arXiv:hep-th/0701176v2 11 May 2007

LMU-ASC 01/07 MPP-2007-7

hep-th/0701176

Entropy function for rotating extremal black holes in very special geometry

G. L. Cardoso^a, J. M. Oberreuter^a and J. Perz^{a,b}

aArnold Sommerfeld Center for Theoretical Physics Department für Physik, Ludwig-Maximilians-Universität München Theresienstr. 37, 80333 München, Germany bMax-Planck-Institut für Physik Föhringer Ring 6, 80805 München, Germany

gcardoso,oberreuter,perz@theorie.physik.uni-muenchen.de

ABSTRACT

We use the relation between extremal black hole solutions in five- and in fourdimensional N = 2 supergravity theories with cubic prepotentials to define the entropy function for extremal black holes with one angular momentum in five dimensions. We construct two types of solutions to the associated attractor equations.

1 Introduction

An important feature of extremal black holes in the presence of scalar fields is that these fields attain fixed values at the horizon which are determined by the black hole charges. These values are found by solving a set of so-called attractor equations, which were first given in [1, 2, 3, 4] in the context of supersymmetric black holes. The attractor equations can be obtained from a variational principle based on an entropy function [5, 6]. The value of the entropy function at the stationary point yields the macroscopic entropy of the black hole.

Extremal black holes in five dimensions can be related to extremal black holes in four dimensions. This connection is implemented by placing the five-dimensional black hole in a Taub-NUT geometry, and by using the modulus of the Taub-NUT space to interpolate between the five and the four-dimensional description. In the vicinity of the NUT charge, spacetime looks five-dimensional, whereas far away from the NUT the spacetime looks fourdimensional. This connection was first established in [7, 8] for supersymmetric black holes in the context of N = 2 supergravity theories that in four dimensions are based on cubic prepotentials, and was further discussed in [9].

In the following, we focus on rotating extremal black holes in five dimensions which are connected to static extremal black holes in four dimensions in the way described above. We use this link to define the entropy function for these rotating black hole solutions in the context of N = 2 supergravity theories with cubic prepotentials. In four dimensions, the static extremal black holes we consider carry charges (P^I , Q_I ), where P^0 ≠ 0 corresponds to the NUT charge in five dimensions. These four-dimensional black holes are connected to rotating five-dimensional black holes with one independent angular momentum parameter. The five-dimensional N = 2 supergravity theories contain Chern-Simons terms for the abelian gauge fields, so that the definition of the entropy function given in [5, 6] cannot be directly applied whenever these terms play a role for the given background. Therefore, we define the entropy function for these rotating five-dimensional black holes to equal the entropy function of the associated static black holes in four dimensions. The latter was computed for N = 2 supergravity theories in [10, 11]. Then, we specialize to the case of black holes with non-vanishing charges (P^0, Q_I ), which in five dimensions correspond to rotating electrically charged extremal black holes in a Taub-NUT geometry. Extremization of the entropy function yields a set of attractor equations for the various parameters characterizing the near-horizon solution. We check that these attractor equations are equivalent to the equations of motion in five dimensions evaluated in the black hole background. We construct two types of solutions to the attractor equations and we compute their entropy.

Our approach for defining the entropy function in the presence of Chern-Simons terms is based on dimensional reduction, and is therefore similar to the approach used in [12] for defining the entropy function of the three-dimensional BTZ black hole. Related results for rotating AdS_5 black holes have appeared in [13].

2 Extremal black holes in five and four dimensions

Extremal black holes in five dimensions can be connected to extremal black holes in four dimensions, as described in the introduction. In the following, we focus on rotating black holes in five dimensions which are connected to static black holes in four dimensions. The associated near-horizon geometries are related by dimensional reduction over a compact direction of radius R. In the context of five-dimensional theories based on n abelian gauge fields A^A_5 and real scalar fields X^A (A = 1, . . . , n) coupled to gravity, the reduction is based on the following standard formulae (see for instance [14]), ds^2_5 = e^{2ϕ} ds^2_4 + e^{−4ϕ} (dx^5 − A^0_4)^2 , dx^5 = R dψ , A^A_5 = A^A_4 + C^A (dx^5 − A^0_4) , X̂^A = e^{−2ϕ} X^A , (2.1)

where the A^I_4 denote the four-dimensional abelian gauge fields (with I = 0, A).

We will focus on N = 2 supergravity theories that are based on cubic prepotentials in four dimensions. As we review in appendix A, the rescaled scalar fields X̂^A and the Kaluza-Klein scalars C^A are combined into the four-dimensional complex scalar fields z^A [14], z^A = C^A + iX̂^A . (2.2) We take the fields C^A and X̂^A, and hence also z^A, to be dimensionless.

