arXiv:hep-th/0701101v3 5 Jul 2007

Large transient states in quantum field theory

Arjun Berera^{1, ∗} 1 School of Physics, University of Edinburgh, Edinburgh, EH9 3JZ, United Kingdom

A study is made of the scattering of two large composite projectiles, such as heavy ions, which are initially prepared in a pure quantum state. It is shown that the quantum field theoretic evolution equation for this system, under certain conditions, goes over in form to the master equation of classical statistical mechanics. Thus, the statistical mechanical description of heavy ion collision is viewed as an implied outcome of the Correspondence Principle, which states that in the limit of large quantum number, quantum dynamics goes over to classical dynamics. This hypothesis is explored within the master equation transcription with particular focus on the quark-gluon formation scenario.

PACS numbers: 05.30.-d, 25.75.Nq, 25.75.-q

In Press Nuclear Physics A 2007

keywords: quantum to classical, master equation, heavy ion collision

I. INTRODUCTION

In the study of heavy ion collisions, a fundamental question has been brought to the fore about the substructure of matter beyond the observed hadronic resonances. Originally, Hagedorn showed that in hadron collisions, the hypothesis of an intermediate gas like state composed of hadronic resonances, the hadron gas, could describe the p_⊥-distribution of produced secondaries [1]. The advent of QCD and its success through the parton model, eventually brought forth the conjecture that fundamental quarks and gluons may be capable of existing in a plasma phase at higher temperatures and densities to the hadron gas [2, 3, 4]. To test this idea, collisions between heavy nuclei have been a central source of experimental input [5], with at present the Relativistic Heavy Ion Collider (RHIC) operating at 200 GeV/nucleon [6] and in the near future A Large Ion Collider Experiment (ALICE) at LHC to operate at 5.5 TeV/nucleon [7]. So far experimental data seems to rule out the hadron gas phase in very high energy heavy nuclei collisions, and the data is also inconclusive about the quark-gluon plasma phase [5, 6]. Thus all parts of the theoretical picture have not fit as yet, but there is suggestive evidence of a richer particle-like substructure beyond the conventional hadron gas. There are several differing ideas on the properties of this intermediate state. However there is a unifying hypothesis, that heavy ion collision can produce large transient states, which are comprised of constituents intermediate to the final asymptotic state of hadrons, and the evolution of such states can be described within a non-equilibrium statistical mechanical framework. Moreover the hypothesis is applied to individual scattering events and is not simply a heuristic model for describing an ensemble average of events.

This paper develops the large transient state hypothesis of heavy ion collision as a specific concept, independent of the particulars of the constituents, such as quark-gluon plasma or etc... The essential step to understand is how a pure quantum field theory process can be interpreted within a statistical mechanical description. For this we identify a formal link between conventional quantum field theoretic scattering and nonequilibrium statistical mechanics, by determining the conditions necessary to transcribe pure quantum evolution of a scattering process into the fundamental evolution equation of nonequilibrium statistical mechanics, the master equation. This transcription has been understood for a long time for general quantum mechanical systems [8, 9, 10]. We will recast these ideas for scattering processes. There is one previous effort we are aware of in [11] that has addressed the similar problem as in this paper and we will attempt to place that work in context with our own as we proceed.

∗Electronic address: ab@ph.ed.ac.uk

Two clarifications are needed about the large transient state hypothesis. First the treatment in this paper does not pertain to the properties of statistical density matrices. Our considerations are primarily focused on pure quantum states. We are asking in what way they can be described in thermodynamic and statistical mechanical terms. This distinction is important in the heavy ion problem since it would be an unnatural expectation that asymptotic final state properties, such as enhanced particle content of certain species, was a result of the statistical uncertainties in ones sample of initial states. As a second clarification, our considerations are not related to issues in quantum measurement theory. All we are saying is that in the limit of large quantum number, a particular equation with a classical statistical mechanical interpretation will, to a good approximation, reproduce the evolution of the system, which in rigor is given by the quantum equations of motion.

A yet more primary aim of this paper is to examine the purpose and formal interpretation of transients states in a scattering process. The issue here is that within the standard formalism of scattering theory [12], the treatment for heavy ions or for example electrons, is fundamentally not much different. In both cases the problem so posed is given an initial states, i, on the in-state manifold,|i, in⟩, what is its projection on a final state, f, on the out-state manifold ⟨f, out|. This is a time independent formulation of scattering. The solution of the problem requires determining the change of basis matrix between the |in⟩ and ⟨out| basis, thus the S-matrix, S_{f i} ≡ ⟨f, out|i, in⟩. (1) The S-matrix contains the maximum information that can be obtained from any high energy scattering experiment done to date, since all such experiments only measure the asymptotic state before and after the collision.

The standard procedure for computing the S-matrix is through quantum field theory where two equivalent approaches are available, the time dependent and time independent formalisms. For scattering between simple systems such as electrons or other fundamental particles, the time independent formalism typically is used. For the heavy ion problem, due to the complexity of the problem the S-matrix language is formally never used, and the models used to describe the process rely on a time evolution picture. The underpinnings of such models within formal scattering theory are not well understood. The other purpose of this paper is to explore this direction.

For addressing both problems outlined above, a central framework is developed for large transient states in heavy ion collision relying on a three step procedure of projection, contraction and evolution. In the projection step, formal criteria are specified for selecting events that emerge from large transient states, since not all final states in a heavy ion collision necessarily originate from such intermediate states. Associated with this step is isolating such states within the scattering theory formalism, so that they can be studied independent of other processes occurring in the complete scattering event. In the contraction step, the description of the transient state is addressed. Complete theoretical knowledge about the transient state is unnecessary, since the resolution to which this state will be measured in the experiment is grossly imperfect. Specifically, in scattering experiments, the transient state is indirectly measured through the particle spectrum of a large multiparticle final state. The measurement of only certain gross properties of such final states are of interest, and so the transients states from which they emerge also need only be described up to some limited accuracy. The contraction step is meant to temper the theoretical description to a level adequate for the experimental measurement. The combination of the projection and contraction steps yield a well prescribed identification and description of the transient state. Finally the evolution step addresses the dynamical time development of the transient state that has been modelled by the previous two steps.

The paper is organized as follows. In Sect. II the time dependent and independent scattering formalisms of quantum field theory are reviewed. A general definition of transient states is given in Subsect. II C and the time dependent formalism is then reexpressed in a form that is convenient for treating transient states. In Sect. III the idea of contracted description of dynamics is developed and then applied to the heavy ion collision problem. In Sect. IV the large transient state hypothesis of heavy ion collision is presented in the context of the ideas developed in the preceding sections. In Sect. V a master equation is presented that describes the evolution of two colliding heavy ions; the key significance of this result, based on the ideas of contracted description from earlier sections is, this master equation is describing the evolution of a pure quantum state. In Sect. VI the phenomenology of heavy ion collision is reviewed and then related to our formal construction from the previous sections. Finally Sect. VII is the Conclusion. There are also two Appendices with some supporting material for constructing the central result of this paper, the master equation.

II. FORMAL SCATTERING THEORY INVOLVING LARGE TRANSIENT STATES

As discussed in the Introduction, the formation of large transient states in collision events may allow making predictions about aspects of the asymptotic final states to which they evolve. In this Section a formalism is developed for treating large transient states in scattering. Such a formalism must encompass three details. First, since transient states inherently are spacetime concepts, they must be described within the time-dependent formalism of scattering. Second, the outcome of any scattering process in principle can be described in terms of the time independent formalism of scattering, since information is needed only about the asymptotic initial and final states and the S-matrix supplies the relevant transition amplitude. As such there must exist an interpretation of large transient state formation during scattering, in terms of the time-independent formalism. Third, only for some subclass of all scattering events, the transient state description may be relevant and so a projection operator is needed to separate out such events.

To develop the above three points, the outline of this section is as follows. The time-dependent scattering formalism first will be reviewed within the context of the collision of two incoming heavy ion wavepackets. Then this approach will be related to the time-independent scattering formalism. With these basic points in place, focus will turn to large transient states. A projection operator will be defined to formally separate final states that evolved from large intermediate transient states. With this, the transient state formally now can be isolated. At this point, it is a simple matter to apply the time evolution operator to evolve the transient state. Furthermore, the projection step along with invoking basic assumptions about large transient states allows deducing some properties of the S-matrix elements for events with large transient states.

A. Time Dependent Scattering Theory Let |ϕ^a_k⟩ ≡ c^†_a(k)|0⟩ (2)

denote the single particle eigenstate of the full Hamiltonian with three momentum k, for species a, and with energy E_a(k) = ⟨ϕ^a_k|Ĥ|ϕ^a_k⟩, where Ĥ is the full Hamiltonian of the theory. The left hand side of Eq. (2) defines the operator c^†_a(k) on the right hand side and |0⟩ is the true vacuum of the theory. Let the initial state of the two incoming relativistic heavy ions (a = h_j , j = 1, 2) at t_i ≪ 0 be two wavepackets centered at coordinates x_1 = (0, 0, z_1), x_2 = (0, 0, −z_2) with momenta k_1 = (0, 0, k_1), k_2 = (0, 0, k_2) respectively. The wavepackets are initially far apart, so that |x_1 − x_2| ≫ Δx_1 + Δx_2, where Δx_j is the spread in wavepacket j. The wavepackets are prepared such that their classical trajectories collide at t = 0, so that z_1 = z_2 ≡ z_i and ct_i ≡ −z_i. This initial state evolves in the Schrodinger representation as |I(t)⟩ = exp[−iH(t − t_i)]|I(t_i)⟩. (3) For |I(t_i)⟩ to represent a incoming state of two particles means that for t_i → −∞

⟨I(t_i)|O(x)|I(t_i )⟩^{−→}t_i → −∞ ⟨I_1(t_i)|O(x)|I_1(t_i)⟩ + ⟨I_2(t_i)|O(x)|I_2 (t)⟩, (4)

where O(x) is a local operator representing any observable and

|I_j (t_i)⟩ = ∫ d^3kf^{xj,kj} (k)c^†_{hj} (k)|0⟩e^{−iEhj (k)ti} , (5)

where f^{xj,kj} (k) is a smearing function, which in coordinate space is peaked about x_j and in momentum space is peaked about k_j . Thus for appropriate choice of smearing functions that localize the two incoming particles far apart, as specified above, the initial state is^1

|I^{SE}_{h1(x1,k1),h2(x2,k2)}(t_i)⟩ = ∫ d^3kd^3k^′f^{x1,k1} (k)f^{x2 ,k2} (k^′)c^†_{h1} (k)c^†_{h2} (k^′)|0⟩e^{−i[Eh1 (k)+Eh2 (k′)]ti} . (6)

1 For notational convenience, we will assume that both incoming particles and all outgoing particles are distinguishable. This could be extended to treat the statistics of indistinguishable particles.

The superscript SE denotes the basis of product “single-particle eigenstates”. In an interacting theory, such product states are not eigenstates. However if the theory describes scattering, then such states must be approximate eigenstates when all the particles are far apart. This statement will be further clarified in the next subsection.

Let the final state after the collision at t_f ≫ 0 be some n-particle state of species a_1 . . . a_n with outgoing wavepackets that are widely spaced. The details for representing the final state are the same as the initial state, and we obtain ⟨F^{SE}_{{x},{q}}(t_f )| = ∫_n∏ i=1 d^3q^′_i⟨0|c_{a1} (q^′_1) . . . c_{an} (q^′_n)f^{x1 ,q1} (q^′_1) . . . f^{xn,qn} (q^′_n)e^{i[} ∑_n j=1 E_{aj} (q^′_j )]t_f , (7)

with {q} ≡ {q_1 . . . q_n}. The amplitude A_{f i} to go from the initial state at time t_i to the final state Eq. (7) at time t_f is

A_{f i} = ⟨F^{SE}_{{x,q}}(t_f )| exp[−iH(t_f − t_i)]|I^{SE}_{(x1 ,k1),(x2,k2)}(t_i)⟩_{ti →−∞,tf →∞}. (8)

B. Time Independent Scattering Theory

The time independent formulation of scattering is obtained from the time dependent one by first reexpressing |I^{SE} (t_i)⟩ and ⟨F^{SE} (t_f )| in an eigenstate basis. There are two eigenstate bases that are particularly convenient, the in and out basis. They both satisfy the Schrodinger equation

Hψ^{in(out)}({k}) = E_ψ({k})ψ^{in(out)}({k}) (9)

but have different boundary conditions. The boundary conditions for the in (out) states are such that they describe incoming (outgoing) particles at large negative (positive) time. The incoming states are defined as follows. Consider the case of two incoming heavy ions h_1, h_2, with ψ^{in}_{h1h2} (k_1, k_2) their eigenstate in the in-basis. Let

|I^{IE}(t_i)⟩ = ∫ d^3kd^3k^′f^{x1,k1} (k)f^{x2 ,k2} (k^′)ψ^{in}_{h1 ,h2} (k_1, k_2)e^{−i(Eh1 (k)+Eh2 (k′))ti} , (10)

where the superscript IE denotes that the expansion basis is the “in-eigenstates” and the smearing functions f^{x,k}(k^′) are the same as in eq.(6). The statement that {ψ^{in}} are in-eigenstates means, in addition to Eq. (9),

⟨ξ|I^{IE}_{k1 ,k2} (t_i)⟩ →_{ti →−∞} ⟨ξ|I^{SE}_{k1 ,k2} (t_i)⟩, (11)

where |ξ⟩ is any arbitrary fixed state in the Hilbert space. Similarly for out-eigenstates, let

⟨F^{OE}_{{q}}(t_f )| = n∏ i=1 ∫ d^3q^′_if^{x1,q1} (q^′_1) . . . f^{xn,qn} (q^′_n)ψ^{out}_{a1,...,an} (q^′_1, . . . , q^′_n)e^{i(} ∑_n j=1 E_{aj} (q^′_j ))t_f , (12)

where OE denotes the basis of “out-eigenstates”. In analogy with Eq. (11), in this case the condition is ⟨F^{OE}_{{q}}(t_f )|ξ⟩_{tf →∞} −→ ⟨F^{SE}_{{q}}(t_f )|ξ⟩. (13) The scattering amplitude Eq. (8) in terms of the in-out basis becomes

A_{f i} = ∫ n∏ j=1 dq^′_j f^{xjqj} (q^′_j ) ∫ dk^′_1dk^′_2f^{x1k1} (k^′_1)f^{xjk2} (k^′_2)S_{{q,a},{k,h}}, (14)

where S_{{q,a},{k,h}} = ⟨ψ^{out}_{{a}}({q})|ψ^{in}_{{h}}({k}) (15) is the S-matrix. This completes the demonstration of relating the time dependent and independent scattering formalisms in quantum field theory.

