arXiv:hep-th/0701158v2 4 May 2007

Preprint typeset in JHEP style - HYPER VERSION

Entropy Function for Non-Extremal Black Holes in String Theory

Rong-Gen Cai

Institute of Theoretical Physics Chinese Academy of Sciences P.O.Box 2735, Beijing 100080, China

cairg@itp.ac.cn

Da-Wei Pang

Institute of Theoretical Physics Chinese Academy of Sciences P.O.Box 2735, Beijing 100080, China and Graduate University of the Chinese Academy of Sciences YuQuan Road 19A, Beijing 100049, China

pangdw@itp.ac.cn

Abstract: We generalize the entropy function formalism to five-dimensional and four-dimensional non-extremal black holes in string theory. In the near horizon limit, these black holes have BTZ metric as part of the spacetime geometry. It is shown that the entropy function formalism also works very well for these non-extremal black holes and it can reproduce the Bekenstein-Hawking entropy of these black holes in ten dimensions and lower dimensions.

Keywords: Entropy; Black Holes in String Theory; Black Holes.

Contents

1. Introduction 1

2. Non-extremal Black Holes in String Theory 3 2.1 The 5d non-extremal black hole 3 2.2 The 4d non-extremal black hole 4

3. The Entropy Function Formalism: General Proof 6

4. Entropy Function in Ten-dimensional Spacetime 9 4.1 Case 1: the 5d non-extremal black hole 9 4.2 Case 2: the 4d non-extremal black hole 10

5. Entropy Function in Lower Dimensions 12 5.1 Case 1: the 5d non-extremal black hole 12 5.2 Case 2: the 4d non-extremal black hole 13

6. Summary and Discussion 14

1. Introduction

The black hole attractor mechanism has been an interesting subject over the past years, which states that in a black hole background the moduli fields vary radially and get “attracted” to certain specific values at the horizon which depend only on the quantized charges of the black hole under consideration. As a result, the macroscopic entropy of the black hole is given only in terms of the charges and is independent of the asymptotic values of the moduli. It was first discovered in the context of N=2 extremal black holes [1, 2] and was generalized to theories with higher derivative corrections in [3]. The attractor mechanism for non-supersymmetric black holes was initiated in [4] and discussed more extensively in following papers [5], [6] and [7].

Recently, Sen proposed an efficient way to calculate the entropy of an extremal black hole, which is named as “entropy function” formalism [8]. The main steps can be summarized as follows:

i) Define a d-dimensional extremal black hole to be such an object that the near horizon geometry is given by AdS_2 × S^{d−2}. Choose a coordinate system in which the AdS_2 part of the metric is proportional to −r^2dt^2 + dr^2/r^2. The black hole

– 1 – background is supported by electric and magnetic fields, as well as various moduli scalar fields.

ii) Consider a general AdS_2 ×S^{d−2} background characterized by the sizes of AdS_2 and S^{d−2}, the electric and magnetic fields and various scalar fields. Define an entropy function by carrying an integral of the Lagrangian density over S^{d−2} and then taking the Legendre transform of the integral with respect to the parameters e_i denoting the electric fields. The result is a function of the moduli values u_s, the sizes v_1 and v_2 of AdS_2 and S^{d−2}, the electric charges q_i conjugate to e_i, and the magnetic charges p_a.

iii) For given electric and magnetic charges {q_i} and {p_a}, the values u_s of the scalar fields as well as the sizes v_1 and v_2 are determined by extremizing the entropy function with respect to the variables u_s, v_1 and v_2. Finally the entropy is given by the value of the entropy function at the horizon.

This is a very simple and powerful method to calculate entropy of such kind of black holes. In particular, one can easily obtain the corrections to the entropy due to higher order corrections in the effective Lagrangian. Several related works are given in [9].

As is well known that in string theory, some kinds of black holes can be constructed by putting D-branes together and the Bekenstein-Hawking entropy can be understood by counting the degeneracies of the microstates of such configurations. Such extremal black holes have AdS_3 as part of the near horizon geometry in ten dimensions instead of AdS_2. After dimensional reduction down to lower dimensions, the near horizon geometry turns out to be AdS_2 times a sphere. The entropy function for D1D5P extremal black hole in Type IIB string theory and D2D6NS5P extremal black hole in Type IIA were calculated in [10] and [11], where it was shown that the entropy function formalism could give the correct entropy both in ten dimensions and lower dimensions.

However, for some non-extremal black holes constructed by D-branes, part of the near horizon geometry turns out to be BTZ black hole. Since BTZ black hole is locally equivalent to AdS_3, one expects that the entropy function formalism is also applicable for those black holes. In this paper we show it is indeed the case: after taking the near horizon limit, the entropy function for 5d non-extremal black hole can give the Bekenstein-Hawking entropy precisely, while the entropy function for 4d non-extremal black hole gives the Bekenstein-Hawking entropy up to a factor, which can be understood via a rescaling transformation relation of entropy function.

The rest of the paper is organized as follows: In section 2 we review the basic properties of the non-extremal black holes. We give a general proof of the entropy function formula for black hole with BTZ as part of its near horizon geometry in section 3. We calculate the entropy function for non-extremal black holes in ten dimensions and lower dimensions in section 4 and section 5 respectively. Finally in the last section 6 we summarize our results and discuss related topics.

– 2 –

2. Non-extremal Black Holes in String Theory

It is known that non-extremal black holes can be constructed by putting D-branes together, so that the entropy can also be obtained by counting the degrees of freedom of the D-brane system after taking near-extremal limit [12]. The microscopic entropy of such kinds of black holes can also be understood via U-duality [13]. In this section we make a brief review for the salient properties of non-extremal black holes which are necessary in the following calculations. For reviews, see [14].

2.1 The 5d non-extremal black hole The five dimensional non-extremal black hole can be constructed by using D1-branes, D5-branes and momentum P , which is a solution of Type IIB supergravity. The effective action is S = 1 16πG^{10}_N ∫ d^{10}x √ −det g{e^{−2ϕ}[R + 4(∇ϕ)^2] − 1 2 ∑ n 1 n! F^2_n }, (2.1)

where F_n denote the field strengths carried by the D-branes.

