arXiv:hep-th/0701049v2 12 Jan 2007

Gauge Symmetry and Consistent Spin-Two Theories^†

D. Blas^{a,b1}, aDepartament de Física Fonamental, Universitat de Barcelona, Diagonal 647, 08028 Barcelona, Spain.

bCenter for Cosmology and Particle Physics, Physics Department, New York University, NY 10003, USA.

Abstract We study Lagrangians with the minimal amount of gauge symmetry required to propagate spin-two particles without ghosts or tachyons. In general, these Lagrangians also have a scalar mode in their spectrum. We find that, in two cases, the symmetry can be enhanced to a larger group: the whole group of diffeomorphisms or a enhancement involving a Weyl symmetry. We consider the non-linear completions of these theories. The intuitive completions yield the usual scalar-tensor theories except for the pure spin-two cases, which correspond to two inequivalent Lagrangians giving rise to Einstein’s equations. A more constructive self-consistent approach yields a background dependent Lagrangian.

PACS numbers: 04.50.+h,11.15.-q.

1 Introduction

It has long been known that the minimal amount of gauge symmetry required for building the Hilbert space of massless spin-two particles from tensorial objects are the linear “transverse” diffeomorphisms [1] which we will call TDiff (see also [2, 3] for previous related work) and which are given by the transformation δh_{μν} = 2∂_{(μ}ξ_{ν)}, ∂_μξ^μ = 0. (1)

The basic reason for that is that the trace h = η^{μν} h_{μν} is Lorentz invariant and thus we can restrict to gauge symmetries which leave it invariant and just act on the spin-one part of the symmetric tensor [1, 4]. In the first part of this note we will study the general Lagrangians meeting the requirement of TDiff gauge invariance.

Besides, it is usually claimed that from the consistent self-interaction of spin-two particle, the whole group of diffeomorphisms (Diff) is obtained [5, 6, 7, 8]. These approaches are based on the imposition of the whole Diff at linear level. It is then interesting to study how these results are modified for the TDiff case. We will be concerned with this in the second part of the note.

2 Lorentz Invariant Healthy Lagrangians

We will first study the ghost and tachyon free Lagrangians for a symmetric tensor h_{μν} that incorporate the TDiff gauge symmetry. The most general second order Lagrangian for this field is L = 1 4 ∂_μh^{νρ}∂^μh_{νρ} − β 2 ∂_μh^{μρ}∂_ν h^ν_ρ + a 2 ∂^μh∂^ρh_{μρ} − b 4 ∂_μh∂^μh − 1 2 m^2 ( h^2 − αh_{μν} h^{μν} ) , (2)

†To appear in the Proceedings of IRGAC’06, Barcelona 2006. 1dblas@ffn.ub.es

where the first term is mandatory to propagate spin-two polarizations and indexes have been manipulated with the Minkowski metric η_{μν} . Let us consider a general gauge transformation δh_{μν} = τ_{μν} + 1 n ϕη_{μν} (3) where τ^μ_μ = 0 and n is the dimension of the space-time. One can prove (cfr. [4]) that this Lagrangian can have a gauge symmetry only for the case β = 1 and

τ_{μν} = ∂_{(μ}ζ_{ν)} − 1 n ∂_αζ^αη_{μν} . (4)

After imposing β = 1, the different choices of parameters in (2) which give rise to a gauge symmetry, together with the conditions on the parameters of the gauge transformation (3) are:

• TDiff: α = 0; ϕ = 0, ∂_ρζ^ρ = 0. • Weyl: α = n, a =^2_n , b =^{n+2}_{n2} ; ζ_ρ = 0. • Diff: m^2 = 0, a = b = 1; ϕ = ∂_ρζ^ρ. • Weyl and TDiff (WTDiff): m^2 = 0, a =^2_n , b =^{n+2}_{n2} ; ∂_ρζ^ρ = 0.