C. Transient State Description of Scattering

In this Subsection the time-dependent scattering formalism is reexpressed to allow a convenient description of states that are intermediate to the asymptotic incoming and outgoing states, which hereafter will be referred to as transient states. The construction below is purely kinematic, thus is nonspecific to the nature of the transient states. However, to help fix ideas, this construction will be developed in the context of the heavy ion collision scenario.

1. Definition - Projection

According to quantum mechanics, measuring a system in a state ⟨F | at time t_F results in the filtering or reduction of the wavefunction Ψ(t_F ) at time t_F . Quantum dynamics implies that an appropriate filter or projection operator P^t_F can be applied to Ψ(t) at any time t < t_F such that the projected state at t, ψ_{Pf} (t), will evolve into |F ⟩ at t_F , with predicted amplitude ⟨F |ψ(t_F )⟩. Specifically let P^t_F ≡ e^{iH(tF −t)}|F ⟩⟨F |e^{−iH(tF −t)}, (16) then ⟨F |e^{−iH(tF −t)}|P^t_F Ψ(t)⟩ ≡ ⟨F |e^{−iH(tF −t)}|Ψ_{PF} (t)⟩ (17) = ⟨F |Ψ(t_F )⟩ (18) and ⟨F^′|e^{−iH(tF −t)}|P^t_F Ψ(t)⟩ = 0, (19) if ⟨F^′|F ⟩ = 0.

A final state ⟨F | at time t_F will be said to have been composed of N-transient states at time t < t_F with respect to a explicit basis {ξ} if ψ_{Pf} (t) factorizes into an N-product state of the form

Ψ_{PF} (t) = N∏ j=1 Ψ^ξ_{TFj} (t). (20)

The time interval Δt_{PFj} over which a state Ψ^ξ_{TFj} retains a factorized form from the rest of the state vector defines its lifetime.

Note that the decomposition of transient state Eq. (20) is dependent on the choice of basis {ξ}. Also note that by this definition, the state ⟨F | is not restricted to the asymptotic manifold of final states. ⟨F | may characterize an intermediate configuration, thus permitting identification of different stages in the evolution of a transient state.

Aside from the lifetime Δt, transient states are described with the standard set of operator observables, energy, momentum internal charge and so on. By large transient state, we always mean a large many-body transient state. To identify a transient state as large requires the existence of a number density operator N̂_{ξ′} (x) that acts on some subspace {ξ′} of the {ξ}-basis. A transient state Ψ_T is large if the number density of ξ^′-quanta is sufficiently large within a sufficiently large volume V,

⟨Ψ_T |N̂_ξ′ (x)|Ψ_T ⟩ − ⟨0|N̂_ξ′ (x)|0⟩ > n^{min}_T for x ∈ V > V^{min}_T , (21)

where |0⟩ is the vacuum state. The specific values of n^{min}_T and V^{min}_T depend on the specific dynamical theory.

2. Description

A description of transient states requires dividing the collision process into a pre, during and post collision time period. In the pre-collision period, the two incoming wavepackets are mutually non-interacting, thus are well described by |I^{SE}(t)⟩ up to the time t = t^−_c < 0. Here t^−_c is defined as the time when the rms spread of both incoming wavepackets first make contact. The post-collision period begins as t^+_c > 0 when the rms spread of the two wavepackets would no longer overlap had the two wavepackets never interacted. If both wavepackets are symmetrical about their respective centers then t^+_c = |t^−_c |. The transient states are formed during the collision time period t^−_c < t < t^+_c and evolve during the post-collision period as isolated localized systems i.e. blobs. The formation can be of any number of isolated transient states. Generically, in heavy ion collision three transient states are hypothesized, one in the central region (∼ 3 units of central rapidity) and two ”fireballs” in the right and left fragmentation regions respectively [13]. During the post-collision period for each transient state j, there is a hadronization time t_{hj} > t^+_c . For t > t_{hj} the state j is simply described in terms of the asymptotic single-particle eigenstate basis |F^{SE}_j (t > t_{hj} )⟩.

3. Formalism

In terms of time-dependent scattering theory, the transient state description is expressed as follows. For t < t^−_c as said above the state is |I^{SE}(t)⟩. The transient state begins, by definition, at t^−_c starting with the first stage, the formation state. During the formation period, t^+_c > t > t^−_c , the state vector evolves as

ψ_T (t) ≡ e^{−iH(t−t−c )}|I^{SE}(t^−_c )⟩. (22)

Hard interactions occur predominately in the formation period. Anytime after t^−_c the formation state in general may separate into multiple transient states. Although no separation will be sharp, it is convenient to express approximately separate states as such. The phenomenological nature of the transient state approach reflects in the lack of a prescriptive procedure for implementing the separations. Hadron phenomenology indicates that collisions typically separate spatially into three regions, central (C) and a left (L) and right (R) fragmentation region. For a final state ⟨F^{SE}| that evolved from an intermediate large transient state, during the formation period there should be a single transient state. At the end of the formation period, t^+_c , this transient state should spatially separate approximately into these three components. In any basis {ξ} in which the elementary excitations describing the transient state are local, the separated state can be expressed in the factorized form

e^{−iH(t+c −t−c )}|I^{SE}(t^−_c )⟩ = |ψ^{{ξ}I}_C (t^+_c )ψ^{{ξ}I}_L (t^+_c )ψ^{{ξ}I}_R (t^+_c )⟩, (23)

where the supercript I denotes the incoming asymptotic state from which this transient state evolved. QCD effects will smear this sharp separation, but an approximate separation is justified if the transient states are sufficiently large. Assuming this approximation, for t > t^+_c the evolution of each transient state in Eq. (23) is independent |ψ^{{ξ}I}_J (t > t^+_c )⟩ = e^{−iH(t−t+c )}|ψ^{{ξ}I}_J (t^+_c )⟩, (24) where J = C, L, R. Define

A_{ξ,ψ}I_J (t − t^+_c ) = ⟨ξ|e^{−iH(t−t+c )}|ψ^I_J (t^+_c )⟩ (25)

as the probability amplitude for the transient state J at t^+_c to be in state |ξ⟩ at t. At the end of the transient state period t_{hj} , each of the three spatially separated transient state will hadronize independently. The final asymptotic state can be factorized into its C,R and L regions as ⟨F^{SE} | = ⟨F_LF_C F_R|, with amplitude to go into a particular final state ⟨F^{SE}_J (t_{hj} )|, A_{F SEJ ,ψ}{ξ}I_J ≡ A_{F SEJ ,ψ}{ξ}I_J (t − t^+_c )|_{t−t}+_{c →∞} = ⟨F^{SE}_J (t)|e^{−iH(t−t+c )}|ψ^{{ξ}I}_J (t^+_c )⟩_{t→∞}. (26) For scattering process that are well described by a transient state time-dependent approach in a basis {ξ}, there corresponds in the time-independent approach a factorized form for the respective S-matrix elements in the same basis,^2

2 It is worthwhile to compare the transient state description above to the one in hard scattering [14]. For hard scattering, the parton model hypothesis implies a separation at t^−_c as a two component transient state |I(t^−_c )⟩ = |H⟩ × |J⟩, (27)

S_{F I} = ∏ J=C,L,R A_{FJ ,ψ}{ξ}I_J . (28)

III. CONTRACTED QUANTUM DYNAMICS

Once the large transient state has been isolated with the projection operator of Subsect. II C 1, focus turns to the description of the state itself. Recall a motivation for considering events with large transient states is that due to their large size, their dynamics may have simplifying features and at the same time such a state could dominate many features of the final asymptotic states. A central point here is that complete detail about the large transient state is not necessary, but rather a contracted description suffices. In this Section, such a contracted description for large transient states is obtained. This will start first with a elementary discussion of contracted quantum dynamics, with specific emphasis on the implication of the large number limit.

A. Definition - Contraction

Almost any measurement in physics results in a contracted description of that system. This is both because not all observables of the system are measured and because of the ones that are, the measurement uncertainties exceeds the intrinsic quantum mechanical uncertainties. To a given measurement, all theoretical descriptions of the system in question are equally fundamental if they can correctly predict the values of the specific measured observables within their measured uncertainties. The most fundamental theory is the one that correctly predicts all observables of any system and within the intrinsic uncertainties set by quantum mechanics. Less fundamental theories are derived consequences of this most fundamental theory in which some information has been removed. These less fundamental theories are called contracted descriptions. They form a hierarchy in which one contracted description is derived from a higher one and so on up to the most fundamental theory.

In quantum mechanics a physical process is generally analyzed by the following sequence of steps. The measurement is described through a set of operator observables {Ô_j }, which in general are measured at various times t_l, from which the experimental data emerges as expectation values {O_j (t_l)} with measurement uncertainties {ΔO_j (t_l)}. The objective then is to explain this experimental data from theory. In quantum mechanics, this implies determining the wavefunction ψ(t) of the system. Any wavefunction solution ψ would be considered adequate, if all {O^{th}_j (t_l)} agree with {O^{exp}_j (t^′_l)}, where

O^{th}_j (t_l) = ⟨ψ(t_l)|Ô_j |ψ(t_l)⟩, (29)

and within the measurement uncertainties {ΔO_j (t_l)}, so

|O^{th}_j (t_l) − O^{exp}_j (t_l)| ≤ ΔO_j (t_l). (30)

The most fundamental description would require determining all the energy eigenstates {Ψ_n} of the system from which the system wavefunction in general would be expressed as ψ(t) = ∑ n a_nϕ(E_n) exp(−iE_nt), (31)

where |H⟩ is the partonic state that participates in the hard interaction and |J⟩ is the state of the two beam jets. For this case, pQCD can be used to determine the validity of the separation. It is well know from pQCD that an initial state of the form eq (27) rapidly loses its factorized form due to soft and collinear gluon exchange between |H⟩ and |J⟩, which leads to large infrared corrections.. However detailed calculation from pQCD shows that these divergences cancel for the probability amplitude squared once it is summed over a specific class of final states. This expectation of pQCD has been convincingly verified by experiment in particular for inclusive hard scattering. Thus the transient state ansatz Eq. (27) is good for extracting inclusive information about hard scattering. In contrast, as will be seen, the transient state hypothesis of heavy ion collision addresses individual events.

with the expansion coefficients {a_n} fixed from experimental data. If measurements at some initial time t_0 are done of a complete set of operator observables and up to minimum quantum mechanical uncertainty, then all expansion coefficients {a_n} could be precisely determined. On the other hand, if the measurement is less complete, then the state can not be precisely specified. In this case the wavefunction ψ(t) only can be approximately known, which means either the expansion coefficients can be determined only up to some uncertainty {Δa_n}, or the states of the expansion basis in Eq. (31) are only approximate energy eigenstates, resolved up to measurement uncertainty ΔU, or a combination of both.

In this Section an explicit contracted description will be obtained for the case of large transient states in heavy ion collisions. For this, the notion of “similar state” will be useful. Consider a wavefunction expanded at some time t_i in an arbitrary basis {|α⟩} as ψ = ∫ ∑ j c_j |α_j ⟩. (32)

Two states |α_1⟩, |α_2⟩ are defined to be similar at time t_i with respect to a specified set of observables {Ô} if conditions Eqs. (30) remain valid at this time t_i after the replacement |α_1⟩ → |α_2⟩ or |α_2⟩ → |α_1⟩ in Eq. (32). Thus the specified set of operators and measurement uncertainties partition the Hibert space into cells of similar states at each time t_i. The degree of partitioning depends on the choice of Hibert space basis. A poor choice results in very few similar states per cell, whereas a good choice results in a large number of similar states per cell.

