arXiv:hep-th/0701224v2 1 Feb 2007

HWM–07–4 EMPG–07–03

Symmetries and Renormalization of Noncommutative Field Theory^1

Richard J. Szabo

Department of Mathematics and Maxwell Institute for Mathematical Sciences, Heriot-Watt University, Colin Maclaurin Building, Riccarton, Edinburgh EH14 4AS, U.K.^2

Abstract. An overview of recent developments in the renormalization and in the implementation of spacetime symmetries of noncommutative field theory is presented, and argued to be intimately related.

Keywords: Noncommutative field theory, Renormalization, Duality, Twisted symmetries PACS: 11.10.Gh, 11.10.Nx, 11.30.Ly

INTRODUCTION

Noncommutative spaces

Noncommutative spaces are typically defined in physics by promoting coordinates x^i of spacetime to hermitean operators x̂^i satisfying commutation relations of the form [x̂^i,x̂^j] = iθ^{i j}, where θ^{i j} is an antisymmetric tensor which can be position dependent. Such spaces are believed to be important for the understanding of quantum gravity. Recent realizations of noncommutativity in such contexts have been described for κ- Minkowski space [1] and in doubly special relativity [2], among many others.

A much simpler system in which we can see noncommutative spaces arising is the Landau problem [3], which deals with the motion of charged particles confined to a plane and subjected to a perpendicularly applied uniform magnetic field B. The lagrangian is L_m =^m_2 ẋ^2 −eẋ·A, which in a symmetric gauge for the vector potential A reduces in the strong field limit B ≫ m to L_0 = −^{eB}_2 (ẋy−ẏ x). This limiting lagrangian is of first order in time derivatives, implying that upon canonical quantization the coordinates describe a noncommutative space [x̂,ŷ] =^i_{eB} . This model will play a prominent role in much of our subsequent discussion.

1 Based on plenary lecture delivered at the VI Latin American Symposium on High Energy Physics, November 1–8, 2006, Puerto Vallarta, Mexico. To be published in the proceedings by American Institute of Physics.

2 Email: R.J.Szabo@ma.hw.ac.uk

Noncommutative field theory

The huge interest and large amount of activity came with the seminal paper [4] wherein a very natural and precise physical realization of noncommutative spaces was illustrated, in complete analogy with the Landau problem above. It was shown that string theory, in the presence of D-branes and background “magnetic” fields, reduces in a particular low-energy limit to field theory on a noncommutative space [5, 6]. A “toy” model for this scenario, and the one this overview will focus on, is the Moyal space for which the tensor θ^{i j} is constant and nondegenerate. The coordinate operators then satisfy Heisenberg commutation relations. In particular, one has the coordinate uncertainty relations Δx^i Δx^j ≥^1_2 |θ^{i j}|. Fields on Moyal spaces are multiplied using the associative, noncommutative star-product, replacing the usual pointwise multiplication ϕ · ψ with

ϕ ⋆ ψ := ϕ exp

(_i 2 ←− ∂_i θ^{i j} −→ ∂_j ) ψ . (1)

Whatever our motivation may be, one of the most interesting and profound prospects of noncommutative field theory is that it has the possibility of providing diffeomorphism invariant field theories, and hence models that we might wish to call noncommutative gravity [7]. However, in order to provide viable models of quantum gravity, one is first faced with the technical task of determining whether or not they make sense. The two main issues are the precise implementation of spacetime symmetries at both the classical and quantum level, and the renormalizability of the quantum field theory. This overview will focus on the very interesting recent understanding of these two technical issues, and argue that the two problems are in fact intimately related to one another.

Violations of Lorentz invariance

The constant tensor θ^{i j} gives a prefered directionality in space. In string theory, the resulting loss of Lorentz invariance is due to the expectation value of a background supergravity field. As a consequence, noncommutative field theory is not invariant under rotations or boosts of localized field configurations within a fixed observer inertial frame of reference, i.e. under particle Lorentz transformations. This observation has been exploited to construct Lorentz-violating extensions of the standard model in [8].