The non-extremal black hole metric in d = 10 is given as follows in string frame:

ds^2_{10} = f_1(r)^{− 12} f_5(r)^{− 12} [−dt^2 + dz^2 + K(r)(cosh α_mdt − sinh α_mdz)^2]

+f_1(r)^{12} f_5(r)^{− 12} dx^2_‖ + f_1(r)^{12} f_5(r)^{12} [ dr^2 1 − K(r) + r^2dΩ^2_3],

e^{−2ϕ} = f_5 f_1

, (2.2)

where K(r) = r^2_H r^2

, f_1(r) ≡ 1 + r^2_1 r^2

= 1 + r^2_H sinh^2 α_1 r^2

, f_5(r) ≡ 1 + r^2_5 r^2

= 1 + r^2_H sinh^2 α_5 r^2 , (2.3) and α’s are the boost parameters. The D1-branes can be viewed as the electric source carrying 3-form electric field strength while the D5-branes can be regarded as the magnetic source carrying dual 3-form magnetic field strength. The conserved charges are given by

Q_1 = V r^2_H g_s sinh(2α_1) 2 , Q_5 = r^2_H g_s sinh(2α_5) 2 , N = R^2_z V r^2_H g^2_s sinh(2α_m) 2 , (2.4)

where the fundamental string length l_s has been taken to be 1. Here V = R_5R_6R_7R_8 where R_i, i = 5, 6, 7, 8 denote the radii of the four coordinates in x_‖ and R_z is the radius of the compact dimension z, along which there is a momentum P . The Bekenstein-Hawking entropy is S_{BH} = 2πR_zV r^3_H g^2_s

(cosh α_1 cosh α_5 cosh α_m). (2.5)

– 3 –

To obtain the near horizon geometry, we take the limit

r^2 ≪ r^2_{1,5} ≡ r^2_H sinh^2 α_{1,5}, (2.6)

but we do not demand a similar condition on r_m ≡ r_H sinh α_m. This limit means that α_1, α_5 tend to be very large in the near horizon region, so that sinh α_{1,5} ≈ cosh α_{1,5}. Note that the near horizon limit is just the decoupling limit in the AdS/CFT correspondence. In addition, when r_H → 0 and α_1, α_5 → ∞ while keeping the charges fixed, the non-extremal black hole turns out to be extremal. After taking such a near horizon limit, the metric becomes

ds^2 = −

(ρ^2 − ρ^2_+)(ρ^2 − ρ^2_−)

λ^2ρ^2 dt^2 + λ^2ρ^2 (ρ^2 − ρ^2_+)(ρ^2 − ρ^2_−) dρ^2 +ρ^2(dy − ρ_+ρ_− λρ^2 dt)^2 + λ^2dΩ^2_3 + r_1 r_5 dx^2_‖, (2.7)

which is of the form BT Z × S^3 × T^4. Note that here we have made the coordinate transformation ρ^2 ≡ r^2 + ρ^2_−, y ≡ z λ (2.8)

and have introduced the parameters

ρ_+ ≡ r_H cosh α_m, ρ_− ≡ r_H sinh α_m, λ^2 ≡ r_1r_5. (2.9)

2.2 The 4d non-extremal black hole The four dimensional non-extremal black hole can be taken as a non-extremal intersection of D2-branes in (z, x_2), D6-branes in (z, x_2, x_3, x_4, x_5, x_6), NS5-branes in (z, x_3, x_4, x_5, x_6) and momentum P along z, which is a solution of type IIA supergravity with the effective action S = 1 16πG^{10}_N ∫ d^{10}x √ −det g {e^{−2ϕ}[R + 4(∇ϕ)^2 − 1 3 H^2] − G^2 − 1 12 F^{′2} − 1 288 ϵ^{μ1···μ10} F_{μ1μ2μ3μ4} F_{μ5 μ6μ7μ8} B_{μ9μ10} }, (2.10) where the 2-form G = dA, 3-form H = dB, 4-form F = dC are the field strengths carried by D6-branes, NS5-branes, D2-branes respectively and F^′ = F + 2A ∧ H.

The four dimensional non-extremal black hole metric, written in ten dimensional string frame, is given as follows:

ds^2_{10} = (f_2f_6)^{− 12} [−K^{−1}fdt^2 + K(dz + (K^{′−1} − 1)dt)^2]

+f_5(f_2f_6)^{− 12} dx^2 + f^{12}_2 f^{− 12}_6 (dx^2_3 + dx^2_4 + dx^2_5 + dx^2_6) +f_5(f_2f_6)^{12} (f^{−1}dr^2 + r^2dΩ^2), e^{−2ϕ} = f^{−1}_5 f^{32}_6 f^{− 12}_2 , (2.11)

– 4 – where

f_2 ≡ 1 + r_2 r = 1 + r_H sinh^2 α_2 r , f_5 ≡ 1 + r_5 r = 1 + r_H sinh^2 α_5 r , f_6 ≡ 1 + r_6 r = 1 + r_H sinh^2 α_6 r , K ≡ 1 + r_K r = 1 + r_H sinh^2 α_K r , K^{′−1} = 1 − q_K r K^{−1} = 1 − r_H sinh α_K cosh α_K r K^{−1}, f = 1 − r_H r . (2.12)

Here the D2-branes can be taken as the electric source carrying 4-form electric field strength while the D6-branes and the NS5-branes can be taken as the magnetic source carrying dual 2-form and 3-form magnetic field strengths respectively. Then we can obtain the conserved charges

Q_2 = r_H V g_s sinh 2α_2, Q_5 = r_H R_2 sinh 2α_5,

Q_6 = r_H g_s sinh 2α_6, N = r_H V R^2_zR_2 g^2_s sinh 2α_K , (2.13)

where the fundamental string length l_s has been set to be 1. Here V = R_3R_4R_5R_6 where R_i, i = 2, 3, 4, 5, 6 denote the radii of the coordinates x_i and R_z is the radius of the compact dimension z. The Bekenstein-Hawking entropy is S_{BH} = 8πr^2_H V R_2R_z g^2_s cosh α_2 cosh α_5 cosh α_6 cosh α_K . (2.14)