B. Relevance to Heavy Ion Collision

The formation of large transient states in a heavy ion collision requires a contracted description both for theoretical and experimental reasons. In regards the former, the unknown confinement mechanism relinquishes ability to compute many details about the transient state. Even without compounding this problem, the complexity of such large states only can be understood, in practice, by approximation methods. Here the first implementation of contraction arises through use of the quasiparticle concept. This concept plays a central role since a tacit assumption is that the main properties of the large transient state are controlled by a large density of nearly free particle-like states. The quark-gluon plasma picture of the large transient state is a common example of application of the quasiparticle concept. However as discussed in sections to come, a more general description underlies this.

From the perspective of experiment, a contracted description also is required, since a large transient state leads to a large multiparticle final state. Although in principle such states can be measured with precise resolution, limited only by quantum mechanical uncertainties, in practice this is out of the question. Moreover, extracting information about only the transient state from the complete final state data, intertwines experimental measurement with theory. Ultimately a middleground is sought, where information from experiment and theory are in mutual balance. The large transient hypothesis is testable since it falls within this middleground. Its underlying premise is that the large number limit dominates the dynamics, in which case theoretical methods are available to treat it and at the same time the size of the state should leave a identifiable signature in the final state data.

Thus observables measured in the contracted description minimally will include total energy U^3 and particle number, which expressed in thermodynamic language can be termed entropy S. The volume of the transient state also could be measured [17], from which combining with U, a temperature T can be assigned. The measurements of energy and entropy also may be further resolved into bins of different momentum, particle species, etc... of the respective particles.

3 In this paper energy is denoted in a few different ways, depending in what context it is used. The quantum mechanical Hamiltonian is denoted as usual as Ĥ and the n-th energy eigenstate is denoted as E_n. On the other hand, energy expectation values, such as those giving total energy or energy within some specified region etc... will be denoted as U; this choice follows a convention for energy often used in thermodynamics and statistical mechanics [15, 16], and so carries the right suggestive meaning also for this paper.

1. Role of time-energy uncertainty in measurement

The concept of a transient state implies temporal evolution with observations of the state at successive intervals of times. However in a scattering experiment, observations only occur twice, at asymptotic times before, t_i, and after, t_f , the collision, so that transient state formation during a collision process is a notion that can be tested only indirectly. The putative transient state must be modelled, with the predictions that each model yields only at asymptotic large time testable with experiment. This clearly leaves considerable room for degeneracy amongst candidate models, and so speaks to a central difficulty of the transient state problem of heavy ion collision. Nevertheless, within the mathematical construct, the transient state takes on a dynamical reality, and all models that correctly predict the outcome of the collision experiment are viable dynamical scenarios during the intermediate time period.

The first step in determining models for the transient state is specifying the maximum energy resolution to which the actual state is measured, since any model need only be valid up to this resolution. If the lifetime of the transient state is Δt_{tr}, then the uncertainty principle dictates that the minimum energy uncertainty to which the state can be determined is δU ∼ 1/Δt_{tr}. If a measurement of the state were made to such a refined resolution, then comparison to theory would require knowing the complete quantum mechanical wavefunction of the state. In a heavy ion collision experiment, even if in principle the final state were measured with perfect resolution, it still would not imply the same holds for the transient state. This is because the transient state can not be measured in isolation, since it is surrounded by many other processes that comprise the entire collision event. The final state that is observed in the detectors contains a vast mixture of information about all these processes. Separating out the portions due to the transient state would introduce a measurement uncertainty in the energy ΔU much larger than the intrinsic uncertainty, ΔU ≫ δU. The strength of the large transient state hypothesis is that for energy resolution ΔU ≫ δU, but still U > ΔU, the large number limit dictates the properties of the transient state, so that neither perfect experimental nor theoretical knowledge about the collision process is necessary. Thus models of putative transient states must be accurate only to within the measurement uncertainty ΔU, with dynamical evolution in the model treated only in time steps of size Δt^>∼ h̄/ΔU.

To quantify the above inequalities, consider the evolution of states formed in the central region in a heavy ion collision. It is believed that for events in which large transient states formation is possible in the central region [18, 19], the total energy of such states is U ≈ (5 − 1000)GeV and Δt_{tr} ≈ (10 − 1000)fm/c. Since in a collision experiment information about the transient state must be inferred from the final state particle spectrum, the minimum measurement uncertainty of the transient state energy can be set as that of a typical minijet ΔU^>∼ 1GeV. For these values, it implies δU ≈ h/Δt_{tr} ≈ (10^{−2} − 10^{−4})GeV ≪ ΔU ≈ 1GeV and the evolution time step must be Δt^>∼ 0.2fm/c.

C. Contracted description of large transient states

This subsection formulates the contracted description of large transient states with specific reference to heavy ion collision. Consider a set of operator observables {Ô_j } that are experimentally measured in the final state, with measurement uncertainties {ΔO_j }. Amongst the observables would be the total energy U, entropy S, perhaps also local versions of these operators in smaller volume regions of the putative transient state, and other observables. All the observables are macroscopic in that the intrinsic quantum mechanical uncertainties δO_j ≡ [⟨ψ|Ô^2_j |ψ⟩ − ⟨ψ|Ô_j |ψ⟩^2]^{1/2}, (33) are smaller than the measurement uncertainties ΔO_j ,

ΔO_j ΔO_l ≫ δO_j δO_l, (34)

for all j, l. Within our mathematical construct of the transient state, we wish to model evolution in time steps of Δt^>∼ h̄/ΔU with operator expectation values resolved at each time step up to the measurement uncertainties {ΔO_j } .

1. Slowly varying operators

Recalling the uncertainty principle relation δUδO_j^>∼ ⟨ψ|[Ĥ, Ô_j ]|ψ⟩ ≈ ⟨ψ| ^̇O_j |ψ⟩, (35) Eq. (34) implies ΔUΔO_j ≫ ⟨ψ| ^̇O_j |ψ⟩, (36) where ψ is any arbitrary states. Also, the observation time interval Δt is dictated through the uncertainty principle relation

ΔUΔt^>∼ h̄. (37) Thus for measurement time intervals larger than the uncertainty principle lower bound, but not in excess to Eq. (36) it implies ΔUΔO_j ∼ ΔO_jh̄/Δt, (38) so that from Eq. (36) ΔO_j ≫ ⟨ψ|Ȯ_j |ψ⟩Δt/h̄, (39) for any state ψ. Operators satisfying Eq. (39) are called “slowly varying” in [8]. In terms of Eq. (32) if all operators used in partitioning similar states are slowly varying, then it implies this partitioning remains valid over several measurement time intervals. For a partitioning of states based on such a set of slowly varying operator observables, in Sect. V it will be shown that the state vector obeys a evolution equation that is classical in form. There are several details related to the above construction requiring comment and they will be addressed in the three subsections that follow.

2. Approximate diagonalization

Amongst the operator observables, the energy operator has a special role, since energy will be conserved. The measurement of the system’s energy at value U_N with uncertainty ΔU separates the energy eigenstates into shells N. If energy is the only measured operator then each shell N has a set of approximate energy eigenstates {ψ_{Nn}} such that ⟨ψ_{Nn}|Ĥ|ψ_N ′_n′ ⟩ = [U_N + O(ΔU)]δ_{NN} ′ δ_{nn}′ + O(≪ ΔU). (40) Here the magnitude of the off-diagonal elements O(≪ ΔU) are determined by the conditions Eqs. (33) and (34) which implies for any m, ∑ n,n≠m |Hmn| 2 ≡ δU^2 ≪ ΔU^2.

Now consider another operator Ô_1. Due to relations Eqs. (34) and (35), up to measurement uncertainty, Ĥ and Ô_1 commute and so can be simultaneously approximately diagonalized as follows. A diagonalization in general would require all the approximate eigenstates {Ψ_{Nn}} from all the shells N, but first it will be shown that the diagonalization done here can be achieved in each shell N with only the approximate eigenvectors in that particular shell. From Eq. (35) choosing ψ = aΨ_{Nn} + bΨ_N ′_m where for normalization |a|^2 + |b|^2 = 1, consider a particular matrix element (HO_1 − O_1H)_N ′_{m,Nn} ≈ (E_N ′_m − E_{Nn})O_{1N} ′_{m,Nn} ∼ δO_1δU. (41) If N ≠ N^′, so different energy shells separated by order kΔU with k > 1, then |E_N ′_m − E_{Nn}| > kΔU, (42) which when combined with Eq. (41), implies O_{1N} ′_{m,Nn} ΔO_1 < δO_1δU kΔUΔO_1 < δO_1δU ΔUΔO_1

≪ 1. (43)

This shows that all off-diagonal matrix elements of Ô_1 outside shell N are tiny, with those in increasingly distant energy shells getting increasingly smaller. So to a good approximation, all states outside the shell N can be ignored and amongst the states, {ψ_{Nn}}, in a given shell N, a new orthonormal basis {ϕ^{(N)}_{N1n}} can be obtained by a unitary transformation ϕ^N_{1 n} = ∑ p∈N Ψ_{Np}⟨Ψ_{Np}|ϕ^{(N)}_{N1n}⟩. (44) In the basis {ϕ^N_{1n}} and in a given cell NN_1, Ĥ is approximately diagonal with eigenvalue U_N and Ô_1 is approximately diagonal with eigenvalue O^N_{1N1} .

In particular, for the new basis {ϕ^N_1 }, for Ĥ it still holds ⟨ϕ^{N ′}_N ′_{1 n}′ |Ĥ|ϕ^N_{1 n}⟩ = [U^N + O(ΔU)]δ_N ′_N δ_N ′_{1N1} δ_n′_n + O(≪ ΔU), (45) and now for Ô_1 ⟨ϕ^N_{1 n}|Ô_1|ϕ^{N ′}_N ′_{1 n}′ ⟩ = [O^N_{1N1} + O(ΔO_1)]δ_{NN} ′ δ_{N1N} ′_1 δ_{nn}′ + O(≪ ΔO_1), (46) where the magnitude of the off-diagonal elements of Ô_1 are determined as for the case of energy from Eqs. (33) and (34) to be for any m, √∑ n,n≠m O 2 mn ≪ ΔO_1. In this new basis Eq. (44), with respect to the operators Ĥ and Ô_1, all states ϕ^N_{1n} in a given cell NN_1 are similar. Finally, note that in the {ϕ^N_{1n}} basis, Ĥ also has an ordering on its off-diagonal elements from conditions analogous to Eqs. (41) -(43). In particular for sufficiently distant eigenstates (i.e. sufficiently large k > 1) |O_{1m} − O_{1n}| ≈ kΔO_1, (47) from Eq. (35) (HO_1 − O_1H)_{mn} ≈ (O_{1m} − O_{1n})H_{mn} ∼ δO_1δU, (48) which implies H_{mn} ΔU < δO_1δU kΔO_1ΔU < δO_1δU ΔO_1ΔU

≪ 1. (49)

Another observable Ô_2 can now be considered. Due to Eq. (34) Ĥ, Ô_1, and Ô_2 can be approximately mutually diagonalized. In particular the energy relation Eq. (35) applies equally to any operator Ô_j with the same consequence as found in Eqs. (41) - (43) for Ô_1. Next consider matrix elements of Ô_2 between two different O_1-cells NN_1, and NN^′_1. The same treatment applies here as leading to Eq. (43), to give O^N_{2N1m;N} ′_{1n} ΔO_2 < δO_1δO_2 ΔO_1ΔO_2

≪ 1, (50)

when N_1 ≠ N^′_1. Thus the basis states {ϕ^N_{1n}} can be transformed to a new orthonormal basis in which Ô_2 is approximately diagonal in cells N_2 between which expectation values are separated by at least O(ΔO_2), ϕ^N_{1N2m} = ∑ p∈NN_1 ϕ^N_{1p}⟨ϕ^N_{1 p}|ϕ^{(N)}_{N1N2m}⟩, (51) such that ⟨ϕ^N_{1 N2n}|Ô_2|ϕ^{N ′}_N ′_{1N} ′_{2n}′ ⟩ = [O^N_{2N1 N2} + O(ΔO_2)]δ_{NN} ′ δ_{N1N} ′_1 δ_{N2N} ′_2 δ_{nn}′ + O(≪ ΔO_2). (52) This procedure of approximate diagonalization can be implemented for all the operator observables under consideration Ô_3, Ô_4, . . . , Ô_j . At the end, each energy shell N is subdivided into cells J with the original approximate energy eigenfunctions {ψ_{Nn}} transformed to a new orthonormal basis {ϕ^N_{Jn}} such that ⟨ϕ^N_{Jn}|Ô_j |ϕ^{N ′}_J ′_n′ ⟩ = [O^N_{jJ} + O(ΔO_j )]δ_{NN} ′ δ_{JJ} ′ δ_{nn}′ + O(≪ ΔO_j ). (53) If thought of as matrices, the operators Ô_j in this basis are block diagonal, with each block corresponding to a J-cell and with small nonzero matrix elements connecting different blocks.

