arXiv:hep-th/0701169v5 14 Mar 2007

The ground-state of General Relativity, Topological Theories and Dark Matter

Máximo Bañados Departamento de Física, P. Universidad Católica de Chile, Casilla 306, Santiago 22,Chile.

maxbanados@fis.puc.cl

We suggest a limit of Einstein equations incorporating the state gμν = 0 as a solution. The large scale behavior of this theory has unusual properties. For a spherical source, the velocity profile for circular motions is of the form observed in galaxies (approximately flat). For FRW cosmologies, the Friedman equation contains an additional contribution in the matter sector. These examples suggest a topological origin for dark matter.

The evidence for the existence of dark matter has become strong in recent years (e.g. [8, 9]). Some supersymmetric particles are good candidates to describe dark matter, and they may be observed in the near future. Numerical studies have also narrowed the density profiles for dark matter [10]. On a different front, the lack of direct observation has led to alternative descriptions as MOND theories (see [6, 7] for recent discussions). Deforming Einstein equations by adding other curvature invariants have also been explored both to deal with dark matter and dark energy (see [11] and references therein).

In this paper we explore an explanation to galactic velocity profiles and extra matter in the Friedman equation as an intrinsic property of spacetime. The main idea is to consider non-degenerate metrics g_{μν} as “excited” states of a topological manifold with g_{μν} = 0 [1, 2, 3]. For recent discussions on metric invertibility see [4, 5].

We first state the general framework and then describe the details. Consider the Einstein tensor, G_{μν} (g) = R_{μν} (g) − 1 2 g_{μν} g^{αβ} R_{αβ} (g). (1) This tensor depends on the metric tensor homogeneously, that is, the reciprocal tensor g^{μν} always appears multiplied by the metric g_{αβ} . This is explicit in the second term in (1), and is also true for the Christoffel symbol and R_{μν} (g). This is the property that we shall use to explore general relativity around g_{μν} = 0. Clearly, this property is not enough to claim that G_{μν} (g) is well defined at g_{μν} = 0, but it does gives a hint.

We shall provide a prescription to evaluate the Einstein tensor at zero metric,

lim_{g→0} G_{μν} (g) = G_{μν} (0), (2)

where G_{μν} (0) will depend on a topological connection Γ_0 to be defined below. In order to incorporate g_{μν} = 0 as a solution to Einstein equations we then write the modified equations,

G_{μν} (g) − G_{μν} (0) = 8πG T_{μν} , (3)

uplifting the energy-momentum tensor to measure deviations of the metric from g_{μν} = 0 [14]. Passing the term G_{μν} (0) in (3) to the right hand side, it can be interpreted as a source. We shall argue that G_{μν} (0) plays the role of dark matter “energy-momentum” tensor whose microscopic field is a topological connection Γ_0. A massive particle following geodesics of the metric g_{μν} will see both the ‘visible’ matter T_{μν} as well as the ‘dark’ contribution G_{μν} (0) depending on Γ_0. This interpretation will be supported by two important examples, namely, a spherical source and a cosmological model. It is important to mention here that G_{μν} (0) does not simply introduce an energy density accounting for dark matter. The mechanism, discussed below, is more subtle.

The prescription to define G_{μν} (0) proceed as follows. There are two places in the Einstein tensor where the structure g^{−1} × g appears, the Christoffel symbol and g_{μν} g^{αβ} . We discuss them separately.

Consider first the limit of the Christoffel symbol Γ ∼ 1 2 g^{−1}∂g becoming^0 in the limit. Our main claim will be that the Christoffel symbol can be extrapolated to g_{μν} = 0 defining a new connection in the limit (omitting indices),

lim_{g→0} Γ(g) ≡ Γ_0. (4)

As a consequence, the Ricci curvature will also have a meaningful limit,

lim_{g→0} R_{μν} (g) ≡ R_{μν} (Γ_0). (5)

To define Γ_0, consider the following toy problem. Let a function f(x) and let a path in the space of functions taking f(x) to the zero function f(x) = 0 for all x. In the limit both f and f^′ approach zero and we would like to compute lim_{f →0}^{f ′}_f . Clearly, the value of the limit depends on the way the function f is sent to zero. In fact, the result can be any function of x [15]. We thus write lim_{f →0}^{f ′}_f = q_1(x) where the function q_1(x) parameterizes the path. Consider now two different functions f(x), g(x) and compute lim_{f,g→0}^{f ′(x)}_{g(x)} ≡ q_2(x). The result will also depend on the path chosen. In conclusion, when taking the limit g_{μν} → 0 of the Christoffel symbol Γ(g) ∼^1_2 g^{−1}∂g one finds arbitrary functions. These are the building blocks of the connection Γ_0.