The near horizon geometry can be obtained in a similar way. First we take the near horizon limit, i.e. we require that

r ≪ r_{2,5,6} ≡ r_H sinh^2 α_{2,5,6}, (2.15)

but we do not demand a similar condition on r_K ≡ r_H sinh^2 α_K . This limit means that α_2, α_5, α_6 tend to be very large when the near horizon region is approached, so that sinh α_{2,5,6} ≈ cosh α_{2,5,6}. Note that when r_H → 0 and α_2, α_5, α_6 → ∞ while keeping the charges fixed, the non-extremal black hole turns out to be extremal. After taking near horizon limit, the metric becomes

ds^2 = −

(ρ^2 − ρ^2_+)(ρ^2 − ρ^2_−) λ^2ρ^2 dτ^2 + λ^2ρ^2 (ρ^2 − ρ^2_+)(ρ^2 − ρ^2_−) dρ^2 +ρ^2(dy − ρ_+ρ_− λρ^2 dτ)^2 + λ^2 4 dΩ^2 + r_5 (r_2r_6)^12 dx^2 + ( r_2 r_6

)^{12} (dx^2_3 + dx^2_4 + dx^2_5 + dx^2_6), (2.16)

which is of the form BT Z ×S^2 ×S^1 ×T^4. Note that here we have made the coordinate transformation τ = 2 √ r_5t, y = z (r_2r_6)^14

, ρ^2 = r + ρ^2_− (2.17)

– 5 – and have introduced the parameters

ρ^2_+ ≡ r_H cosh^2 α_K , ρ^2_− ≡ r_H sinh^2 α_K , λ^2 ≡ 4r_5 √ r_2r_6. (2.18)

3. The Entropy Function Formalism: General Proof

In this section we will give a detailed derivation of the entropy function for nonextremal black holes with BT Z as part of the near horizon geometry, following [10] and [11]. Note that the entropy function formalism originates from Wald’s entropy formula [15], which requires that the black hole under consideration should have a bifurcate horizon. Then in the entropy function formalism, the entropy of an extremal black hole should be taken as the extremal limit of a non-extremal black hole. So it is natural to expect that the entropy function formalism is also applicable to non-extremal black holes.

A generalized form of Wald formula was proposed in [16], which states that S_{BH} = 4π ∫ H dx_H √ detg_H ∂L ∂R_{μνλρ} g^⊥_{μλ}g^⊥_{νρ}, (3.1) where L is the Lagrangian density, detg_H is the determinant of the horizon metric and g^⊥_{μν} denotes the orthogonal metric obtained by projecting onto subspace orthogonal to the horizon. For a metric of the general form

ds^2 = g_{tt}dt^2 + g_{yy}dy^2 + 2g_{ty}dtdy + g_{rr}dr^2 + d⃗x^2, (3.2)

the orthogonal metric is defined as

g^⊥_{μν} = (N_t)_μ(N_t)_ν + (N_r)_μ(N_r)_ν , (3.3)

where N_t and N_r are unit normal vectors to the horizon

N_t = √ g^{yy} g^{tt}g^{yy} − (g^{ty})^2 (1, 0, − g^{ty} g^{yy} , 0), N_r = (0, 1 √ g^{rr} , 0, 0). (3.4)

Consider the general near horizon metric which has a BTZ part

ds^2 = v_1[−

(ρ^2 − ρ^2_+)(ρ^2 − ρ^2_−) λ^2ρ^2 dτ^2 + λ^2ρ^2 (ρ^2 − ρ^2_+)(ρ^2 − ρ^2_−) dρ^2 (3.5) +ρ^2(dy − ρ_+ρ_− λρ^2 dτ)^2] + v_2d⃗x^2.

The relevant orthogonal metric and Riemann tensor components are given below

g^⊥_{τ τ} =

(ρ^2_+ + ρ^2_− − ρ^2)v_1 λ^2 , g^⊥_{τ y} = − ρ_+ρ_−v_1 λ , g^⊥_{yy} = ρ^2_+ρ^2_−v_1 (ρ^2_+ + ρ^2_− − ρ^2) , g^⊥_{ρρ} = λ^2ρ^2v_1 (ρ^2 − ρ^2_+)(ρ^2 − ρ^2_−)

, (3.6)

– 6 –

R_{τ ρτ ρ} = ρ^2(ρ^2 − ρ^2_+ − ρ^2_−)v_1 λ^2(ρ^2 − ρ^2_+)(ρ^2 − ρ^2_−) , R_{yρyρ} = − ρ^4v_1 (ρ^2 − ρ^2_+)(ρ^2 − ρ^2_−) , R_{τ ρyρ} = ρ^2ρ_+ρ_−v_1 λ(ρ^2 − ρ^2_+)(ρ^2 − ρ^2_−)

. (3.7)

Then the Wald formula (3.1) can be rewritten as S_{BH} = 4∑ i=1 S_i, (3.8)

where

S_1 = 8π ∫ H dx_H √ detg_H ∂L ∂R_{τ ρτ ρ} g^⊥_{τ τ} g^⊥_{ρρ} = −8πλ^2v_1 ∫ H √ detg_H ∂L ∂R_{τ ρτ ρ} R_{τ ρτ ρ}, S_2 = 8π ∫ H dx_H √ detg_H ∂L ∂R_{yρyρ} g^⊥_{yy}g^⊥_{ρρ} = 8π λ^2ρ^2_+ρ^2_−v_1 ρ^2(ρ^2 − ρ^2_+ − ρ^2_−) ∫ H √ detg_H ∂L ∂R_{yρyρ} R_{yρyρ}, S_3 = 16π ∫ H dx_H √ detg_H ∂L ∂R_{τ ρyρ} g^⊥_{τ y}g^⊥_{ρρ} = −16πλ^2v_1 ∫ H √ detg_H ∂L ∂R_{τ ρyρ} R_{τ ρyρ}, S_4 = 8π ∫ H dx_H √ detg_H ∂L ∂R_{τ yτ y} (g^⊥_{τ τ} g^⊥_{yy} − (g^⊥_{τ y})^2)

= 0. (3.9)