3. large number limit

Consider a sequence of state vectors {Ψ_j } in Eq. (32) for which the number density N(x) in some region x ∈ V Eq. (21) increases, and in turn for an appropriate choice of basis states {|α⟩} the number of states in each cell increases. Suppose the matrix element

⟨Ψ_j |Ô|Ψ_j ⟩, (54)

is computed for this sequence, where Ô is any one of the observables in the contracted description. If there is no a priori correlation amongst the states |α⟩ of the state vector, as the number of components becomes large, cross terms in Eq. (54) will cancel due to the random phases of the expansion coefficients c_α, whereas the diagonal terms will not cancel. Thus ⟨Ψ_j |O|Ψ_j ⟩ = ∫ ∑ αβ O_{αβ} c_αc_β (55)

→ ∫ ∑ α O_{αα}|c_α|^2, (56) where O_{αβ} ≡ ⟨α|O|β⟩. This property is interpreted as a general outcome of the Correspondence Principle. The Correspondence Principle states that for a fixed measurement resolution, as the quantum numbers of the observed system increase, the classical limit is reached. One example of its application is the hydrogen atom. which has energy levels E_n ∝ 1/n^2 with the difference between adjacent levels ΔE_n ∝ (n + 1)^{−2} − n^{−2}. The classical limit is when ΔE_n ∝ 1/n^3, which occurs for large n when the leading quantum corrections ΔE^{qn}_n ∝ n^{−4} becomes negligible. For a given measuring apparatus that is measuring the highly excited hydrogen atom, as n increases, eventually the resolution of the apparatus can no longer discern the n^{−4} quantum correction. At that point, one would say the classical limit of the hydrogen atom has been reached up to the measurement resolution of that apparatus. In a many-body system with no induced mechanism for attaining coherence, as the energy increases, it implies either particles are being added to the system and/or the particles in the system are being further excited. In both cases, the quantum numbers that are getting large are the particle occupancies of the excited energy levels. A measuring apparatus that probes the energetic particles in the system will become increasing less sensitive to quantum effects amongst the energetic particles as its detectors of fixed resolution are forced to receive a greater infux of particles. This is the essence of the classical limit for a large many-body system. In Sect. V it will be shown that in this limit, quantum evolution can be expressed in a form that resembles classical evolution.

4. Transient state basis

The previous subsections have developed the concept of contracted descriptions and shown explicitly how to obtain them. This subsection suggests both an appropriate Hilbert space basis for the large transient state problem of heavy ion collision as well as a contracted description within this basis. In particular, following on the quark-gluon Fock space basis of the quark-gluon plasma hypothesis, here we consider this idea in its generalization as simply a Fock space of quasi-free particles which exist during the lifetime of the transient state. No assumption is required here that the underlying fundamental theory, here QCD, is weakly interaction. For strongly interacting dense systems it is possible that more complicated excitations can emerge, which amongst themselves interact with moderate or weak strength. This quasiparticle picture [20, 21] is successfully applied to strongly interacting many-body electron systems. In the present context, if a plasma like state is to emerge during the course of a heavy ion collision, than almost by definition such a hypothesis implies that there are particle-like excitations, whether quarks and gluons or something else, existing during the lifetime of the plasma phase, which do not interact so strongly that they lose their individual particle identities. Thus implicit in a plasma hypothesis is also the assumption that some sort of quasiparticle excitations emerge for some time period just after the collision. Of course in addition to these quasiparticle excitations which define the properties of the plasma, in general there would be other strongly interacting phenomenon. To encorporate this basic picture, the large transient state Hilbert space basis {ξ} is constructed as a tensor product of transient states {τ} and core states {c}, {ξ} = {τ} × {c}. (57) Any state |τ⟩ in {τ} by definition is orthogonal to any state |c⟩ in {c}, ⟨c|τ⟩ = 0, ∀ |τ⟩ ∈ {τ}, |c⟩ ∈ {c}. (58) The subspace {τ} is a Fock space built from the set of creation/destruction operators {τ^†_α(k, τ_α(k)}, where k is the momentum and α are the internal quantum numbers of the transons. Additional restrictions may also be placed on this transon Fock space. For example, momentum regions in which the transons are strongly interacting, and so not well represented by the quasiparticle approximation could be eliminated, such as the low momentum region in confining theories. In [11], a separation of the Hilbert space is also made similar to here, into what they call the “parton” and “gluonic” subspaces, which have close analogy to our transon and core subspaces respectively.

The reference state for the transon Fock space is defined by the condition

τ_α(k)|ref⟩ = 0, ∀ τ_α(k) ∈ {τ_α}, (59)

and the states

τ^†_α(k)|ref⟩ (60)

define the excitations of single nearly-free particles with internal quantum numbers α, three-momentum k, and energy E_α(k) = √ k^2 + m^2_α. These nearly-free particles that comprise the subspace {τ} will be called transons. The core states |c⟩ are composed of all states necessary to complete the transient state basis {ξ}. Note that by definition, any state in {c} can serve as the reference state |ref⟩ for the transon Fock-space. Our definition of the transon basis is not specific to transons being weakly interacting, although as they are particle like excitations, by definition their interactions are moderate enough to preserve this property. The idea here is similar to that for the parton subspace in [11], except in that work a more extreme condition is imposed that interactions between the parton excitations are completely switched off.

The contracted description of Subsect. III A in the transient state basis is as follows. Recall the evolution of the transient state wavefunction Eq. (31) is considered under the contracted description Eq. (30), and one seeks an appropriate set of approximate eigenstates. In the transient state basis, we hypothesize the approximate eigenstates at energy U up to uncertainty ΔU are expressed as ϕ_{α,β} (E_α + E_β ) ←→ M∏ j=1 τ^†_{{αj },β}(k_j )|core_β⟩ (general), (61)

where {α} ≡ {α_1 . . . α_M } are the internal quantum numbers of the M-transons in this state, E_{{α}} = ∑_M j=1 √ (k^2_j + m^2_{αj} ), and E_β is the energy associated with the core state. Note that the energy E_α associated with a state ϕ_{{α},β} is only that of the transons. This represents the energy from the state that is available for a large many-body transient state. It is also useful to identify two particular types of states in this basis M∏ j=1 τ^†_{αj} (k_j )|0⟩_⊥ ≡ |k_{α1} . . . k_{αM} ⟩_⊥ ≡ |{k, α}^M ⟩ (pure transons) (62) and |core⟩ (pure core). (63)

Here |0⟩_⊥ is the true vacuum of the theory, |0⟩_{true}, except orthogonalized with respect to all pure transon states |0⟩_⊥ = N |0⟩_{true} − ∞∑ M=0 ∑ {α} ∫ M∏ j=1 d^3k_j |{k, α}^M ⟩_⊥⟨{k, α}^M |0⟩_{true} , (64) where N is a normalization constant. From the definition of similar states given below Eq. (32), similarity in the transon basis is defined to mean small separation in all quantum numbers: occupancy of each species, momentum distribution, and other internal quantum numbers α. Depending on the type of measurement that is done, similarity may also place conditions on the core states.

IV. LARGE TRANSIENT STATE HYPOTHESIS OF HEAVY ION COLLISION

Based on the concepts of projection and contraction developed in the last two sections and combining that with the implications of the large number limit, the large transient state hypothesis of heavy ion collision now is stated. Recall in the time dependent description, the two heavy ion wavepackets begin to overlap at t ∼ t^−_c . The nearly-free particles that comprise the transient state must have the pseudo-fock space representation Eq. (61) in the collision wavefunction Ψ^{SE} (t) for t ≤ t^−_c . At the moment of collision, the components of Ψ^{SE}(t^−_c ) with large occupancy of nearly-free particles are associated in spacetime to the formation of a dense many-particle region at the site of the collision. The probability for creation of such a region is determined by the probability amplitudes of the components of the wavefunction having high occupancy of transons. From Sec. III C 3, recall that for fixed measurement resolution, the larger the state, the greater its tendency toward classical behavior. The large transient state hypothesis in the context of heavy ion collision implies the existence of transon states of adequately high occupancy, such that for measurement resolutions of interest, their behavior is classical. To classical characteristics of the large transient state correspond properties of Ψ^{SE} : To entropy S corresponds occupancy number, to temperature T corresponds energy density and to energy U corresponds the sum of the free particle energies of the nearly-free particles. Included here is the spatial volume occupied by the transient state, by combining T and U.

The wavefunction description of heavy ion collision, relied upon heavily in this paper, clearly has limited practical applicability in dynamical calculations due to its complexity. However, reference to wavefunctions is advantages in developing the central theme of this paper, which is to understand how classical behavior emerges in the intrinsically quantum process of heavy ion collision. Furthermore, the use of wavefunctions may be helpful in assessing probabilities and sizes of putative large transient states, especially in relative terms, such as p-p versus A-A or between ions of different nucleon numbers.

For example consider the following model. Let the incoming p-p wavefunction just before the collision at t^−_c be approximated by the product form

Ψ^{SE}_{pp} (t^−_c ; (0, k), (0, −k)) = Ψ_p+ (t^−_c ; 0, k))Ψ_p− (t^−_c ; (0, −k)) (65)

where the expression (0, k) ≡ (x, k) denotes that the center of the proton p wavepacket at t = 0 is at x = 0 and the peak momentum along the collision axis is k. The superscripts +,− denote the direction of the protons along the collision axis. Each wavefunction has the quasi-Fock space expansion in terms of transon and core states of the form

ψ_p(t; x, k) = ∑ M,{α} ∑ j ∫ ∞ [dk]^M c_j ({k, α}^M ; t)|{k, α}^M , core_j ⟩, (66) where the shorthand notation used here and below is ∫ ∞ [dk]^M ≡ ∫_∞ −∞ M∏ j=1 d^3k_j (67) and ∑ M,{α} ≡ ∞∑ M=0 ∑ α_1 ...α_M . (68)

Thus for the heavy ion collision state, approximate it as the product state of A + -moving and A − - moving nucleons with bound state effects within each ion represented only through assigning A_c nucleons as central and A_p nucleons as peripheral with A = A_c + A_p. Thus the heavy ion A-A collision wavefunction is approximated as

Ψ^{SE}_{AA}(t^−_c ; (0, Aq), (0, −Aq)) = Ψ^+_{Ap} (t^−_c ; (0, A_pq))Ψ^+_{Ac} (t^−_c ; (0, A_cq))Ψ^−_{Ap} (t^−_c ; (0, A_pq))Ψ^−_{Ac} (t^−_c ; (0, A_cq)) (69) with

Ψ^a_{Al} (t^−_c ; (0, q)) = A_l∏

j=1 Ψ^a_{pj} (t^−_c ; (x_j, q)), (70)

a = ±, l = p, c and x_j the position of nucleon p_j at time t = 0.

Assume that a central collision is necessary to create a large transient state in the central region when the two heavy ions collide. Thus in what follows the heavy ion collision is assumed to involve Ψ^+_{Ac} Ψ^−_{Ac} with Ψ^+_{Ap} Ψ^−_{Ap} passive. A_c here is treated as a phenomenological parameter.

This model can demonstrate tendency toward the large number limit, thus based on Subsect. III C 3 the classical limit, as A increases. For example, consider transient state formation in the central region. The first step in the time history of such a process requires a multiple collision event in which several quanta are stripped-off both incoming heavy ions and deposited into the central region. The combinatoric probability for a multiple collision event of this sort increases with A_c. Suppose the initial collision between the two heavy ions involves some type of quanta, such as quarks and gluons, partons, hadronic resonances etc... The precise nature of these quanta does not need to be specified for this analysis. Simply suppose that p( √ s) is the probability that two such quanta at CM energy √ s collide and deposit all their energy into the central region. Then the probability P_{2m}(n) that out of m impinging quanta from both directions a collision with n-pairs occurs in which the energy is deposited in the the central regions would be

P_{2m}(n) = N_m(p) ( m! (m − n)!n! )_2 n!p^n, (71)

where N_m(p) is a normalization constant such that ∑_m n=0 P_{2m}(n) = 1. As an example, suppose the colliding quanta under consideration were nucleons. Let p( √ s) be the probability in a nucleon-nucleon collision at CM energy √ s that energy deposition in the central region is above some pre-specified density. Then in a A-A collision, A_c nucleons in each impinging nuclei can in a central collision deposit their energy in the same region, and the probability for this would be from Eq. (71), P_{2Ac} (A_c) = N_{Ac} (p)A_c!p^{Ac} . Thus for p ≪ 1, events with the maximum deposition of energy, and so the largest transient states, would have a highly suppressed probability, in fact by several orders of magnitude, to the typical events. For example at RHIC there are somewhere around 5 billion events recorded in total and so for Au-Au collisions (A= 197) based on the above formula for p^<∼ 0.9 there would have been less than one high collision event where all the 197 nucleons collided. This is a crude estimate but it demonstrates how suppressed the very high collision events are, yet these event fluctuations may be the most interesting for studying properties of large transient states.

V. DERIVATION OF THE MASTER EQUATION

This section obtains the evolution equation for the large transient state. This equation will express the evolution of a single pure quantum mechanical state up to an accuracy adequate for measurement at the specified macroscopic resolutions {ΔO_j }, Eq. (32). The large transient state by definition has a high density of particles Eq. (21), so that within a resolution band there are many quantum mechanical states. Due to this, it will emerge that the evolution equation for a pure quantum mechanical state, representing a typical large transient state, in general will have a classical form, in particular the master equation.

Our derivation of this master equation follows Van Kampen [8] (see Appendix A for a review), except that we are converting his reasoning, which addressed condensed matter systems, to the scattering problem. There are several differences between these two types of systems. First, in the scattering problem the large transient state exists only for a finite duration of time, whereas for the condensed matter systems considered by Van Kampen [8], this time interval effectively was infinite. Second, in the scattering problem, the transient state of interest is not in isolation. Thus the entire scattering system can not be subject to the master equation. Third, the elementary excitations of condensed matter systems generally are well understood, since either they are closely associated with asymptotic particles such as electrons or with lattice vibrations such as phonons. In contrast in the scattering problem, since the elementary constituents of QCD, quarks and gluons, confine, the elementary excitations are unclear.