In other words, Γ_0 is not a “state” function of the metric. Its value depends on the path defining the limit g_{μν} → 0 and, as a consequence, Γ_0 is not a fixed function but a connection carrying degrees of freedom. In this sense the vacuum is degenerate with many available states. Our main concern will be to find constraints on Γ_0 for a given problem.

Before proceeding we note that one cannot build scalars from R_{μν} (Γ_0), like the Ricci scalar, because there is no metric. The state g_{μν} = 0 represents a topological manifold and invariant information carried by Γ_0 is contained in e.g. holonomies. R_{μν} (g) is smoothly connected to the topological curvature R_{μν} (Γ_0) as in (5). But this does not apply to the Ricci scalar and other scalars which are not homogeneous functions of g_{μν} .

Let us now discuss the limit lim^1_2 g_{μν} g^{αβ} R_{αβ} (g). It is natural to split this term in two factors. We already know that lim_{g→0} R_{μν} (g) = R_{μν} (Γ_0) and we only need to define lim_{g→0} g_{μν} g^{αβ} . As before, the value of lim_{g→0} g_{μν} g^{αβ} depends on the path that defines the limit. We could proceed as we did for the Christoffel symbol and leave this object as an unknown tensor to be determined later. However, a tensor with this index structure is not familiar. Fortunately, we only need lim_{g→0} g_{μν} g^{αβ} acting on R_{μν} (Γ_0). A natural constraint to define this limit is available: The quantity [lim_{g→0} g_{μν} g^{αβ} ]R_{αβ} (Γ_0) must be a rank-two, symmetric, covariant tensor in the indices μν. At g_{μν} = 0 the only tensor with these properties is precisely R_{μν} (0). Our proposal is then to consider [16], 1 2 [lim_{g→0} g_{μν} g^{αβ}]R_{αβ} (Γ_0) = λ_0 R_{μν} (Γ_0). (6)

where λ_0 is a dimensionless parameter. We shall see in an example that λ_0 is very close to 1.

Combining (5) and (6) we arrive at the final formula

G_{μν} (0) = λ R_{μν} (Γ_0) (7)

where λ = 1 − λ_0. We show below that this prescription inserted in (3) imply interesting physics.

Note that the structure of (3) is similar to a spin system at low temperature with total magnetic field is ⟨⃗S⟩ + ⃗H ( ⃗H is the external field). A charged particle feels both the ‘visible’ field ⃗H and the ‘dark’ field ⟨⃗S⟩. In the gravitational theory described by (3), the intrinsic structure, analogous to spin, is the topological curvature R_{μν} (Γ_0) and the external field is the metric. If R_{μν} (Γ_0) ≠ 0 at g_{μν} = 0 we call it ‘spontaneous’ curvature. Several other aspects of this analogy can also be elaborated [13].

We now turn to the examples discussing how the connection Γ_0 can be determined and its effects on specific solutions. The examples discussed below are “minisuperspace” models. A full theory to determine Γ_0 for all cases is not known to us. However, the minisuperspace models discussed below work quite nicely and it is reasonable to believe that they capture relevant information from the (unknown) full analysis.