The near-horizon geometry of the rotating five-dimensional black hole is taken to be a squashed AdS_2 × S^3 given by [13]

ds^2_5 = v_1(−r^2dt^2 + dr^2 r^2 ) + v_2 4 ( dθ^2 + sin^2 θ dφ^2 ) + v_2v_3 4 (dψ + cos θ dφ − α rdt)^2 , (2.3) where θ ∈ [0, π], φ ∈ [0, 2π), ψ ∈ [0, 4π). The parameters v_1, v_2, v_3 and α are constant. The near-horizon geometry of the associated static four-dimensional black hole is of the AdS_2 ×S^2 type,

ds^2_4 = ṽ_1(−r^2dt^2 + dr^2 r^2

) + ṽ_2 ( dθ^2 + sin^2 θ dφ^2 ) (2.4) with constant parameters ṽ_1 and ṽ_2. Using (2.1), we find the following relations, e^{−4ϕ} = v_2v_3 4R^2 , A^0_4 = R (− cos θdφ + αrdt) , (2.5) as well as

ṽ_1 = v_1 √ v_2v_3 4R^2

, ṽ_2 = v_2 4 √ v_2v_3 4R^2

, (2.6)

and hence

ṽ_1 ṽ_2 = v_1 v^2 v_3 16R^2 , ṽ_1 ṽ_2 = 4 v_1 v_2

. (2.7)

We denote the electric fields in four and five dimensions by F_{rt} = e. Hence, we rewrite A^0_4 as A^0_4 = e^0_4 r dt − p^0R cos θdφ , (2.8) with e^0_4 = αR and the NUT charge p^0 = 1.

3 Entropy function for rotating extremal black holes in five dimensions

The entropy function of [5, 6] is derived from the reduced Lagrangian. The reduced Lagrangian F is obtained by evaluating the Lagrangian in the near-horizon black hole background and integrating over the horizon. In five and four dimensions,

F_5 = ∫ dψ dθ dϕ √ −G L_5 , F_4 = ∫ dθ dϕ √ −g L_4 . (3.1)

In the presence of Chern-Simons terms, however, the definition of the entropy function given in [5, 6] is not directly applicable whenever these terms play a role for the given background. This is the situation encountered in N = 2 supergravity theories in five dimensions, but not in four dimensions. Therefore, we use dimensional reduction to define the entropy function E_5 for rotating black holes in five dimensions in terms of the entropy function E_4 for the associated four-dimensional black holes,

E_5 = E_4 . (3.2)

3.1 Rotating electrically charged black holes in five dimensions Here we consider rotating electrically charged extremal black hole solutions in N = 2 supergravity theories in five dimensions. The bosonic part of the five-dimensional Lagrangian is given by (A.6). The black hole solutions carry NUT charge p^0 = 1 as well as electric charges q_A. The near-horizon solution is specified in terms of constant scalars X^A, the line element (2.3) and the five-dimensional gauge potentials A^A_5 ,

A^A_5 = e^A_5 r dt + C^A R (dψ + cos θdφ) , (3.3)

where F^A_{rt} = e^A_5 denotes the electric field in five dimensions. Both e^A_5 and C^A are constant.

These five-dimensional rotating extremal black holes are connected to static electrically charged extremal black holes in four dimensions with constant scalars z^A, line element (2.4) and four-dimensional gauge potentials A^I_4 given by (2.8) and

A^A_4 = e^A_4 r dt . (3.4)

The five- and four-dimensional electric fields are related by

e^A_5 = e^A_4 − C^A e^0_4 = e^A_4 − α R C^A (3.5)

according to (2.1). In our conventions, the electric fields in five and four dimensions have length dimension one.

As reviewed in appendix A, the five- and four-dimensional actions (A.6) and (A.10) are identical upon dimensional reduction over x^5, up to boundary terms which are usually discarded and which arise when integrating the Chern-Simons term in (A.6) by parts. However, when evaluating these actions in a background with constant C^A, as is the case for the nearhorizon solutions under consideration, they are not any longer equal to one another. Namely, evaluating the Chern-Simons term in (A.6) for constant C^A, and using F^A_5 = F^A_4 − C^A F^0_4 (see (2.1)), we obtain with the help of (A.18)

C_{ABC} F^A_5 ∧ F^B_5 ∧ A^C_5 = 1 2 R dψ d^4x √ −g ReN_{IJ} F^I_4 F̃^J_4 (3.6) −R C_{ABC} ( C^A C^B F^C_4 − 2 3 C^A C^B C^C F^0_4 ) ∧ F^0_4 ∧ dψ .

Thus, the actions differ by

8π (S_5 − S_4) = 1 6G_4 ∫ d^4x √ −g ReN_{IJ} F^I_4 F̃^J_4 + 1 6G_4 ∫ C_{ABC} ( C^A C^B F^C_4 − 2 3 C^A C^B C^C F^0_4 ) ∧ F^0_4 . (3.7)

Similarly, in the background specified by (3.3), the reduced Lagrangians (3.1) differ by

F_5 − F_4 = 1 12G_4

R C_{ABC} C^A C^B e^C_4 . (3.8)

This has to be taken into account when using (3.2) to define the entropy function in five dimensions in terms of E_4. The entropy function of static extremal black holes in four dimensions is the Legendre transform of the reduced Lagrangian F_4 with respect to the electric fields and reads [5] E_4 = 2π ( − 1 2 e^I_4 Q_I G^{−1/2}_4 − F_4 ) , (3.9)

where we denote the four-dimensional electric charges by Q_I . The normalizations are as in [10, 11], with the additional G^{−1/2}_4 to ensure that E_4 is dimensionless. Using (3.5), (3.8) and (3.2), we now express (3.9) as

E_5 = 2π [ − 1 2 α ( J + R C^A ( q_A G^{−1/3}_5 −

2π R^2 3G_5 C_{ABC} C^B C^C ))