Some possible resolutions to this symmetry breaking are provided by:

1. Varying θ^{i j}, so that one essentially integrates over all possible backgrounds to manifestly reinstate general covariance. This has been beautifully implemented in [9] within the framework of C^∗-algebras, but it requires dealing with a host of different noncommutative spaces not of the Moyal type which makes extracting physical quantities rather difficult.

2. Dimensional reductions of noncommutative gauge theory in higher dimensions which induce teleparallel theories of gravity in lower dimensions [7, 10]. However, the formalism is somewhat limited in the types of gauge theories of gravity one can obtain in this way, and moreover the teleparallelism is embedded in a complex way.

3. Exploiting well-known quantum group techniques to reinterpret noncommutative field theory as a twist deformed quantum field theory [11, 12]. This realization has been a focus of intense activity in recent years and will be the route we take in the second part of this overview.

UV/IR mixing

In momentum space, the replacement of the pointwise products of fields with the starproduct (1) amounts to multiplying the usual convolution products ϕ̃(k)ψ̃(q) of Fourier transforms by a momentum dependent phase factor e^{ik×q}, where k × q :=^1_2 k_i θ^{i j} q_j. In a scalar field theory with polynomial interactions, a typical interaction vertex with n incoming momenta k_1,...,k_n will thus contribute exp ( i ∑_{I<J} k_I × k_J ) . (2)

This is effective at energies E with E √ θ ≪ 1. Planar diagrams are those Feynman ribbon graphs which can be drawn without crossing any lines [13, 14], and their values coincide with those of the ordinary θ = 0 field theory up to possible phase factors which depend only on external momenta. Non-planar diagrams, on the other hand, contain crossings and additional phase factors depending on internal momenta such as (2), whose net result is that an ultraviolet cutoff Λ on the graph induces an effective infrared cutoff Λ_0 = 1/θ Λ [15].

This entangling of momentum scales ruins Wilsonian renormalization, and two resolutions to this problem are to modify standard noncommutative field theory to either:

1. Duality covariant noncommutative field theory [16]–[18]. This is described in the next section.

2. Twisted noncommutative field theory [19]. This is explained in the second part.

RENORMALIZATION

Scalar field theory

Consider interacting charged scalar fields in four dimensions with the euclidean action S = ∫ d^4x [ ϕ^† ( ∂^2_i + m^2 ) ϕ +^λ_2 ϕ^† ⋆ ϕ ⋆ ϕ^† ⋆ ϕ ] (3) where we have used ∫ d^4x ϕ ⋆ ψ = ∫ d^4x ϕ ψ for any pair of fields, so that the free field theory is unaffected by the noncommutative deformation. The quantum field theory is given by the Green’s functions which are defined as the 2n-point correlation functions

G_n(x_I,y_I) = ⟨ ϕ^†(x_1)ϕ(y_1)···ϕ^†(x_n)ϕ(y_n) ⟩ . (4)

As an example, consider the contribution of the one-loop tadpole graph to the two-point function in the case of real scalar fields ϕ = ϕ^†.^3 If the external legs carry momentum p, then the planar tadpole diagram gives the momentum space Feynman integral λ 6 ∫ d4k

(2π)^4 1 k^2 + m^2 (5) which exhibits the standard ultraviolet divergence of scalar ϕ^4-theory in four dimensions. On the other hand, the non-planar tadpole diagram gives λ 12 ∫ d4k

(2π)^4 e^{2i k×p} k^2 + m^2 = λ 48π^2 √ m^2 (θ p)^2

K_1 (√ m^2 (θ p)^2 ) (6) which diverges as (θ p)^{−2} as p → 0. The model is thus not renormalizable, because the quantum field theory is not covariant under “UV/IR duality” [17] as we now explain.

