S = 2π^7 κ^2

R^8V T^3 , (2.20) δM = 3π^7 2κ^2

R^8V T^4 . (2.21)

Since δM M_0

<< 1, R in (2.20) (2.21) can be written

R^4 = √ 2κ 4π^3 q , (2.22)

where q is the charge of the near extremal 3-brane. [4] proposed a D3-brane model for near extremal 3-brane. The number of the D3-brane N is [5] N = 1 √ 2π q , (2.23)

therefore R^4 is expressed by N as

R^4 = κ 2π^52

N . (2.24)

Thus, S and δM are written S = 2π^7 κ^2

R^8V T^3 = π^2 2 N^2V T^3 , (2.25) δM = 3π^7 2κ^2

R^8V T^4 =

3π^2 8 N^2V T^4 , (2.26)

which corresponds to massless open string gas on the D3-branes (however, the numerical factor differs by 3 4 from free case) .

Note that the parameter R^4 in the metric (2.15) corresponds to N, in the above argument. When R in the near horizon geometry (2.15) changes to R^′,

ds^2 = − r^2 R^{′2} ( 1 − μ^4 r^4 ) dt^2 + r^2 R^{′2} 3∑ i=1 dx_i^2 + R^{′2} r^2 1 ( 1 − μ^4 r^4

) dr^2 + R^{′2} dΩ^2_5 , (2.27)

the entropy is written S = 2π^7 κ^2

R^{′8}V T^3 = π^2 2 N^{′2}V T^3 , (2.28)

which means the number of degrees of freedom of the open string N^2 is replaced by N^{′2}. We will show in the next section that the near horizon geometry of the black 3-brane far from extremality is written in similar metric, and the entropy and the energy can be obtained by replacing the number of degree of freedom.

The above argument can easily be extended to general p-brane. The near horizon geometry of the near extremal black p-brane is

ds^2 = − r^{d(1−α)} R^{d(1−α)} ( 1 − μ^d r^d ) dt^2 + r^{d(1−α)} R^{d(1−α)} p∑ i=1 dx_i^2

+ R^{αd} r^{αd} ( 1 − μ^d r^d ) dr^2 + R^{αd}r^{2−αd}dΩ^2_{d+1} , (2.29)

where α = p + 1 8 , and the entropy and the temperature are

S = 2πω_{d+1} κ^2

R^{d2} μ^{d2 +1}V = 2πω_{d+1} κ^2 ( 4π d ) λ_{1−λ} R^{d2(1−λ)} V T^{λ1−λ} , (2.30) δM = ω_{d+1} 2κ^2 V ( d 2 + 1 ) μ^d = ω_{d+1} 2κ^2 ( d 2 + 1 ) ( 4π d ) 1_{1−λ} R^{d2(1−λ)} V T^{11−λ} , (2.31)

where λ = 8 − p 7 − p − 1 2 . Those are expressed by the number of Dp-branes N N = 1 √ 2π 1 (2πl_s)^{3−p} q , (2.32) as S = 1 λ C_pN^{12(1−λ)} T^{λ1−λ} , (2.33)

δM = C_pN^{12(1−λ)} T^{11−λ} , (2.34)

as shown in [5], where C_p is a constant. R^d is proportional to N as in 3-brane case. When R in (2.29) changes, the N in (2.33) (2.34) changes.

2. Far from extremality

For the black 3-brane far from extremality, [9] proposed the thermodynamical model

E = (N + N̄)τ_3V +

3π^2 8 N^2V T^4 +

3π^2 8 N̄^2V T̄^4 , (2.35)

where N̄ is the number of anti D3-branes and T̄ is the temperature of the anti D3-branes. Note that the coefficient 3π^2 8 already includes the 3 4 numerical factor of the near extremal case (2.26). The entropy is S = π^2 2 N^2V T^4 + π^2 2 N̄^2V T̄^4 . (2.36)

The correct entropy up to numerical factor ( 2^{34} ) is reproduced when maximizing S by N and N̄. Note that the above argument contains two kinds of additional numerical factor. The one is the 3 4 factor built in the D3-brane model (2.35), another is the discrepancy emerged after the maximization of the entropy, 2^{34} [9].

Similar argument can be applied for general p-brane [10] [11]. Those models also yield discrepancy even though they already include numerical factor of the near extremal region.