− 1 2 e^A_5 ( q_A G^{−1/3}_5 −

2π R^2 3G_5 C_{ABC} C^B C^C ) − F_5 ] , (3.10)

where the five-dimensional quantities (J, q_A) are given in terms of the four-dimensional electric charges (Q_0, Q_A) by

J = Q_0 R G^{−1/2}_4 , q_A G^{−1/3}_5 = Q_A G^{−1/2}_4 . (3.11)

In (3.18) below, J will be related to the angular momentum in five-dimensions. Observe that in the presence of the C^A, the electric charges q_A are shifted by a term proportional to C_{ABC} C^B C^C . This shift, which is due to (3.8) and thus has its origin in the presence of the Chern-Simons term in the five-dimensional action (A.6), has also been observed in [13]. In addition, we note that J also gets shifted by terms involving C^A. This shift ensures that extrema of E_5 satisfy all the five-dimensional equations of motion. This we now demonstrate by explicitly checking the equation of motion for A^A_{5ψ}, as follows. Using (3.3), we compute

F_5 = π v_1 (v^3_2 v_3)^{1/2} 4G_5 [ − 1 v_1 + 4 − v_3 v_2 + v_2 v_3 α^2 16v^2_1 + G_{AB} e^A_5 e^B_5

2v^2_1

− 8R^2 G_{AB} C^A C^B v^2 ]

− 2π 3G_5

R^2 C_{ABC} C^A C^B e^C_5 . (3.12)

Then, varying the entropy function E_5 with respect to the electric fields e^A_5 and setting ∂_eE_5 = 0 yields π 4G_5

(v^3_2 v_3)^{1/2} v_1

G_{AB} e^B_5 = − 1 2 q̂_A , (3.13)

while varying with respect to C^A and setting ∂_C E_5 = 0 gives − α 2 q̂_A + 2πR G_5

C_{ABC} C^B e^C_5 + 4πR G_5 v_1(v^3_2 v_3)^{1/2}

v^2

G_{AB} C^B = 0 , (3.14)

where we introduced q̂_A = q_A G^{−1/3}_5 − 2πR^2 G_5

C_{ABC} C^B C^C , (3.15)

for convenience. Combining (3.13) and (3.14) results in α (v^3_2 v_3)^{1/2} v_1

G_{AB} e^B_5 + 8R C_{ABC} C^B e^C_5 + 16R v_1(v^3_2 v_3)^{1/2} v^2

G_{AB} C^B = 0 , (3.16)

which is precisely the equation of motion for A^A_{5ψ} evaluated in the black hole background. Observe that when α q_A ≠ 0, then generically also C^A ≠ 0. We also note that when expressed in terms of four-dimensional quantities, q̂_A equals q̂_A = G^{−1/2}_4 ( Q_A − ReN_{A0} P^0 ) , where P^0 is given by (3.30).

The entropy function (3.10) depends on a set of constant parameters, namely e^A_5 , X^A, C^A, v_1, v_2, v_3 and α, whose horizon values are determined by extremizing E_5. To this end, we compute the (remaining) extremization equations. Inserting (3.13) into (3.10) gives

E_5 = 2π α [ − 1 2 J − 1 2 R C^A ( q_A G^{−1/3}_5 − 2πR^2 3G_5 C_{ABC} C^B C^C )] + G_5 v_1 (v^3_2 v_3)^{1/2} q̂_A G^{AB} q̂_B − π^2 2G_5 v_1(v^3_2 v_3)^{1/2} [ − 1 v_1 + 4 − v_3 v_2 + v_2 v_3α^2 16v^2_1

− 8R^2 G_{AB} C^AC^B v^2 ] . (3.17)

Demanding ∂_αE_5 = 0 results in the expression for the angular momentum, π 32G_5 v^{5/2}_2 v^{3/2}_3 v_1 α = − 1 2 J − 1 2 R C^A ( q_A G^{−1/3}_5 − 2πR^2 3G_5 C_{ABC} C^B C^C ) . (3.18)

Computing ∂_{vi} E_5 = 0 (with i = 1, 2, 3), we obtain

v_1 = v_2 4 , v_2 v_3 [ 2v_2 + v_2 v_3(1 − 2α^2) ] = 2G^2_5 π^2 q̂_A G^{AB} q̂_B , 2v_2 − v_2v_3(2 − α^2) = 8R^2 G_{AB} C^A C^B . (3.19)

Observe that the first of these conditions yields ṽ_1 = ṽ_2, as can be seen from (2.7). This implies the vanishing of the Ricci scalar for the associated four-dimensional geometry.

Inserting the relations (3.18) and (3.19) into (3.17) results in

E_5 = π^2 2G_5 ( v^3_2 v_3 )_{1/2} , (3.20)

which exactly equals the macroscopic entropy S_{macro} = A_5/(4G_5) of the rotating black hole, where A_5 denotes the horizon area.