The purpose of Sects. II and III was to clarify all three of these problems. Points one and two were addressed through the time-energy considerations in Subsect. III B 1 and the definition of projection operations in Subsect. II C 1. To address point three the problem was divided into two parts. First the quasiparticles were defined in very general terms via the transons of Subsect. III C 4. As a second step, specific identification of transons with QCD excitations can be made. This will be addressed in Sect. VI.

The derivation that follows considers the simplest case in which the state vector has an expansion in the pure transon basis Eq. (62), with transons of scalar, spinor or vector types. It would be straightforward to extend this derivation to include the mixed basis of transon and core states. The derivation below is done in a conventional k-space basis for the transons. The same derivation applies with minor notational changes if the kinematic specification of the transons is in a mixed (x, k)-basis (see Appendix B) or in a basis of rapidity and transverse momenta. Turning to the derivation, let

c({k, α}^M ; t) ≡ c(k_1, α_1; . . . ; k_M , α_M ; t) (72)

denote the probability amplitude for the state with M transons of types α_1, . . . , α_M and respective momentum for j-th transon, k_j^4. A transon type is characterized by all internal quantum numbers: baryon number, spin, polarization, isospin, and for nonasymptotic transons color, flavor, etc.... The normalization condition for the expansion coefficients is ∑ M,{α} ∫ ∞ [dk]^M |c({k, α}^M ; t)|^2 = 1, (73)

where the shorthand notation is defined in Eqs. (67) and (68).

A contracted description of the dynamics will now be constructed. To illustrate this procedure, we hypothesize that the the similar states of this contracted description will be those states within small intervals of momentum to each other and with some partitioning of the discrete quantum numbers. The contraction over momenta is equivalent to a course graining. In particular, this will require dividing the momentum interval into discrete cells with widths Δk ≡ (Δk, Δk, Δk) in the three spatial directions with the cells centered at points k^m ≡ (m_x, m_y, m_z)Δk for integers (m_x, m_y, m_z) and with each integer ranging from −∞ to ∞. In addition, the evolution will be examined in discrete time intervals Δt ≪ Δt_{tr}, where Δt_{tr} is defined in Subsect. III B 1 as the lifetime of the transient state. Accordingly the probability coefficients will be smeared over a time interval Δt.

Denote the course grained probability coefficients as

P ({k^{{m}}, ᾱ}^M ; t) ≡ P (k^{m1} , ᾱ_1; . . . , k^{mM} , ᾱ_M ; t). (74)

Explicitly

P ({k^m, ᾱ}^M ; t) = 1 Δt ∫_t t−Δt dt^′ ∑ {α}∈{ᾱ} ∫ Δ^{{m}}_M [dk]^M |c({k, α}^M , t^′)|^2, (75)

where ∫ Δ^{{m}}_M [dk]^M ≡ M∏ j=1 ∫_k^{mj}x_{x +} Δk_2 k^m j x x −^{Δk}_2 dk_{jx} ∫_k^{mj}y_{y +} Δk_2 k^m j y y −^{Δk}_2 dk_{jy} ∫_k^{mj}z_{x +} Δk_2 k^m j z z −^{Δk}_2 dk_{jz} . (76)

Note that ∑ M ∑ {m} ∑ {ᾱ} P ({k^m, ᾱ}^M ; t) = ∞∑ M=0 ∑ {α} ∫ ∞ [dk]^M |c({k, α}^M ; t)|^2 = 1. (77)

From the fundamental dynamics, we seek the evolution equation for the probability coefficients {P ({k^m, ᾱ}^M ; t)}. Furthermore we want to know their evolution between small finite time steps Δt ≪ Δt_{tr}

4 The momentum representation used here assumes the probability to find two identical particles with exactly the same momentum has zero measure. For highly degenerate systems, like a Bose condensate, an occupancy number basis is preferable to this momentum basis. Our derivation to follow could be converted to an occupancy number basis.

and not for infinitesimal time differences. Let the initial state of the system, at say the time in Subsect. II C 2 designated to be just before the collision t = t^−_c , be given as {c({k, α}^M ; t^−_c )}. After a time t > t^−_c , the amplitude coefficients of the system will be c({k, α}^M ; t) = ∑ M^′ ,{α^′} ∫ ∞ [dk^′]^{M ′} ∫∑ r ⟨{k, α}^M |r⟩e^{−iEr (t−t−c )}⟨r|{k^′, α^′}^{M ′} ⟩c({k^′, α^′}^{M ′} ; t^−_c ), (78) where ∫∑ r |r⟩⟨r| = 1 (79) is an intermediate sum in the energy representation, with this notation including the possibility of both discrete and continuous spectra. Note that this is the exact quantum evolution of the system and for example no perturbative assumption of weak coupling is used.

From this we obtain the evolution of the course grained coefficients to be

P ({k^m, ᾱ}^M ; t) = ∑ M^′ {α^′ } ∑ M^{′′} ,{α^{′′}} ∑ {α}∈{ᾱ} ∫ Δ^{{m}}_M [dk]^M ∫ ∞ [dk^′]^{M ′} [dk^{′′}]^{M ′′} [ {k, α}^M ||{k^′, α^′}^{M ′} ; {k^{′′}, α^{′′}}^{M ′′} ] t−t^−_c c({k^′, α^′}^{M ′} ; t^−_c )c^∗({k^{′′}, α^{′′}}^{M ′′} ; t^−_c ), (80)

where [ {k, α}^M ||{k^′, α^′}^{M ′} ; {k^{′′}, α^{′′}}^{M ′′} ] t ≡ 1 Δt ∫_{t+Δt} t dt^′ ∫∑ r ∫∑ s ⟨{k, α}^M |r⟩⟨r|{k^′ , α^′}^{M ′} ⟩ ⟨{k, α}^M |s⟩^∗⟨s|{k^{′′}, α^{′′}}^{M ′′} ⟩^∗ exp [−i(E_r − E_s)t]. (81) Similar to the arguments in Subsect. III C 3, in the limit that the system size is large, there will be many cross terms in Eq. (80) and the relative phases amongst the amplitude coefficients will be random initially and thus during evolution. Therefore the cross terms will tend to cancel. On the other hand, the diagonal terms are all positive, and thus will always add. This is the first element of Van Kampen’s theory. From this we get

P ({k^m, ᾱ}^M ; t) = ∑ M^′ ,{α^′ } ∑ {α}∈{ᾱ} ∫ Δ^{{m}}_M [dk]^M ∫ ∞ [dk^′]^{M ′} [ {k, α}^M||{k^′, α^′}^{M′} ; {k^′, α^′}^{M′} ] t−t^−_c | |c({k_′, α_′}_M^′ ; (t_{−c} ) | |^2 . (82)

The second observation of Van Kampen was that within a course grained cell Δ^m_M , both factors in Eq. (80) vary independently^5. This implies

P ({k^m, ᾱ}^M ; t) = ∑ M^′ ,{α^′} ∑ {α}∈{ᾱ} ∫ Δ^{{m}}_M [dk]^M ∫ Δ^{m′}_{M ′} [ dk^′ Δ ]_M ′ [ {k, α}^M ||{k^′, α^′}^{M ′} ; {k^′, α^′}^{M ′} ] t−t^−_c (∫ Δ^{m′}_{M ′}

[dk^′]^{M ′} ||c({k^′, α^′}^{M ′} ; t^−_c )|^2 )

= ∑ M^′ {ᾱ^′} ∑ {m^′} [{k^m, ᾱ}^M ||{k^{m′} , ᾱ^′}^{M ′} {k^{m′} , ᾱ^′}^{M ′} ]_{t−tc} P ({k^{m′} , ᾱ^′}^{M ′} , t_c), (83)

5 The point can be more clearly illustrated with a discrete sum. Consider the sets of N positive numbers {a_j } and {b_j }.

Let a ≡ ∑_{aj} N and b ≡ ∑_{bj} N . Define ϵ^a_j and ϵ^b_j such that a_j = a + ϵ^a_j and b_j = b + ϵ^b_j . This implies by definition that

∑_{ϵaj =} ∑_{ϵbj = 0. Then we have} ∑_{aj bj =} ∑_{(a + ϵaj )(b + ϵbj ) = Nab +} ∑_{ϵaj ϵbj → Nab. The last step follows since the}

second term involving the sum of ϵ^a_j ϵ^b_j will have both positive and negative contributions. When N is large these will tend to cancel amongst each other.

where ∫ Δ^{{m}}_M [ dk Δ ]^M ≡ M∏ j=1 ∫_k^{mj}x_{x +} Δk_2 k^m j x x −^{Δk}_2 dk_{jx} Δk ∫_k^{mj}y_{y +} Δk_2 k^m j y y −^{Δk}_2 dk_{jy} Δk ∫_k^{mj}z_{x +} Δk_2 k^m j z z −^{Δk}_2 dk_{jz} Δk (84)

and [{k^m, ᾱ}^M ||{k^{m′} , ᾱ^′}^{M ′} {k^{m′} , ᾱ^′}^{M ′} ]_t ≡ ∑ {α}∈{ᾱ} ∫ Δ^{{m}}_M [dk]^M ∫ Δ^{m′}_{M ′} [ dk^′ Δ ]_M ′ [ {k, α}^M ||{k^′, α^′}^{M ′} ; {k^′, α^′}^{M ′} ] t . (85) Note the above is a statement about the dynamics and not the initial conditions.

We can now obtain the evolution equation for the course grained probabilities. For this we are interested in time steps Δt and not for infinitesimal time differences. For small Δt upon temporal averaging and course graining one obtains the general form

[{k^m, ᾱ}^M ||{k^{m′} , ᾱ^′}^{M ′} {k^{m′} , ᾱ^′}^{M ′} ]_{Δt} = δ_{MM} ′ δ_{{ᾱ}{ᾱ}′_}δ_{{m}{m}′_} + ΔtW ( {k^m, ᾱ}^M ; {k^{m′} , ᾱ^′}^{M ′} ) . For convenience, converting the notation now to a single index, (M, {ᾱ}, {m}) =⇒ J (86) the evolution equation for the probability coefficients becomes dP_J (t) dt ≡ P_J (t + Δt) − P_J (t) Δt = ∑ J^′ W_{JJ} ′ P_J ′ (t). (87)

Above, we have used Eq. (83) to express P_J (t + Δt) in terms of the set {P_J (t)}. To arrive at the above form, one should also note that P_J ′ (t) is expressed in the form of Eq. (75). In Eq. (87) W_{JJ} ′ denotes the transition probability between states J and J’ and P_J (t) denotes the occupation probability of state J.

Since ∑ M ∑ {m} ∑ {α} [{k^m, ᾱ}^M ||{k^{m′} , ᾱ^′}^{M ′} {k^{m′} , ᾱ^′}^{M ′} ]_t = 1,

this implies ∑ J W_{JJ} ′ = 0. From this we arrive at dP_J (t) dt = ∑ J^′ [W_{JJ} ′ P_J ′ (t) − W_J ′_J P_J (t)] , (88)

which is the master equation.

Let us comment on some aspects of Eq. (88). The equilibrium distribution is determined by the solution of ∑ J^′ [(W_{JJ} ′ P^e_J ′ (t) − W_J ′_J P^e_J (t)] = 0. (89)

Also in equilibrium, by the equipartition hypothesis it follows that,

P^e_J (t) P^e_J ′ (t) = G_J G_J ′ , (90)

where G_J is the total multiplicity of the states in the cell J. The proof of detailed balance follows from time reversal symmetry of the underlying dynamics. Let |T({k, α})⟩ be the time reversed state of |{k, α}⟩. Then it follows from microscopic dynamics that, ⟨{k^′, α^′}; t|{k, α}, 0⟩ = ⟨T ({k, α}); t|T ({k^′, α^′}), 0⟩. (91)

Since a course grained cell always contains pairs of state related by T, it means that

W_{JJ} ′ G_J ′ = W_J ′_J G_J . (92)

Eqs. (90) and (92) give the necessary ingredients to obtain the detailed balance relation

W_{JJ} ′ P^e_J ′ = W_J ′_J P^e_J , (93)

where there is no summation on the repeated indices.

Let us now address when the canonical thermal distribution can be applied to describe the transient state. Recall that the canonical distribution describes a system in equilibrium when it is in contact with an external heat bath. In contrast, the transient state is an isolated system at some fixed energy. An ensemble respecting such an isolated system in equilibrium consists then of all states r within a small interval ΔU about the given energy U_r having equal probability,

P_r = { C if U_r − ΔU < U < U_r + ΔU 0 otherwise. (94)

The canonical distribution can be applied to such a microcanonical ensemble Eq. (94) for describing some small part of the whole system. For example suppose we separate the cell J into a small portion denoted by J_S and the remainder J_R, J_S ⋃ J_R = J and J_S ⋂ J_R = 0. We can obtain probability coefficients exclusively for J_S by summing over all configurations of J_R, so P_{JS} = ∑ J_R PJ . The cells JS are no longer closed

systems at some fixed energy, since energy can flow from R into S. Then provided R is very large compared to S, by the usual system-reservoir arguments [16, 22], in equilibrium the P_S coefficients will satisfy the canonical distribution. For example if our cells were in x-space, we could ask what is the equilibrium distribution of some small volume of the complete transient state, and in equilibrium it would obey the canonical distribution. Aside from the equilibrium distribution, the master equation permits very general characterization of the statistical state; an example of some other possibilities which may be interesting to consider in the context of the heavy ion transient states are [23]. An examination of how pure quantum evolution in systems with a large number of degrees of freedom develops into a statistical mechanical behavior has been studied for general systems in [24]. There are similarities between that work and ours here, such as similar conditions are considered on diagonal versus off-diagonal matrix elements. Moreover our conclusions are similar to [24] although we obtain a general evolution equation, the master equation, that can treat a variety of statistical behavior whereas in [24] the focus is only on understanding the equilibrium limit.