3. Relation to this paper’s model

In the above model for the black p-brane far from extremality [9] [10] [11], the total energy after maximizing the entropy is

E = (N + N̄)τ_pV + 4λ √ NN̄τ_pV . (2.37) where N, N̄ are written by the supergravity parameters as N − N̄ = ω_{d+1}d 4κ^2τ_p μ^d sinh 2γ = ω_{d+1}d 2κ^2τ_p

R^{d/2}(R^d + μ^d)^{1/2} , (2.38) √ NN̄ = ω_{d+1}d 8κ^2τ_p μ^d . (2.39)

The second term of (2.37) corresponds to the energy of gas on the branes and the antibranes. If we rewrite (2.37) by Q = N − N̄, E = √ Q^2 + (2 √ NN̄)^2 τ_pV + 4λ √ NN̄ τ_pV . (2.40)

E and Q are fixed when maximizing the entropy. We have now one parameter √ NN̄ instead of N and N̄. The √ NN̄ determines the degree of non-extremality. If we denote

n = 2 √ NN̄ , (2.41) the energy is E = √ Q^2 + n^2 τ_pV + 2λn τ_pV , (2.42) = √ Q^2 + n^2 τ_pV + C_p( √ Q^2 + n^2 + n)^{12(1−λ)} V T^{11−λ} . (2.43) where C_p is a constant. The above (2.42) (2.43) is the energy after maximizing the entropy .

Our model is as follows. The total energy before maximizing the entropy is E = √ Q^2 + n^2 τ_pV + C_p( √ Q^2 + n^2 + n)^{12(1−λ)} V T^{11−λ} , (2.44) where n is a free parameter, and the correct entropy and temperature are obtained when maximizing the entropy by n. This model smoothly reduces to the near extremal model [4] [5] when n N << 1. TThe constant C_p is determined by comparing with the near extremal models [4] [5] in the near extremal region. Once we include the numerical factor in the near extremal model as C_p, our model does not yield any other discrepancies, and correctly reproduces entropy and temperature through all the non-extremal region.

III. THERMODYNAMICS OF NON-EXTREMAL BLACK p-BRANE

A. An ansatz of thermodynamical model

First, we introduce an ansatz of microcanonical thermodynamical model for non-extremal black p-brane as follows. In the next subsection, we argue about the appropriateness of this ansatz.

Ansatz —————————————————————————————- Partition function Z for non-extremal black p-brane thermodynamics:

ln Z = − 1 T (√ N^2 + n^2 − N ) τ_pV + 1 − λ λ f(N, n)V T^{λ1−λ} , (3.1) where f(N, n) = C_p (√ N^2 + n^2 + n

) 1_{2(1−λ)} , (3.2)

C_p = 2^{2(15−2p)5−p} d^{− 2(8−p)5−p} λ π^{2(7−p)5−p} ω^{− 25−p}_{d+1} κ^{45−p} τ^{d5−p}_p , (3.3) λ = 8 − p 7 − p − 1 2 , (3.4)

N : charge , V : The volume of the brane ,

and n is determined so that the entropy is maximized under fixed energy and charge. The resulted n is n = ω_{d+1}d 4κ^2τ_p μ^d .

Total energy of the black p-brane E_{total} is E_{total} = E_{thermal} + Nτ_pV , (3.5) where Nτ_pV is the mass of the black p-brane in the extremal limit (i.e. zero temperature brane).

—————————————————————————————-

From the ansatz (3.1) we get (thermal) energy and free energy and entropy:

(i) Energy:

E_{thermal} = T^2 ∂ ∂T ln Z = (√ N^2 + n^2 − N ) τ_pV + f(N, n)V T^{11−λ} (3.6)

(ii) Free energy: F = −T ln Z = (√ N^2 + n^2 − N ) τ_pV − 1 − λ λ f(N, n)V T^{11−λ} (3.7)

(iii) Entropy:

S = E_{thermal} − F T = 1 λ f(N, n)V T^{λ1−λ} (3.8)

The n and temperature T are determined by the condition of maximum entropy, as follows.

Rewrite the entropy as

S = 1 λ fV T^{λ1−λ} = 1 λ f^{1−λ}V^{1−λ}(E_{thermal} − √ N^2 + n^2τ_pV + Nτ_pV )^λ . (3.9) The condition ∂S ∂n = 0 , (3.10) at fixed E_{thermal} ( or E_{total} ) and fixed charge N yields the following equation (E_{thermal} − √ N^2 + n^2τ_pV + Nτ_pV ) = 2λnτ_pV . (3.11) Then the total energy E_{total} is written as E_{total} = √ N^2 + n^2τ_pV + 2λnτ_pV . (3.12) From above (3.12) and the given total energy and charge, we get n. Also, we get the temperature as T = ( 2λnτ_p f(N, n) )_{1−λ} . (3.13)

The second order derivative of the entropy is ∂^2S ∂n^2 = −λ √ N^2 + n^2 − 2λ^2(N^2 + n^2) < 0 , (3.14) and the first order derivative vanishes at the one point, thus the above solution is the solution at the maximum entropy.

The model has the following characteristics:

(i) For a given total energy and charge, the ansatz yields the correct temperature and entropy, which agree with the supergravity result.