UV/IR duality

To resolve the problems associated with UV/IR mixing, we introduce a covariant version of noncommutative field theory in which the ultraviolet and infrared regimes are indistinguishable [16]. It is defined by modifying the action (3) to S = ∫ d^4x √ g [ ϕ^† ( g^{i j} D_i D_j + m^2 ) ϕ +^λ_2 ( ϕ^† ⋆ ϕ

)_2] , (7)

where g_{i j} is a constant metric tensor and D_i = ∂_i −^i_2 B_{i j} x^j are gauge covariant derivatives in a magnetic background characterized by another nondegenerate, constant antisymmetric tensor B_{i j}. The new derivatives obey the commutation relations [D_i,D_j] = −2iB_{i j}, so that the modification of the kinetic term in (7) can be thought of as inducing a “noncommutative momentum space”. The quantum field theory now has a duality under Fourier transformation of the fields, given by the covariant transformation rules

S[ϕ] | |_{λ ,g,B,θ} = |detB|S[ϕ̃ ] | |_{λ̃ ,g̃,B̃,θ̃} , G̃_n(θ^{−1} x_I,θ^{−1} y_I) | |_{λ ,g,B,θ} = |detB|^{n/2} G_n(x_I,y_I) | |_{λ̃ ,g̃,B̃,θ̃} (8)

where the dual parameters are defined by λ̃ = λ / √ detθ, g̃ = −B^{−1} gB^{−1}, B̃ = B^{−1} and θ̃ = θ^{−1}.

3 The case of complex scalar fields is much more subtle, as shown in [20].

Renormalization of the duality-covariant field theory

The key to the renormalization of the duality-covariant model is the use of a “matrix basis” for the expansion of fields given by [17, 21]

ϕ(x) = ∑

ℓ,n∈N^2_0

ϕ^†_{ℓn} φ_{ℓn}(x) , (9)

where φ_{ℓn} are the “Landau wavefunctions” which at B = θ^{−1} are the eigenfunctions of the kinetic operator in (7) with −D^2_i φ_{ℓn} = Pf(θ)^{−1} (ℓ_1 + ℓ_2 − 1)φ_{ℓn}. They form a complete orthornormal system of L^2-fields which multiply together like matrix units |ℓ_1,ℓ_2⟩⟨n_1,n_2| under the star-product as φ_{ℓn} ⋆ φ_ℓ′_n′ = Pf(4π θ)^{−1} δ_{nℓ}′ φ_{ℓn}′ . The noncommutative field theory (7) then becomes an infinite-dimensional complex matrix model

S = Tr ( ϕ^† G ϕ +^λ_2 Pf(4π θ) ( ϕ^† ϕ

)_2)

. (10)

One of the beautiful calculations performed in [17] is that of the propagator G^{−1} as the formal inverse of the infinite matrix G = (G_{ℓn}), which uses hypergeometric Meixner q-polynomials. The natural ultraviolet cutoff is now on the matrix dimension as ℓ_1 + ℓ_2,n_1 + n_2 ≤ N. One then slices the propagator in the renormalization group with sharp bounds on the matrix indices ℓ,n. By using the Wilson-Polchinski renormalization group equations, one proves in this way that the duality-covariant field theory is renormalizable to all orders [17].

Beyond perturbation theory

The beta-functions of the couplings B and λ in the duality-covariant field theory have been computed to all orders in [22, 23]. They are of the usual sign for any magnetic background B ≠ θ^{−1}. At the special point B = θ^{−1} a number of remarkable things happen:

• β_B = β_λ = 0, hence the renormalized coupling flows to a finite bare coupling and the field theory is asymptotically safe. This allows in principle a nonperturbative construction of the quantum field theory.

• The noncommutative quantum field theory is completely duality invariant. • The matrix G in (10) is diagonal with entries the Landau energies, and the field theory becomes an exactly solvable large N matrix model with a huge unitary symmetry ϕ → U ϕ U^{−1}, U ∈ U(N) reflecting the degeneracy of Landau levels. In terms of fields this symmetry corresponds to the transformations ϕ(x) → (U ⋆ ϕ ⋆ U^†)(x) with U ⋆ U^† = U^† ⋆ U = 1, which generate the infinite unitary group U(∞) representing “deformed” canonical transformations of the spacetime [24].