Next we define a function f as integral of the Lagrangian density over the horizon, f ≡ ∫ H dx_H √ −detgL (3.10)

and rescale the Riemann tensor components as proposed in [8], R_{τ ρτ ρ} → λ_1R_{τ ρτ ρ}, R_{ρyρy} → λ_2R_{ρyρy}, R_{τ ρyρ} → λ_3R_{τ ρyρ}, R_{τ yτ y} → λ_4R_{τ yτ y}. (3.11) It can be seen that the rescaled Lagrangian L_λ behaves as ∂L_λ ∂λ_i = R^{(i)}_{μνλρ} ∂L_λ ∂R^{(i)}_{μνλρ} , i = 1, 2, 3, 4 (3.12)

– 7 –

Then the rescaled function f_λ satisfies the following relation ∂f_λ ∂λ_i | | |_{λi=1} = v^1 ∫ H dx_H √ detg_H R^{(i)}_{μνλρ} ∂L_λ ∂R^{(i)}_{μνλρ} (3.13)

with no summation on the right hand side for i. Substituting these relations into (3.8) and (3.9), we obtain the following expression for S_{BH}

S_{BH} = −2πλ^2 ( ∂f_{λ1} ∂λ_1 + ρ^2_+ρ^2_− ρ^2(ρ^2_+ + ρ^2_− − ρ^2) ∂f_{λ2} ∂λ_2 + ∂f_{λ3} ∂λ_3 ) | | |_{λ1=λ2=λ3=1} . (3.14)

Furthermore, since the general Lagrangian should be diffeomorphism invariant, the components of the Riemann tensor entering the Lagrangian must be accompanied by the corresponding components of the inverse metric. Thus we have the following relations

λ_1R_{τ ρτ ρ}g^{τ τ} g^{ρρ} ∼ λ_1v^{−1}_1 , λ_2R_{ρyρy} g^{yy}g^{ρρ} ∼ λ_2v^{−1}_2 , λ_3R_{τ ρyρ}g^{τ y}g^{ρρ} ∼ λ_3v^{−1}_3 , λ_4R_{τ yτ y}g^{τ τ} g^{yy} ∼ λ_4v^{−1}_4 . (3.15)

Assume that the n-form electric field strength F_{τ ρyp···q} and m-form magnetic field strength H^{(m)} satisfy F_{τ ρyp···q} = e_1 and H^{(m)} = p_a √ Ω_m at the horizon, where e_1, p_a are constants to be determined and Ω_m denotes the measure of m-dimensional unit sphere. In the Lagrangian the electric field strength behaves as √ (g^{τ τ} g^{yy} − (g^{τ y})^2)g^{ρρ}g^{pp} · · · g^{qq}F_{τ ρyp···q} ∼ e_1v^{− 32}_1 . (3.16) Note that no other contributions have any dependence on v_1. Then we can rewrite f_λ as a function of scalars, electric and magnetic field strengths

f_λ(u_s, v_1, v_2, e_1, p_a) = v^{32}_1 h(u_s, v_2, λ_iv^{−1}_1 , e_1v^{− 32}_1 , p_a), (3.17)

where h is a general function and the factor v^{32}_1 comes from √ −detg. Using (3.17), one can easily derive the following equation 4∑ i=1 λ_i ∂f_{λi} ∂λ_i | | |_{λi=1} = 3 2 (f − e_1 ∂f ∂e_1 ) − v_1 ∂f ∂v_1 . (3.18)

Then the entropy can be reexpressed by substituting (3.18) into (3.14)

S_{BH} = −2πλ^2[ 3 2 (f − e_1 ∂f ∂e_1 ) − ∂f ∂λ_2 − ∂f ∂λ_4 + ρ^2_+ρ^2_− ρ^2(ρ^2_+ + ρ^2_− − ρ^2) ∂f ∂λ_2 ]. (3.19)

To simplify the above expression, we have to make use of the following relations, which can be derived from the symmetries of the Lagrangian, ∂f ∂λ_1 = ∂f ∂λ_2 , ∂f ∂λ_3 = − ρ^2_+ρ^2_− ρ^2(ρ^2_+ + ρ^2_− − ρ^2) ∂f ∂λ_2 , ∂f ∂λ_1 = ∂f ∂λ_3 + ∂f ∂λ_4 . (3.20)

– 8 –

With the help of (3.20), we obtain a simple expression for the entropy

S_{BH} = πλ^2(e_1 ∂f ∂e_1 − f) ≡ πλ^2F. (3.21)

Thus we have completed the general derivation for the entropy function and the entropy can be obtained by extremizing the entropy function with respect to the moduli ∂F ∂u_s = 0, ∂F ∂v_i = 0, i = 1, 2, (3.22)

and then substituting the values of the moduli back into F . Note that the relation q_i =^{∂f}_{∂ei} does not hold any more in the non-extremal case.

Finally, we would like to stress how the entropy function changes if we rescale the coordinates of the background metric. Note that in order to obtain the standard BT Z metric, some of the coordinates have been rescaled in the previous sections, which can be seen from (2.8) and (2.17). Suppose we make the following coordinate rescaling t → At (3.23) where A is an arbitrary constant. Since the Lagrangian should be diffeomorphism invariant, one can see from the definition of f (3.10) that under the rescaling (3.23), one has f → Af. (3.24) Thus the entropy function and the entropy behave as F → AF, S_{BH} → AS_{BH} . (3.25) Such transformations will be used in the following sections.

4. Entropy Function in Ten-dimensional Spacetime

We will calculate the entropy function for the two concrete examples presented in section 2 in the present section. We find that for the five-dimensional non-extremal black hole, the result agrees with the Bekenstein-Hawking entropy precisely, while for the four-dimensional non-extremal black hole, the result is different from the Bekenstein-Hawking entropy by a factor, which can be understood according to the arguments given at the end of the last section.