(ii) The thermal energy E_{thermal} vanishes at extremal limit.

(iii) The model reduces to near extremal black p-brane thermodynamical model [4] [5] at n N → 0 limit.

(iv) The second term of (3.6) can be obtained from the thermodynamical model of near extremal black p-brane by replacing the ”freedom of the gas” by f(N, n).

(v) When we substitute the ”freedom of the gas” f(N, n) and the temperature to the absorption probability of near extremal black 3-brane, we get the correct absorption probability and greybody factor of the non-extremal black 3-brane.

We explain 4 and 5 in the following.

Characteristic 4 The thermodynamical model of the near extremal black 3-brane is [4] E_{thermal} = C_3N^2V T^4, (3.15) where C_3 is constant ( 3π^2/8) . The N is the number of coincident D3-branes, and N^2 is the number of degrees of freedom of the open string. Replacing the C_3N^2 by f(N, n)

C_3N^2 → C_3( √ N^2 + n^2 + n)^2 (3.16)

yields the second term of the (3.6). For p ≠ 3, the replacement

C_pN^{12(1−λ)} → C_p( √ N^2 + n^2 + n)^{12(1−λ)} (3.17)

in the near extremal p-brane model [5] yields the second term of (3.6)

Characteristic 5

In the following, we show that the absorption probability (and the greybody factor) of non-extremal black 3-brane can be obtained by replacing “the number of the degrees of freedom” and temperature of the near extremal result.

The absorption probability of near extremal black 3-brane for the lth partial wave calculated by supergravity theory is [31] [37]

P^{(l)} =

2^{−2l−3} π Γ(1 + l/4)^4 (l + 2)!^2 Γ(1 + l/2)^2 ω^{2l+5}μ^{2l+3}R^2 . (3.18)

In the near extremal region, the parameter R and μ in supergravity can be written by N and T as [37]

R^4 = κN 2π^{5/2} , μ = T √ κN 2π^{1/2}

. (3.19)

Rewriting the absorption probability by N and T ,

P^{(l)} =

2^{−2l−3} π Γ(1 + l/4)^4 (l + 2)!^2 Γ(1 + l/2)^2 ω^{2l+5}N^{l+2}T^{2l+3}κ^{l+2} ( 1 2 )_{l+2} ( 1 π )_{(l+4)/2} . (3.20)

Replacing N by √ N^2 + n^2 + n and substituting the correct T , and rewriting those by supergravity parameters, we get

P^{(l)} =

2^{−3l−3} π^2 Γ(1 + l/4) (l + 2)!^2 Γ(1/2 + l/4)^2

(ωμ)^{2l+5} cosh γ . (3.21)

This result agrees with the result from the supergravity (2.13). The greybody factor is calculated as (2.14), thus we reproduced greybody factor of black 3-brane by this ”replacing”.

B. Near extremal and non-extremal geometry

In this section, we show that the non-extremal black p-brane has a relation to near extremal black p-brane geometry. In the vicinity of the horizon, the non-extremal p-brane (far from extremality) has similar geometry with near extremal p-brane, and this leads to the temperature and the entropy described by the similar form. We also show that this geometrical similarity has a relation to various properties of our thermodynamical model.

1. The vicinity of the horizon geometry

A non-extremal black p-brane (arbitrary far from extremality) with parameter R_0 and μ_0 is

ds^2 = − ( 1 − μ^d_0 r^d ) ( 1 + R^d_0 r^d )_{1−α} dt^2 + 1 ( 1 + R^d_0 r^d )_{1−α} p∑ i=1 dx_i^2

+ ( 1 + R^d_0 r^d )_α ( 1 − μ^d_0 r^d ) dr^2 + ( 1 + R^d_0 r^d )_α r^2dΩ^2_{d+1} , (3.22)

where α = p + 1 8 . (3.23)

On the other hand, the near horizon limit of near extremal black p-brane parameterized by R and μ is

ds^2 = − r^{d(1−α)} R^{d(1−α)} ( 1 − μ^d r^d ) dt^2 + r^{d(1−α)} R^{d(1−α)} p∑ i=1 dx_i^2

+ R^{αd} r^{αd} ( 1 − μ^d r^d ) dr^2 + R^{αd}r^{2−αd}dΩ^2_{d+1} . (3.24)

When we change the parameters R and μ as

R^d = R_0^d + μ_0^d , (3.25) μ = μ_0 , (3.26)

(3.24) is

ds^2 = − r^{d(1−α)} (R_0^d + μ_0^d)^{(1−α)} ( 1 − μ^d_0 r^d ) dt^2 + r^{d(1−α)} (R_0^d + μ_0^d)^{(1−α)} p∑ i=1 dx_i^2

+ (R_0^d + μ_0^d)^α r^{αd} ( 1 − μ^d_0 r^d ) dr^2 + (R_0^d + μ_0^d)^αr^{2−αd}dΩ^2_{d+1} . (3.27)

First, the non-extremal p-brane (3.22) and the parameter changed near extremal p-brane (3.27) are equal at the horizon (r = μ_0).