Some of these considerations have been generalized to noncommutative ϕ^3-theory by mapping it onto the Kontsevich matrix model [25], and to the noncommutative Gross- Neveu model [26]. However, there are difficulties associated with the nonperturbative renormalizability of the self-dual model [21], due to the overly large U(∞) symmetry which appears to kill all non-trivial dynamics,^4 and we must search for an alternative way to implement the symplectomorphism symmetry.

TWISTED SYMMETRIES

Twist deformations

Suppose that X is an infinitesimal symmetry transformation of fields, denoted ϕ → X ▷ ϕ. Then the action of X on tensor products of fields is implemented by a coproduct Δ with ϕ ⊗ ψ → Δ(X) ▷ (ϕ ⊗ ψ). The primitive coproduct Δ = Δ_0, with Δ_0(X) = X ⊗ 1 + 1 ⊗ X, is covariant with respect to the pointwise product m_0(ϕ ⊗ ψ) = ϕ · ψ in the sense that

X ▷ m_0(ϕ ⊗ ψ) = m_0 Δ_0(X) ▷ (ϕ ⊗ ψ) . (11)

For example, for the translation generator X = P_i = −i∂_i the covariance (11) is just the usual Leibniz rule P_i(ϕ · ψ) = (P_iϕ) · ψ + ϕ · (P_iψ). While Δ_0 is not covariant with respect to the star-product, the twist deformed coproduct Δ = Δ_θ is [11, 12],[28]–[31]. It is defined by rewriting the star-product (1) as ϕ ⋆ ψ = m_θ (ϕ ⊗ ψ) := m_0(F ϕ ⊗ ψ), where

F = exp ( −^i_2 θ^{i j} P_i ⊗ P_j ) (12)

is an abelian Drinfeld twist, and forming the similarity transformation

Δ_θ (X) = F^{−1} Δ_0(X)F = F^{−1} (X ⊗ 1 + 1 ⊗ X)F . (13)

Twisted spacetime symmetries

Using (13) one can straightforwardly work out twisted Poincaré transformations generated by the usual linear and angular momentum operators P_i = −i∂_i and M_{i j} = −i(x_i ∂_j − x_j ∂_i). One finds Δ_θ (P_i) = Δ_0(P_i), reflecting the fact that noncommutative field theory is translationally invariant, whereas

Δ_θ (M_{i j}) = Δ_0(M_{i j}) +^i_2 θ^{kl} (η_{ik} P_j − η_{jk} P_i) ⊗ P_l +^i_2 θ^{kl} P_k ⊗ (η_{il} P_j − η_{jl} P_i) , (14)

reflecting that it is not invariant under boosts or rotations. However, from (14) one finds that noncommutative field theory is invariant under twisted particle transformations, because

M_{kl} ▷ [x^i,x^j]_⋆ = m_θ Δ_θ (M_{kl}) ▷ (x^i ⊗ x^j − x^j ⊗ x^i) = 0 (15)

4 Of course in the real case there is no U(∞) symmetry which kills the dynamics. In [27] numerical evidence is provided for the renormalizability of a somewhat different class of noncommutative scalar field theories.

is equivalent to M_{kl} ▷θ^{i j} = 0. This symmetry can be generalized to linear affine transformations x → Lx + a, θ → Lθ L^⊤ using covariance of the Moyal star-product [32]. One can in fact generalize the symmetry to twisted diffeomorphisms, generated by arbitrary smooth vector fields X = X^i(x) ∂_i [31]. One generically has Δ_θ (X) ≠ Δ_0(X), but one can construct a “twisted” tensor calculus such that star-products of tensor fields transform as tensors. However, only unimodular U(∞) twisted transformations, with ∂_iX^i = 0, preserve action functionals of noncommutative field theories [33].