4.1 Case 1: the 5d non-extremal black hole First we determine the near horizon field configuration in ten dimensional string frame as follows

ds^2 = v_1(−

(ρ^2 − ρ^2_+)(ρ^2 − ρ^2_−) λ^2ρ^2 dt^2 + λ^2ρ^2 (ρ^2 − ρ^2_+)(ρ^2 − ρ^2_−) dρ^2

– 9 –

+ρ^2( 1 λ dz − ρ_+ρ_− λρ^2 dt)^2) + v_2(λ^2dΩ^2_3 + r_1 r_5 dx^2_‖), e^{−2ϕ} = u_s, F_{tρz} = e_1 = 2ρ r^2_1 v^{32}_1 v^{72}_2

, G_{θφψ} = 2r^2_5 sin^2 θ sin φ. (4.1)

Using the above field configuration, the effective action (2.1) turns out to be L = 1 16πG^{10}_N [u_s 6(v_1 − v_2) r_1r_5v_1v_2 + r_1r_5 ρ^2v^3_1 e^2_1 2 − 2r_5 r^3_1v^3_2

] (4.2)

and the entropy function becomes F = V R_zr^3_1ρ 2g^2_s r_5 [u_s 6(v_2 − v_1) r_1r_5v_1v_2 + r_1r_5 ρ^2v^3_1 e^2_1 2 + 2r_5 r^3_1v^3_2

], (4.3)

where we have set l_s = 1 so that G^{10}_N = 8π^6g^2_s . Substituting the value of e_1 and solving the equations ∂F ∂u_s = 0, ∂F ∂v_i = 0, i = 1, 2, (4.4)

we have u_s = r^2_5 r^2_1

, v_1 = 1, v_2 = 1, (4.5)

which gives the correct values of the moduli fields. Put the solution (4.5) back into F , we obtain F = 2V R_z g^2_s ρ. (4.6)

Furthermore, S_{BH} = πλ^2F |_{ρ=ρ+} = 2πV R_z g^2_s r_1r_5r_H cosh α_m

= S_{BH} , (4.7)

which is just the black hole entropy in the decoupling limit. Note that here we have used the fact that in this limit, sinh α_{1,5} ≈ cosh α_{1,5}.

4.2 Case 2: the 4d non-extremal black hole

The entropy function for four-dimensional black hole can be calculated in a similar way. First we write down the near horizon field configuration in ten dimensional string frame

ds^2 = v_1[− 1 (r_2r_6)^12

(ρ^2 − ρ^2_+)(ρ^2 − ρ^2_−) ρ^2 dt^2 +

4r_5(r_2r_6)^12 ρ^2 (ρ^2 − ρ^2_+)(ρ^2 − ρ^2_−) dρ^2

– 10 –

+ ρ^2 (r_2r_6)^12 (dz − ρ_+ρ_− ρ^2 dt)^2] + v_2[r_5(r_2r_6)^{12} dΩ^2

r_5 (r_2r_6)^12 dx^2 + ( r_2 r_6

)^{12} dx^2_‖],

e^{−2ϕ} = u_s, F_{tzρ2} = e_1 = ρ r_2 v^{32}_1 v^{52}_2 , H_{2θφ} = − 1 2 r_5 sin θ, G_{θφ} = − 1 2 r_6 sin θ. (4.8)

Under the above field configuration, the effective action (2.10) becomes L = 1 16πG^{10}_N

[u_s(

4v_1 − 3v_2 2r_5(r_2r_6)^12 v_1v_2 − 1 2r_5(r_2r_6)^12 v^3_2 ) − r_6 2r_2r^2_5v^3_2 + e^2_1r_2r_6 2ρ^2r^2_5v^3_1 v_2

] (4.9)

and the entropy function turns out to be F = 4ρV R_2R_z g^2_s r_2v^{12}_2 2(r_2r_6)^32 v^{32}_1 { (r_2r_6)^32 v^3_1 r_2v^3_2

+ v^2_1 [r^{12}_2 r^{32}_6 v_1v_2 + r_2r_5u_s(v_1 − 4v_1v^2 + 3v^3_2 )]},

(4.10) Solving the equations ∂F ∂u_s = 0, ∂F ∂v_i = 0, i = 1, 2, (4.11)

we arrive at the correct attractor values of the moduli fields

u_s = r^{32}_6 r^{12}_2 r_5

, v_1 = 1, v_2 = 1. (4.12)

Substituting the solutions (4.12) back into F , we obtain F = 4ρV R_2R_z g^2_s

. (4.13)

Finally, S_{BH} = πλ^2F |_{ρ=ρ+} = 16πV R_2R_z g^2_s

(r_2r_6)^{12} r_5ρ_+ = 2 √ r_5S_{BH} , (4.14)

where we have use the fact that sinh α_{2,5,6} ≈ cosh α_{2,5,6} in the near horizon region and the result does not agree with the Bekenstein-Hawking entropy by a factor 2 √ r_5.

Note that one has to make a rescaling transformation (2.17) in order to transform the part spanned by coordinates (t, ρ, z) in (4.8) to be a standard BTZ metric. Further note that one has the transformation relation (3.25) due to the rescaling (3.23). Thus the result (4.14) indeed gives us the entropy of 4d black holes in ten dimensional string frame.

– 11 –

5. Entropy Function in Lower Dimensions

It is well known that after dimensional reduction, the extremal black hole in Type II string theory has AdS_2 as part of its near horizon geometry rather than AdS_3. It has already been noticed in [10] and [11] that although the entropy function could give the correct entropy in lower dimensions, not all the moduli fields could take definite values. In this section we first do the dimensional reduction down to six and five dimensions, keeping the BTZ part of the near horizon metric invariant, then we find that the same results for the entropy can be obtained while some of the moduli fields do not take definite values.

5.1 Case 1: the 5d non-extremal black hole We do the dimensional reduction on x_‖ and obtain a six-dimensional black string with near horizon geometry BT Z × S^3. The near horizon field configuration

ds^2 = v_1(−

(ρ^2 − ρ^2_+)(ρ^2 − ρ^2_−)

λ^2ρ^2 dt^2 + λ^2ρ^2 (ρ^2 − ρ^2_+)(ρ^2 − ρ^2_−) dρ^2 +ρ^2( 1 λ dz − ρ_+ρ_− λρ^2 dt)^2) + v_2λ^2dΩ^2_3, (5.1)

e^{−2ϕ} = u_s, e^{2ψ} = u_T

F_{tρz} = e_1 = 2ρ u_T r^2_5 v^{32}_1 v^{32}_2

, G_{θφψ} = 2r^2_5 sin^2 θ sin φ, (5.2)

where e^{2ψ} stands for the single moduli for T^4.