Next, we consider the vicinity of the horizon. When we expand the metric for the time direction of the non-extremal p-brane (3.22) (we denote it as g_{tt}(r) ) in the vicinity of the horizon,

g_{tt}(μ_0 + ϵ) = g_{tt}(μ_0) − μ^{d(1−α)−1} 0 d (R^d_0 + μ^d_0)^{1−α} ϵ . (3.28)

On the other hand, when we expand the metric for the time direction of the parameter changed near extremal p-brane (3.27) (we denote it as h_{tt}(r)) in the vicinity of the horizon,

h_{tt}(μ_0 + ϵ) = h_{tt}(μ_0) − μ^{d(1−α)−1} 0 d (R^d_0 + μ^d_0)^{1−α} ϵ . (3.29)

The both agree. The same agreement holds for the r direction. Both metrics for r direction: g_{rr} and h_{rr} also agree in the vicinity of the horizon.

2. The entropy and the temperature

Consider the following two types of geometry:

(i) Geometry-A Geometry (3.27) in near horizon region, and asymptotically flat.

(ii) Geometry-B Non-extremal black p-brane background (3.22).

In the following, we show that the entropy and the temperature of the both geometry agree.

Entropy

As we mentioned in the previous subsection, the metric of the geometry A and the geometry B agree at the horizon r = μ_0. Thus their entropies agree.

Temperature

Defining u as

u = 2 ( (R^d_0 + μ^d_0)^α μ^{αd−1}_0 d )_{1/2} (r − μ_0)^{1/2} , (3.30)

both metrics in the vicinity of the horizon can be written in Euclidean form as

ds^2 ∼ u^2 dt_E 2 (R^d_0 + μ^d_0)^{1/2} μ^{d/2−1} 0 d

2 + du^2 + (other terms) . (3.31)

By comparing above with the polar coordinates of 2-dimensional plane ds^2 = u^2dθ^2 + du^2 , 0 ≤ θ ≤ 2π , (3.32)

the period of the compactified t_E (which is 1 T ) must be 1 T = 4π(R^d_0 + μ^d_0)^{1/2} μ^{d/2−1} 0 d , (3.33)

so that conical singularity in t − r plane vanishes. As above, the temperature of the two geometries agree because their tt− and rr− components are equal in the vicinity of the horizon.

Near extremal and far from extremality

As we mentioned in section II B, near extremal region corresponds to the region of μ R << 1. In this region, S ∼ 2πω_{d+1} κ^2 μ^{d2 +1}_0 V √ R^d_0 , (3.34) T ∼ μ^{d2 −1}_0 d 4π √ R^d_0

. (3.35)

On the other hand, μ R can not be neglected in the region far from extremality. In this region, S ∼ 2πω_{d+1} κ^2 μ^{d2 +1}_0 V √ R^d_0 + μ^d_0 , (3.36) T ∼ μ^{d2 −1}_0 d 4π √ R^d_0 + μ^d_0

. (3.37)

One can see from (3.34) (3.35) and (3.36) (3.37) that S and T of “far from extremality” region are obtained by replacing R^d_0 → R^d_0 + μ^d_0 in the near extremal S and T . The geometric similarity we showed above corresponds to this ‘replacement’. As we have shown in section II B, R^d_0 of near extremal p-brane corresponds to the number of Dp-branes N. Thus above replacement corresponds to the replacement of N in the near extremal thermodynamical model. Explicitly, R^d_0 → R^d_0 + μ^d_0 corresponds to N → √ N^2 + n^2 + n , (3.38)

and this leads to the second term of total energy (3.6) E_{thermal} = (√ N^2 + n^2 − N ) τ_pV + f(N, n)V T^{11−λ} (3.39)

of our model, where n is determined by the maximization of entropy in our model as (3.9) to (3.13).

3. Match of absorption probability and greybody factor

We show below that the equation of the motion of the massless scalar field in geometry A 3-brane and geometry B 3-brane is equal in the low energy region. This equality results in the agreement of the absorption probability (and the greybody factor).

The equation of the motion of massless scalar field in non-extremal black 3-brane background (the geometry B ) is

∂^2_r ϕ + 5 r + 4μ^4

r^5 ( 1 − μ^4 r^4 ) ∂^rϕ

+ 1 + R^4 r^4 ( 1 − μ^4 r^4

)_2 ω^2 − l(l + 4)

r^2 ( 1 − μ^4 r^4 ) − 1 + R^4 r^4 1 − μ^4 r^4 k^2 ϕ = 0 , (3.40)

where

ω: energy ( of the scalar field ϕ ) , l: angular momentum , k: momentum in direction to x_i .