Introducing the abbreviations Ω = 2G^2_5 π^2 1 √ v_2 v_3 q̂_A G^{AB} q̂_B , Δ = 8R^2 √ v_2 v_3 G_{AB} C^A C^B , Γ = 8G_5 π [ − 1 2 J − 1 2 R C^A ( q_A G^{−1/3}_5 − 2πR^2 3G_5 C_{ABC} C^B C^C )] , (3.21)

we obtain from (3.18) and (3.19) the following two equations,

3(v_2 v_3)^{3/2} − 3

Γ^2 (v_2v_3)^{3/2}

= Ω − Δ , √ v_2 v_3 (6v_2 − 3v_2v_3) = Ω + 2Δ . (3.22)

Solving the first of these equations yields (with v_2v_3 positive)

(v_2 v_3)^{3/2} = 1 6 (Ω − Δ) + √ Γ^2 + 1 36 (Ω − Δ)^2 . (3.23)

Inserting this into the second equation of (3.22) gives ( v^3_2 v_3 )_{1/2} = 1 4 (Ω + Δ) + 1 2 √ Γ^2 + 1 36 (Ω − Δ)^2 . (3.24)

Thus, by taking suitable ratios of (3.23) and (3.24), we obtain v_2 and v_3 expressed in terms of Ω, Δ and Γ. Now, recalling the definition of X̂^A in (2.1) and using (2.5), we have √ v_2 v_3 G_{AB} = 2R Ĝ_{AB} , where

Ĝ_{AB} = −C_{ABC} X̂^C + 9 X̂_A X̂_B V̂ , (3.25)

with X̂_A and V̂ defined in (A.19). Therefore Ω, Δ and Γ, and hence also the horizon area (3.24), are entirely determined in terms of the scalar fields X̂^A and C^A and the charges. The horizon values of X̂^A and C^A are in turn determined in terms of the charges by solving the respective extremization equations. The extremization equations for the C^A are given by (3.14), while the extremization equations for the X̂^A are obtained by setting ∂_{X̂A} E_5 = 0. Rather than computing the horizon values in this way, we will determine them by solving the associated attractor equations in four dimensions. This will be done in the next subsection.

Finally, let us consider static black holes. When the rotation parameter α is set to zero, we have Γ = 0 and (3.16) can be abbreviated as D_{AB} C^B = 0. In the following we will assume that D_{AB} is invertible so that C^A = 0. We then infer from (3.19) and (3.21) that v_3 = 1, Δ = 0 and Ω = G^{4/3}_5 π^2R q_A Ĝ^{AB} q_B , (3.26)

which is the black hole potential in five dimensions for static electrically charged black holes [15]. Using (3.11), we obtain for (3.20),

E_5 = 2π 3 Q_A Ĝ^{AB} Q_B . (3.27)

From (A.18) and (3.25) we infer that Ĝ_{AB} = −ImN_{AB}. With the help of (A.18), (A.19) and (3.24) we compute ImN_{00} = −V̂ = 1 12π G_5 R^3

Q_A [(ImN )^{−1}]^{AB} Q_B , (3.28)

where we used ImN_{A0} = 0. It follows that we can rewrite (3.27) as

E_5 = − 2π 4 [ (P^0)^2 ImN_{00} + Q_A [(ImN )^{−1}]^{AB} Q_B ] , (3.29)

where P^0 = p^0 R G^{1/2}_4

, p^0 = 1 . (3.30)

Thus, (3.27) precisely equals the four-dimensional black hole potential [16, 17, 18],

E_4 = − 2π 4 (Q_I − N_{IK}P^K ) [(ImN )^{−1}]^{IJ} (Q_J − N̄_{JL}P^L) , (3.31)

for the case at hand with C^A = 0 and non-vanishing charges (P^0, Q_A), as it should. In (3.31) (P^I , Q_J ) denote the magnetic and electric charges in four dimensions, respectively.

3.2 Attractor equations and examples The four-dimensional entropy function (3.31) can be rewritten into [11]

E_4 = π [ Σ + ( Q_I − F_{IJ} P^J ) N^{IK} ( Q_K − F̄_{KL}P^L )] , (3.32)

where

Σ = −i (¯ Y^I F_I − Y^IF̄_I ) − Q_I (Y^I + Ȳ^I ) + P^I (F_I + F̄_I ) , N_{IJ} = i (¯ F_{IJ} − F_{IJ} ) , Q_I = Q_I + i(F_I − F̄_I ) , P^I = P^I + i(Y^I − Ȳ^I ) . (3.33)

For the notation cf. appendix A. The scalar fields (2.2) are expressed in terms of the Y^I by z^A = Y^A/Y^0. The horizon values of the scalar fields X̂^A and C^A can be conveniently determined by solving the attractor equations for the Y^I in four dimensions, which read [19, 11]

− 2(Q_J − F_{JK} P^K ) + i(Q_I − F̄_{IM} P^M )N^{IR} F_{RSJ} N^{SK} (Q_K − F̄_{KL} P^L) = 0 . (3.34)

Contracting with Y^I results in i (¯ Y^I F_I − Y^I F̄_I ) = P^I F_I − Q_I Y^I . (3.35)

Supersymmetric black holes satisfy Q_I = P^J = 0.