Twisted noncommutative quantum field theory

Given a set of one-particle wavefunctions ϕ(x), two-particle wavefunctions are constructed as (ϕ ⊗ ψ)(x_1,x_2). The flip map σ_0(ϕ ⊗ ψ) = ψ ⊗ ϕ is only superselected when θ = 0, as then σ_0 Δ_0 = Δ_0 σ_0. For θ ≠ 0, we use instead the “twisted” flip operator σ_θ = F^{−1} σ_0 F = F^{−2} σ_0 with σ^2_θ = 1⊗1 and σ_θ Δ_θ = Δ_θ σ_θ (F^{−2} is the corresponding R-matrix). If c(p) are the usual (bosonic or fermionic) oscillators of the undeformed quantum field theory, then this modifies them to the twisted oscillators

a(p) = c(p) exp

(_i 2 θ^{i j} p_i P_j ) (16)

with the commutation relations a(p)a(q) = ± e^{2i p×q} a(q)a(p). In particular, on free quantum fields the creation parts obey

ϕ^{(+)}(x_1)ϕ^{(+)}(x_2) = ± exp ( iθ^{i j ∂}_{∂ xi2}^∂_{∂ x j1} ) ϕ^{(+)}(x_2)ϕ^{(+)}(x_1) . (17)

This modifies the ordinary Feynman path integral measure ∏_x dϕ(x) and defines a braided quantum field theory with covariant Wick expansions [34]. The two main consequences of these arguments are:

1. For a spin 0 field with interaction hamiltonian density of the form H_I(x) = ϕ(x) ⋆ ··· ⋆ ϕ(x), the corresponding S-matrix is independent of θ and hence there is no UV/IR mixing in twisted quantum field theory [19, 30].

2. Even free twisted noncommutative field theory is non-local, because one has ⟨q|[ϕ(x),ϕ(y)]|p⟩ ≠ 0 for q ≠ p and space-like separations [35].

Twisted Noether symmetries

Twisted diffeomorphisms do not appear to be bonafide physical symmetries, because they do not act solely on fields. They modify the usual Leibniz rule (represented by the primitive coproduct Δ_0) through transformation of the star-product as

δ_X (ϕ ⋆ ψ) := m_θ Δ_θ (X) ▷ (ϕ ⊗ ψ) = (δ_X ϕ) ⋆ ψ + ϕ ⋆ (δ_X ψ) + ϕ(δ_X ⋆)ψ . (18)

The extra variation seems to present an obstacle to application of the standard Noether procedure and of the Ward identities in the quantum field theory. One resolution, proposed in [36] (see also [33]), is to use a proper covariant noncommutative differential calculus to perform the Noether analysis relating fields and conserved charges. However, the physical origins of these symmetries are unclear, and in particular string theory is unable to account for twisted diffeomorphisms [37]. The brane-induced low-energy dynamics of closed string theory in the presence of a B-field is much richer than any noncommutative theory of gravity based solely on star-products.

OUTLOOK

We have described how two notorious problems of noncommutative field theory can be resolved by at least two rather drastic modifications of the underlying models, leading to the covariant and twisted noncommutative field theories. Both models are free from UV/IR mixing, possess a U(∞) symplectomorphism symmetry, and have underlying non-local free field theories. The main outstanding problems are to find natural physical origins for covariant and twisted noncommutative field theories, and to resolve the ambiguities in the definitions of scaling limits and of correlation functions. Another open problem is to generalize these modifications to the framework of gauge theories, wherein UV/IR mixing is logarithmic and is associated to open Wilson line operators coupling gravity to D0-branes [6].

ACKNOWLEDGMENTS

This work was supported in part by the EU-RTN Network Grant MRTN-CT-2004- 005104. The author gratefully thanks David Vergara and the other organisors of the Silafae conference for the hospitality in a beautiful and stimulating atmosphere.

REFERENCES

1. M. Dimitrijevic et al., Eur. Phys. J. C 31, 129–138 (2003). 2. J. Kowalski-Glikman and S. Nowak, Phys. Lett. B 539, 126–132 (2002). 3. R. J. Szabo, Int. J. Mod. Phys. A 19, 1837–1862 (2004). 4. N. Seiberg and E. Witten, JHEP 9909, 032 (1999).