We consider the equation of the motion in the low energy region ω T << 1 (where T is the temperature of the black 3-brane) in the following.

The equation of motion of massless scalar field in the geometry A of near horizon region is

∂^2_r ϕ + 5 r + 4μ^4

r^5 ( 1 − μ^4 r^4 ) ∂^rϕ

+ R^4 + μ^4

r^4 ( 1 − μ^4 r^4

)_2 ω^2 − l(l + 4)

r^2 ( 1 − μ^4 r^4 ) − R^4 + μ^4

r^4 1 − μ^4 r^4 k^2 ϕ = 0 . (3.41)

At infinity of geometry A, the equation is the same as that in flat spacetime.

The difference of the equation in the geometry A and that in the geometry B is the terms which contain R. When we consider the massless particle propagating perpendicular to the brane (k = 0), the difference of the equation in the geometry A and that in the geometry B is the ω term only.

(i) Outer region (μ << r (ρ_h << ρ) )

With

ρ = ωr, ρ_h = ωμ , (3.42)

the equation in the geometry B (black 3-brane) is

∂^2_ρ ϕ +

5ρ^4 − ρ^4_h ρ(ρ^4 − ρ^4_h) ∂_ρϕ − ρ^2l(l + 4) ρ^4 − ρ^4_h ϕ + ρ^4(ρ^4 + (ωR)^4) (ρ^4 − ρ^4_h)^2 ϕ = 0 (3.43)

When μ < R, the equation in the outer region of the geometry B(black 3-brane background) is

∂^2_ρ ϕ + 5 ρ ∂_ρϕ + ( 1 + (ωR) ρ^4 − l(l + 4) ρ^2 ) ϕ = 0 . (3.44)

From the low energy condition

(ωR)^4 ρ^2 << ( ω(R^4 + μ^4)^{1/2} μ )2 = ( ω πT )_2

<< 1 , (3.45)

the R term can be ignored. When ignoring the R term, the equation of the motion is the same as that in the flat space. Thus the equation in the geometry B is equal to that in the geometry A.

When μ ∼ R or R < μ, the equation in the geometry B is the same as the equation in flat spacetime from the condition of the outer region. Thus the equation in the geometry B is equal to that in the geometry A again.

In summary, for every case of R and μ, the equation in the geometry A and that in the geometry B are equal in the outer region.

(ii) Inner region ( μ r ∼ O(1) and μ ≤ r )

When μ < r, the equation in the geometry B(black 3-brane) is

∂^2_r ϕ + 5 r + 4μ^4

r^5 ( 1 − μ^4 r^4 ) ∂^rϕ

+ 1 + R^4 r^4 ( 1 − μ^4 r^4

)_2 ω^2 − l(l + 4)

r^2 ( 1 − μ^4 r^4 ) ϕ = 0 . (3.46)

The R term can be ignored since ω T << 1. The equation in the geometry A is

∂^2_r ϕ + 5 r + 4μ^4

r^5 ( 1 − μ^4 r^4 ) ∂^rϕ

+ R^4 + μ^4 r^4 ( 1 − μ^4 r^4

)_2 ω^2 − l(l + 4)

r^2 ( 1 − μ^4 r^4 ) ϕ = 0 . (3.47)

The R term also can be ignored because ω T << 1. Thus the equation in the geometry A and that in the geometry B is the same, in the region of μ < r in the inner region.

In the region of μ ∼ r, the R term cannot be ignored in both geometries, but g^{rr} is the same in the region of μ ∼ r. The R term in both equations agree since the R term is actually (1/g^{rr})^2. Thus both equations agree in the inner region.

In summary,

(i) μ << r Both equations are the equation in flat space.

(ii) μ < r Both equations agree by the low energy condition.

(iii) μ ∼ r Both equations agree since the 1/g^{rr} is the same in the vicinity of the horizon.

Thus the equation in the geometry A and that in the geometry B are equal in all the region.

The geometry A is a parameter changed near extremal geometry (R^4_0 → R^4_0 + μ^4_0) in the near horizon region. Since the scalar field equation in both geometries are the same, the absorption probability of “far from extremality” region is obtained by replacing R^4_0 → R^4_0 + μ^4_0 in the near extremal absorption probability. As we explained, this replacement corresponds to the replacement N → √ N^2 + n^2 + n, where n is determined by the maximization of entropy in our model. The characteristic 5 of our thermodynamical model ansatz:

———————————————————————————————— When we substitute the ”freedom of the gas” f(N, n) and the temperature to the near extremal black 3-brane result of absorption probability, we get the correct absorption probability and greybody factor of the non-extremal black 3-brane.