Spherical sources and galactic rotation curves. Our first example concerns a spherically symmetric object described by the metric,

ds^2 = −A^2(r)c^2dt^2 + B^2(r)dr^2 + C^2(r)dΩ^2, (8) with residual symmetry r → λ(r). Our goal is to solve (3) for this class of metrics. The first step is to compute R_{μν} (Γ_0). To this end we start with the Ricci tensor associated to (8), 1 c^2 R_{tt}(g) = A B ( A^′ B )_′ + 2A C A^′C^′ B^2 (9) R_{rr}(g) = − A^{′′} A + A^′ A B^′ B − 2C^{′′} C + 2B^′ B C^′ C (10) R_{θθ}(g) = − C A C^′A^′ B^2 − C B ( C^′ B )_′ − C^{′2} B^2

+ 1 (11)

plus R_{ϕϕ} = sin(θ)^2R_{θθ}. In order to compute R_{μν} (Γ_0) we explore the limit A, B, C → 0 of these expressions. This is a ‘minisuperspace’ calculation in the sense that the metric has the form (8) all along the path g_{μν} → 0.

We first deal with R_{tt} and R_{θθ}. First observe that the metric (8) has a residual symmetry r → f(r). R_{tt} and R_{θθ}, as well as the functions A(r) and C(r), are scalars under these transformations. Now, the limit A(r) → 0 for all r implies A^′(r) → 0 as well. (The same is true for C(r).) However, A^′ is not s scalar function. The quotient A^′ B , on the other hand is scalar because B transforms as B(r)dr = B̃(r̃)dr̃. The same analysis holds for C^′.

Thus, imposing that the limits respect diffeomorphism invariance we replace A^′ → 0, C^′ → 0 by lim A,B→0 A^′ B = 0, lim_{C,B→0} C^′ B = 0 (12)

which are invariant under radial redefinitions. These simple conditions fix the values R_{rr}(Γ_0) = 0 and R_{θθ}(Γ_0) = 1. (A similar analysis can be done starting from Γ(g) with equivalent results.)

The component R_{rr}(g) has a different interpretation. First of all R_{rr}(g) is not a scalar under radial re-scalings. Second, this component involve^{A′}_A ,^{C′}_C etc, which cannot be pre-prescribed in a natural or obvious way. We thus leave this component as a free function and hope that some other condition will fix it later on. In fact, q(r) will be fixed by Einstein equations themselves. Even more, Einstein equations (3) would become inconsistent if one fixes R_{rr}(Γ_0) arbitrarily (see below).

Summarizing, the non-zero components of R_{μν} (Γ_0) are,

R_{tt}(Γ_0) = 0, R_{rr}(Γ_0) = q(r), R_{θθ}(Γ_0) = 1, (13)

where q(r) is so far an arbitrary function. Thus, for this problem, the connection Γ_0 carries only one degree of freedom, the function q(r). We shall now replace (13) in (3) and solve for the metric and the function q(r).

Consider first the ‘exterior’ problem with T_{μν} = 0. We use the radial gauge C = r. Since R_{tt}(Γ_0) = 0, the tt Einstein equation can easily be solved obtaining the usual Schwarzschild formula for B^2(r)

B^2(r) = ( 1 − 2m_0G c^2r )_{−1} , (14) where m_0 is an integration constant associated to the total ‘visible’ matter (see below). The rr and θθ Einstein equations are more complicated. It is convenient to redefined the metric function A^2(r) as

A^2(r) = ( 1 − 2m_0G c^2r ) w^2(r). (15)

The rr and θθ Einstein equations (3) become, 2w^′ w = λ r q (16) r ( r − 2m_0G

c^2 ) w^{′′} + ( r + m_0G c^2 ) w^′ = λ w. (17)

These are two equations for two unknowns w(r) and q(r). All unknown functions are thus determined by the equations of motion.

The exact solution to (17) is available but we restrict the discussion here to the non-relativistic limit c → ∞ and expand the solution in powers of 1/c^2. The geometry outside a Galaxy is approximately flat thus w(r) must be of the form w(r) = 1+corrections. This implies that λ must be small and re-parameterized as λ = k c^2

. (18)

Note that if λ ≪ 1, then λ_0 ≃ 1, as stated after Eq. (6). The solution for w(r) becomes

w(r) = 1 + 1 2c^2 ( C_0 ln(r/r_0) + k ln^2(r/r_0) ) + · · · (19)

where C_0 and r_0 are integration constants. The term proportional to C_0 is the log branch which give rise to Galactic flat rotation curves. This is seen as follows. An object in circular motion at distance r from the center has a speed, v^2(r) = rΦ^′. (20) The Newtonian potential Φ is determined from A^2 ≃ 1+2Φ(r)/c^2+· · ·. From (15), the velocity profile becomes

v^2(r) = m_0G r + C_0 2 + k ln(r/r_0). (21)