This Section examined the evolution equation of a pure quantum state which is measured with macroscopic uncertainties, meaning resolution widths in which a large number of quantum states are indistinguishable. For such a case, it was shown above that the evolution equation for the state vector has a classical form, in particular the master equation. This formal association with the master equation implies all properties of this equation in its application to nonequilibrium statistical systems carry over. In particular, recall the master equation keeps account of all transitions between the states of a statistical system, and thus is the fundamental equation for describing the nonequilibrium dynamics of the given system. Moreover, other contracted descriptions, further down in the hierarchy can be obtained from it, such as the Boltzmann equation and the hydrodynamic equation [25]. As one detail, rather than the k-space basis for the transon excitations, as used in this Section, another possibility is a basis of phase space excitations, as described in Appendix B, for which the resulting master equation would express transitions in phase space. Such an equation formally would be analogous to that for a classical gas, for which considerable information about master equation solutions already exist and could be readily utilized. Alternatively the transons could be described in terms of rapidity in the longitudinal direction and two transverse momenta. Such a choice of kinematic variables would be a more appropriate starting point for deriving the Bjorken hydrodynamical model [18] from a more fundamental level using the master equation transcription of this paper.

In closing this Section, an important distinction is emphasized here between pure quantum states versus statistical ensembles. A pure quantum state contains information about one single scattering event. In contrast a statistical ensemble contains information over some type of summation over several events, each represented by a pure state. The Wigner distribution [26, 27] is an approach to examine evolution equations of statistical ensembles of quantum mechanical pure states. However, the origin of the master equation derived here has no relation to the Wigner distribution. The justification for classical arguments, such as quark-gluon plasma formation, in predicting outcomes of a scattering experiment, must be established on individual events and that is what our derivation of the master equation has accomplished.

VI. HEAVY ION COLLISION SCENARIO

This section reviews the phenomenology of transient state formation during heavy ion collision and then explores how it could be studied using the methods developed in this paper. Although the heavy ion collision scenario was mainly formulated with the quark-gluon plasma formation scenario in mind, after our review in Subsect VI A, the picture is reexamined in the more general terms developed in the previous sections.

A. Phenomenology of heavy ion collision

The basic scenario for large transient state formation in heavy ion collision was formulated in [18, 19], in terms of a spacetime picture and this will now be reviewed. The process of interest is A−A collisions at ultrarelativistic energy. The events of specific interest for exhibiting statistical mechanical behavior are central collisions; such collisions can be identified by an enhanced production of grey-prongs [28]. Alternatively at RHIC central collisions are characterized by a combination of both minimum number of particles in the zero-degree calorimeters (ZDC) and the largest event multiplicities [29]. In spacetime, central collisions are described to occur at impact parameter b less than the range of the nuclear force b < 1fm. In the centerof-momentum frame, both relativistic nuclei appear Lorentz contracted along their longitudinal direction of motion, so that at extremely high energies, the collision is likened to that of two discs or “pancake-like” projectiles [18, 30]. The spacetime picture provides a center-of-momentum per nucleon energy scale, implicit to the Lorentz contraction of E^0_{CM} ≈ 7 − 70GeV, above which the longitudinal contraction is smaller than the characteristic hadron scale ∼ 0.1 − 1fm. Phenomenologically at center-of-momentum energies above E^0_{CM} , it is expected that the collision will result in two fragmentation regions approximately separated from a central region.

The heavy ion experiments of interest for quark-gluon plasma formation are at large nucleon number A^>∼ 100 and at center-of-momentum energies above E^0_{CM} per nucleon, since such cases are believed to yield the highest probability for realizing a large energy density central region. Heavy ion facilities meeting these specifications were initially the CERN SPS collider where √ s ≈ 20GeV per nucleon, at present is RHIC where √ s = 200GeV/nucleon and in the near future will be ALICE where √ s = 5.5TeV/nucleon. The spacetime evolution picture in this energy regime is as follows. The colliding nuclei are rather transparent to each other. However the low momentum components will interact strongly and some portion may come to rest at t ≈ t^+_c in the central region about z ≈ 0. This scraped-off debris will continue to interact with constituents of high longitudinal momentum in the receding nuclei after t > t^+_c . These interactions will occur after a time τ ∼ 1fm/c in the rest frame of the colliding constituents. This implies the higher the longitudinal momentum, the later they interact and the further away from the collision point z ≈ 0 they are deposited. One phenomenological fact from pp-collisions that is carried over for A-A collisions is the presence of particle distribution in the central region that is uniform in rapidity. Combining this with the above spacetime picture, it implies new matter of increasingly larger rapidity is deposited at the edges of the central region, just behind the receding nuclei, and when looked within the rest frame of this matter, the energy density is constant. In addition, the two separating nuclei may ”heat-up” as they pass through each other and this could lead to baryon rich fireballs in the two fragmentation regions [13] (but see also [31]).

The above picture supplies the initial conditions on the matter in the central region. To treat the subsequent evolution, another phenomenological input from pp-collisions is applied, that there is little long range correlation in rapidity. This transcribes in spatial terms to mean interactions amongst particles produced in the central region only extending a small distance Δz ≈ O(1)fm along the collision axis. Thus each slice of matter in the central region of thickness Δz ≈ O(1)fm evolves primarily independently except for some interactions with the nearest neighbor slices. Since matter first is deposited at z ≈ 0, the centermost slice begins its evolution first, with slices increasingly further away from z = 0 beginning evolution at increasingly later time. Initially the particles deposited in the central region have a large distribution of longitudinal momentum, whereas the transverse momentum distribution is random. This leads to a longitudinally expanding central region with initially no transverse expansion. The quark-gluon formation scenario is focused on the intermediate time period just after the central and two receding nuclei have approximately separated from each other, at t ≥ t^+_c and before final state hadronic particle production has occurred at t < t_h. The time when the central region and two receding nuclei separate into three independent regions is estimated as t^+_c ≈ 1fm/c, where we have set the initial time of impact as t^−_c ≈ −1fm/c.

The evolution of the central region, in particular, is modelled as an isentropic hydrodynamic expansion [18, 32]. In this picture, the phenomenologically motivated assumption based on pp collisions is that the particle distribution in the central region just after impact, say at t = t^+_c , is uniformly distributed in rapidity sets the initial conditions for the subsequent evolution of the central region. In particular, at t = t^+_c , the particles in the central region, which corresponds to a small region at say around x = 0, have a large dispersion in velocities, with the longitudinal velocity gradient being large, whereas the transverse velocity dispersion is random.

Estimates [18, 19] of the central region place its volume as V ≈ (5 − 100)fm^3 and energy density as ϵ ≈ (1 − 10)GeV/fm^3. This leads to a total energy in the central region of U ≈ (5 − 1000)GeV. The central region is pictured to expand for a duration of time in a plasma-like state, before hadronization begins at t_h. Estimates give t_h/t^+_c ≈ 10 − 1000, which implies the plasma state extends for a time interval of Δt_{tr} ≈ (10 − 1000)fm/c. Due to the high energy density of the plasma, the collision time for its particles is estimated as τ_{collision} ∼ (0.1 − 1)fm/c, whereas the expansion time scale of the central region, since it is effectively a 1-d expansion, is V/V̇ ∼ t ≈ 1fm/c. From comparing these two scales, it is assumed the local dynamics within the plasma are only weakly affected by the system’s expansion.

This scenario now will be interpreted in terms of the formalism developed in the previous sections. The projection step of Subsect. II C 1 is accomplished here by going to sufficiently high collisions energies, √ s > E^0_{CM} , where the final state particle production in the central region are well separated from those in the two fragmentation regions. The large transient states of interest are believed to form for a selected set of events in the central region, which are distinguished through additional conditions placed on the final state particle spectrum. To specify these conditions, the contraction step is necessary. For this the full set of operator observables and measurement uncertainties must be specified and then, as discussed in Subsect. III B 1, theoretical models of detail and accuracy consistent with experimental resolution must be formulated. Sect. III explained the purpose and methodology of the contraction step and finished-off in Subsect. III C 4 by introducing the transon model, which is a generalized basis and contracted description for the heavy ion problem. Finally Sect. VI determined the evolution equation for a quantum state vector expressed in terms of the transon basis. Specifically, relying on the large number limit, it was demonstrated there how the quantum evolution equation reduces in form to the master equation of nonequilibrium statistical mechanics. The initial conditions for evolving the transient state must be constrained by the specifications of the above reviewed phenomenological model. With this, the master equation then can dynamically determine how the state evolves, whether towards thermalization or some other statistical state.

B. Identifying transon candidates

What remains and will now be discussed is the specifications of the excitations that comprise the transons. In broader terms, if a large manybody transient state formed during a heavy ion collision, it would rapidly evolve through several stages in which several types of excitations may exist. The appropriate question is does any particular manybody excitation dominate during the transient period sufficiently to leave some imprint on the final state? The central step in answering this question is to determine the types of QCD excitations that can be the transons of a large transient state during a heavy ion collision. Some of the possibilities are as follows:

Transons as hadrons - This is the benchmark example which form the constituents of the hadron gas transient state [1, 33, 34] . Since hadrons and hadronic resonances are asymptotic states, their properties are unambiguous. Therefore, statistical mechanics is applicable to treating the hadron gas with few assumptions.

Transons as partons - The parton model is used to treat quark-gluon interactions in perturbative QCD high energy collision problems, where both incoming hadrons exchange only a few of these particles. Thus the parton model is applicable for short lived, small transient states with very high energy densities. On the other hand, in the large transient state heavy ion collision problem, both incoming heavy ions exchange many constituent particles. This problem addresses moderately high energy densities distributed over a large spatial volume. The only similarity between both problems is that individual collisions between the quarks and gluons is at adequately high energies for asymptotic freedom to be applicable [35]. Aside from this, both problems differ substantially. Although probabilistic distributions appear in pQCD problems, their interpretation is completely different from those associated with the master equation of Sect. V. In pQCD, the probabilistic distribution functions for the quarks and gluons arise from an averaging over a certain class of events, which exploits unitarity to eliminate infrared divergences. In contrast, in the large transient state problem, only one single event is treated, and the cancellation of any infrared divergences must arise from within that single system.

Transons as energetic (|p| ≥ T quarks and gluons - This appears to be the democratic hopeful. The picture is that of a high temperature gas of quarks and gluons, which due to asymptotic freedom will interact weakly. Two questions are generally raised about quark-gluon plasma. The first question pertains to the existence of such a phase in QCD. The second question is whether proper conditions can be realized during a heavy ion collision, to produce such a phase. The first question has been studied extensively by both lattice simulations [3] and various analytical approaches [2]. The evidence suggests that QCD undergoes a phase transition from a gas of hadrons to a gas of quarks and gluons at a temperature T_c = 190MeV. The properties of the quark-gluon plasma have been examined considerably [4, 5, 18, 19, 36], with particular emphasis on a gauge invariant description. The second question is much less clearly understood, since there are a few complicating factors to this simple picture. First, a perturbative treatment of such a state leads to infrared divergences [37], which generically are expected in any theory with a massless gauge boson. Optimistically this is a technical problem of infrared summation. Considerable effort has gone to study this [38]. Second, a transient state of energetic quarks and gluons that is produced in the laboratory is immersed within the true vacuum of QCD |0⟩_{true}. However perturbative high temperature QCD calculations on the thermodynamics of quarks and gluons are performed with respect to the perturbative vacuum of QCD |0⟩_{pert.}. Is this theoretical idealization well representative of the actual process? in the transon model, this question equates to whether |0⟩_{true} and |0⟩_⊥ are ”approximately” the same, where |0⟩_⊥ from Eq. (64) is the true vacuum orthogonalized with respective all energetic quark-gluon states that primarily comprise the large transient state. If affirmative, it means the true vacuum does not contain many energetic quarks and gluons and so |0⟩_⊥ should be approximately stationary. The transon model can also be approximated by replacing 0⟩_⊥ with |0⟩_{pert.}. This replacement is valid if the energetic quarks and gluons of the transient state interact minimally with the low energy components of the true vacuum. High temperature perturbative QCD in conjunction with the bag model [39] follows this set of assumptions with the additional requirement that there is a global shift in energy E_{pert.} − E_{true} = B. The final dilemma in interpreting quarks and gluons as the transons is that the picture of a color singlet transient state represented in a Fock space of quarks and gluons is misleading since the gluon field operator A^{aμ}(x) does not transform in color space as an octet. At the level of thermodynamics this does not appear to be a big problem, since the differences are not significant between a color unrestricted versus color-singlet projected summation of the partition function [40], yet out-of-equilibrium this could be a more important issue.