————————————————————————————————

caused by the above equality of the equation in the geometry A and B.

C. Appropriateness of the thermodynamical model

1. Gas term (after maximization of entropy)

As we have shown, non-extremal p-brane geometry is similar to ‘parameter changed near extremal p-brane geometry’ in the vicinity of the horizon. This leads to the agreement of entropy, temperature and absorption probability in both the geometry A and B. Hence, we can describe thermodynamics of non-extremal p-brane by the near extremal p-brane model with replacement N → √ N^2 + n^2 + n, which results in the second term (gas term) of E_{thermal} = (√ N^2 + n^2 − N ) τ_pV + f(N, n)V T^{11−λ} , (3.48)

where n is determined by the maximization of entropy in our model.

The original explanation of the black hole Hawking radiation [1] is derived by considering the behavior of massless scalar field in black hole background. In order to examine physical appropriateness of our model more strictly, we have to examine the action of massless scalar field (in this case, dilaton field) in black p-brane background. We show below that the action in the geometry A and the geometry B actually agree in low energy region for p = 3.

The Lagrangian of massless scalar field in non-extremal black 3-brane background (geometry B) is L = √ −gg^{μν} ∂_μϕ∂_ν ϕ , (3.49) = r^5 − H f (∂_tϕ)^2 + f(∂_rϕ)^2 + 3∑ i=1 H(∂_iϕ)^2 + 5∑ j=1 1 r^2Ω_i(θ_1, · · · , θ_5)

(∂_{θj} ϕ)^2

, (3.50)

where

H(r) = 1 +

R^4 r^4 , f(r) = 1 − μ^4 r^4

, (3.51)

r^2Ω_i : the metric for the angular directions θ_i. (3.52)

On the other hand, for massless scalar field in the ‘parameter changed near extremal black 3-brane’ background, H(r) = R^4 + μ^4 r^4

. Note that f H is the same for both backgrounds at the vicinity of the horizon.

If the x_i direction ( 3 dimensional directions ) are compactified and the size of the compactified manifold is small enough compared to the energy scale of ϕ , the (∂_iϕ)^2 term can be dropped from the Lagrangian. Then the difference is only in the (∂_tϕ)^2 term, and this term is the same in the vicinity of the horizon for both backgrounds.

Now, consider the low energy limit ωμ → 0. The Lagrangian of the massless scalar field at the energy scale of ωμ → 0 vanishes in almost all the region of the space, except near the horizon, where f(r) diverges. The dominant contribution to the Euclidean action is the action near the horizon, thus in the low energy limit ωμ → 0, the Euclidean action in the geometry A and that in the geometry B are approximately the same. The agreement of the Euclidean action means the same quantum phenomena of the same temperature. Hence, applying the thermodynamical model of the geometry A to the thermodynamics of the geometry B is regarded to be valid in this limit.

The limit ωμ → 0 corresponds to blackbody radiation region, as one can see that the greybody factor (2.14) is non-zero only for l = 0 where it does not depend on the energy. Thus our thermodynamical model successfully reproduces the blackbody radiation of the non-extremal black 3-brane.

2. Total energy and maximization of entropy

The gas term we explained in the previous subsection requires specific value of n. However, our model does not require n as an input.

The total energy of our model is E_{thermal} = (√ N^2 + n^2 − N ) τ_pV + f(N, n)V T^{11−λ} , (3.53)

where n is a free parameter. When we maximize the entropy by n under fixed E and N, the value of n is automatically determined. The n at the maximum entropy yields correct entropy, temperature and absorption probability. This property is non-trivial, because free parameters like this generally do not yield correct entropy, as discrepancies found in [9] [10] [11].

In addition, our model smoothly reaches to near extremal model [4] [5] when n N << 1. The coefficient in the gas term ( the second term of the energy (3.53) ) is determined by comparing with the near extremal models. Once we take the near extremal coefficient into our model, our model yields correct entropy and temperature through all the non-extremal region beyond the near extremal region, and does not yield any additional discrepancy.

IV. CONCLUSION AND DISCUSSION

In this paper, we introduced an ansatz of thermodynamical model for non-extremal black p-brane thermodynamics, which yields the correct entropy and temperature and greybody factor when the entropy is maximized. We have shown that the geometrical similarity between non-extremal black p-brane and near extremal black p-brane is related to the various properties of the model. This fact implies that the model is appropriate, and we have actually shown the appropriateness of the model for p = 3 by considering the action of massless scalar field.

Comparing with the models proposed in the past, our model can smoothly reach to the near extremal models [4] [5] and does not need any additional condition (like equal gas energies on brane and antibrane), and reproduces correct entropy and temperature through all the non-extremal region.