The six-dimensional effective Lagrangian, which can be obtained by the standard procedure ( see e.g. [17]), becomes L = 1 16πG^6_N √ −detg^{(6)}e^{2ψ}{e^{−2ϕ}[R^{(6)} + 4(∇ϕ)^2] − 1 2 ∑ n 1 n! F^2_n }, (5.3)

where the superscript stands for that the quantities stay in six dimensions. Using the near horizon field configuration and the effective action, the entropy function is expressed as F = V R_zρr_1r_5 2g^2_s v^{32}_1 v^{32}_2 u_T [u_s

6(v_2 − v_1) r_1r_5v_1v_2 + r_1r_5 ρ^2v^3_1 e^2_1 2 + 2r_5 r^3_1v^3_2

]. (5.4)

Solving the equations after substituting the value of e_1 into F , ∂F ∂u_s = 0, ∂F ∂u_T = 0, ∂F ∂v_i = 0, i = 1, 2, (5.5)

we obtain v_1 = v_2 = v, u_s = r^2_5 r^2_1v^2

, u_T = r^2_1 r^2_5

, (5.6)

– 12 – where v is an arbitrary constant. Finally, after substituting the solutions back into F , we get S_{BH} ≡ πλ^2F |_{ρ=ρ+} = 2πV R_zr_1r_5ρ_+ g_s = S_{BH} , (5.7)

which is again the entropy of 5d non-extremal black holes.

5.2 Case 2: the 4d non-extremal black hole

Similarly, we do the dimensional reduction on x^2 × x_‖ and obtain a five-dimensional black string with near horizon geometry BT Z × S^2. The near horizon field configuration is

ds^2 = v_1[− 1 (r_2r_6)^12

(ρ^2 − ρ^2_+)(ρ^2 − ρ^2_−) ρ^2 dt^2 +

4r_5(r_2r_6)^12 ρ^2 (ρ^2 − ρ^2_+)(ρ^2 − ρ^2_−) dρ^2 + ρ^2 (r_2r_6)^12 (dz − ρ_+ρ_− ρ^2 dt)^2] + v_2r_5(r_2r_6)^{12} dΩ^2,

e^{−2ϕ} = u_s, e^{2ψ} = u_T , e^{ψ12} = u_1,

F^{(5)}_{tzρ} = e_1 = ρu_1 u_T r^{14}_2 r^{12}_5 r^{34}_6 v^{32}_1 v_2

, H^{(5)}_{θφ} = − 1 2 r_5 sin θ, G_{θφ} = − 1 2 r_6 sin θ, (5.8)

where e^{2ψ} and e^{ψ1}2 denote the single moduli for T^4 and S^1 respectively.

The effective Lagrangian in five dimensions can be expressed as L = 1 16πG^5_N √ −detg^{(5)}e^{2ψ}e^{ψ12} [e^{−2ϕ}(R^{(5)} − e^{−ψ1} H^{(5)2}) − G^2 − 1 3 e^{−ψ1} F^{(5)2}], (5.9)

where the superscript signifies that the quantities stay in five dimensions and the 2-form magnetic field strength H^{(5)} as well as the 3-form electric field strength F^{(5)} originate from the ten-dimensional field strengths H_{2θφ} and F_{tzρ2}. Note that we have omitted the terms involving the covariant derivatives of the scalar fields because they are set to be constants at the horizon.

We can work out the five-dimensional entropy function by making use of the above effective action and near horizon field configuration F = 4V R_2R_zρr^{32}_5 (r_2r_6)^14 v^{32}_1 v_2u_T u_1 g^2_s [ u_s(

3v_2 − 4v_1 2r_5(r_2r_6)^12 v_1v_2 + 1 2u^2_1r_2r_6v^2 )

+ r_6 2r_2r^2_5v^2 + e^2_1(r_2r_6)^12 2u^2_1ρ^2r_5v^3_1 ] . (5.10)

– 13 –

After substituting the value of e_1 we can solve the equations ∂F ∂u_i = 0, i = s, T, 1, ∂F ∂v_j = 0, j = 1, 2, (5.11)

and obtain

v_1 = v, v_2 = v,

u_s = r^{32}_6 r_5r^{12}_2 v

, u_T = r_2 r_6

, u_1 = r^{12}_5 (r_2r_6)^14 v^12

, (5.12)

where v is an arbitrary constant, once again.

The entropy can be obtained after substituting the solution back into F S_{BH} ≡ πλ^2F |_{ρ=ρ+} = 16πV R_2R_z(r_2r_6)^12 r_5ρ_+ g^2_s = 2 √ r_5S_{BH} . (5.13)

Here the factor 2 √ r_5 appears again. The reason is the same as the one discussed in the previous section.

6. Summary and Discussion

The entropy function formalism proposed by Sen is an efficient way to calculate the entropy of a black hole with AdS_2 as part of the spacetime geometry. However, as far as we know, most of the work have been dealing with extremal black holes. In this paper we show that for some non-extremal black holes in string theory with BT Z as part of the near horizon geometry, the entropy function formalism also works very well and can reproduce the Bekenstein-Hawking entropy both in ten dimensions and lower dimensions. Thus our work generalizes the entropy function formalism to certain non-extremal black holes and we expect that it might also work for other non-extremal black objects, such as black p-branes.

We notice that a relevant issue was presented recently in [7], which describes how to apply the entropy function formalism to near-extremal case. They argued that in order to deal with the runaway behavior of the entropy function, one has to introduce a slight amount of non-extremality on the black hole side. The nonextremality parameter ϵ truncates the infinite throat of AdS_2 in to a finite size, thus the near horizon geometry is no longer AdS_2 ×S^{d−2}. But for sufficiently large charges and small ϵ there will be a region in the black hole spacetime where the geometry is approximately AdS_2 × S^{d−2}, and one can use the entropy function formalism to calculate the entropy in this region. However, in our examples the near horizon

– 14 – geometry BT Z do not rely on the near-extremal limit, but the entropy function formalism still works. It would be interesting to study the relations between the two approaches extensively.