In the following, we will discuss two classes of four-dimensional non-supersymmetric extremal black holes which are connected to five-dimensional black holes. These have a nonvanishing P^0 given by (3.30). The first class consists of black holes with non-vanishing charges (P^0, Q_A) in heterotic-like theories with prepotential F (Y ) = −Y^1Y^aη_{ab}Y^b/Y^0, where η_{ab} denotes a symmetric matrix with the inverse η^{ab} (η^{ab}η_{bc} = δ^a_c ) and a, b = 2, . . . , n. These black holes are static in five dimensions. Taking P^0 > 0 and Q_1 Q_a η^{ab} Q_b < 0, we find that the attractor equations (3.34) are solved by

Y^0 = − i 4 P^0 ,

Y^1 = 1 8 √ − P^0 Q_a η^{ab} Q_b

Q_1 ,

Y^a = − 1 4 √ − P^0 Q_1 Q_c η^{cd} Q_d η^{ab} Q_b . (3.36)

The z^A read,

z^1 = i X̂^1 = i 2 √ − Q_a η^{ab} Q_b P^0 Q_1 ,

z^a = i X̂^a = −i √ − Q_1 P^0 Q_c η^{cd} Q_d η^{ab} Q_b . (3.37)

Requiring V̂ > 0 for consistency (see (A.19)) restricts the charges to Q_a η^{ab} Q_b > 0 and Q_1 < 0. Using (3.36), (3.32), (3.30) and (3.11), the entropy is computed to be

E_5 = π √ −P^0 Q_1 Q_a η^{ab} Q_b = √ π 2 √ −q_1 q_a η^{ab} q_b . (3.38)

Upon performing the rescaling q_A → (4π)^{1/3} q_A, the entropy (3.38) attains its standard form. For the case n = 3 with non-vanishing η_{23} = η_{32} =^1_2 , the so-called STU model, the above solution has been given in [20] and found to be stable. Requiring the moduli S, T and U to lie in the Kähler cone imposes the additional restriction Q_2 < 0 and Q_3 < 0.

The solution (3.36) is non-supersymmetric in four dimensions, since Q_A ≠ 0, P^0 ≠ 0. We now check the supersymmetry of the associated five-dimensional solution. An electrically charged supersymmetric solution in five dimensions satisfies the condition A_A = 0 [21, 22, 23, 24], where in our conventions (see appendix A)

A_A = q_A − 2 e^{6ϕ} Z(X̂) X̂_A , Z(X̂) = q_A X̂^A , (3.39)

with X̂_A given in (A.19). Computing A_A for the solution (3.36) using (3.11), we find that A_A = G^{1/3}_5 G^{−1/2}_4 (Q_A + 3P^0 X̂_A) = 0. The entropy (3.38) takes the supersymmetric form

E_5 = (2π)^{1/2} 3^{−3/2} |q_A X^A|^{3/2}. Solutions which are supersymmetric from a higher-dimensional point of view, but non-supersymmetric from a lower-dimensional point of view, have been discussed in [25, 26] and occur when dimensionally reducing geometries that are U(1)-fibrations, as in our case. In string theory one can generate new solutions from a given one by using duality transformations. Two configurations which are related in this manner must be both supersymmetric or both non-supersymmetric in four dimensions. Hence, the configurations obtained in this way from the (P^0, Q_A) solution (3.36) will be non-supersymmetric in four dimensions. Those with a positive P^0 can be lifted to five-dimensional solutions which, depending on the specific duality transformation, may or may not be supersymmetric.

The second class of solutions we consider consists of black holes with non-vanishing charges (P^0, Q_0). They correspond to rotating black holes in five dimensions, of the type discussed in [27, 28, 29, 6, 30, 31, 32], which are not supersymmetric. We use the prepotential F (Y ) = −Y^1 Y^2 Y^3/Y^0. Taking P^0 Q_0 > 0 and Rez^A = 0, we find that the attractor equations (3.34) are solved by

Y^0 = −

(1 − i) 8 P^0 ,

Y^1 Y^2 Y^3 = i(1 − i)^3

(P^0)^2 Q_0 512 . (3.40)

Observe that the attractor equations do not determine the individual values Y^1, Y^2 and Y^3, because the entropy function has two flat directions. The coupling constant ImN_{00} and the entropy are, however, determined in terms of the charges. The former takes the value −ImN_{00} = iz^1 z^2 z^3 = Q_0/P^0 > 0. We also find that V̂ > 0, as required by consistency. From (3.23) and (3.24) we obtain v_2 =^1_2 |Γ|^{2/3} and v_3 = 2, and from (3.18) we have α = sgn Γ. Using (3.40), (3.32), (3.30) and (3.11), the entropy is computed to be

E_5 = π P^0 Q_0 = π J . (3.41)

We close this section by displaying the relation between the five-dimensional quantity Z(X̂) e^{6ϕ} appearing in (3.39) and the four-dimensional Y^0 for the case of static black holes with C^A = 0. From (3.35) we obtain (with Q_0 = P^A = 0, and with P^0 given by (3.30))

Z(X̂) e^{6ϕ} = i 2 G^{1/3}_5 G^{1/2}_4 ( −8 Y^0 + i R √ G_4 ) , (3.42)

where we used Y^0 = −Ȳ^0, which follows from the reality of (3.42). For a supersymmetric solution in four dimensions, P^0 = 0 and hence Y^0 = iP^0/2, so that

Z(X̂) e^{6ϕ} = 6π R^2 G^{−2/3}_5 . (3.43)

4 Conclusions

In the context of N = 2 supergravity theories with cubic prepotentials, we used the relation between extremal black hole solutions in four and in five dimensions to define the entropy function for rotating extremal black holes in terms of the entropy function for static black holes in four dimensions. We focused on rotating electrically charged black holes with one independent angular momentum parameter, for simplicity, and we discussed two classes of solutions. General charged static black holes in four dimensions also carry magnetic charges P^A, and these charges can be easily incorporated into the discussion given above by adding a term −P^A R cos θ dφ to both (3.3) and (3.4). Their entropy function is given by (3.32), and the entropy function of the associated five-dimensional rotating black holes is then defined by (3.2).