Since the supersymmetry is broken in non-extremal region, the definite argument including quantum correction is difficult. Our ansatz certainly reproduces the entropy and the temperature of the non-extremal black p-brane, however further study is needed for the explanation beyond the geometrical similarity.

Acknowledgements I would like to thank to Tamiaki Yoneya, Mitsuhiro Kato, Koji Hashimoto, Kenji Hotta, Yuri Aisaka for many helpful discussions, and would like to thank to Makoto Natsuume for helpful discussion and advises.

[1] S.W. Hawking, Particle creation by black holes, Commun.Math.Phys. 43 (1975) 199 [2] A. Strominger and C. Vafa, ”Microscopic Origin of the Bekenstein-Hawking Entropy”, Phys, Lett. B379 (1996) 99, hep-th/9601029 [3] C. G. Callan,. J. M. Maldacena , ”D-brane approach to black hole quantum mechanics”, Nucl.Phys. B472 (1996) 591, hep-th/9602043 [4] S. S. Gubser, I. R. Klebanov, A. W. Peet, ”Entropy and Temperature of Black 3-Branes” , Phys.Rev.D54 (1996) 3915,hep-th/9602135 [5] I. R. Klebanov , A. A. Tseytlin, ”Entropy of near extremal black p-branes”, Nucl.Phys.B475 (1996) 164, hep-th/9604089 [6] S. S. Gubser, I. R. Klebanov, A. A. Tseytlin, ”Coupling Constant Dependence in the Thermodynamics of N=4 Supersymmetric Yang-Mills Theory”, Nucl.Phys. B534 (1998) 202, hep-th/9805156 [7] A. Fotopoulos, T.R. Taylor, ”Remarks on Two-Loop Free Energy in N=4 Supersymmetric Yang-Mills Theory at Finite Temperature” Phys.Rev. D59 (1999) 061701, hep-th/9811224 [8] I. R. Klebanov and A. A. Tseytlin, ”Near-extremal black hole entropy and fluctuating 3-branes”, Nucl. Phys. B479 (1996) 319, hep-th/9607107 [9] U. H. Danielsson, A. Guijosa, and M. Kruczenski, ”Brane anti-brane systems at finite temperature and the entropy of black branes” , JHEP 09 (2001) 011, hep-th/0106201; Rev. Mex. Fis. 49S2 (2003) 61, gr-qc/0204010 [10] O. Saremi, A. W. Peet, Brane-antibrane systems and the thermal life of neutral black holes”, Phys.Rev. D70 (2004) 026008, hep-th/0403170 [11] O. Bergman, G. Lifschytz, Schwarzschild black branes from unstable D-branes”, JHEP 0404 (2004) 060, hep-th/0403189 [12] S. Kalyana Rama, ”A Description of Schwarzschild Black Holes in terms of Intersecting M-branes and antibranes”, Phys.

Lett. B593 (2004) 227, hep-th/0404026 [13] G. Lifschytz, ”Charged black holes from near extremal black holes”, JHEP 0409 (2004) 009, hep-th/0405042 [14] S. Kalyana Rama, Sanjay Siwach, ”A Description of multi Charged Black Holes in terms of Branes and Antibranes”, Phys.Lett. B596 (2004) 221, hep-th/0405084 [15] A. Guijosa, H. H. Hernandez Hernandez, and H. A. Morales Tecotl, ”The entropy of the rotating charged black three-brane from a brane anti-brane system” , JHEP 0403 (2004) 069, hep-th/0402158 [16] K Ohshima, ”Comments on the Entropy and the Temperature of Non-extremal Black p-Brane”, unpublished, hep-th/0508100