The previous parameters are unique up to for field redefinition h_{μν} → h_{μν} + λhη_{μν} . We see that the TDiff invariance requirement implies β = 1 and α = 0. The first of these conditions is necessary also from the direct analysis of the propagating fields in the theory. To show this, we first decompose the tensor h_{μν} into irreducible representations under the SO(3) subgroup of the Lorentz group,

h_{00} = A, h_{0i} = ∂_iB + V_i, h_{ij} = ψδ_{ij} + ∂_i∂_j E + 2∂_{(i}F_{j)} + t_{ij} , (5)

where ∂^iF_i = ∂^iV_i = ∂^it_{ij} = t^i_i = 0. At the linear level the different representations decouple, and thus we can study each of them independently. Studying the vector degrees of freedom (V_i, F_i) we realize that their lagrangian can be expressed as

L_v = − Δ 2 (V_i − ∂_0F_i)^2 + 1 2 (β − 1) (∂_0V_i − ΔF_i)^2 , (6)

where Δ = ∂_i∂_i. This lagrangian has a ghost unless β = 1 [4]. We restrict our study to this kind of Lagrangians which, as we saw before, are TDiff gauge invariant.

Let us first study the massless case m^2 = 0. The Lagrangian for the tensor modes t_{ij} is simply

L_t = − 1 4 t^{ij} □t_{ij}. (7) The field V_i is not dynamical and it gives rise to a constraint which also cancels F_i, making the vector sector trivial. The scalar sector (A, B, ψ, E) is more interesting. The field B is a Lagrange multiplier whose variation produces the constraint

(n − 2)ψ = (a − 1)h, (8)

which once substituted back in the Lagrangian gives rise to

L_s = C 4 h□h (9) where C = b−^{1−2a+(n−1)a2}_{n−2} . Thus, the extra degree of freedom in the theory cancels whenever C = 0 and it is well behaved for C < 0. This means, that from the ghost and tachyon free condition we do not only recover the massless Fierz-Pauli Lagrangian, but rather a perfectly well-defined family of Lagrangians which propagate a spin-two particle and a scalar. If we want to restrict ourselves to pure spin-two we find two possibilities which coincide with the choices of enhanced gauge symmetries (see the previous page):

• a = b = 1 and field redefinitions h_{μν} → h_{μν} + λhη, leading to the whole Diff group [9].

• a =^2_n , b =^{n+2}_{n2} which lead to the Weyl and TDiff gauge symmetry (WTDiff)^2.

For the massive case, a similar analysis yields the Fierz-Pauli massive Lagrangian β = a = b = α = 1 as the only possibility.

3 Non-linear Completions

From the strong equivalence principle, gravity must couple to any kind of energy including its own [10]. Thus, if the graviton is described by a spin-two particle, this particle must be coupled to its own energymomentum tensor. If we do this at linear level, namely if we write the energy-momentum tensor of the graviton as the source for its equations of motion, this system of equations is no longer derivable from a Lagrangian and we need to write more non-linear terms. This process goes on (see [11] and references therein) and it is usually stated that the only solution to this non-linear series is General Relativity with the usual Einstein-Hilbert action.

However, as we highlighted in the introduction, most of these approaches depart from the massless Fierz-Pauli Lagrangian (see however [1]). As we saw in the previous section, we could consider any of the well-behaved Lagrangians at the linear level as our starting point and try to find its non-linear completion. We can do it intuitively [1, 4] and also more constructively (see below).