In five dimensions, rotating extremal black holes may carry two independent angular momentum parameters [33]. These black holes will be connected to rotating extremal black holes in four dimensions. The entropy function of these five-dimensional black holes can then again be defined in terms of the entropy function of the associated rotating four-dimensional black holes. The entropy function for rotating attractors in four dimensions has recently been discussed in [6].

Acknowledgements We thank G. Curio, B. de Wit, J. Rosseel, A. Van Proeyen and M. Zagermann for useful discussions. This work is partly supported by EU contract MRTN-CT-2004-005104.

A N = 2 supergravity actions and dimensional reduction

Here we review various elements of N = 2 supergravity theories in four and in five dimensions. We also review the reduction of the five-dimensional action based on very special geometry to the four-dimensional action based on special geometry. This will explain our conventions, which differ slightly from the ones used in [14, 34, 35, 9]. For notational simplicity, we drop the subscripts on the five- and four-dimensional gauge fields.

The five-dimensional N = 2 supergravity action is based on the cubic polynomial [14] V = 1 6 C_{ABC} X^AX^B X^C , (A.1)

where the X^A are real scalar fields satisfying the constraint V = constant. The fivedimensional gauge couplings G_{AB} (X) are given by G_{AB} (X) = − 1 2 ∂_A∂_B log V |_{V =constant} , (A.2)

and hence,

G_{AB} (X) = V^{−1} ( − 1 2 C_{ABC} X^C + 9 2 X_AX_B V ) , (A.3)

where we defined

X_A = 1 6 C_{ABC} X^B X^C . (A.4)

Observe that

G_{AB} X^AX^B = 3 2 , X^A∂_iX_A = 0 . (A.5)

Here ∂_iX^A =^∂_{∂φi} X^A(φ), where φ^i denote the physical scalar fields with target space metric g_{ij} = G_{AB} ∂_iX^A ∂_j X^B .

The bosonic part of the five-dimensional N = 2 supergravity action reads

S_5 = 1 8πG_5 [∫ d^5x √ −G ( 1 2 R_G − 1 2 G_{AB} ∂_M X^A ∂^M X^B − 1 4 G_{AB} F^A_{MN} F^{BMN} )

− 1 6 ∫ C_{ABC} F^A ∧ F^B ∧ A^C ] , (A.6)

where G denotes the determinant of the spacetime metric in five dimensions.

The four-dimensional N = 2 supergravity action, on the other hand, is based on the prepotential [36, 37]

F (Y ) = − 1 6 C_{ABC} Y^AY^B Y^C Y^0

, (A.7)

where the Y^I are complex scalar fields (I = 0, A). The four-dimensional gauge couplings N_{IJ} are given by

N_{IJ} = F̄_{IJ} + 2i

Im F_{IK} Im F_{JL} Y^K Y^L Im F_{MN} Y^M Y^N

, (A.8)

where F_I = ∂F/∂Y^I , F_{IJ} = ∂^2F/∂Y^I ∂Y^J . The four-dimensional physical scalar fields z^A are z^A = Y^A Y^0

. (A.9)

The bosonic part of the four-dimensional N = 2 supergravity action reads

S_4 = 1 8πG_4 ∫ d^4x √ −g ( 1 2 R_g − g_A¯_B ∂_μz^A∂^μz̄^B + 1 4 ImN_{IJ} F^I_{μν} F^{Jμν} − 1 4 ReN_{IJ} F^I_{μν} F̃^{Jμν} ) , (A.10)

where g denotes the determinant of the spacetime metric in four dimensions, and where F̃ Jab =^1_2 ε_{abcd}F Jcd with ε_{0123} = 1. The quantity g_{AB̄} is the Kähler metric g_{AB̄} =^∂_{∂zA}^∂_{∂z̄B} K computed from the Kähler potential K(z, z̄). For the prepotential (A.7), the Kähler potential reads e^{−K(z,z̄)} = i 6 C_{ABC} (z^A − z̄^A)(z^B − z̄^B )(z^C − z̄^C ) . (A.11)

Now we perform the reduction of (A.6) along x^5 down to four dimensions using (2.1). We take the various fields to be independent of the fifth coordinate x^5. Setting x^5 = Rψ , 0 ≤ ψ < 4π, we use that the five- and four-dimensional Newton constants are related by

G_5 = 4π R G_4 . (A.12)

Reducing the gauge kinetic terms G_{AB} F^AF^B gives rise to a scalar kinetic term of the form − 1 4 √ −G G_{AB} F^AF^B → − 1 2 √ −g e^{4ϕ} G_{AB} ∂_μC^A∂^μC^B , (A.13)

whereas reducing R_G −G_{AB} ∂_M X^A∂^M X^B gives rise to scalar kinetic terms for X̂^A = e^{−2ϕ} X^A, √ −G ( 1 2 R_G − 1 2 G_{AB} ∂_M X^A∂^M X^B ) → √ −g ( 1 2 R_g − 1 2 e^{4ϕ} G_{AB} ∂_μX̂^A ∂^μX̂^B ) . (A.14)