[17] Edi Halyo, ”Black Hole Entropy and Superconformal Field Theories on Brane-Antibrane Systems”, JHEP 0410 (2004) 007, hep-th/0406082 [18] G.T. Horowitz, A.Strominger, ”Black string and p-branes” Nucl.Phys. B360 (1991) 197 [19] M. J. Duff, J. X. Lu, ”Black and super p-branes in diverse dimensions” , Nucl.Phys. B416 (1994) 301, hep-th/9306052 [20] G. W. Gibbons, Gary T. Horowitz, P. K. Townsend, ”Higher-dimensional resolution of dilatonic black hole singularities” , Class.Quant.Grav. 12 (1995) 297, hep-th/9410073 [21] H. Lu, C.N. Pope, E. Sezgin, K.S. Stelle, ”Stainless super p-branes” , Nucl.Phys. B456 (1995) 669, hep-th/9508042 [22] H. Lu, C.N. Pope, ”p-brane Solitons in Maximal Supergravities” , Nucl.Phys. B465 (1996) 127, hep-th/9512012 [23] M.J. Duff, H. Lu, C.N. Pope, ”The Black Branes of M-theory” , Phys.Lett. B382 (1996) 73, hep-th/9604052 [24] T. Harmark, N. A. Obers, ”Thermodynamics of Spinning Branes and their Dual Field Theories” , JHEP 0001 (2000) 008, hep-th/9910036 [25] J. X. Lu, ”ADM masses for black strings and p-branes” , Phys.Lett. B313 (1993) 29, hep-th/9304159 [26] J. Maldacena, ”D-branes and Near Extremal Black Holes at Low Energies” , Phys.Rev. D55 (1997) 7645, hep-th/9611125 [27] J. Maldacena, ”The Large N Limit of Superconformal Field Theories and Supergravity” , Adv.Theor.Math.Phys. 2 (1998) 231, Int.J.Theor.Phys. 38 (1999) 1113, hep-th/9711200 [28] S. R. Das, ” The Effectiveness of D-branes in the description of near extremal black holes”, Phys.Rev. D56 (1997) 3582, hep-th/9703146 [29] S. R. Das, ”D-brane decay and Hawking Radiation”, Nucl.Phys.Proc.Suppl. 68 (1998) 119, hep-th/9709206 [30] S. S. Gubser, A. Hashimoto, ”Exact absorption probabilities for the D3-brane”, Commun.Math.Phys.203 (1999) 325, hep-th/9805140 [31] G. Policastro, A. Starinets, ”On the Absorption by Near-Extremal Black Branes”, Nucl.Phys. B610 (2001) 117, hep-th/0104065 [32] S.S. Gubser, I. R. Klebanov, ”Absorption by Branes and Schwinger Terms in the World Volume Theory”, Phys.Lett. B413 (1997) 41, hep-th/9708005 [33] I. R. Klebanov, World Volume Approach to Absorption by Non-dilatonic Branes, Nucl.Phys. B496 (1997) 231, hep-th/9702076 [34] I.R. Klebanov, W. Taylor, M. V. Raamsdonk, ”Absorption of dilaton partial waves by D3-branes”, Nucl.Phys. B560 (1999) 207, hep-th/9905174 [35] P. Kanti, J. M. Russell, ”Calculable Corrections to Brane Black Hole Decay I: The Scalar Case”, Phys.Rev. D66 (2002) 024023, hep-ph/0203223 [36] S. S. Gubser, ”Can the effective string see higher partial waves?”, Phys.Rev. D56 (1997) 4984, hep-th/9704195 [37] J. A. Garcia, A. Guijosa, ”Threebrane Absorption and Emission from a Brane-Antibrane System”, JHEP 0409 (2004) 027, hep-th/0407075 [38] S.W Hawking, D.N. Page, ”Thermodynamics of Black Holes in Anti-de Sitter Space”, Comm. math. Phys. 87 (1983) 577 [39] G.W. Gibbons, S.W Hawking, ”Action integrals and partition functions in quantum gravity”, Phys. Rev. D15 (1977) 2752 [40] S.W Hawking, G.T. Horowitz, ”The Gravitational Hamitonian, Action, Entropy and Surface Terms”, Class.Quant.Grav.13 (1996) 1487, gr-qc/9501014 [41] K. Maeda, M. Natsuume, T. Okamura, ”Quasinormal modes for nonextreme Dp-branes and thermalizations of super-Yang- Mills theories”, Phys.Rev.D72 (2005) 086012, hep-th/0509079 [42] E. Witten , ”Anti-de Sitter space, thermal phase transition, and confinement in gauge theories”, Adv.Theor.Math.Phys. 2 (1998) 505, hep-th/9803131 [43] C.Teitelboim , ”Action and entropy of extreme and nonextreme black holes”, Phys.Rev. D51 (1995) 4315, hep-th/9410103 [44] M. Banados, C. Teitelboim, J. Zanelli, ”Black hole entropy and the dimensional continuation of the Gauss-Bonnet theorem”, Phys.Rev.Lett. 72 (1994) 957, gr-qc/9309026 [45] S.W. Hawking, S.F. Ross, ”Duality between electric and magnetic black holes”, Phys.Rev. D52 (1995) 5865, hep-th/9504019 [46] M. Cvetič, M.J.Duff, P.Hoxha, J.T.Liu, H.Lü, ” Embedding AdS black holes in ten-dimensions and eleven-dimension”, Nucl.Phys. B558 (1999) 96, hep-th/9903214 [47] K. Behrndt, M. Cvetic, W.A. Sabra, ” Nonextreme black holes of five-dimensional N=2 AdS supergravity”, Nucl.Phys.

B553 (1999) 317, hep-th/9810227 [48] D. Gluck, Y. Oz, ” Relating Schwarzschild Black Holes to Branes-Antibranes”, hep-th/0612205