5. M. R. Douglas and N. A. Nekrasov, Rev. Mod. Phys. 73, 977–1029 (2001). 6. R. J. Szabo, Phys. Rept. 378, 207–299 (2003). 7. R. J. Szabo, Class. Quant. Grav. 23, R199–R242 (2006). 8. S. M. Carroll et al., Phys. Rev. Lett. 87, 141601 (2001).

9. S. Doplicher, K. Fredenhagen and J. E. Roberts, Commun. Math. Phys. 172, 187–220 (1995). 10. E. Langmann and R. J. Szabo, Phys. Rev. D 64, 104019 (2001).

11. M. Chaichian, P. P. Kulish, K. Nishijima and A. Tureanu, Phys. Lett. B 604, 98–102 (2004). 12. J. Wess, “Deformed Coordinate Spaces: Derivatives,” in Mathematical, Theoretical and Phenomenological Challenges Beyond the Standard Model, Vrnjacka Banja, 2003, pp. 122–128.

13. T. Filk, Phys. Lett. B 376, 53–58 (1996).

14. N. Ishibashi, S. Iso, H. Kawai and Y. Kitazawa, Nucl. Phys. B 573, 573–593 (2000). 15. S. Minwalla, M. Van Raamsdonk and N. Seiberg, JHEP 0002, 020 (2000). 16. E. Langmann and R. J. Szabo, Phys. Lett. B 533, 168–177 (2002). 17. H. Grosse and R. Wulkenhaar, Commun. Math. Phys. 256, 305–374 (2005). 18. V. Rivasseau, F. Vignes-Tourneret and R. Wulkenhaar, Commun. Math. Phys. 262, 565–594 (2006). 19. A. P. Balachandran, A. Pinzul and B. A. Qureshi, Phys. Lett. B 634, 434–436 (2006).

20. I. Y. Aref’eva, D. M. Belov and A. S. Koshelev, A note on UV/IR for noncommutative complex scalar field, Preprint arXiv:hep-th/0001215.

21. E. Langmann, R. J. Szabo and K. Zarembo, JHEP 0401, 017 (2004). 22. H. Grosse and R. Wulkenhaar, Eur. Phys. J. C 35, 277–282 (2004).

23. M. Disertori, R. Gurau, J. Magnen and V. Rivasseau, Vanishing of beta-function of noncommutative ϕ^4 theory to all orders, Preprint arXiv:hep-th/0612251.

24. F. Lizzi, R. J. Szabo and A. Zampini, JHEP 0108, 032 (2001). 25. H. Grosse and H. Steinacker, JHEP 0608, 008 (2006).

26. F. Vignes-Tourneret, Renormalization of the orientable noncommutative Gross-Neveu model, Preprint arXiv:math-ph/0606069.

27. W. Bietenholz, F. Hofheinz and J. Nishimura, JHEP 0406, 042 (2004). 28. V. G. Drinfeld, Alg. Anal. 1N6, 114–148 (1989). 29. N. Reshetikhin, Lett. Math. Phys. 20, 331–335 (1990). 30. R. Oeckl, Nucl. Phys. B 581, 559–574 (2000). 31. P. Aschieri et al., Class. Quant. Grav. 22, 3511–3532 (2005).

32. J. M. Gracia-Bondia, F. Lizzi, F. R. Ruiz and P. Vitale, Phys. Rev. D 74, 025014 (2006). 33. M. Riccardi and R. J. Szabo, Wilson loops and area-preserving diffeomorphisms in twisted noncommutative gauge theory, Preprint arXiv:hep-th/0701273.

34. R. Oeckl, Commun. Math. Phys. 217, 451–473 (2001).

35. A. P. Balachandran et al., Statistics and UV/IR mixing with twisted Poincaré invariance, Preprint arXiv:hep-th/0608179.

36. A. Agostini et al., Generalizing the Noether theorem for Hopf algebra spacetime symmetries, Preprint arXiv:hep-th/0607221.

37. L. Alvarez-Gaume, F. Meyer and M. A. Vazquez-Mozo, Nucl. Phys. B 753, 92–117 (2006).