arXiv:hep-th/0701200v2 23 Mar 2007

IFT-UAM/CSIC-07-03 hep–th/0701200

Quantum deformed magnon kinematics

César Gómez and Rafael Hernández

Instituto de Física Teórica UAM/CSIC Universidad Autónoma de Madrid, Cantoblanco, 28049 Madrid, Spain

cesar.gomez@uam.es, rafael.hernandez@cern.ch

Abstract

The dispersion relation for planar N = 4 supersymmetric Yang-Mills is identified with the Casimir of a quantum deformed two-dimensional kinematical symmetry, E_q(1, 1). The quantum deformed symmetry algebra is generated by the momentum, energy and boost, with deformation parameter q = e^{2πi/λ}. Representing the boost as the infinitesimal generator for translations on the rapidity space leads to an elliptic uniformization with crossing transformations implemented through translations by the elliptic half-periods. This quantum deformed algebra can be interpreted as the kinematical symmetry of a discrete integrable model with lattice spacing given by the BMN length a = 2π/ √ λ. The interpretation of the boost generator as the corner transfer matrix is briefly discussed.

Introduction. An important boost into our current understanding of the AdS/CFT correspondence came from the BMN suggestion to probe sectors with large quantum numbers [1]. The BMN limit provided also an appealing dispersion relation for planar N = 4 supersymmetric Yang-Mills. The uncovering of integrability both on the gauge [2] and string sides [3] of the correspondence allowed then the search for the explicit form of the scattering matrices of N = 4 Yang-Mills [4] and of type IIB string theory in AdS_5 × S^5 [5]. The construction in [4] also implied a derivation in purely algebraic terms of a general dispersion relation of BMN type. This dispersion relation exhibits some sort of double nature, as it looks relativistic in a certain limit, while also includes typical aspects of a lattice dispersion relation. The absence of conventional relativistic invariance is indeed a feature of magnon kinematics in the AdS/CFT correspondence, and requires an elliptic approach to crossing symmetry in the scattering matrix. In [6] an elliptic uniformization was derived and shown to lead to a non-trivial implementation of crossing in terms of translations by half-periods of the elliptic curve defining the kinematical rapidity plane.

In this note we address the problem of the kinematical origin of the BMN type of dispersion relations by identifying the kinematical symmetry group underlying the integrable model. This symmetry is a quantum deformation of the pseudoeuclidean group E_q(1, 1) [7], with the deformation parameter q given in terms of the ‘t Hooft coupling constant by q = e^{2πi/λ}. The Casimir of this algebra is indeed the dispersion relation in N = 4 supersymmetric Yang-Mills, and the boost is the generator of infinitesimal translations on the elliptic rapidity plane. The meaning of this kinematical symmetry must be understood from the structure of the Hopf algebra symmetry [8, 9, 10, 5, 11, 12]. In [8] the existence of a central Hopf subalgebra was noticed and the spectrum of this center was proposed as the rapidity plane. This is indeed the usual situation in integrable models of the chiral Potts type, where the kinematical symmetry group acts naturally on the spectrum of the central Hopf subalgebra.

The kinematical symmetry E_q(1, 1) has non-trivial co-multiplications for the boost generators that are at the root of the elliptic nature of the rapidity space. The comultiplication rules also underly the non-trivial crossing transformations on the rapidities. Furthermore, as pointed out in [13, 14], these quantum deformed algebras are the natural candidates to kinematical symmetry groups of lattice models, with the lattice spacing being related to the quantum deformation parameter. As we will show in the case of N = 4 Yang-Mills this lattice spacing can be identified with the scale introduced in [1] through the Yang-Mills interaction between two adjacent points in a BMN operator. Elliptic rapidity. We will start by reviewing the uniformization of the Poincaré group in 1+1 dimensions. The energy, momentum and boost generators satisfy

[N, P ] = E , [N, E] = P , [E, P ] = 0 . (1)

If we introduce a rapidity z in terms of the boost generator through N ≡ ∂ ∂z , (2)

the algebra (1) implies ∂P (z) ∂z = E(z) , (3) ∂^2P (z) ∂z^2 = P (z) . (4)

Recalling now the usual relativistic mass shell condition given by the Casimir of the algebra (1) E^2 = P^2 + m^2 , (5) the solution to equations (3) and (4) are the standard rapidity relations

P (z) = m sinh z , E(z) = m cosh z . (6)

Therefore the rapidity z as defined in (2) through the boost generator is the uniformization parameter of the curve (5). The universal cover in a standard relativistic theory is the sphere, and thus a trigonometric uniformization is sufficient.