Recently, an intuitional explanation of the black hole attractor/non-attractor behavior has been proposed in [6], which states that the attractor/non-attractor behavior is closely related to the near horizon geometry. For extremal black holes with AdS_2 near horizon geometry, the physical distance from a finite radius coordinate r_0 to the horizon turns out to be infinite, while for non-extremal black holes the distance remains finite. It is clear that the infinite physical distance is crucial to allow a scalar field to forget its initial conditions while in non-extremal case the field only has finite “time” until it reaches the horizon. In our examples, the physical distance from a finite radial coordinate ρ_0 to the outer horizon becomes d = ∫_{ρ0} ρ_+ √ g_{ρρ}dρ (6.1) = λ log( √ ρ^2 − ρ^2_+ + √ ρ^2 − ρ^2_−) |^{ρ=ρ0}_{ρ=ρ+}

= λ[log( √ ρ^2_0 − ρ^2_+ + √ ρ^2_0 − ρ^2_−) − log( √ ρ^2_+ − ρ^2_−)],

which turns out to be finite. However, in certain cases, the scalar fields considered here do exhibit some “attractor” behavior, that is, the values at the horizon can be determined by extremizing the entropy function. So it is worth investigating this phenomenon thoroughly.

Acknowledgments

DWP would like to thank Hua Bai, Li-Ming Cao and Jian-Huang She for useful discussions and kind help. The work was supported in part by a grant from Chinese Academy of Sciences, by NSFC under grants No. 10325525 and No. 90403029.

References

[1] M. Cvetic and D. Youm, “Dyonic BPS saturated black holes of heterotic string on a six torus,” Phys. Rev. D 53, 584 (1996) [arXiv:hep-th/9507090]. M. Cvetic and A. A. Tseytlin, “Solitonic strings and BPS saturated dyonic black holes,” Phys. Rev. D 53, 5619 (1996) [Erratum-ibid. D 55, 3907 (1997)] [arXiv:hep-th/9512031].

[2] S. Ferrara, R. Kallosh and A. Strominger, “N=2 extremal black holes,” Phys. Rev.

D 52, 5412 (1995) [arXiv:hep-th/9508072].

A. Strominger, “Macroscopic Entropy of N = 2 Extremal Black Holes,” Phys. Lett. B 383, 39 (1996) [arXiv:hep-th/9602111].

– 15 –

S. Ferrara and R. Kallosh, “Supersymmetry and Attractors,” Phys. Rev. D 54, 1514 (1996) [arXiv:hep-th/9602136].

S. Ferrara and R. Kallosh, “Universality of Supersymmetric Attractors,” Phys. Rev. D 54, 1525 (1996) [arXiv:hep-th/9603090].

[3] G. Lopes Cardoso, B. de Wit and T. Mohaupt, “Corrections to macroscopic supersymmetric black-hole entropy,” Phys. Lett. B 451, 309 (1999) [arXiv:hep-th/9812082].

G. Lopes Cardoso, B. de Wit and T. Mohaupt, “Deviations from the area law for supersymmetric black holes,” Fortsch. Phys. 48, 49 (2000) [arXiv:hep-th/9904005]. G. Lopes Cardoso, B. de Wit and T. Mohaupt, “Macroscopic entropy formulae and non-holomorphic corrections for supersymmetric black holes,” Nucl. Phys. B 567, 87 (2000) [arXiv:hep-th/9906094].

G. Lopes Cardoso, B. de Wit, J. Kappeli and T. Mohaupt, “Stationary BPS solutions in N = 2 supergravity with R**2 interactions,” JHEP 0012, 019 (2000) [arXiv:hep-th/0009234].

[4] S. Ferrara, G. W. Gibbons and R. Kallosh, “Black holes and critical points in moduli space,” Nucl. Phys. B 500, 75 (1997) [arXiv:hep-th/9702103].

[5] K. Goldstein, N. Iizuka, R. P. Jena and S. P. Trivedi, “Non-supersymmetric attractors,” Phys. Rev. D 72, 124021 (2005) [arXiv:hep-th/0507096]. P. K. Tripathy and S. P. Trivedi, “Non-supersymmetric attractors in string theory,” JHEP 0603, 022 (2006) [arXiv:hep-th/0511117].

K. Goldstein, R. P. Jena, G. Mandal and S. P. Trivedi, “A C-function for non-supersymmetric attractors,” JHEP 0602, 053 (2006) [arXiv:hep-th/0512138].

[6] R. Kallosh, N. Sivanandam and M. Soroush, “The non-BPS black hole attractor equation,” JHEP 0603, 060 (2006) [arXiv:hep-th/0602005].

R. Kallosh, N. Sivanandam and M. Soroush, “Exact attractive non-BPS STU black holes,” Phys. Rev. D 74, 065008 (2006) [arXiv:hep-th/0606263].

[7] A. Dabholkar, A. Sen and S. P. Trivedi, “Black hole microstates and attractor without supersymmetry,” arXiv:hep-th/0611143.

[8] A. Sen, “How does a fundamental string stretch its horizon?,” JHEP 0505, 059 (2005) [arXiv:hep-th/0411255].

A. Sen, “Stretching the horizon of a higher dimensional small black hole,” JHEP 0507, 073 (2005) [arXiv:hep-th/0505122].

A. Sen, “Black hole entropy function and the attractor mechanism in higher derivative gravity,” JHEP 0509, 038 (2005) [arXiv:hep-th/0506177]. A. Sen, “Entropy function for heterotic black holes,” JHEP 0603, 008 (2006) [arXiv:hep-th/0508042].

[9] P. Prester, “Lovelock type gravity and small black holes in heterotic string theory,” JHEP 0602, 039 (2006) [arXiv:hep-th/0511306].

– 16 –

M. Alishahiha and H. Ebrahim, “Non-supersymmetric attractors and entropy function,” JHEP 0603, 003 (2006) [arXiv:hep-th/0601016]. A. Sinha and N. V. Suryanarayana, “Extremal single-charge small black holes: Entropy function analysis,” Class. Quant. Grav. 23, 3305 (2006) [arXiv:hep-th/0601183].