3.1 Intuitive Completion

A possible non-linear extension of the linear TDiff is provided by any subgroup of the non-linear Diff for which an object f, which at the linear level reduces to the trace h, transforms as a scalar^3. That is, given f (η_{μν} , g_{μν} ) = k + η^{μν} h_{μν} + O ( h^2_{μν} ) (10)

for k a constant and h_{μν} = g_{μν} − η_{μν} , we want to find the subgroup of Diff such that

δ_ξf = ξ^μ∂_μf, (11)

for δ_ξ g_{μν} = 2∇_{(μ}ξ_{ν)}. Clearly this subgroup, if it exists, will be background dependent. The previous condition can be expressed as A^μ_ρ ∇_μξ^ρ − ξ^ρ∂_ρf = A^μ_ρ ∂_μξ^ρ = 0, (12)

where A^μ_ρ = 2 δf δg_{μν} g_{νρ}. 2It may seem that we recover this possibility for λ = −^1_n in the previous transformation, but notice that in this case the transformation is singular.

3We restrict to this possibility even if more general transformations could arise. A constructive way of finding this transformations will be discussed later. Also we restrict to those objects f of the form (10) for the Minkowski metric, but another background could be chosen.

In particular this means that the translations are always a subgroup.

Let us study the group structure for a generic f. From Frobenius theorem applied to the Diff, the infinitesimal transformations will be integrable iff [8] [ξ^μ_1 ∂_μ, ξ^ν_2 ∂_ν ] = ξ^ν_3 ∂_ν (13) with ξ^ν_3 = ξ^μ_1 ∂_μξ^ν_2 − ξ^μ_2 ∂_μξ^ν_1 . The integrability condition is just A^μ_ρ ∂_μξ^ρ_3 = 2A^μ_ρ ( ∂_μξ^α_{[1|}∂_αξ^ρ_{|2]} + ξ^α_{[1|}∂_μ∂_αξ^ρ_{|2]} ) = 0, (14) for ξ_1 and ξ_2 satisfying (12). For the term involving second derivatives to cancel, the only possibility is A^μ_ρ = l(x)S^ρ_μ, with S^μ_ρ being a constant matrix, i.e. 2δf = l(x)g^{μν} δg_{μν} = l(x)g^{−1}δg, (15) where g = det g_{μν} . Thus, f depends just on the determinant of the metric. The subgroup which preserves this functions will be TDiff also at the non-linear level, ∂_μξ^μ = 0. (16) Once integrated, this subgroup gives rise to the diffeomorphisms of Jacobian equal to one, which are related to unimodular gravity [1].

Let us consider the simplest function f = |g|. We know that |g| = 1 + η^{μν} h_{μν} + O(h^2_{μν} ), (17) which in fact holds for any background. General Lagrangians where |g| is considered as an independent degree of freedom have been studied in [1, 4] and they are usually equivalent to scalar-tensor theories of gravity except for an integration constant. It is interesting to note that once the Weyl symmetry δg_{μν} = e^ϕg_{μν} (18) is also promoted as a gauge symmetry, we find a unique Lagrangian^4 S_{W T Diff} = ∫ d^4xĝ^{μν} R_{μν} (ĝ_{μν} ) + S_M (g, ĝ_{μν} , ψ). (19) where ĝ_{μν} = |g|^{−1/n}g_{μν} and S_M refers to a matter Lagrangian compatible with the Weyl symmetry. This Lagrangian yields Einstein’s equations of motion in the gauge |g| = 1 (even when coupled to matter) except for the origin of the cosmological constant which comes from an integration constant [4].

Notice also that (18) could be considered as too restrictive, as what we seek is a transformation of the determinant of the form δ_{(ϕ,ξ)}g = ϕg + ξ^μ∂_μg. (20) However, from the previous expression we find that [δ_{(ϕ1,ξ1)}, δ_{(ϕ1 ,ξ1)}] = δ_{(ξ[1∂ϕ2],ξ3)}. (21) If we want the same algebra to hold for the metric field g_{μν} then it is clear that the transformation of the whole metric must be the usual conformal rescaling, i.e. δ_{(ϕ,ξ)}g_{μν} = ϕ^{1/n}g_{μν} + 2∇_{(μ}ξ_{ν)}. (22)

4Notice that this Lagrangian can not be put in the Einstein frame, as it is Weyl invariant.