Transons as manybody quasiparticle - The essential question in realizing quark-gluon plasma is whether color can flow over extended regions. If that occurs, it implies a liberation of color degrees of freedom, which is the signature of the new thermodynamic state. For this to occur, it is not mandatory that the gas of nearly-free particles be quarks and gluons. The effective dynamics that most conveniently characterizes color flow may require collective variables of the entire system as opposed to the fundamental quark-gluon operators. In analogy to condensed matter physics systems, these collective variables generically can be called quasiparticles.

In condensed matter systems a plasma oscillation is a collective longitudinal excitation of the elementary particles and one quantum of this excitation is called a plasmon. Finite temperature perturbative QCD calculations indicate a similar collective effect amongst the gluons [41]. The calculation of the finite temperature gluon self-energy show a nonvanishing longitudinal and transverse gluon mass. This modifies the gluon dispersion at low momentum from E = |p| to E = √ p^2 + m^2_g + O(p^2). Here m_g ∼ MeV is the induced gluon mass or synonymously the plasmon frequency. A color singlet collective density fluctuation that propogates through the plasma at sound velocity has also been considered in [42] and identified as the hydrodynamic phonon.

Transons as elementary color singlet clusters - We can regard hadrons and liberated quarks and gluons as two extreme ends of the range of possible excitations in the large transient state. It is possible that the for the large transient state created in heavy ion collision, a mixture of both color singlet and color liberated excitations may co-exist. In statistical systems, it is common that the long range order in the system is in a certain phase, but there is short range order with properties of an entirely different phase. For example, for the Ising model in the high-temperature phase, there is no long range order, since globally the spins are decorrelated. Nevertheless, locally correlations amongst nearby spins still exist, with this short range order being increasingly more pronounced as the critical point is approached from above. In analogy, the large transient states produced in heavy ion collision may not have adequately high energy density and a sufficiently large volume to totally eliminate local color correlation. In this case color singlet clusters will emerge. Their density may be quite low, so that just a few small color singlet clusters are immersed in an otherwise sea of liberated quarks and gluons. On the other hand, the whole phase may be dominated by color singlet regions of size bigger than hadron scales but smaller than the volume of the transient state.

The importance of neutralizing color in the large transient state appears from another direction, which further motivates the presence of color singlet clusters. Due to confinement in QCD, all energy eigenstates of the theory are color singlet. Since evolution of the scattering process could be described in Eq. (78) with an energy eigenstate basis, it means in principle the system can be described with only color singlet excitations. Moreover, assuming an adequate separation between the central and fragmentation regions, the transient state in the central region, described by the projection Eq. (21) would be color singlet, and so by similar reasoning, its excitations also could be described with only color singlet states. An immediate consequence of these considerations is the transient state basis in Subsect. III C 4 should be restricted to color singlet states. There are a few ways in which this could be realized. One possibility is the transon and core states independently are both color singlets. A second possibility is the transons, most likely high energy quarks and gluons, be regarded in a color unrestricted Fock space, where the core states appropriately neutralize color. The interpretation is that an arbitrary color unrestricted state of energetic quarks and gluons will neutralize itself through low energy components, which are represented through the core states. If it is then assumed that the low energy components have no other affect on the development of the large transient state, then they can be dropped. With further assumptions, The color unrestricted quarks-gluon states can be constructed over a convenient reference state such as |0⟩_{pert.}. Finally, a third possibility is the individual transon excitations themselves are color singlet. If the transon excitations were hadrons, that would be one example of this. However, it is possible that more elementary color singlet clusters of just a few correlated quarks and gluons, could emerge over the time scale of the transient state. A color singlet quark-gluon Hilbert state also can be constructed, in which color singlet composite operators are in general products of quarks and gluons O^{μ1 ...μn} f_1 ...f_M f̄_1 ...f̄_N (R) = ∫ d^3r_1 . . . d^3r_{M+N} δ^{(3)}(R − M+N∑ j=1 r_j N + M )F (r_1 . . . r_{M+N} ) M∏ j=1 ψ^{fj}_{aj vj} (r_j ) N∏ j=1 ψ̄^{f̄j}_{bj wj} (r_{j+M} )Γ^μ1^{...μ}n_{v1 ...vM ,w1...wN} ∏ i=1...M,j=1...N U^{ai,bj} (r_i, r_{j+M} ), (95)

where Γ^{μ1 ...μn} cw is a Dirac tensor associated with the M fermions of flavor f_j and N anti-fermions of flavor f̄_j and U^{ab}(r, r^′) are the gauge field link matrices. With these operators, the product state n∏ j=1 O(R_j )|)⟩_⊥ (96)

are not orthogonal, although if their centers R_j are sufficiently far apart, they should be approximately orthogonal.

C. Examples of models

In order to do a concrete calculation with the methodology developed in this paper, what is needed first is transon and core states to be identified and a Hamiltonian specified which describes their interactions. With this in place, matrix elements, etc... required for the master equation in Sect. V can then be computed. One also would need to calculate the eigenstates and eigenfunctions for this system, which in most practical cases would have to be done perturbatively.

The ultimate goal would be to start with the full QCD Hilbert space of states and then identify the transon excitations that would be relevant during the transient state created during the heavy ion collision, with some possibilities listed in Subsect. VI B. With this identification, the full QCD Hilbert space is then decomposed into the transon and core sectors and an effective Hamiltonian is obtained that describes all interactions. With this done, one can proceed with construction of the master equation following Sect. V.

However this is too ambitious for the time being. A more immediate application of the methods in this paper would be to provide a more complete dynamical description of some of the hypothesized models of the transient state such as the hadron gas etc... For the case of the hadron gas, rather than just computing thermodynamic quantities, a dynamical nonequilibrium treatment is possible. For example, one could consider the situation where the primary transon states are the π, ρ and a_1 mesons. These mesons are considered important in the production of dileptons and photons in the hadron gas [43]. One could start with the effective Lagrangian for this system [43], and compute in perturbation theory the energy eigenstates, eigenvalues and matrix elements needed in Eq. (81) from which the master equation is constructed. Finally one needs to specify an initial state, when these excitations become important in the transient state, from which to start evolution of the master equation. This might be specified through considerations of hydrodynamical models [18] and quark and gluon parton distributions [35, 44].

In a similar way, the nonequilibrium dynamics of other possible transon excitations can be examined via the master equation. For example, strange quark production could be examined in chiral models [45]. Alternatively, effective theories of quarks and gluons [46] could be examined as simplified versions of a complete QCD treatment of quark-gluon plasma.

VII. CONCLUSION

The purpose of this paper was to surmise the first principles origin of a classical statistical mechanical description of multi-hadron production in heavy ion collision. Some special focus was placed on quarkgluon plasma formation, due to its widespread interest. As we have seen, realizing a statistical mechanical description requires a straightforward application of fundamental and well known concepts about the large number limit and randomness. The master equation, which is the final result of this transcription, lends itself to a large variety of statistical mechanical behavior, of which the often studied case of thermalization is just one special case.

The transcription made in this paper was for a single pure quantum state of two incoming heavy ions. This is not the familiar starting point for treatments of heavy ion collision. Normally a density matrix formalism is used [27, 47], due to the belief that is the only practical means of treating such a complex system. However, in principle one should be able to construct a pure quantum state of two incoming nuclei, and studies its evolution in a manner no different from say electron-electron scattering. Furthermore if one is making predictions about final state observables such as particle yield and type, they must have their explanation at the level of pure quantum dynamics. This has been one motivation for the considerations in this paper.

This paper addressed a similar problem to that in [11], which is under what conditions does a pure quantum state behaves in a classical manner, with application to the heavy ion collision problem. Our decomposition of the full Hilbert space into transons and core states is analogous to the parton and gluonic subspaces respectively identified in [11], with the diagonalization in the partonic subspace in [11] similar but more extreme to our approximate diagonalization in the transon subspace. Where this paper goes beyond [11] is in addressing time evolution. In [11] the development stops at the point where the decomposition into their parton and gluonic subspaces is made, in which by construction observables in the partonic subspace are diagonal, i.e. the Schmidt decomposition. As stated there, such a construction in general can only be made at one time slice. In order for their decomposition to sustain over time the perspective adopted in [11] was this is a model specific issue depending on the particular nature of the interactions in the fundamental Hamiltonian. In particular it depends on whether in the particular theory one is examining certain states, called ”pointer” states, can be identified which in essence would preserve the Schmidt decomposition over time. Thus based on the perspective in [11], since it is dynamics specific, the conclusion is that in general the Schmidt decomposition will not remain valid over time. The key step where this paper deviates from [11] is that nowhere in [11] are the facts exploited that they are examining a system with a large number of degrees of freedom and that ultimately a contracted description of the system will be made. What we observe in this paper is that in the large number limit, a search for exact pointer states from the fundamental Hamiltonian is not needed. In the large number limit, the conditions on the interactions can be relaxed considerably to only that they are not very strong, and in such a case, the large number limit will dominate over any off-diagonal correlations thus realizing an evolution that is effectively classical. The main result in this paper was in Sect. III C, which demonstrated how this approximate diagonalization occurs in the large number limit. In the language of [11], our results basically say that there are a class of states that effectively can act as pointer states and identifying this class depends on the specified degree of resolution to which the system is measured. Thus in general the set of pointer states is not unique, but rather a whole range of states can emerge which within the needed resolution of the measurement can behave effectively as the pointer states. It also should be noted here that although there are many treatments of classical limits to quantum mechanics via path integral approaches, our derivation in Sect. III C as an extension and completion of that started by Van Kampen in [8], is one of the few that demonstrates the classical limit within a completely canonical approach; independent of our application to the heavy ion collision problem, this is another significant result of this paper.

Historically, thermodynamic approaches to hadron scattering in the ”old” school were initiated by Fermi [48] and developed also by Landau [49]. In more recent times Carruthers and collaborators [50, 51] have developed these ideas to a more general nonequilibrium statistical mechanical approach. In this ”new” school of thought, the change in perspective has been that there need not be anything less rigorous about using statistical mechanical variables as the fundamental modes of description [30]. Although theorist have studied more seriously the predictive content of statistical kinetic theory to scattering processes, at present little unification with conventional quantum mechanical approaches to scattering has been made. This paper has attempted to shed some light in this direction. For one thing, this paper provides a general framework in terms of the threefold projection, contraction, evolution, scheme, which converts a quantum mechanical scattering problem involving a large composite system into a form that resembles a nonequilibrium statistical mechanical problem.

Our purpose here was to convey an alternative mode of thinking, that ultimately encapsulates a more general methodology. In doing this, the treatment in this paper has only captured a small essence of the problem and this after considerable simplification. To briefly summarize, in our approach, first, time was separated into three sections, initial, final, and interacting. Ascribing an initial and final interaction time implicitly relies on a description with wave-packets. We then froze the initial state at the onset of the interacting time period. Due to the largeness of the initial system, we assumed randomness amongst the expansion coefficients when expressed in terms of the quasiparticle basis and assumed this held throughout evolution in the interacting time period. In the limit that this approximation is valid, dynamics took a form of classical probabilistic evolution. How valid is this limit in a real world problem? There obviously is not complete randomness in the initial state, since a great part of it propogates into the final state. How should one describe the initial state as an expansion of weakly interacting quasiparticles plus a coherent core? An approach was suggested in Subsect. III C 4 in terms of what we called core states and generalized particle like excitations termed transons. How universal is such a separation for different heavy nuclei?

Although the answers to such questions will be hard to answer, these questions are demonstrative of a rich variety of physics made available by a statistical mechanical description of multi-hadron production. In as much as high-energy hadron scattering is a manybody problem, the high energy collision of two heavy ions is a many-manybody problem. The path via statistical mechanics toward its understanding could be summarized as an attempt to replace s,t, and u with S,T, and U.

VIII. ACKNOWLEDGEMENTS

I thank Peter Carruthers for many helpful discussions during ‘93 and ‘94, when the ideas for this paper were developed. I also thank the following for helpful discussions, J. Collins, T. Lappi, S. Mandelstam, J. Rafelski, D. Soper, M. Strikman, and D. Toussaint. Financial support was partially provided by the US Department of Energy and the UK Particle Physics and Astronomy Research Council (PPARC).

Appendix A

In this appendix Van Kampen’s theory is reviewed. Given a Hamiltonian, Ĥ, Van Kampen first separates its eigenstates into groups. Each group is specified by a central energy U_j and a resolution ΔU_j . The resolution is fixed by the experimental apparatus. He then classifies suitable linear combinations of eigenstates within an energy band, into equivalence classes. To implement the classification, he introduces the set of all operator observables that the experimental apparatus measures. This set includes the Hamiltonian, Ĥ, and all other observed operators {Ô_1, ..., Ô_j }. The resolution of all observables R = {ΔU; ΔO_1, ΔO_2, · · · , ΔO_j } are set by the experimental apparatus. All states within the resolution band R and with central values C_l ≡ {U_l; O_{1l}, ..., O_{jl}} are placed in equivalence class G_l.