The first term is the usual ‘visible’ matter contribution. This is now superposed with a constant contribution C_0 characteristic of flat rotation curves. The third term is a correction proportional to k. We see that the dark halo is independent of the visible matter, at least to this order. Adjusting C_0, r_0 and k, (21) has the right shape for realistic situations.

Let us now briefly consider the interior solution with T_{μν} ≠ 0 parameterized by a mass density μ(r) and pressure p(r). This is relevant for motions inside a galaxy. As usual for interior solutions, it is convenient to parameterize the metric functions as,

B^2 = ( 1 − 2m(r)G c^2r )_{−1} , (22)

A^2 = e^{2Φ(r)/c2} ≃ 1 +

2Φ(r) c^2

+ · · · , (23) where m(r) and Φ(r) are undetermined functions. In the non-relativistic limit, the tt Einstein equation (3) and energy-momentum conservation gives, respectively,

m^′ = 4πμr^2, p^′ = −μΦ^′. (24)

These coincide with the usual formulae. Next, the rr Einstein equation fixes the value of q(r), which we don’t display here. Finally, using (18), the θθ equation becomes

(rΦ^′)^′ − ( m(r)G r )_′ − k r = 0, (25)

from where Φ(r) can be determined. The velocity profile becomes,

v^2(r) = m(r)G r + C_0 2 + k ln(r/r_0). (26)

where we have chosen an integration constant to coincide with (21). Continuity between the exterior, (21), and interior, (26), solutions is thus manifest adjusting m_0 to be the total visible matter.

Friedman-RW models. Our next example describes an ideal fluid expanding in the metric,

ds^2 = −N^2(t)dt^2 + a(t)^2 ( dr^2 1 − kr^2 + r^2dΩ^2 ) , (27)

with residual symmetry t → λ(t). We would like to find the evolution equation for a(t) implied by (3). The steps to solve this problem are exactly the same as those for the spherical source. We first evaluate R_{μν} (Γ_0) using (5). The independent components of the Ricci tensor for (27) are R_{tt}(g) = − 3ä a + 3Ṅ N ȧ a (28) R_{rr}(g) = 1 1 − kr^2 [ − aȧṄ N^3 + aä N^2 + 2ȧ^2 N^2

+ 2k ] .(29)

The denominators in R_{rr} only ensure that all time derivatives involve the proper time dτ = Ndt. Thus, since ȧ → 0, it also natural to impose lim^ȧ_N = 0. On the other hand,^ȧ and^Ṅ become arbitrary functions. The independent components of R_{μν} (Γ_0) thus are,

R_{tt}(Γ_0) = q(t), R_{rr}(Γ_0) = 2k 1 − kr^2 (30)

where q(t) is an arbitrary function of time. We now replace (30) in (3). In the gauge N(t) = 1, the independent Einstein equations (3) including an ideal fluid characterized by a pressure p(t) and density ρ(t) are

ȧ^2 a^2 + k a^2 = 1 3 λ q(t) + 8πG 3 ρ(t), (31)

2aä + ȧ^2 + k = −2λ k − 8πGa^2p(t), (32) (ρa^3)^. = −p(a^3)^. (33)

If λ was zero, (31) is the Friedman equation, and (32) is related to it by a Bianchi identity. But, if λ ≠ 0, (31) fixes q(t) and (32) is independent becoming the dynamical equation for a(t).

Multiplying (32) by ȧ it can be integrated once,

ȧ^2 a^2 + k(1 + 2λ) a^2 = 8πG 3 ρ + C a^3

, (34)

where C is an arbitrary integration constant.

This equation differs from the usual Friedman equations in two respects. First, the curvature term 1/a^2 appears “renormalized”. Second, there is an extra contribution C/a^3 which increases the visible density ρ. The exponent a^{−3} yields the correct equation of state for dark matter. Thus, adjusting the integration constant C, this equation becomes consistent with observations without adding extra components.