Eqs. (A.13) and (A.14) can be combined into √ −g ( 1 2 R_g − 1 2 e^{4ϕ} G_{AB} ∂_μz^A ∂^μz̄^{B̄} ) , (A.15)

where z^A is defined as in (2.2). Using (A.11) we compute g_A¯_B =^1_2 e^{4ϕ} G_{AB} , and hence (A.15) can be written as √ −g ( 1 2 R_g − g_A¯_B ∂_μz^A ∂^μz̄^{B̄} ) . (A.16)

In addition, reducing R_G and G_{AB} F^AF^B also gives rise to the four-dimensional gauge kinetic terms √ −G R_G → √ −g ( R_g − 1 4 e^{−6ϕ} F^0 F^0 ) , (A.17) − 1 2 √ −G G_{AB} F^A F^B → − 1 2 √ −g e^{−2ϕ} G_{AB} [ F^AF^B − 2C^B F^A F^0 + C^A C^B F^0F^0 ] . This we compare with ImN_{IJ} F^I F^J in four dimensions. To this end, we compute the couplings N_{IJ} for the prepotential (A.7) and we express them in terms of the fields X̂^A and C^A using (2.2),

N_{00} = − 1 3 C_{ABC} C^AC^BC^C − i [ 2 e^{−2ϕ} V G_{AB} C^AC^B + V̂ ] , N_{0A} = 1 2 C_{ABC} C^BC^C + 2i e^{−2ϕ} V G_{AB} C^B ,

N_{AB} = − C_{ABC} C^C − 2i e^{−2ϕ} V G_{AB} , (A.18)

where

V̂ = X̂_A X̂^A , X̂_A = 1 6 C_{ABC}X̂^BX̂^C , e^{−6ϕ} = V^{−1} V̂ . (A.19)

Hence we find that the sum of the field strength terms on the right hand side of (A.17) equals 1 4V ImN_{IJ} F^I F^J . (A.20)

Thus, requiring the matching of the five-dimensional gauge kinetic term −^1_4 G_{AB} F^AF^B in (A.6) with the four-dimensional gauge kinetic term^1_4 ImN_{IJ} F^I F^J in (A.10) yields the normalization condition 2 V = 1 . (A.21)

Next, we reduce the five-dimensional Chern-Simons term C_{ABC} F^A ∧ F^B ∧ A^C in (A.6). Using (2.1), we first observe that C_{ABC} F^A ∧ F^B ∧ A^C_ψ dψ can be expressed in terms of fourdimensional gauge fields as,

C_{ABC} F^A ∧ F^B ∧ A^C_ψ dψ = R C_{ABC} [ C^A F^B ∧ F^C − C^A C^B F^C ∧ F^0 + 1 3 C^A C^B C^C F^0 ∧ F^0 ] ∧ dψ , (A.22)

up to a total derivative term. The field strengths on the right hand side are four-dimensional, and A^C_ψ = R C^C . Using C_{ABC} C^A F^B ∧ F^C ∧ dψ = − 1 2 dψ d^4x √ −g C_{ABC} C^A F^B F̃^C , (A.23)

and similarly for the other terms in (A.22), we obtain (up to a total derivative) C_{ABC} F^A ∧ F^B ∧ A^C_ψ dψ = 1 2 R dψ d^4x √ −g ReN_{IJ} F^I F̃^J , (A.24)

where we used (A.18). Then, using

C_{ABC} F^A ∧ F^B ∧ A^C = 3C_{ABC} F^A ∧ F^B ∧ A^C_ψ dψ , (A.25)

which holds up to a total derivative term, we obtain 1 6G_5 ∫ C_{ABC} F^A ∧ F^B ∧ A^C = 1 4G_4 ∫ d^4x √ −g ReN_{IJ} F^I F̃^J . (A.26)

Thus, dimensional reduction of (A.6) yields (A.10), up to boundary terms.

References

[1] S. Ferrara, R. Kallosh and A. Strominger, N=2 extremal black holes, Phys. Rev. D52 (1995) 5412–5416 [hep-th/9508072].

[2] A. Strominger, Macroscopic entropy of N=2 extremal black holes, Phys. Lett. B383 (1996) 39–43 [hep-th/9602111].

[3] S. Ferrara and R. Kallosh, Supersymmetry and attractors, Phys. Rev. D54 (1996) 1514–1524 [hep-th/9602136].

[4] S. Ferrara and R. Kallosh, Universality of supersymmetric attractors, Phys. Rev. D54 (1996) 1525–1534 [hep-th/9603090].

[5] A. Sen, Black hole entropy function and the attractor mechanism in higher derivative gravity, JHEP 09 (2005) 038 [hep-th/0506177].

[6] D. Astefanesei, K. Goldstein, R. P. Jena, A. Sen and S. P. Trivedi, Rotating attractors, JHEP 10 (2006) 058 [hep-th/0606244].

[7] D. Gaiotto, A. Strominger and X. Yin, New connections between 4d and 5d black holes, JHEP 02 (2006) 024 [hep-th/0503217].

[8] D. Gaiotto, A. Strominger and X. Yin, 5d black rings and 4d black holes, JHEP 02 (2006) 023 [hep-th/0504126].