To obtain the set of states in G_l, Van Kampen starts with the set of eigenstates within the band U_l ± ΔU and proceeds constructively as follows. He forms linear combinations from these states, so as to diagonalize the operator Ô_1 up to resolution ΔO_1. Within each band O_{1l} ±ΔO_1, he repeats his ”partial diagonalization” procedure with respect to the operator Ô_2 and so on for the rest. In the end he ends up with certain linear combinations amongst the eigenstates in the specified resolution band. These states are grouped into the equivalence classes G_l. The states in each equivalence class G_l, up to observation, are identical. All systems measured with resolution R about central values C_l have a Hilbert space expansion solely with respect to the states in G_l.

The energy operator played a special role in that the system at all times remained within its initially specified energy band. The problem of dynamics to solve here was, given an initial state with coarse grained expectation values {O_{1l}, · · · , O_{nl}}, what are the expectation values at a future time t. The macroscopic nature of the problem enters because the observables were specified within resolution bands much bigger than the minimal values set by quantum dynamics. Under these specifications, Van Kampen attempted to derive an evolution equation.

It is helpful to state the above in a slightly different way also. The initial state is first specified to lie is an invariant subspace of the complete Hilbert space, based on the resolution widths of all conserved observables. Temporal evolution is therefore restricted to lie on the so determined manifold of states. The description of the state vector is, however, further described with respect to a set of nonconserved observables. It is the temporal evolution of these quantities that constitutes the dynamical, nonstationary aspect of the problem.

In relativistic scattering processes, in addition to energy, the conserved observables are the total threemomenta, the angular momentum and discrete quantum numbers, such as baryon number etc... The nonconserved ”observables” in the construction of the main text were the number density operators of the quasiparticle states.

Having specified the initial state within equivalence classes, G_l, rather than immediately introduce a statistical density matrix, Van Kampen followed a slightly different approach, which retains closer contact to the underlying quantum dynamics. Van Kampen constructed a pure state by taking an arbitrary linear combination of states in G_l as the initial state. Since the expansion coefficients have no specified correlations amongst each other for the states in G_l, in the limit the number of states, N_l in G_l gets bigger he showed how dynamical evolution took the form of a master equation. We followed this reasoning in our explicit construction in Sect. V. With this slight chance in viewpoint, Van Kampen was able to demonstrate a matter of principle which is often obscured in treatments that start on the onset with a statistical density matrix. In particular, he found a set of conditions under which quantum dynamics goes over into a form that resembles nonequilibrium statistical dynamics.

Appendix B

An alternative to the k-space transon excitations used in Sect. V is phase space localized excitations. These are defined as

τ^†_α(x_r, p_s) = ∫ d^3kg_{{xr ,ps}}(k)τ^†_α(k), (97)

where τ^†_α(k) is a creation operator for a transon with three-momentum k and with all other quantum numbers represented through α. The set {g_{(xr,ps)}(k)} is a complete set of phase space centered orthogonal functions with centers (x_r , p_s) defined on an integral lattice of spacing a and b as (x_r, p_s) = (ra, sb). Some examples from wavelet theory would be the generalized Wannier functions [52] and the Gabor functions [53, 54]. Note that the phase space points form a discrete not continuum set, with the volume of each cell governed by the uncertainty principle.

With the choice of transon states in Eq. (97), the continuum integrals in Eq. (73) and the equations that follow are all replaced by discrete sums over the phase space points {x_r, p_s}. The contraction procedure in this case would group states in nearby phase space points into similar states, along with additional conditions imposed by grouping of the other quantum numbers α. Thus, when the state vector expansion in this wavelet basis satisfies the conditions for the master equation evolution, these enlarged phase cells will correspond to classical statistical cells. With the master equation expressing transitions amongst statistical cells, the problem formally becomes equivalent to that of a classical gas of particles. For this case, considerable information is available about treating master equations. In particular, following standard lines now from classical statistical mechanics, the Boltzmann equation can be derived from Eq. (88), using for example Siegert’s construction [55]. Then from the Boltzmann equation, the hydrodynamic equations can be obtained by known methods [25].

[1] R. Hagedorn, Nuovo Cim. 56 (1968) 1027.

[2] N. Itoh, Prog. Theor. Phys. 44 (1970) 291. J. C. Collins and M. J. Perry, Phys. Rev. Lett. bf 34 (1975) 1353; G.

Chapline and M. Nauenberg, Nature 264 (1976) 235; R. L. Bowers, A. M. Gleeson, and R. D. Pedigo, Astrophys. J, bf 213 (1977) 840; A. M. Polyakov, Phys. Lett. B72 (1978) 477; W. B. Fechner and P. C. Joss, Nature 274 (1978) 347; G. Baym, Physica Abf 96 (1979) 131; F. Karsch and H. Satz, Phys. Rev. Dbf 21 (1980) 1168; J. Kapusta, Phys. Rev. D23 (1981) 2444; K. Kajantie, C. Montonen, and E. Pietarinen, Z. Phys. C9 (1981) 253; K. Olive, Nucl. Phys. B190[FS3] (1981) 483; E. V. Shuryak, Phys. Lett. B107 (1981) 1034.

[3] L. Susskind, Phys. Rev. D20 (1979) 2610; L. McLerran and B. Svetitsky, Phys. Lett. B98 (1981) 195; J. Kuti, J. Polonyi, and K. Szlachanyi, Phys. Lett. B98 (1981) 199; J. Engels, F. Karsch, and H. Satz, Phys. Lett. B101 (1981) 89.

[4] S. A. Chin, Phys. Lett. B78 (1978) 552; K. A. Olive, Phys. Lett. B89 (1980) 229; R. Hagedorn and J. Rafelski, Phys. Lett. B97 (1980) 136; G. Domokos and J. I. Goldman, Phys. Rev. D23 (1981) 203; L. D. McLerran, Blacksburg Physics in Collision, (1981).

[5] R. D. Pisarski, Braz. J. Phys. 36 (2006) 122; T. Ludlam, Nucl. Phys. A750 (2005) 9; D. d’Enterria, nucl-ex/0309015; U. Heinz, Nucl. Phys. A721 (2003) 30; U. Heinz, hep-ph/0109006; J. Letessier, A. Tounsi, U. Heinz, J. Sollfrank, and J. Rafelski, Phys. Rev. D51 (1995) 3408.

[6] I. Arsene et al. (BRAHMS Collaboration), Nucl. Phys. A757 (2005) 1; B. B. Back, et al. (PHOBOS collaboration) Nucl. Phys. A757 (2005) 28; J. Adams, et al., (Star collaboration), Nucl. Phys. A757 (2005) 102; K. Adcox, et al. (PHENIX collaboration), Nucl. Phys. A757 (2005) 184.

[7] J. Schukraft, Nucl. Phys. News 6 (1986) 16. [8] N. G. Van Kampen, Physica 20 (1954) 603. [9] L. Van Hove, Physica 21 (1955) 517.

[10] R. W. Zwanzig, Lectures at the Theoretical Physics Institute, University of Colorado, (1960). [11] H. T. Elze, Nucl. Phys. B436 (1995) 213; Phys. Lett. B369 (1996) 295. [12] M. L. Goldberger and K. M. Watson, Collision Theory, John Wiley and Sons Inc., (1964). [13] R. Anishetty, P. Koehler, and L. McLerran, Phys. Rev. D22 (1980) 2793. [14] J. C. Collins, D. E. Soper and G. Sterman, Adv. Ser. Direct. High Energy Phys. 5 (1988) 1. [15] E. Fermi, Thermodynamics, Prentice-Hall (1937).

[16] C. Kittel and H. Kroemer, Thermal Physics, W. H. Freeman Company (1980).

[17] R. Hanbury Brown and R. Q. Twiss, Phil. Mag. 45 (1954) 663; G. Goldhaber, S. Goldhaber, W. Lee, and A.

Pais, Phys. Rev. 120 (1960) 300; E. Shuryak, Phys. Lett. B44 (1973) 387; U. A. Wiedemann and U. Heinz, Phys. Rept. 319 (1999) 145.

[18] J. D. Bjorken, Phys. Rev. D27 (1983) 140. [19] L. D. McLerran, Fermilab-conf-86-134-T, (1986).

[20] A. B. Migdal, Qualitative Methods in Quantum Theory, Addison-Wesley (1977).

[21] P. W. Anderson, Basic Notions of Condensed Matter Physics, Benjamin/Cummings Publishing Company (1984). [22] F. Reif, Fundamentals of Statistical and Thermal Physics, McGraw-Hill (1965).

[23] P. Carruthers and K. S. Dy, Phys. Rev. 147 (1966) 214; J. H. Gibbs and P. D. Flemming III, Jour. Stat. Phys., 12 (1975) 375; H. D. Simaan, J. Phys. A 11 (1978) 1799.

[24] M. Srednicki, Phys. Rev. E 50 (1994) 888; cond-mat/9410046.

[25] N. G. Van Kampen, Stochastic Processes in Physics and Chemistry, North-Holland, (1987). [26] E. Wigner, Phys. Rev. 40 (1932) 749.

[27] P. Carruthers and F. Zachariasen, Phys. Rev. D13 (1976) 950. [28] B. Andersson, I. Otterlund, and E. Stenlund, Phys. Lett. B73 (1978) 343. [29] PHENIX Collaboration (S.S. Adler et al.), Phys. Rev. C71 (2005) 034l908. [30] P. Carruthers, Annals N. Y. Academy of Sciences 229 (1974) 91.

[31] L. Frankfurt and M. Strikman, Phys. Rev. Lett. 91 (2003) 022301; A. Berera, M. Strikman, W.S. Toothacker, W.D. Walker and J.J. Whitmore, Phys. Lett. B403 (1997) 1; R. Debbe, nucl-ex/0504015.

[32] J. Kapusta and D. Strottman, Phys. Lett B106 (1981) 33. [33] R. D. Carlitz, Phys. Rev. D5 (1972) 3231.

[34] J. Rafelski and M. Danos, UCT-TP 8/84 Presented at 3rd Advanced Course in Theoretical Physics, Cape Town,

South Africa, Jan 16-27, 1984 [35] K. Geiger and B. Muller, Nucl. Phys. B369 (1992) 600.

[36] J. Rafelski and B. Müller, Phys. Rev. Lett. 48 (1982) 1066; T. Matsui and H. Satz, Phys. Lett. B178 (1986) 416; F. Wilczek, In. J. Mod. Phys. A7 (1992) 3911; X. Wang and M. Gyulassy, Phys. Lett. B282 (1992) 466; A. Berera, Phys. Rev. D50 (1994) 6949. F. Karsh and E. Laermann, Phys. Rev. D50, 6954 (1994) [37] A. Linde, Phys. Lett. B96 (1980) 289.

[38] D. Bödeker, Phys. Lett. B426 (1998) 351; E. Braaten and A. Nieto, Phys. Rev. D51 (1995) 2164. [39] A. Chodos, R. L. Jaffe, K. Johnson, and C. B. Thorn, Phys. Rev. D10 (1974) 2599. [40] J. Kapusta, Nucl. Phys. B196 (1982) 1; V. M. Emel’yanov, Sov. J. Nucl. Part. 43 (1986) 448. [41] E. Braaten and R. D. Pisarski, Phys. Rev. Lett. 64 (1990) 1338. [42] P. Carruthers, Phys. Rev. Lett. 50 (1983) 1179.

[43] J. Kapusta, P. Lichard, and D. Seibert, Phys. Rev. D44 (1991) 2774 (1991; idid D47 (1993) 4147(E); L. Xiong, E. Shuryak, and G. Brown, Phys. Rev. D46 (1992) 3798; C. Song, Phys. Rev. C47 (1993) 2861; J. K. Kim, P. Ko, K. Y. Lee and S. Rudaz, Phys. Rev. D53 (1996) 4787.

[44] N. Hammon, H. Stöcker, and W. Greiner, Phys. Rev. C61 (1999) 014901.

[45] G. E. Brown, C. M. Ko, and K. Kubodera, Z. Phys. A341 (1992) 301; P. Wang, V. E. Lyubovitskij, T. Gutsche, and A. Faessler, Phys. Rev. C67 (2003) 015210.

[46] Sh. S. Agaev and A. S. Vshivtsev, V. Ch. Zhukovskii, and O. F. Semenov, Russian Physics Journal 28 (1985) 67; E. Braaten and R. D. Pisarski, Phys. Rev. D45 (1992) R1827; K. Geiger, Phys. Rev. C 51 (1995) 3669; V. Soni, M. S. Modgil, Phys. Lett. B552 (2003) 165.

[47] H. T. Elze and U. Heinz, Phys. Rep. 183 (1989) 81.

[48] E. Fermi, Prog. Theoret. Phys. (Kyote) 5 (1950) 570; Phys. Rev. 81 (1951) 683. [49] L. D. Landau, Izv. Akad. Nauk 56 (1956) 51.

[50] P. Carruthers and Minh Duong-Van, Phys. Rev D8 (1973) 859. [51] P. Carruthers and F. Zachariasen, Rev Mod. Phys. 55 (1983) 245. [52] K. G. Wilson, Generalized Wannier Functions, Cornell University preprint, (1987). [53] D. Gabor, J. Inst. Electr. Engng. London (III) 93 (1946) 429. [54] I. Daubechies, S. Jaffard, and J. Journes, SIAM J. Math. anal. 22 (1991) 554. [55] A. J. F. Siegert, Phys Rev 76 (1949) 1708.