Now let us assume that the commutation relation [N, P ] = E holds and, instead of the standard relativistic dispersion relation, consider the mass shell condition for N = 4 Yang-Mills [4], E^2 = 1 + α sin^2 ( P 2 ) , (7) where α = λ/π^2, with λ the ‘t Hooft coupling constant. From (3) we then get ∂P (z) ∂z = √ 1 + α sin^2 ( P 2 ) , (8)

that can be integrated in terms of Jacobi elliptic functions,^1 sin ( P (z) 2 ) = 1 (1 + α)^{1/2} sd ( α^{1/2}z 2m^{1/2} | | |m ) , (9)

1This elliptic uniformization already appeared in [15], and more recently in [16].

with elliptic modulus m^2 ≡ α/(1 + α). Thus the rapidity space for the N = 4 Yang-Mills dispersion relation is a curve of genus one. Let us now consider the relativistic limit of (7). This corresponds to the strong-coupling regime, with P_{eff} ≡^{P α1/2}_2 finite, so that P ≪ 1. In this limit (9) becomes P_{eff}(z) = sinh ( α^{1/2}z 2 ) , (10)

which agrees with (6) for an effective relativistic rapidity z_{eff} ≡ zα^{1/2}/2.

Once we have determined the elliptic uniformization P (z) we can easily find out the transformation in the rapidity z realizing the change under crossing symmetry of the momentum, P → −P . From (9) it follows that when P → −P the function sd(α^{1/2}z/2m^{1/2}|m) changes sign, which requires shifts by the half-periods 2K and 2iK^′, with K and iK^′ the elliptic quarter-periods,

K(m) = K^′(1 − m) =

∫_1 0 dt √ (1 − t^2)(1 − mt^2)

. (11)

Therefore the crossing transformation in the rapidity variable z amounts to z → z + 4K √ 1 + α

. (12)

In the relativistic limit defined above the shift (12) becomes the standard relativistic crossing transformation.

The quantum group symmetry. In the previous section we have constructed a rapidity uniformization of the N = 4 Yang-Mills dispersion relation based on identifying the boost generator with translations in the rapidity plane. However in the derivation we have employed the dispersion relation as an input. A natural question then is what is the kinematical symmetry algebra generated by some (1+1)-dimensional momentum, energy and boost such that the dispersion relation for N = 4 Yang-Mills is the corresponding Casimir. Nicely enough this algebra exist and is given by a quantum deformation of the (1+1)-dimensional pseudoeuclidean algebra, namely E_q(1, 1), with deformation parameter q = e^{ia} for a a real number.

The defining relations of E_q(1, 1) are [7, 13] KEK^{−1} = E , KNK^{−1} = N + aE , KK^{−1} = 11 , NE − EN = (K − K^{−1})/(2a) . (13)

By defining K ≡ q^{P̂} the Casimir for the previous algebra leads to the dispersion relation

E^2 = C + 2 a sin^2 ( aP̂ 2 ) , (14)

which is precisely the type of dispersion relation we are looking for, once we perform the identification aP̂ = P and take α = 2 a . (15) Notice that (13) is a quantum deformation of the two-dimensional Poincaré algebra (1). Representing now the boost operator as the infinitesimal generator for translations on the rapidity plane leads again to the elliptic uniformization described above. As before the relativistic limit corresponds to a = 0, with deformation parameter q = 1.

The co-multiplication rules for the algebra (13) are

Δ(E) = K^{−1/2} ⊗ E + E ⊗ K^{1/2} ,

Δ(N) = K^{−1/2} ⊗ N + N ⊗ K^{1/2} , (16) Δ(K) = K ⊗ K , and lead to the following non-trivial antipodes, γ(E) = −E , γ(N) = −N − (a 2 ) E , (17)

γ(K) = K^{−1} .

Notice that the antipodes for E and K correspond to the crossing transformations. The non-triviality of the antipode for the boost generator already indicates the non-trivial transformation induced by crossing symmetry on the elliptic rapidity plane. The meaning of the boost generator and the quantum deformation parameter. In the previous paragraphs we have identified the kinematic symmetry group for N = 4 Yang-Mills magnons with the quantum deformed pseudoeuclidean algebra E_q(1, 1). The Casimir of this algebra leads to the N = 4 Yang-Mills dispersion relation. Furthermore the representation of the boost generator in terms of translations on the rapidity plane provides the elliptic uniformization. This identification was possible because we have included, in addition to the momentum and the energy, the generator of the boosts. We may now wonder about the meaning of the inclusion of the boost generator for the underlying integrable model. The answer to this question is well known for integrable systems and goes back to Baxter’s corner transfer matrix [17]. In fact given the transfer matrix T(z) for an integrable model the corner transfer matrix generator is simply defined as ∂/∂z. This generator, together with the infinite tower of conserved charges (the first two are precisely the momentum and the energy), defines the lattice kinematical group of the integrable model, with the corresponding rapidity uniformization parameter given by z [18]. The picture becomes specially clear for the simplest of the chiral Potts models, namely the Ising model, where z lives on an elliptic curve and where Onsager’s uniformization provides the rapidity uniformization for the kinematical symmetry group generated by the corner transfer matrix and the set of conserved charges [18]. The double periodicity of the elliptic functions contains in fact both the symmetry under euclidean rotations and the “Brillouin” periodicity.