3.2 Constructive Completion

There are different ways in which the non-linear completion can be found constructively. The most direct one is to consider the energy-momentum tensor of the graviton as a source for the equations of motion of the graviton. This amounts to the first correction, or three-graviton vertex, for the linear action and is not consistent as there is no Lagrangian that gives rise to these equations of motion [5, 11]. Another way of performing the completion is to first show how the gauge symmetry can be enlarged non-linearly [5, 8, 12] and then building a Lagrangian endowed with the non-linear gauge symmetry up to the desired order. For the case of linearized Diff symmetry this non-linear deformations were first addressed in [5] and later in [8] and [12]. The equivalent calculation for TDiff and WTDiff is quite cumbersome and will be presented elsewhere [13].

An alternative approach for the Diff case which extends easily to the WTDiff case exists. This approach is based on the first order formulation of gravity [6]. The second order action for the first order formulation of the Lagrangian (19) is

S^{(1)} = ∫ d^nx { −ĥ^{μν} 2∂_{[μ}Γ^ρ_{ρ]ν} + η^{μν} 2Γ^ρ_{λ[μ} Γ^λ_{ρ]ν} } (23)

where ĥ_{μν} = h_{μν} − hη_{μν} and the metric and the connection are now considered as independent fields. The equations of motion from the variation of ĥ_{μν} are the traceless part of the Fierz-Pauli case, whereas from the variation of Γ^ρ_{μν} we find a constraint for this field which, once solved, yields (for n ≠ 2)

Γ^ρ_{μν} = 1 2 η^{ρσ} ( ∂_μĥ_{νσ} + ∂_νĥ_{μσ} − ∂_σĥ_{μν} ) . (24)

This is just the equation of compatibility of the connection and the traceless metric at linear order. Substituting this constraint in the Lagrangian we just get the WTDiff Lagrangian for h_{μν} . To calculate the energy-momentum tensor we use the Rosenfeld prescription for which we need to assign a weight to the fields ĥ_{μν} and Γ^ρ_{μν} which is the strongest assumption of Deser’s method [11]. If we consider ĥμν to be a tensor density and the indices of the connection to be vectorial, it is easy to see that the energy-momentum tensor is given by the usual energy-momentum tensor of [6] except for the fact that the tensor ĥ_{μν} is now traceless. The WTDiff gauge symmetry implies that the object to couple to the free equations of motion of (23) is the traceless part of the energy-momentum tensor. Following [6], this coupling can be derived from the term

S^{(2)} = −2 ∫ d^nxĥ^{μν} Γ^σ_{ρ[μ} Γ^ρ_{σ]ν} . (25)

as ĥ^{μν} is already traceless. Thus the action at third order simply reads:

S ≡ S^{(1)} + S^{(2)} = ∫ d^nxg̃^{μν} R_{μν} ( Γ^ρ_{αβ} ) , (26)

where g̃^{μν} = η^{μν} − ĥ^{μν} . This Lagrangian differs from the one which we guessed intuitively and is background dependent as ĥ_{μν} involves η_{μν} in its definition^5. Besides, the equations of motion are not Einstein’s equations but rather R[g̃]_{μν} − 1 n η_{μν} R[g̃] = 0 (27)

5Note that the non-linear TDiff of the previous subsection depend only on a volume form.

where the connection is compatible with the metric associated to the density tensor g̃^{μν} , g_{μν} which satisfies the constraint √ −gg^{μν} η_{μν} = n. (28) This condition is preserved by diffeomorphisms satisfying η_{μν} ( g^{μα}δ^ν_β − 1 2 δ^α_β g^{μν} ) ∇_αξ^β = 0, (29)

which reduces to the transverse condition at the linear level. Again, the algebra of these diffeomorphisms does not close for general metrics and thus do not constitute a subgroup. Even vacuum solutions for the equations (27) differ from Einstein’s equations and we leave for future work the actual computation of phenomenological constraints of the theory which appear at the non-linear level [13].