B. Sahoo and A. Sen, “BTZ black hole with Chern-Simons and higher derivative terms,” JHEP 0607, 008 (2006) [arXiv:hep-th/0601228]. B. Chandrasekhar, S. Parvizi, A. Tavanfar and H. Yavartanoo, “Non-supersymmetric attractors in R**2 gravities,” JHEP 0608, 004 (2006) [arXiv:hep-th/0602022].

B. Sahoo and A. Sen, “Higher derivative corrections to non-supersymmetric extremal black holes in N = 2 supergravity,” JHEP 0609, 029 (2006) [arXiv:hep-th/0603149].

G. Exirifard, “The alpha’ stretched horizon in heterotic string,” JHEP 0610, 070 (2006) [arXiv:hep-th/0604021].

B. Chandrasekhar, “Born-Infeld corrections to the entropy function of heterotic black holes,” arXiv:hep-th/0604028.

J. R. David and A. Sen, “CHL dyons and statistical entropy function from D1-D5 system,” JHEP 0611, 072 (2006) [arXiv:hep-th/0605210].

M. Alishahiha and H. Ebrahim, “New attractor, entropy function and black hole partition function,” JHEP 0611, 017 (2006) [arXiv:hep-th/0605279]. A. Sinha and N. V. Suryanarayana, “Two-charge small black hole entropy: String-loops and multi-strings,” JHEP 0610, 034 (2006) [arXiv:hep-th/0606218]. D. Astefanesei, K. Goldstein, R. P. Jena, A. Sen and S. P. Trivedi, “Rotating attractors,” JHEP 0610, 058 (2006) [arXiv:hep-th/0606244]. P. Kaura and A. Misra, “On the existence of non-supersymmetric black hole attractors for two-parameter Calabi-Yau’s and attractor equations,” Fortsch. Phys. 54, 1109 (2006) [arXiv:hep-th/0607132].

G. L. Cardoso, V. Grass, D. Lust and J. Perz, “Extremal non-BPS black holes and entropy extremization,” JHEP 0609, 078 (2006) [arXiv:hep-th/0607202]. J. F. Morales and H. Samtleben, “Entropy function and attractors for AdS black holes,” JHEP 0610, 074 (2006) [arXiv:hep-th/0608044].

B. Sahoo and A. Sen, “alpha’ corrections to extremal dyonic black holes in heterotic string theory,” arXiv:hep-th/0608182.

D. Astefanesei, K. Goldstein and S. Mahapatra, “Moduli and (un)attractor black hole thermodynamics,” arXiv:hep-th/0611140.

B. Chandrasekhar, H. Yavartanoo and S. Yun, “Non-Supersymmetric attractors in BI black holes,” arXiv:hep-th/0611240.

G. L. Cardoso, B. de Wit and S. Mahapatra, “Black hole entropy functions and attractor equations,” arXiv:hep-th/0612225.

[10] A. Ghodsi, “R**4 corrections to D1D5p black hole entropy from entropy function formalism,” Phys. Rev. D 74, 124026 (2006) [arXiv:hep-th/0604106].

– 17 –

[11] R. G. Cai and D. W. Pang, “Entropy function for 4-charge extremal black holes in type IIA superstring theory,” Phys. Rev. D 74, 064031 (2006) [arXiv:hep-th/0606098].

[12] G. T. Horowitz and A. Strominger, “Counting States of Near-Extremal Black Holes,” Phys. Rev. Lett. 77, 2368 (1996) [arXiv:hep-th/9602051]. J. C. Breckenridge, D. A. Lowe, R. C. Myers, A. W. Peet, A. Strominger and C. Vafa, “Macroscopic and Microscopic Entropy of Near-Extremal Spinning Black Holes,” Phys. Lett. B 381, 423 (1996) [arXiv:hep-th/9603078].

[13] G. T. Horowitz, J. M. Maldacena and A. Strominger, “Nonextremal Black Hole Microstates and U-duality,” Phys. Lett. B 383, 151 (1996) [arXiv:hep-th/9603109]. G. T. Horowitz, D. A. Lowe and J. M. Maldacena, “Statistical Entropy of Nonextremal Four-Dimensional Black Holes and U-Duality,” Phys. Rev. Lett. 77, 430 (1996) [arXiv:hep-th/9603195].

S. Hyun, “U-duality between three and higher dimensional black holes,” J. Korean Phys. Soc. 33, S532 (1998) [arXiv:hep-th/9704005].

K. Sfetsos and K. Skenderis, “Microscopic derivation of the Bekenstein-Hawking entropy formula for non-extremal black holes,” Nucl. Phys. B 517, 179 (1998) [arXiv:hep-th/9711138].

[14] J. M. Maldacena, “Black holes in string theory,” arXiv:hep-th/9607235.

K. Skenderis, “Black holes and branes in string theory,” Lect. Notes Phys. 541, 325 (2000) [arXiv:hep-th/9901050].

A. W. Peet, “TASI lectures on black holes in string theory,” arXiv:hep-th/0008241.

[15] R. M. Wald, “Black hole entropy is the Noether charge,” Phys. Rev. D 48, R3427 (1993) [arXiv:gr-qc/9307038].

T. Jacobson, G. Kang and R. C. Myers, “On Black Hole Entropy,” Phys. Rev. D 49, 6587 (1994) [arXiv:gr-qc/9312023].

V. Iyer and R. M. Wald, “Some properties of Noether charge and a proposal for dynamical black hole entropy,” Phys. Rev. D 50, 846 (1994) [arXiv:gr-qc/9403028]. T. Jacobson, G. Kang and R. C. Myers, “Black hole entropy in higher curvature gravity,” arXiv:gr-qc/9502009.

[16] M. Visser, “Dirty black holes: Entropy versus area,” Phys. Rev. D 48, 583 (1993) [arXiv:hep-th/9303029].

[17] Y. Kiem, C. Y. Lee and D. Park, “S-wave sector of type IIB supergravity on S^1 × T^4,” Phys. Rev. D 57, 2381 (1998) [arXiv:hep-th/9705065].

– 18 –