It is interesting to observe that the parameters {C_0, C} appearing in (21,34), respectively, are adjustable integration constants which are not present in G_{μν} (0). The new source G_{μν} (0) in (3) does not introduce an energy density for dark matter. The mechanism is different. In the presence of G_{μν} (0), the constraints (first order equations) fix the unknown functions q. The second order equations become independent and have extra integration constants.

To conclude, we have explored dark matter as a topological contribution to Einstein equations. Since dark matter is known not to interact with ordinary matter this is an attractive possibility. The most important open question is how to determine the connection Γ_0 without having to resort to the limits. An action for Γ_0 is necessary. An interesting action which could serve for this purpose is Eddington’s action for general relativity [12]

I[Γ] = 2 Λ ∫ √ det(R_{μν} ) f(R_{μν} ), (35)

where f(R) is some scalar function of R_{μν} . For f = 1, this action is equivalent to gravity with a cosmological constant Λ. An important property of this action is that the metric is a derived concept. One can consider, in particular, the sector with g_{μν} = 0. The question is then whether the curvature, which is purely topological, can be non-zero at g_{μν} = 0. This will depend on the choice of f. The analogy with a spin system below the critical temperature becomes stronger in this framework. The details of this formulation will be discussed elsewhere [13].

I would like to thank T. Andrade, E. Ayon-Beato, A.Clocchiatti, S. Deser, G.Galaz, M. García del Moral, A.Gomberoff, L. Houart, C.Martinez, E. Vagenas, J.Zanelli for useful comments and A. Reisenegger for many conversations and remarks which contributed enormously to this work. Useful comments on an earlier version of the manuscript by S. Carlip and S. Theisen are also gratefully acknowledge. The author was partially supported by Fondecyt Grants (Chile) #1060648 and #1051084.

[1] E. Witten, Nucl. Phys. B 311, 46 (1988). [2] G. T. Horowitz, Class. Quant. Grav. 8, 587 (1991). [3] S. B. Giddings, Phys. Lett. B 268, 17 (1991). [4] F. Wilczek, Phys. Rev. Lett. 80, 4851 (1998) [5] S. Deser, Class. Quant. Grav. 23, 4539 (2006) [6] R. H. Sanders, arXiv:astro-ph/0601431. [7] J. D. Bekenstein, Phys. Rev. D 70, 083509 (2004) [8] D. N. Spergel et al., arXiv:astro-ph/0603449. [9] M. Bradac et al., arXiv:astro-ph/0608408.

[10] J. F. Navarro, C. S. Frenk and S. D. M. White, Astrophys. J. 462, 563 (1996) [arXiv:astro-ph/9508025].

[11] S. M. Carroll et al, Phys. Rev. D 71, 063513 (2005) [12] A. Eddington, The Mathematical Theory of Relativity, Cambridge, 1924 [13] M. Bañados, in preparation.

[14] Tμν may also depend on the metric and its inverse. For our purposes, the ground state is defined by both gμν = 0 and Tμν = 0 assuming that all matter fields are trivial.

[15] For example, let f(x) = a0 + a1x + a2x^2 + · · · and write lim_{f →0}^{f ′}_f = lima_0,a_1,a_2...→0^{a1+2a2x+3a3x2+···}

a0+a1x+a2x2+··· . The re-

sult depends on the sequence in which the Taylor coefficients are sent to zero. However, for all choices (paths), the result is a finite function of x.

[16] It is tempting to define limg→0 gμν g^{αβ} =^1_{d+1} (δ^α_μ δ^β_ν + δ^α_ν δ^β_μ ) (the factor^1_{d+1} follows by tracing at both sides). However, this definition leads to contradictions. For example, taking a diagonal metric ds^2 = fdx^2 + gdy^2 it implies both lim^f_g = 0 and lim^g_f = 0. It also implies lim^f =^2_3 . Both results are absurd. To avoid these problems we do not prescribe the value of limg→0 gμν g^{αβ} but only its action on R_{αβ} (Γ0).