The reason why we have not found the WTDiff Lagrangian at the non-linear level is the highly nonlinear dependence of the determinant of the metric as expressed in terms of traces. Remember that for the non-linear WTDiff the action is expressed in terms of a tensor with ĝ = 1. It is impossible to find this condition for the determinant from the linear conditions on the trace with respect to the metric η_{μν} in one single step. However, considering the field ĥ_{μν} as a tensor density, the arguments of [6] apply also here and we are directly selecting the condition (28) as the non-linear one.

4 Conclusions

In this note we have shown that the requirement of ghost and tachyon free Lagrangians which describe spin-two particles is satisfied by a whole family of Lagrangians at the linear level which satisfy a reducible gauge symmetry, TDiff. In all the cases but two there is a scalar mode which propagates whose mass is constrained by usual phenomenological bounds [4, 10]. The two special cases are the usual Diff case, where the theory becomes irreducible and WTDiff, which incorporates a Weyl gauge transformation.

We have seen that the intuitive non-linear completion of these theories gives rise to Lagrangians which differ from the usual Einstein-Hilbert Lagrangian but which reduce again to scalar-tensor theories of gravity except for the previous two cases. In these cases, the equations of motion are Einstein’s equations in a certain gauge except for the origin of the cosmological constant as happens in unimodular gravity [14, 15]. A more constructive approach to the non-linear theory is possible in two ways. First, we can work in the first order formalism of gravity and consistently couple the conserved energy-momentum tensor of the free action as a source of the equations of motion for the graviton itself. The standard derivation of [6] holds except for the fact that the metric must satisfy the extra constraint (28). This way we find a consistently-coupled Lagrangian (26) which does not produce Einstein’s equations at the non-linear level and is background dependent. This illustrates the non-uniqueness of the derivation in [6]. It is not clear whether other choices of linear variables or of weights for ĥ^{μν} and Γ^μ_{ρσ} exist that can reproduce the lagrangian (19) using similar methods.

The other possibility is to deform the linear algebra and construct the non-linear group of symmetry. This approach is currently under investigation [13].

I would like to thank E. Álvarez, J. Garriga, S. Iblisdir and E. Verdaguer for useful discussions and for a critical reading of this note. I would also like to thank the CCPP and Physics Department of NYU for its warm hospitality.

References

[1] J. J. van der Bij, H. van Dam and Y. J. Ng, Physica 116A, 307 (1982). [2] S. Weinberg, Phys. Rev. 135 (1964) B1049.

[3] M. J. Duff, in “Quantum Gravity: An Oxford Symposium”, Oxford University Press, 1975. [4] E. Alvarez, D. Blas, J. Garriga and E. Verdaguer, Nucl. Phys. B 756, 148 (2006) [arXiv:hepth/0606019].

[5] V. I. Ogievetsky and I. V. Polubarinov, Ann. Phys. B 35, 167 (1965). [6] S. Deser, Gen. Rel. Grav. 1 (1970) 9 [arXiv:gr-qc/0411023]. [7] D. G. Boulware and S. Deser, Annals Phys. 89, 193 (1975). [8] R. M. Wald, Phys. Rev. D 33, 3613 (1986). [9] P. Van Nieuwenhuizen, Nucl. Phys. B 60, 478 (1973). [10] C. M. Will, Living Rev. Rel. 4 (2001) 4 [arXiv:gr-qc/0103036]. [11] T. Ortin, “Gravity And Strings”, Cambridge University Press, 2004.

[12] N. Boulanger, T. Damour, L. Gualtieri and M. Henneaux, Nucl. Phys. B 597, 127 (2001) [arXiv:hepth/0007220].

[13] D. Blas. In progress.

[14] S. Weinberg, Rev. Mod. Phys. 61, 1 (1989).

[15] E. Alvarez, JHEP 0503, 002 (2005) [arXiv:hep-th/0501146].