In the case we are considering here the quantum deformed algebra E_q(1, 1) can be interpreted as the kinematical invariance of a discrete system with a lattice spacing together with a continuous time variable. The lattice spacing is determined by the quantum deformation parameter a. An immediate question is thus what is the meaning of this length scale in the BMN context. In particular in [1] a natural “length” scale was defined as a_{BMN} = 2π/ √ λ^2. The scale a obtained in (15) turns out to be precisely this BMN length.

An important feature of the algebra that we have identified are the non-trivial comultiplication rules, together with the antipode for the boost generator. The constraints on the dressing factor imposed by them will be presented elsewhere.

Acknowledgments This work is partially supported by the Spanish DGI contract FPA2003-02877 and CAM project HEPHACOS P-ESP-00346.

References

[1] D. Berenstein, J. M. Maldacena and H. Nastase, Strings in flat space and pp waves from N = 4 super Yang-Mills, JHEP 0204 (2002) 013, hep-th/0202021.

[2] J. A. Minahan and K. Zarembo, The Bethe-ansatz for N = 4 super Yang-Mills, JHEP 0303 (2003) 013, hep-th/0212208. N. Beisert and M. Staudacher, The N = 4 SYM integrable super spin chain, Nucl. Phys. B 670 (2003) 439, hep-th/0307042.

2See equation A.14 of [1].

[3] I. Bena, J. Polchinski and R. Roiban, Hidden symmetries of the AdS_5 ×S^5 superstring, Phys. Rev. D 69 (2004) 046002, hep-th/0305116.

[4] N. Beisert, The su(2|2) dynamic S-matrix, hep-th/0511082.

[5] T. Klose, T. McLoughlin, R. Roiban and K. Zarembo, Worldsheet scattering in AdS_5 × S^5, hep-th/0611169.

[6] R. A. Janik, The AdS_5 × S^5 superstring worldsheet S-matrix and crossing symmetry, Phys. Rev. D 73, 086006 (2006), hep-th/0603038.

[7] E. Celeghini, R. Giachetti, E. Sorace and M. Tarlini, Three dimensional quantum groups from contraction of SU(2)_Q, J. Math. Phys. 31 (1990) 2548. The quantum Heisenberg group H(1)_Q, J. Math. Phys. 32 (1991) 1155.

[8] C. Gómez and R. Hernández, The magnon kinematics of the AdS/CFT correspondence, JHEP 0611 (2006) 021 hep-th/0608029.

[9] J. Plefka, F. Spill and A. Torrielli, On the Hopf algebra structure of the AdS/CFT S-matrix, Phys. Rev. D 74 (2006) 066008, hep-th/0608038.

[10] G. Arutyunov, S. Frolov, J. Plefka and M. Zamaklar, The off-shell symmetry algebra of the light-cone AdS_5 × S^5 superstring, hep-th/0609157.

[11] J. Maldacena and I. Swanson, Connecting giant magnons to the pp-wave: An interpolating limit of AdS_5 × S^5, hep-th/0612079.

[12] G. Arutyunov, S. Frolov and M. Zamaklar, The Zamolodchikov-Faddeev algebra for AdS_5 × S^5 superstring, hep-th/0612229.

[13] F. Bonechi, E. Celeghini, R. Giachetti, E. Sorace and M. Tarlini, Inhomogeneous quantum groups as symmetries of phonons, Phys. Rev. Lett. 68, 3718 (1992),

hep-th/9201002.

[14] C. Gómez, H. Ruegg and P. Zaugg, Quantum deformed Poincaré algebra on a twodimensional lattice, J. Phys. A 27, 7805 (1994), hep-th/9406137.

[15] N. Beisert, The analytic Bethe ansatz for a chain with centrally extended su(2|2) symmetry, J. Stat. Mech. 0701 (2007) P017, nlin.si/0610017.

[16] I. Kostov, D. Serban and D. Volin, Strong coupling limit of Bethe ansatz equations,

hep-th/0703031.

[17] R. J. Baxter, Exactly solved models in statistical mechanics, Academic Press, London (1982).

[18] H. B. Thacker, Corner transfer matrices and Lorentz invariance on a lattice, Physica 18D (1986) 348.