[9] K. Behrndt, G. L. Cardoso and S. Mahapatra, Exploring the relation between 4d and 5d BPS solutions, Nucl. Phys. B732 (2006) 200–223 [hep-th/0506251].

[10] B. Sahoo and A. Sen, Higher derivative corrections to non-supersymmetric extremal black holes in N = 2 supergravity, JHEP 09 (2006) 029 [hep-th/0603149].

[11] G. L. Cardoso, B. de Wit and S. Mahapatra, Black hole entropy functions and attractor equations, hep-th/0612225.

[12] B. Sahoo and A. Sen, BTZ black hole with Chern-Simons and higher derivative terms, JHEP 07 (2006) 008 [hep-th/0601228].

[13] J. F. Morales and H. Samtleben, Entropy function and attractors for AdS black holes, JHEP 10 (2006) 074 [hep-th/0608044].

[14] M. Günaydin, G. Sierra and P. K. Townsend, The geometry of N=2 Maxwell-Einstein supergravity and Jordan algebras, Nucl. Phys. B242 (1984) 244.

[15] S. Ferrara and M. Günaydin, Orbits and attractors for N = 2 Maxwell-Einstein supergravity theories in five dimensions, Nucl. Phys. B759 (2006) 1–19 [hep-th/0606108].

[16] S. Ferrara, G. W. Gibbons and R. Kallosh, Black holes and critical points in moduli space, Nucl. Phys. B500 (1997) 75–93 [hep-th/9702103].

[17] G.W. Gibbons, Supergravity vacua and solitons, in: Duality and Supersymmetric Theories, eds. D.I. Olive and P.C. West, Cambridge (1997) 267-296.

[18] K. Goldstein, N. Iizuka, R. P. Jena and S. P. Trivedi, Non-supersymmetric attractors, Phys. Rev. D72 (2005) 124021 [hep-th/0507096].

[19] G. L. Cardoso, V. Grass, D. Lüst and J. Perz, Extremal non-BPS black holes and entropy extremization, JHEP 09 (2006) 078 [hep-th/0607202].

[20] R. Kallosh, N. Sivanandam and M. Soroush, Exact attractive non-BPS STU black holes, Phys. Rev. D74 (2006) 065008 [hep-th/0606263].

[21] A. H. Chamseddine, S. Ferrara, G. W. Gibbons and R. Kallosh, Enhancement of supersymmetry near 5d black hole horizon, Phys. Rev. D55 (1997) 3647–3653 [hep-th/9610155].

[22] A. Chou, R. Kallosh, J. Rahmfeld, S.-J. Rey, M. Shmakova and W.K. Wong, Critical points and phase transitions in 5d compactifications of M-theory, Nucl. Phys. B508 (1997) 147–180 [hep-th/9704142].

[23] W. A. Sabra, General BPS black holes in five dimensions, Mod. Phys. Lett. A13 (1998) 239–251 [hep-th/9708103].

[24] A. H. Chamseddine and W. A. Sabra, Metrics admitting Killing spinors in five dimensions, Phys. Lett. B426 (1998) 36–42 [hep-th/9801161].

[25] B. E. W. Nilsson and C. N. Pope, Hopf fibration of eleven-dimensional supergravity, Class. Quant. Grav. 1 (1984) 499.

[26] M. J. Duff, H. Lü and C. N. Pope, Supersymmetry without supersymmetry, Phys. Lett.

B409 (1997) 136–144 [hep-th/9704186].

[27] D. Rasheed, The rotating dyonic black holes of Kaluza-Klein theory, Nucl. Phys. B454 (1995) 379–401 [hep-th/9505038].

[28] N. Itzhaki, D6 + D0 and five dimensional spinning black hole, JHEP 09 (1998) 018 [hep-th/9809063].

[29] F. Larsen, Rotating Kaluza-Klein black holes, Nucl. Phys. B575 (2000) 211–230 [hep-th/9909102].

[30] R. Emparan and G. T. Horowitz, Microstates of a neutral black hole in M theory, Phys.

Rev. Lett. 97 (2006) 141601 [hep-th/0607023].

[31] D. Astefanesei, K. Goldstein and S. Mahapatra, Moduli and (un)attractor black hole thermodynamics, hep-th/0611140.

[32] A. Dabholkar, A. Sen and S. Trivedi, Black hole microstates and attractor without supersymmetry, hep-th/0611143.

[33] R. C. Myers and M. J. Perry, Black holes in higher dimensional space-times, Ann.

Phys. 172 (1986) 304.

[34] B. de Wit and A. Van Proeyen, Broken sigma model isometries in very special geometry, Phys. Lett. B293 (1992) 94–99 [hep-th/9207091].

[35] M. Günaydin, S. McReynolds and M. Zagermann, Unified N = 2 Maxwell-Einstein and Yang-Mills-Einstein supergravity theories in four dimensions, JHEP 09 (2005) 026 [hep-th/0507227].

[36] B. de Wit and A. Van Proeyen, Potentials and symmetries of general gauged N=2 supergravity - Yang-Mills models, Nucl. Phys. B245 (1984) 89.

[37] B. de Wit, P. G. Lauwers and A. Van Proeyen, Lagrangians of N=2 supergravity - matter systems, Nucl. Phys. B255 (1985) 569.